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1. INTRODUCTION

Gabriel [Gab62] introduced a classification theory of subcategories of the cate-
gory of modules over a ring. The theory relates several classes of subcategories
to collections of ideals, and it reveals that geometry of the prime spectrum of
a commutative ring is reflected in the structure of subcategories of modules.
In this paper, we extend Gabriel’s result (Theorem 1.2)) to an arbitrary locally
noetherian scheme X and give a systematic classification of subcategories of
the category QCoh X of quasi-coherent sheaves on X.

We deal with the following classes of subcategories.

DEFINITION 1.1. Let A be a Grothendieck category.

(1) A prelocalizing subcategory X of A is a full subcategory of A closed
under subobjects, quotient objects, and arbitrary direct sums.

(2) A localizing subcategory of A is a prelocalizing subcategory of A closed
under extensions.

(3) A closed subcategory of A is a prelocalizing subcategory of A closed
under arbitrary direct products.

(4) A bilocalizing subcategory of A is a prelocalizing subcategory of A which
is both localizing and closed.

It is known that a full subcategory X of a Grothendieck category A is prelo-
calizing (resp. closed) if and only if X is closed under subobjects and quotient
objects, and the inclusion functor X — A has a right adjoint (resp. both a
right and a left adjoint). See [Proposition 4.3] and [Proposition 11.2

The notion of closed subcategories can be regarded as the categorical refor-
mulation of closed subschemes of a given scheme. In fact, for every ring A,
Rosenberg [Ros95|] showed that there is a bijection

{ two-sided ideals of A} — { closed subcategories of Mod A}

given by I — {M € Mod A | MI =0}. It has been shown that the analogous
results hold for every noetherian scheme with an ample line bundle ([Smi02]
Theorem 4.1]) and for every separated scheme ([Brald, Proposition 3.18]).
One of the aims of this paper is to classify the closed subcategories of QCoh X
for a locally noetherian scheme X. In more generality, we classify the prelo-
calizing subcategories of QCoh X by giving an analog of the following famous
theorem by Gabriel [Gab62].

THEOREM 1.2 ([Gab62, Lemma V.2.1]; [Theorem 9.3). Let A be a ring. There
s a bijection

{ prelocalizing subcategories of Mod A’}
— { prelocalizing filters of right ideals of A}

given by Y — {L C Ain ModA|A/Le)}.

Note that the prelocalizing filters of right ideals of A bijectively correspond to
the right linear topologies on A (see [Ste75l section VI.4]).
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For a locally noetherian scheme X, there exist too many filters of quasi-coherent
subsheaves of Ox compared with the prelocalizing subcategories of QCoh X.
Hence we need to consider a suitable class of filters, which we call local filters
(Definition 9.5). By using local filters, we obtain a classification of prelocalizing
subcategories, and as a consequence, we deduce classifications of localizing
subcategories, closed subcategories, and bilocalizing subcategories.

THEOREM 1.3 (Theorem 9.14] [Corollary 10.9] [Theorem 11.9] [Corollary 12.7]
(Iheorem 11.11} and |Corollary 12.11). Let X be a locally noetherian scheme.

There is a bijection

{ prelocalizing subcategories of QCoh X }
— { local filters of quasi-coherent subsheaves of Ox }
given by
yH{ICOX mn QCth‘ OTXEJ)}.
This bijection restricts to bijections

{ localizing subcategories of QCoh X }
{ local filters of quasi-coherent subsheaves of Ox }
4) Y

closed under products

{ closed subcategories of QCoh X }

— { principal filters of quasi-coherent subsheaves of Ox },

and

{ bilocalizing subcategories of QCoh X }
{ principal filters of quasi-coherent subsheaves of Ox }
— .

closed under products

In particular, there exists a bijection between the closed subcategories of
QCoh X and the closed subschemes of X, and it restricts to a bijection be-
tween the bilocalizing subcategories of QCoh X and the subsets of X which are
open and closed.

The key of the proof of [Theorem 1.3 is to reduce the problem to open affine
subschemes, and this part is in fact a consequence of the general theory of
Grothendieck categories ((Theorem 8.11)). The notion of atom spectrum plays
a crucial role in this process, and it clarifies the essential properties of the
Grothendieck category QCoh X.

The atom spectrum ASpec A of a Grothendieck category A is the set of atoms
in A which were introduced by Storrer [Sto72] (Definifion 3.6)). It is regarded

as the collection of structural elements of the Grothendieck category in our

previous studies [Kanl2l [Kan15b, [KanThal. An atom is a generalization of

a prime ideal of a commutative ring. Indeed, for every commutative ring R,
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there exists a canonical bijection between ASpec(Mod R) and Spec R (Propo-
sition 3.7). For a locally noetherian scheme X, it is shown in this paper that
there exists a canonical bijection between ASpec(QCoh X) and the underlying
space of X (Theorem 7.6). Several fundamental notions of commutative rings
and locally noetherian schemes are generalized to Grothendieck categories in
terms of atom spectrum as summarized in [Table 11

In this paper, we also generalize another kind of Gabriel’s classification
of localizing subcategories. Gabriel [Gab62] showed that for a noetherian
scheme X, the localizing subcategories of QCoh X bijectively correspond to
the specialization-closed subsets of the underlying space of X ([Gab62, Propo-
sition VI.2.4 (b)]). This result has been generalized by a number of authors.

(For example, [Hov01], [Kra08|, [GP08al, [GPO8b], [Tak08], [Tak09], ﬂm
[Kra97|, [Kanl2], and [KanIb5a] to some abelian categories. See [GP08a] o

[Tak09] for generalizations to derived categories.) By combining the theory
of atom spectrum and the description of the atom spectrum of QCoh X for a
locally noetherian scheme X (Theorem 7.6)), we obtain the following result.

THEOREM 1.4 (Theorem 7.8)). Let X be a locally noetherian scheme. There is
a bijection

{ localizing subcategories of QCoh X } — { specialization-closed subsets of X }
given by X — Supp X. Its inverse is given by & — Supp ' &.

This paper is organized as follows. In [ection 3l we recall the definition of
the atom spectrum and fundamental notions and results on it. Section (] is
devoted to preliminary results on subcategories and quotient categories by lo-
calizing subcategories. In we summarize results on the atom spec-
trum and the localization at an atom. In we introduce the class
of Grothendieck categories with enough atoms and show that the localizing
subcategories are classified in terms of the atom spectrum for a Grothendieck
category with enough atoms (Lheorem 6.8)). In [section 7l we describe the
atom spectrum of the Grothendieck category QCoh X for a locally noether-
ian scheme X and show that QCoh X has enough atoms (Theorem 7.6). In
Kection 8 we investigate a Grothendieck category A with some properties and
relate the prelocalizing subcategories (resp. localizing subcategories) of A with
the prelocalizing subcategories (resp. localizing subcategories) of quotient cate-
gories of A. For a locally noetherian scheme X, the prelocalizing subcategories,
the localizing subcategories, the closed subcategories, and the bilocalizing sub-

categories of QCoh X are classified in [section 9l [section 10l [section 11| and
respectively.

REMARK 1.5. In this paper, we use the words “prelocalizing”, “localizing”, and
“bilocalizing” subcategories in the same way as in [Pop73]. Some authors use
different terminology on these subcategories and also on “closed” subcategories,
which are summarized below. Note that we always work inside a Grothendieck
category.
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TABLE 1. Corresponding notions on ASpec A, Spec R, and X

Grothendieck category A Commutative ring R Locally noetherian scheme X
Atom spectrum ASpec.A Prime spectrum Spec R Underlying space | X|
Atom « in A Prime ideal p of R Point x € X
Associated atoms AAss M Associated primes Ass M Associated points Ass M
Atom support ASupp M Support Supp M Support Supp M

Open subsets of ASpec A
{a} for a € ASpec A
a1 < ag
Maximal atoms in A
Open points in ASpec A
Minimal atoms in A
(=Closed points in ASpec .A)
Generic point in ASpec A
Injective envelope E(«)
Residue field k()
Atomic object H(«)
Localization A,

Specialization-closed subsets of Spec R Specialization—cl@d subsets of X
{q€eSpecR|qCp}forpeSpecR {yeX|ze{yt}forzeX

p1 C p2 {21} 3 2
Maximal ideals of R Closed points in X
Maximal ideals of R Closed points in X
Minimal prime ideals of R Points in X of height 0
Unique maximal ideal of R Unique closed point in X
Injective envelope E(R/p) Jesx B ()
Residue field k(p) Residue field k(x)
Residue field k(p) Jaik(x)
Mod R, Mod Ox ;.

©IVOIHODHALVY) 40 NOILLVDIAISSVT))
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(1) Prelocalizing subcategories are often called weakly closed subcategories.
This terminology was introduced by Van den Bergh [VdB01], and fol-
lowed by [Smi02] and [Pap02], for example. Closed subcategories in
[VdBO1] were defined in the same way as we do.

(2) Van den Bergh used different terminology in the preprint version
[VAB98]. Weakly closed (resp. closed) subcategories in the published
version [VdBOI1] were called closed (resp. biclosed) subcategories in
[VdB9S|. This fits into Gabriel’s terminology [Gab62].

(3) In the context of torsion theory, such as in [Ste75, Chapter VI], pre-
localizing subcategories, localizing subcategories, and bilocalizing sub-
categories in this paper are called hereditary pretorsion class, hereditary
torsion class, and TTF-class (TTF indicates “torsion torsionfree”), re-
spectively.

(4) In [Brald], our prelocalizing subcategories (resp. closed subcategories)
are called topologizing subcategories (resp. reflective topologizing sub-
categories). This preprint is aimed at modifying a theory of Rosen-
berg [Ros98|, and the definition of topologizing subcategories was also
changed. In Rosenberg’s paper [Ros98|, our prelocalizing subcategories
(resp. closed subcategories) are called coreflective topologizing subcat-
egories (resp. reflective topologizing subcategories), and they are also
called closed subcategories (resp. left closed subcategories) in [Ros95].

CONVENTIONS 1.6. Throughout this paper, we fix a Grothendieck universe. A
set is called small if it is an element of the universe. For every category C, the
collection ObC (resp. MorC) of objects (resp. morphisms) in C is a set, and
Home¢ (X, Y) is supposed to be small for all objects X and Y in C. A category
C is called skeletally small if the set of isomorphism classes of objects in C is in
bijection with a small set. The index set of each limit and colimit is assumed
to be skeletally small.

Rings, modules over rings, schemes, and sheaves on schemes are assumed to be
small. Every ring is associative and has an identity element.

2. ACKNOWLEDGEMENT

The author would like to express his deep gratitude to Osamu Iyama for his
elaborate guidance. The author thanks Mitsuyasu Hashimoto, S. Paul Smith,
and Ryo Takahashi for their valuable comments.

3. ATOM SPECTRUM

In this section, we recall the definition of the atom spectrum of a Grothendieck
category and fundamental results. We start with the definition of a
Grothendieck category.

DEFINITION 3.1.

(1) An abelian category A is called a Grothendieck category if it satisfies
the following conditions.
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(a) A admits arbitrary direct sums (and hence arbitrary direct limits),
and for every direct system of short exact sequences in A, its direct
limit is also a short exact sequence.

(b) A has a generator G, that is, every object in A is isomorphic to a
quotient object of the direct sum of some copies of G.

(2) A Grothendieck category is called locally noetherian if it admits a small
generating set consisting of noetherian objects.

The exactness of direct limits has the following characterizations.

PRrROPOSITION 3.2. Let A be an abelian category with arbitrary direct sums.
Then the following assertions are equivalent.
(1) For every direct system of short exact sequences in A, its direct limit
s also a short exact sequence.
(2) Let M be an object in A. For each subobject L of M and each family N
of subobjects of M such that every finite subfamily of N has an upper
bound in N, we have

LN Y N= > (LNN).

NeN NeN
(3) For every family {Mx},c, of objects in A and every subobject L of
@AGA My,
L3 (en @),
Aes AeA
where S is the set of finite subsets of A.
Proof. [Pop73| Theorem 2.8.6]. O

From now on, we deal with a Grothendieck category A. The atom spectrum
of a Grothendieck category is defined by using monoform objects defined as
follows.

DEFINITION 3.3.

(1) A nonzero object H in A is called monoform if for each nonzero sub-
object L of H, no nonzero subobject of H is isomorphic to a subobject
of H/L.

(2) For monoform objects H; and Hs in A, we say that H; is atom-
equivalent to Ho if there exists a nonzero subobject of H; which is
isomorphic to a subobject of Hs.

We recall the definitions of essential subobjects and uniform objects. These are
also important notions in a Grothendieck category and related to monoform
objects.

DEFINITION 3.4.

(1) Let M be an object in A. A subobject L of M is called essential if for
every nonzero subobject L’ of M, we have L N L' # 0.
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(2) A nonzero object U in A is called uniform if every nonzero subobject
of U is essential.

In other words, a nonzero object U in A is uniform if and only if for all nonzero
subobjects L1 and Ly of U, we have L1 N Lo # 0.

It is easy to show that each nonzero subobject of a uniform object is uniform.
This type of result also holds for monoform objects.

PROPOSITION 3.5.

(1) Fach nonzero subobject of a monoform object is monoform.
(2) Ewery monoform object is uniform.
(3) Ewery nonzero noetherian object has a monoform subobject.

Proof. [Kani2, Proposition 2.2].
(2)| [Kan12l Proposition 2.6].
(3)| [Kan12l Theorem 2.9]. O

It follows from that atom equivalence is an equivalence

relation on the set of monoform objects in A ([Kanl2, Proposition 2.8]). The
atom spectrum is defined by using this relation.

DEFINITION 3.6. Let A be a Grothendieck category. Denote by ASpec A the
quotient set of the set of monoform objects in A by atom equivalence. We call
it the atom spectrum of A. Each element of ASpec A is called an atom in A.
For each monoform object H in A, the equivalence class of H is denoted by H.

It is shown in [KanI5bl Proposition 2.7 (2)] that the atom spectrum ASpec.A
of a Grothendieck category A is in bijection with a small set.

The following result shows that the atom spectrum of a Grothendieck category
is a generalization of the prime spectrum of a commutative ring.

PROPOSITION 3.7. Let R be a commutative ring.

(1) ([Sto72, Lemma 1.5])) Let a be an ideal of R. Then R/a is a monoform
object in Mod R if and only if a is a prime ideal.
(2) ([Sto72, p. 631]) There is a bijection Spec R — ASpec(Mod R) given

by p = R/p.

We can also generalize the notions of supports and associated primes in com-
mutative ring theory.

DEFINITION 3.8. Let M be an object in A.
(1) Define the subset AAss M of ASpec A by

AAss M = {a € ASpec A | « = H for some monoform subobject H of M }.

