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1. INTRODUCTION

Let p be an odd prime. In this paper we study the reductions of two-dimensional
crystalline p-adic representations of the local Galois group Gg,. The answer is
known when the weight k is smaller than 2p 4+ 1 [E92], [B03a], [BO3b] or when
the slope is greater than L%J IBLZ04]. The answer is also known if the slope
is small, that is, in the range (0,1) [BG09], [G10], [BG13]. Here we treat the
next range of fractional slopes (1,2), for all weights k& > 2.

Let E be a finite extension field of Q, and let v be the valuation of Q, nor-
malized so that v(p) = 1. Let a, € E with v(ap) > 0 and let k¥ > 2. Let Vi q,
be the irreducible crystalline representation of Gg, with Hodge-Tate weights
(0,k — 1) such that Dcris(vk*,ap) = Dya,, where Dy,, = Fe; @ Eey is the
filtered ¢-module as defined in [B11l §2.3]. Let kaap be the semisimplification
of the reduction of Vj 4,, thought of as a representation over Fp.

Let w = w; and wy denote the fundamental characters of level 1 and 2 re-
spectively, and let ind(w$) denote the representation of G, obtained by in-
ducing the character wy from Gg ,. Let unr(x) be the unramified character

of Gg, taking (geometric) Frobenius at p to x € I_F;. Then, a priori, Vk,ap
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is isomorphic either to ind(w$) ® unr(\) or unr(A\)w® @ unr(u)w®, for some a,
beZand A\, pu € IF‘;. The former representation is irreducible on Gg, when
(p + 1) 1 a, whereas the latter is reducible on Gg,. The following theorem
describes Vk,ap when 1 < v(a,) < 2. Since the answer is known completely for
weights k < 2p + 1, we shall assume that k > 2p + 2.

THEOREM 1.1. Letp > 3. Let 1 <w(ap) <2 andk >2p+2. Letr =k—2=0
mod (p — 1), with 2 < b <p. When b=3 and v(a,) = 2, assume that

2

(+) v~ (75 ) -2t =3

Then, Vk,ap has the following shape on Gg,:

Dy . [ it
N 1nd(wg+p), ifplr(r—1),
S<h<p_1 - ind(ws™), ifptr—b
=r=p ind(@yt), ifplr—b,
12)+p), ifp21'7“—b

unr(y/—1)w @ unr(—/—1w, if p? |7 —b.
Using the theorem, and known results for 2 < k < 2p + 1, we obtain:

COROLLARY 1.2. Letp > 3. Ifk > 2 is even and v(ay) lies in (1,2), then Vi q,
1s irreducible.

It is in fact conjectured [BG15, Conj. 4.1.1] that if k is even and v(a,) is non-
integral, then the reduction Vk,ap is irreducible on Gg,. This follows for slopes
in (0,1) by [BGO9]. Theorem [T shows that V4, can be reducible on Gg, for
slopes in (1,2) only when b = p or b = 3 (or both). Since k is clearly odd in
these cases, the corollary follows.

Let p; : Gal(Q/Q) — GL2(E) denote the global Galois representation attached
to a primitive cusp form f = > anq™ € Sk(T'o(N)) of (even) weight k > 2 and
level N coprime to p. It is known that p f|G@p is isomorphic to Vi ,,, at least
if a2 # 4p"~'. This condition always holds for slopes in (1,2) except possibly
when k =4 and a, = :|:2p§. Since it is expected to hold generally, we assume
it. We obtain:

COROLLARY 1.3. Let p > 3. If the slope of f at p lies in (1,2), then ﬁf|GQp 18
irreducible.
Remark 1.4. Here are several remarks.

e Theorem [[T] treats all weights for slopes in the range (1,2), subject to
a hypothesis. It builds on [GGI5, Thm. 2], which treated weights less
than p? — p.
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e The hypothesis (&) in the theorem applies only when b = 3 and v(a,) =
% and is mild in the sense that it holds whenever the unit Z—g and

("3 (r — 2) have distinct reductions in F,,.

e The theorem agrees with all previous results for weights 2 < k <2p+1
described in [B11l Thm. 5.2.1] when specialized to slopes in (1,2). It
could therefore be stated for all weights k > 2. We note that &) is
satisfied for weights k < 2p + 1, except possibly for k = 5.

e When b = p and p? | 7 — b, the theorem shows that Vk,ap is always
reducible if p > 5 (and under the hypothesis (&) when p = 3). This
is a new phenomenon not occurring for slopes in (0,1). When b = 3,
v(ay) = 3 and (@) fails, we expect that Vj ., might also be reducible
in some cases, by analogy with the main result of [BGI3].

e Fix k,a, and b = b(k) as in Theorem [[.T1 Then the theorem implies
the following local constancy result: for any other weight k& > 2p + 2
with &' = k mod p'**®)(p — 1), the reduction Vj 4, is isomorphic to
kaap, except possibly if v(a,) = % and b = 3. We refer to [B12, Thm.
B] for a general local constancy result for any positive slope.

The proof of Theorem [[LI] uses the p-adic and mod p Local Langlands Cor-
respondences due to Breuil, Berger, Colmez, Dospinescu, Paskinas [B03al,
[B03b), [BB10], [C10], [CDP14], [P13], and an important compatibility between
them with respect to the process of reduction [BI10]. The general strategy is
due to Breuil and Buzzard-Gee and is outlined in [B03b], [BG0O9], [GGI5]. We
briefly recall it now and explain several new obstacles we must surmount along
the way.

Let G = GL2(Qp), K = GL2(Z,) be the standard maximal compact subgroup
of G and Z = Q), be the center of G. Consider the locally algebraic represen-
tation of G

ind ,Sym" Q2
hon = T g
P

where r = k — 2, ind?( z is compact induction and 7" is the Hecke operator, and
consider the lattice in Il 4, given by

(1.1) Ok,a, = image (ind?{ZSymTZf) — Hk,ap)

ind?( ZSymTZI%
(T - ap)(ind?(ZSymTQg) N inngSymrzg

o~

It is known that the semisimplification of the reduction of this lattice satisfies
©%a, = LL(Vi,a,), where LL is the (semisimple) mod p Local Langlands Corre-
spondence of Breuil [BO3b]. One might require here the conditions af) #£ 4pk—1

and a,, # (1 + p)p*=2)/2 see [BB10], but these clearly hold if k& > 2p+ 2 and
v(ap) < 2. By the injectivity of the mod p Local Langlands Correspondence,
O}, determines Vi o, completely, and so it suffices to compute Oq,,.
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Let V. = SymTIF‘IQ) be the usual symmetric power representation of I' :== GLo(F),)
(hence of KZ, with p € Z acting trivially). Clearly there is a surjective map

(1.2) ind , Vi = O.a,

for r = k — 2. Write X ,, for the kernel. A model for V, is the space of all
homogeneous polynomials of degree r in the two variables X and Y over Fp with
the standard action of T'. Let X,_; C V; be the I'- (hence K Z-) submodule
generated by X"~'Y. Let V;* and V,** be the submodules of V; consisting
of polynomials divisible by 6 and 6? respectively, for § := XPY — XYP. If
r > 2p+ 1, then Buzzard-Gee have shown [BG09, Rem. 4.4]:

o v(ay) >1 = ind%z X1 C Xy,

o v(ay) <2 = ind%, Vi Xk.a,-
The proof of Theorem [Tl for k£ = 2p+2 is known (cf. [GG15, §2]) and involves
slightly different techniques, so for the rest of this introduction assume that
r > 2p+ 1. It follows that when 1 < v(ap) < 2, the map ([2) induces a
surjective map indgz Q — (:)k,ap, where

Vi
X’l“fl + ‘/T** :

To proceed further, one needs to understand the ‘final quotient’ Q). It is not
hard to see that a priori @ has up to 3 Jordan-Holder factors as a I-module.
The exact structure of @ is derived in §3lto §6l by giving a complete description
of the submodule X,_; and understanding to what extent it intersects with
V*. When 0 < v(ap) < 1, the relevant ‘final quotient’ in [BG09] is always
irreducible allowing the authors to compute the reduction (up to separating
out some reducible cases) using the useful general result [BG09, Prop. 3.3].
When 1 < v(ap) < 2, we show @ is irreducible if and only if

e b=2ptr(r—1)orb=p,ptr—o>o,
and we obtain Vj ,, immediately in these cases (Theorem [B.]).
Generically, the quotient @ has length 2 when 1 < v(a,) < 2. In fact, we

show that @) has exactly two Jordan-Holder factors, say .J and J’, in the cases
complementary to those above

Q=

e b=2plr(r—1)orb=p,p|r—o>o,
as well as in the generic case

e3<b<p—landptr—>o.
We now use the Hecke operator T' to ‘eliminate’ one of J or J'. Something
similar was done in [B03b] and [GG15] for bounded weights. That this can be
done for all weights is one of the new contributions of this paper (see §8). It
involves constructing certain rational functions f € ind?( ZSymT@Z, such that
(T —ap)f € ind%ZSymTZf) is integral, with reduction mapping to a simple
function in say ind%z J' that generates this last space of functions as a G-
module. As (T —a,) f lies in the denominator of the expression (1) describing
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Ok,a,, its reduction lies in Xy ,,. Thus we obtain a surjection indf(z J = ék,ap
and can apply [BG09, Prop. 3.3] again. For instance, let

Ji = Vp_pt1 ® D"V and Jo = V,_p_1 ® D,

where D denotes the determinant character. Then in the latter (generic) case
above, Q = J; @ Js is a direct sum. We construct a function f which eliminates
J' = Js so that J = J; survives, showing that kaap = ind(wgﬂo) (Theorem
[R3).

The situation is more complicated when @ has 3 Jordan-Holder factors, namely
Jo = Vh—2 ® D, in addition to J; and Js above. That this happens at all came
as a surprise to us since it did not happen in the range of weights considered
in [GGI5]. We show that this happens for the first time when r = p? — p + 3,
and in general whenever

e3<b<p—1landp|r—b.

This time we construct functions f killing Jy and J; (except when b = 3,

v(ap) = 3 and v(a — p*) > 3), so that J, survives instead, and the reduction

becomes ind(w4™!) (Theorems 86, B7). Since .J, was also the ‘final quotient’ in
[BGOY], the reduction in these cases is the same as the generic answer obtained
for slopes in (0, 1).
As a final twist in the tale, we remark that even though one can eliminate all
but 1 Jordan-Holder factor J, one needs to further separate out the reducible
cases when J = V,,_ ® D", for some n. This happens in three cases:

e b=3ptr—>b,

o b:p:37p||7"7b7

e b=p, p*|r—b.
In §9 we construct additional functions and use them to show that the map
ind%, J — Op,q, factors either through the cokernel of 7' or the cokernel of
T? — ¢T + 1, for some ¢ € I_Fp, and then apply the mod p Local Langlands
Correspondence directly to compute Vj o, , as was done in [B03b], [BGI3]. In
the first two cases, we show that the map above factors through the cokernel
of T so that the reducible case never occurs. We work under the assumption
@), namely if v(a,) = 2, then v(a — (";")(r — 2)p®) is equal to 3, which is
the generic sub-case (Theorem [@.1]). On the other hand, in the third case we
show that if p > 5 or if p =3 = b and (&) holds, then the map factors through
the cokernel of T2 + 1, so that kaap is reducible and is as in Theorem [I.]]
(Theorem [0.2)).
One of the key ingredients that go into the proof of Theorem [[1lis a complete
description of the structure of the submodule X, _; of V,.. We give its structure
now as the result might be of some independent interest. To avoid technicalities,
we state the following theorem in a weaker form than what we actually prove.
Let M := My(F,) be the semigroup of all 2 x 2 matrices over F, and consider
V.. as a representation of M, with the obvious extension of the action of I' =
GL3(F,) on it.
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THEOREM 1.5. Let p > 3. Letr > 2p+ 1 and let X,_1 = (X"71Y) be
the M -submodule of V, generated by the second highest monomial. Then
2 < length X,_1 < 4, as an M-module. More precisely, if 2 < b < p—1,
then X,_1 fits into the exact sequence of M -modules

Voo 1 @D @V, 5 1 @D - Xo 1 =5 Vi o @ D&V — 0,
and if b = p, then
VieDP ' 5 X, 1 W =0,
where W is a quotient of the length 3 M-module Vop_1.

Theorem is proved for representations defined over F,, in §3 and §4] using
results of Glover [G78]. Here we have stated the corresponding result after
extending scalars to IF‘p. We recall that V¥ is the largest singular M-submodule
of V,. |GT8 (4.1)]. Tt is the M-module structure of X,_; given in the theorem
rather than just the I'-module structure that plays a key role in understanding
how X, _; intersects with V' and V*.

A more precise description of the structure of X,_; can be found in Propo-
sitions and [£9] There we show that the Jordan-Holder factors in The-
orem that actually occur in X,._; are completely determined by the sum
of the p-adic digits of an integer related to r. As a corollary, we obtain the
following curious formula for the dimension of X,_; in all cases.

COROLLARY 1.6. Letp > 3 and let r > 2p+ 1. Write r = p™u, with p{u. Set
0=01ifr=wu and § = 1 otherwise. Let % be the sum of the digits of u — 1 in
its base p expansion. Then

2 +2+6(p+1-3%), fX<p-1

dimXT_l = .

2. BAsICs

2.1. HECKE OPERATOR T'. Recall G = GL2(Qp) and KZ = GLa(Z,)Q;, is
the standard compact mod center subgroup of G. Let R be a Z,-algebra
and let V = Sym”"R? ® D*® be the usual symmetric power representation of
KZ twisted by a power of the determinant character D (with p € Z acting
trivially), modeled on homogeneous polynomials of degree r in the variables
X,Y over R. For g € G, v € V, let [g,v] € indgzv be the function with

support in KZg~! given by
'g-v  ifg € KZg!
g 949 g ' g
0 otherwise.
Any function in ind?( 7V is a finite linear combination of functions of the form

[g,v], for ¢ € G and v € V. The Hecke operator T is defined by its action on
these elementary functions via

21) T(g.o) =Y [g(2), v(X, =X +pY)] + [g(59), v(@X, V)],
A€EF,
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where v = v(X,Y) € V and [\] denotes the Teichmiiller representative of
A € F,. We will always denote the Hecke operator acting on ind?(ZV for
various choices of R = Zp, @p or Fp and for different values of  and s by T,
as the underlying space will be clear from the context.

