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808 GIUSEPPE ANCONA, STEPHEN ENRIGHT-WARD, ANNETTE HUBER

INTRODUCTION

The aim of this article is to prove a canonical Kiinneth decomposition for the
motive of a commutative group scheme over a field. Moreover, we show that
this decomposition behaves under the group law just as in cohomology.

Let us start with the concrete example of a connected commutative algebraic
group G over C, the field of complex numbers. Then the complex manifold
associated with G is homotopy equivalent to a product of unit circles S!. So,
by the Kiinneth formula for singular cohomology, one has

H;ing(G(C>a Q) = /\ Hsling(G((C)v @)

This phenomenon exists also for ¢-adic cohomology. Let G be a connected
commutative group scheme over a field k£ and let £ a prime number different from
the characteristic of k. Then H*(Gr, Q) is a graded finite-dimensional Q-
vector space. Moreover, it has a canonical structure of graded commutative and
cocommutative connected Hopf algebra coming from the group structure and
the diagonal immersion A : G — G x G (the latter induces the cup product).
The classification of graded Hopf algebras implies that H*(Gy, Q) has to be
the exterior algebra of its primitive part. It turns out to be H'(Gy,Qy), the
dual of the Tate module tensor Q. So one deduces an isomorphism of graded
Hopf algebras

H*(Gg, Q) = \ H'(G, Qo) -
Our main theorem shows that this formula is motivic, up to two minor sub-
tleties. First, in odd degree symmetric powers realize to the exterior powers
(Koszul rule of signs), so one has to consider the former. Second, the realization
functors from motives to cohomology is contravariant so one has to consider
the opposite Hopf algebra structure.

THEOREM 1. Let G be a connected commutative algebraic group over a field k.
Then there exists a canonical decomposition in DMggl(k)Q

M(G) = P M(C),
=0

such that, for any mized Weil cohomology theory H*, the motive M;(G) realizes
to H'(G). Moreover,

(1) for i big enough the motives Sym’(M,(G)) and M;(G) vanish,
(2) there is a canonical isomorphism

M;(G) = Sym'M;(G) ,
(3) The canonical isomorphism

M(G) = coSym(M,(G)) = @SymiMl(G)
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ON THE MOTIVE OF A COMMUTATIVE ALGEBRAIC GROUP 809

is an isomorphism of Hopf algebras between the motive of G and the
symmetric coalgebra over the motive M (QG).

For more refined statements see Theorems [[.T.1] and

There are a number of useful applications of our motivic decomposition. For
instance, we are able to describe the weight filtration on M;(G) explicitly (see
Section [[3]). We get a new proof of Kimura finiteness of 1-motives (which
implies Kimura finiteness of the motive of a curve). We also show that H*(M) is
concentrated in one degree for any 1-motive M and any mixed Weil cohomology
theory.

Recently, Sugiyama has applied Theorem [Mto generalize to semiabelian
varieties results of Beauville [Bea86] and Bloch [Blo76, Theorem 0.1] on Chow
groups of abelian varieties.

In a sequel of this paper [AHPL], we will show that all the results in this
introduction hold for the relative motive of a general smooth commutative
group scheme G over a base scheme S (supposed noetherian and finite dimen-
sional). Note that Theorem [I] was known for abelian schemes over a regular
base [DM91],[Kiin94]. Our generalization will be interesting especially for Néron
models of abelian varieties and for the group scheme over compactifications of
Shimura varieties.

Theorem [[] was already known for tori and abelian varieties. The straightfor-
ward case of tori was discussed partially by Huber-Kahn [HKO0G]. The abelian
case was proven by Kiinnemann [Kiin94] following earlier partial results by
Shermenev [Ser74] and Deninger-Murre [DM91]. The main tool in his proof is
the Fourier transform for cycles over an abelian variety, introduced by Beauville
[Beal6]. This is not available for more general groups.

Instead, our starting point is to use the more flexible category motivic com-
plezes. Indeed, we write down the component M;(G) completely explicitly.
This is non-trivial, even for abelian varieties.

First, following Barbieri-Viale and Kahn [BVK], consider G the sheaf on the
big étale site on SM/k represented by G. It inherits from the group structure of
G a canonical structure of sheaf of abelian groups. By work of Spie-Szamuely
([SS03]) G has transfers, hence it induces a motive (namely the singular com-
plex C,G) that we will note M;(G).

Second, consider the map of (pre)sheaves with transfers

Cor(-,G) = G

which maps a multivalued map S — G (a correspondence) to the sum of its
values in the commutative group G. It induces a canonical map

ag: M(G) — M1(G) .
Using the comultiplication on M (G) this extends to a natural map

oo M(G) — Sym" M (G) .
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810 GIUSEPPE ANCONA, STEPHEN ENRIGHT-WARD, ANNETTE HUBER

Most of the effort of this paper goes into proving the following (Theorem B4
in the paper):

THEOREM 2. Let G be a semiabelian variety over a perfect field k. Then the
motive M1(G) is odd (i.e. Sym" My (G) vanishes for n big enough) and, more-
over, the map

vo =P es : M(G) — @ Sym™ M;(G).

n=0

18 an 1somorphism.

We will easily deduce Theorem [ from Theorem the construction of the
morphism g has been done so that it is natural and it respects the Hopf
structures (and the unipotent part of a general commutative group will be easy
to treat, as well as the non-perfect case).
A difficulty in showing this theorem is that we do not have for free natu-
ral maps in the opposite direction (the reader can think of the embedding
MorSM/k(-, G) C Cor(+,G), but this is just a morphism of sheaves of sets).
We prove Theorem [2] by induction on the torus rank with the case of abelian
varieties as a starting point. Consider a short exact sequence of semiabelian
varieties

1-G, -G—H—1

and suppose to know Theorem 2] for H. On the one hand, the filtration on G
defined by the above short exact sequence induces triangles

Sym"™ M, (G) — Sym" M, (H) — Sym™ ' M, (H)(1)[2] .
On the other hand, the localization sequence for the G,,-torsor G — H reads
M(G) = M(H) - M((H)(1)[2] .

By comparing these triangles, the hypothesis that ¢z is an isomorphism implies
that there is a non-canonical isomorphism

b M(G) — P Sym" (M (G)) .

This fact has two essential consequences. First, the motive M (G) is Kimura fi-
nite. Second, there is a non-trivial morphism from @,, Sym" (M;(G)) to M(G).
We then show that one can modify this morphism in order to obtain a map
which is the inverse of ¢¢ after f-adic realization. Then Kimura finiteness
allows us to conclude that ¢ is an isomorphism.

We now briefly discuss the structure of the paper. Section [ settles notations
and recalls some facts from the literature. In Section 2] we define the motive
M;(G) and the morphism ag and establish basic properties. We will pretty
quickly specialize to the case of a semiabelian variety. In Section[3we construct
the morphism g and show that it respects the Hopf structures, under the
hypothesis that Sym” M;(G) vanishes for n big enough. Section [ deals with
the two special cases: tori and abelian varieties. In Section [0l we show that
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the motive M;(G) of a semiabelian variety G is odd and geometric. We then
compute its f-adic realization. Section [(] finally gives the proof of Theorem
for any semiabelian variety G.

Section [ shows how to deduce Theorem [ from Theorem 2l We also explain
how the semiabelian case implies the case of a general commutative group
scheme, possibly with a unipotent radical or several connected components.
Some other properties are studied, namely the uniqueness of the Kiinneth de-
composition and that the weight filtration in cohomology lifts canonically to a
filtration of each Kiinneth component.

Some technical points of the main proof are left to the appendices. Appendix [Al
is the essential input to relate the two triangles above. This is done comparing
two obvious definitions of the first Chern class of the line bundle defined by an
extension of a semiabelian variety by G,,. Appendix [B] rewiews the definition
of the symmetric coalgebra, its universal properties and a comparison with the
standard symmetric algebra in the setting of Q-linear pseudo-abelian additive
categories. Appendix [(] constructs a natural filtration on Sym™ (V) given a
subobject U C V in the setting of general Q-linear abelian categories.
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PhD thesis [EW13] of the second author, written under the supervision of the
third. The first author would like to thank them for letting him participate to
conclude this work and for the warm hospitality in Freiburg.
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generously by discussions, advice on references and careful proof reading. The
(as it turns out decisive) remark that the very formulation of the main theorem
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1. NOTATIONS AND GENERALITIES

Throughout this paper k denotes a fixed base field of any characteristic. We
fix an algebraic closure of k and we call it k. We write (-) for the pull-back to
k on varieties, motives and sheaves.

1.1. CATEGORIES OF VARIETIES. We denote:

e SCH/k the category of schemes separated and of finite type over k;
e SM/k the full subcategory of smooth schemes over k;
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e SMPRVAR/k the full subcategory of smooth and projective schemes
over k;

e SMCOR/k the category of smooth correspondences. Objects are
smooth schemes over k and morphisms are finite correspondences in
the sense of Voevodsky [VoeO(, Section 2]. The free abelian group gen-
erated by primitive finite correspondences from X to Y will be denoted
Cor(X,Y);

e CGRP/E the category of commutative group schemes of finite type over
k with morphisms of k-group schemes;

e SAB/k the full subcategory of CGRP of semiabelian varieties. By def-
inition an object of SAB/k is a connected smooth commutative group
scheme G over k such that its pullback G, does not have any subgroups
which are isomorphic to an additive group.

e AB/k the full subcategory of CGRP of abelian varieties.

We will usually abbreviate SCH instead of SCH/k etc.

Remark 1.1.1. Suppose that the base field is perfect. By a theorem of Barsotti
[Bar55] and Chevalley [Che60] (see also [Con02] for a modern presentation) any
semiabelian variety can be uniquely decomposed as an extension of an abelian
variety by a torus.

Moreover, there are no non-constant homomorphism from a torus to an abelian
variety, see for example [Con02, Lemma 2.3]. In particular any homomorphism
between two semiabelian varieties induces morphisms between the tori and
between the abelian varieties of their decompositions.

Remark 1.1.2. Notice that a short exact sequence in CGRP of smooth groups
induces a short exact sequence of étale sheaves, as any smooth morphism has
a section locally for the étale topology.

1.2. RATIONAL COEFFICIENTS. When A is an additive category, then we will
write Ag for the pseudo-abelian hull of the category having the same objects
as A and such that for any X,Y € A the set of the homomorphisms from X
to Y is the Q-vector space

HomA(X, Y) ®7 Q .
This applies, in particular, to the additive categories SMCOR, AB and SAB.

Remark 1.2.1. (1) Notice that morphisms in SMCORg between two vari-
eties are Q-linear combinations of primitive finite correspondences.
(2) The categories ABg and SABq are the categories of abelian and semi-
abelian varieties up to isogeny, respectively. These categories are
abelian.

1.3. SYMMETRIC POWERS, EXTERIOR POWERS AND KIMURA FINITENESS. Let
A be a pseudo-abelian Q-linear symmetric tensor category with unit 1. There
are canonical functors

Sym": A — A.
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Indeed, let X € A be an object of A. As the category is symmetric the group
of permutations S, acts on X®". The endomorphism

1
- Z o X®n  xen
n!

gES,

is a projector. Then one defines Sym™(X) to be its image (notice that it is
fonctorial in X € A). We define similarly the functor A" : A — A. By
convention, we will write Sym"X = /\OX = 1 for all non-zero objects X.
Following [Kim05] and [O0’S05] we will say that an object X is

e odd of dimension N if Sym™¥ X # 0 and Sym¥ 1 X = 0. In this case
we will write det X = Sym™ X;

e cven of dimension N if AV X # 0 and AV' X = 0. In this case we
will write det X = AN X;

e odd or even finite-dimensional if it is even or odd finite-dimensional for
some N;

e Kimura finite if there exists a decomposition (in general not unique)
X = X, ® X_ such that X is even finite-dimensional and X_ is odd
finite-dimensional.

The result we will need about finite-dimensional motives is the following theo-
rem of André and Kahn.

THEOREM 1.3.1 (André, Kahn). Let K be a field of characteristic zero, C be
a K-linear pseudoabelian symmetric tensor rigid category, with unit object 1
satifsfying Ende(1) = K.

Let f: X —Y be a map in C between two finite-dimensional objects. Suppose
that there exist another K-linear pseudo-abelian symmetric tensor category D,
a non-zero K-linear symmetric tensor functor F : C — D (covariant or con-
travarient) and a map g :' Y — X in C such that F(f) and F(g) are inverses
of the other. Then f is an isomorphism.