We call each element of AAss M an associated atom of M.
(2) Define the subset ASupp M of ASpec A by

ASupp M ={a € ASpec A |a = H for some monoform subquotient H of M }.
We call it the atom support of M.
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PropPOSITION 3.9. Let R be a commutative ring, and let M be an R-module.

Then the bijection Spec R — ASpec(Mod R) in restricts to
bijections Ass M — AAss M and Supp M — ASupp M.

Proof. [Kanl5bl Proposition 2.13]. O

The following results are generalizations of fundamental results in commutative
ring theory.

ProroSITION 3.10. Let 0 — L — M — N — 0 be an exact sequence in A.
Then
AAssL C AAssM C AAss LUAAss N,

and
ASupp M = ASupp L U ASupp N.

Proof. [Kanl2 Proposition 3.5] and [Kanl2l Proposition 3.3]. O

ProrosITION 3.11.
(1) Let {Mx},c 4 be a family of objects in A. Then

AASS@M,\ = U AAss My,

AeA AeA
and
ASupp@MA = U ASupp M.
A€A AEA
(2) Let M be an object in A, and let {Lx},., be a family of subobjects of
M. Then

ASupp Z Ly = U ASupp L.
AEA A€eA

Proof. [Kanl5bl Proposition 2.12].
Since we have the canonical epimorphism @, , Lx — >y, L and the
inclusion L, C > .4 Lx for each pu € A, we obtain

ASupp L,, C ASupp Z Ly C U ASupp Ly
AeA AeA

by Hence the claim follows. O

Similarly to the case of commutative rings, we have the following results on the
associated atoms of uniform objects and essential subobjects.

PROPOSITION 3.12.

(1) Let U be a uniform object in A. Then AAssU consists of at most one
element. In particular, for every monoform object H in A, we have
AAssH = {H}.

(2) Let M be an object in A, and let L be an essential subobject of M.
Then AAss L = AAss M.

Proof. [KanI5b, Proposition 2.15 (1)].
(2)| [Kan15bl Proposition 2.16]. O
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We introduce a topology on the atom spectrum.

DEFINITION 3.13. We call a subset @ of ASpec A a localizing subset if there
exists an object M in A such that & = ASupp M.

PROPOSITION 3.14. The set of localizing subsets of ASpec A satisfies the axioms
of open subsets of ASpec A.

Proof. [Kanl2l Proposition 3.8]. O

We call the topology on ASpec A defined by the set of localizing subsets of
ASpec A the localizing topology. Throughout this paper, we regard ASpec. A
as a topological space in this way. For a commutative ring R, the localizing
subsets of ASpec(Mod R) define a different topology from the Zariski topology
on Spec R. Recall that a subset @ of Spec R is said to be closed under spe-
cialization if for every p,q € Spec R, the conditions p € @ and p C q imply
qco.

ProprosITION 3.15. Let R be a commutative ring, and let @ be a subset of
Spec R. Then the corresponding subset
pe@}

{ @ € ASpec(Mod R)

of ASpec(Mod R) is localizing if and only if ® is closed under specialization.
Proof. [Kanl2 Proposition 7.2 (2)]. O

For each @ € ASpec A, let A(a) be the topological closure of {a} in ASpec A.
We introduce a partial order on the atom spectrum.

DEFINITION 3.16. For a, 8 € ASpec A, we write a < 8 if a € A(B).

The relation < is called the specialization order on the topological space
ASpec A with respect to the localizing topology. This is in fact a partial or-
der on ASpec A since the topological space ASpec A is a Kolmogorov space
([Kanl5bl Proposition 3.5]).

By definition, A(8) = {a € ASpec A | o < B} for each 8 € ASpec.A. The
partial order has the following descriptions.

PROPOSITION 3.17. Let o, 8 € ASpec A. Then the following assertions are
equivalent.

(1) a < B, that is, a € A(B).

(2) For every object M in A, the condition o« € ASupp M implies B €

ASupp M. o
(3) For every monoform object H in A with H = «, we have 8 € ASupp H.
Proof. [Kanl5b, Proposition 4.2]. O

The following result claims that the partial order < on ASpec A is a general-
ization of the inclusion relation between prime ideals of a commutative ring.
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ProPOSITION 3.18. Let R be a commutative ring and p,q € Spec R. Then
R/p < R/q in ASpec(Mod R) if and only if p C q. In other words, the bijection

Spec R — ASpec(Mod R) in is an isomorphism between the
partially ordered sets (Spec R, C) and (ASpec(Mod R), <).

Proof. [Kanl5bl Proposition 4.3]. O

4. SUBCATEGORIES AND QUOTIENT CATEGORIES

In this section, we show preliminary results on subcategories and quotient cat-
egories of a Grothendieck category A. We start with defining some classes of
subcategories, which are the main objects in this paper.

DEFINITION 4.1.

(1) For full subcategories X3 and X5 of A, we denote by X; % Xz the full
subcategory of A consisting of all objects M admitting an exact se-
quence

0—+M —-M— My —0

in A, where M; belongs to X; for each ¢ = 1, 2.

(2) We say that a full subcategory X of A is closed under extension if
X+ X C X, that is, for every exact sequence 0 - L — M — N — 0 in
A, the condition L, N € X implies M € X.

(3) A full subcategory X of A is called a prelocalizing subcategory (or weakly
closed subcategory in [VABO1]) of A if X' is closed under subobjects,
quotient objects, and arbitrary direct sums.

(4) A prelocalizing subcategory X of A is called a localizing subcategory of
A if X is also closed under extensions.

(5) For a full subcategory X of A, denote by (X) .. (resp. (X)) the
smallest prelocalizing (resp. localizing) subcategory of A containing
X. For an object M in A, let (M) 1. = {M}) 0100 and (M), =

<{M}>loc'

PROPOSITION 4.2.
(1) Let X1, X, and X5 be full subcategories of A. Then
(Xl * Xg) * Xg == Xl * (XQ * Xg)

(2) Let X1 and Xy be prelocalizing subcategories of A. Then Xy * Xy is also
a prelocalizing subcategory of A.

Proof. [Kan12 Proposition 2.4 (2)].
[Pop73] Lemma 4.8.11]. O

Prelocalizing subcategories are characterized as follows.

PROPOSITION 4.3. Let A be a Grothendieck category (or more generally, an
abelian category admitting arbitrary direct sums), and let X be a full subcategory
of A closed under subobjects and quotient objects. Then the following assertions
are equivalent.

DOCUMENTA MATHEMATICA 20 (2015) 1403-1465



1414 Ryo KANDA

(1) X is closed under arbitrary direct sums, that is, X is a prelocalizing
subcategory of A.

(2) The inclusion functor X < A has a right adjoint.

(3) For each object M in A, there exists a largest subobject L of M which
belongs to X.

Proof. Assume Then the functor A — X which sends each object M to its
largest subobject belonging to X and each morphism to the induced morphism
is a right adjoint of the inclusion functor X — A.

The dual statement of [(2)={(1)| is essentially shown in [Ste75, Proposi-
tion X.1.2].

(1)=1(3)| follows from the next remark. O

REMARK 4.4. Let X be a full subcategory of A closed under quotient objects
and arbitrary direct sums, and let M be an object in A. Since the sum L =
> xea La of all subobjects of M which belong to & is a quotient object of the
direct sum @AGA Ly, the subobject L of M also belongs to X. Hence L is the
largest subobject of M which belongs to X.

The operation in[Remark 4.4]of taking the subobject L from M is used through-
out this paper. The following result shows that this operation commutes with
taking arbitrary direct sums.

PrOPOSITION 4.5. Let A be a Grothendieck category, and let X be a full sub-
category of A closed under quotient objects and arbitrary direct sums. Let
{Mx},ca be a family of objects in A, and take Ly to be the largest subobject of
My which belongs to X for each X\ € A. Then @, 4 L is the largest subobject
of @y e Mx which belongs to X.

Proof. Let N be the largest subobject of ,., Mx which belongs to X'. It
suffices to show that N C @, , L.
We show the claim in the case where A = {1,...,n} for some n € Z>;. Let
mi: M1 ®---®M, — M, be the projection for each i € {1,...,n}. Since m;(NN)
is a quotient object of N, it belongs to X. By the maximality of L;, we have
mi(N) C L;. Hence

NCcmN)& - @&m(N)CLi& &L,

as subobjects of My ® - -- & M,.
In the general case, let S be the set of finite subsets of A. Then by Proposi-

tion 3.2, NZ(}\]Q@MA)CZ@LA@L» -

AeS AeN’ AeS Ae N AeA

For a localizing subcategory X of A, we have the quotient category A/X of
A by X. It is a Grothendieck category together with a canonical (covariant)
functor A — A/X ([Pop73| Corollary 4.6.2]). We refer the reader to [Kanl5bl
Definition 5.2] for the explicit definition of the quotient category. Instead, we
state a universal property of the quotient category.
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THEOREM 4.6. Let A be a Grothendieck category, and let X be a localizing
subcategory of A. The canonical functor is denoted by F: A — A/X.

(1) The functor F: A — A/X is exact and has a right adjoint A/X — A.
For every object M in A, we have F(M) =0 if and only if M belongs
to X.

(2) Let B be an abelian category together with an exact functor Q: A — B
with Q(M) = 0 for each object M in X. Then there exists a unique
functor Q: AJX — B such that QF = Q. Moreover, the functor Q is
exact.

Proof. [Pop73| Proposition 4.6.3], [Pop73, Theorem 4.3.8], and [PopT73|
Lemma 4.3.4].
[Pop73, Corollary 4.3.11] and [Pop73| Corollary 4.3.12]. O

Every object M in a Grothendieck category A has an injective envelope E(M)
([Gab62, Theorem II.6.2], see also [Pop73|, Theorem 3.10.10]). By definition,
the object M is an essential subobject of the injective object E(M). The object
E(M) is also denoted by E4(M) in order to specify the category explicitly.
Let X be a localizing subcategory of A. An object M in A is called X-
torsionfree if M has no nonzero subobject belonging to X. Note that every
subobject of an X-torsionfree object is X-torsionfree.

PROPOSITION 4.7. Let X be a localizing subcategory of A. Let M be an object
in A, and let L be the largest subobject of M which belongs to X. Then M/L
is X -torsionfree.

Proof. Assume that M/L is not X-torsionfree. Then there exists a subobject
L' of M such that L C L', and L’/ L belongs to X'. The subobject L’ of M also
belongs to X'. This contradicts the maximality of L. 0

For an object M in A, it is also important to consider the torsionfreeness of
PROPOSITION 4.8. Let X be a localizing subcategory of A, and let
0—-L—-+M-—=>N=0

be an exact sequence in A. If M and E(L)/L are X-torsionfree, then N is
X -torsionfree.

Proof. This can be shown similarly to the proof of [Pop73| Proposition 4.5.5].
O

We state important properties of the canonical functor to a quotient category
and its right adjoint by using the notion of torsionfreeness.

PROPOSITION 4.9. Let X be a localizing subcategory of A. Denote the canonical
functor by F: A — A/X and its right adjoint by G: A/X — A.

(1) F is surjective, that is, each object in A/ X is of the form F (M), where
M is some object in A.
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(2) The counit morphism ¢: FG — 14,x is an isomorphism. Hence G is
fully faithful.

(3) Let n: 14 — GF be the unit morphism. Then for each object M in
A, the subobject Kernyr of M is the largest subobject belonging to X,
the subobject Imnyr of GF (M) is essential, and Coknys belongs to X.
The objects GF (M) and E(GF(M))/GF (M) are X-torsionfree.

(4) Let M’ be an object in A/X. Then G(M') and E(G(M'"))/G(M') are
X -torsionfree.

Proof. This is obvious from the definition of the canonical functor F. It
also follows from [Theorem 4.6l

[PopT73| Proposition 4.4.3 (1)].

This follows from [Pop73| Proposition 4.4.3 (2)] and the proof of [Pop73|
Proposition 4.4.5].

This follows from [(1)] and -

The next result is necessary to describe subobjects of an object in a quotient
category.

PROPOSITION 4.10. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A — A/X and its right adjoint by G: AJX — A. Let M be
an object in A. For each subobject L' of F(M), there exists a largest subobject
L of M satisfying F(L) C L' as a subobject of F(M). Moreover, it holds that
F(L) = L', and the quotient object M /L 1is X -torsionfree. The quotient object
F(M)/L" of F(M) is equal to F(M/L).

Proof. Since G is left exact, the object G(L’) can be regarded as a subobject
of GF(M). Let n: 14 — GF be the unit morphism. There is a commutative
diagram

-1 / M
0 * My (([(L )) M n&l(G(L/)) 0
/ GE(M)
0 G(L)) GF (M) o 0
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By applying F' to this diagram, we obtain the commutative diagram

0 — Fld (GUE) —— F(1) —— (=g ) — 0
o~ o lg

0 —— FG(L')) ——— FGF(M) F(Gcf;(Lj\//‘)[)) 0
- - |

0 r F(M) F(Gci(L%)) 0

by and Hence the subobject L :=
na (G(L")) of M satisfies F(L) = L', and F(M)/L' = F(M/L). By Propo-
sition 4.8, the object GF(M)/G(L’) is X-torsionfree, and hence M/L is also
X-torsionfree. _

Let L be a subobject of M such that F(L) C L’. Since we have the commutative
diagram

L— M
L nM
GF(L) —— GF(M)
it holds that n (L) € GF(L). Therefore
L c iy (GF(L) C iy (G(L)) = L. O

Several properties of objects are preserved by the canonical functor to a quo-
tient category and its right adjoint as in the following results.

PROPOSITION 4.11. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A— A/X and its right adjoint by G: AJX — A.

(1) Let M’ be an object in A/ X, and let L' be an essential subobject of M'.
Then G(L') is an essential subobject of G(M').
(2) Let U’ be a uniform object in A/X. Then G(U’) is a uniform object in

A.

(3) Let H' be a monoform object in A/X. Then G(H') is a monoform
object in A.

(4) Let I' be an injective object in A/X. Then G(I') is an injective object
in A.

(5) Let M’ be an indecomposable object in A/X. Then G(M') is an inde-
composable object in A.

Proof. [Pop73| Corollary 4.4.7].
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Let L be a nonzero subobject of G(U’). We have a commutative diagram

L—— GU)

| |

GF(L) — GFG(U")

and the morphism G(U’) — GFG(U’) is an isomorphism by
Hence the morphism L — GF(L) is a monomorphism, and in particular
F(L) is a nonzero subobject of FG(U’) = U’. By the uniformness of U’ and[(1)]
GF(L) is an essential subobject of GFG(U’). Since L is essential as a subobject

of GF(L) by [Proposition 4.9)[(3)} L is an essential subobject of G(U").

(3)] ﬂm Lemma 5.14 ( ).