2.2. THE MOD p LocAL LANGLANDS CORRESPONDENCE. Let V be a weight,
i.e., an irreducible representation of GL2(F,), thought of as a representation of
K Z by inflating to GLy(Z,) and making p € Qj act trivially. Let V. = Sym"F3
be the r-th symmetric power of the standard two-dimensional representation
of GLo(F,) on IF’?,. The set of weights V' is exactly the set of modules V,. ® D,
for0<r<p—land0<i<p-—2. Forogrgpfl,)\EFpandn:Q;%F;
a smooth character, let

ind% ,V,

T—\

be the smooth admissible representation of G, where ind?( » is compact induc-
tion and T is the Hecke operator defined above; T' generates the Hecke algebra

Endg(ind$ , V;) = F,[T]. With this notation, Breuil’s semisimple mod p Local
Langlands Correspondence [BO3bl Def. 1.1] is given by:

m(r, A, m) ® (1 o det)

e A=0: mndwi) @y E5 a(r,0,7),
e \#0: (wTJrlunr()\) <) unl"(/\fl)) @n

K a(r, A\, ) @ n([p—3—r], \7H nurt1)s,
where {0,1,....,p =2} 3 [p—-3—-r] =p—3—7r mod (p—1). It is clear
from the classification of smooth admissible irreducible representations of G
by Barthel-Livné [BL94] and Breuil [B03a], that this correspondence is not
surjective. However, the map “LL” above is an injection and so it is enough
to know LL(kaap) to determine kaap.

2.3. MODULAR REPRESENTATIONS OF M AND I'. In order to make use of re-
sults in Glover [GT8], let us abuse notation a bit and let V;. be the space of
homogeneous polynomials F(X,Y") in two variables X and Y of degree r with
coefficients in the finite field IF,,, rather than in Fp. For the next few sections
(up to §6) we similarly consider all subquotients of V,. as representations de-
fined over IF,,. This is not so serious as once we have established the structure
of X,_1 or @ over F,, it immediately implies the corresponding result over
F,, by extension of scalars. Let M be the semigroup My(F,) under matrix
multiplication. Then M acts on V. by the formula

(25) - F(X,Y) = F(aX +cY,bX +dY),

making V, an M-module, or more precisely, an I, [AM/]-module. One has to be
careful with the notation V; while using results from [G78] as Glover indexed
the symmetric power representations by dimension instead of the degree of the
polynomials involved. In this paper, V,. always has dimension r + 1.
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We denote the set of singular matrices by N C M. An F,[M]-module V is
called ‘singular’, if each matrix ¢ € N annihilates V', i.e., if -V = 0, for all
t € N. The largest singular submodule of an arbitrary F,[M]-module V is
denoted by V*. Note that any M-linear map must take a singular submodule
(of its domain) to a singular submodule (of the range). This simple observation
will be very useful for us.

Let X, and X, _; be the F,[M]-submodules of V;. generated by the monomials
X" and X"~'Y respectively. One checks that X, ¢ X,_; and are spanned by
the sets {X", (kX +Y)" : k € Fp} and {X", V", X(kX + V)" ' (X +1Y)""'Y :
k,l € F,} respectively [GG15, Lem. 3]. Thus we have dim X, < p + 1 and
dim X, 1 < 2p + 2. We will describe the explicit structure of the modules X,
and X,_1, according to the different congruence classes a € {1,2,...,p — 1}
with » = a mod (p —1). It will also be convenient to use the representatives
be{2,...,p—1,p} of the congruence classes of r mod (p — 1).

For s € N, we denote the sum of the digits of s in its base p expansion by
X,(s). It is easy to see that ¥,(s) = s mod (p — 1), for any s € N. Let us
write r = p™u, where n = v(r) and hence p { u. The sum X,(u — 1) plays a key
role in the study of the module X,_;. For r = a mod (p — 1), observe that
the sum X,(u —1) =a—1 mod (p — 1), therefore it varies discretely over the
infinite set {a —1,p+a—2,2p+a—3,---}.

Let 8 = (X,Y) denote the special polynomial X?Y — XYP. Forr > p+1, we
know [G78|, (4.1)]

0, ifr<p

Vi={FeV,:0|F}= i
Vicpm1®D, ifr>p+1

is the largest singular submodule of V.. We define V**, another important
submodule of V., by

0, if r<2p+2
V= (P eV, 6% | F} = , e
Vicop—2 ®@ D=, ifr>2p42.

Note that V.** is obviously not the largest singular submodule of V,*.
Next we introduce the submodules

X=X, NV X=X, NV, X' :=X,_1NV', X =X, NV*

It follows that X and X/ _; are the largest singular submodules inside X, and
X,—1 respectively. The group GLy(F,) C M is denoted by I'. For r > 2p + 1,
we will study the I'-module structure of

Ve

TR v

We will be particularly interested in the bottom row of the following commu-
tative diagram of M-modules (hence also of I'-modules):
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0 0 0
X X, X,
0 r—1 1 1 0
X X X7
v Vi V;
2.2) 0 r r T 0
( ) V;k* ‘/;‘** T*
v V;
0 r r 0.
Vi o, “ Vi X,
0 0 0

PROPOSITION 2.1. Let p >3 and r > p, withr =a mod (p—1), for 1 <a <
p— 1. Then the I'-module structure of V,./V.* is given by

Ve
V*

T

(2.3) 0=V, — = Vp—am1 ® DY = 0.

The sequence splits as a sequence of I'-modules if and only if a =p— 1.

Proof. For r > p, we obtain that V,./V* = Vi ,-1/V,5 4, using [GTS, (4.2)].
The exact sequence then follows from [B03b, Lem. 5.3]. Note that it must split
when a =p —1, as V,,_; is an injective I'-module. The fact that it is non-split

for the other congruence classes can be derived from the I'-module structure of
Vatp—1 (see, e.g., [GT8, (6.4)] or [GGI5, Thm. 5]). O

PROPOSITION 2.2. Letp >3 and 2p+1<r=a mod (p—1), with1 <a <
p— 1. Then the T'-module structure of V¥ /V.** is given by

V*
(2.4) 0—=Vp2®D — Vi* -V =0, ifa=1,
V*
(2.5) 0—>Vp_1®D—>Vi*—>Vb®Da0, if a =2,

*

v
(26)0—= V,_o @D — Vi* Va1 ®D 50, if3<a<p-1,

and the sequences split if and only if a = 2.

Proof. We use [GT8, (4.1)] to get that VX /V™* = (V,._,_1/V* ;) ® D. Since
p < r —p—1 by hypothesis, we apply Proposition 2.1l to deduce the I'-module
structure of (V,—p—1/V,2, 1) ® D. O
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The following lemma will be used many times throughout the article to deter-
mine if certain polynomials F' € V, are divisible by § or §2. We skip the proof
since it is elementary.

LEMMA 2.3. Suppose F(X,Y) = > ¢;j- X"77Y7 € F,[X,Y] is such that
0<j<r
¢; # 0 implies j = a mod (p — 1), for some fized a € {1,2,--- ,p—1}. Then

(i) F eV’ if and only if co = ¢, =0 and ch =0 inFp.
J
(i) FeVifand onlyifco=c1=c_1=c¢.=0and > ¢c;j =) jc; =0
j J

J
n Fp.

2.4. REDUCTION OF BINOMIAL COEFFICIENTS. In this article, the mod p re-

ductions of binomial coefficients play a very important role. We will repeatedly

use the following theorem and often refer to it as Lucas’ theorem, as it was
proved by E. Lucas in 1878.

THEOREM 2.4. For any prime p, let m and n be two non-negative integers
with p-adic expansions m = mpp® + mp_1p* 1 + - + mg and n = npp® +
ne—1p" "1 4 -+ + ng respectively. Then (') = (’S:) . (’s::ll) . (::LO“) mod p,
with the convention that (Z) =0, if b>a.

The following elementary congruence mod p will also be used in the text. For
any ¢ > 0,

piki -1, ifi=n(p—1), for somen > 1,
= o, otherwise (including the case i = 0, as 0° = 1).

This follows from the following frequently used fact in characteristic zero. For
any ¢ > 0,

P, if i =0,
(2.7) Z[)\]l =<p-—1, ifi=n(p—1)for somen > 1,
A€Fp 07 if (p - 1) Tza

where [A] € Z, is the Teichmiiller representative of A € IF,,.

We now state some important congruences, leaving the proofs to the reader
as exercises. These technical lemmas are used in checking the criteria given in
Lemma 23] and also in constructing functions f € ind?( z SymT@Z with certain
desired properties (cf. 7 §8 and 3.

LEMMA 2.5. Forr=a mod (p—1), with1 <a <p—1, we have

S, = 3 (T) =0 mod p.

0<j<r, J
j=a mod (p—1)

1 a—r
Moreover, we have =S, = mod p, for p > 2.
D a
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LEMMA 2.6. Letr =b mod (p— 1), with 2 < b <p. Then we have

T = Z <;> =b—r mod p.

0<y<r—1,
j=b—1 mod (p—1)

LEMMA 2.7. Letp >3, 7=1 mod (p—1), i.e., b = p with the notation above.
Ifp | r, then

o S () (e

1<j<r, 0<j<r—1,
j=1 mod (p—1) =0 mod (p—1)

3. THE CASEr =1 mod (p—1)

In this section, we compute the Jordan-Holder (JH) factors of @ as a I-module,
when » =1 mod (p — 1). This is the case a = 1 and b = p, with the notation
above.

LEMMA 3.1. Letp>3,r>1 and letr=1 mod (p—1).
(i) Ifptr, then X}/ X * = V,_o® D, as a I'-module.
(ii) If p|r, then X}/ X =0.

Proof. (i) Consider the polynomial F(X,Y)= Y (kX +Y)" € X,. We have

keF,
FX,Y)=Y" (r) D ETXTY = Y - (T) X"77Y7  mod p.
7=0 J keF, 0<j<mr, J

j=1 mod (p—1)

The sum of the coefficients of F(X,Y’) is congruent to 0 mod p, by Lemma
Applying Lemma 23] we get that F(X,Y) € V.*. As p { r, the co-
efficient of X"~V in F(X,Y) is —r # 0 mod p. Hence F(X,Y) ¢ V**
and so F(X,Y) has non-zero image in X}*/X}*. For r = 2p — 1, we have
0+# X}/ X* CVr¥/V* = V,_o®D, which is irreducible and the result follows.
If r > 3p — 2, then V* /V** has dimension p + 1, but [G78| (4.5)] implies that
dim X} < dim X, <p+1. So we have 0 # X/ X* C V*/V**. Now it follows
from Proposition 2.2 that X/ X* = V,_o @ D.

(ii) Write r = p™u, where n > 1 and p { u. The map ¢ : X,, = X, defined by
L(H(X,Y)) = H(XP",Y?"), is a well-defined M-linear surjection from X, to
X,. Tt is also an injection, as H(XP?",Y?") = H(X,Y)?" € F,[X,Y]. Hence
the M-isomorphism ¢ : X,, — X, must take X, the largest singular submodule
of X,, isomorphically to X'

If u=1, then X' 2 X* =0, so X; = X follows trivially. If v > 1, then
aspfu=r=1 mod (p—1),wegetu>2p—1and V) =V, ,_1 ®D. For
any F' € X, we have F = ((H), for some H € X*. Writing H = 0H' with
H € Vy_p1, weget F = (H) = (0H")"". As n > 1, clearly 62 divides F.
Therefore X" C V**, equivalently X* = X**. ]
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The p-adic expansion of r — 1 will play an important role in our study of the
module X,_;. Write

(3'1) r—1 :rmpm"f'rm—lpm_l +"'Tipi,

where r; € {0,1,--- ,p—1}, m > i and ry,, r; # 0. If i > 0, then we let r; =0,
for0<j<i-—1.

With the notation introduced in Section 23 we have a =1, so ¥,(r — 1) =0
mod (p —1). Excluding the case r = 1, note that the smallest possible value of
Y,(r—1)is p— 1. Also recall that the dimension of X, is bounded above by
2p+ 2 and a standard generating set is given by {X", V", X (kX +Y) ! (X +
Y)Y : k,l € F,}, over Fp.

LEMMA 3.2. Forp>2,ifp<r=1 mod (p—1) and X =3,(r—1)=p—1,
then

p—1 p—1
S XX +Y) ' =-X" and D (X +1Y)T'Y =-Y" modp.
k=0 =0

As a consequence, dim X,_1 < 2p.

Proof. 1t is enough to show one of the congruences, since the other will then
follow by applying the matrix w = ({§) to it. We compute that

p—1
FX,)Y)=)Y XkX+Y)!= - (T B 1) Xy ™175 mod p.
l;) ( ) 0§<T s g
s=0 mod (p—1)
We claim that if 0 < s <r—1and s =0 mod (p—1), then (";') =0 mod p.
The claim implies that FI(X,Y) = —(:j) - X" =—-X" mod p, as required.
Proof of claim: Let s = s,,p" 4+ - -- 4+ s1p + sg be the p-adic expansion of s <
r— 1, where m is as in the expansion ([B]) above. Since s =0 mod (p—1), we
have X,(s) =0 mod (p—1) too. If (Tgl) # 0 mod p, then by Lucas’ theorem
0 <s; <rj, for all j. Taking the sum, we get that 0 < X,(s) <X =p—1.
But since s > 0, ¥,(s) has to be a strictly positive multiple of p — 1, and so
it is p — 1. Hence s; = r;, for all j < m, and we have s = r — 1, which is a
contradiction. 0

We observe that p | r if and only if ro = p — 1 in BI]). Therefore if ¥ =
Y(r—1) =ro+---+rm = p— 1, then the condition p | r is equivalent
to r = p. Our next proposition treats the case ¥ = p — 1, and to avoid the
possibility of p dividing r, we exclude the case » = p. The fact that p { r will
be used crucially in the proof. This does not matter, as eventually we wish to
compute @ for r > 2p+ 1.

