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ABSTRACT. We prove a formula for the Greenberg—Benois L-invariant
of the spin, standard and adjoint Galois representations associated
with Siegel-Hilbert modular forms. In order to simplify the calcula-
tion, we give a new definition of the L-invariant for a Galois represen-
tation V' of a number field F' # Q; we also check that it is compatible
with Benois’ definition for Ind% (V).
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1 INTRODUCTION

Since the historical results of Kummer and Kubota—Leopold on congruences for
Bernoulli numbers, people have been interested in studying the p-adic variation
of special values of L-functions.

More precisely, fix a motive M over Q. We suppose that M is Deligne critical
at s = 0 and that there exists a Deligne’s period Q(M) such that % is

algebraic. Fix a prime p and two embeddings
Cp+— Q—C.

Let V' be the p-adic realization of M and suppose that V is semistable (&
la Fontaine). Thanks to work of Coates and Perrin-Riou, we have precise
conjectures on how the special values should behave p-adically; we fix a regular
sub-module of V. This corresponds to the choice of a sub-(¢, N)-module of
D (V') which is a section of the exponential map

Dy (V)
Fil’Dy (V)

Let h be the valuation of the determinant of ¢ on D. We can state the following
conjecture;

Dst(v) — t(V) =
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1228 GIOVANNI R0OSSO

CONJECTURE 1.1. There exists a formal series LY (V,T) € Cp[[T] which grows

as logZ such that for all non-trivial, finite-order characters € : 1 + pZy, — pipeo
we have

Ly (Vie(l+p)—1) = CE(D)%_
Moreover, for e =1 we have
_ L(M,0)
LY(V,0) = E(D)W,

where E(D) is an explicit product of Euler-type factors depending on D and
N=0

It may happen that one of the factors of F(D) vanishes and then we say that
trivial zeros appear. Since the seminal work of [MTT86], people have been
interested in describing the p-adic derivative of LI? (V,(1+ p)® —1) when trivial
ZEeros appear.

We suppose for simplicity that L(M,0) is not vanishing. We have the following
conjecture by Greenberg and Benois;

CONJECTURE 1.2. Let t be the number of vanishing factors of E(D). Then
° ordszoLf(V, (1+p)°—1)=t,

o LD(V,0)* = L(V*(1), D*)E*(D)5AL0).

Here E*(D) is the product of non-vanishing factors of E(D) and L(V*(1), D*)
is a number, defined in purely Galois theoretical terms (see Section [31), for
the dual Galois representation V*(1).

The error factor L(V, D) is quite mysterious. It has been calculated in only few
cases for the symmetric square of a (Hilbert) modular form by Hida, Mok and
Benois and for symmetric power of Hilbert modular forms by Hida and Harron—
Jorza. Unless V is an elliptic curve over Q with multiplicative reduction at p
we can not prove the non-vanishing of £(V, D).

The aim of this paper is to calculate it in some new cases; let F' be a totally
real field (we make no assumptions on the ramification at p) and 7 be an
automorphic representation of GSp,, /P of weight & = (k;),, where 7 runs

through the real embeddings of F' and (k;) = (ki,r,...,kgr; ko) (note that
ko does not depend on 7). We say that = is parallel of weight k, k € Z>¢ if
kir=kforallTandi=1,...,9 and ky = gk.

We suppose that it has Iwahoric level at all p | p. We suppose moreover that m,
is either Steinberg (see Definition [Lg)) or spherical. We partition consequently
the prime ideals of F' above p in S5t U §5Ph,

We have conjecturally two Galois representations associated with 7, namely
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the spinorial one Vipi, and the standard one V.. Let V' be one of these two
representations. We choose for each prime p of F' dividing p a regular sub
module D, of Dy (V|GFp ).

Consider a family of Siegel-Hilbert modular forms as in [Urb11] passing through
7. Let us denote by 8, (k) the eigenvalue of the normalized Hecke operators U
(see Definition [0) on this family. Let S5P™! = §SPh.1(V D) be the subset of
SSP for which (Dst(V,)/Dp)™ = does contain the eigenvalue 1. Conjecturally,
it is empty for the spin representation. The eigenvalues 1 always appears in
D (Vp) for V' the standard representation but it may appear in D, (this is
already the case for the symmetric square of a modular form).

Let ts¢p be the cardinality of S5t and tspn be the cardinality of SSphL - We
define f, = [F)" : Q).

THEOREM 1.3. Let m be as above, of parallel weight k. Let V = Vipin and
suppose hypothesis LGP of Section [{.3, then the expected number of trivial
zeros for LI’?(V(k —1),T) is tsyp and

i d logp ﬂp(k)

LWV(k-1),D)= —fp R L

peSstb

Let V = Vg4, then the conjectural number of trivial zero for LE (V,T) is tstn +
tsph and

idlogp Bp(k)

L(V,D =£V,DSph _ " ,

pESSth
where L(V, D)SPY is a priori global factor. It is 1 if tspn = 0.

In Section we shall provide also a formula for the L-invariant of Viq(s)
(min(k—g—1,9—1) >s>1).

The proof of the theorem is not different from the one of [Benl0, Theorem 2]
which in turn is similar to the original one of [GS93].

Let now g = 2. Let ¢t be the number of primes above p in F. We consider
the 2¢-dimensional eigenvariety for GSp, /. with variables k = {ky 1, kp 2}, (see
Section[Bl) and let us denote by F}, ;(k) (¢ = 1,2) the first two graded pieces of
Djig(Vspin). The 10-dimensional Galois representation Ad(Vipin) has a natural

regular sub-(y, N)-module induced by the p-refinement of Dzig (Vepin) and which
we shall denote by Daq. With this choice of regular sub module, Ad(Vipin)
presents 2t conjectural trivial zeros. In Section [Bl we prove the following theo-
rem;

THEOREM 1.4. Let m be an automorphic form of weight k. Suppose that hy-
pothesis LGP of Section [{.3 is verified for Vipin and the point corresponding
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1230 GIOVANNI R0OSSO

to w in the eigenvariety X' (as defined in Section [J) is étale over the weight
space. We have then

Olog, Fy, 1(k) Olog, Fy, 2(k)

2 Okp . 1 kp 1
L(Ad(Vipin(m)), Daa) = [ | Fdet Dlog, i 1(k)  Dlog, Fu, (k)
p P Okp ;2 Okp ;2

1<i,j <t}

We remark that this theorem is the first to really go beyond GLsy and its
representations Sym”.