(4)| [Pop73], Corollary 4.4.7].

This follows from O

PROPOSITION 4.12. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A — A/X and its right adjoint by G: A/X — A.
(1) Let M be an X-torsionfree object in A, and let L be an essential sub-
object of M. Then F(L) is an essential subobject of F(M).
(2) Let U be a uniform X-torsionfree object in A. Then F(U) is a uniform
object in A/X.
(3) Let H be a monoform X-torsionfree object in A. Then F(H) is a
monoform object in A/X.
(4) Let I be an injective X -torsionfree object in A. Then F(I) is an injec-
tive object in A/ X.

Proof. Lemma 4.4.6 (3)].

This follows from [Proposition 4.10] and

(3) [Kan15b, Lemma 5.14 (2)].

(4)] Lemma 4.5.1 (2)]. O

The prelocalizing subcategories of .4 and those of quotient categories are related
by the following operations.

PROPOSITION 4.13. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A — A/X and its right adjoint by G: AJ/X — A.

(1) For each prelocalizing subcategory V' of A/ X, the full subcategory
FrY)={McA|FM)e)'}
of A is a prelocalizing subcategory, and
X« F YY) «Xx =F 1))
(2) For each prelocalizing subcategory Y of A, the full subcategory
F(Y) :{NE % ‘ NNF(M)forsomeMEy}
of A/ X is a prelocalizing subcategory.
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(3) Let Y1 and Yo be prelocalizing subcategories of A. Then

Proof. Since F' is exact and commutes with arbitrary direct sums, the full
subcategory F'~1()) is a prelocalizing subcategory. The inclusion F~1()’) C
X« F~1(Y') X is obvious. By [Theorem 4.6][(T)]

FX+«F YY) «X)C F(X)«F(FY(Y)*F(X)C).
Hence X x F~1(Y")x X C F~Y()).
By [Proposition 4.10} the full subcategory F(Y) of A/X is closed under
subobjects and quotient objects. It is also closed under arbitrary direct sums
since F' commutes with arbitrary direct sums.
Since F is exact, F(Y; x X x Vs) C F(Y1) x F(Y2) by [Theorem 4.6|[(1)} Let
M’ be an object in A/X which belongs to F(Y;) x F()s2). Then there exists
an exact sequence

0— F(M) = M — F(My) =0

where M; is an object in A which belongs to ); for each ¢ = 1,2. Since G is
left exact, we have the exact sequence

0— GF(M;) - G(M') — GF(Ms,).

Let n: 14 — GF be the unit morphism, and let B be the image of the morphism
G(M') = GF(Msz). Then we obtain a commutative diagram

0——r GF(Ml) M BOImnM2 — 0
0—— GF(Ml) e G(M/) B 0

where M is an object in A. Let N be the cokernel of the composite Im nys, —
GF(M;) < G(M'). There is a commutative diagram

0 —— Imny, M N 0
00— GF(M;) — M —— Bnlmny, —— 0
By the snake lemma, we have an exact sequence
0 — Coknpry, =& N — BN Imny, — 0.

By the object Cokmnyy, belongs to X for each ¢ = 1,2.
Hence F(Coknar,) =0, and

B B+1 F(M

Fl——=  \>p b5+ mna, CF M -0
BNImnyy, Im 7, Im ),

By applying F' to the morphisms B NImny, — B and Imny, — GF (M),

we obtain F(BNImny,) = F(B) and F(Imny, ) = FGF (M) = F(M).
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Hence we have the commutative diagram

Eo I

0 —— FGF(M,) —— F(M) —— F(BNnImny,) —— 0

N :

0 — FGF(M;) —— FGIM') —— F(B) ———— 0

Lk 5

0 — F(M) M F(My) —— 0

0 —— F(Imny,) —— F(M) —— F(N) ——— 0
(

For each ¢ = 1,2, the quotient object Imnys, of M; belongs to )V;, and hence
N belongs to X * 5. Therefore M’ belongs to F (Y * X * )Vs). O

PROPOSITION 4.14. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A — A/X and its right adjoint by G: A/X — A.
(1) There is a bijection
prelocalizing subcategories Y of A
{ satisfying X * Y« X =)
given by Y — F(Y). Its inverse is given by V' +— F~1()").

(2) For each i = 1,2, let YV; be a prelocalizing subcategory of A such that
XxY;x X =Y;. Then

FD1 % Ye) = F(D1) * F()2).
(3) The bijection m restricts to a bijection
localizing subcategories Y of A
{ satisfying X C Y

} — {prelocalizing subcategories ofg }

} — { localizing subcategories of% }

Proof. By [Proposition 4.13| and [Proposition 4.13| these maps are
well-defined. Let n: 14 — GF be the unit morphism.

Let ) be a prelocalizing subcategory of A satisfying X'« Y*X = ). It is obvious
that Y € F~1F(Y). Let M be an object in A which belongs to F~1F())). Then
there exists an object N in A which belongs to ) such that F(M) = F(N).
There is an exact sequence

0> Imny - GF(N) — Cokny — 0.
The quotient object Imnx of N belongs to ). By the
object Cokny belongs to X. Hence GF (M) =2 GF(N) belongs to Y « X. By
the subobject Im 7y of GF(M) belongs to Y x X'. There

is an exact sequence

0 — Kerny — M — Imny — 0,

where Kernps belongs to X. Therefore M belongs to X « Y « X = ). This
shows that F~1F(Y) C ).
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Let ) be a prelocalizing subcategory of A/X. It is obvious that FF~1()’) C

Y'. Let M’ be an object in A/X which belongs to ). Then by [Proposition 4.9]
there exists an object M in A such that F(M) = M’. Since M belongs

to F=1()’), the object M’ = F(M) belongs to FF~1()’). This shows that
Y c FF-1()").
By |Proposition 4.13|
FQ1xY2) = F(V1 %« X % Ys) = F(Qh) x F()a).
This follows from O

REMARK 4.15. In the setting of [Proposition 4.13| the assertion F () x*
X % Vo) = F(Qh * )o) does not necessarily hold. The next example gives a
counter-example.

EXAMPLE 4.16. Let K be a field, and let A be the ring

K 0 0
A=K K 0
K K K

of 3x 3 lower triangular matrices. Define simple A-modules S; for eachi =1,2,3
by

S =[K 0 0]
(K K 0

%= (K 0 0]’
(K K K]

S3 = ;
[K K 0]

and let X; be the localizing subcategory of Mod A consisting of arbitrary direct
sums of copies of S;. Let F: A — A/Xy and G: A/Xs — A denote the
canonical functors. Since the A-module

M=[K K K]

belongs to X *Xa+ X3, it follows that M = GF (M) belongs to GF (X x Xo*X3).
On the other hand, every A-module belonging to X} * X3 is the direct sum of
some object in A7 and some object in X3. Since Mod A is a locally noetherian
Grothendieck category, by [Pop73| Proposition 5.8.12], the functor G commutes
with arbitrary direct sums. Hence every A-module belonging to GF(X; * X3)
is the direct sum of some object in GF(X;) = X; * X and some object in
GF(X5) = X3. Since M is indecomposable and belongs to neither X * Xy
nor X3, the A-module M does not belong to GF(X; * X3). This shows that
F(Xl * XQ *X3) §Z F(Xl *X3)

The following result gives a characterization of a quotient category.

PrOPOSITION 4.17. Let A and B be Grothendieck categories, and let Q: A — B
be an exact functor with a fully faithful right adjoint B — A. Then the full
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subcategory
X = (M e A|QOI) =0}

of A is a localizing subcategory, and there exists a unique equivalence
Q: A/X = B such that QF = Q, where F: A — A/X is the canonical

functor.

Proof. Theorem 4.4.9]. O

We state some facts on the image of a localizing subcategory in a quotient
category.

PROPOSITION 4.18. Let X and Y be localizing subcategories of A. Denote the
canonical functor by F: A — A/X and its right adjoint by G: AJ/X — A.

(1) It holds that (F(Y))10e = F(XUY).)-

(2) If X C Y, then the composite Y — A — A/ X induces an equivalence

yw

3 F(Y).
(3) If ¥ C ), then the composite
A/X
A= A/X — )
induces an equivalence
A, AX
y FQ)

Proof. It is obvious that (F())),,. C F((X¥ UY),,.)- Since F is exact and
commutes with arbitrary direct sums,

F(<X U J}>loc) - <F(X U J))>loc = <F(X) U F(y)>loc = <F(y)>loc
by [Theorem 4.6][(1)]
(2)] The equivalence follows from the construction of A/X (see [Gab62] p. 365]

or [Kan15D, Definition 5.2]).

By [Proposition 4.14][(3)] the full subcategory F(Y) of A/X is a localizing
subcategory, and F~1F()) = ). By the composite is an
exact functor with a fully faithful right adjoint. Hence by [Proposition 4.17] it
induces an equivalence

A A Ax

Y FIEQY) Q) -

5. ATOM SPECTRA OF QUOTIENT CATEGORIES AND LOCALIZATION

Throughout this section, let A be a Grothendieck category. We recall a de-
scription of the atom spectrum of a quotient category of A and fundamental
results on the localization of A at an atom. We start with relating localizing
subcategories of A and localizing subsets of ASpec A.
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DEFINITION 5.1.
(1) For a full subcategory X of A, define the subset ASupp X of ASpec .4

by
ASupp X = U ASupp M.
Mex
(2) For a subset @ of ASpec A, define the full subcategory ASupp ™! @ of
A by

ASupp '®é={M c A|ASupp M C &}.

PROPOSITION 5.2.

(1) For every full subcategory X of A, the subset ASupp X' of ASpec A is
a localizing subset.

(2) For every subset & of ASpec A, the full subcategory ASupp ' & of A is
a localizing subcategory.

Proof. Recall that ASpec A is in bijection with a small set. For each o €
ASupp X, choose an object M(«) in A which belongs to X such that a €
ASupp M (). Then

ASupp @ M(a) = U ASupp M(a)) = ASupp X
a€ASupp X a€ASupp X
by [Proposition 3.11|
This follows from |Proposition 3.10| and [Proposition 3.11| O

The following result shows that a localizing subset of ASpec A is determined
by the corresponding localizing subcategory of A.

PROPOSITION 5.3. For every localizing subset @ of ASpec A,
ASupp(ASupp ! &) = &.
Proof. This follows from the proof of [Kanl2l Theorem 4.3]. a

If A is a locally noetherian Grothendieck category, we also have
ASupp '(ASupp X) = X for every localizing subcategory X of A, and
these correspondences establish a bijection between the localizing subcate-
gories of A and the localizing subsets of ASpec A ([Kanl2 Theorem 5.5]). We
generalize this result later as [Theorem 6.8

We describe the atom spectrum of the quotient category by a localizing sub-
category.

THEOREM 5.4. Let A be a Grothendieck category, and let X be a localizing
subcategory of A. Denote the canonical functor by F: A — A/X and its right
adjoint by G: A/X — A. Then the map ASpec A\ ASupp X — ASpec(A/X)

given by H v F(H) is a homeomorphism. Its inverse is given by H — G(H').

Proof. [Kanl5bl Theorem 5.17]. O
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REMARK 5.5. Every localizing subcategory X of A is a Grothendieck category,
and ASpec X' is homeomorphic to the localizing subset ASupp X of ASpec. A
by the correspondence H + H ([Kanl5b, Proposition 5.12]). We identify
ASpec X with ASupp X, and ASpec(A/X) with ASpec A\ ASupp X via the
homeomorphism in [Theorem 5.4l Then

ASpec A = ASpec X U ASpec %,

and
ASpec X N ASpec % = 0.

We describe atom supports and associated atoms in a quotient category.

PROPOSITION 5.6. Let X be a localizing subcategory of A. Denote the canonical
functor by F: A — A/X and its right adjoint by G: A/ X — A.

(1) For every object M' in A/X,
AAssG(M') = AAss M,
and
ASupp G(M’) \ ASupp X = ASupp M.
(2) For every object M in A,
AAss F(M) D AAss M \ ASupp X,

and

ASupp F(M) = ASupp M \ ASupp X.

Proof. These follow from [Kanl5bl Lemma 5.16]. By considering Proposi-
tion 4.9 the assertion AAss G(M') = AAss M’ also follows. O

The atom spectrum of the image of a localizing subcategory in a quotient
category is described as follows.

PROPOSITION 5.7. Let X and Y be localizing subcategories of A. Denote the
canonical functor by F: A — A/X and its right adjoint by G: A/X — A.
Then

ASpec (F(Y)),o, = ASpec F((X U Y),,,)
= ASpec Y N ASpec %
= ASpec) \ ASpec X,
and

ASpec A/i)( = ASpec

A
(F(ONoc (XU oe

= ASpec % N ASpec %
= ASpec A\ (ASpec X U ASpec ).
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Proof. This follows from ASupp (X U)Y), . = ASupp X UASupp Y and Propo-
sition 4.18. g

DEFINITION 5.8. Let A be a Grothendieck category and o € ASpec A. Define
a localizing subcategory X (a) of A by X(a) = ASupp *'(ASpec A \ A(a)).
Define the localization A, of A at a by A, = A/X(a). The canonical functor
A — A, is denoted by (—)q.

In [Definition 5.8], the subset ASpec A\ A(«) of ASpec A is localizing. By Propo-
sition 5.3, ASupp X(a) = ASpec A\ A(«). Therefore we have the following
result.

THEOREM 5.9. Let A be a Grothendieck category and o € ASpec A. Then
ASpec A, = A(a). In particular, the partially ordered set ASpec A has the
largest element a.

Proof. [Kanl5bl Proposition 6.6 (1)]. O
We obtain the following description of atom supports.
PROPOSITION 5.10.

(1) For every a € ASpec A,

X(a)={Mec A|a¢ ASupp M }.
(2) For every object M in A,
ASupp M = {a € ASpec A | M, #0}.

Proof. [Kanl5b, Proposition 6.2]. |

We show that the localization of a Grothendieck category at an atom is “local”
in the following sense.

DEFINITION 5.11. Let A be a Grothendieck category.

(1) We say that A is local if there exists a simple object in A such that
E(S) is a cogenerator of A.

(2) A localizing subcategory X of A is called prime if A/X is a local
Grothendieck category.

THEOREM 5.12. Let A be a Grothendieck category. Then the following asser-
tions are equivalent.
(1) A is local.
(2) There exists o € ASpec A such that for every nonzero object M in A,
we have o € ASupp M.
(3) There exists a € ASpec A such that the canonical functor A — Ag is
an equivalence.

Proof. [Kanl5bl Proposition 6.4 (1)] and [Kanl5bl Proposition 6.6 (2)]. O

In the case of where A is a locally noetherian Grothendieck category, the lo-
calness of A is characterized as follows.
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ProrosITION 5.13. Let A be a Grothendieck category. If A is local, then all
simple objects in A are isomorphic to each other. In the case where A is a
nonzero locally noetherian Grothendieck category, the converse also holds.