PROPOSITION 3.3. Forp>2,ifp<r=1 mod (p—1) and E=3,(r—1) =
p—1, then
(1) Xr—1 = Vap_1 as an M-module, and the M-module structure of X, is
given by
0=V, 2o®D—= X, =V —=0.
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(i) X}, =X =V, o@D and X}*, =X =0.
(iii) Forr > 2p, Q has only one JH factor Vi, as a T'-module.

Proof. 1t is easy to check that {S(kS +T)?P=2, (S +I1T)*72T : k,l € F,} gives
a basis of V5,_1 over F,. We define an F,-linear map 7 : Vo1 — X, _1, by

n(SES+T)*2) = XkX +Y)L, n((S+IT)*7°T) = (X +1Y)" 'Y,

for k,l € F,. Note that for r < p?> — p + 1, the map 7 is the same as the one
used in the proof of [GG15, Prop. 6]. We claim that n is in fact an M-linear
injection. By Lemma 3.2, we have

(3:2) (S = X7, (T ) =Y.

The M-linearity can be checked on the basis elements of V5,_; above by an
elementary computation which uses the fact that r —1 =0 mod (p — 1) and
B2), so we leave it to the reader.

As a I'-module, soc(Vay-1) = Vo, = V2 ® D is irreducible. Therefore if
kern # 0, then it must contain the submodule V5, ;. Consider

-1
H(S,T) =Y (k§)- S =(S"T - ST?)SP 2 € Vy,_,.

k=0

By M-linearity, we have n(H) = F(X,Y) € X\ X;*, where F is as in the proof
of Lemma B.T] (i). In particular, this shows that H ¢ kern. As Vi | & kern,
we have kern = 0.

Thus n : Vap—1 — X,_1 is an injective M-linear map. By Lemma B.2]
dim X,_; < 2p = dim V3,1, forcing n to be an isomorphism. Therefore
the largest singular submodule X ; inside X,_; has to be isomorphic to
VQ’;_I = V,_2 ® D, the largest singular submodule of V5,_1. Then Lemma [3.1]
(i) implies that X/ is a non-zero submodule of X ; = V,_5® D, which is irre-
ducible. So we must have X = X ;. Again by Lemma BT (i), X*, (2D X*)
is a proper submodule of X ;. Hence X*, = X* = 0.

Since dim(X,_1/X; ;) = p+ 1 = dim(V,./V;*), the rightmost module in the
bottom row of Diagram (2.2) is 0. As the dimension of X ,/X**, is p — 1,
the leftmost module must have dimension 2. It has to be V7, as the short exact
sequence (Z4)) does not split for p > 3. For p = 2 and r > 5, the only two-
dimensional quotient of V;*/V.** is V1, as one checks that V*/V,** 2 V; @ V.
Hence we get (Q = V; as a I'-module. O

bS]

The next lemma about the dimension of X,._; is a special case of Lemma 2],
proved at the beginning of Section Ml

LEMMA 3.4. Forp > 2, supposeptr =1 mod (p—1). If L =X,(r—1) > p—1,
then dim X,._1 = 2p + 2.

LEMMA 3.5. For any r, if dim X,_1 = 2p + 2, then dim X,, = p+ 1.

Proof. Suppose X, has dimension smaller than p+ 1. Then the standard span-
ning set of X, is linearly dependent, i.e., there exist constants A,c; € Fy, for
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p—1
k €{0,1,...,p—1}, not all zero, such that AX" + > cx (kX +Y)" =0, which
k=0
implies that
p—1 p—1
AX" + Y + ) kep X(BX +Y) 14> ek X +E7Y)TY =0,
k=1 k=1
But this shows that the standard spanning set {X", Y™ X (kX +Y) ! (X +
Y)Y : k,l € Fp} of X,_1 is linearly dependent, contradicting the hypothesis
dim X,_; =2p+ 2. (|

For any r, let us set v/ := r — 1. The trick introduced in [GGI5] of using the
structure of X,» C V., to study X,_1 C V,. via the map ¢ described below,
turns out to be very useful in general.

LEMMA 3.6. There exists an M-linear surjection ¢ : X, @ Vi — X,_1.

Proof. The map ¢,1 : Vv @ Vi — V, sending u ® v — wv, for u € V,» and
v € V4, is M-linear by [GT78| (5.1)]. Let ¢ be its restriction to the M-submodule
X, ®V; C Vu®Vy. The module X,» @ V] is generated by X™ @ X and X" ®Y,
which map to X” and X"~'Y € X,_; respectively. So the image of ¢ lands in
X,—1 C V... The surjectivity follows as Xy generates X, _1. O

LEMMA 3.7. Forp >3, ifr =1 mod (p — 1), with £,(r") > p — 1, then
(i) X3 = X} has dimension 1 over Fy,. In fact, it is M-isomorphic to
Dr—1,
(ii) (X5 @ Vi) C V™ and ¢(X) @ Vi) 2V @ DPL.

Proof. Consider F(X,Y) := X" + S (kX +Y)" € X, C V. It is easy to
k€T,
see that

/
FX,Y)=— Y (Z)X’” ~iYJ  mod p.
o<j<r’
7=0 mod (p—1)

Using Lemmas and we check that F(X,Y) € V3*, for p > 3. Since
Y,(r") > p—1 or equivalently X,(r") > 2p - 2, using Lucas’ theorem one can
show that at least one of the coefficients (TJ) above is non-zero mod p. So we
have 0 # F(X,Y) € X C X%. Since ¥’ = p—1 mod (p — 1), [GT78] (4.5)]
gives the following short exact sequence of M-modules:

(3.3) 0— X} — X = V1 —0.

As dim X,» < p+1and X" # 0, we must have dim X ¥ = dim X, = 1. Hence
X=X} =2 D", for some n > 1. Checking the action of diagonal matrices on
F(X,Y), wegetn=p—1.

As X = X}, each element of X is divisible by #2. Therefore it follows
from the definition of the map ¢ that ¢(X} ® Vi) C V**. For any non-
zero F' € X}, note that ¢(F ® X) = FX # 0. We know that X @ Vj =

T’
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Vi ® DP~1 is irreducible of dimension 2 and its image under ¢ is non-zero.
Hence ¢(X @ V1) 2 Vi @ DP1 C X, ;. O

PROPOSITION 3.8. Let p > 3, r >2p and ptr =1 mod (p—1). If ¥ =
Ep(r—1)>p—1, then
(i) The M-module structures of X,_1 and X, are given by the exact se-
quences

OH‘G@Dpilg)erl‘)‘/prl;)Ov
0=V, 2o®D—= X, =V —=0.

(i) Xy 2V, o®Dand X, 2V, @DP 1 ®V, @ D.
(iii) X * =0 and X;*, =V, ® DP~L.

(iv) Q@ 2V as a I'-module.

Proof. By Lemma [3.4] dim X,_; = 2p + 2, so by Lemma [3.6] we must have
dim X,» ® V4 > 2p + 2. This forces X, to have its highest possible dimension,
namely, p+1. Thus the M-map ¢ : X,»®V; — X, _1 is actually an isomorphism.
Tensoring the short exact sequence [B3) by V1, we get the exact sequence

0= X eoVi-XpVi—>V,.10V —0.

The middle module is M-isomorphic to X,_1, and the rightmost module is
M-isomorphic to Vap—1, by [GT78, (5.3)]. Thus the exact sequence reduces to

(3.4) 0= X0V = X1 = Vo1 =0,

where X ® Vi 2 V) ® DP~!, by Lemma B (i). Since M-linear maps must
take singular submodules to singular submodules, the above sequence gives rise
to the following exact sequence

(3.5) 0= Vi@DP ™t = X | = Vs =V, 5®D.

The rightmost module above is irreducible, so the map X | = V,_ 2 ® D is
either the zero map or it is a surjection. By Lemma 3.5l dim X, = p + 1 and
so by [G78| (4.5)], we have dim X = p—1. By Lemma BTl (i), we get X* =0
and X =2 V,_» ® D must be a JH factor of X ;. Therefore the rightmost

* ~

map above must be surjective, as otherwise X ; = V; ® DP~1. So we have
(3.6) 0> X oV =2VieDP !t 5 X5 | -V, 2@D —0.

Thus X', has two JH factors, of dimensions 2 and p—1 respectively. Moreover,
since X} =2 V,_2 ® D is a submodule of X*_;, the sequence above must split,
and we must have

X =X oWV)eoX 2VieD eV, ,@D.

Knowing the structure of X ; as above, next we want to see how the sub-
module X/*, sits inside it. By Lemma B (ii), we have ¢(X @ V1) C V¥,
on the other hand X, N V* = X = 0. Therefore X*;, = X} NV =
&(Xr ® Vi) 2 V3 ® DP~1 has dimension 2.
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Now we count the dimension dim@ = 2p + 2 — dim X, + dim X*; = 2.
The final statement @ = V; follows from Diagram (2.2) as in the proof of
Proposition B3 O

Thus we know @ is isomorphic to V; whenever r is prime to p. Next we treat
the case p divides r. Since r = 1 mod (p — 1), we see that r can be a pure
p-power. We will show that @ has two JH factors as a I'-module, irrespective
of whether r is a p-power or not. The following result about dim X,_; when
p | r is stated without proof, as it follows from the more general Lemma 3] in
Section [4]

LEMMA 3.9. Letp > 2 andr =1 mod (p—1). If p | r but r is not a pure
p-power, then dim X,._1 = 2p + 2.

LEMMA 3.10. Forp > 2 and r = p", with n > 2, we have dim X,_1 = p + 3.

Proof. We know that I' = B U BwB, where B C I is the subgroup of upper-
triangular matrices, and w = (¢ }). Using this decomposition and the fact that
r = p", one can see that the F,[[]-span of X"~'Y € V, is generated by the
set {X", X" YY", X(kX+Y) ! :keF,} over Fp. We will show that this
generating set is linearly independent. Suppose that

p—1

AX"+BY" + DXV + 3 aX (kX +Y) ' =0,

k=0
where A, B, D, ¢, € IFp, for each k. Clearly, it is enough to show that ¢ = 0,
for each k € IF;;. Since r — 1 = p™ — 1 for some n > 2, Lucas’ theorem says that
(Tzl) Z0 mod p, for 0 <i<r—1. Asr — p > 2, equating the coefficients of

. . p=l
X¥Y"=% on both sides, for 2 < i < p, we get that > cxki™t =0 mod p. The
k=1
non-vanishing of the Vandermonde determinant now shows that ¢, = 0, for all

k € Fs. O

Remark 3.11. Note that the proof does not work for r = p, since we need
r —p > 2. Also the lemma is trivially false for r = p, because then X,_; C V.
must have dimension < p + 1.

The next proposition describes the structure of @ for p | r. Note that if r > p
is a multiple of p, then for v = r — 1, we have X,(r") > p — 1, so we can apply
Lemma 3.7

PROPOSITION 3.12. For p > 3, let r (> p) be a multiple of p such that r = 1
mod (p—1).
(i) If r = p™ with n > 2, then X} = X* =0 and X}, = X}*, has
dimension 2.
(ii) If r is not a pure p-power, then X = X* =2V, o ® D and X} | =
X} has dimension p + 1.
(ili) In either case, Q is a non-trivial extension of Vi by Vo—o ® D, as a
I"-module.
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Proof. (i) By Lemma 37 dim X, = 1 and dim X,» = p+ 1 by [G78, (4.5)].
By Lemma [310] dim X,_; = p + 3. By Lemma B.6] we get a surjection ¢ :
X, ®Vy; — X, _1, with a non-zero kernel of dimension 2(p+1)— (p+3) =p—1.
Note that W := 7¢(X)§,T?®1V1) is a quotient of (X, /X)) ® Vi, which is M-
isomorphic to Vap—1 by [GT8, (4.5), (5.3)]. We have the exact sequence of
M-modules

05 X502 X,y — W — 0.

Restricting it to the maximal singular submodules, we get the exact sequence
0= XLeW S X5, - W,

where W* denotes the largest singular submodule of W. By Lemmas [B.10 and
B (i), we get dimW = (p+3) —2 = p+ 1. Being a (p + 1)-dimensional
quotient of Vo,_1, W must be M-isomorphic to Vgp_l/VQ’;_l.

By [GT8| (4.6)], W has a unique non-zero minimal submodule, namely,

W' = (X2p—1 + V22—1) /V2§7—1-

Note that the singular matrix (3 ) acts trivially on X??~!, which is non-zero
in W’. Thus the unique minimal submodule W’ is non-singular, so W* = 0,
giving us an M-isomorphism X ® V3 2, X} ;. Now by Lemma 31 (ii),
X; 1 =¢(X} ® Vi) =X;* has dimension 2.

(i) If r = p"u for some n > 1 and ptu > 2p — 1, then dim X, = 2p + 2,
by Lemma We have shown in the proof of Lemma Bl (ii) that
X} = X} = X, which is isomorphic to V,—» ® D, as p t u (cf. Propo-
sitions and B.8). We proceed exactly as in the proof of Proposition B.8 to
get that X ;| = ¢(X} ® V1) @ X has dimension p + 1. By Lemma B, we
know (X} @ Vi) C V,**. Thus both the summands of X¥_; are contained in
V**. Hence X'*, i= X', NV** = X*_,.