Proof. This is a consequence of the work [AK02]. As this theorem is never
stated in this form let us explain how to deduce it from loc. cit. We will
suppose F' to be covariant (otherwise one can compose with the canonical
antiequivalence of D with its opposite category).

First of all we can replace C by the K-linear symmetric tensor category gener-
ated by finite-dimensional objects, hence suppose that C is a Kimura category.
The kernel of the functor F' is a tensor ideal of C, which is by hypothesis non-
trivial. Then by [AK02, Theorem. 9.2.2] the kernel is contained inside a tensor
ideal R called the radical and C is a Wedderburn category. Write m : C — C/R
for the canonical functor. Our hypothesis implies that = (f) and 7(g) are in-
verses of each other. We can now conclude because by [AK(02, Proposition
1.4.4(b)] the functor m detects the isomorphism, i.e., 7(f) is an isomorphism if
and only if f is.

Notice that the erratum of [AK02] does not concern the statements we are
using. ([
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1.4. SYMMETRIC COALGEBRA. Let X be an odd object of dimension N in a
pseudo-abelian Q-linear symmetric tensor category with unit 1. We define the
symmetric coalgebra

coSym(X) = @ Sym"(X) .
n=0

The coalgebra coSym(X ) has a canonical structure of Hopf algebra. Multiplica-
tion and comultiplication are defined so that coSym(X') becomes the standard
symmetric algebra in the opposite category. For details see Appendix [Bl

1.5. GRADED SUPER-VECTOR SPACES. Let F' be a field. The category of graded
super-F-vector spaces will be denoted by GrVec}i;. As an F-linear tensor cate-
gory it is equivalent to the category of graded F-vector spaces. In particular if

V=@, Viand W = P,, W;, then

VeW),= @ V,eWw,
ptg=n
The difference is in the convention of the symmetry. If o; ; : V;@W; = W; ®@V;
is the isomorphism of symmetry in the category of F-vector spaces, then the
isomorphism of symmetry in GrVecs is given by (—1)"7o; ;.

1.6. CHOW AND VOEVODSKY MOTIVES. Let k be a perfect field (for the non-
perfect case see Section [[L7)). Our conventions on motives will follow notations
and constructions from Voevodsky [VoeO0] and especially from [MVWO06, Sec-
tion 14], where the case of rational coefficients is explicitly treated. We will
study the following categories:

SHT&(k,Q) , DM (k,Q) , DM (k)g , DM (k)g , CHOW(k)g

of étale sheaves with transfers, motivic complexes, effective geometric motives,
geometric motives, and Chow motives, respectively. We are going to need the
functors

L:Smy, — D™ (SHT¢(k,Q)) and ¢: D™ (SHT4(k,Q)) — DM, (£, Q) .

We will write
M=gqolL,
and for any variety X € SM;, we will call M (X) the motive of X.

Let us give more details. The category of sheaves of Q-vector spaces with
transfers on the big étale site on SM/k is denoted

SHTét (k/’, Q) .

By [MVWO06, Lemma 14.21] a rational presheaf with transfers is a sheaf for
the Nisnevich topology if and only if it is a sheaf for étale topology. We decide
to work with the latter topology. Tensor product is exact on this category by

Proposition B.1]. Moreover, by [MVW06, Theorem 14.30] the cate-
gories DM®®, (k, Q) and DMfNiS(k, Q) are equivalent.

6t
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By [MVW06, Theorem 14.28] and [MVWO0G, Remark 14.29] there are two ad-
joint Q-linear exact functors

q: D™SHT¢(k,Q) = DM (k,Q) : i .

The functor ¢ is compatible with tensor products. Moreover, the functor i is an
embedding and the functor ¢ is a localization. We may identify DME_H:é‘E (k,Q)
with its image in D~ SHT ¢ (k, Q) and avoid to write 4.

The category of effective geometric motives will be denoted by

DMgffm(k)@ .

Several equivalent definitions are possible, here we define it as the full triangu-
lated Q-linear pseudo-abelian tensor sub-category of DMe_ffét(k,@) generated
by motives of smooth schemes over k.

Remark 1.6.1. (1) Let DM?;I:1 (k,Z) be the category of effective geometric
motives with integer coefficients defined by Voevodsky [Voe00, Defini-
tion 2.1.1], then

DMH (k) = DMgh (k, Z)g

where the tensor product on the right hand side is in the sense of
Section [L21 This fact can be deduced from [CD09, Theorem 11.1.13],

[CD09, Remark 9.1.3(3)] and [CD0Y, Corollary 16.1.6].
(2) The reader should be warned that SHTs(k,Q) and DM, (k, Q)

s

are not SHT ¢ (k,Z)g and DMeffét(k,Z)Q. We will always work with
SHT ¢ (k, Q) and DM, (k, Q).
After tensor-inverting the Lefschetz motive inside DMzﬂm(k)Q we obtain a Q-
linear pseudo-abelian triangulated rigid tensor category, denoted by DMgnm (k)qg
and called the category of geometric motives. The category DMzi(k)@ is
canonically a full subcategory of DMy, (k)g by Voevodsky’s Cancellation The-
orem [Voel()].
The Q-linear pseudo-abelian rigid tensor sub-category of DMy, (k)g gener-
ated by motives of smooth and projective schemes over k will be denoted by
CHOW(k)g and called the category of Chow (or pure) motives (with Q coef-
ficients). Note that by [Voe00, Proposition 2.1.4] together with [Voe02], this
category is equivalent to the opposite of the classical category of Chow motives.
Although we will use properties of classical Chow motives transposed in
this context, we will always keep the notations coming from the conventions
of Voevodsky, for instance the motive of the projective line decomposes as
M(P}) =1 1(1)[2].
We are going to need the following facts.

PROPOSITION 1.6.2. Let f be a morphism in DMeffét(k,@). Then f is an

isomorphism if and only if its pull-back f to k is. In particular a motive M
vanishes if and only if M does.
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Proof. Let f be a morphism in DMe_ffét(k,Q). Then f is an isomorphism if
and only if it is an isomorphism in the derived category of étale sheaves, i.e., if
it induces isomorphism on cohomology sheaves without transfers. A morphism
of étale sheaves is an isomorphism if it is an isomorphism on geometric stalks.
It suffices to consider geometric points over closed points of objects in Sm/k.

Hence we can check it after pull back to the algebraic closure. |

Remark 1.6.3. Voevodsky’s tensor product on SHT¢(k,Q) is exact because
by [SVI6, §5 and §6] the category can be seen as a full tensor subcategory of
the category of qth-sheaves with the standard tensor product of sheaves. This
argument is due to Sugiyama, see Appendix B] for full details.

1.7. MOTIVES OVER NON-PERFECT FIELDS. To avoid the hypothesis of per-
fectness one can consider Beilinson motives with rational coefficients following
Cisinski and Déglise [CD09]. These motives are defined over general bases and
when the base is a perfect field their definition is equivalent to the category
of geometric Voevodsky motives with Q-coefficients DMZgl(k)@, see [CD0O9,
Corollary 16.1.6].

Suppose now that k is not perfect, and let k' be its perfect closure. Then
by [CD09, Proposition 2.1.9] and [CD09, Theorem 14.3.3] the pull-back from
DM;E1 (k)g to DM (k%) is an equivalence of category.

gm

1.8. REALIZATION FUNCTOR. Fix a prime number ¢ different from the charac-
teristic of k. We denote

H* = @Hi : SMy, — SMy; —» GrVec@
i€z
the contravariant functor of ¢-adic cohomology. By work of Ivorra [Ivo07, The-
orem 4.3] it extends uniquely to a contravariant functor called realization

H* : DMy (k) — GrVec,
which is a Q-linear symmetric tensor functor, sending the unit to the unit
triangles to long exact sequences and which moreover verifies H* (M (n)) =
H*(M)(—n) and H™(M[n]) = H™ ™(M) for all integers m and n and all
motives M.
The structure of ¢-adic cohomology of semiabelian varieties is well known.
LEMMA 1.8.1. Let G be a semiabelian variety. Then

H*(G) = Sym(H'(@)) .
Moreover, let Vy(G) be the (-adic Tate module tensored by Qg, then we have
HY(G) =Vi(G)" .

Proof. The abelian or torus case are classical. For the semiabelian case see
e.g. [BS13| Lemma 4.1 and 4.2]. The rational case follows from their stronger
assertion with torsion coefficients. (|
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LEMMA 1.8.2. The functor H' is exact and faithful on SABg.

Proof. From the explicit formula for H' we get both the exact sequence and a
formula for the dimension of H'(G). In particular, it does not vanish, if G is
non-trivial. O

2. THE 1-MOTIVE M;(G) OF G

Let k be a perfect field and G be a smooth commutative group scheme over
k (often a semiabelian variety). In this section we are going to construct a
natural morphism

(e7e M(G) — Ml(G)
in the category DMT,, (k, Q) of triangulated motives, where M;(G) is the the

—,ét
1-motive of G to be defined below. This is based on the work of Barbieri-
Viale/Kahn [BVK], Spiei/Szamuely [SS03], and Suslin/Voevodsky [SVI(].
There is no need to work with rational coefficients in this section, but we prefer
to put them in the setting (they will become essential later).

2.1. ADDING TRANSFERS.
DEFINITION 2.1.1. Let G be the presheaf of abelian groups SM/k defined by G,

1.€.,
Q(S) = MOYSM/k(Sa G)
for S € SM/k. We denote G = G ®z Q the presheaf tensor product, i.e.,
QQ(S) = MOI‘SM/k(S, G)®zQ
for S € SM/k.

LEMMA 2.1.2 (SpieB-Szamuely, Orgogozo). Let G be a smooth commutative
group scheme over k, then G is an étale sheaf with transfers of Q-vector
spaces. When G is a semiabelian variety, G is homotopy invariant.

Proof. Spie and Szamuely showed in [SS03l Proof of Lemma 3.2] that G is
a presheaf with transfers (for more details we refer to second author’s thesis
[EWT3| Section 2.3]).

Homotopy invariance follows as in the abelian or torus case, see
Lemma 3.3.1].

We have to check the sheaf condition for Gg. It is enough to check this for
covers with finitely many objects, as a general cover can be refined to such a
cover. On the other hand the sheaf condition in this case is implied by the
sheaf condition of S MorSM/k(S, (), which is true by étale descent. O

Let us recall the relation between finite correspondences Cor(S, X) and multi-
valued maps. Let S be a connected smooth k-scheme and W C S x X be an
irreducible subvariety finite and surjective over S, i.e., a primitive finite cor-
respondence. Let d be the degree of W/S. By work of Suslin and Voevodsky
[SV96] Preamble to Theorem 6.8] there is an associated morphism

S — S4UX),
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where S4(X) = X4/8, is the symmetric power of X.
From this description, the following is straightforward.

PROPOSITION 2.1.3. Let G be a commutative group scheme over k. Then there
s a canonical map of sheaves with transfers

vG : Cor(+,G) ®z2 Q — Gy ,
characterized by the fact that it maps a morphism S EN S4U@) to
st sia) s a,
where p 2 SYG) — G is the summation map. Moreover, g is natural in
G € cGRPg.
DEFINITION 2.1.4. Let G be a semiabelian variety over k. Recall the functor
q: D™SHT¢(k, Q) — DMeffét(k,@) (see Section[L.6]).
(1) We denote
M, (G) € DM, (k, Q)
the image under the functor q of the complex given by G concentrated

in degree in 0. We call M1(G) the 1-motive defined by G.
(2) We denote

ag : M(G) — M;(G)
the image under the functor q of the morphism
va : Cor(+,G) @7 Q — Gy
of complexes concentrated in degree in 0.

Remark 2.1.5. The definition of M;(G) is a special case of the embedding of
the category of 1-motives into triangulated motives constructed by Barbieri-

Viale/Kahn [BVK].

The notation M;(G) should suggest the first Kiinneth component of G. This
intuition is justified by Proposition 2221l and Lemma (and of course by
the main Theorem BT4).

Remark 2.1.6. The adjunction ¢ : D~ SHT ¢ (k, Q) = DMe_ffét(k:, Q) : i (Section
[[6) gives a canonical identification

Hompyypee ;o) (M(G), M1(G)) = Homy, gy, 1,)(E(G). M (G)) -

On the other hand Gy is homotopy invariant (Lemma ZT2) so by [MVWOG,
Corollary 14.9] iM;(G) is the complex G concentrated in degree zero. Alto-
gether we have a canonical identification

HomDMiffét(kﬁQ)(M(G)aMl(G)) = Homgy,, (1.0 (L(G),Gyg) -

Under this identification a corresponds to vq.
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2.2. ELEMENTARY PROPERTIES.
PROPOSITION 2.2.1 (Orgogozo). The assignment
M, : sAB — DM (k,Q)

is an exact functor, i.e., it maps short exact sequences to exact triangles. It is
1sogeny invariant and factors via an exact functor

M : sABg — DM, (k,Q) .