Proof. [Kanl5b, Proposition 6.4 (2)]. O

[Theorem 5.12] shows that the localizing subcategory X («) is prime for every

a € ASpec A. This correspondence gives the following bijection.

THEOREM 5.14. Let A be a Grothendieck category. There is a bijection
ASpec A — { prime localizing subcategories of A}

given by a — X(«). For each «, 8 € ASpec A, we have o < (8 if and only if

X(a) D X(B).

Proof. [Kanl5b, Theorem 6.8]. O

We consider the localization of a quotient category.

PROPOSITION 5.15. Let X be a localizing subcategory of A and o € ASpec A\
ASupp X. Then the composite of the canonical functors A — A/X and A/ X —
(A/X)q induces an equivalence Ay == (A/X)q.

Proof. By [Proposition 5.10| X C X(a). Hence the claim follows from
and [Proposition 4.18|[(3)] O

In the setting of [Proposition 5.15] we identify A, and (A/X)4.
The following result shows that the localization of a Grothendieck category at
an atom is a generalization of the localization a commutative ring at a prime

ideal.

PROPOSITION 5.16. Let R be a commutative ring.

(1) Let p € Spec R. Denote by « the corresponding atom R—/p in Mod R.
Then the functor — ®r Rp: Mod R — Mod R, induces an equivalence
(Mod R)q =% Mod R,,.

(2) The Grothendieck category Mod R is local if and only if the commuta-
tive ring R s local.

Proof. [Kan15bl Proposition 6.9].
This follows from [Theorem 5.12] and O

6. GROTHENDIECK CATEGORIES WITH ENOUGH ATOMS

The purpose of this paper is to investigate the category QCoh X of quasi-
coherent sheaves on a locally noetherian scheme X. In general, the category
QCoh X is a Grothendieck category but not necessarily locally noetherian (see
[Remark 7.5)). In this section, we introduce the notion of a Grothendieck cate-
gory with enough atoms and investigate its properties. It is shown later that
QCoh X is a Grothendieck category with enough atoms.

Let A be a Grothendieck category. Recall that every monoform object in A is

uniform (Proposition 3.5| . We say that uniform objects U; and Us in A
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are equivalent (denoted by Uy ~ Us) if there exists a nonzero subobject of U;
which is isomorphic to a subobject of Us. The equivalence between monoform
objects is exactly the same as the atom-equivalence defined in [Definition 5.9

(2)

PROPOSITION 6.1. Let Uy and Us be uniform objects in A. Then Uy is equiv-
alent to Uy if and only if E(Uy) is isomorphic to E(Us).

Proof. |[Kra03| Lemma 2]. O

Since every indecomposable injective object in A is uniform ([Ste75, Proposi-
tion V.2.8]), the map

{ uniform objects in A } R { indecomposable injective objects in A }

induced by the correspondence U — E(U) is bijective. We consider the restric-
tion of this bijection to ASpec A.

DEFINITION 6.2. Let A be a Grothendieck category. For @ € ASpec A, define
the injective envelope E(a) of a by E(a) = E(H), where H is a monoform
object in A satisfying H = a.

implies that the isomorphism class of E(«) in [Definition 6

does not depend on the choice of the representative H.

DEFINITION 6.3. We say that a Grothendieck category A has enough atoms if
A satisfies the following conditions.

(1) Every injective object in A has an indecomposable decomposition.
(2) Each indecomposable injective object in A is isomorphic to F(a) for
some « € ASpec A.

Note that an indecomposable decomposition of an injective object is unique in
the following sense.

THEOREM 6.4. Let A be a Grothendieck category, and let I be an injective

object with
1=@n=gr,

AeA peA
where I and IL are indecomposable for each N\ € A and pu € A'. Then there
exists a bijection o: A — A’ such that I is isomorphic to I;()\) for each A € A.

Proof. This follows from Krull-Remak—Schmidt—Azumaya’s theorem ([Pop73]
Theorem 5.1.3]) and the fact that the endomorphism ring of each indecompos-
able injective object in A is local (|[Pop73] Lemma 4.20.3]). O

The following result shows that a Grothendieck category with enough atoms is
a generalization of a locally noetherian Grothendieck category.

PROPOSITION 6.5. Ewvery locally noetherian Grothendieck category has enough
atoms.
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Proof. This follows from and [Ste75l Proposition V.4.5]

since every nonzero object in a locally noetherian Grothendieck category has a
nonzero noetherian subobject. (|

We show that every quotient category of a Grothendieck category with enough
atoms has enough atoms.

PROPOSITION 6.6. Let A be a Grothendieck category, and let X be a localizing
subcategory of A.
(1) If every injective object in A has an indecomposable decomposition, then

every injective object in A/X has an indecomposable decomposition.
(2) If A has enough atoms, then A/X has enough atoms.

Proof. Denote the canonical functor by F: A — A/X and its right adjoint by
G: A/X — A.

Let I’ be an injective object in A/X. By [Proposition 4.11| the object
G(I') in A is injective. Hence G(I’) has an indecomposable decomposition

G(I' =PI

AeA

We obtain
I'= FG(I') = P F(I).
AeA

By [Proposition 4.9][(4)} [Proposition 4.12[(2)|and [Proposition 4.12|(4)} the object
F(I,) is an indecomposable injective object in A/X for each A € A.

Let I’ be an indecomposable injective object in .A/X. Then by Proposi-
tion 4.11 and [Proposition 4.11][(4)l the object G(I”) in A is indecomposable
and injective. Hence there exists v € ASpec A such that G(I') = E4(«).
We obtain I’ 2 FG(I') & F(Ea(a)). Let H be a monoform subobject of
E4(a). By [Proposition 4.9)[(4)] the object H is X-torsionfree. By Proposi-
tion 4.12 the object I’ has the monoform subobject F/(H). This implies
that I' = E(F(H)) = E4/x (). O

A Grothendieck category A is called locally uniformE if every nonzero object in
A has a uniform subobject. It is shown that this holds whenever A has enough
atoms.

PROPOSITION 6.7. Let A be a Grothendieck category with enough atoms. Then
every nonzero object in A has a monoform subobject. In particular, the
Grothendieck category A is locally uniform.

Proof. Let M be a nonzero object in A. Then there exists a family {ax} ¢,
of atoms in A such that

E(M) = @ E(a).

°In p. 330], it is called locally coirreducible since a uniform object is called a
coirreducible object.
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Hence E(M) has a monoform subobject H. Since M is an essential subobject
of E(M), the subobject H N M of M is monoform by The
last assertion follows from O

The classification of the localizing subcategories by the atom spectrum we

mentioned after [Proposition 5.3]is generalized to a Grothendieck category with

enough atoms.

THEOREM 6.8. Let A be a Grothendieck category with enough atoms. There is
a bijection

{ localizing subcategories of A} — {localizing subsets of ASpec.A}
given by X — ASupp X. Its inverse is given by & — ASupp ' .

Proof. By [Proposition 5.2] and [Proposition 5.3 it suffices to show that
ASupp_l(ASupp X) = X for each localizing subcategory X of A. The in-
clusion X € ASupp '(ASupp X) holds obviously. Let M be an object in A
which belongs to ASupp™*(ASupp &), and let L be the largest subobject of M
which belongs to X. If M/L is nonzero, then by there exists a
monoform subobject H of M /L. Since H € ASupp M C ASupp &, there exists
a nonzero subobject H' of H which belongs to X. Let H' = L'/L ¢ M/L.
Since L and L'/L belongs to X, the subobject L’ of M also belongs to X'. This
contradicts the maximality of L. Therefore ASupp ' (ASupp X) = X. |

We show that every localizing subcategory is the intersection of some family of
prime localizing subcategories.

COROLLARY 6.9. Let A be a Grothendieck category with enough atoms. For
every localizing subcategory X of A,

X = N X ().

a€ASpec A\ASupp X

Proof. By [Proposition 5.10][(1)] and [Theorem 6.8
N X

a€ASpec A\ASupp X
={M e A|a¢ ASupp M for each o € ASpec. A\ ASupp X }
={M e A| ASupp M C ASupp X'}
= ASupp ' (ASupp &)
=X. O

Let A be a Grothendieck category and o € ASpec A. It is shown in the proof of
[Kan15al Theorem 2.5] that the injective envelope E () has a largest monoform
subobject H(«). The object H(«) is called the atomic object corresponding to
a. It is straightforward to show that no monoform object in A has a proper
essential subobject isomorphic to H(«).

The atomic objects correspond to the simple objects in the localizations.
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ProPOSITION 6.10. Let A be a Grothendieck category and o € ASpec A. De-
note the canonical functor by Fy: A — A, and its right adjoint by Gy : Ao —
A. Let 8’ be the simple object in A,.

(1) S’ is the atomic object corresponding to the atom S’ in A,
(2) G (S") is isomorphic to the atomic object H(c).
(3) The ring End4(H («)) is isomorphic to the skew field End 4 (S").

Proof. It holds that S" C H(g) C E(S) = E(S"). If S’ C H(S), then
by [Theorem 5.12, S" € ASupp(H (S7)/S"), and hence there exist a subobject L
of H(S”) with S C L and a subobject of H(S")/L which is isomorphic to S’.
This contradicts the monoformness of H(S’). Therefore S’ = H(S").
By [Theorem 5.4 the object Fy,(H(c)) is a monoform object in A,, and
GoF.(H (o)) is a monoform object in A. By F,(H(a)) =2 S’. Since
H(a) is X(a)-torsionfree, by [(3)} the canonical morphism
H(a) — GoFy(H(e)) is a monomorphism, and H(«) is essential as a sub-
object of GoFo(H (). Therefore the morphism H(a) — G, Fo(H(«)) is an
isomorphism, and G4 (S") & GoFo(H (o)) = H(a).
By [2] and
End(H(a)) = Bnd 4(Ga(S"))

=~ Hom, (F,Go(S"),S")

=~ Endg, (S/)
This gives a ring isomorphism End 4 (H («)) = End 4, (57). O

The skew field End 4(H («)) is called the residue field of o and denoted by k(a).

7. THE ATOM SPECTRA OF LOCALLY NOETHERIAN SCHEMES

In this section, we describe the atom spectrum of the category of quasi-coherent
sheaves on a locally noetherian scheme. Let X be a locally noetherian scheme
with the underlying topological space |X| and the structure sheaf Ox. It is
known that the category Mod X of Ox-modules and the category QCoh X of
quasi-coherent sheaves on X are Grothendieck categories (see [Har66, Theo-
rem I1.7.8] and [Con00, Lemma 2.1.7]). For a commutative ring R, we identify
QCoh(Spec R) with Mod R.

PRrROPOSITION 7.1. Let U be an open affine subscheme of X, and leti: U — X
be the immersion. Then the functor i,: ModU — Mod X and its left adjoint
1*: Mod X — ModU induce the functor i,: QCohU — QCoh X and its left
adjoint i*: QCoh X — QCohU.

Proof. [Gro60} 0.4.4.3.1] and [Gro60} Proposition 1.9.4.2 (i)]. O

In the rest of this paper, every quasi-coherent sheaf M on X is always regarded
as an object in QCoh X, not in Mod X. Hence a subobject of M means a quasi-
coherent subsheaf of M.
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For an open affine subscheme U of X with the immersion ¢: U — X, the functor
i*: QCoh X — QCohU is also denoted by (—)|y. The category QCohU is
realized as a quotient category of QCoh X through this functor.

ProprosITION 7.2. Let U be an open affine subscheme of X. Then the func-
tor (—)|lv: QCoh X — QCohU induces an equivalence (QCoh X)/Xy =
QCoh U, where Xy is a localizing subcategory of QCoh X defined by

XU:{MGQCO}]X | M|U:0}
Proof. Let i: U — X be the immersion. Since the counit functor i*i, —

lqconv is an isomorphism, the functor 4, is fully faithful. The functor * is
exact. Hence the claim follows from [Proposition 4.17] O

For each object M in QCoh X, the subset Supp M of X is defined by
SuppM ={z e X | M, #0}.

For each 2 € X, let j,: SpecOx, — X be the canonical morphism. Note
that jF is equal to the localization (—),: QCoh X — Mod Ox ,. The category
Mod Ox , is realized as a quotient category of QCoh X through this morphism.

PROPOSITION 7.3. For every x € X, the full subcategory
X(x):={MecQCohX |z¢SuppM}={M e QCohX | M, =0}

of QCoh X is a prime localizing subcategory. The functor (—): QCoh X —
Mod Ox  induces an equivalence (QCoh X)/X (z) = Mod Ox 5.

Proof. Let i: U — X be the immersion of an open affine subscheme with
x € U. Then the functor (—);: QCoh X — Mod Ox , is equal to the com-
posite of (—)|y: QCoh X — QCohU and (—);: QCohU — ModOx . By
[Proposition 7.2 and [Proposition 5.16| these two functors are exact func-
tors with fully faithful right adjoints. Hence we obtain the equivalence by
[Proposition 4.17} By |Proposition 5.16| the localizing subcategory X'(x) is
prime. ]

For each = € X, denote the unique maximal ideal of Ox , by m,, the residue
field of x by k(x) = Ox /m,, and an injective envelope of k(x) in Mod Ox
by E(x) = Eoy_,(k(z)). We state that every injective object in QCoh X is a
direct sum of indecomposable injective objects of this form.

THEOREM 7.4 (Hartshorne [Har66|). Let X = (|X|,Ox) be a locally noetherian
scheme.

(1) For every family {Ix}\c, of injective objects in QCoh X, the direct
sum @y 4 I is also injective.

(2) Every injective object in QCoh X has an indecomposable decomposition.

(3) There is a bijection

X| = { indecomposable injective objects in QCoh X }

>~

given by x — j,, E(x).
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Proof. [Con00, Lemma 2.1.5]. O

REMARK 7.5. In [Har66l p. 135], it is shown that there exists a locally noe-
therian scheme X such that the Grothendieck category QCoh X is not locally
noetherian. By combining [Theorem 7.4][(1)] and Theorem 5.8.7], we
deduce that QCoh X is not even (categorically) locally finitely generated. On
the other hand, the set of coherent sheaves on X generates QCoh X [Gro60,
Corollary 1.9.4.9]. Consequently, a coherent sheaf on X is not necessarily a
finitely generated object in QCoh X .

We give a description of the atom spectrum of QCoh X.

THEOREM 7.6. Let X = (|X|,Ox) be a locally noetherian scheme.

(1) For each x € X, the set AAss j,, E(x) consists of one element, say o .
The injective envelope of a, is E(ay) = ju, FE(x). The atomic object is
H(oy) = joi k(x). The residue field is k(o) = k(x).