(iii) Using part (i), (ii) above and Lemmas B3 BI0 we count that
dim(X,_1/X;*;) = p+1. Hence dim Q = 2p+2—dim X, _;+dim X**; = p+1.
Since X} _; = X*,, the natural map V,*/V** — @Q is injective, hence an iso-
morphism by dimension count. Now the I'-module structure of @ follows from

the short exact sequence (2.4]). O

Note that in the course of studying the structure of @), we have derived the
complete structure of the M-submodule X,y C V;, for r =1 mod (p — 1),
summarized as follows:
PROPOSITION 3.13. Letp >3, r>p, andr =1 mod (p—1).
(i) IfEp(r—1)=p—1 (sopfr), then X,_1 = Vop_1 as an M-module.
(i) If Zp(r—1) > p—1 and r # p”, then we have a short exact sequence
of M -modules

0= Vi@DP ™t = X,_1 — Vop_1 — 0.
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(ili) If r = p”, for somen >2 (so L,(r—1) > p—1), then we have a short
exact sequence of M-modules

0-VieDP ' 5 X, W =0,

where W =2 Vo, 1 /V5:, 4 is a non-trivial extension of V,—o ® D by V1.

4. STRUCTURE OF X, _1

In this section we study the M-submodule X,_; of V, generated by X" 'Y,
for r lying in any congruence class ¢ modulo (p — 1). Recall that X, is the
M-submodule of V. generated by X”. For r < p—1, we have X,, = X,,_1 =
V., since V, is irreducible. We begin with the following easily proved lemma
showing that outside this small range of r, the module X, is properly contained
in Xr—l-

LEMMA 4.1. For any p > 2, if r > p, then X, C X, _1.

The following lemma is valid for r lying in any congruence class a mod (p—1),
with 1 <a<p-—1.

LEMMA 4.2. Letp > 2, r > 2p+1andptr. If ¥ :=X,(r — 1) > p, then
dim X, 1 =2p+ 2.

Proof. We claim that the spanning set {X", Y™, X (kX +Y) ! (X +1Y) Y :
k,l € F,} of X, is linearly independent. Suppose there exist constants
A,B,cp,dy € Fp, for k, 1 =0,1,---,p— 1, satisfying the equation

p—1 p—1
(41)  AXT4+BY 4> XX +Y) T 4> di(X +1Y) Y =0.
k=0 =0

We want to show that A =B =c¢, =d; =0, for all k, | € F,,. It is enough to
show that ¢, = d; = 0, for all k, [ # 0, since that implies that AX" + BY" +
coXY" 1 4+ do X" Y =0, hence A = B = ¢y = dg = 0 too. As the matrix
(93) flips the coefficients ¢;’s to d;’s in (&), it is enough to show that d; = 0,
foreach [ =1,2,--- ,p— 1. Let us define, for i,j > 0,

p—1 p—1
C; = chki, Dj := Zdllj.
k=1 =1

Note that C;, D; depend only on the congruence classes of i, mod (p — 1).
By the non-vanishing of the Vandermonde determinant, if D1 = Dy = --- =
D,_1 =0, then (di1,--- ,dp—1) = (0,---,0). Thus the proof reduces to showing
that D; =0, for 1 <t <p-—1.

Comparing the coefficients of X" ~=1Y**1 on both sides of (@), we get

r—1 r—1
. r—2— =0, <t<r-—3.
(4.2) (t+1)0 2 t+( ' )Dt 0, for1<t<r-—3

Let r — 1 = rpyp™ + -+ + r1p + 10, as in BI)), with r; being the rightmost
non-zero coefficient. Note that 0 < ro < p — 1, as by hypothesis p { r.
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We will first consider the D;’s with 1 < t < r;. Suppose ryp = 0, then for
1 <t <, choose t' := tp’. Clearly r —3 >t =t mod (p — 1), so we apply
it to equation ([@2), to get Dy = D; = 0, since (:,111) =0 (T;,l) mod p,
by Lucas’ theorem. If rog # 0, i.e., r; = rg, let ¢/ > 0 be the smallest positive
integer such that ry # 0. Then we choose t/ ==t +p' —1 =1t mod (p — 1)

and check that ¢ < r — 3. Now equation (2] gives us the following two linear

equations:
r—1 r—1
Cr_o_ Dy =0,
<t+1) 2 t+< . > t

r—1 r—1
(t/+1)CT—2—t + ( # )Dt = 0.

The determinant of the corresponding matrix is congruent to
To Ty To To i To
t+1 1 t—1 t 1 t
T 0 0 ro+ 1
— . 0 d
(1)(t1)(t) vy 70 medp

since we have 0 < ro + 1,7;; < p — 1. This shows that D; = C,._5_; = 0.
Next we deal with the Dy’s, forr; <t <p—1. AsYX =r;+rip1 4+ +7m > b,

we can write t as t = 7; + S;41 + -+ + S, With 0 < 55 < 1y, for all j. Let
us choose t' = ript + s 1pt™t 4+ - + spp™, clearly ' =t mod (p — 1).
m

We observe that since t = r; + 841+ +sm <p—1<p< Erj =3,
=i
there must exist at least one j > 4, such that s; < r;. This implies that
' <r—1—p/ <r—1—p'tt <r—3. By our choice of t/, we have t' +1 =1y +1
mod p, with0 < rg <rg+1<p—1,asry < p—1. Hence (;;11) =0 mod p, by
’ -1\ — i i m

Lucas’ theorem. Also note that (Tt/ ) = (Ti) (;E) (zm) # 0 mod p. Now
using (L2) for ¢/, we get Dy = Dy = 0.

Thus we conclude D; =0, for allt =1,2,--- ,p— 1. O

LEMMA 4.3. Let p > 2, r = p"u withn > 1 and p { u, and say r = a
mod (p—1), withl<a<p—-1 IfE¥:=3%,(u—1)>a—1, thendimX,_; =
2p + 2.

Proof. We skip the details of this proof as the basic idea is the same as that of
Lemma a

Remark 4.4. The special cases a = 1 of the two lemmas above have been used
in Section Bl Thus the proof of the structure of X,_1, for a = 1, becomes
complete now. Next we will study the module X,_;, for r lying in higher
congruence classes, i.e., for 2 < a < p — 1. The structure of X,y for r = 1
mod (p—1) will be used as the first step of an inductive process. Note that the
condition 2 < a < p — 1 implies that the prime p under consideration is odd.
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In spite of the lemmas above, the module X, _; often has small dimension, as
we are going to show below. The next lemma is complementary to Lemma [4.2]
for a > 2. Note that the condition ¥,(r — 1) = a — 1 forces r to be prime to p.

LEMMA 4.5. Letp>3,r>pandletr =a mod (p—1), with2 <a <p-—1.
IfY=%(—-1 =a—-1, then dmX,1 = 2a. In fact, X, =V, and
X 12V, 90®D®V, as M-modules.

Proof. Write ' =7 — 1 = ryp™ 4 Fo1p™ ' + - 11p + 1o, where each r; €
{0,1,--- ,p—1} and o + - - - + 7, = a — 1, by hypothesis. For any «, 8 € F,,
we have

(aX 4 BY)" = (aX?" + BYP" )™ .. (aXP 4 BYP)™ - (aX 4 BY)™ mod p.

Considering this as a polynomial in « and 3, we get that

a—1

(aX +BY)" = a'p* T R(X,Y),

i=0
where the polynomials F; are independent of o and 8. Hence X, is contained
in the F,-span of the polynomials Fy, F1,..., Fy—1. Thus dim(X, ) < a. But
by [G78, (4.5)], we know X, /X% = V,_q, hence X,» 2 V,_; and X}, = 0. By
[GT8, (5.2)] and Lemma [B:6, we have the surjection

(4.3) Xy @V 2 Ve o @D&V, 5 X,y

By [GT8, (4.5)], we know that V, is a quotient of X,. In fact, by an argu-
ment similar to the one just given for X,,, we have X, =2 V, and X} = 0,
since ¥,(r) = a. Now by Lemma ET] the surjection in (£3]) has to be an
isomorphism. 0

LEMMA 4.6. For any r > p, let r =a mod (p — 1), for some 1 < a <p-—1.
Then either X =0 or X = V,_q_1 ® D* as an M-module.

Proof. The statement for a = 1 is proved in Section B] (cf. Propositions 3.3
B BI2). Now we use the method of induction to prove it for 2 < a <p—1.
So assuming the statement for all congruence classes less than a, we want to
prove it for r = a mod (p — 1).

Recall that for r = p™u with p t u, X,, = X,., where the M-linear isomorphism is
simply given by F + FP", for any F € X,,. So the largest singular submodules
Xy and X' are M-isomorphic. We also note that if v < p, then X,, =V, and
X} =X =0. Thus without loss of generality we may assume that v > p and
ptr,ie,r=u>p Wedenoter :=r—1,asusual. Asptrand X=a—-1
mod (p — 1), r satisfies the hypothesis of either Lemma L5 or Lemma 2l So
dim X,._; is either 2a or 2p+ 2 respectively. In the first case we know X, =V,
so X} =0 by [GT8, (4.5)].

In the second case, Lemma 12 Lemma and |GT78, (4.5)] together tell us
that dim X = p — a. By Lemma B.6, we have the M-map ¢ : X,» @ V; —
X,_1. As dim X,_1 = 2p + 2 in this case, X,» must have maximum possible
dimension p + 1, and hence X, # 0. By the induction hypothesis, we get
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X 2V, o ® D! Counting dimensions we conclude that the map ¢ above
must be an isomorphism. The short exact sequence

0—)X:/®V1 — X Vi — V1@V — 0
implies, by [GT78, (5.2)], that we have
0 — foafl & Da D ‘/p7a+1 ® Da71 — erl — Va72 ® D ® Va — 07

giving the M-module structure of X, _j.

The obvious choice for the (p—a)-dimensional subspace X* C X,._; is Vo—a—1®
D®. In the particular case when 2a = p 4 1, we eliminate the possibility of X!
being isomorphic to V,_o ® D by using the fact that X, is indecomposable as
an M-module [G78| (4.6)], so X, cannot be M-isomorphic to V,_2 @ D & V.
So X =V,_q—1 ® D%, as desired. O

Recall that in the case a = 1, we have X/ X** # 0 if and only if p 1 r, by
Lemma [3Il Our next lemma shows that, for all the higher congruence classes,
X}/ X =0 always.

LEMMA 4.7. Letp>3,r>2p andr=a mod (p—1). If 2<a<p-—1, then
Xr= X'

Proof. For r = 2p, one has X, = V5 and X = 0, so there is nothing to
prove. So assume r > 2p. If X}/X** # 0, then by Lemma we must have
X}/ X 2 V,_q_1 ® D But the short exact sequences (Z.5) and ([20) given
by Proposition 22 tell us that V,_,—1 ® D* is not a I-submodule of V,* /V**.
This is a contradiction. g

The next lemma is complementary to Lemma 3] for a > 2 and is comparable
to Lemma [3.10 for a = 1. It generates examples of X,._; with relatively small
dimension, under the hypothesis p | r.

LEMMA 4.8. Let p > 3, r > 2p and let p divide r = a mod (p — 1), with
2<a<p-—1. Writer =p"u, wheren>1and pfu. If Ep(u—1)=a—1,
then dm X,,_1 =a+p + 2.

Proof. Since p | r, we haveptr’ :=r—1=p—1 mod p. As r > p, we know
that X, (' — 1) is at least p— 1. Since ,(r' —1) =7 —1=a—2 mod (p—1),
we have X,(7" —1) > p+a — 3. If a > 3, then by Lemma [£2] and Lemma 31
we get dim X,» = p+ 1. On the other hand if ¢ = 2, then Propositions 3.3l and
B8 show that dim X,» = p+ 1. In any case, X # 0, by [G78, (4.5)]. Therefore
X5 2V, o ® D! by Lemma L6l Now using [GT78, (4.5), (5.2)], we get

0=V a1 ®D'®Vy a1 @D ' =5 X @Vi =V, 2@ D&V, —0.
d)l
Xr—l

Since r = p"u, we know that X, = X,. As ¥,(u—1) = a — 1, we have
Xy 2V, by Lemma 5 if u > p, and by the fact that V,, = V, is irreducible
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if u <p. So X, 2V, has dimension ¢ + 1 < p+ 1, and Lemma implies
that dim X, _; < 2p + 2. Hence all of the four JH factors of X, ® V; given
above cannot occur in the quotient X,_;. We will show that the last three JH
factors, i.e., Vp—_qt1 ®@D* 1 V,_o®D and V,, always occur in X,_;. Therefore
Vp—a—1 ® D® must die in X,_;. Adding the dimensions of the JH factors we
will get dim X,,—1 = a + p + 2, as desired.

For F(X,Y) € V,, let 0,,(F) = Fx @ X + Fy QY € V,,_1 ® Vi, where
Fx, Fy are the usual partial derivatives of F. It is shown on [G78| p. 449]
that the injection V,_q41 ® D! < (V,_, ® D*"1) ® V4 can be given by the
map pTiJrl - 8p—at+1 (¢ in the notation of [GT78]). So the monomial XP~o+! ¢
Vp—a+1 ® D! maps to the non-zero element XP~2®@ X € (V,—o @ D 1)@ V.
Let F' € X, be the image of X?~ under the isomorphism V,,_, ® D~ 5 X7,
Then under the composition of maps

Vyear1 ® DL s (Vo@D @ Vi =5 X5 0 Vi S X,y

the monomial XP~ 9+l s XP 2 X —» F® X +— X -F # 0in X,_;. This
shows that Vj,_q4+1 ® D! must be a JH factor of X, _.

Note that by hypothesis r = 0 #Z a mod p. We refer to Lemma in Section
[ to show that V,_o® D is a JH factor of X,._1,if 3 <a < p—1. For a = 2, the
hypothesis implies that r must be of the form r = p"(p™ + 1) with m +n > 2.
An elementary calculation using Lucas’ theorem shows that in this case the
M-linear map X,_; — Vo ® D, sending X"~'Y + 1, is well-defined. Thus
Va2 ® D is a JH factor of X,._1 for all a > 2.