In particular, it maps direct products in SABq to direct sums and multiplication
by n on a semiabelian variety G to multiplication by n on M;(QG).

Moreover, My is a full embedding, i.e., for any two semiabelian varieties G and
H we have a natural isomorphism

HOmSABQ (G,H) HOmDMLff (Ml(G),Ml(H)) .

(k,Q)

Proof. The fact that M; is a full embedding is shown more generally for the
derived category of 1-motives in Proposition 3.3.3]. Exactness is ex-
plained in the preamble of loc. cit. O

LEMMA 2.2.2. The morphism ag : M(G) — M;(G) is natural in G € SAB/k
and it is always non-zero for G # 0 € SABg.

Proof. By Remark [2.1.6] we can replace in the statement ag by the map ~vg
(Proposition 2.T.3). Naturality is part of Proposition 2.3l and we have vg # 0
because it does not vanish on idg € Cor(G, G) ®z Q. O

COROLLARY 2.2.3. Let G be a semiabelian variety. Let pu be the multiplication,
—1 the inverse, 0 the unit and € the structural map. Then

My(p) = + :Mi(G) & My (G) = Mi(G)

Ml(fl) =-1 Ml(G) — Ml(G) s

Ml(O) =0 :Ml(Speck) — Ml(G) s

M;i(e) =0 :M1(G) — M;(Speck) .
Proof. The statement on p holds by definition. The second follows from Propo-
sition 22Tl with n = —1. The last two are trivial from M (Speck) = 0. O
Recall that (-) denotes the pull-back to k.

LEMMA 2.2.4. Let G be a semiabelian variety over k.

M(G) = M(G)
MI(G) = Ml(a) )
@: OZE .

Proof. The analogous statement in SHT(k, Q) for Cor(-, G) @2 Q, G and v¢
can be proved just by checking the definitions. Then one deduces the statement
by applying the functor q. (|
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3. MAIN THEOREM

In this section we state the main theorem. The point is to construct a mor-
phisms g and the theorem will essentially state that it is an isomorphism. We
also establish some basic properties of p¢.

3.1. THE MORPHISM ¢¢.

DEFINITION 3.1.1. Let G be a semiabelian variety over k, n > 0 be an integer
and Ag be the n-fold diagonal. We define o to be the morphism

M(A an
ot M(G) M2, pr@)En 26 (a)en.
As AR is invariant under permutations, this factors uniquely

a@"M(AL)

\Sygl/

Remark 3.1.2. Equivalently, we have

M(AE)

®n

adn
we: M(G) M(G)®" —= My(G)®" — Sym™ (My(G)),
which was the original definition in [EWT3].

DEFINITION 3.1.3. Let G be a semiabelian variety over k which is an extension
of an abelian variety of dimension g by a torus of rank r. Define the morphism

©G as

2g+r 2g+r
vo =P ¢t M(G) — @ Sym™(M:(G)).
n=0 n=0

Our main theorem is the following; it will be proven in Section

THEOREM 3.1.4. Let k be a perfect field and G be a semiabelian variety which
is an extension of an abelian variety of dimension g by a torus of rank r. Then
the motive M1(G) is odd of dimension 2g + r and the map

2g+r

va : M(G) — @D Sym"(Mi(G)).
n=0

s an isomorphism of motives.
More refined statements will be deduced in Section [1

3.2. FIRST PROPERTIES AND REDUCTIONS. Let GG be a semiabelian variety.
The motive M(G) has a canonical Hopf algebra structure induced by mor-
phisms of varieties:

e multiplication by multiplication on G}
e comultiplication by the diagonal A : G — G x G|

DOCUMENTA MATHEMATICA 20 (2015) 807-858



ON THE MOTIVE OF A COMMUTATIVE ALGEBRAIC GROUP 821

e the antipodal map by the inverse on G;
e the unit by the neutral element;
e the counit by the structure map to the base field.

The aim here is to show that the morphism ¢ of Definition is a natural
morphism of Hopf algebras from M (G) to the symmetric coalgebra

coSym(M (G)) = [ Sym"(M:(G)) .

To consider such an object one needs to work under the following assumption:

FINITENESS ASSUMPTION 3.2.1. The motive M;(G) is odd of dimension 2g+r
(here G is a semiabelian variety which is an extension of an abelian variety of
dimension ¢ by a torus rank r).

Remark 3.2.2. The finiteness assumption is needed to make coSym(M;(G)) an
object of DMe_ﬁjét(k, Q). We are going to establish later (see Proposition E1T])
that this assumption is always satisfied. The reader who does not want to

work under this assumption can simply work unconditionally in the procategory
Pro-DM%,, (k, Q).

LEMMA 3.2.3. Under the finiteness assumption[3.21), the map o is the unique
morphism of commutative coalgebras extending o (Definition [2-13).

Proof. From the definitions it is clear that it is a morphism of coalgebras.
Uniqueness then comes by universal property of coSym(M;(G)). O

LeEMMA 3.2.4. The maps p¢ are natural in G € SAB.

Proof. Clear by construction and naturality of ag (Lemma 2:2.2)). O

LEMMA 3.2.5. Let k be an algebraic closure of k and denote (-) the base change
to k. Then

Yo =Yg -
Proof. By construction this comes from the case of ag (Lemma 2.2.4)). O

COROLLARY 3.2.6. Let G be a semiabelian variety over k. Then Theorem[3.1.4)
holds for G if it holds for G.

Proof. By Lemmal[Z2Z4 we have M;(G) = M;(G). We apply Proposition[L6.2]

to the motives Sym"M;(G) and we obtain that M;(G) is odd of the same
dimension as M7 (G). In particular, the finiteness assumptionB.2.Tlis verified for
G. By Lemma [3.2.5 we have g = ¢, we then conclude applying Proposition

.62/ to f = pg. |

We want to study compatibility of ¢pg with products. Let G and H be two
semiabelian varieties. Recall that we have

M (G x H) = M(G) & My(H)
M(Gx H)=M(G)® M(H)
coSym(M;(G) @ My (H)) = coSym(M;(G)) @ coSym(M;(H))
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by additivity of M; (Lemma 2ZT]), Kiinneth formula and Corollary [B.3.11

PROPOSITION 3.2.7. Let G and H be two semiabelian varieties over k satisfying
finiteness assumption [Z2.1l Then, under the above identifications, we have

PGxH = PG @ ¢YH ,

i.e., the diagram

M(G x H) —22¢0Sym(M; (G x H)) —— coSym(M:(G) & My (H))

- !

M(G)® M(H) coSym(M;(G)) ® coSym(M;(H))

pa®pH

commutes.

Proof. First, notice that G x H verifies the finiteness assumption B.21l Now,
by the universal property of the coalgebra coSym it is enough to check that the
diagram

M(G x H) —2 My(G x H) ——— M,(G) & M, (H)

ul QT

M M(H M 1a1® M (H
(6) & M(H) —————————— M(G) @ 1 & 1 @ M (H)
commutes, which is the case by Corollary 223 |

COROLLARY 3.2.8. Let G and H be connected semiabelian varieties satisfying
finiteness assumption[Z21l Then pax g is an isomorphism if and only if g
and @ are 1somorphisms.

Proof. If v and pp are isomorphisms, so is pg ® @g. For the converse note
that M(QG) is a direct factor of M (G x H) via G — G x H. O

PROPOSITION 3.2.9. Under the finiteness assumption [3.2.1], the morphism @
18 a morphism of Hopf algebras.

Proof. Comultiplication is part of the Lemma[3.2.3] Antipode, unit and counit
are special cases of naturality Lemma [322.4l Multiplication is also reduced to
naturality using Proposition B.2.7 a

4. SPECIAL CASES

Before giving a full proof we need to address the cases of tori and abelian
varieties, the two building blocks of the category of semiabelian varieties. The
case of tori is simple from the properties that we have established so far. In
the case of abelian varieties, there are two key ingredients: some properties of
the Chow motive of A (after Deninger, Murre, Kiinnemann and Kings) and
a computation of Voevodsky of the motive of a curve. We also draw some
consequences from these partial results.
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4.1. THE CASE OF TORI. Recall that (CGRP/k)q is the category of commuta-
tive groups schemes of finite type over k up to isogeny.

DEFINITION 4.1.1. Let T be a torus over k. The cocharacter sheaf Z(T") of T
1s defined as the sheaf of Q-vector spaces on the small €étale site of k given by
K — Hom(CGRp/K)@((Gm)K, TK)
for all finite separable field extensions K/k By abuse of notation, we also write
Z(T) for the pull-back to the category SHT ¢ (k,Q) of étale sheaves with trans-

fers and for its image in DMeffét(k)Q.

Remark 4.1.2. The motive Z(T) is an Artin motive.

PROPOSITION 4.1.3. Let T be a torus over k of rank r. Then the main Theorem
holds for G =T, i.e., M1(T) is odd of dimension r and
o7 : M(T) — coSym(M;(T))
18 an 1somorphism. Moreover, the natural pairing
defines a map
E(T) @ L(L)[1] = My (T)

which is an isomorphism.

Proof. Let us start with the first part of the statement. Let first T = G,,. In
this case it is well-known that

M(Gp) =1 @ 1(1)[1]
with 1(1)[1] = G and the factor 1 is the image of the projector induced by

the constant endomorphism of G,,. We claim that « induces an isomorphism
LW[A] = My (Gm) -

The proper way of showing this would be to analyze the constructions carefully.

However, as HOmDMiffét (k.0) (1,1) = Q we can use a quicker argument instead.

By the naturality of Lemma 222 the morphism «g,, vanishes when restricted
to the unit motive 1, hence it suffices to check that

ag,, - M(Gm) — Ml(Gm)

is non-zero. This was pointed out in Lemma Note that M;(G,,) is odd
of dimension 1 because 1 is even of dimension 1.

Now let T' be general. By Corollary it suffices to consider the case k
algebraically closed. Hence T' = G7,,. The assertion now follows from Corollary
and T = G,,.

We now turn to the identification of M;(7T'). In order to check that it is an
isomorphism, we use the same reduction steps as before. Without loss of gen-
erality, k is algebraically closed (Proposition [L6.2) and hence 7' = G!,. By
compatibility with products it suffices to consider the case r = 1 which is
tautological. O
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Remark 4.1.4. The analogous computation for the associated graded of the slice
filtration is shown in [HKO6, Proposition 7.2], even with integral coefficients.
Note that by loc. cit. Corollary 7.9 we do not expect the integral version of
Proposition

Remark 4.1.5. Let T be a torus of rank r. Then

T

det(My(T)) = Sym"(M(T)) = (/\ E(T)> (r)[r] = det Z(T)(r)[r]

is a finite-dimensional motive. It is odd of dimension 1 when r is odd and it
is even of dimension 1 when r is even. However, it is not always isomorphic to
1(r)[r] as the example of a non-split torus of rank 1 shows.

The Artin motive det Z(T) is even of dimension 1. It is given by a one-
dimensional continuous representation of the absolute Galois group of k in
the category of Q-vector spaces. It is either trivial or of order 2.

4.2. THE CHOW MOTIVE OF AN ABELIAN VARIETY. We recall here some clas-
sical results on the Chow motive of an abelian variety.

Let us recall some notations and conventions: CHOW (k)g is the pseudo-abelian
Q-linear rigid symmetric tensor category of Chow motives over k£ with ratio-
nal coefficients, endowed with the covariant Q-linear symmetric tensor functor
called motive

M : SMPRVAR/k — CHOW(k)q .
For a detailed description of this category see [DM91] or [Kiin94].
Remark 4.2.1. Recall that the standard convention in the classical literature
on Chow motives is to take the functor to Chow motives to be contravariant.
By replacing a cycle by its transpose we can pass to the covariant version.
Note that this operation interchanges the notions of symmetric algebra and

symmetric coalgebra. Note also that [DM91] and [Kim94] use the notation A’
instead of Sym".

THEOREM 4.2.2 ([DMO91l, Thm. 3.1]). For any abelian variety over k of dimen-
sion g there is a unique decomposition in CHOW(k)g

1=2g

M(A) = @ hi(A),
=0

which is natural in A € AB/k, and such that for alln € Z
1=2g
M(na) = @ n'-idy,a).
i=0
Moreover, one has ho(A) = 1.