(2) There is a bijection | X| — ASpec(QCoh X) given by x — ag. More-
over, the Grothendieck category QCoh X has enough atoms.

Proof. By [Proposition 7.3| and [Proposition 5.6|
AAss g, E(x) = AAss E(x) = {k(2)}.

Since j,, E(z) is an indecomposable injective object by [Theorem 7.4(3)] it is an
injective envelope of each of its nonzero subobjects. Hence E(a,) = j.. F(x).
By [Proposition 6.10][(2)} H(as) = jz,k(z). By [Proposition 6.10|[(3)] k(ay) =
Endo,., (k(x)) = k(x).

The bijection in [Theorem 7.41[(3)]is the composite of the map

| X | — ASpec(QCoh X)

given by = +— «, and the injection

{indecomposable injective objects in QCoh X }

ASpec(QCoh X)) —

~

given by a — E(«a). Hence these maps are also bljectlve By m.
the Grothendieck category QCoh X has enough atoms.

A subset @ of X is said to be closed under specialization if for every z € @, we
have {x} C @. Atom supports and related notions in QCoh X are described as
follows.

COROLLARY 7.7.

(1) Let M be an object in QCohX.  Then the bijection |X| —
ASpec(QCoh X) in[Theorem 7.4((2) restricts to a bijection Supp M —
ASupp M.

(2) For each x € X, we have X(oy) = X(x). The canonical func-
tor QCoh X — Mod Ox , induces an equivalence (QCohX),, ==
MOdOX,I.
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(3) For each subset @ of X, the corresponding subset
{ oy € ASpec(QCoh X) |z € }

of ASpec(QCoh X) is localizing if and only if @ is closed under special-

ization. L

(4) Let z,y € X. Then oy < ay if and only if y € {x}.
Proof. For each x € X, by |[Proposition 7.3| and [Proposition 5.6

oz € ASupp M if and only if k(x) € ASuppjiM. By this
is equivalent to m, € Supp j: M, which means M, = j5:M # 0.

By and [Proposition 5.10|[(1)] X (a,) = X(z). The equivalence follows
from

By it suffices to show that & is closed under specialization if and
only if there exists an object M in QCoh X satisfying & = Supp M. For every
object M in QCoh X, it is straightforward to show that Supp M is closed under
specialization.

Assume that @ is closed under specialization. For each = € &, we have
Supp jo, k(z) = {z}. Hence

Supp P ju.k(z) = | Supp jo k(z) = &.

€D reP
(4)| This follows from O

We specialize [Theorem 6.8 to the case of QCoh X. For a full subcategory X of
QCoh X, define the specialization-closed subset Supp X of X by

Supp X = U Supp M.
MeXx

For a subset @ of X, define the localizing subcategory Supp ! @ of QCoh X by
Supp '@ = {M € QCoh X | SuppM C & }.

THEOREM 7.8. Let X be a locally noetherian scheme. There is a bijection

{ localizing subcategories of QCoh X } — { specialization-closed subsets of X }

given by X — Supp X. Its inverse is given by & — Supp ' ®.

Proof. In Ilmn we showed that the Grothendieck category QCoh X
has enough atoms and described ASpec(QCoh X ). Hence the claim follows from

[I'heorem 6.8 and [Corollary 7.7, O

DEFINITION 7.9. Let X be a locally noetherian scheme, and let M be an object
in QCoh X. The subset Ass M of X is defined by

Ass M = {r € X | m, € Asso,, M, }.

Each element of Ass M is called an associated point of M.

In order to show that associated atoms are generalizations of associated points
defined in [Definition 7.9, we need the following results.
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ProprosITION 7.10. Let Spec R be an open affine subscheme of X, and let

i: Spec R < X be the immersion. For every R-module M, we have Assi,M =
i(Assp M).

Proof. [Gro65l Proposition 3.1.13] and [Gro65] Proposition 3.1.2]. O

LEMMA 7.11. For each x € X, we have Ass j,, E(zx) = {x} and Supp j,  E(r) =
{z}.

Proof. Let i: Spec R <— X be the immersion of an open affine subscheme such
that © = i(p) for some p € Spec R. Then the morphism j, is the compos-
ite of j: SpecOx , = Spec R, — Spec R and i: SpecR — X. By [Mat89]
Theorem 18.4 (vi)], j«E(x) = Eg(R/p). By [Proposition 7.10]

Ass jo, B(z) = Assi, Eg (?) - z‘(AssR Eg (?)) =i({p}) = {z}.

By the argument in [Mat89] p. 150], for each q € Spec R, we have Eg(R/p)q =
Egr,((R/p)q). Hence we obtain

R
SuppER(E) ={q€SpecR|pCq}
and

Supp jz, E(z) = Supp i (ER<§)> = {a}. O

PROPOSITION 7.12. Let M be an object in QCoh X. Then the bijection | X| —
ASpec(QCoh X) in[Theorem 7.6[(2) restricts to a bijection Ass M — AAss M.

Proof. Assume that a, € AAss M, and let i: U — X be the immersion of an
open affine subscheme with x € U. By [Proposition 7.2 and [Proposition 5.6|
o, € AAssi*M. By [Proposition 3.9] and [Proposition 7.10l we obtain x €
Assi,i*M. Since the canonical morphism M — i,i* M induces an isomorphism
M, = (ixi*M),, we deduce that x € Ass M.

Conversely, assume that x € Ass M. By [Theorem 7.4I|(2)|and IIhfm‘ﬁm_ZA—_I

there exists a family {zx},., of points in X such that

E(M) = @JIA*E(‘/I»\)

AeA

By [Gro65] Proposition 3.1.7],

z€AssM C AssE(M) = U Ass jz, E(x).
AeA

Hence there exists A € A such that @ € Assj,, ,F(zx). By [Lemma 7.11]
zx = x. By |Proposition 3.12| we deduce that

a; € AAssj, F(x) C AAss E(M) = AAss M. O
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8. LOCALIZATION OF PRELOCALIZING SUBCATEGORIES AND LOCALIZING
SUBCATEGORIES

In order to classify the prelocalizing subcategories of QCoh X for a locally
noetherian scheme X, we show that they are determined by their restrictions
to open affine subschemes of X. In this section, we prove this claim in a

categorical setting (Setting 8.3). We start with two lemmas, which show the
setting includes the case of QCoh X.

LEMMA 8.1. Let X be a locally noetherian scheme, and let M be an object in
QCoh X. Then for each y € Supp M, there exists © € Ass M with y € {z}.

Proof. By [Theorem 7.4|(2)| and [Theorem T.4l|(3)} there exists a family {zx} ¢4
of points in X such that

E(M) = @) jur  E(y).
reA
Then
y € Supp M C Supp E(M) = U Supp ju,  E(zy).
A€A

By Lemma 7111 y € Supp jg, , E(zx) = {z,} for some A € A. By Proposi-
tion 7.12 and [Proposition 3.12[|(2)| we obtain

AssM = Ass E(M) = | ] Assja, E(2x) = {zr | A€ A}
AeA

Therefore the claim follows. O

LEMMA 8.2. Let R be a commutative ring, and let S be a multiplicatively closed
subset of R. Let M be an R-module. Then the R-module Mg is a quotient object
of the direct sum of some copies of M. In particular, for every p € Spec R, the
R-module M, belongs to the prelocalizing subcategory (M) of Mod R.

preloc

Proof. For each s € S, the image of the R-homomorphism M — Mg given
by  +— 257! is Ms~!. Hence the R-submodule Ms~! of Mg is a quotient
R-module of M. Since

@Ms’l — ZM{1 = Mg,

ses ses
the claim follows. O

In the rest of this section, we investigate localizations of prelocalizing subcat-
egories in the following setting.

SETTING 8.3. Let A be a Grothendieck category with enough atoms, and let
{X}rea be a family of localizing subcategories of A. For each A € A, let
Uy = A/X\. Denote the canonical functors and their right adjoints by

e I[: A— Uy and Gy: Uy — A for each )\ € A,

° Fj: Uy — U, and Gf;: U, — Uy for each A\, € A with U, C Us,

e Fo: A— A, and Gy : A, — A for each o € ASpec A,
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o F2: Uy — (Un)a and GA: (Un)a — Uy for each A € A and o €
ASpec Uy. (Note that (Uy)e = As.)

We assume the following properties.
(1) It holds that

ASpec A = U ASpec U,.
A€A
Moreover, for each A1, A2 € A and a € ASpec Uy, N ASpec Uy, , there
exists u € A such that

a € ASpec U,, C ASpec Uy, N ASpec U),.

In other words, the family {ASpec U\ }, ., satisfies the axiom of open
basis of ASpec AR

(2) For each object M in A and 8 € ASupp M, there exists o € AAss M
with a < S.

(3) Let A € A, and let M’ be an object in Uy and o € ASpec Uy. Then
the object GAF2(M') belongs to (M')

preloc”

For a locally noetherian scheme X, let {Ux},., be an open affine basis of X
(that is, an open basis of X consisting of affine subsets). Then [Lemma 8.1
and [Lemma 8.2] show that the Grothendieck category QCoh X together with
{QCoh Uy}, 4 satisfies the conditions in

We assume in the rest of this section.

We show that every quotient category of A also satisfies the same conditions.

PROPOSITION 8.4. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A — A/X and its right adjoint by G: AJX — A. Then
the Grothendieck category A/X together with the family {(F(Xx)),.}xea Of
localizing subcategories of A/ X also satisfies the conditions in [Setting 8.3 In
particular, for every a € ASpec A, the Grothendieck category Ay together with

{{(X\)adioef aea satisfies the conditions in E
Proof. By the Grothendieck category A/X has enough

atoms.

[(0)] By [Proposition 5.7,
A

A/X A
ASpec ———— = ASpec — N ASpec —.
T PR

[(2)] Let M’ be an object in A/X, and let 8 € ASupp M’. By [Proposition 5.6]
B € ASupp G(M’). Hence there exists & € AAss G(M') = AAss M’ with
a < p.

3However7 we regard ASpec A as a topological space only by the localizing topology. (See

Proposition 3.14})

“It is shown in[Proposition 8.15||(3)] that (F/(Xy))
(XA o

= F(X)). In particular, ((X))a)

loc loc
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Let A € A. By [Proposition 4.18| and [Proposition 4.18|
A/X A A/ Xy

~ ~

<F(‘X>\)>loc <X>\ U X>loc <F>\(‘X)>locl
Let Uy = Ux/(F\(X)),,.. Denote the canonical functors by F': Uy — U],
F/: U, — A, and their right adjoints by G': U5 — Uy, G,: Ax — U},
respectively. Let M” be an object in U}, and let o € ASpec 3. Then by the
assumption, the object GAF2G'(M") belongs to (G'(M")) pretoc- Since F” is
exact, the object F'GAF)G'(M") belongs to (F'G'(M")) = (M")
Since

preloc preloc”

F'GLF,G'(M") = F'G'GLF,F'G'(M") = G,F,(M"),
the claim follows. g

Under the assumptions of we can show a complemental fact on
associated atoms in a quotient category.

LEMMA 8.5. Let X be a localizing subcategory of A. Denote the canonical
functor by F: A — A/X and its right adjoint by G: A/X — A. For every
object M in A,

AAss F(M) = AAss M \ ASupp X.

In particular, for every a € ASpec A,
AAss M, = AAss M N A(«).

Proof. By
AAssGF(M) = AAss F(M) D AAss M \ ASupp X.

Let n: 14 — GF be the unit morphism and § € AAssGF(M). Note that
B ¢ ASupp X. By[Proposition 4.9](3)} the subobject L := Kernys of M belongs
to X, and Imn)s is an essential subobject of GF(M). By [Proposition 3.12]
B € AAss(Imny) = AAss(M/L). Hence there exists a subobject L’ of
M with L C L' such that L’/L is a monoform object representing 8. Since
B € ASuppL’, by there exists o € AAssL’ with a < S.
Since 8 ¢ ASupp X, it holds that @ ¢ ASupp L by [Proposition 3.17] By
[Proposition 3.10] and [Proposition 3.12|[(T)} v € AAss(L'/L) = {3}. Therefore
B=a€c AAssL' C AAssM. |

We show two lemmas as parts of the proof of [Theorem 8.8 It is useful to
determine whether an object belongs to a given prelocalizing subcategory.

LEMMA 8.6. Let A € A, and let )’ be a prelocalizing subcategory of Uy. Let U’
be a uniform object in Uy with AAssU’' = {a}. If U., belongs to Y., then U’
belongs to Y'.

Proof. There exists an object N’ in Uy which belongs to )’ such that U/ =
N/. By the object GAF2(U') = GAF2(N') belongs to
V. Let n: 1y, — GAFZ be the unit morphism. Then by
(3)] o ¢ ASupp(Kerny:). If Kerny: # 0, then by [Proposition 3.12] [(2)]
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a € AAss(Kerny) C ASupp(Kernys). This is a contradiction. Hence ny-
is a monomorphism. The object U’ belongs to ). |

LEMMA 8.7. Let Y be a prelocalizing subcategory of A, and let U be a uniform
object in A with AAssU = {a}. If U, belongs to V., then U belongs to ).

Proof. Let L be the largest subobject of U which belongs to ). Assume
that L € U. Then by there exists 8 € AAss(U/L). By
a < B. By there exists A € A such
that 8 € ASpec Uy = ASpec. A \ ASupp X\. Then by [Proposition 3.17 we
also have a € ASpec U). By a similar argument to that in the proof of
[Cemma 8.6] the canonical morphism U — G, F»(U) is a monomorphism, and
U is X)-torsionfree. By [Proposition 4.12][(2)} the object F)\(U) is uniform, and
AAss F\(U) = {a} by [Proposition 3.12|[(1)} Since F\(U)s = Ua belongs to
Yo = Fx())a, by [Lemma 8.6 the object Fi(U) belongs to Fx\()). We ob-
tain an object N in A which belongs to ) such that F\(N) = F\(U). Let
V Dbe the image of the composite of the canonical morphism N — G)F)\(N)
and G)\FA(N) = GXFA(U). By the object G)\FX(U)/V
belongs to X\. Hence

GAF\(U) N GAF\(U) o GAF\(U)

unv U 1%

Since U NV belongs to )V, we have U NV C L by the maximality of L.
Hence U/L also belongs to Xy, and 8 € ASupp(U/L) C ASupp X,. This is a
contradiction. Therefore L = U. O

THEOREM 8.8. Assume[Selting 8.3 Let Y be a prelocalizing subcategory of A,
and let M be an object in A. If M, belongs to Y, for every a € AAss M, then

M belongs to Y.

€ AX.