Finally, V, is always a JH factor of X,_1, by [GT8| (4.5)]. O

We write r = p"u, where p{u and n > 0 is an integer. Note that if p { r, then
u simply equals r, and n = 0. Clearly « = a mod (p — 1) as well, so the sum
of the p-adic digits of u — 1 lies in the congruence class a —1 mod (p—1). We
denote this sum by ¥ := X,(u — 1). Then the M-module structure of X,
proved in this section can be summarized as follows:

PROPOSITION 4.9. Letp > 3, 7 > 2p, and r = a mod (p — 1), with 2 < a <
p — 1. Then with the notation above

i) If E=a—-1andptr (ie, n=0), then dimX,_; = 2a and as an
M-module

Xr—l = Va—2 ®D @ Va-

(i) If =a—1andp|r (ie, n>0), then dmX,_1 =a+p+2, and
we have the following exact sequence of M -modules

0—Vpeap1 @D ' — X, 1 —V, 20D &V, = 0.

(i) If ¥ > a — 1, or equivalently ¥ > p+ a — 2, then dim X,_; = 2p + 2,
and we have the following exact sequence of M-modules

0=V 01®D" ®Vpyr1 @D P 5 X, 1 =V, 00D &V, = 0.
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5. THE CASE 7 =2 mod (p—1)

With the notation of Section 23] let a = 2. In particular, p will denote an
odd prime throughout this section. By Proposition 22 we get V*/V** =
Vp—1®@ D®dVy® D as a I'module. For r' := r— 1, we know by [G78| (4.5)] that
X, /X =2 Vi. As usual by Lemma and [G78| (5.2)], we get the following
commutative diagram of M-modules:

0—— X, 0Vi—— X @V —= Vo@D & Vs ——0

)

0—— (X5 @V X, 0.
(b( r 1) 1 ¢(X:,®‘/1)

LEMMA 5.1. Letp >3, r>2p andr =2 mod (p—1). If ptr, then there is
an M -linear surjection
X7 /XL > W D.

Proof. We claim that the following composition of maps is non-zero, hence
surjective:

X* VE Ve, “igia Vap
rl, r e rplgp ¥ B 22 o p L V,eD,
erl ‘/T ‘/’l“fpfl ‘/2p72

where ¢ is the M-isomorphism in [G78, (4.2)] and the rightmost surjection
is induced from the I'-linear map in [BO3b, 5.3(ii)]. Indeed, one checks that
under the above composition of maps, F(X,Y) = X"V — Xy"! € X |
r—2p
p—1
automatically M-linear, as both its domain and range are singular modules. [J

maps to € Vo® D, which is non-zero, as p 1 r. Note that the composition is

LEMMA 5.2. Letp>3,r>2p, andr =2 mod (p—1). If ptr' :=r—1, then

T

Proof. The inclusion is obvious from the definition of the map ¢. For the rest,
p—1 ,
note that FI(X,Y) := > (kX +Y)" € X/, as shown in the proof of Lemma

T’

B (i). The coefficient of X™1Y in P(FX)=F(X,Y) X is the same as the
coefficient of X” 1Y in F', which is congruent to —' mod p. By hypothesis
p1r', so 6% cannot divide ¢(F ® X). Therefore ¢(X}, @ Vi) € X} ,. O

Lemmas [B.J] and will be used to study the I'-module Q. If p  r(r — 1),
then we can use both the lemmas simultaneously to prove the following simple
structure of Q.

PROPOSITION 5.3. Letp >3, r>2p andr =2 mod (p—1). Ifptr(r—1),
then Q = V,_3 ® D* as a I'-module.

Proof. Since p{r(r—1), we have ¥ = X,(r —1) > a — 1 = 1 with the notation
of Proposition 9] as otherwise ¥ = 1, which forces r — 1 to be a p-power. So
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by Proposition 9 (iii), dim X,_1 = 2p + 2, and we have
(5.2) 00—V, 30D*0V,_ 19D — X,_1 — Vo@D& Vs — 0,

noting that here V,_3 @ D* @& V,_1 ® D = ¢(X}, @ V1) C X,_;.
Restricting this short exact sequence of M-modules to the largest singular
submodules, we get the structure of X ;:

(5.3) 00—V, 30DV, 1®@D — X} | — Vo@D —0,

where the last surjection follows from the fact that Vo ® D is a JH factor of
X¥_1, by Lemma 511

Next we want to compute the JH factors of X*;. By Lemma and |GT8|
(4.5)], we have dim X = p — 2. By Lemmas [£.7 and [£.6 we get that X** =
X = V,_3 ® D? hence this submodule of ¢(X* ® V1) (C X_,) is in fact
contained in X*;. By Lemmal5.2] the other JH factor V,_1 ® D of ¢(X ) ®@V1)
cannot occur in X*;. Since Vp ® D occurs only once in X,_1, Lemmal[5. Tl tells
that Vo ® D cannot be a JH factor of X**,. Thus X*; 2V, _3 @ D%

So now we know all the JH factors of X,_1, X*_; and X*,. As X* ,/X}*,
has two JH factors V,_1 ® D and Vy ® D, we have X_;/X*, =V} /V** and
the left module in the bottom row of Diagram (Z2) vanishes. On the other
hand X,_1/X}_; has only one JH factor V2, so the short exact sequence (2.3)
of '-modules implies that the rightmost module in the bottom row of Diagram
22) is V,—3 ® D% Therefore Q is I'-isomorphic to V,_3 ® D?. ]

Next we will treat the case p | (r — 1). Note that if p | (r — 1), then p{r and
we can still use Lemma 51l Similarly if p | r, then p{ (r — 1) and we can use
Lemma

PROPOSITION 5.4. Letp >3, r >2p andr =2 mod (p—1). If p|r—1, then
Q=2V,_1®@D®V,_3®D? as a I-module.

Proof. If r—1 is a pure p-power, then by Proposition[d.9 (i), X,_1 2 VoD d Vs,
as an M-module. Hence X ;| = Vy ® D, being the largest singular submodule
of X,_1. By Lemma[5.I] X*; must be zero. In other words, X,_1/X; | =V,
and X* /X, 2Vy®D.

If r — 1 is not a pure p-power, then 3,(r — 1) > p. By Proposition .9 (iii),
dim X, 1 = 2p + 2 and we have the exact sequence of M-modules

00—V, 30D?0V, 10D — X, 1 — Vo@D ® Vs — 0.

Note that V,_3 @ D> ® V,_1 ® D = ¢(X}, ® V1) C X,_1, with the notation of
Diagram (5.1I). Similarly as in the proof of Proposition 53] we use Lemma [5.1]
to obtain
0—d(XHeoWV) — X 1 —VWeD—D0.

As p | v/, by Lemma Bl (ii) we have X = X¥*, therefore ¢(X} @ V1) =
#(X}* ® V1) must be contained inside X;*;. On the other hand V4 ® D occurs
only once in X,_1, so Lemma [B.1] implies that Vy ® D cannot be a JH factor
of X;*,. Thus X}*; = ¢(X} ® V1) ® V,_3® D?* ® V,_1 ® D. Thus again we
get X,_1/X7_, = Vyand X*_,/X**, 2V, ® D.
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Therefore by the exact sequences ([Z3) and (23], the bottom row of Diagram

22) reduces to
0—Vp1®D—Q —V, 30D* —0.

Now the result follows as V,,_1 ® D is an injective I'-module. O

PROPOSITION 5.5. Let p >3, r >2p andr =2 mod (p—1). Ifp|r, then the
I'-module structure of Q is given by

0—Vo®D —Q — V,_32D* — 0.

Proof. Let us write r = p"u, n > 1 and p t u. Looking at Diagram (G.I) and
using Proposition [£.9] we get the exact sequence of M-modules

0—W —X, 1 —VyDaV, — 0,
Vo1 ® D, if $,(u—1)=1,

Vo1 @ D@ Vp_g @ D?, if Sp(u—1) > p.
Restricting the above sequence to the largest singular submodules, we get

where W = ¢(X @ V1) = {

(5.4) 0—W — X', —VWeD—0,

where the last map has to be a surjection, as otherwise Vo ® D would be a JH
factor of V,./V,*, which is not true by the sequence ([2:3).

Now we claim that the restriction of the map X ; - Vo ® D in (&4)) to the
submodule X*, is also non-zero, and hence surjective.

Proof of claim: If not, then the above map factors via n; : Xf_;/X}*; —
Vo® D C Vi ®Vi. We can check that the elements XT/,YT/ € X, map to
X,Y € V; respectively under the map X,» - X,»/X* = V. Hence, for

F=FX,Y)=X"1Y Y ' X=¢X" QY -Y" ©X)€o(X, ®WV),

weget p(F)=X®Y -Y®X €V, ®V;. Note that the non-zero element
XRQY-Y®Xof V1®V, =2 Vy® D ® V, actually belongs to Vy ® D, as
it projects to XY —YX =0 € Va. So m(F) # 0. Now we consider the
composition of maps ny : X' /X, < V*/V** — V, ® D, as described in
the proof of Lemma Bl If 7 is the zero map, then the short exact sequence
(Z7) implies that X ,/X}*; C V,_1 ® D, contradicting the existence of the
map m : X} 1/X}*, - Vo ® D. So 1, is a non-zero map. But the calculation
in the proof of Lemma [5.1] shows that 72 (F) = 0, since p | . Thus we end up
with two different surjections ny,n2 : X1 /X*; — Vo ® D, one containing F'
in its kernel and the other not. This forces Vj ® D to be a repeated JH factor
of X 1/X}*,, contradicting the fact that it occurs only once in X ;. Thus
the claim is proved.

If ¥,(u — 1) > p, then the extra JH factor V,_3 ® D? of W is actually the
submodule X (cf. Lemma [6), which equals X;*, by Lemma A7 So this
JH factor is in fact contained in X *;. By Lemma [5.2] we know that W =
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H(X @ Vi) € X**,. Therefore

0, if $,(u—1)
V, s ® D%, if $p(u—1)

)

1
Wy = WﬂX:il = {
p.

v

By the claim above, the structure of X *; is now given by
0->W =X - VoD —0.

Hence we always have X,_1/X} | 2 V,,and X;_ /X > 2 W/W7 2 V,_1QD.
Next we use the exact sequences (23] and (Z3]) to see that the bottom row of
Diagram ([Z2)) reduces to

0—Vo®D —Q —V,_32D*—0.
O

Remark 5.6. The short exact sequences in Proposition split only when
a = 2, the case we are dealing with. Note that all three possible non-zero
submodules of V*/V* 2 Vy @ D& V,_1 ® D occur as X;_/X}*, in the three
distinct cases pfr(r—1),p| (r—1) and p | r.

6. THE CASEr=a mod (p—1), WiTH3<a<p-—1

In this section we describe the I'-module structure of @, for r =a mod (p—1),
with 3 < a < p— 1. Note that this bound on a forces p to be at least 5.

LEMMA 6.1. Letp > 5, r>2p, r =a mod (p—1), with3 < a<p-—1. If
rZa mod p, then X*_,/X}* contains Voo ® D as a T'-submodule.

Proof. By the non-split short exact sequence (2.6]), it is enough to show the sub-
module X*_;/X**, of V.*/V** is non-zero. Using Lemma [2Z3] (i) and Lemma
2.6 one may check that the polynomial

p—1
F(X,Y)=(a— DX"'YV + Y kX +Y) X € X;_,.
k=0
But F ¢ V**, as the coefficient of X" 1Y in F(X,Y) is (a—1)— (::é) =a—-r#
0 mod p, by hypothesis. So F' maps to a non-zero element in X ,/X}*,. O

LEMMA 6.2. Letp>5 andr =a mod (p—1), with3<a<p-1. Ifr=a
mod p, then we have X,_1 C X, + V,** and X}_;/X*, =0.

Proof. The lemma is trivial for » = a as Vj, is irreducible. Thus for each a,
r = p? — p+ a is the first non-trivial integer satisfying the hypotheses. We
begin by expanding the following element of X,

S RTERX +Y) = —r XY - > (r) - X"Y7 mod p.
k€EF, 0<j<r—1 J
j=a—1 mod (p—1)
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Using Lemma (ii) and Lemma [Z6] one checks that

F(X,Y):= > (7") XTIy

0<j<r—1 J
j=a—1 mod (p—1)
is in fact contained in V,;**, implying that the monomial —rXY"~! is contained
in X, + V. Since r = a # 0 mod p, we have X,_; C X, + V.**. Hence
X 1 € X,—1N(XF+ V), which equals X,_1 N (X + V.**), by Lemma L7
But X" C V*, so we have X | C X, 1NV = X*,. The reverse inclusion
is obvious and therefore X* | = X *,. O

Remark 6.3. It was proved in [GGI5L Prop. 4] that X, ¢ X, + V**, for
p <r <p?—p+2and all primes p. The lemma above shows that the upper
bound is sharp, at least if p > 5, since the smallest non-trivial r covered by the
lemma is p? — p + 3. As we show just below, the fact that X,_; C X, + V,**
causes @ to have 3 JH factors, leading to additional complications.

PROPOSITION 6.4. Letp > 5,7 > 2p andr =a mod (p—1), with3 < a < p—1.
The T'-module structure of Q is as follows.

(i) If r 2 a mod p, then
0—Vpeap1 @D 1 —Q —V,_ o1 ®D* —0,

and moreover the exact sequence above is I'-split.
(ii) If r =a mod p, then

0 — VIV —Q— Vy_qm1 @D — 0,

where V¥ /V** is the non-trivial extension of Vp—aq1 @D by V,_o®
D.

Proof. Let ' :=r—1. As explained in Section [ (cf. Proposition€9]), we have
0—o(XHeoW)— X1 —V,a@DoV, —0.

Restricting the above M-linear maps to the largest singular submodules, we
get
00— d(X V) — X | —V,o0D—0.