The motivation for Theorem [[3] lies in a generalization of [Roslf] to Siegel
forms. In loc. cit. we use Greenberg—Stevens method to prove a formula for the
derivative of the symmetric square p-adic L-function and calculate the analytic
L-invariant and the same method of proof could possibly be generalized to
finite slope Siegel forms thanks to the overconvergent Maf-Shimura operators
and overconvergent projectors of Z. Liu’s thesis.

With some work, it could also be generalized to totally real field where p is
inert, as already done for the symmetric square [Ros13].

We hope to calculate the L-invariant for Viq and Ad(Vipin) for more general
forms in a future work.

In Section 2] we recall the theory of (¢,I')-module over a finite extension of
Qp. It will be used in Section [3 to generalize the definition of the L-invariant &
la Greenberg-Benois to Galois representations V over general number field F'
(note that we do not suppose p split or unramified). This definition does not
require one to pass through Ind?,i(V) to calculate the L-invariant which in turn
simplifies explicit calculation. We shall check that this definition coincides
with Benois’ definition for Ind?;i (V).

We prove the above-mentioned theorems in Section [ and [l inspired mainly
by the methods of [Hid07].

ACKNOWLEDGEMENT This paper is part of the author’s PhD thesis and we
would like to thank J. Tilouine for his constant guidance and attention. We
would like to thank A. Jorza for telling us that the study of the L-invariant in
the Steinberg case was within reach. We would also like to thank D. Hansen,
E. Urban and S. Shah for useful conversations and the anonymous referee for
his/her remarks and corrections.

The paper has been written while the author was a PhD Fellow of the Fund for
Scientific Research - Flanders, at KU Leuven. Part of it has been written during
a visit at Columbia University which the author would like to thank for the
excellent working condition. During this work, the author has been supported
by a FWO travel grant (V4.260.14N) and an ANR grant (ANR-10-BLANC
0114 ArShiFo).

DOCUMENTA MATHEMATICA 20 (2015) 1227-1253



L-INVARIANT FOR SIEGEL-HILBERT FORMS 1231

2 SOME RESULTS ON RANK ONE (¢, I')-MODULE

Let L be a finite extension of Q,. The aim of this section is to recall cer-
tain results concerning (¢, I')-modules over the Robba ring Ry. Let Ly be
the maximal unramified extension contained in L. Let Lj be the maximal
unramified extension contained in Lo, := L(up~) and L' = L - Lj. Let
er = [L(pp=) : Lo(pp=)] = [Iq, : I'L], where I'y := Gal(Lo/L). We de-
fine

Bi ., = {f = anm}lan € Lj, such that f(X) =) a,X"
nez nez

1
is holomorphic on p~ °z7 < |X|, < 1},
T - T,r
BL,rig T U :BL,rig7
T

where 7, is a certain uniformizer coming from the theory of field of norms. Note

that BTL’rig is classically called the Robba ring of Lj,. For sake of notation, we
shall denote write Ry, := B We hope that this will cause no confusion in

L,rig"
what follows.
We have an action of ¢ on Ry. If L = Ly, there is no ambiguity and we have:

p(rp) = (L+7)" =1, p(an) = or;(an).

Otherwise the action on 7z, is more complicated.
Similarly, we have a I'p-action. If L = Ly we have

() = (14 )@ -1,

where Xcyc is the cyclotomic character. If L is ramified we also have an action
of I';, on the coefficients given by

Y(an) = oy(an)

where o, is the image of v via

FL — FL/FL/ E) Gal( 6/L0)
If ay, is fixed by ¢ and I'z, then is it in Q,. We have rkR@pRL = [Loo : Qp,oc]-

Let 6 : L* — E* be a continuous character. Let Rp(d) be the rank one
(p,T')-module defined as follows; fix a uniformizer wy, of L and write § = dpd1
with 60|OZ = 6|OZ’ do(wr) :=1 and 4y is trivial on OF and 6 (wy) := §(wy).
As &g is a unitary character, it defines by class field theory a unique one
dimensional Galois representation b0. Fontaine’s theorem on the equivalence
of category between (¢, T'1)-modules and Galois representations [Fon90] gives
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us a one dimensional (¢, 'f,)-module Dlig(go).

We define Rp(61) := Ry ®q, Ees, so that ¢/=(es,) = 01(wr)es, (here fr is
the degree of Ly over Qp), v(es,) = es and ¢ does not act on the E-coefficient.

Finally, we define Ry (J) = Djig(go) Qr. Rr(d1).

We now classify the cohomology of such a (¢,T')-modules. It will be useful to
calculate it explicitly in terms of Cy, ,-complexes [Benlll, §1.1.5]. We fix then
a generator vz, of I'g; if clear from the context, we shall drop the subscript f,
and write simply 7.

PROPOSITION 2.1. We have HO(RL(8)) = 0 unless 6(z) = [], 7(2)™ with
m, < 0 for all 7; in this case we have HY(R1(8)) = E. We shall denote its
basis by t™™ ® eg5, where

tm = (") €[] Bix @Lr E-

If 6(2) = [L. 7(2)™ with m, <0, then
dimgH (R (6)) = [L: Q) + 1.

If 8(2) = Ny g, (2)|p [1, 7(2)" with k; > 1, then
dimpH' (R (8)) = [L: Qp) + 1.

Otherwise
dimEHl(RL(é)) =[L:Qp).

We have H*(R1(6)) = 0 unless 6(z) = |Npq, (2)|p [1, 7(2)* with k; > 1; in
this case we have H?(RL(5)) = E.

Note that when we choose t72 as a basis we are implicitly using the fact that
we can embed certain sub-rings of Ry, into Bl (see [Benll §1.2.1]).

Proof. The same results is stated in [Nak09, Proposition 2.14, 2.15, Lemma
2.16] for E — B-pairs, but the proof for (¢, I')-modules is the same.
Recall that have a canonical duality [Liu08] given by cup product

H' (D) x H2ii(D* (chcl)) — H? (chcl)~
The last fact is then a direct consequence. O

This allows us to define a canonical basis of H*(RL(|Ny/q, (2)| [T, 7(2)"7)).
We define H} (D) as the H' of the complex

Dcris(D) — tD 2 Dcris(D)
and we have immediately [Nak09, Proposition 2.7]
dimpH} (D) = dimp(H®(D)) 4+ dimgtp. (2.2)

Hence
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LEMMA 2.3. If §(z) =[], 7(2)™ with m,; <0, then
dimpH} (RL(6)) = 1.

If 6(z) = [Ny g, (2)lp [T, 7(2)* with k. > 1, then
dimp H(R1,(6)) = d.