Proof. Since A has enough atoms, there exists a family {caw} ., of elements
of ASpec A such that

E(M) = D E(a).
wen
Let Z = (M) 1o For each w € §2, let L, be the largest subobject of E(a,)
which belongs to Z. Then by M C @,co Lo Since L, is
uniform for each w € {2, by [Proposition 3.12]
{aw} =AAssL, C AAss E(M) = AAss M.

By [Proposition 4.13|[(2)] it is straightforward to show that Z,, = (Ma,) pretoc
Hence by the assumption, Z,, C Y,,. Since L, belongs to Z, the object
(Ly)a, belongs to Y, . By we deduce that L, belongs to V.
Therefore the subobject M of @we o L. also belongs to V. O

The following results are consequences of [Theorem 8.8

PROPOSITION 8.9. Let X be a localizing subcategory of A. Denote the canonical
functor by F: A — A/X and its right adjoint by G: A/X — A. Then for every
object M in A, the object GF (M) belongs to (M)

preloc*
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Proof. Let n: 14 — GF be the unit morphism. Let o € AAssGF(M). By

a € AAssGF(M) = AAss F(M) C ASpec % = ASpec A\ ASupp X.
By the objects Kernys and Cokmnys belong to X. By

applying (—)a to the exact sequence
0— Kerny = M — GF(M) — Cokny — 0,

we obtain the isomorphism M, =% GF(M),. Hence GF(M), belongs to
((M) yeroc)a- By Mheorem 8.8 we deduce that GF (M) belongs to (M) 1,.-
(|

PROPOSITION 8.10. Let Y be a prelocalizing subcategory of A and o € ASpec A.
Then « € ASupp Y if and only if H(«) belongs to ).

Proof. If H(a) belongs to ), then & = H(«a) € ASupp V.

Assume o € ASupp). Then there exists a monoform object H in A with
H = a such that H belongs to V. By the object G, F,(H)
belongs to ). By the proof of [Proposition 6.10| the object G Fo(H) is
isomorphic to H(«). O

We show the main result in this section.

THEOREM 8.11. Assume [Setling 8.3 Then there exist bijections between the
following sets.

(1) The set of prelocalizing subcategories of A.

(2) The set of families {Yx C U} e, of prelocalizing subcategories such
that Fl:\(y,\) = Y, for each \, i € A with ASpec U,, C ASpec U,.

(3) The set of families {Y(c) C Aa}easpec.a Of prelocalizing subcategories
such that Y(B)a = V() for each a, B € ASpec A with a < (.

The correspondences are given as follows.

Y { {5V aea

{ya}aeASpecA’
ﬂ FH ()
A€A

e 2 A BT (@)} acaspee
where Y(a) = (Va)a for A € A with a € ASpec Uy,

N Fo' ()

BI V@ aenspeca [
{ N (Fa>1(y<a>>}
aEASpec Uy, AeA

Proof. ((1)}(2)) Let Y be a prelocalizing subcategory of A. It is obvious
that Y C Nyea Y 'Fa(Y). Let M be an object in A which belongs to
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Maea Fx "FA(Y). For each o € AAss M, by there exists A € A
such that o € ASpec Uy. Then

Ma:F)\(M)a GF)\()})& :ya-

By [Theorem 8.8 the object M belongs to . We obtain Y = (¢, F/\_lFA()}).
Let {V\},c4 be an element of [2)] and Y := (4 F ' (V2). It is obvious that
Fy(Y) C Yr. Let M’ be an object in Uy which belongs to V. We show that
FyGx(M') belongs to Yy for each X' € A. For each € AAss Fx'Gx(M'), by

[Lemma. 8.5 and |[Proposition 5.6
B € AAss M’ N ASpec Uy C ASpec Uy N ASpec Uy:.

Hence there exists 1 € A such that
B € ASpec U,, C ASpec Uy N ASpec Uy'.
Since the object
FyGA(M')p = GA(M")g = FAGA(M') g = M
belongs to
V)s=Fr(M)s = Vs = F (Wn)s = (D)s,

by [Proposition 8.4] and [Theorem 8.8 the object Fx G (M') belongs to Vi .
Hence GA(M') belongs to Y, and M’ = F\G\(M') belongs to F\(Y). We
obtain Fy()) = V.

(Well-definedness of |(2)[=|(3)) Let {Vx},c, be an element of and a €
ASpec A. Let A, A € A such that o € ASpec Uy, for each i = 1,2. Then

by there exists p € A such that
a € ASpec U,, C ASpec Uy, N ASpec U),.

Hence
Do = Fr(Vn)a = Vo = F2(Vaa)a = (Vaa)a-
(2)k-B)) Let {¥a} e be an element of [(2)] For each A € A, let

W= () EDTEION).
a€ASpec Uy

Then YV, C J~)>\. Let M’ be an object in Uy which belongs to )7>\. For each o €

AAss M', we have M), € (V). Hence by [Proposition 8.4] and [Theorem 8.8
the object M’ belongs to Yy, and we obtain Yy = Y.
Let {¥(a)},caspec.a e an element of[(3)] For each A € 4, let

= () E)TO().

a€ASpec Uy

For each o € ASpec A, by there exists u € A such that o €
ASpec U,,. Tt is obvious that F¥(YVy) C Y(a). Let M” be an object in A,

which belongs to Y(«). We show that F@Gg (M") belongs to Y(8) for each § €
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ASpec Uy. For each v € AAss FBGQ(M”), by [Lemma. 8.5 and [Proposition 5.6
(1)
v € AAss M" N A(B) C A(a) N A(B).
Since the object
FAGAAI"), = GAOM"), = FAGAM"), = M
belongs to
Y(a)y =Y(v) = V(B)y,
the object F3G)(M") belongs to V(). Hence G3(M") belongs to Yy, and
M" = F3Go(M") € F3(Yx). We obtain Ff (V) = Y(8). O
For a family {V“} ,, of prelocalizing subcategories of A, we can consider the
smallest prelocalizing subcategory (U e V) preloc cOntaining Y for every w €

§2 and the intersection (1, , Y. These are described in terms of prelocalizing
subcategories of quotient categories in the following ways.

ProroOSITION 8.12. Assume that the following elements correspond to each
other by the bijections in [Lheorem 8.11 for each w € 2.

(1) y~.

(2) { X xea-

(3) {yw(a)}aeASpecA'
Then the following elements correspond to each other by the bijections.

(1) <Uw€() yw>preloc'

(2) {{Uuen Y pretoctrea-

(3) {<Uw€(2 yw(a»preloc}aEASpecA'

Proof. For each A € A,

A7) (U))
wes? preloc wes? preloc
— < U FA(JJ“)>
wen preloc
- < U y;’> )
wen preloc

It is shown similarly that ((U,co V) pretoc)a = (Uwen V(@) preloc for each
a € ASpec A. O

PROPOSITION 8.13. Assume that the following elements correspond to each
other by the bijections in [Theorem 8.11) for each w € 2.

(1) y~.

(2) { X} xea-

(3) {yw(a)}aeASpecA'

Then the following elements correspond to each other by the bijections.
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(1) Nyea V*-
(2) {Nwea Vi rea-
(3) {ﬂwen yw(a)}aeASpecA'

Proof. Let A € A. It is obvious that F)((N,cnV¥) C Nyen IAQY) =
Nwen VY. Let M’ be an object in Uy which belongs to (., VY. Then for
each w € 2, there exists an object M, in A which belongs to Y such that
F\(M,,) =2 M'. By [Proposition 8.9] the object Gx\(M') = G\F\(M,,) belongs
t0 (M) reloe- Hence Gi(M') belongs to [, Y, and M" = F\GA(M') €
Fx(NycnY¥). This shows that Fx((,co V) = Nyeo V5
It is shown similarly that ((,coV“)a = Nyen Y9 (a) for each a € ASpec A.
g

Families in [Theorem 8. 171[(3)] have the following characterization.

PROPOSITION 8.14. For each family {Y(a) C Aa},enspeca Of prelocalizing
subcategories, the following assertions are equivalent.
(1) There exists a prelocalizing subcategory YV of A satisfying Yo = V()
for each o € ASpec A.
(2) For each o € ASpec A, there exist A\ € A with o« € ASpec Uy and
a prelocalizing subcategory V' of Uy satisfying Yg = Y(B) for each

B € ASpec U,.
(3) For each o, € ASpec A with o < B, it holds that Y(8)a = V(a).
Proof. This can be shown straightforwardly by using [Theorem S.111 O

In order to investigate the localizing subcategories of QCoh X, we improve

[Proposition 4.13| under the assumptions of
PROPOSITION 8.15. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F: A — A/X and its right adjoint by G: AJX — A.

(1) Let Y be a prelocalizing subcategory of A. Then Y x X C X * ).

(2) Let Y1 and Yo be prelocalizing subcategories of A. Then

F(Qh xYo) = F (Y1) * F()s).
(3) Let Y be a localizing subcategory of A. Then F(Y) is a localizing sub-
category of A/ X.

Proof. Let M be an object in A4 which belongs to Y« X. Then there exists

an exact sequence

0O0—+L—-+M-—N-—=0
in A, where L belongs to Y, and N belongs to X. Since F'(L) = F(M), the
object GF(M) = GF(L) belongs to Y by [Proposition 8.9 Let n: 14 — GF

be the unit morphism. There is an exact sequence

0 — Kerny = M — Imnys — 0.

By the object Kernys belongs to X. The subobject Im 7y
of GF (M) belongs to ). Therefore M belongs to X * ).
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By |Proposition 4.13|
FQh*Yo) CEFQ *« X % Ya) = F(Qh) * F(Y2).

By

FV1xXxYo) CE(X « Y1 x)o) CF(X)x F(Qh x Vo) = F(V1 % Vo).
By

FQ)«F(Y)=FQ*Y)=FQ). O

THEOREM 8.16. Assume that the following elements correspond to each other
by the bijections in [Theorem 8.11) for each i =1,2.

1) Y.
(2) {V3}rea-

(3) {yl(o‘)}aeASpecA'
Then the following elements correspond to each other by the bijections.

(1) Y*)2.

(2) (V) * yi})\e/l'

(3) {yl (Oé) * y2 (a)}aeASpecA‘
Proof. This follows from [Proposition 8.15| O

COROLLARY 8.17. The bijections in[Theorem 8.11) restrict to bijections between
following sets.
(1) The set of localizing subcategories of A.
(2) The set of families {Yx C Ur} o, of localizing subcategories such that
F;L\()A) = Y, for each A, € A with ASpec U,, C ASpec U,.
(3) The set of families {Y(c) C Ao} easpeca Of localizing subcategories
such that Y(B)a = V() for each a, 8 € ASpec A with o < .

Proof. This follows from [Theorem 8.161 O
Prime localizing subcategories of A are characterized as follows.

THEOREM 8.18. Assume [Setting 8.3, and let X be a localizing subcategory of
A. Then the following assertions are equivalent.

(1) X is a prime localizing subcategory of A.

(2) There exists o € ASpec A such that X = X(«).

(3) For each family {X,}wen of localizing subcategories of A satisfying
X = Nyeo Xw, there exists w € 2 such that X = X,,.

(4) For each family {V,}wen of prelocalizing subcategories of A satisfying
X =Nypeo Vo, there exists w € 2 such that X =Y),,.

Proof. The equivalence [(1)}s](2)] follows from [Theorem 5.141

Let {V., }wen be a family of prelocalizing subcategories of A satisfying X (a) =
Nweo Vo- Since H(a) does not belong to X'(«), there exists w € £2 such that
H(«) does not belong to Y,,. By [Proposition 8.10) o ¢ ASupp J,,, and hence

Y., C X(a). This shows [(2)={(4)]
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The implication |(4){(3)| is obvious. The implication |(3)F1(2)| follows from
O

9. CLASSIFICATION OF PRELOCALIZING SUBCATEGORIES

Let X be a locally noetherian scheme with the structure sheaf Ox. In this
section, we classify the prelocalizing subcategories of QCoh X. Let {Ux}, 4
be an open affine basis of X. Let iy: Uy < X be the immersion for each A € A,
and let iy ,: U, — Uy be the immersion for each A, u € A with U,, C U,.

We recall the notion of a filter. This is an essential tool to classify prelocalizing
subcategories.

DEFINITION 9.1. Let A be a Grothendieck category, and let M be an object
in A.
(1) A filter of subobjects of M in A is a set F of subobjects of M satisfying
the following conditions.
(a) M e F.
(b) If L C L’ are subobjects of M with L € F, then L' € F.
(C) If Ly,Ly, € F, then LN Ly € F.
If there is no danger of confusion, we simply say that F is a filter of
M.
(2) For each subobject L of M, denote by F(L) the filter consisting of all
subobjects L’ of M with L C L’. A filter of the form F(L) is called a
principal filter.

REMARK 9.2. In the principal filter F(L) is closed under
arbitrary intersection. Conversely, if a filter F of M is closed under arbitrary
intersection, then F = F(L), where L is the smallest element of F.

It is obvious that the map

{'subobjects of M } — { principal filters of M }
given by L +— F(L) is bijective.

For a ring A, we say that a filter F of right ideals of A is prelocalizing if for
each L € F and a € A, the right ideal

a'L={becA|abe L}

of A belongs to F. For a ring A, Gabriel [Gab62] gave a classification of the
prelocalizing subcategories of Mod A.

THEOREM 9.3 (|[Gab62, Lemma V.2.1]). Let A be a ring. There is a bijection

{ prelocalizing subcategories of Mod A }
— { prelocalizing filters of right ideals of A}

given by
A
yH{LCAin Mod/l‘zey}.
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Its inverse is given by
F—{M e ModA|Anny(z) € F for every x € M }
<%€ModA'L€]:>

p

reloc

Proof. [Pop73| Theorem 4.9.1]. |

For a commutative ring R, every filter F of R is prelocalizing. Indeed, for
L e Fanda € R, we have L C a~ 'L, and hence a 'L € F. Therefore the
following assertion holds.

COROLLARY 9.4. Let R be a commutative ring. There is a bijection
{ prelocalizing subcategories of Mod R} — { filters of ideals of R}
given by
. R
Y=< ICRin ModR 76)7 .
Its inverse is given by
F—{MeModR | Anug(z) € F for every x € M }
<§€ModR‘I€}">
P

reloc

Proof. This is immediate from [Theorem 9.3 O

In the case of a locally noetherian scheme X, we need to use the notion of a

local filter instead of a filter (see [Theorem 9.14] and [Example 12.13).

DEFINITION 9.5. Let X be a locally noetherian scheme. We say that a filter F
of subobjects of Ox in QCoh X is a local filter of Ox if it satisfies the following
condition: let I be a subobject of Ox, and assume that for each x € X, there
exist an open affine neighborhood U of x in X and I’ € F such that I'|y C I|y
as a subobject of Oy. Then I € F.

PROPOSITION 9.6. Ewvery principal filter of Ox is a local filter.