Indeed, the short exact sequence (2.3]) shows that V,_o® D is not a JH factor of
V. /V.¥, so the surjection X,_; — V,_o® D cannot factor through X,_1/X*_,,
hence the rightmost map above is surjective. As 2 < a—1 < p—2, by
Lemma [47] we have X = X*. Hence by the definition of the ¢ map, we get
d(Xy @ W) C X772y

If » 2 a mod p, then Lemma implies that X} ;/X/*; must have ex-
actly one JH factor, namely V,—o ® D. So we have X,_1/X* ; ¥ V, and
X /X 2 V,_o®D. Now using the short exact sequences (Z3]) and (2.6]),
the bottom row of Diagram ([22]) reduces to

00— Va1 @D ' —Q —V,_ o1 ®D* —0.
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That the sequence splits follows from [BP12, Cor. 5.6 (i)], which implies that
there exists no non-trivial extension between the I'-modules V,,_,_1 ® D* and
Vp_a+1 X Do,

On the other hand if » = a mod p, then X, _1/X* | = V, as before, but
X} /X!, =0, by Lemmal[G:2l Now using the short exact sequence (23], the
bottom row of Diagram ([Z.2]) reduces to

0 — VIV —Q— Vpqu1 ®D* — 0,

where the structure of V,*/V** is given by the exact sequence (2.6)). |

7. COMBINATORIAL LEMMAS

In this section we prove some technical lemmas which are used repeatedly in
the next two sections. Only the first lemma is proved in detail as the techniques
used to prove the others are similar.

LEMMA 7.1. Letr =a mod (p—1), with2 < a < p—1. Then one can choose
integers a; € Z, for all j = a mod (p — 1), with 0 < j < r, such that

(i) (;) = a; mod p, for all j as above,
(11) Zaj =0 mod p3’

J
(iii) > ja; =0 mod p?,
Jj=1

(v) ¥ () aj{(;) wod b e =2

502 0 modp, f3<a<p-1

Proof. For r < ap, note that ¥,,(r) = a and one can check using Lucas’ theorem
that (;) =0 mod p for all the j’s listed above. In this case we simply choose
o = 0, for all j. So now assume r > ap, hence j = a, ap are both contained in
the list of j’s above. Let a’ be a fixed integer such that a’a = 1 mod p?, and

then let us choose the a;, for all 0 < j < r, with j = a mod (p—1), as follows:

(7.1) o () for j # a,ap,
J

(7.2) aq

I
|
Q\
()
VRS
.03
~_

(7.3) Qap = — 3 (T) — Qg

We will show that these «; satisfy the properties (i), (ii), (iii) and (iv).
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(i) Note that j (;) =r (;:}), for any j > 1. Using Lemma 23] for r — 1
and r respectively, we obtain

-1\ &5 -1
Qq — Z a'r T =Y o (7 —da( )= (" mod p,
o j—1 a—1 a a

j=a mod (p—1)
Qap @ (T) + (T) —Qg = (T) mod p.
a ap ap

For j # a, ap, property (i) is trivially satisfied.
(ii) By our choice of o, in fact > o; = 0.
J

(iii) Since a’a = 1 mod p?, using equation (T2) we get a - o, =
- > J(;) mod p?.  Since o,y = (;p) mod p, we have
a<j<r,

j=a mod (p—1)
ap - Qqp = ap(;p) mod p?. Using these two congruences we conclude
that > ja; =0 mod p?, as desired.

j
(iv) We use property (i) and Lemma [Z5] for » — 2 to get

J _ I\ (T
> e 2 B)0)
o<g<r 0<j<r
j=a mod (p—1) j=a mod (p—1)

B 3 (r)(r—Q) B {(;) mod p, ifa=2,
057%r 2)\j—2 0 mod p, if3<a<p-1.
j=a mod (p—1)

LEMMA 7.2. Letr =b mod (p—1), and 3 < b < p. Ifp|r —b, then one
can choose integers 3, for allj =b—1 mod (p—1), withb—1<j<r—1,
satisfying:

(1) g = (;) mod p, for all j as above,

(2) X (3)B; =0 mod p*~", forn=0,1 and 2.
i>n

Proof. Asp | b—r, wehaver =b mod (p?—p), so we may assume r > p? —p+b.
Thus we have j = b —1,(b— 1)p are two of the j’s in the expression for T in
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Lemma [2Z.6] Let us choose

(7.4) B; = (;» for all j £ b— 1, (b— 1)p,
(75) oo = - x ui(l).
b—1<j<r—1

j=b—1 mod (p—1)

(7.6) Bo—1)p = — Z (;) — Bo-1,
j#b—1
J#(b=1)p
where b’ is any integer satisfying (b—1)b’ =1 mod p?. One can now check that
the integers 3; satisfy the required properties. The proof uses the congruence in
Lemma[2.6land is similar to that of Lemmal[Z 1] so we leave it as an exercise. [J

LEMMA 7.3. Letp>3,7=1 mod (p—1), i.e., b = p. Suppose that p* | r — p.
Then
(i) One can choose a; € Z, for all j =1 mod (p — 1), withp < j < r,
satisfying:
1) o5 = (;) mod p?, for all j as above,
(2) 3 (Zl)aj =0 mod p*™, forn=0, 1 and 2,
jzn
; 0 modp, ifp>5
3) X () = ) T
>3 mod p, if p=3.
(ii) Ome can choosey; € Z, for allj =0 mod (p—1), withp—1 < j <r—1,
satisfying:
(1) v = (;) mod p?, for all j as above,
2) X (fl)fyj =0 mod p*™, forn=0, 1 and 2,

(3) ;(é)%‘ = {

Proof. Similar to that of Lemma [7.1] and [[.2] and uses the congruences given
in Lemma 2.7 U

0 mod p, ifp>5
—1 mod p, ifp=23.

Remark 7.4. The integers «;, (;, v; in the lemmas above are not unique, but
their existence will be crucial for us. We will use these integers in §8 and g9l to
construct functions to eliminate JH factors of @), and to compute the reduction
Vk,ap, which is the main goal of this paper.

8. ELIMINATION OF JH FACTORS

For the rest of this paper, we will work under the assumption 1 < v(a,) < 2.

Let us recall Proposition 3.3 in [BG09]: If Oy, ,, is a quotient of ind% , (V.o D")

for some 0 < s < p—1, then Vi o, = ind(w;+1+(p+1)"), unless s = p — 2, where

one has the additional possibility that Vk,ap is reducible and isomorphic to
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w™ @ w™ on Iy, the inertia subgroup at p. Using this result one can specify the
shape of Vi 4, when @ is irreducible as a I'-module, up to the fact that Vi ,,
may be occasionally reducible, as mentioned above. For example, we have

THEOREM 8.1. Let p > 3 and r > 2p.
(i) Ifr =1 mod (p—1) and p{r, then Vi o, = ind(w3). If p = 3, then
Vi,a, can also possibly be reducible and trivial on I,.
(ii) Ifr =2 mod (p—1) and ptr(r — 1), then Vi o, = ind(w3).

Proof. As 1 < v(a,) < 2, there exists a surjection ind% ,Q —» Ok,q,- In part
(i), we have Q = V; by Propositions B3 and B8 In part (i), Q = V,_3 ® D?
by Proposition[5.3 Since @ is irreducible in both cases, we apply [BG09, Prop.
3.3] to determine Vk,ap. O

Remark 8.2. In fact, Theorem in the next section will imply that the re-
ducible possibility in part (i) above never occurs. Note that for p = 3, the
condition p 1 r implies that (Tgl) = 0 mod p and therefore the hypothesis of
Theorem is automatically satisfied.

As we have already seen, @ is usually not irreducible. It can have two and
sometimes even three JH factors as a ['-module depending on the congruence
class of r modulo both p—1 and p. In these cases we will use the explicit formula
for the Hecke operator T" acting on the space indg ZSymT@g, to eliminate one
or two JH factors of @, so that we can use [BG09, Prop. 3.3].

To work explicitly with the Hecke operator T, we need to recall some well-
known formulas involving T' from [B03b]. For m = 0, set Iy = {0}, and for
m > 0, let

Ly, = {[)‘0] + [)‘1]17 +oo [)‘m—l]pm_l P YRS IF;D} C Zp,

where the square brackets denote Teichmiiller representatives. For m > 1,
there is a truncation map [ ]m—1 : Iy = I;m—1 given by taking the first m — 1
terms in the p-adic expansion above; for m = 1, [ |n—1 is the O-map. Let
o= (62). For m > 0 and X € [,,,, let

o _ (P A 1 _ (1 0
gm,)\_<0 1) and gm,)\_<p)\ pm-l-l )

noting that gg, = Id is the identity matrix and gj, = a in G. Recall the
decomposition

G = H KZ(g:n,)\)_l‘
m>0, \el,,,
i€{0,1}

Thus, a general element in ind%,V, for a K Z-module V, is a finite sum of
elementary functions of the form [g, v], with g = 99719\ or g}n,/\, for some \ € I,
and v € V. For a Z,-algebra R, let v =)\ ;X" 7"Y" € V = Sym"R? @ D*.
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Expanding the formula (ZI]) for the Hecke operator T' one may write T =
TV + T, where

" . i i\ i
T+([92,w”]) = Z |:92+1,u+p”>\7z<pjzci<->(_)‘) J>X JYJ]7
A€l j=0 i=j J
- S i i S 17 R W
T ([gg,,;u'l)]) = gg_L[H]n—l’Z P ci| . (%) X" Iyd
j=0 \i=j J p

(n>0),

T (lgnwv)) = [mZp*"'ch’"‘ij] (n = 0).

=0

The formulas for T and T~ will be used to calculate the (T' — a,)-image of
the functions f € indg ZSymT@I%. Though T is a G-linear operator, note that
T+ and T~ are not G-linear. Formulas similar to those above describe how
T acts on functions of the form [g,, s V] but we will not use these functions in
this article.

An integral function, i.e., an element of indg ZSymTZZ will be said to “die mod

p”, if it maps to zero in indf( ZSymTIF’IQ, under the standard reduction map.

THEOREM 8.3. Letp >5,r>2p, r=a mod (p—1), with3<a<p-—1.If
r Z a mod p, then there exists a surjection

ind5 7 (Vp-at1 ® D*') = Opq,.

As a consequence, Vk,ap = ind(wgﬂ’), if a > 3. For a = 3, we have the
additional possibility that Vi, is reducible and its restriction to I, is w?® ® w?.

Proof. By Proposition 64 (i), we have Q = J; & Jy as a [-module, where
J1=Vpat1 ® D !and Jy = Vp—a—1 ® D*. Let F; be the image of inngJl
in (:)k,ap under the surjection ind?;ZQ —» (:);Wp, and let F5 denote the quotient
Ok,q,/F1. Then we have the commutative diagram:

0 —— ind%,J; —— ind%,Q —— ind% ,Jo —— 0

N

0 F Ok.a, By 0.

We will construct a function in Xy ., = ker(ind?( Ve — ék,ap), which maps
to a function of the form [g,v] € ind% ,Jo under the surjection in the top row
above, for some g € G and 0 # v € Jy. Since the G-span of [g,v] is all of
ind?(ZJQ, we get Fp = 0 and ék,ap & F} is a quotient of indgzjl. The final
conclusion follows by applying [BG09, Prop. 3.3].
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Consider the function f € ind?( ZSymTQZQ) defined by f := fo + f1 + fo with

1
f2 = Z |:ggﬁp[)\]71_j . (YT _ Xp_ly’l‘—p"l‘l) :| ,

A€F,
—1 o
fi = g%o, =1 Z o - XTIYT |
pap o<j<r
j=a mod (p—1)
0, ifa<p—1,
fo (1—p) 7 r—p+lyp—1 .
[Id,T-(X _ Xr-ptlyr )}, fa=p—1,

where the a; € 7Z are integers satisfying the four properties stated in Lemma
oIl
Applying the explicit formulas for T+ and T, using Lemma [ZI] and the

facts 1 > 2p, 3 < p—1and 1 < v(ap) < 2, we get that the functions
T~ fo, T~ f1, T f1, ap fo, ap f2 are all integral and die mod p. We compute that
Tt fy € ind?(Z<X’”’1Y>ZP +p - ind§ ,Sym"Z2, hence it maps to 0 € ind% ,Q.
Next we use the formulas for T, T and the identity ([Z.7)) to compute that

T7f2 _apfl +T+f0 = [g?,OaF(XaY)] mod b,
where

—1 o
FX,Y)= Y -1 ((T) - aj> XTI 4y

o<j<r p J
j=a mod (p—1)

Note that F(X,Y) is integral, as a; = (;) mod p, for each j, by Lemma [7.1]
All the information above together implies that (T — a,)f € ind% 2Sym"Z2,
so its reduction lies in Xy, . Moreover, the reduction (7" —a,)f maps to
(98,0, Pra(F)] € ind%,Jo, where Pry : Q — Jy is the projection map. It is

Ve
clear from Diagram (Z2) that Prs is induced by the map V, — v Ja.

Noting that the monomial Y maps to 0 in @, we have "

i = (£3(() o) x

J

3(()-o)

since all the mixed monomials in F(X,Y") are congruent to scalar multiples of
X"=%Y* modulo V;*. Under the composition V,/V} —= Voyp 1/Vi, 1 —
Vp—a—1 @ D* = Jo, where the first isomorphism is ¢y~! of [GT78| (4.2)] and the
next surjection is induced from [B03b, Lem. 5.3], we have

X" mod V' — XPT'Y® mod V', |+ XPTIT £
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Therefore Pra(F) = ¢ - Pro(X"79Y%) = ¢ - XP~17% where ¢ is the mod p

reduction of the sum —E}—j . ((;) — aj) € Z. By property (ii) of the integers «;
j

1

stated in Lemmal[7.] ¢ is the reduction of ——- Z(;) € Z, which is congruent to
Py

r—a

mod p, by Lemma By hypothesis, r Z a mod p, so we get c € IF’;;.

a —_—
Thus the reduction (7' — a,)f maps to [g,v] € ind$. ,Jo, where g = 90 €G
and v = ¢- XP~17% is a non-zero element in J5, and we are done. O

The following theorem is complementary to Theorem [BT] (ii).