THEOREM 4.2.3 ([Kiin94, Thm. 3.1.1 et 3.3.1]). For any abelian variety A over
k of dimension g the following holds:
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(1) The Poincaré duality holds
b2g-i(A)" = bi(A)(—g)[-2] -
In particular one has ha4(A) = 1(g)[2g].
(2) Fori > 2g, the motive Sym'hy (A) vanishes.
(3) The canonical morphism of coalgebras
M(A) — coSym(h1(A))

induced by the projection M (A) — h1(A) is an isomorphism. It respects
the grading, i.e. it induces isomorphisms

hi(A) — Sym‘(h1(A)) .

PROPOSITION 4.2.4 ([Kin98| Prop. 2.2.1)). For all pairs of abelian varieties A
and B, the functor by induces an isomorphism of Q-vector spaces

Homp p (A, B) = Homyow s, (01 (4), b1 (B)).

PROPOSITION 4.2.5. Let C' be a smooth and projective curve over k and J(C)
its Jacobian. Suppose that C(k) # 0 and let zg : C — C be a constant map.
Then the motive of the curve can be decomposed as

M(C) =1 (J(C)) & 1(1)[2]

such that the projector to 1 is given by M (xg) and the projector to 1(1)[2] by
its Poincaré dual.

Proof. This is classical, see for example [Sch94l Proposition 4.5]. Notice that
by Theorem 5.3 of loc. cit. the different notions of motivic h; for an abelian
variety coincide. O

4.3. THE VOEVODSKY MOTIVE OF AN ABELIAN VARIETY. We consider A an
abelian variety of dimension g over the base field k.

In order to prove the main Theorem B.I.4l in this special case, the key point
is to show that a4 induces an isomorphism between bh;(A) and M;(A4). We
will reduce this to the case of Jacobians and then use Proposition [£2.5] and a
parallel result of Voevodsy for geometric motives.

LEMMA 4.3.1. Consider the decomposition M(A) = @i=27 h;(A) of Theorem
and the map aa : M(A) — My(A) of definition[FI3. Then the restric-
tion of the map to each factor b;(A) is zero for all i # 1. Moreover, the induced
map

A [’)1(14) — Ml(A)

1S Non-zero.

Proof. By Lemma, the map a4 is natural in SABg. On the other hand
the action of the multiplication n 4 is equal to n’-id on h;(A) (Theorem E2.2)
and to n - id on M;(A) (Proposition 222.1)). This implies that a4 is zero on
To conclude, notice that the restriction of as to h1(A) has to be non-zero,
otherwise the whole ay would be zero, which contradicts Lemma [2.2.2 O
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LEMMA 4.3.2. Let C' be a smooth and projective curve over k with a rational
point and J(C) its Jacobian. Then, the motives h1(J(C)) and My (J(C)) are
isomorphic.

Proof. Consider M (C) € D~ (SHT¢(k,Q)). Tt is cohomologically concentrated
in degrees 0 and —1. The cohomology in degree 0 is by [Voe00, Theorem 3.4.2]
given by Picc/kQ. In degree —1 it is equal to %Q'

We use the projector given by the rational point x and its Poincaré dual to cut
off 1le1(1)[2] = Q& G_m@[l]. The remaining object is cohomologically con-
centrated in degree 0 and given by the kernel of the degree map Picq /g - Q,
hence isomorphic to M;(J(C)).

By comparing with the decomposition in Proposition[4.2.5]we get the result. [

PROPOSITION 4.3.3. For any abelian variety A, the map
aalp, () h1(A) = Mi(A)
s an isomorphism.

Remark 4.3.4. In [EWT3| Section 4.3] this is established by going through the
definitions carefully. The proof given here is different.

Proof. We can assume that k is algebraically closed by Proposition and
Lemma 2241 We may decompose A up to isogeny into simple factors. The
map o4 is natural in ABg and compatible with direct products. Hence it
suffices to consider the case of a simple abelian variety. We can choose a curve
C' such that A is a factor of J(C') up to isogeny. As k is algebraically closed,
we can apply Lemma and deduce that there is some isomorphism

h1(J(C)) = Mi(J(C)) -
Hence we may view h1(A) and M;(A) as direct factors of the same object
X and aly, () as an endomorphism of X. They are both simple factors by

Proposition 22211 and Proposition .24 Hence any non-zero map between
them is an isomorphism. By Lemma 3] this is the case for a4. O

PROPOSITION 4.3.5. Let A be an abelian variety over k of dimension g. Then
the main Theorem [3.17) holds for G = A, i.e., M1(A) is odd of dimension 2g
and

pa s M(A) — coSym(M; (4))

is an isomorphism.
Proof. First, h1(A) is odd of dimension 2g by Theorem[£.23 So by Proposition

433 the same holds for M;(A). Let us consider the following commutative
diagram:

h1(A) Mi(A)

XA |np(A)
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where the vertical arrow is the projection. By the universal property [B.2.1] it
induces a unique commutative diagram

M(A)

-

coSym(hq(A)) —— coSym(M;(A))
of morphisms of coalgebras. The diagonal morphism is ¢4 by Lemma
By Proposition 33 a4 : h1(A) — M;(A) is an isomorphism, so the horizontal
arrow coSym(hy(A)) — coSym(M;(A)) is an isomorphism. The vertical arrow

is an isomorphism by Theorem 1.2.3] We deduce that ¢4 is an isomorphism.
O

5. PROPERTIES OF M;(G)

In all the section, GG is a semiabelian variety over k. We consider the basic
exact sequence
1-T—-G—>A—=>1,

with 7" a torus of rank r and A an abelian variety of dimension g. We establish
properties for M;(G) which we already know for M;(T") and M;(A).

5.1. THE MOTIVE M;(G) 1s KIMURA FINITE.

PROPOSITION 5.1.1. Let G be a semiabelian variety over k which is an extension
of an abelian variety of dimension g by a torus T of rank r. Then the motive
M1 (G) is odd of dimension 29+, i.e., Sym"™ (M (G)) vanishes for n > 2g+r,
and the motive

det(G) := det(M;(@)) = Sym>’ ™" M, (G)
s of the form

Ag +7)[29 + 7]

where A is the tensor-invertible Artin motive detZ(T") of Remark [{.1.5 In
particular, if the torus part of G is split, then A = 1.

Proof. Let 1 - T — G — A — 1 be the basic sequence and consider the
associated filtration of Appendix
Fill* D sym™ M, (G) .

By Proposition [C.3.4]its associated graded pieces have the form

Sym‘M; (T) @ Sym™ "M, (A) .
Hence, they vanish in DMe_ffét(k, Q) for ¢ > r (Proposition T3]) or n — i > 2g
(Theorem 23). This implies vanishing for n > 2g +r. For n = 2g + r we get
a canonical isomorphism

det M;(G) = det M, (T) @ det M; (A) .

Hence the formula follows from the Proposition E.I1.3] for tori and Theorem
4.2 3] for abelian varieties. Note that A is indeed invertible. O
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The following is not needed in the sequel.

COROLLARY 5.1.2. (1) Let C be a curve (not necessarily smooth and pro-
jective). Then M(C) is Kimura finite.
(2) Fiz the embedding of the category of 1-motives [Del74] in DMe_ffét (k,Q)
to be the one constructed in [BVKL][Org04]. Then all 1-motives are even
objects in DM, (k, Q).

—ét

Proof. By [BVK] Theorem 11.2.1] the motive M (C') decomposes into the sum
of an Artin-motive and a 1-motive (shifted by 1). Then, it is enough to show
@.

Consider a 1-motive [F' — G] as a complex where F' (in degree 0) is a k-group
scheme such that Fj, is a free abelian group of finite rank and G (in degree 1)
is a semiabelian variety.

By Proposition [(23.4] the filtration (in the abelian category C?(SuHT ¢ (k,Q)))

0—1[0—=Ggl = [Fg— Ggl = [Flg—0—0
induces a filtration on Sym"[F, — G| with associated graded pieces isomor-

phic to
Sym®[0 — Gg| ® Sym" ™ “[Fg — 0] .

These exact sequences induce triangles in DMeffét(k, Q) which reduce to the
case of [F — 0] and [0 — G]. The first is just an Artin motive, hence even.
The second, by definition, equals to M;(G)[—1], which is even by Proposition

BLT O

Remark 5.1.3. (1) Kimura finiteness of motives of curves was known by the

work of Guletskii [Gul06] and Mazza [Maz04] (using different methods).

(2) The fact that 1-motives are Kimura finite is pointed out in [Maz04!
Remark 5.11] (attributed to O’Sullivan) as a consequence of Kimura
finiteness of motives of curves. The above is more precise and also more
direct.

5.2. THE MOTIVE M;(G) IS GEOMETRIC.

PROPOSITION 5.2.1. The motive M1(G) € DM'iffét(k,@) belongs to the full
subcategory Dl\/[?;ls1 (k)g-

Remark 5.2.2. The fact that all 1-motives are geometric is already shown in
[Org04]. We give a straight-forward argument in our case.

Proof. If G is a torus or an abelian variety, we have established the isomorphism
¢G : M(G) — coSym(M(G))

in Proposition and Proposition In particular, M;(G) is a direct
summand of a geometric motive, hence geometric. (Alternatively, we have given
an explicit description of M;(G) in Proposition and Proposition [£3.3]
which is in both cases geometric.)
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In general, consider a basic exact sequence fixed in the beginning of the section
1-T—-G—=>A—-1.

It induces an exact triangle

in DMe_ffét(k, Q). The claim follows because the category of geometric motives
is triangulated. O

5.3. COMPUTATION OF REALIZATION. Fix a prime ¢ different from the charac-
teristic of the base field k. Let

H* : DMy, (k) — GrVecg,
be the realization functor (see Section [[g)).

PROPOSITION 5.3.1. The realization of the map ag : M(G) — Mi(G) of Def-
inition is zero in all degrees except in degree one where it induces an
isomorphism

H*(ag) : H*(M1(G)) — H'(G).
Proof. Let us start by showing that the statement holds for all G which satisfy
the main Theorem B.T.4l Indeed, applying H* one has an isomorphism of Hopf
algbras

H*(G) = Sym(H"(M:(G))) -

Hence, their primitive parts are isomorphic. On the other hand, by the struc-
ture theory of connected graded Hopf algebras (see for example [Lod92] Ap-
pendix A]) the primitive part of on the right hand side is H*(M;(G)) and the
primitive part of H*(G) is H'(G) (Lemma [LET]).
Note that, in particular, we have shown the statement in the toric case and in

the abelian case, by Propositions [4.1.3] and [4.3.5i
In the general case, write

1—7-L6% a1,
By Lemma 22Tl one has a triangle
Mi(T) — My (G) — Mi(A) 5.

By applying the functor H* one obtains a long exact sequence. For i # 1 we
have seen that H*(My(T)) and H*(M;(A)) vanish hence H'(M;(G)) vanishes
as well.

Then one has the following commutative diagram of short exact sequences

1 (0 (A 22 (o (0 2D (ary (7))

lH%aA) lm(ac) lH%aT)
1 1
24 —9 L gve) I gy,
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(The two squares are commutative by Lemma 2222] and the second line is also
a short exact sequence by Lemma [[L82])
As we have shown that the first and third vertical arrows are isomorphisms so
is the second.

O

6. PROOF OF THE MAIN THEOREM

The proof is by induction on the torus rank. By comparing two triangles, we
establish that there is some isomorphism between M (G) and coSym(M;(G))
and deduce that these two motives are finite-dimensional. In the next section
[E2we show that ¢ is an isomorphism studying its behaviour in the realization
and using Kimura finiteness.

6.1. COMPARING EXACT TRIANGLES. Throughout this section, we consider a
short exact sequence of semiabelian varieties

1-G,, - G—H—1.
LEMMA 6.1.1. (1) Let n > 0. We denote
(ML (G)] + My(H) = 1(1)[2
the conmecting morphism of the exact triangle
1(1)[1] = Mi(G) — My (H) .
Then there is an exact triangle

[M1(G)]

Sym” (Mi(G)) — Sym™ (M (H)) =25 Sym" = (My (H))(1)[2] .