Proof. For every subobject I of Oy, we show that F(I) is a local filter. Let
I’ be a subobject of Ox such that for each x € X, there exist an open affine
neighborhood U(z) of x in X and J(x) € F(I) such that J(z)|ym) C I'|ye).-
Let J :=(,cx J(7) in QCoh X. Then J € F(I), and J|y(z) C I'|y(y) for each
x € X. For each open subset U of X,

JU)={se€O0x(U) | slu@nuv € J(U(x)NU) for each x € X }
C{se€Ox)|sluwpnu € I'(U(x)NU) for each x € X }
=I'(U),

and hence J C I’ follows. This implies that I’ € F. O
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The next result shows that the local filters of Ox are exactly the same as the
filters of Ox in the case where X is quasi-compact. This is the reason that we
do not need to consider a local filter in the case of a commutative ring.

ProrosITION 9.7. If X s a noetherian scheme, then every filter of Ox is a
local filter.

Proof. Let F be a filter of Ox. Let I be a subobject of Ox, and assume that
for each # € X, there exist an open affine neighborhood U(x) of  in X and
I'(x) € F such that I'(2)|y () C I|u(e)- Since X is quasi-compact, there exists
x1,..., 2, € X such that X = {Ji_, U(z;). Let I' := (;_, I'(z;). Then I’
belongs to F. Since I'|y(y;) C I|y(e,;) for each j = 1,...,n, we have I’ C I,
and hence I also belongs to F. O

The following result describes the local filter generated by a set of subobjects
of Ox.

PROPOSITION 9.8. Let S be a set of subobjects of Ox. Let F be the set con-
sisting of all subobjects I of Ox satisfying the following condition: for each
x € X, there exist an open affine neighborhood U of z in X and n € Z>1 and
Ii,..., I, € S such that

(Il ﬂ"'ﬂ[n)lU CI|U
Then F is the smallest local filter of Ox including S.
Proof. 1t is obvious that F satisfies the conditions [(a)|and [(b)] in [Definition 9.1

We show thatis satisfied. Let (W), I(?) € F. Then for each j = 1,2 and
x € X, there exist an open affine neighborhood UV of z in X and n; € Z>1

and Ifj), . ,I,g? € S such that
IP 0N ID) e € 190,
Then
(Il(l) n---N 17(111) N [1(2) n---N 17(12))|U(1)HU(2) C ([(1) n 1(2))|U(1)HU(2)'

2
This shows IV N 12 € F. Hence F is a filter of Ox.
Let I be a subobject of Ox such that for each x € X, there exist an open affine
neighborhood U of # in X and I’ € F such that I'|y C I|y. Let € X, and
take such U and I’. Then there exists an open affine neighborhood U’ of x in
X and n € Z>q and I1, ..., I/ € S such that
(I A L) € Il
Since
(I{ n--- mI;l)|UﬁU/ C I/|UmU’ C I|UOU/7
it holds that I € F. This shows that F is a local filter. It is obvious that F is
the smallest local filter of Ox including S. O

In the setting of [Proposition 9.8] the local filter F is denoted by (S),, sy

We investigate the restriction of a filter to an open affine subscheme and the
localization at a point.
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ProprosITION 9.9. Let F be a filter of Ox.
(1) For every X € A, the set

Flu, == {Ilu, C Oy, in QCohU, |I € F}

is a filter of Oy, .
(2) For every x € X, the set

is a filter of Ox 4.

Proof. Since Ox € F, we have Oy, € Fly,.

Let I C I’ be subobjects of Oy, with I € Fl|y,. By [Proposition 4.10] there
exists a largest subobject I (resp. I’) of Oy satisfying I|y, C I (resp. I'|y, C
I), and it holds that I|y, = I (resp. I'|ly, =I'). Then I € F and I C I’ imply
I' € F. We deduce that I’ = I'|y, € Flu,.

Let I~1,I~2 € Flu,. Then for each i = 1,2, there exists I; € F such that
Ly, = L. Tt holds that I; N Iy € F. Since (—)|y, : QCoh X — QCoh U, is an
exact functor, I1|y, N I2lu, = (I1 N L)|u, € Flu,-

This is shown similarly to|(1)| |

We give a characterization of a local filter.

PROPOSITION 9.10. Let F be a filter of Ox. Then the following assertions are
equivalent.
(1) F is a local filter.
(2) Let I be a subobject of Ox such that for each x € X, there exists an
open affine neighborhood U of x in X satisfying Iy € Fly. Then
IeF.

Proof. 1t is obvious that implies
Assume Let I be a subobject of Ox such that for each x € X, there exist
an open affine neighborhood U of x in X and I’ € F satisfying I'|y C I|y.

Since F|y is a filter of Oy by we have Iy € Fly. Hence
I € F. This shows O

The following lemmas show that the bijection in commutes with
the restriction to an open affine subscheme and the localization at a point.

LeMMA 9.11. Let A, p € A with U, C Ux. Let Y be a prelocalizing subcategory
of QCoh Uy, and let F be the corresponding filter of Oy, by the bijection in

[Corollary 9] Then the filter Flu, of Oy, corresponds to the prelocalizing
subcategory Y|u, of QCohU, by the bijection.

Proof. Let F' be the filter of Oy, corresponding to Y|v,, that is,

F = {Tc Oy, in QCohU,,

@)
% o}

DOCUMENTA MATHEMATICA 20 (2015) 1403-1465



1448 Ryo KANDA

It is obvious that F|y, C F'. Let I € F'. Then there exists an object
M in QCoh X which belongs to Y such that Oy, /I = M|y,. By Proposi-

tion 4.10, there exists a subobject I of Oy, such that Iy, = I, and Oy, /I is
X-torsionfree, where

X = {M/ € QCoh Uy | M/|U“ = 0}
By the canonical morphism Oy, /I — (ix )43 ,(Ov, /1)
is a monomorphism. By the object
. « [(Ou\ o . Ou,\ . .
(“vu)*lk,u(TA) = (“\7#)*( 7 = (U,u)*b\,uM
belongs to Y. Hence Oy, /I also belongs to ). This shows that I € F and that
I =1y, € Flu,. Therefore Fly, = F'. O

LEMMA 9.12. Letz,y € X withy € m Let Y be a prelocalizing subcategory
of Mod Ox y, and let F be the corresponding filter of Ox , by the bijection

in [Corollary 9.4 Then the filter F, of Ox , corresponds to the prelocalizing
subcategory YV, of Mod Ox , by the bijection.

Proof. This is shown similarly to [Lemma 9.11] O

We show a lemma to glue filters on open affine basis to a local filter of Ox.

LEMMA 9.13.
(1) For every local filter F of Ox,

F={ICOx in QCoh X | I|y, € Flu, for each A € A}.

(2) Let Fx be a filter of Oy, for each X € A, and assume that Fx|y, = F,
for each A\, € A with U, C Ux. Then there exists a unique local filter
F of Ox satisfying F|u, = Fa for each A € A.

Proof. This follows from [Proposition 9.10]
The uniqueness follows from Let
F:={ICOx in QCohX | I|y, € Fy foreach A € A}.

It is straightforward to show that F is a filter of Ox satisfying F|y, C Fy for
each A € A.

Let I be a subobject of Ox such that for each x € X, there exists an open affine
neighborhood U of z in X satisfying I|y € F|y. For each A € A and y € Uy,
there exists an open affine neighborhood U’ of y in X satisfying I|yr € Flu-.
Take 4 € A satisfying y € U, € UxNU’. Then (I|y,)|lv, = (I|lv))lv, €
(Flo)lv, = (Flu,)lu,. Since Fly, is a local filter by and
we have Iy, € Fly, C Fx. This shows that I € F. By
[Proposition 9.10] the filter F is a local filter.

We show that F) C Fly,. Let J e Fx. By [Proposition 4.10] there exists
a subobject J of Ox such that J|y, = J, and Ox/J is Xy, -torsionfree (see
[Proposition 7.2)). It suffices to show that J € F, that is, J|y, € F, for each
u € A. Denote by Yy and )V, the prelocalizing subcategories of QCoh Uy
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and QCohU,, corresponding to Fy and F,, by [Corollary 9.4] respectively. We
show that the object Oy, /J|y, belongs to ),. Let x € Assy, (Oy, /J|u,). By
Lemma 8.9

@
r € Assy, -

Ox
7 :ASSXTQUMCUAQUM.

U

Oy, > Ox .o < Ou, > <OUA )
= L — = =~ c .
<J|UM T Jw JlUA T J T (y)\)

Take v € A such that € U, C UxNU,. Then (Vr)z = W\|v,)e = (W) =

(Vulv, )z = (Vu)z- Hence by [Theorem 8.8 the object Oy, /J|u, belongs to V.
This shows that J|y, € Fp. O

Hence

The following theorem is the main result in this section, which gives a classifi-
cation of the prelocalizing subcategory of QCoh X.

THEOREM 9.14. Let X be a locally noetherian scheme, and let {Ux},o, be an
open affine basis of X. Then there exist bijections between the following sets.

(1) The set of prelocalizing subcategories of QCoh X .

(2) The set of families {Yx C QCoh Uz}, of prelocalizing subcategories
such that Yx|u, = YV, for each \,p € A with U, C Uy.

(3) The set of families {Y(x) C Mod Ox »},cx of prelocalizing subcate-
gories such that Y(y), = V(z) for each x,y € X with y € {x}.

(4) The set of local filters of Ox.

(5) The set of families { Fx} ¢ 1, where F is a filter of Oy, for each X € A,
such that Fy|y, = Fy for each X\, € A with U, C Uy.

(6) The set of families {F(x)}, ., where F(x) is a filter of Ox , for each
x € X, such that F(y), = F(z) for each z,y € X with y € {z}.

The correspondences are given as follows.

{ICOX in QCth’O—IXeJJ}

WY =@ Dl

{yI}IEX

@) <O—IX Ie]—'> g

BB Fohen

(6] {Fo}rex

(@) {Va}ren »[D]{ M € QCoh X | M|y, € Vx for each X € A}
{V(@)}ex =M { M € QCoh X | M, € Y(x) for each x € X }

[B) {Fr}tren —[@)]{I C Ox in QCoh X | I|y, € Fy for each X € A}
[G) {F(2)}yex —[@)]{I C Ox in QCohX | I, € F(x) for each x € X }
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Proof. [Theorem 8.17] gives bijections between [(1) and [(3)| m
and [Lemma 9.17] (resp. [Lemma 9.72)) give a leeCtIOn between (2)] and [(5)] resp
and [(6)). [Cemma 9.13 gives a bijection between [(4)] and [(5)

For a family of prelocalizing subcategories of QCoh X, the supremum and the
intersection are described in terms of local filters as follows.

PROPOSITION 9.15. Assume that the following elements correspond to each
other by the bijections in[Theorem 9.17) for each w € 2.

(1) V- (4) F.
(2) {5 hea- (5) {FXaea-
(3) {Y(@)}ex- (6) {F“(x)}pex-

Then the following elements correspond to each other by the bijections.

(1) <UwEQ yw>preloc‘ ( ) <UweQ >locﬁ1t

(2) {<UwEQ yg\)>preloc}>\e/l‘ ( ) {<UwEQ‘F)\ >locﬁ1t})\€/l

(3) {<Uw€fl yw(‘r»preloc}zGX' ( ) {<Uw€9‘7 ( )>locﬁlt}x€X'
Proof. This follows from [Proposition 8.12] O

PROPOSITION 9.16. Assume that the following elements correspond to each
other by the bijections in[Theorem 9.17) for each w € 2.

(1) V- (4) F.
(2) { VX }rea- (5) {7} rea-
(3) {Y(2)}ex- (6) {F“(x)}pex-

Then the following elements correspond to each other by the bijections.

(1) Nyeo Y*- (4) Nyen F*-
(2) {Nuen Y3 trea (5) {Nuweo F3 rea-
3) AN Y (@)} 1ex- (6) {Npeo F ()} pex-
Proof. This follows from [Proposition 8.13| O

We demonstrate a calculation of the grelocalizing subcategories bg using The-

orem 9.14.

ExXAMPLE 9.17. Let k be an algebraically closed field, and consider the poly-
nomial ring k[x] with a variable x. For each a € k, let p, := (x —a) C k[z] and
m, = pyk[x]y,. Then

Speck[z] = {ps | a € k} U{0}.
Since k[z],, is a discrete valuation ring, the set of ideals of k[z],, is

{mg i €20} U{0},
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where m{ = k[z],,. For each n € Z>¢, define the filter F of k[x],, by
Fo={mg|0<i<n},
and let _ _
Fo={ml |i€Z>0}, Fo:={m |i€Z>o}U{0}.
Then the set of filters of k[x],, is
{Fl|n€ZsoU{xc}}U{F.}.

Since k[x]o = k(z) is a field, the set of the filters of k(z) consists of F>° = {k(z)}
and F = {0, k(x)}. For each a € k and n € Z>o U {o0}, (FI)o = F°°, and
(Fa)o = F. Hence the set

{ {Fa Y aer )

r={r(@)}oer, € [[(Z20 U {o0}) } U{{Fataens F)}

a€k

is the set of families of filters which are compatible with localizations. By
Mheorem 9.14] the set of prelocalizing subcategories of Mod k[x] is

(s
where

Vr = {M € Modk[z] | My, m>(¥) = 0 for each a € k with 7(a) # oo }
for each 7 € [],c1(Z>0 U {o0}).

re [[@z0U{o0}) } U {Mod k[z]},

ack

10. CLASSIFICATION OF LOCALIZING SUBCATEGORIES

In this section, we investigate extensions of prelocalizing
nition 4.1|(1))) in terms of local filters and classify the localizing subcategories
of QCoh X for a locally noetherian scheme X. The classification is given as a
restriction of [Theorem 9.14 We start with recalling Gabriel’s classification of
the localizing subcategories of Mod A for a ring A.

DEeFINITION 10.1. Let A be a ring.
(1) For prelocalizing filters F; and F; of right ideals of A, define the product
F1 x Fo as follows: L € Fy = Fo if and only if there exists L1 € F
satisfying a='L € F, for every a € L.
(2) A prelocalizing filter F of right ideals of A is called a Gabriel filter if
F « F C F holds.

PROPOSITION 10.2. Let A be a ring. If F1 and Fa are prelocalizing filters of
right ideals of A, then F1 C F1 x Fa, and Fo C Fi * Fa.

Proof. Let Ly € Fy. Then a~'L; = A € F, for each a € L;. This shows that
F1 C Fy* Fa.