THEOREM 8.4. Letp > 3,7 >2p, r =2 mod (p—1). Ifp | r(r —1), then
Via, = ind(w; 7).

Proof. If p | r(r — 1), then @ has two JH factors by Propositions .4 and
We will eliminate the JH factor Jo = V,_3 ® D?. We take the function
f = fo+ fi1+ f2 as in the proof of Theorem R3] for a = 2. Note that property

(iv) in Lemma [1] implies that Z(é)aj = (5) = 0 mod p, by hypothesis.

Now by the same argument as in {’heorem B3l we eliminate the JH factor Ja,
except for the following subtlety: to show T~ f; = 0 mod p, we used the bound
3 < p—1in Theorem[R3l This cannot be used in the present case as a = 2 and
so p =3 is allowed. But p | 7(r — 1) implies that a,_p41 = (T_;_H) =0 mod p
by Lucas’ theorem. This ensures that T~ f; dies mod p even in this case.

Therefore if p | 7 — 1, then we have a surjection ind% ,(V,_; ® D) — Ok.a,
by Proposition 54, and if p | 7, then we have ind% (Vo ® D) — Ok,a, by
Proposition[.5l Now we use [BG09, Prop. 3.3] to draw the final conclusion. O

Next we treat some cases where ) has three JH factors and those coming from
V¥ /V** are to be eliminated. We begin by stating the following easy lemma.
Note that we already have a complete solution to the problem in the case b = 2
by Theorem [B1] (ii) and Theorem [84l So we assume b > 3 from now on.

LEMMA 85. Letp>3,r>2p, r=>b mod (p—1), with3 < b <p. Then we
have the non-split short exact sequence of I'-modules

0= Jo:=Veo®@D = VIV = J :=Vp_ps1 @ D™ = 0, where

(i) The monomials Y*=2, X%=2 € Jy map to OY""P~1 and X" P~ re-
spectively in VX [V **.

(ii) The polynomials OY"™"P~1 0X"=P=1 € V*/V** map to 0 € J; and
OXT—P=bHIY D=2 paps to XPOHL € ;.

Proof. The exact sequence is given by Proposition By [G78, (4.1), (4.2)],
we have an isomorphism V*/V** v ed, (Vp+o-3/Vp—3) @ D. Then one
computes the images of the polynomials mentioned above under the I'-maps
Vo2 ® D = (Vpro—3/Vysp3) ® D and (Vpsp—3/Vyy_5) @D = Vpop 1 @ D!
respectively, using the explicit formulas from [B03b| Lem. 5.3]. a
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The next two theorems are complementary to Theorem R3] above.

THEOREM 8.6. Let p > 5,r>2p andr=0b mod (p—1), with4d <b<p-—1.
If r=b mod p, then Vk,ap = ind(wg+1).

Proof. By Proposition 6.4 (ii), @ contains V;*/V.** as a submodule, which is
an extension of Ji by Jo, with the notation of Lemmal[8H Let Fy 1 denote the
image of ind% , (V* /V**) inside Ok,a,, and let F := Oy /Fy 1. Then we have
the following commutative diagram of G-maps

0 —— ind%,(V*/V**) —— ind$ ,Q —— ind§ ,.J, —— 0

| L]

0 Foq Ok.a, Iy 0,

where Jo = V41 ® D®. We will show that Fy1 = 0, under the hypothesis
r=0b mod p. -
Consider f = fo + f1 € indf ,Sym"Q2, given by

f

p — r r—
Z [g?,[,\], a—[)\]p (Y -X byb)}
AEF P

1—
N {ggo’ 7( ) p) (xy™! - Xr—b+1Yb—1)} 7

P

-1 L
fo = |14, Z p(piQ) B XTTIY
0<j<r—1 ap
j=b—1 mod (p—1)

where the 3; are the integers from Lemma [7.2]

Using b > 2 and the fact that p | r — b, we check that T f; = 0 mod p.
Similarly, T~ fo = 0 mod p, since v(a2/p) < 3 < p. We use the fact b >
3, together with the properties satisfied by the integers 3; in Lemma to
conclude that T fo = 0 mod p as well. Next we compute that

T~ fi —apfo = |1d, > = Dp ((T) _ gj) XTIy

a
0<j<r—1 P J
j=b—1 mod (p—1)

which again dies mod p, since 3; = (;) mod p for each j, by Lemma

Finally we get (I' — ap)f is integral and (' — ap)f = —apfi mod p. Asr =0
mod p, we have
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= o (1 —p) - (XYTTN X7y

r—p—>b+1
p—1

= [g 0, —b-0 (XT_p_b"'lyb_2 — YT_p_l)} mod p.

. erpberlybe + erl) mod ‘/T**:|

I
|
—o 1
o
<
\
S
D
Y

Let v be the image of —b- 6 (X —P~bFlyb=2 _ yr=p=1) in V*/V**  Then
the reduction (T — a,)f maps to [¢{,, v] € ind§,(V,;*/V;*) C ind%,Q. By
Lemma[8H v maps to the non-zero element —b- XP~T1 € J; =V, ;1@ DL,
As the short exact sequence (2.6]) is non-split, v generates the whole module
V /v over T, so the element [¢f,, v] generates ind% , (V*/V:**) over G.
Thus Fp; = 0 and hence ék,ap = F; is a quotient of inng(Vp_bq ® DY).
Finally we apply [BG09, Prop. 3.3] to get the structure of Vi q,. |

However, for b = 3 < p—1, we do not have a complete solution to the problem of

computing Vi o, when r =b mod p(p—1). But we have the following theorem

3

which is applicable whenever v(a,) # 2. It is also applicable if v(a,) = 2,

unless the unit Z—g reduces to 1 in Fp.
THEOREM 8.7. Letp > 5, 7> 2p and r =3 mod p(p —1). If v(ap) = %, then
assume that v(a2 —p*) = 3. Then Via, = ind(w3).

Proof. If v(ap) < 3/2, then we consider f = fo + f1, where fo are f are as
in the proof of Theorem with b = 3. The formula for the Hecke operator
shows that (T'—a,) f is still integral. As b =3, now Tt f; does not necessarily
die mod p. In fact we have

‘p—1) (2
T, = |V pp
fo [91,0, %27 9

>52 . XTQYQ] mod p,
which is integral because v(a7) < 3, and we have

(T —ap)f =T  fo—apfi
3p—1
— |:g(1)0, p (p2 ) ﬂ? . Xr—2y2 o T(l 7p) (Xyr—l o XT—QYQ):| mod .
’ a
p

Note that r = 3 mod p and also 82 = (}) = (3) =3 mod p by Lucas’ theo-
rem. As XY"~! vanishes in @, the reduction (7' — a,)f maps to the image of
(990, 3(1—p?/a2) (X"2Y2 = XY™ )] in ind% ,Q. The hypothesis implies
that 1 — p?/a? is a p-adic unit. So, the module ind$ , (V¥ /V*) maps to 0 in
O4,a,, as explained in the proof of Theorem
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|®
SN

If v(ap) > 3/2, then we consider the new function f' = — - f = f§ + fi, with

3

f{ - Z [9(1)7@]’ ;% [)\]p—2 . (YT _ Xr—3y3)]
AEFy

1—p)ra — e
+ |:g(1)707 ( p3> p . (XY 1 - X 2y2):| ,

—1 .
o Id, Z -1 ! ) By XTIY
0<j<r—1 p
j=2 mod (p—1)

where the f; are the integers from Lemma The computations are
very similar to the previous case, except that now we have apf] = 0
mod p, since wv(a}/p®) > 0. Finally we get (T — a,)f = TTf; =
[g?,o, (p—1)B2- X"2Y2] mod p. So the reduction (T — a,)f’ maps to the
image of [0y, 3(XY"~! — X"~2V?)] in ind% Q. The rest of the proof follows
as in the previous case. 0

Remark 8.8. Note that when b = 3 and p|r — b, the hypothesis (&) in Theorem
L1 is equivalent to the condition w(a — p®) = 3 above. If v(al — p*) > 3,

so necessarily v(ap) = we can only show that Vi, is either ind(w3) or

3
92
ind(w5 ™), or it is reducible of the form w? ® w? or w? & w on Ip.

The following theorem is complementary to Theorem [B1] (i). It treats the case
p|r=1 mod p—1, where @ has two JH factors. With the notation of Lemma
[[2] a =1 is equivalent to b = p, and so the condition p | r can also be stated
asr=b mod p.

THEOREM 8.9. Forp > 3, let p <r =1 mod (p— 1) and suppose p | r. If

p =3 andv(ap) = 3, then further assume that v(al — p*) = 3. Then we have

(G) If p> 1 r — p, then there is a surjection ind% ,V; — ékv“a’ As a con-
sequence, Via, = ind(w3) unless p = 3, in which case Vi q, may be
reducible, and trivial on I3. B

(i) If p? | r — p, then there is a surjection ind%ﬁZ(Vp_g ® D) = Opq,. As
a consequence, either Vi o, = ind(w%) or Vi,a, 18 reducible, with the
shape w @ w on I,.

Proof. By Proposition B.12] (iii), we have @ = V,*/V** is an extension of J; =
Viby Jo=Vp—2o®D. Let Iy C ék,ap be the image of ind?(ZJo under the map
ind?(ZQ —» ék,ap- Then Fj := (:)IWP/FO is a quotient of ind?(ZJl and we have
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the following commutative diagram:

0 —— ind% ,Jo —— ind% ,Q —— ind% ,J; —— 0

N

0 Fy Ok.a, Fy 0.

We show Fy = 0 if p? { r —p and Fy = 0 if p?> | » — p. Then (i) and (ii) will
follow as usual.

(i) Consider f = fo+ f1+ fo € inngSymTQi, given by

0 [)\]p*Q T r—pyp
o= > 19 (YT = XTTPYP) |
A€F, p
o 0 P — 1 - i .
fl — gl,Oa pay : Z /8] - XTTIYd 5
0<j<r—1
L 7=0 mod (p—1)
- 1_
fo = |, —L.(x"- XPYT_p)} :
p

where the §; are the integers from Lemmal[Z.2] Using the formula for the Hecke
operator, one checks that T fo, T~ f1, —ap f2, T~ fo, —ay fo are all integral and
die mod p. Also TTf; = 0 mod p by Lemma [.2] i.e., by the properties
satisfied by the integers ;. Moreover,

T_fg + T+f0 — apfl =

-1 o
90 =1 > <<r) - ﬂj> X"y 4 XY™ | | mod p.
p 0<j<r—1 J

7=0 mod (p—1)

Note that the function above is integral because each 3; = (;) mod p by
Lemma [[.2] and p | r by hypothesis. Now modifying the polynomial above
by a suitable XY™~ !-term, we can see that (T — a,)f has the same image as

o (-1 (PLxy) + L0

FXY) = Y 1<<;>ﬂj>-XTij¥~XPYTP.

0<j<r—1 p
j=0 mod (p—1)

Using Lemmas [Z.2] 2.7] and we see that F(X,Y) € V**, by Lemma
r=p), (990, 0Y"P71] in ind% ,Q.
D ;

in indf( 7@, where

Hence (T' — a,) f maps to the image of

By hypothesis, p? { r — p. Thus ¢ = (r — p)/p is a non-zero element in F,. By
Lemma B (i), the element ¢ - [¢9 o, Y?7?] € ind%. ,Jo maps to 0 € Fyy C Ok,a,-
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Since ¢ - [¢9 o, YP~2] generates all of ind ;Jy as a G-module, we have Fy = 0
and ék,ap =~ F) is a quotient of ind?(ZJl.

(ii) If p% | r — p, we consider the function f = fo + fi + fo € ind$,Sym Qz,
given by

L
f2 = Z {ggm[,\], a (YT = XTTPYP)

XEF}

1—p)r
e |

P
p—1 i
fl = g?,Oa a2 . Z Y5 X"yd 5
p 0<j<r—1

L j=0 mod (p—1)

- {—
fo = |1, —LZ.(x7 XPYTP)] ,

L ap

where the «; are integers from Lemma [3 (ii). Using Lemma [[3] we check
that if either p > 5 or if p = 3 and v(a,) < 3/2, then TT fo, TV fo + T~ fo —
apf1, T~ f1,TT f1,T~ fo are all integral and die mod p. That leaves us with

(T —ap)f =—apfo—apfa = Z [ggap[/\]’ _[)\]pﬂ (YT - erpyp)}
AEF

-1
' p
+[Id, (p—1)- (X" = XPY""?)] mod p.
Hence the image of the reduction (T — a,)f in ind% ,Q is the same as that of

D198 — NPT (XY = XY ) ]

AEFy

+H g9, (XYt = XYl I, (p— 1) - (XYL = XPYTOP)),
As we have r/p =1 mod p by hypothesis, the function above is congruent to

> 1900 AP T2OXT TP 4 [go 0, XTTPHIYPT XY 4(Id, Y7 P7Y] mod p.
Aeﬂ?;
Since X" PHyr=l — Xyr=t =¢. (X"=2Hyr=2 ... £ Y77 P~1) we have

r—2p+1)

Xty Pt Xyt =9 (( . D G S YT’P’1> mod V.
b

Applying Lemma 85 (ii) we get that (T' — a,) f maps to [¢9,, —X]| € ind%, Jy
under the map ind% ,Q — ind%, Ji. As [99.0, —X] generates all of ind%,.J; as
a G-module, we get F; = 0 and so (:)k,ap 2 Fp is a quotient of indf(ZJo.
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If p = 3 and v(a,) > 3/2, then note that T~ f; and T f; do not die mod p
any more, and (T — ap)f is not necessarily integral. In this case we consider
the modified new function f’ := (af, /p3) - f, with f as above. Then one checks
(T —ap) f' is integral and maps to c-[¢9 o, X] € ind%,.J;, where ¢ = 1 — az/p?.
By the extra hypothesis in the case v(a,) = 3/2, c is always a non-zero element
in F,, and thus the JH factor .J; is killed again. O

Remark 8.10. In the next section we will show that in part (i) above the
reducible case does not occur when p = 3, and that in part (ii) Vi,q, is always
reducible.