(2) Let

c1([G)) € Hi(H,G,,) = Morpy pese (M(H),1(1)[2])

—,ét(ka)

be the first Chern class of G viewed as a Gy, -torsor over H. Then there
s an exact triangle

M(G) — M(H) 229 vy
(3) The diagram
M(H) —8D vy

J/WH lWH(l)[Q]

coSym(M (H)) = coSym(My (H)) (1) 2

commutes.
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Proof. For (@), we apply Theorem to the exact sequence of sheaves with
transfers
OA%Q%QQAEQAO

and the localization functor

q: SHT g (k, Q) — DMT, (k,Q) .

Note that SHT ¢ (k, Q) is Q-linear abelian symmetric tensor category with an
exact tensor product, see Remark [[63 and that M;(G,,) = 1(1)[1] and
Sym?(1(1)[1]) = 0.

For the second triangle consider A(G) — H, the line bundle associated to the
Gpp-torsor G. The zero section of A(G) identifies H with 0(H), a smooth sub-

variety of A(G) of codimension 1. Its complement is G. Hence the localization
sequence reads

M(G) = M(A(G)) — M(0(H))(1)[2] -
By homotopy invariance M (A(G)) = M (H). The identification of the bound-
ary map with the first Chern class is carried out in [HKO6, Proposition C1].
By compatibility with comultiplication (which holds by definition of the maps),

it suffices to check commutativity in degree 1. This is precisely the comparison
of Chern classes in Proposition [A.T.] O

COROLLARY 6.1.2. Assume that there exists a short exact sequence of semia-
belian varieties

1-G,, —-G—H—1,

such that the main Theorem holds for H. Then there exists an isomor-
phism

¥ : coSym(M;q(G)) = M(G) .
In particular, M(G) is Kimura finite.

Proof. We consider

M(G) M(H) M(H)(1)[2] ————— M(G)[1]

~ | PH ~ | em(1)[2] Y[1]

I I
I I
I I
I I
I I
Y Y
coSym(M1 (G)) = coSym(M; (H)) —= coSym(My (H))(1)[2] — coSym (M3 (G))[1].
Both triangles are constructed in Lemma [E.T.Tl The central square commutes
also by Lemma By assumption ¢p is an isomorphism. By the axioms
of a triangulated category we obtain an isomorphism % as indicated. M (G)
is Kimura finite because M;(G) is Kimura finite by Proposition .11 and the
notion is stable under tensor products and direct summands. (]
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Remark 6.1.3. The above corollary was the main result of [EW13]. We expect
w7 to define a morphism of triangles, i.e., 1 = ¢g. This would immediately
show that g is an isomorphism. We were not able to establish this morphism
of triangles and use a completely different argument instead.

6.2. pg 1S AN ISOMORPHISM. We modify the non-canonical isomorphism
(Corollary [E1.2) such that its realization is the inverse of the realization of
va. To conclude we use conservativity of the realization functor on finite-
dimensional motives.

ISOMORPHISM ASSUMPTION 6.2.1. We assume the existence of an isomorphism
¥ @ coSym(M;(G)) — M(G). We fix such ¢ and write ¢y : M;(G) - M(G)
for its restriction to M;(G).

LEMMA 6.2.2. Under the above isomorphism assumption 621, the realization
of Y1 induces an isomorphism

H'(y1) : HY(G) — H'(M1(G))

Proof. Recall from Proposition B3 Tlthat H*(M;(G)) is concentrated in degree
one. Hence the realization of 1 gives isomorphisms

() Y sy (' (M)

Moreover, H!(11) = H (). a

LEMMA 6.2.3. Under the isomorphism assumption [6.2.1], the endomorphism
ag oy of the motive My (G) is an isomorphism. In particular, there exists a
morphism B1 : M1(G) — M(G) such that

Qg o 51 = idMl(G) .
Proof. We write

ag o = Mi(fo) -
This is possible because by Proposition 221 any endomorphism of M;(G) is
of the form M (f) where f is in EndSAB@(G)'
It is enough to show that fy is an automorphism of G' € SABg. As H' is exact
and faithful on sABg (see Lemma [[8.2), we can test this after applying H'.
Moreover,

H'(fo) = H*(Mi(fo)) = H*(41) 0 H* (ag) -

By Lemma [5.3.0] the map H*(ag) is an isomorphism onto its image H'(G).
By LemmalG.Z2 the map H*(1)1) is an isomorphism when restricted to H!(G).
Hence the composition is an isomorphism. O

LEMMA 6.2.4. Under the isomorphism assumption[6.21), let us fix a morphism
B1 2 Mi(G) — M(G) such that ag o 1 = idp, () as in the previous lemma.
Let

B : coSymM;(G) — M(G)
be the induced morphism of algebras (Corollary [B2.5).
Then H*(pc) and H*(B) are inverse to each other.
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Proof. By Assumption the vector spaces H*(coSym(M;(G))) and
H*(M(G)) have the same dimension, in particular it is enough to check that
the composition in one direction is the identity.

By Proposition B:22.9] ¢ is not only a morphism of coalgebras but also a
morphism of algebras. Hence

v o B coSym(M;(G)) — coSym(M;(G))

is also a morphism of algebras and so

H* (g o B) = H*(B) o H* (pc) : Sym(H" (M1(G))) = Sym(H"(M1(G)))
is a morphism of coalgebras.
By Corollary[B.2.5] the bialgebra Sym(H'(M;(G)) also has the universal prop-
erty with respect to comultiplication. We are going to exploit it in order to
establish that H*(pg o ) is the identity.
By Proposition 531 H*(M1(G)) = H'(M;(G)) is concentrated in degree one.
In degree one our morphism is equal to H*(ag o 1) so it is the identity by
assumption. O

PROPOSITION 6.2.5. Under the isomorphism assumption [6.2.1, the morphism
pag 18 an tsomorphism.

Proof. By Proposition 1.1 and Corollary the objects coSym(M;(G))
and M (G) are finite-dimensional. Moreover, by Cancellation Theorem [Voel(],
effective motives are embedded in non-effective ones, hence we can suppose that
¢ is a morphism defined in a rigid category. So we can use Theorem [[3.1]
(applied to the realization functor) and conclude by Lemma O

6.3. CONCLUSION.

Proof of the Main Theorem[3.1.7] Let k be a perfect field and G be a semia-
belian variety over k which is an extension of an abelian variety A of dimension
g and a torus T of rank 7.

By Proposition B.I1T] the motive M;(G) is odd of dimension 2¢g +r. It remains
to establish that g is an isomorphism. By Corollary we can suppose
that k is algebraically closed.

We now argue by induction on 7. When r = 0 (and hence G = A) the theorem
is proved by Proposition 351

Let us now consider the case r > 1. As the ground field k is algebraically closed
we have T' = GJ,. We fix such a splitting and let G,,, — GJ,, be the inclusion
as the first coordinate. This defines a short exact sequence

1-G, —-G—H—1,

with H a semiabelian variety of torus rank r — 1. By inductive hypothesis the
theorem holds for H. By Corollary [G.1.2] this implies the existence of some
isomorphism

¥ M(G) — coSym(M; (Q)) .
This is the isomorphism assumption [6.2.1] for G. Then Proposition [6.2.5] shows
that the morphism g is an isomorphism. O

DOCUMENTA MATHEMATICA 20 (2015) 807-858



834 GIUSEPPE ANCONA, STEPHEN ENRIGHT-WARD, ANNETTE HUBER

7. CONSEQUENCES

Let k be a field (not necessarily perfect). We deduce from our main Theorem
B4 a Kiinneth decomposition for the motive of a semiabelian variety, the
behaviour under mixed Weil cohomology theories and the existence of a weight
filtration. Finally, we also compute the motives of arbitrary commutative group
schemes.

7.1. KUNNETH COMPONENTS. In this section we fix a prime number ¢ and
write H* : DMgffl(k)Q — GrVec& for the f-adic realization, see Section [[8

THEOREM 7.1.1. Let G be a semiabelian variety over k which is an extension
of an abelian variety of dimension g and a torus of rank r. Then there exists
a unique decomposition in DMggl(k)Q

2g+r

M(G) = €D M;(G)
=0

which is natural in G € SAB/k and such that
H*(M;(G)) = H'(G,, Q).
Moreover:
(1) The multiplication by ng acts as

i=2g+r

M(ng) = @ ni-idMi(G).
=0

In particular, for any non-zero integer m, the morphism M (ng) is
an isomorphism and hence the Kinneth decomposition is natural in
G e SABQ.
(2) If L is a field extension of k, then we have
M;(G)r = M;(GL)
in DM (L)g.
(3) The image of the motive Mi(G) in DMe_ffét(k,@) is given by the ho-
motopy invariant sheaf with transfers
S MorSCH/k(S, G)®Q.

(4) For all pairs G1, G2 € SAB/kqg, the functor My induces an isomorphism
of Q-vector spaces

(ko (M1(G1), Mi(G2))-

(5) Any ezxact sequence 1 — G; — G2 — G3 — 1 in SABq induces an
ezxact triangle

Homg g (G1,G2) = HomDM;fi

Ml(Gl) — Ml(Gg) — Ml(Gg)
in DM (k)g |
(6) Fori > 2g+r, the motive Sym'(M;(G)) vanishes.
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(7) The canonical morphism of coalgebras

M(G) = P Mi(G) — coSym(M:(G)) = €D Sym' (M (G)

induced by the projection M(G) — M (G) is a graded isomorphism of
Hopf algebras.
(8) The motive

det(G) := Mag+,(G) = det(M7(G))
is of the form
Alg+1)[29 + 7]
with a tensor-invertible Artin motive A. If the torus part of G is split,

then A = 1.

(9) There is an isomorphism
M;(G)Y = Myyir—i(G) @ det(G) ™
= Magsr—i(G) @ A} (=g —7)[~29 — 7]
natural in G € SAB/kg. In particular there are isomorphisms
M(G)Y = M(G) ® det(G) ™",
M(G) = M(G) @ det(G) ™" (g + r)[2g + 27]
=M(G)® A ']
natural in G € SAB/kg (where M.(G) is the motive with compact sup-
port of G).
Proof. By Section [L7] we may assume that k is perfect. We use the main
Theorem B.1.4] and choose
M;(G) = Sym'(M,(G)) .

By Proposition B3] it has the correct behaviour for the realization of M;(G)
and by Lemma [[8T] also for all M;(G). By Proposition Z2] it also satisfies
(). Suppose there is another natural decomposition

2g+r

M(G) = @ M(G) .

By naturality, this decomposition is stable under the action of the Q-algebra
generated by M (n¢). Notice now that, for all ¢, the projector p; defining M;(G)
is in this algebra, indeed

Hi;éj M(ng) —n’id
pi = : -
Hi;&j(nl - nJ)

So we get a decomposition

2g+r

M(G) = D M (@)
=0
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where the motive M7 (G) is a direct factors of M/(G) and of M;(G). Hence by
hypothesis, its realization is concentrated, on one hand in degree ¢ and on the
other hand in degree j, which implies that its realization is zero when i # j.
Moreover, M} (G) is a finite-dimensional motive (as M(G) is by Theorem BI7)
so we can apply Theorem [[L3.7] to deduce that MlJ (@) vanishes for i # j. This
gives the uniqueness.

For [2)) one can argue in two different ways: using uniqueness of the decom-
position or using the multiplication ng of [I). Properties [Bl) and () hold
by definition and main Theorem B.I.4l The properties @) and (&) come from
Proposition 2211

The properties (@) and (8) were established in Proposition E.1.1]

Part (@) comes from a more general statement: we claim that if X is an odd
object of dimension d in a Q-linear pseudo-abelian symmetric tensor category,
then there is a canonical isomorphism

(Sym'X)Y = Sym? ' X ® (Sym?X)" .

Let us prove the claim. In [O’S05, Lemma 3.2] it is proven that for any even
object X of dimension d there is a canonical isomorphism (A*X)Y &2 A7IX @
(A?X)V. One can change the sign of all symmetries so that one gets a new
category which is equivalent as Q-linear tensor category to the previous one
(but not as Q-linear symmetric tensor category). This transformation sends
even objects of dimension d to odd objects of dimension d so that [O’S05|
Lemma 3.2] implies our claim. O

7.2. MiXED WEIL COHOMOLOGY OF SEMIABELIAN VARIETIES. Let H* be any
mixed Weil cohomology with coefficients in F, in the sense of [CD12] (we do
not ask anymore this to be the ¢-adic cohomology). Recall that, by definition,
this means that F' is a field of characteristic zero, the Kiinneth formula and
excision hold, and that, moreover, the cohomology of the point, the affine line
and the multiplicative group have the standard dimensions.