PROPOSITION 2.4. Let D be a semi-stable (p,T')-module over Ry with non-
negative Hodge—Tate weight. Suppose that D (D) = Dy (D)=L, Then D is
crystalline,

D=2 ®RL(5;)
with §;(z) = [, 7(2)™7, mir <0 and Dyt (D) = Deyis(D) = HY(D).

Proof. We follow closely the proof [Benlll Proposition 1.5.8]. As Ny = ppN
we obtain immediately that NV = 0, hence D is crystalline.

Let r be the rank of D over Ry. We write the Hodge-Tate weight as (m;)i_;
where m; = (m; 7).

We prove the proposition by induction; the case r = 1 is easy.

If D is not split, for » = 2, we can suppose, as D is de Rham, that for each
7 we have —my ; < —mgy ;, hence m; = 0 by twisting. Let ¢ be defined by
[I, 7(2)™ . So we have an extension of R (d) by Rpr. Let da be a lift to D of
a basis of Rp. As ¢ = 1 we have pds = dy. As the extension is crystalline we
know that ~« acts trivially too, hence the extension splits.

Suppose now r > 2. Take v in the Fil 2D (D), the smallest filtered piece of
Dy (D). We can associate to it Ry (9), where §(z) = [[ 7(z)™7. We have

0= RL(6)—D—D —0.
By inductive hypothesis D’ = @f;llRL (6;). We can write
Ext(D', Ry (3)) = 64 Ext(Ry (5:), Re (9))
and we are reduced to the case r = 2 which has already been dealt. O

We now want to calculate H} (R (0)) for 6(z) = [[ 7(z)™ with m, < 0. We
recall the following lemma [BenIll Lemma 1.4.3]

LEMMA 2.5. The extension cl(a,b) in H*(RL(5)) corresponding to the couple
(a,b) is crystalline if and only if the equation (1 —v)x = b has a solution in

R () [7]

The following proposition in an immediate consequence of the above lemma
[Benlll Theorem 1.5.7 (i)] (see also the construction of [Nak09] at page 900)

PROPOSITION 2.6. Let e5 be a basis for Rp(5). Then xy, = cl(t™2,0)es is a
basis of H (R (5)).
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REMARK 2.7. If 0 is the trivial character then xo corresponds (via class field
theory) to the unramified Z,-extension of Hom(Gr, EX) = H (G, F).

We now have to cut out another “canonical” one-dimensional subspace in
H'(R () which trivially intersects H{ (R (5)) (and reduces to the cyclo-
tomic Z,-extension in the sense of the previous remark).

We recall that for L = @Q, Benois has defined in [Benlll Proposition 1.5.9]
a canonical complement HZ (Rgq,(z™)) of H{ (Rg,(2™)) inside H'(Rq, (2™)).
He has also defined a canonical basis ym, of H} (Rg, (2™)).

We hence define the extension

1 _
Ym ‘= — Ing(chcl('VL))d(Ovt “es.

€r
When L = Q,, this is the same element y,, as defined by Benois.
We can calculate cohomology of induced (¢,I'g,)-module. Indeed, we now
consider two p-adic fields K and L, L a finite extension of K. The main
reference for this part is [Liu08| §2.2]. Let D be a (¢, 'z )-module, we define

Indp% (D) = {f : T — D|f(hg) = hf(g) Yh €T1}.

It has rank [L : K]rkg, (D) over Rk; indeed Ry is a Rx-module of rank
[L: K]/ITk/Tr| =[Lj : K{]. (The unramified part of L/K plus the ramified
part which is disjoint by K. See after [Liu08, Theorem 2.2].) If D comes
from a Gp-representation V we have

Djig

(IndG (V) = Indpf (D], (V).
We have then the equivalent of Shapiro’s lemma
HY(D) = H'(Ind.X (D)).

Moreover, the aforementioned duality for (¢,T')-modules is compatible with

induction |Liu08, Theorem 2.2].

If D = Rp(d) is free of rank one, then we have an explicit description of

IndL* ( Let e = [Tk /T'L|, we write {wi}::()_l for (T /TL). The
(

D).
L
Indp* (D) is the Rp-span of fi, where f;(g) = w(9)d(Xeye1(9))es.

L

We go back to the previous setting where K = Q, (hence e, = er,). Suppose
d(z) =[I, 7(2)™ with m, <0 and let D = Ind?f” (Rr(5)). Note that in this
case Dy (D) = EIT is a filtered p-module where ¢ acts as a permutation of
length f1,. To Dyt (D)?="! corresponds (by Proposition 24 over Q) a rank-one
(¢,I')-module Rq, (2™°), for mg the minimum of the m,’s (hence —my is the
greatest Hodge—Tate weight of D).

The identifications

H%(Rq, (™)) = Dst(Ro, ("°))?~" = Du(D)*~ = H*(D) = H(RL(9))
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induces (via the maps cl(0, ) and cl( ,0)) an injection
H'(Rg, (:™)) < H'(Ind}” (R.(8))). (2.8)
which sends ., to Zn, and Yy, t0 Ym.

We consider a (¢, I')-module M which sits in the non-split exact sequence
0— My :=®_R(6) = M — My :=®]_;R.(5) =0, (2.9)

where §;(z) = [Nz, (2)lp [I, 7(2)™*" with m;, > 1 for all 7 and §;(z) =
IL. 7(z)* with k; » <0 for all 7. We say that M is of type Uy, & if the image
of M in H'(M) is crystalline.

ProprOSITION 2.10. Suppose that M as above is not of type Uy, . Then we
have dimg(H'(M)) = 2[L : Q,|r and H*(M) = H°(M) = 0. Moreover, if we
write

0 — HO(My) 28 HY (M) L5 H (M) & HY(My) 23 H2(Mo) — 0

we have H'(My) = Im(Aq) & H} (M), Im(f1) = H} (M) and H'(M;) =
Im(g1) & H{ (M).

Proof. We have H°(M) = 0 by definition of M. Note that M*(xcyc) is a
module of the same type, hence H%(M) = H°(M*(Xcya)) = 0. We can write

0 — HO(My) — HY(Mo) & H (M) & H'(My) — HX(M) — 0

and conclude by Proposition 2.1}

Note that dimgH} (M) = rd by 22).

By hypothesis, we have that Im(A1) N H{ (Mp) = 0 and the first statement
follows from dimension counting.

The third statement follows from duality.

For the second statement H}(My) injects into H}(M). As both have the same
dimension, we conclude. |

We give the following key lemma for the definition of the L-invariant

LEMMA 2.11. The intersection of T :=Im(H*(M)) and Im(H*(Rg,(z™°))) in
Im(H'(M,)) is one dimensional.