9. SEPARATING OUT REDUCIBLE AND IRREDUCIBLE CASES

If O,q, is a quotient of ind% ,(V,_o ® D™), then [BG0OY, Prop. 3.3] fails to

determine Vj,,. In this case, either Vg o, = ind(wg_H"(pH)) is irreducible

or it is reducible with Vk,ap | 1, 2w ®w". We have faced this problem in the
following cases, cf. Theorems B.1] (i), and

(1) If b =3 and p'+t*® {r — b, then we have ind$ , (Vp—2 ® D?) — Opq,,

hence
_ ind(w2*?), or
Vk@p |[p % { ( 2 )5

w2®w2.

(2) If b =p and p? | r — b, then under the extra hypothesis ‘v(a,) = 3/2 =

v(a2 —p?) = 3, when :3’,wehaveindG V,_s ® D) = O 4., hence
( p p Kz \Vp »0p

P
_ ind(w?2), or
Vkﬁap|]p N{ ( 2)7
w D w.

In this section we mostly separate out the reducible and irreducible possibilities
above. We will show that Vk,ap is ‘almost always’ irreducible in the first case
whereas it is always reducible in the second case above. In the first case,
we work under the mild hypothesis ) in Theorem [T Note that &) holds
trivially if p | (Tgl). In particular, it holds for the smallest new weight treated
in this paper, namely, k = 2p + 3.

THEOREM 9.1. Let p > 3, r > 2p, r = 3 mod (p — 1) and p*+*®) ¢ — 3.
If v(ap) = %, then further assume that v (a?J — (Tgl) (r— 2)p3) = 3. Then
Vk,ap o ind(w§+3) is irreducible.

Proof. Assuming the hypothesis, we will show that the G-map inngJl —
@k,ap given by Propositions B3] B8 and Theorem (i) for p = 3, and by
Theorem B3l for p > 5, factors through the cokernel of the Hecke operator T
acting on ind%ZJl, where J; = V,_o ® D?.
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If v(al) <w (("3")) + 3, we consider the function f = fs + fi + fo, where

1 o e
fo = Z [ggyp[/\]’ a_.g(Xr P2y _yT—P 1) ,
\eF, P
—1 L
i = |8 Z L2)p.anT—JYJ :
0<j<r—1 p
j=2 mod (p—1)
0, ifp>5
fO (1—17)17 r r—p+1 —1 :
[Id,a—-(X _xrrtlyr Y| ifp =3,

where the o are integers from Lemma [T.1] applied with r—1 =2 mod (p—1),
instead of 7.

It is easy to see using the formula for the Hecke operator that T'F fo, T~ f1 are
integral and die mod p. Moreover,

- —1 —1 i
T hoah 4T 0= | 3 u((j >aj>x iy
P

0<j<r—1
j=2 mod (p—1)
dies mod p, since v(ap) < 2 and each o; = (Tgl) mod p, by Lemma
[T Also, T~ fo and apfy die mod p, which is relevant only when p = 3.
We use the four properties of the ¢; in Lemma [[J] and the fact that
v(ag) <w ((Tgl)) + 3 to conclude that T'" f; is also integral and that T f; =
3(p—1
> [go 2L2) ("3 ~X’”2Y2} mod p. Thus (T'—a,) f is integral and
a

2,p[A\]?
rEF, BY 2

is congruent to
3

r—p— r—p— p(pfl) r—1
> {gg,pw’ ST YT + ( 2
A€F, P

The image of X"72Y2 in Q is the same as that of X"2Y? — XY"~! which is

) -X’”QYQ} mod p.

0- (X" P4 4+Y P =9, (# CXTTP?y 4 Y’"‘P‘1> mod V;**.
P

Hence (T — a,)f maps to

3
o P (r—1 -2| ¢
} : {ggm[k]’ _XP 2+¥< ) >(r2)~Xp 2} Elnng(Vp72®D2)7
AEF, P

by Lemma This equals ¢ - T([g o, X?~2]), with ¢ = Z (";")(r —2) — 1.
_ P
Using the hypothesis one checks that the constant ¢ € IF,, is non-zero, hence the

map ind$ , J, — Op,q, factors through 7(p —2,0,w?). Therefore the reducible

case cannot occur and Vi o, = ind (w§+3).
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Now let v(a2) > v ((";")) +3. As v(a2) < 4, this forces p { (";") and so

v(az) > 3. Note that in this case (T' — a,)f is not integral for the f above.

However, we can use the following modified function f' = fi+ fi + f§ :

2 r—p—2 r—p—1
;9 _ 0 ap O(X"PTEY —YTPT)
f2 - F . f2 - Z |:92,p[)\]a p3 )
AEF,
/ a127 0 (r—1) r—jv-j
== = |90 Z —— o XTYI
p 0<j<r—1 p
j=2 mod (p—1)
f’:a—’%-fo 0, ifp>5
07 s [1a, GsBlee . (x7 - xrorilyrh)| | ifp =3,

with the same a; as before. Now ay,f3, a,fy dies mod p, as v(a2) > 3. Also
T, T f{, T~ fs and T~ f5 — a, f1 + T f{) die mod p as before, and hence

(T—ap)f'=T"f] = Z |:gg,p[k]7 (p—1) <r2 1) XTQYQ} mod p.

A€EF,

This maps to ,\%:F [gg ooy (7= 2) Rk Xp*ﬂ =(r—2)(";") T2, X772

under the map deZV —» deZQ —» 1ndKZJ1, as shown above. Since (r —
2) (T21) is a p-adic unit, the map 1ndKZJ1 — @k a, factors through the image
of T, and we have Vo, = ind(wh ™). O

Surprisingly, if b = p and p? | r — p, then Vk,ap is always reducible, at least if
p > 5. This is the first time in this paper that we have obtained a family of
examples where Vk,ap is reducible, for slopes in the range 1 < v(ap) < 2. The
following theorem describes the action of both inertia and Frobenius elements.

THEOREM92 Letp>3,r>2pandr =1 mod( 1), 1 p. If p=3
and v(a,) = 3, then further assume that v(ag —p®) = 3. 2 | r —p, then

Vi,a, is reducible and
Vi, = unr (vV—1) w @ unr (—v/~1) w.

Proof. We claim that the map ind%,.J, — Ok,a, given by Theorem BRI (ii),
where Jy = V,_2 ® D, factors through

G
o ©D) s s ) r(p-2 V).

Once this claim is proved, the result follows as we know that @k,ap lies in the
image of the mod p Local Langlands Correspondence.
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Proof of the claim: We consider f = fo + f1 + fo € indf(z Symr@g, given by

1 T rT—
o= ) [gg,pmmwa—'(y - X pyp)}
A€EF,, P
HEF,
(1_p) T r—
+> [gg,m’ — (YT = XY
\eF, p

-1 ey
i = Z 9?,[,\]a (pa2 ). Z aj - X"IYT |,
XEF, p 1<j<r

j=1 mod (p—1)

i {Id, xrly - XWYP)} ,

ap
where the «; are integers from Lemma [[3 (i). If either p > 5 or p = 3 and
v(ap) < 3/2, then we use the fact that p? | » — p and the properties satisfied by
the a; to conclude that all of T fo, T f1, T~ f1, T~ fo, T~ fo —apfr + T fo
are integral and die mod p. Thus (T — a,)f is integral, and is congruent to
—ap f2 — ap fo mod p, which equals

r— r r r— r—
> {gg,pwﬂx]  XTTPYP =¥ } B {Id’ 73'(X VX))
A, neF,

Since Y, X"~V map to 0 in @, and as r/p = 1 mod p by hypothesis,

the image of the integral function above in ind?(ZQ is the same as that of

- > [gg Pl QXT_p_l} — [Id, 6X"~P=1] | which, by the formula for 72
A, p€F, ’

and by Lemma [R5 is the image of

_ _ _ e
(T2 + Dd, -x7% = Y {ggm g — X7 2} + [1d, —=x772] € ind$ , Jo
A, peF,

in ind% ,Q. As [Id, —X?~2] generates ind% ,.Jo, the image (T2 + 1)(ind% ,.Jo)
must map to 0 under the G-map inngJo — ék,ap-

When p = 3 and v(a,) > 3/2, then (T — a,) f is not necessarily integral for the
function f above. However, if we consider f" := (a2 /p®) - f, then (T —ayp)f" is
integral with reduction equal to the image of ¢-(T?+1)[Id, X] € ind% ,Jy inside
ind%,Q, for c = 1 — az/p3 € F,. By the extra hypothesis when v(a,) = 3/2,
we see ¢ is non-zero, and the result follows as before.

ERRATA TO [GGI15]
p. 256, L. 21: a = (2(1)) should be o = (52).
1. 13: “hat” should be “that”.
p. 273, 1. 15: Sym Q2 should be Sym*’Q2.
p- 274,1. 15 and 1. 18: “3<a <p—3” should be “3<a<p—1".

e o 0o o
°
)
S
3
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p. 284: When a = p — 1, part (2) of Lemma 28 is not true, since
do = —E=L is not integral and so w is non-integral. This can be
corrected by modifying the function f;. Set f = fo + fo, with
fo=[Id, Z(X77PT1YP~! — X7)]. One checks that 7'~ fo is integral and
vanishes mod p and that T fo + T~ f2 = [g9f o, w'], with w’ integral.
Thus, (T — ap)f is integral and the proof of Theorem 27 proceeds as
before with w replaced by w’.

ACKNOWLEDGEMENTS

The first author wishes to thank her advisor, the second author, for his con-
stant encouragement, and also the School of Mathematics, TIFR, for its sup-
port. Part of this work was supported by the National Science Foundation
under Grant No. 0932078 000 while the second author was in residence at the
Mathematical Sciences Research Institute in Berkeley, California, during the

Fall 201

[BL94]
[B10]
[B11]

[B12]

[BB10]

[BLZ04]

[B03a]
[B03b)

[BP12]

[BG09)]

[BG13]

4 special semester.

REFERENCES

L. Barthel and R. Livné. Irreducible modular representations of GLy
of a local field. Duke Math. J., 75(2):261-292, 1994.

L. Berger. Représentations modulaires de GL2(Q,) et représentations
galoisiennes de dimension 2. Astérisque, 330:263-279, 2010.

L. Berger. La correspondance de Langlands locale p-adique pour
GL2(Qy). Astérisque, 339:157-180, 2011.

L. Berger. Local constancy for the reduction mod p of 2-dimensional
crystalline representations. Bull. Lond. Math. Soc., 44(3):451-459,
2012.

L. Berger and C. Breuil. Sur quelques représentations potentiellement
cristalline de GL2(Q,). Astérisque, 330:155-211, 2010.

L. Berger, H. Li and H. Zhu. Construction of some families of
2-dimensional crystalline representations. Math. Ann, 329:365-377,
2004.

C. Breuil. Sur quelques représentations modulaires et p-adiques de
GL2(Qp). I. Compositio Math., 138(2):165-188, 2003.

C. Breuil. Sur quelques représentations modulaires et p-adiques de
GL2(Qp). I1. J. Inst. Math. Jussieu, 2:23-58, 2003.

C. Breuil and V. Pasuknas. Towards a modulo p Langlands correspon-
dence for GLy. Mem. Amer. Math. Soc., 216, no. 1016, vi+114 pp.,
2012.

K. Buzzard and T. Gee. Explicit reduction modulo p of certain two-
dimensional crystalline representations. Int. Math. Res. Notices, vol.
2009, no. 12, 2303-2317.

K. Buzzard and T. Gee. Explicit reduction modulo p of certain
two-dimensional crystalline representations. Bull. Lond. Math. Soc.,
45(4):779-788, 2013.

DOCUMENTA MATHEMATICA 20 (2015) 943-987



REDUCTIONS OF GALOIS REPRESENTATIONS FOR SLOPES IN (1,2) 987

[BG15] K. Buzzard and T. Gee. Slopes of modular forms. Preprint, 2015.

[C10]  P. Colmez. Représentations de GL2(Q,) et (¢, I')-modules. Astérisque,
330:281-509, 2010.

[CDP14] P. Colmez, G. Dospinescu and V. Pagkiinas. The p-adic local Lang-
lands correspondence for GL3(Q)). Camb. J. Math., 2(1):1-47, 2014.

[E92]  B. Edixhoven. The weight in Serre’s conjectures on modular forms.
Invent. Math. 109:563-594, 1992.

[GG15] A. Ganguli and E. Ghate. Reductions of Galois representations via the
mod p Local Langlands Correspondence. J. Number Theory, 147:250—
286, 2015.

[G10]  A. Ganguli. On the reduction modulo p of certain modular Galois
representations. Ph. D. Thesis, University of Chicago, 2010.

[G78]  D. J. Glover. A study of certain modular representations. J. Algebra,
51:425-475, 1978.

[P13] V. Paskiinas. The image of Colmez’s Montreal functor. Publ. Math.
Inst. Hautes Etudes Sci. 118:1-191, 2013.

Shalini Bhattacharya Eknath Ghate

School of Mathematics School of Mathematics
Tata Institute of Tata Institute of
Fundamental Research Fundamental Research
1, Homi Bhabha Road 1, Homi Bhabha Road
Mumbai-400005 Mumbai-400005

India India
shalini@math.tifr.res.in eghate@math.tifr.res.in

DOCUMENTA MATHEMATICA 20 (2015) 943-987



988

DOCUMENTA MATHEMATICA 20 (2015)



	1. Introduction
	2. Basics
	2.1. Hecke operator T 
	2.2. The mod p Local Langlands Correspondence
	2.3. Modular representations of M and 
	2.4. Reduction of binomial coefficients

	3. The case r 1 12mumod(p-1)
	4. Structure of Xr-1
	5. The case r 2 12mumod(p-1)
	6. The case ra12mumod(p-1), with 3ap-1
	7. Combinatorial lemmas
	8. Elimination of JH factors
	9. Separating out reducible and irreducible cases
	References