We also require that the cohomology of any scheme is concentrated in non-
negative degrees. In [CDI2] Remark 2.7.15] it is conjectured that this should
be deduced from the other axioms (see the comments in loc. cit. after Theorem
2.7.14). We also write

H* : DM (k) — GrVecy:

for the realization functor induced by the mixed Weil cohomology [CD12, Thm
3].

LEMMA 7.2.1. Let M be an Artin motive. Then H*(M) is concentrated in
degree 0.

Proof. By [CD12, Thm 1(4)], the theory H* satisfies Poincaré duality. By
assumption it is concentrated in non-negative degrees. Hence H*(M (SpeclL))
is concentrated in degree 0. |
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PROPOSITION 7.2.2. Let G be a semiabelian variety over k and M;(G) be the
Kiinneth components constructed in Theorem [7.1.1 Then

H*(M;(G)) = H'(G)
for any mized Weil cohomology H*.

Proof. We apply H* to the isomorphism of Hopf algebras

ve 1 M(G) = coSym(M;(G)) .
Hence H*(M;(QG)) is the primitive part of H*(G) and it suffices to show that
it is concentrated in degree 1. We know that M; (@) is odd of dimension 2g + r

where r is the torus rank of G and ¢ the dimension of the abelian part of A.
Hence H*(M;(G)) is of dimension 2g + r. Moreover,

det(H*(M1(G)) = H*(det(Q)) = H*(A(g +7)[29 + 7))
with A as in Theorem [.T.T] an invertible Artin motive. By Lemma [[2.]] the
cohomology of A is concentrated in degree 0. Hence the cohomology of det(G)
is concentrated in degree 2¢g + r. By assumption H*(M;(G)) is odd and H* is

concentrated in non-negative degrees. This is only possible if all of H*(M;(G))
is concentrated in degree 1. O

Consider now the category of 1-motives over k (introduced by Deligne [Del74])
and its embedding in DM, (k, Q) [BVK] [Org04).

PROPOSITION 7.2.3. Let [FF — G] € DMiijét(k,@) be a 1-motive, with F (in
degree 0) a k-group scheme such that Fy is a free abelian group of rank d and
G (in degree 1) an extension of an abelian variety of dimension g by a torus
of rank r. Let H* be a mived Weil cohomology theory such that H*(X) is
concentrated in non-negative degrees. Then H*([F — G]) is concentrated in
degree 0 and of dimension 2g +d + 7.

Proof. This holds for [F' — 0] by Lemma [T.2.T and for [0 — G] by Proposition
(compare with the Definition 2.4 and note the shift on the degree here).
By considering the long exact cohomology sequence, it follows for [FF — G]. O

Remark 7.2.4. To our knowledge this result is new. There is a discussion of
realizations of 1-motives in [BVK] Section 15.4] which is going into a different
direction.

7.3. WEIGHT FILTRATION. Recall that Bondarko defines in [Bonl0l Definition
1.1.1, Proposition 6.5.3] categories <,DMgn of motives of weight at most a
and >,DM,y, of motives of weight at least a such that

SaDMgm N>q DMgm = CHOW(]C)Q[*(I] .

Our structural knowledge also gives us a weight filtration in the sense of Bon-
darko on M(G). Let G be semiabelian with torus part 7' of rank r and abelian
part A of dimension g. Recall that there is a natural exact triangle
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with M;(A) a Chow motive and My (T) = Z(1)[1] (with ZE the Artin motive
of Proposition [L1.3) a Chow motive shifted by [—1]. This means that M;(A)
is pure of weight 0 and M;(T) is pure of weight 1. Hence M;(G) has weights
between 0 and 1 and the above sequence is a weight decomposition. Using the
filtration of Appendix [C] we extend this to all Kiinneth components.

PROPOSITION 7.3.1. Fiz an integer i. For every choice of —o0 < a < b < o0
in ZU{—o00,00} there is a functor

aSwaMi : SABQ —<b DMgm N>q DMgm
together with an exact triangle of functors for every choice of a < b < ¢
vr1<w<cMi —a<w<e My —a<w<p M;
such that
a<w<vtM; = M; fora <i and b>0.
Moreover, for every semiabelian variety G with torus part T of rank r and
abelian part A of dimension g, we have naturally

a<w<aMi(G) = My(T) ® M;_o(A) = Sym® M, (T) @ Sym'~*M; (A) .
The weights of M;(G) are concentrated in the range
M;(G) =max(0,i—29)<w<min(i,r) Mi(G) .
Remark 7.3.2. Suppose that G =T x A, then
M;(G) = Sym' (M (T) & My (A)) = D M;(T) @ M;—;(A)
j=0

and the definitions
b
aSwaMi(G) - @ Mj (T) & Mifj (A)
j=a

verify all the properties of the statement. In general G will just be an extension
of A by T and one needs to replace this description by a filtered one, using
Proposition

Proof of Proposition [7.31]. By Section [[.7, we may assume that k is perfect.
Recall that M;(G) = ¢G where ¢ : D~ (SHT¢ (k,Q)) — DM, (k, Q) is the

)

localization functor and G € SHT ¢ (k, Q) is a sheaf. We put
a<w<oM;(G) =¢q (FilgSymiQ/FilszrlSymiQ)

with FilT as defined in Definition[(23.1] The exact triangles are immediate from
this construction. The computation of ,<<oM;(G) follows from Proposition
[C.3.4l In particular, it is pure of weight a and geometric. All other statements
follow from this case by induction on |b — al. O

COROLLARY 7.3.3. Suppose we are in one of the following two cases:

(1) k is embedded into C and H* is the Betti realization with its natural
mized Hodge structure;
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(2) k is a field of finite type over its prime field, ¢ a prime different from
the characteristic of k and H* the (-adic cohomology;
In both cases let (W, H*),ez be the weight filtration. Then

H* (“socw<aMi(G)) = H' (—socw<aMi(G)) = Wiro H'(G) .

Proof. Let again be T the torus part of G and A the abelian part. Note that
by Proposition [7.2.2]

H* (Mo(T) & Mi—a(A)) = HY(T) & H="(A)

is concentrated in degree i. As A is smooth projective, H'=%(A) is pure
of weight ¢ — a. On the other hand, H*(T) is pure of weight 2a. Hence
H*(a<w<aM;(G)) is concentrated in degree i and pure of weight i + a.

The corollary follows by induction. O

Remark 7.3.4. In general one does not have to expect that the weight filtration
of a cohomology and its graded components lift canonically in Dszn(k)@. This
has been studied in [Wil09] and a sufficient criterion, called of avoiding weights,
has been given. This criterion does not apply here, but our situation allows
anyway to define such a canonical lifting.

7.4. GENERAL COMMUTATIVE GROUP SCHEMES. Let k be a field and G/k an
arbitrary commutative group scheme of finite type over k. Our aim is to extend
the previous results to this case.

Let us initially consider k to be perfect. Let G° be the connected component of
the neutral element and (@) the group of connected components of G. The
latter is finite. We have a natural short exact sequence

1 -G G—mG)—1.

We are going to express the motive of G in terms of G® and my(G). Note that
we always have

M(G) = M(G™)
where G**4 is the maximal reduced subscheme of G. As k is perfect, this scheme

is a group and it is, moreover, smooth. Recall that by the Barsotti-Chevalley
structure theorem ([Bar55] and [Che6(]), there is a short exact sequence

1= G" =G = G — 1
with G* unipotent and G*® semiabelian.

Remark 7.4.1. Let F be a finite group scheme over k. Then the Artin mo-
tive M (F') has the explicit description as representation of the absolute Galois
group:

M(F) = Q[F(k)]
with operation of Gal(k/k) given by the operation on k-valued points. The

Hopf algebra structure is the one of the group ring. Note that we have naturally
F(k) = Fred(k).
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DEFINITION 7.4.2 (cf. Definition ZTTl). Let G be a commutative group scheme
over a perfect field k. Define G to be the étale sheaf on SM/k given by

Q(S) = MOYSCH/k(Sv G)
and Gp = G ®z Q.

LEMMA 7.4.3. Let G be a commutative group scheme. Then G is an étale sheaf
with transfers and we have

QQ — di — QO — (Qo)bed )

Proof. First, G*? is smooth, hence the sheaf has transfers by Lemma 212

The equality Gy = di holds actually integrally because, for any smooth

scheme S, we have
MorSCH/k(S, G) = MorSCH/k(S, Gred)

(note that we consider G as a sheaf only on Sm).
To conclude note that the finite group of connected components does not con-
tribute after tensoring with Q. O

DEFINITION 7.4.4 (cf. Definition ZT4l). Let G be a commutative group scheme
over k. Consider Gy € D™ SHT(k,Q) as an object concentrated in degree
Q
zero and define
My(G) € DMY, (k, Q)
as the image of G by the functor q (see Section[Ld). Similarly, consider
YGred COI‘(', Gred) ®z @ — _GredQ )
of Proposition 213, as a map in D~ SHT ¢ (k,Q), and define
ag : M(G) = M(G™) — M, (G™Y) = M, (G)
as the image of ygrea by the functor q. Moreover, let
ve : M(G) — coSym(M;(G))
be the unique extension of ag compatible with comultiplication.

If G is semiabelian, then this definition agrees with the old one.

LEMMA 7.4.5. Let k be perfect, G a smooth connected commutative groups
scheme over k. Let G* be ils semi-abelian part. Then

M(G) - M(G*"), Mi(G) — Mi(G*)
are isomorphisms. In particular, M(G) and My(G) vanish if G is unipotent.

Proof. Tt suffices to consider the case where k is algebraically closed. We con-
sider the sequence
1-G"—>G—G* =1

with G* unipotent and G** semiabelian. As M; is exact, we need to show
that M;(G™) vanishes. The unipotent group G has a filtration with associated
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graded components isomorphic to G,. As Mj is exact, it suffices to consider
G = G,. By definition
Gu=0
is the structure sheaf. We take its image under
SHT 4 (k,Q) & DM, (k,Q) & D™ (SHT4(k, Q))
and get the Suslin complex
iq0 = C.(0) = 0 &, O(A")

where A* is the standard cosimplicial object with A™ the algebraic n-simplex.
It suffices to show that O(A*) is exact. This is the case ¢ = 0 of [BGT76, Prop.
1.1] Note that they assume char(k) = 0, but the assumption is not used at this
point.

We now turn to M(G). We view G — G** as a G"-bundle. Note that G*
is A'-homotopy equivalent to a point. The surjectivity of the map of étale
sheaves G — G°® means that G5* — G étale locally has a section. This implies
that the bundle is étale locally trivial. Hence the M(G) — M(G**) is an
isomorphism. O

THEOREM 7.4.6. Let G be a commutative group scheme of finite type over a
field k, which is not necessarily perfect. Let w: G — mo(G) be the projection to
its group of components. Then the natural map

Ve M(G) — coSym(M1(G)) @ M (mo(G))
giwven by the composition
Ve M(G) 2 M(G) @ M(G) £5%755 coSym(M;(G)) @ M (0(G))
is an isomorphism of Hopf algebras and it is natural in G € CGRP.

Remark 7.4.7. All other results, e.g., Kiinneth components, computation of
mixed Weil cohomology and weights immediately extend to this case.

Proof. By Section[[L7]we may assume that k is perfect and the above construc-
tions apply.

By Lemma we may assume that G is reduced and hence smooth. By
Proposition [L6.2] we may assume that k is algebraically closed. By Lemma
we may assume that G = G x F with F finite. The morphism ¢ is a
morphism of coalgebras by construction. It is compatible with direct products
as in Proposition B.271 Hence it suffices to consider the cases G = G° and
G = F separately. The latter case is trivial. From now on let G = G° and
assume also that G is reduced, i.e., smooth. By Lemma [[.4.5 we are reduced
to the semiabelian case. This is main Theorem B4

Compatiblity with the Hopf object structure follows by the same reductions
from the semiabelian case and the finite case because (G x G)? = G* x G°. [

The following statement must be well-known to experts but we have not found
a reference.
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LEMMA 7.4.8. Let k be algebraically closed and G a smooth commutative group
scheme over k. Then

G=G'xF
with G° connected and F finite.