Proof. The intersection is non-empty as the sum of their dimension is d+ 2 and
Im(H'(M;)) has dimension d 4+ 1. We have that H}(M;) is contained in the
image of H'(Rq, (™)) via ([Z8) and by the previous proposition the former
is not in the image of g; and we are done. o

In particular, we deduce that T" surjects into the image of H!(Rq, (2™°)).
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3 L-INVARIANT OVER NUMBER FIELDS

Let F' be a number field. We consider a global Galois representation
V:Gr — GL, (E)

where E is p-adic field. We suppose that it is unramified outside a finite num-
ber of places S containing all the p-adic places. We suppose moreover that it
is semistable at all places above p (i.e. Dy (lep) is of rank n over F" ®q, F,
being F,"* the maximal unramified extension of Q, contained in F}'").

In this section we generalize Greenberg—Benois definition of the L-invariant for
V' whenever it presents trivial zeros. Note that we do not require p split or
unramified in F'.

Let ¢ be the number of trivial zeros. The classical definition by Greenberg
[Gre94] describes the L-invariant as the “slope” of a certain ¢-dimension sub-
space of H 1(GQP,@;) which is a 2¢-dimensional space with a canonical basis
given by ord, and log,.

In our setting, the main obstacle is that the cohomology of the (¢, T')-module
RF, is no longer two-dimensional and it is not immediate to find a suitable sub-
space. Inspired by Hida’s work for symmetric powers of Hilbert forms [Hid07],
we consider the image of H'(Rg,) inside H'(Rp, ).

If t denotes the number of expected trivial zeros, we show that we can define,
similarly to [Benll], a t-dimensional subspace of H!(Gp,s,V) whose image in
! (Rq,) has trivial intersection with the crystalline cocycle. This is enough to
define the L-invariant; we further check that our definition is compatible with
Benois’.

3.1 DEFINITION OF THE L-INVARIANT

We define local cohomological conditions L, in order to define a Selmer group;
we denote by G, a fixed decomposition group at v in G g and by I, the inertia.
For v { p we define

L, :=Ker (H'(G,,V) — H*(1,,V)).
If v | p we define
L, := H} (F,,V) =Ker(H (G,,V) = H(G,,V @5 Bais)).

If Dllg(V) denotes the (p,I')-module associated with V' we also have L, =

Hl(DLg(V)). We define then the Bloch-Kato Selmer group

Hfl(V) ::Ker( Gps, —)H GMV )

veS

We make the following additional hypotheses:
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Cl) H{ (V)= H{(V*(1)) =0,

C2) H(Gpgs,V)=HGps,V*(1)) =0,

C3) ¢ on Dg(V},, ) is semisimple at 1 € " ®g, £ and p~ e F* ®q, E for
all p | p,

C4) D!

rig(V]r, ) has no saturated sub-quotient of type Up, i, for all p | p.

Note that if V satisfies the previous four conditions, so does V*(1).
The first two conditions tell us that the Poitou—Tate sequence reduces to

HYG,,V)
HY(Grs,V) 2D -t 3.1
( F,S» ) @H}(FU,V) ( )
veSs

For each p | p we denote by V}, the restriction to G, of V. We choose a regular
sub-module D, C D (V,) and define a filtration (D, ;) of Dg(V}).

0 i =2,
(1—p~le)Dy + N(DF™) i=-1,

Dyi= Dy =0 (3.2)
Dy +D(Vp)* "' AN"YDET ) =1,
D..(Vp) i=2.

We have that D, 1/D, _1 coincides with the eigenvectors of ¢ on D(V}) of
eigenvalue 1 (resp. p~1) and which are in the kernel (resp. in the image) of N.
This filtration induces a filtration on Diig(Vp). Namely, we pose

F.D},, (V) = D}

rig rig

(Vo) N (Dy,i @ Ry 0, [t 1),
We define
W, := D, (Vp)/F_1D, (V3).

The same proof as [Benlll Proposition 2.1.7] tells us that we can find a unique
decomposition

Wy =Wyo @ Wy @ M,

such that t,o = dimpHO(W; (1)) = rankg . Wpo, tp1 = dimgHO(W,) =
rankRFp W1 and M, sits in a sequence

0= Myo 5 My % Myq — 0
such that gr®(D,, (V,)) = Wp0® M, 0 and gr! (D, (V) = W1 © M, 1. More-
over M, is non-split; by construction we have H(M,) = H?(M,) = 0 and if
the exact sequence were split we would have H°(M,) # 0 and H?(M,) # 0.
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We can prove exactly in the same way as [Benlll Proposition 2.1.7 (i)] that
C4 implies rankRFp My 1 = rankRFp M, 0.

In order to define the L-invariant we shall follow verbatim Benois’ construc-
tion. For sake of notation, we write D; for Diig(‘/};). We obtain from [Benll|
Proposition 1.4.4 (i)]

H} (gr*(D})) = H(gr*(D})) = 0.
We deduce the following isomorphism
H} (F\D}) = H{(D}) = H} (F,.V). (33)

As the Hodge—Tate weights of F,lDfJ are < 0, we obtain from [Benlll, Proposi-

tion 1.5.3 (i)] and Poiteau-Tate duality H> (F_lD;) = 0. Using the long exact
sequence associated with

0— F_,D} — FiD} = W, =0
we see that

H'(W,) _ H'(F_,D})

H{(Wy)  H{(Fp, V)

As Greenberg and Benois do, we make the extra assumption that
C5) Wyo=0forall p|p.

Using Proposition 241 we can write gr! (DJ{,) = @it Rp, (I1, 7 ()"0 ).
We define the 2(¢, 1 + rp)-dimensional subspace obtained as the image of

tp,1+7p
Ind, := { > Eacmi—i-Eymi} C H'(gr'(D))). (3.4)
=0

We define
T, = (H'(FD}) NInd,)/H{ (Fp, V).

It has dimension ¢, 1 + 7.
Write t = -, tp,1 + 1. We have a unique ¢t-dimensional subspace HY(D,V)
of HY(Gr,s,V) projecting via @) to ®yT,. We have an isomorphism (cfr.
[Benlll Proposition 1.5.9])

Indp & Deris(Wy 1 ® My 1) @ Dexis(Wp1 & My 1) = B 1 H70 @ Eleatre,

where the first (resp. the second) factor is identified with Et 177 via the basis
{xm} (resp. {ym}) We shall denote the two projections by ¢, and ¢¢ p.