Proof. We claim that
1 0

EXtCGRP (F, G )
vanishes. We compute in the category of étale sheaves on SCH. The finite
group scheme F' is constant because k is algebraically closed. Hence there is a
finite resolution

0=zt Lz s F >0

where M is multiplication by a diagonal matrix. The interesting part of the
associated long exact sequence reads

GO(k)" s GO(k)™ — Ext'(F,G°) — Ext'(Z", G°)
As k is algebraically closed the functor Hom(Z,-) = I'(k, -) is exact, hence the
last group vanishes. The first map is surjective because the multiplication by
m is surjective on the connected group G°. 0

APPENDIX A. COMPARISON OF CHERN CLASSES

In this section we establish a comparison of two possible ways of attaching a
cohomology class to a semiabelian variety. This technical result is one of the
key inputs into the proof of our main Theorem B4l We keep the notation of
the main text, in particular Section

A.1. THE COMPARISON RESULT. Let
1-G, -G—H—1

be a short exact sequence of semiabelian varieties. Note that G is a G,,-torsor
on H, hence it has a cohomology class

(1) c1((G]) €Hg,(H, Gmy)
(2) = MorD,(SHTét(k@))(L(H),i(]l(l)[Q]))
(3) = Morppen o (M(H), L)1)

where the last equality comes by adjunction. On the other hand, the induced
exact sequence
0— Mi(G,,) - M1(G) - My (H) = 0

is an element
[Ml(G)] € EXté‘,HTét(k7Q) (Ml(H)a 1(1)[1]) =

= MOYD*(SHTét(k,Q))(Ml(H)’ L()[2))
By composition with the summation map (see Definition 2T.4)

(6720 M(H) — Ml(H)
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we obtain

(4) CY*H[Ml(G)] S MorDMiff

s

ey MH) T)[2])

ProrosITION A.1.1. Let
1-G,, - G—H —1

be a short exact sequence of semiabelian varieties. Then the elements ¢1([G])

and o [M1(G)] agree in Morpy) rere (M(G),1(1)[2]). In other words, the

+(k.Q)
diagram
M (H)
la W)]
My(H) e 112
commutes.

Remark A.1.2. We formulate everything with rational coefficients because this
is the way we want to apply the statement. However, the result is already true
with integral coefficients.

A.2. PROOF. The proof will be given at the end of this appendix. We introduce
some notation.

NoTATION A.2.1. Let H be a commutative group scheme. As before we write
H for the corresponding étale sheaf of abelian groups. Moreover, we write H"
for the corresponding étale sheaf with transfers.

LEMMA A.2.2. Let H be a commutative group scheme. Then there is a com-
mutative diagram of §-functors on SHT ¢ (k, Q):

1 tr 1
BxtQuT,, k.0 (o> ) > Extgy, g (o)
’Y*l lYSHét(k,@)

Extgu,, (ko) (LH), ) m H(H, )

with v : L(H) — ﬂg the summation map of Proposition [2.1.3 and Y- the
Yoneda map in the categories SHT ¢ (k, Q) and SHe(k, Q), respectively.

Proof. By universality in SHT ¢ (k, Q) and SHe(k, Q), it suffices to check the
case i = 0. Let A be an étale sheaf with transfers and f : ﬂfé — A a morphism
in SHT ¢ (k, Q). We describe its image in A(H) via the right-hand side map of
the diagram. By forgetting transfers, f gives rise to a map

Evaluating on H, we get

f(H): Ho(H) — A(H) .
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Then Ygy_ Q)(f) is defined as f(H)(id). Going via the left hand side, we
have to evaluate the map in SHT 4 (k, Q)

L) L HE LA
on H and get
(H) r f(H)
Homg\icor,, (H, H) = L(H)(H) = Hi(H) —— A(H) .
Then Ysy, (x.0) (v*(f)) is given by f(H)y(H)(id). The summation map ~(H)
maps the identity in SMCOR/k to the identity in Hg(H) = Hy(H) hence
YSHét(ka) (f) = YSHTét(k,Q) (v*(f)) -

COROLLARY A.2.3. Let
1-G, -G—H—1
be a short exact sequence of commutative group schemes. Then
YSHTét(k,Q)V* [th] = d(idn)
where O is the connecting homomorphism
T(H, Hq) — HA(H, Gny)
Proof. Note that [Gg] = 0(id) where 9 is the boundary map

tr

tr tr 1 tr
Homgy, (o) (o Heg) = Extgy,, . q)(Hor Gmg)
for the short exact sequence
0= Gmg — Gy — Hg = 0.
The statement follows from evaluating the d-homomorphism of Lemma [A.2.2]
EXUSHT,, 1 0) () = HalH,)
on this short exact sequence. (|

Proof of Proposition [A 11 Let 1 — G,, — G — H — 1 be an exact sequence
of commutative group schemes. It suffices to show that

1(G]) = Y8 T, ey [Buntl] € HA(H, Gy
By Corollary [A2.3] this is reduced to showing
1 ([G]) = 0(idm)
where 0 is the connecting homomorphism
T(H, Hy) — HY(H, Gpy)
for the short exact sequence

OHG_mQ%QQ%ﬂQHO.
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We use the point of view of Cech cohomology in order to compute explicitly.
Choose a local trivialization of the G,,-torsor G, i.e., a covering {U; — H };c;
and sections s; : U; — G|y, inducing isomorphisms

¢i 2 G x Ui — G

U -
By definition ¢1[G] is given by the cocycle g;; € G,,,(U; N U;) where
Sj|UiﬂU]‘ = Si|U¢ﬁUjgij .

On the other hand, in order to define d(idg) we have to choose preimages of
idg |y, in G(U;). We choose s;. We then have to apply the boundary map of
the Cech complex of Gg and get the same cocycle g;;. O

APPENDIX B. UNIVERSAL PROPERTIES OF THE SYMMETRIC (CO)ALGEBRA

We review the Hopf algebra structure on the symmetric algebra and its oppo-
site. Throughout the appendix let A be a Q-linear pseudo-abelian symmetric
tensor category with unit object 1. These considerations are going to be applied
to the triangulated category DM®,, (k, Q).

— 6t

B.1. THE SYMMETRIC (CO)ALGEBRA. Let V' be an object of A. We denote

o0

T(V)=pve

i=0
the tensor algebra with multiplication
w:T(V)T(V)—=T(V)

given by the tensor product.
We denote by

Sym"V
the image of the projector = > ses, 0- Let
(M Sym"V — Ve g VO 5 Sym"V
be the natural inclusion and projection. For n = 0 we put Sym®(V) = 1. The
projection
g et Gym T (V)

factors uniquely via 7™ ® 7™ and induces

™ Sym™(V) @ Sym™ (V) — Sym™ (V).

n+m
The inclusion

T Sym T (V) = VO g O™
factors uniquely via (™ ® ™ and induces

o s Sym™ (V) — Sym™ (V) @ Sym™ (V) .
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DEFINITION B.1.1. Assume that V is odd finite-dimensional in the sense of
Section I3, i.e., there is N such that Sym” (V) = 0.
The symmetric algebra on V is given by

Sym(V) = @ Sym"V
n>0

with multiplication
p: Sym™ (V) @ Sym™ (V) — Sym™ ™ (V)

given by mn .

The symmetric coalgebra on V' s given by

coSym(V) = H Sym"V

n>0
with comultiplication

A Sym™ ™V — Sym™(V) @ Sym™ (V)

n,m
n—+m:*

given by ¢

Remark B.1.2. The finiteness assumption ensures that all direct sums and
products are finite. If we drop the assumption, the definition of the algebra
Sym(V') needs existence of the direct sum and that infinite direct sums com-
mute with ®. The definition of the coalgebra coSym(V') needs existence of
infinite products and that they commute with ®. The latter is not satisfied in
standard abelian categories like modules. Alternatively, one may work in the
ind-category and the pro-category, respectively. For simplicity, we make the
finiteness assumption. This is enough for our application.

B.2. UNIVERSAL PROPERTIES. Note that T'(V) — Sym(V') is a morphism of
algebras.

LEMMA B.2.1. Let V be odd finite-dimensional. Let A be a unital algebra object
n A andlet o : V — A a morphism. Then there is a unique morphism of unital
algebras

T(V)— A

extending . If A is commutative, the map factors through a unique map of
algebras

Sym(V) — A .

Let B be an augmented cocommutative coalgebra object in A and ov: B —V a
morphism. Then there is a unique morphism of augmented coalgebras

B — coSym(V) .

Proof. The argument is the same as for vector spaces, where it is well-known.
O
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We apply this principle to the diagonal map
AV VeleleVcT(V)T(V)
and obtain a comultiplication
A:TV)=TV)T (V).

It turns T'(V) into a bialgebra. The same argument also turns Sym(V) into a
bialgebra and

T(V)— Sym(V)

is a morphism of bialgebras. Dually, the summation map
coSym(V) @ coSym(V) 5 Ve1laleV 5V

gives rise to a multiplication on coSym(V) making it a bialgebra. Finally,
multiplication by —1 defines a map

V=V

which induces an antipodal map on Sym(V') and on coSym(V'). It turns Sym(V')
and coSym(V') into Hopf algebras.

Remark B.2.2. If A is the category of Q-vector spaces and V a finite-
dimensional vector space, then Sym (V) is a polynomial ring, whereas coSym(V)
is the algebra of distributions. The two are isomorphic but not equal.

LEMMA B.2.3. Let V' be odd finite-dimensional.

(1) Let A be a unital commutative bialgebra in A and o :' V — A a mor-
phism such that

Vv — A

al |a
VeledleV — AQA
commutes. Then the universal morphism Sym(V') — A is a morphism
of bialgebras.

(2) Let B be an augmented cocommutative bialgebra in A and B : B =V
a morphism such that

BB —— VelaleV

4 |+
B — |4
commutes. Then the universal morphism coSym(V) — B is a mor-

phism of bialgebras.

Proof. This is an assertion about algebra morphisms. It follows from the uni-
versal property of Sym(V'). The second part follows by the analogous argu-
ment. O
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LEMMA B.2.4. (1) The component
Arl s Sym™ TV — Sym™V @ Sym™V

of comultiplication on Sym(V) is equal to

n my\ nm
L .
n n+m

(2) The component of multiplication on coSym(V')
qunm : Sym™(V) @ Sym™ (V) — Sym™ ™™ (V)

is equal to
n-—+m
n+m __ n—+m
/Ln,m - ( )Wn,m :

n

An,m

n+m

(3) Let V be odd finite-dimensional. The universal map of bialgebras
Sym(V) — coSym(V)
induced from Sym(V) — V is given by multiplication by n! in degree
n. It s an isomorphism.

In particular, the two bialgebras are not identical.

Proof. The statement on A is elementary from the definitions. We now consider
the map

Sym(V) — coSym(V)
given by multiplication by n! in degree n. We see from the explicit formula that
it is compatible with comultiplication, i.e., it is the canonical one. It satisfies
the criterion Lemma [B:22.3] hence it is an isomorphism of bialgebras. The
formula for multiplication on coSym(V') follows from this isomorphism. U

COROLLARY B.2.5. Assume that V is odd finite-dimensional. Then the bial-
gebra Sym(V') has the universal properties of Lemma[B.21l and Lemma[B2.3
with respect to comultiplication. The bialgebra coSym(V') has the universal
properties of Lemmal[B.21 and Lemma [B.2.3 with respect to multiplication.

B.3. DIRECT SUMS.

LEMMA B.3.1. Let V. =U & W in A with U and W odd finite-dimensional.
The natural map

coSym(U) @ coSym(W) - U @1eleW 2Ua W
gives rise to an isomorphism of bialgebras
coSym(U) @ coSym(W) — coSym(U & W)
with inverse given by
coSym(U @ W) N coSym(Ud W)@ coSym(U & W) — coSym(U) @ coSym(W)

with the second map induced by functoriality of coSym in each factor. The
analogous statement for Sym(U & W) holds as well.
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Proof. The isomorphism is well-known for vector spaces. The case of an addi-
tive category is a special case of [Del02] Propostion 1.8]. By construction, the
isomorphism is the one compatible with the inclusion into the tensor algebra,
i.e., the one for the symmetric coalgebra. The case of the symmetric algebra
follows because the map is a rational multiple of the one for the coalgebra. [

Remark B.3.2. The isomorphism

SsmV(UeW)— @ Sym"(U)®Sym™(V)
n+m=N
via the symmetric coalgebra is not the same as the one defined on the symmetric
algebral

APPENDIX C. FILTRATIONS ON THE GRADED SYMMETRIC (CO)ALGEBRA

The aim of this appendix is to establish a certain exact triangle for the sym-
metric coalgebra, see Theorem [C. 4.4l The basic construction behind it already
appears in a paper by Deligne [Del02], more precisely in the Proof of Propo-
sition 1.19 of loc. cit. We wanted to understand the details of the argument
and, in particular, keep precise control of the morphisms and the Hopf algebra
structure. Hence we decided to give the argument in full detail.

Throughout the appendix, let A be a Q-linear abelian symmetric tensor cat-
egory with unit object 1. We assume that ® is exact. These considerations
are going to be applied to the abelian category SHT ¢ (k, Q) of etale sheaves of
Q-vector spaces with transfers. This is possible by Remark

C.1. THE GRADED SYMMETRIC (CO)ALGEBRA.

DEFINITION C.1.1. Let V' be an object of A. We denote by
Sym* (V) = @) Sym" (V)

n>0

the graded symmetric algebra with Sym™ (V') in degree n. It is a graded Hopf
algebra with structure morphisms as in Appendiz [Bl.
We denote
coSym*(V) = @ Sym" (V)
n>0
the graded symmetric coalgebra with Sym™ (V') in degree n. It is a graded Hopf
algebra with structure morphisms as in Appendiz [B.

The explicit formulae are given in Lemma [B:22.4l

Remark C.1.2. Note that we are considering graded objects. In contrast to
Appendix [Bl we do not assume that V is odd finite-dimensional. Neither do we
need existence of infinite direct sums. The notation €, - is just convention.
A graded object really is given by a sequence of objects. Switching to graded
objects and graded morphisms allows all considerations of Appendix [B] without
finiteness assumptions of any kind.
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LeMmMA C.1.3. The universal properties of LemmalB.2.1 and LemmalB.2.3 are
satisfied for Sym™ (V') and coSym™ (V') with respect to graded morphisms.
The identity on V induces an isomorphism of graded Hopf algebras

Sym* (V) — coSym* (V) .
In degree n it is given by multiplication by n!.

Proof. Same arguments as in Appendix[Bl Note that the finiteness assumptions
are not needed because all morphisms respect the grading. O

C.2. THE FILTRATION ON THE GRADED TENSOR ALGEBRA.

DEFINITION C.2.1. Let U C V be a subobject in A. We define a descending
filtration on V' by

Vo i=0,
FiIllV ={U i=1,
0 i>1.

Forn >0 let
FilYver c yen
the product filtration on V™ and
Grven = Fif ver il ven
the associated graded objec object.

This means that an elementary tensor is in ith step of the filtration step, if at
least ¢ factors are in U.

LEMMA C.2.2. Let U C V be a subobject in A. The filtration FilY T(V) turns
the graded tensor algebra into a filtered graded bialgebra, i.e.,
o Filf Ve @ Filf v — il vertm
A:FilYverN > FilV Ve @ FilJ ver

iti'=I,n+n'=N
In particular, GrYT*(V) is a bigraded bialgebra.

Proof. The statement on multiplication is obvious. The statement on comulti-
plication is reduced by the universal property to the basic case N = 1. 0

The aim of this section is to compute the associated graded bialgebra.

ProprosITION C.2.3. Let
0=U—=V-=>W=0

be a short exact sequence in A. Then there is a canonical isomorphism of
bigraded bialgebras

Gl V)=V (U e W) =T (U) T**(W) .
The proof will be given at the end of the section.
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Remark C.2.4. Whenever the sequence has a splitting (e.g. in the case when
A is a category of vector spaces), this formula is easy to check. The purpose
of the following arguments is to verify that they work for more general A.

LEMMA C.2.5. Let A’ C A and B" C B be subobjects in A. Then
(A®@B)n(AoB)=A"® B’

where the intersection is taken in A ® B.

Proof. Consider the monomorphism of short exact sequences

00— A®B ——=A®B— A®(B/B')——=0

0—A®B —A®B— A ®(B/B)——=0
The assertion follows from diagram chasing. |

LEMMA C.2.6. Let i > 0 and n > 1 be integers, and let U C V be a subobject
in A. Then the sequence

0— UeFilVyern-b
- (Ve R, veeD) o (Ve Rl vee-n) o Filver - o
18 exact.
Proof. Obviously,
(U@ FiY,ver—h (Vv @ Fill ven—1) = Fily ver |

It remains to check that

(UeFily ,ver-hHnWeFllver ) =vugFill/ver-1 .
This is true by Lemma [C.2.5] O
LEMMA C.2.7. Letn>1,i >0 and

0=-U—=V-=>W-=0
be a short exact sequence in A. Then there is a natural isomorphism
arfver s el (Uew)en .

Remark C.2.8. The object Gr?(U @ W) is a direct sum of tensor products of
i copies of U and n — ¢ copies of W, running through all possible choices. E.g.

GiUew)®=UeWaW)e (WolUeW)o(WaWeU).

Proof of Lemma[C.2.7 We argue by induction on n. The case n = 1 holds
by definition. For n > 0 we consider the commutative diagram of short exact
sequences
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0> U®Fil, V" = (U Filf V") & (V @ Filf}, V") = Fil, ; V" *! >0

1

0—=U®Fil/V®" — (UeFil, V") & (VeFil{V®) —Filf Vet —0

By the snake lemma we get a short exact sequence of cokernels. By induction
it reads
0— UGty (UpW)®" —

UG (UaW)®" oV e G (UaoWw)® —» Grl/ventt 40,
Note that the map

UGy (UaW)®" - U®Grl (U W)®"
vanishes, hence
Crlventl = Gl | (UeW)®reWweGr?  (UsWw)®" = Gi¥ (Uaw)®nt! .
a

Proof of Proposition [C.2.3. We apply Lemma [C2.7 for all i and n. The com-
patibility with multiplication and comultiplication follows from the construc-
tion or more abstractly from naturality. 0

C.3. THE FILTRATION ON THE GRADED SYMMETRIC (CO)ALGEBRA.

DEFINITION C.3.1. Let U C V be a subobject in A and n > 0. We define a
descending filtration on Sym™ (V') by
FilV Sym™ (V) = 7" (Fﬂ? v®”)
and
GrYSym™(V) = Fily Sym™ (V) /FilY,; Sym™ (V')

the associated graded object.
Remark C.3.2. We have the simpler presentation

Fil{ Sym™ (V) = 7" (U®* @ V" ~7) .
LEMMA C.3.3. Let U CV be a subobject in A. The filtration

Fil{ coSym™ (V) = €D Fil} Sym™ (V)

n>0

turns the graded symmetric coalgebra coSym™ (V') into a filtered graded bialge-
bra. In particular, Gr.UCOSym*(V) s a bigraded bialgebra.
The analogous statement for the symmetric algebra is also true.

Proof. The assertion for the symmetric algebra follows from the case of the ten-
sor algebra. The assertion for the symmetric coalgebra follows because multi-
plication and comultiplication on coSym* (V') are degreewise rational multiples
of multiplication and comultiplication on Sym* (V). O
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ProrosiTiION C.3.4. Let
0—->U—->V-—->W=0

be a short exact sequence in A. Then there is a natural isomorphism of bigraded
bialgebras

GI'.UCOSYm* (V) =~ COSym‘(U) [ COSym*f'(W) .

In particular for 0 < i <n, there are natural short exact sequences
0 — FilY,; Sym™ (V) — Fil{ Sym™ (V') LA Sym‘(U) @ Sym™ ‘W — 0 .
The map g™* is obtained by factoring
U®i ® V®n7i N U®i ® W®n7i HecoSym Symz(U) ® Symnfz(w)

uniquely through FiliU Sym" (V).
The analogous statement for Sym* (V') is also true.

Proof. We first consider the case of the symmetric algebra. As a projector,
the symmetrization map 7™ preserves short exact sequences. Hence Proposi-
tion implies

Gr¥Sym* (V) = Gr¥'Sym* (U @ W) = Sym®*(U) @ Sym*~*(W) .

Specializing to GrZU Sym" (V) provides the required short exact sequence. It
remains to verify the explicit description of g™*. Everything is determined on
the level of the graded tensor algebra, where the map to the associated graded
object is induced from the projection V' — W in the appropriate factors. As
FilVSym" (V) is the image of U® @ V"~ ¢ FilY V®" it suffices to describe
the map on this object.

In the case of the symmetric coalgebra everything agrees up to rational factors.
Exactness of the sequence follows from the first case. O

Remark C.3.5. This agrees with the map denoted g™ in second author’s thesis
[EWT3] (see loc. cit. Notation 5.3.10).

C.4. Cupr-PRODUCT. Let W be an object of A. The coalgebra structure on
coSym™ (W) allows to define cup-products.

DEFINITION C.4.1. Let W be an object of A, ¢ : W — K a morphism in the
derived category D®(A). Then we define

-Uc: coSym* (W) — coSym* 1 (W) @ K
as the composition
coSym™ (W) =N coSym™ (W) ® coSym™ (W)
— coSym™* (W) @ W

19 coSym* (W) @ K .
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We apply this to the morphism [V] : W — U[1l] in D"(A) represented by a
short exact sequence
0=-U—=V-=>W=0

in A.
PropoOsSITION C.4.2. Let
0=-U—=V-=>W=0
be a short exact sequence in A. Then
U [V] : coSym* (W) — coSym* ™ (W) @ U[1]
18 equal to the extension class
[coSym* (V) /Fil] coSym* (V)]

under the identifications of Proposition GI‘([)JCOSyIn*(V) = coSym™ (W)
and Gr¥ (V) 2 coSym* (W) @ U.

Remark C.4.3. This corresponds to the crucial computation [EWT3|
Lemma 5.3.13].

Proof of Proposition[C-].2 We view the morphisms in D(A) as Yoneda ex-
tensions. We need to identify the extension class [Sym™(V)/Fily Sym™(V)],
ie.,

0 — Sym" (V) ® U — Sym"(V)/Fily Sym" (V) — Sym"W — 0
with the pull-back of
0—=Sym" 'WoU— Sym" 'WaV = Sym" 'WeW -0
via the component
A" B Sym™"W — Sym™ T W @ W

of the comultiplication. The same component of the comultiplication but for
coSym™ (V') gives rise to a map

— n—1,1
ArbL Qe A Sym™ IV RV Sym™ W e V.

This gives rise to a morphism of short exact sequences

0 — G¥Sym"V — Sym"V/FilySym"V — Sym" W — 0

l lAZ?lwl lAz—l,l

0 — Sym" 'WeoU —  Sym"'WeV — Sym" 'WeoW — 0

It remains to check that the induced map on kernels equals ¢™', ie., it is
induced by multiplication. By the explicit description, it suffices to check that
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the diagram

n

yen-lgy X Sym"V

u"1®idl lAgvl
Sym" W@V —=Sym"" W eV

commutes. Recall that multiplication and comultiplication are the ones of the
symmetric coalgebra, and hence

pt=nlr" "t = (n = Dl !
and
1 n
Anfl,l — Lnfl,l I E o;
n <
=1
where

0 V®n N V®n—1 RV
is the permutation that swaps the i-th factor into the last place and leaves the

order otherwise intact. Hence we can equivalently check the commutativity of
the following diagram

ven-lgy T Sym"V
7r"’1®idl lZLl o
Sym" VeV —— Sym"'W eV

It suffices to check the same identity on the level of tensor algebras. By abuse
of notation

0i(1®9g2®..0G0)=(N®...Q4§i®...0gn) @ gi
where ¢; means that the factor is omitted. The composition
VErloU cver I vertlgV - wElg v

vanishes for ¢ # n because it involves a factor U — W. Hence only o, = id
contributes to

n—1,1
venlgu cyen S L yentlgy L weéntlgy
This finishes the proof. O

THEOREM C.4.4. Let A be a Q-linear abelian symmetric tensor category.
Moreover, let T be a Q-linear, tensor, symmetric, triangulated category and
q: DY(A) — T be a Q-linear, tensor, symmetric and triangulated functor. Let

0—-U—-V—->W=0

be a short exact sequence in A. Suppose that Sym*(q(U)) = 0.
Then there is a canonical triangle in T
n n U[V] n—
coSym” (¢(V)) = coSym™ (q(W)) —— coSym" ™ (¢(W)) ® q(U)[1] .
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Proof. By Proposition [C.4.2] the short exact sequence in A
0 — coSym™ (W) @ U — coSym* (V) /Fily coSym* (V') — coSym* (W) — 0

gives rise to the exact triangle

UVl

coSym™ (V) /Fil¥ coSym* (V') — coSym™ (W) —— coSym* (W) @ U[1] .

We apply ¢. It remains to show that

q(FilY coSym™*(V)) =0 .

This follows by descending induction from the system of triangles of Proposition

C.3.4]

q(Fil{ ;1 Sym™ (V) — q(Filf Sym™(V)) — Sym'(¢(U)) @ Sym" ‘(W)

and the vanishing of Sym‘(q(U)) for i > 2. O
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