We denote by ¢ (resp. tc) the projection of H'(D,V) to E' via @iy, (resp.
@le,p). By the remark after Lemma 2Tl and the definition of T}, we have that
Lc 18 surjective.

Summing up, we can give the following definition;
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DEFINITION 3.5. The L-invariant of the pair (V, D) is
L(V,D) :=det(1r 01.1),

where the determinant is calculated w.r.t. the basis (30m7,7ym,~)1<. o
— 7 1<0,5<

REMARK 3.6. There is no a priori reason for which L(V, D) should be non-zero.

In the case W, = M, we see from the description of Hl(FlD;) that the space
T, depends only on V| By exactly as in the classical case.

3.2 COMPARISON WITH BENOIS’ DEFINITION

Fix a global field F' and let {p} be the set of primes above p.

Let G}, denote a fixed decomposition group at p in Gg and let pg be the corre-
sponding place of F'. Let Gy, r be the decomposition group at po in Gp. For
each other place p above p in I, we have Gy = 7,Gp7, !. We shall denote by
Gy, F the corresponding decomposition group in Gr. Consider a p-adic Galois
representation

V:Gp— GLn(E)

We shall suppose E big enough to contain the Galois closure of F}, for all p.
As before, we suppose V semistable at all primes above p. We have then

~ _ G
Ind;%i(V)lcp =P, "nd¢? Vi,
P

where 7, € G, \ Hom(F, Q).
Consider the (g, T")-module

T
D! := D[,

(magv).

We let D be the regular (p, N)-module of Dy (D) induced by {Dp},. As

before we have a filtration (F;D') on D' induced by the filtration on D. We
denote by W the quotient F;D/F_;D'. Note that it is semistable. We write
W =Wy & M & W;. We suppose that V satisfies the hypotheses C1-C5 of the
previous section.

LEMMA 3.7. Let M be as in (2.9). We have
0 — Ind(Mpy) — Ind(M) — Ind(M;) — 0.
We can now compare our definition of L-invariant with Benois’.
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ProproOSITION 3.8. We have a commutative diagram

Resp g1 (7 DT (Ind(V H'(F_,Dt
H'(Go.s,Ind(V) = H'(Ind(V), Ind(D)) =" "5 2150 = ey

| 5

H'(Grp.3,V) ~——— H'(V, D) ol 1, 7;

whose vertical arrows are isomorphism.

Proof. We follow [Hid06, §3.4.4]. Recall that we wrote D} for D (V,).
Shapiro’s lemma tells us that
HY(Gp,Ind}V) 1
H(Gp, Ind2V)

H'(D)
1y’
p

v Hi(Dp)
We are left to show that H'(F;DT(Ind(V))) is sent by ¢, into (Hl(FlD;g)ﬂInvp)
and we shall conclude by dimension counting.

We have then an injection

FiD! (Ind (V) < ®,Ind(F1 (D], (V))).
Then clearly the image of ¢, lands in H'(F} D;). But we have also the injection

gr' (D]

rig

(IndV)) = @y Ind(gr' (D] (V5)))
which by (28) tells us that the image of ¢, lands in Inv, and we are done. O
COROLLARY 3.9. We have L(V, D) = L(Ind%(V), Ind%(D)).

4  SIEGEL—HILBERT MODULAR FORMS, THE LOCAL CASE

The calculation of the L-invariant requires to produce explicit cocycles in
HY(D,V); when V appears in Ad(V') for a certain representation V' we
can sometimes use the method of Mazur and Tilouine [MT90] to produce
these cocycles. This has been done in many case for the symmetric square
[Hid04l [Mok12] and generalized to symmetric powers of the Galois representa-
tion associated with Hilbert modular forms in [Hid07, [HJI3]. The main limit
of this approach is that for most representations V' it is computationally heavy
to obtain V' as the quotient of an adjoint representation.

In the case DLg(V) = W = M the situation is way simpler; if ¢ = 1 it has been
proved in [Benl0] that to produce the cocycle in H(V, D) it is enough to find
deformations of Vg, .

We shall generalized the method of Benois to our situation in the case W, = M,
and r, = 1. This will allow us to give a complete formula for the L-invariant
of the Galois representations associated with a Siegel-Hilbert modular form
which is Steinberg at all primes above p.
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4.1 THE CASE t, =71, =1

We now suppose that W, = M, and r, = 1. For sake of notation, in this
section we shall drop the index . In particular, in this subsection F' = Fj,.
All that we have to do is to check that the calculation of [Benlll Theorem 2]
works in our setting.

We write as before

0—>My—>M— M —0

and, only in this subsection, we shall write § for the character defining M, and
¢ for the character defining M. We suppose § = ¢’ o Np/q, for §'(z) = |z[,2"
with k£ > 1 and ¢ = ¢’ o Np/q, with ¢'(z) = 2™ with m < 0. We consider an
infinitesimal deformation

0— Mo a— Ma— M a—0,

over A = E[T]/(T?). We suppose that My 4 (resp. M 4) is an infinitesimal
deformation of My (resp. M;) which still factors through Ng/q, .

We shall write d4, 6’4, ¥4 and 1’y for the corresponding one-dimensional char-
acter.

THEOREM 4.1. Suppose that dlogp(é;lw;l71)(chcl(’yQp))) # 0; then

S dlog, (649, ")(w)
dlog, (8,4 (Xeyel (70,))
Proof. Recall the definition of Ind in (B:4]). We have a vector v = azy, + by, in

H'(FD")NInd. By definition £(M) = ab~!. The extension M; 4 provides us
with connecting morphisms B} : H*(M;) — H*"'(M;). We have by definition

‘C(Ma MO) = - 1ng (chcl(fYQp))

BY(t™"em) =cl(dlog(4y) (0)t ™ em, dlog(¥a) (Xeyel (Y, ) )t~ " em)
=dlog (8’4 )(p)m + dlog(8s) (Xeye1 (Y@, ))Ym- (4.2)

As in [Benl0, §3.2] we consider the dual extension
0 = M (Xeyet) = M (Xeyer) = Mg (Xeyel) = 0,

and we shall denote with a * the corresponding map in the long exact sequence
of cohomology.
We have hence ker(A;) LIm(Af) under duality, and a map

H' (M) = H'(Rq, (|2[z'~™)).

By duality again, we deduce that the image of Aj inside the target of the above
arrow is

aqy —m + bﬁl—ma
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where aq_, (resp. B1—m) is the dual of z,, (resp. y.,) as in [Benl0), Proposition
1.1.5).
We now consider the map

By HY (M (Xeyet)) = H2(M] (xeya) = H?(Ro, (|2]2™)) = E.

We can use [Benl0, Proposition 2.4] to see that after the above identification
of H? with E we have

B (1-m) = clog, (xeyei(10,))~ dlog, (¥4~ (Xeyer(1g,)): (4.3)
BY (B1-m) = edlog, (¥ (p)), (4.4)

where ¢ € E*. We consider the following anti-commutative diagram

HO(M; (Xeyer)) —2 B (M (Xey))
lBé* lB}*
HY(M; (Xeyer) —= H2(M; (Xey))
which means
BI'Ay = —ATB}.

We calculate this identity on t'~%e;_. Applying [@3) and ([&4) to w;l_l Xeyel,
@2) to 8"y Xeya and using [Benl0, (3.6)] which says

ABJT(t7F) = ¢ (bdlog,, (8% (p) + adlog, (8s) (Xeyer(10,)))
we get

dlog, (¢ )
d logp (51411)14 -1 ) (chcl (f}/Qp ))

We conclude as &4 (p)! = 6a(w). O

b~ 1 a=— logp (chcl (IYQp ))

REMARK 4.5. In particular, this theorem proves that this definition of L-
invariant is compatible with the Fontaine-Mazur one [Pot1]), [Zhallll.

4.2 CALCULATION OF THE L-INVARIANT FOR STEINBERG FORMS

We fix a totally real field F'. Let I be the set of real embeddings. Fix two
embeddings

Cp+Q—C

as before. We partition I = L,I, according to the p-adic place which each
embedding induces. We shall denote by ¢, = pfr the residual cardinality for
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each prime ideal p. We consider an irreducible representation m of GSp,, /P
algebraic of weight k = (k;),, where (k;) = (kr1,...,krg; ko) (ko is a parallel
weight for Res%(((}m)) with k-1 <kro...<krg Ifk:1 > g+1 for all 7, then
the weight is cohomological. The cohomological weight of 7 is then

(Hr), = (kr)r —(g+1,...,9+1;0) .

For parallel weights k, we shall choose ky = gk.
We now describe the conjectural Galois representation associated with .
We have a spin Galois representation Vipin (whose image is contained in
GLg2s) and a standard Galois representation Vi, (whose image is contained
in GLgg+1) given respectively by the spinorial and the standard representation
of GSpin,, | = LGSpgg.
Thanks to the work of Scholze [Sch15] we now dispose of the standard Galois
representation (see for example [HJ13, Theorem 18]). We also know the exis-
tence of the spin representation in many cases [KS14].
We now recall some expected properties of these Galois representations. Our
main reference is [HJ13] §3.3]. We will make the following assumption on 7 at
p;

for each p | p either 7, is spherical or Steinberg.

We explain what we mean by Steinberg. Consider the Satake parameters at p,
normalized as in [BS00, Corollary 3.2], (a1, ..., 0yp,). We have the following
theorem on Iwahori-spherical representation of GSpy,(F,) [Tad94, Theorem
7.9].

THEOREM 4.6. Let ov,...,aq,a be g + 1 character of F,*. Let BGsng be

the Borel subgroup of Spy,(Fy). Then IndgiZiZ(F”)(al X oot X g X @) is not

wrreducible if and only if one of the following conditions is satisfied:

1) There exist at least three indexes i such that oy has exact order two and
the a;’s are mutually distinct;

1) There exists i such that c; = |N( )|pi1;

iii) There exist i and j such that o; = |N( )|pi1aji1.

REMARK 4.7. As shown in [HI13, Lemma 19], such a points are contained in
a proper subset of the Hecke eigenvariety for GSp,,.

DEFINITION 4.8. We say that m, is Steinberg if o; = |N()|b e

If my is Steinberg at p, then oy i(wy) = gpop,1(wp).

Trivial zeros appear also for automorphic forms which are only partially
Steinberg at p and can be dealt exactly at the same way as the parallel one
but for the sake of notation we prefer not to deal with them.
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To each g + 1 non-zero elements (t1,...,t4;t0) € (AX)gJr1 we associate the
diagonal matrix

u(ty, ... tgito) == (t1, ... tg, tot, ", .. toty ")

of GSpy,(4).

For 1 < i < g —1 we denote by uy; the diagonal matrix associated with
(1,...,1, wgl, . ,wgl;w,f), where w, appears i times; we also denote by
up o the diagonal matrix corresponding to (1,...,1; w;l).

DEFINITION 4.9. The Hecke operators U, ;, for 1 < i < g are defined as the
double coset operator [Iwuy g—Iw].

We have that U, 4 is the “classical” U, operator [BS00, §0]. We shall say then
that 7 is of finite slope for U, 4 if U, 4 has eigenvalue oy o 7# 0 on .

We are interested to study the possible p-stabilization of 7 (i.e. Iwahori fixed
vectors). If m, is unramified at p, we have then 29g! choices (see [HJ13| Lemma
16] or [BS00, Proposition 9.1]). If m, is Steinberg, we have instead only one
possible choice, as the monodromy N has maximal rank.

Suppose that we can lift 7 to an automorphic representation 7(2) of GLgs.
We suppose also that we can lift 7 to an automorphic representation 7(29+1)
of GLag41.

Let V = Vgpin (resp. Vi) be the Galois representation associated with (29
(resp. m(29T1)). We make the following assumption

LGP) V is semistable at all p | p and strong local-global compatibility at [ = p
holds.

These hypotheses are conjectured to be always true for f as above. Arthur’s
transfer from GSp,, to GLagi1 has been proven in [Xu] (note that it is now
unconditional [MW]) and for V' = Vi, this hypothesis is then verified thanks
to [Carl4, Theorem 1.1]. These hypotheses are also satisfied in many cases for
V = Vipin in genus 2 (see [AS06, [PSS14]).

Roughly speaking, we require that

WDV =

where WD(V|f,) is the Weil-Deligne representation associated with Vi, a la

Berger, ﬂén) is the component at p of 7(™, and ¢, is the local Langlands

correspondence for GL,,(F},) geometrically normalized (n = 2¢g 4+ 1 when V is
the standard representation and n = 29 when V is the spinorial representation).

P2g(

. . . . GS
When 7, is an irreducible quotient of Ind 5 p1 Q- ® ozmg) we have that
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the Frobenius eigenvalues on WD(Vspin‘ F )* are the 29 numbers

Qp,0 H ap.iy (@p) -+ api, (@)
0<r<yg
1< <...<ir<yg

The ones on WD (Vstap, )** are

(ap_j](wp)a s ,Oé;i(wp), 17 apyl(wp)a RS apyg(wp)) .
Moreover, the monodromy operator should have maximal rank (i.e. one-
dimensional kernel) if we are Steinberg or be trivial otherwise. (This is also a
consequence of the weight-monodromy conjecture for V.)
Let p be a p-adic place of F' and let 7 be a complex place in I,. The Hodge-Tate
weights of Vspianp at 7 are then

ko | 1<~ ‘
<§+§;s<z><kmz>) :

€

where e ranges among the 29 maps from {1,...,g} to {£1}.

The one of Vsta‘F’j are (1 —Fkrg,....,9—kr1,0,kr1 —g,...,krg—1).

Thanks to work of Tilouine-Urban [TU99], Urban [Urb11], Andreatta-Iovita-
Pilloni [AIP15] we have families of Siegel modular forms;

THEOREM 4.10. Let W Homcont (z;x((oF ®Zzp)x)g,<c;) be

the weight space. There exist an affinoid mneighborhood U of kg =
((z, (z:)0_1) = 2™ 1, [T 7(20)%) in W, an equidimensional rigid va-
riety X = X, of dimension dg + 1, a finite surjective map w : X — U, a
character © : HNP — O(X), and a point x in X above k such that x o ©
corresponds to the Hecke eigensystem of .

Moreover, there exists a dense set of points x of X coming from classical
cuspidal Siegel-Hilbert automorphic forms of weight (ki r; ko) which are regular
and spherical at p.

REMARK 4.11. Assuming Leopoldt’s conjecture, the multiplicative group appear-

e
ing in the definition of W is, up to a finite subgroup, (O ®z Zp)x)ng JOx
(i.e. the Zp-points of the torus of Res%(GSpgg) modulo the Z,-points of the
center).

This allows us to define two pseudo-representations Ry : Gg — O(X), for
? = spin, sta, interpolating the trace of the representations associated with
classical Siegel forms [BC09, Proposition 7.5.4]. Suppose now that V7 is abso-
lutely irreducible (this is conjectured to hold when 7 is Steinberg at least at
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one prime); we have then, shrinking ¢/ around k if necessary, a big Galois repre-
sentation p; with value in GL,,(O(X)) such that Tr(p») = R [BC09, page 214].

_ S ery kratetke—k
For 1 < j < g we define A\p(upy—j) = w, =" ' 7 and

Zrcr, (br itttk g—ko) /2 . .
Ap(tupo) = wp <" ' v/ . We have analytic functions S, ; :=

Oy, Ap(up,g—j)lp) € O(X). We proceed now as in [HJ13]. We recall the
following theorem [Liul3] Theorem 0.3.4];

THEOREM 4.12. Let p : G, — GL,(O(X)) be a continuous representation.
Suppose that there exist k1(x),. .., kn(x) in Fy ®q, O(X), Fi(x),..., Fa(x) in
O(X), and a Zariski dense set of points Z C X such that

e for any x in X, the Hodge—Tate weights of p, are k1(x), ..., kn(T);
e for any z in Z, p, is crystalline;
o forany z in Z, kr1(2) < ... < Krn(2), for all T € I;

o for any z in Z, the eigenvalues of ©f* on Duis(Vy) are
Hrelp T(wP)KT’l(z)Fl (2)5+ 005 Hrelp T(WP)KT’"(Z)Fn (2);

o for any C in R, defines Zc C Z as the set of points z such that for all
I,J C {1,....n} such that |} ,c; Kkir(2) — D ey 6rj(2)| > C for all
T € I,. We require that for all z € Z and C € R, Z¢ accumulates at z.

e for 1 < i < n there exist character x; : O;p — O(X)™ such that its
derivative at 1 is k; and at each z € Z we have x;(u) = [, 7(u)"i().

Then, for all x in X non-critical and regular (k1(x) < ... < kn(x) and the
eigenvalues of @ on N\' Deris(Va) are distinct for all i) there exists a Zariski
neighbourhood U of x such that py is trianguline and its graded pieces are
Ru(Xi)-

Here the rank one (¢, I')-module Ry (x;) over U is defined similarly as in Section
2 following [Liul3}, §0.2].

We can apply this theorem and show that the (p,I')-module associated with
P?\Gg, is trianguline. We now explicit the triangulation, given in [HJ13] §3.3].

As seen before, a p-stabilization of m, corresponds to a permutation v and a
map €.
The eigenvalues of ¢fv are given by

H T(wp)clJer,rﬂp’l’

T€l,

H T(wp)cri-ui,r BP,i—l

)
T€l, ﬂp,z

I rip oot Poat
p.g

T€l,
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where ¢;’s are a positive integer independent of the weight.
We define the following characters of F, with value in O(X):

Bpi—1
Xp,i\Wp) =
pz( P) Bp,i )
Bp,g—1
Xp,g(@p) = ;’ ;
p.g

i+,
and xp,i(u) = Hrel,, T(u) T

From [HJ13, Lemma 19] we have that the graded pieces of DLg(Vsmp) are

then given by the characters xp.q4,...,1,... 7X;,é-

Concerning Vipin, we number the subsets of {1,...,g} as I, Is, ..., Iss. Each
I; corresponds to a map ¢; : {1,...,9} — *1.
We have then the graded pieces d, ; are given by the characters

R0+ 5 (ki -
Ope,(u) =[] r(w)@* =,

T€l,

Op,e; (@@p) =Ppg ]___[ Xp,i (@p)-

il

Let V be either Vsia or Vipin. If m, is Steinberg, there is only one choice of a
regular (¢, N)-sub-module Dy of D (Ve ), where V' is one of the two repre-
sentations associated with 7w described above. If the form is not Steinberg at p
many different regular sub-module can be chosen.

In any case, we expect (and we shall assume in the follow) that there is at
most one trivial zero for each p. Consider now the representation m of parallel
weight k (i.e. associated with NF/Q(detE), k € Z) as in the introduction.

We give a preliminary proposition on the factorization of the L-invariant. Re-
call the set SSPM1 and SS5tP defined in the introduction, we have the following;

PROPOSITION 4.13. We have the following factorization

L(V,D) =LV, D) [ £(V,D),,

peSstb

where L(V, D)SPY comes from the prime in SP and the factors L(V, D), are
local.

Proof. We follow [Hid07, §1.3]. In the notation of Section Bl we write
Wi = @pegsenWp 1 and My = Dpegseni My 1. We are left to show that the
endomorphism ¢f 0 171 of Deyis(W1 @ My) = E* keeps stable Deyis(M7) and on
the quotient it respects the direct sum decomposition @, ¢ 55t Deris (W 1).
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Consider a prime py € SS* and a cocycle ¢ € HY(D, V) such that res,(c) = 0
for all p # po. This means that res,(c) € H{ (Fp, V) = H} (Fp, My) (by (B3)).
We have hence ¢y (c) = 0 for all primes p # po as H! is the direct sum com-
plement of H} (see [Benlll Proposition 1.5.9]).

If p in S5t by Proposition 210 we also have ¢ ,(c) = 0.

The proposition then follows from standard linear algebra as in [Hid07, Corol-
lary 1.9]. O

REMARK 4.14. A key ingredient in the proof of the factorization at Steinberg
places is that each prime ideal brings a single trivial zero.

We now consider the case V = Vi,. We have a contribution to trivial zeros
from the m,’s which are Steinberg and possibly from the 7, which are spherical.
In particular, if we choose the regular sub-module coming from an ordinary
filtration, we always have a trivial zero coming from each place.

For all 1 < s <min(k — g — 1,9 — 1) we have also egyp, trivial zeros for V(s).

THEOREM 4.15. For m, Steinberg we have
1 dlog,, By,1(k)
o dk .

where k is the parallel weight variable.
For1<s<min(k—g—1,9—2) we also have

1 dlog, (B 1Bk (B)
P fe dk lk=k

£V, D), =

L(V(s), D(s))

and if g—1 <k —g—1 we have

1 dlog,(Bpy1B52(K)
fo dk ki

Proof. We note that we can specialize to a parallel family, so that no con-
tribution from the denominator appears. We can apply Theorem ]| for
541" (wp) = Xp.i(w@p). The factor log,(u) disappears because of the change
of variable T + u* — 1 (u any topological generator of Ly ). O

L(V(g—1),D(g—1)), =

REMARK 4.16. The presence of f, in the denominator can be explained in
terms of the p-adic L-function for the induced representation, its missing Euler
factors at p and Conjecture .2 See [Hid09, pag. 1348].

From now on, V = Vipin(k — 1) (s = k — 1 is the only critical integer); if m,
is spherical it should not give any trivial zeros (as the corresponding p-adic
representation is conjectured to be crystalline and consequently the ;’s are
Weil numbers of non-zero weight).

So we are left to see what happen at the primes Steinberg at p. Twisting by 8,4
the triangulated (¢, I')-module of pspin we are in the hypothesis of Theorem [A.]]
and we have
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THEOREM 4.17. For m, Steinberg we have

1 dlog, Bp.1(k)
Te dk lhek

where k is a parallel weight variable.

£(V,D), =

5 THE CASE OF THE ADJOINT REPRESENTATION

We prove Theorem [[4] of the introduction. We consider only the case g = 2.
Fix an automorphic representation 7 of weight k = (Eﬂl, vk g ky)- and let
V' = Vipin be the spin representation associated with m. Let p = pspin be the

corresponding big Galois representation.

We specializes the eigenvariety X’ of Theorem[£.I0to the subspace of the weight
space given by the equations k; ; = k; - if 7 and 7" induce the same p-adic place
p and kg = k;. We shall denote the new variable by k; ; and this eigenvariety
by X’. For simplicity, we rewrite the graded pieces of V as

kotkp,1tkp,2—3

2
)

ko+kp,2—kp1+1

2
i

2
)

)

)
jE
)ko—ky,l—kpgw
where k = (kp,1, kp,; ko),

The representation space of Ad(V) is given by the matrices

Gpy = {X € 6L4|X'T + JX =0}.

The p-stabilization on V' induces a natural p-stabilization and consequently a
regular sub-module Dag on Ad(Vipin). We have

Dpd_q = {nilpotent X},
Dagp = {unipotent X}.

The basis for the space Dadqg/Dad_1 is given by the two diagonal matrices
di =[-1,0,0,1] and dp = [0,—1,1,0]. We shall denote by d, ; these matrices
when seen as a vector for Ad(V},).

ProproOSITION 5.1. Suppose that C1-C4 holds for V. Suppose that the clas-
sical E-point x in the eigenvariety X' corresponding to m is étale above

the weight space. Then, the space L(Dpq,V) is generated by the image of
dlog, dp,: )
( dkyr TP o et
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Proof. The proof is standard and goes back to [MT90], so we shall only sketch
it. Let A = E[T]/(T?). Consider an infinitesimal deformation of p given by

pa=V oo

note that p’ can be written as the first order truncation of %, where v is any
direction in the weight space.
From p4 we can construct a cocyle ¢, 4 defined by

Gr 230w p(o)V (o).

It is easy to check that this defines a cocycle with values in VQV™*. Moreover its
image lands in Ad(V) C V®V™ as the determinant is fixed (by our choice of the
Hodge—Tate weight on X’). Writing explicitly the matrix for the (¢, I')-module
associated with p4 we obtain

—8‘;’;1 * * * 5;} * * *
06y 2 * 7 072 & *
Ov p,2
[l -1
p,3 * 5 %
3
% gspa " 51
ov k=t P4 | k=t

In particular, they are upper triangular and their projection via ¢f onto the

. dlog, Fy1(k .
vector dy 1 is Og”diﬂ”’l()l _,+ Similarly for dp .

O(kp,1+kp,2)/2
ov [k=x"

By hypothesis, the projection to the weight space is étale at x and hence

We also have that the projection via tc onto dp 1 is —

{%} is a base of the tangent space at z in X’ and we are done. [
i) pi=1,2

We can now prove Theorem [[.4] which we recall;

THEOREM 5.2. Let m be an automorphic form of weight k. Suppose that hy-
pothesis LGP is verified for Vipin and the point corresponding to m in the eigen-
variety X' is étale over the weight space. We have then

dlog, Fy, 1(k) Olog, Fy, 2(k)

2 ok ok
_ Pyl pj.l
L(Ad(Vipin), Daa) = ]___[ Fdet dlog, Fy, 1(k)  dlog, Fp, 2(k)
p 7P ky - 2 kp . 2 o
3’ J» 1§17]§t|k:k

Proof. By hypothesis we can use Proposition [£.I so we just have to follow
the proof of [Hid06, Theorem 3.73]. The matrix of ¢ is exactly what appears

in the Theorem, while the matrix of ¢, can be directly calculated using the

dlogp(uikﬁ‘vi)
dkps

a contribution of 27! for each prime ideal p. O

formula = £0,p0; ; (where d, 5 here is Kronecker delta) and gives
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