Let Ly € F». Then A € Fy, and a~ 'Ly € F, for each a € A. This shows that
Fo C Fp * Fa. O

THEOREM 10.3 ([Gab62] p. 412]). Let A be a ring.
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(1) For each i = 1,2, let Y; be a prelocalizing subcategory of Mod A, and
let F; be the prelocalizing filter of right ideals of A corresponding to JF;
by the bijection in[Theorem 9.3 Then Y1 * Yo corresponds to Fa * F1
by the bijection.

(2) The bijection in[Theorem 9.3 restricts to a bijection

{ localizing subcategories of Mod A} — { Gabriel filters of right ideals of A}.
Proof. [Ste75, Theorem VI.5.1]. O

For a commutative ring R, we say that a filter F of R is closed under products
if I1,Is € F implies I1I; € F. In the case of a commutative noetherian ring,
products of filters and Gabriel filters are characterized as follows.
ProrosSITION 10.4. Let R be a commutative noetherian ring.

(1) Let Fi and F3 be filters of R. Then

FixFo={ICRin ModR | LIy C I for some I; € F1, Iy € F2 }.
(2) Let F be a filter of R. Then F is a Gabriel filter if and only if F is

closed under products.

Proof. Let I € Fi %« Fy. Then there exists I; € F; such that a1 € F,
for each a € I;. Since R is noetherian, there exist by,...,b, € R such that
I =bR+ - +b,R. Let I, :=b;'TN---Nb, 1. Then I € Fs, and

NIy =bilo+ - +b, I Chy(by )+ + by (b, 1) C 1.

Conversely, let J; € F; and Jy € F». For each a € J;, we have Jy C a™'JqJa,
and hence a~'J;Jy € Fy. This implies that J;Jo € Fy * Fo.

This follows from O

For a commutative noetherian ring R, the classification of the localizing sub-
categories of Mod R is stated as follows.

COROLLARY 10.5. Let R be a commutative noetherian ring. Then the bijection

m restricts to a bijection
{ localizing subcategories of Mod R} — { filters of R closed under products}.

Proof. This follows from [Theorem 10.3[(2)] and [Proposition 10.4][(2)} O

In the rest of this section, let X be a locally noetherian scheme, and let {Ux}, 4
be an open affine basis of X. For an object M in QCoh X and a subobject I of
Ox, the subobject M I of M is defined as the image of the canonical morphism
M ®o, I - M in QCoh X.

DEFINITION 10.6.
(1) Let F; and F3 be local filters of Ox. We define the product Fi x Fa by

FixFa = (111, C Ox in QCoh X | I; € F; for each i = 1,2),_ g
(2) We say that a local filter F is closed under products if F«F C F holds.
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Note that a local filter F is closed under products if and only if I,I, € F
implies I1 I € F.

Products of local filters of Ox commute with the restriction to an open affine
subscheme and the localization at a point.

LEMMA 10.7. Let F; be a local filter of Ox for each i =1,2.

(1) For every \ € A,

(F1* F2)|uy = Filu, * F2lu,.
(2) For every x € X,
(-71 * ]:z)x = (]'—1)x * (]:z)x~
Proof. Let J € (F1 x F2)|y,. Then there exists I € Fy % F2 such that
I|y, = J. For each x € Uy, there exist an open affine neighborhood U of z in
X and I; € Fy and Iy € F3 such that (I1 1)y C Iy. Hence
(Iilvy I2|uy)lusnu = (1 2)|usnu C Iusnu = Jluanu-

This shows that J € Fi|y, * Fa|u,.

Conversely, assume J € Fi|y, * Fa|u,. Then for each x € Uy, there exist
an open affine neighborhood V of z in Uy and J; € Fi|y, and Jo € Faly,
such that (J1J2)|v C J|y. For each i = 1,2, there exists I; € F; such that
Ii|U>\ = J;. Then (11[2)|U>\ S (fl *f2)|U>\7 and

(Ii12)|u)lv = (id2)lv C Jv.

Since (1 + F)lu, is a local filter by and
we obtain J € (F1 * F2)|u, -
This can be shown similarly to|(1) O

We describe extensions of prelocalizing subcategories of QCoh X in terms of
products of local filters.

THEOREM 10.8. Assume that the following elements correspond to each other

by the bijections in[Theorem 9.1 for each i = 1,2.

1) yi. (4) F'.
@) (Viher (5) {Fi}ren.
(3) {4(@)} pex- (6) {F'(2)}ex-

Then the following elements correspond to each other by the bijections.

(1) Yt x)2. (4) FlxF2.
(2) {Vx * Ve (5) {73 * Fitrea-
(3) {¥V'(@) * V*(@)}ex- (6) {F' (@) * F2(2)}sex-

Proof. This follows from [Theorem 8.6 [Theorem 10.3[(1)] and
O
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COROLLARY 10.9. The bijections in[Theorem 9.1]] restrict to bijections between
following sets.
(1) The set of localizing subcategories of QCoh X.
(2) The set of families {Xx C QCoh Uz}, 4 of localizing subcategories such
that X\|u, = &, for each A\, € A with U, C Uy.
(3) The set of families {X(x) C Mod Ox 4}, of localizing subcategories
such that X(y), = X(z) for each z,y € X with y € {z}.
(4) The set of local filters of Ox closed under products.
(5) The set of families {Fx}\c, where Fy is a filter of Oy, closed under
products for each X € A, such that Fx|y, = F, for each A\, € A with
UH C U,.
(6) The set of families {F(x)},cx, where F(x) is a filter of Ox . closed
under products for each x € X, such that F(y). = F(x) for each
z,y € X withyem.

Proof. This follows from [Theorem 10.8 O
We apply |Corollary 10.9to [Example 9.17]

ExXAMPLE 10.10. In the setting of |[Example 9.17]
F s Fi= Fmtn
for each a € k and m,n € Z>o U {oo}. Hence by [Corollary 10.9] the set of

localizing subcategories of Mod k[z] is

{yr re H{O,oo} } U {Mod k[z]}.

a€k
In [Theorem 7.8] we showed that there exists a bijection between the localizing
subcategories of QCoh X and the specialization-closed subsets of X . For a local
filter F of Ox closed under products, the corresponding specialization-closed
subset of X is {zx € X | Fo # {Ox 2} }
Prime localizing subcategories of QCoh X are characterized in terms of local
filters as follows.

THEOREM 10.11. Let F be a local filter of Ox closed under products. Then the
following assertions are equivalent.

(1) By the bijection in the local filter F corresponds to a
prime localizing subcategory of QCoh X .

(2) There exists x € X such that
F={ICOx in QCohX |I, =Ox, }.

(3) For each family {F,}uen of local filters of Ox closed under products
satisfying F = (e Fuw, there exists w € 2 such that F = F,,.

(4) For each family {F,}ueq of local filters of Ox satisfying F =
Nwen Fw, there exists w € 2 such that F = F,.

Proof. This follows from [Theorem 8.18 O
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11. CLASSIFICATION OF CLOSED SUBCATEGORIES

In this section, we investigate the closed subcategories of QCoh X for a locally
noetherian scheme X, whose definition is as follows.

DEeFINITION 11.1. Let A be a Grothendieck category. A prelocalizing subcat-
egory X of A is called a closed subcategory of A if X is closed under arbitrary
direct products.

Note that every Grothendieck category has arbitrary direct products ([Pop73|
Corollary 3.7.10]).
Closed subcategories are characterized by and the following

result.

PROPOSITION 11.2. Let A be a Grothendieck category (or more generally, an
abelian category admitting arbitrary direct products), and let Y be a full sub-
category of A closed under subobjects and quotient objects. Then the following
assertions are equivalent.

(1) Y is closed under arbitrary direct products.

(2) The inclusion functor Y — A has a left adjoint.

(3) For each object M in A, there exists a smallest subobject L of M sat-

isfying M/L € ).

Proof. Apply to the opposite category of A. O

Note that for a Grothendieck category, every full subcategory which is closed
under subobjects and arbitrary direct products is also closed under arbitrary
direct sums.

For a ring A, Rosenberg [Ros95] showed that there exists a bijection between
the closed subcategories of Mod A and the two-sided ideals of A. This result
can be unified into [Theorem 9.3 as follows.

THEOREM 11.3 (Gabriel [Gab62] Lemma V.2.1] and Rosenberg [Ros95, Propo-
sition 111.6.4.1]). Let A be a ring. Then there exist bijections between the fol-
lowing sets.

(1) The set of closed subcategories of Mod A.
(2) The set of principal prelocalizing filters of right ideals of A.
(3) The set of two-sided ideals of A.

The bijection between and is induced by the bijection in[Theorem 9.3
The bijection between and is given by

—>: Y ﬂ Anny (M),

Mey
A
[(3)]— [(X)]: Ir—>{M€ModA|MI()}<7> _
preloc

Proof. We show that for each right ideal L of A, the principal filter F(L) of
right ideals of A is prelocalizing if and only if L is a two-sided ideal of A. Assume
that F(L) is prelocalizing. Then for each a € A, we have a~'L € F(L). This
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implies L C a~ 'L, and hence aL C L. Therefore L is a two-sided ideal of
A. The converse is obvious. The bijection between and follows from
Remark 9.21

Let Y be a prelocalizing subcategory of A, and let F be the corresponding
prelocalizing filter of right ideals of A. If ) is a closed subcategory of A, then
by [Proposition 11.2] there exists a smallest element of 7. Hence F is principal.
Conversely, assume that F is principal. Then F = F(I) for some two-sided
ideal I of A. Since

Y={MeModA|IC Anny(x) for each z € M }
={M e ModA|MI=0},

the prelocalizing subcategory ) of A is also closed under arbitrary direct prod-
ucts. g

The aim of this section is to generalize [Theorem 11.3] to a locally noetherian
scheme X. Let {Ux},., be an open affine basis of X.
We show a lemma on gluing of subobjects on open affine subschemes.

LEMMA 11.4. Let M be an object in QCoh X, and let Ly be a subobject of M|y,
for each X € A. Assume that Lx|y, = L, for each A\,p € A with U, C Uy.

Then there exists a unique subobject L of M such that L|y, = Ly for each
Ae A

Proof. (Existence) Define a subsheaf L of M by
L(U)={se M(U) | slu, € Lx(Uy) for each A\ € A with Uy C U }

for each open subset U of X. It is straightforward to show that L is a subsheaf
of M satisfying L|y, = Ly for each A € A. In particular, the sheaf L is
quasi-coherent.

(Uniqueness) Let L’ be a subobject of M in QCoh X such that L'|y, = Ly for
each A € A. Then

L'(U)={se M) |s|y, € L'(Uy) for each A € A with U C U }
={se MU)| s|u, € Lx(Uy) for each A € A with Uy Cc U }
for each open subset U of X. |

The following lemma shows that for a principal filter of Oy, its restriction to an
open affine subscheme and its localization at a point are also principal filters.

LEMMA 11.5. Let I be a subobject of Ox .

(1) For every A € A, we have F(I)|y, = F(I|u,).
(2) For every x € X, we have F(I)y = F(I).

Proof. For each J' € F(I)|y,, there exists J € F(I) such that J|y, = J'.
Since I C J, it holds that Iy, C J|y, = J'. This shows that F(I)|y, C
Flu,)-

It is follows from I € F(I) that Ily, € F(I)|y,. Since F(I)|y, is a filter of
Ov, by ProposBOR II(I] we have F(D)lu, 5 F(llu,).
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This is shown similarly by using O

Conversely, if the restriction of a local filter of O x to each open affine subscheme
U, is principal, then the local filter is principal.

LEMMA 11.6. Let F be a local filter of Ox. Then F is a principal filter if and
only if the filter Fl|u, of Ou, is principal for every A € A.

Proof. If F is a principal filter, then F|y, is a principal filter for every A € A
by [Lemma TTFI[(T)}

Assume that there exists a subobject I of Oy, such that F|y, = F(Iy) for
each A € A. For each A\, p € A with U, C Uy,

F(xlv,) = FIN)|u, = (Flu)lv, = Flu, = FUy).
Hence I)\|y, = I,,. By[Lemma 11.4] there exists a subobject I of Ox such that

I|y, = I, for each A € A. Since F(I)|y, = F(I|u,) = F(Ir) = Fx for each
A € A, it follows from [Cemma 9.13[(2)] that F(I) = F. O

REMARK 11.7. Let F be a local filter of Ox. Even if F, is a principal filter of
Ox . for each x € X, the local filter F is not necessarily a principal filter. A

counter-example is given in [Example 11.12

We characterize closed subcategories of QCoh X in terms of local filters.

LEMMA 11.8. Let Y be a prelocalizing subcategory of QCoh X, and let F be

the corresponding local filter of Ox by the bijection in [Theorem 9.1]} Then
Y is a closed subcategory of QCoh X if and only if F is a principal filter. If
F = F(I) for a subobject I of Ox, then I is the smallest subobject of Ox
satisfying Ox /I € Y, and
Y={MeQCohX | MI=0}

Proof. Assume that ) is a closed subcategory of QCoh X. Then by Propo-
sition 11.2, there exists a smallest subobject I of Ox satisfying Ox /I € Y.
Hence F = F(I).

Conversely, assume that F = F(I) for some subobject I of Ox. Then for each
A € A, we have Fly, = F(I|y,) by Lemma I1.5[(1)} and hence

Ylu, ={M" € QCohUx | M'(I|y,) =0}
by [(Theorem 11.3l By [Iheorem 9.141
Y ={MeQCohX | My, €Y|v, for every A € A}
={M e QCoh X | M|y, I|ly, =0 for every A€ A}
={M e QCohX | MI =0}.
For each object M in QCoh X, the subobject M I of M is the smallest among

the subobjects L of M satisfying (M/L)I = 0. Therefore ) is a closed subcat-
egory of QCoh X. O
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As in [Remark 11.7] the same type of theorem as does not hold

for the closed subcategories. For this reason, we use the characterization in
[Proposition 8.14]in order to obtain a generalization to the closed subcategories.

THEOREM 11.9. Let X be a locally noetherian scheme, and let {Ux},o, be an
open affine basis of X. Then there exist bijections between the following sets.

(1) The set of closed subcategories of QCoh X .

(2) The set of families {¥» C QCohUx},c, of closed subcategories such
that Yx|u, = Yy for each X\, p € A with U, C Uy.

(3) The set of families {Y(x) C ModOx s}, of closed subcategories
such that for each x € X, there exist A € A with x € Uy and a closed
subcategory V' of QCoh Uy satisfying Y, = V(y) for each y € U.

(4) The set of principal filters of Ox.

(5) The set of families {Fx} e, where Fy is a principal filter of Oy, for
each A € A, such that Fy|u, = F, for each X\, € A with U, C Uy.

(6) The set of families {F(x)},c x, where F(x) is a principal filter of Ox .
for each x € X, such that for each x € X, there exist \ € A with x € Uy,
and a principal filter F' of Oy, satisfying F, = F(y) for each y € U,.

(7) The set of subobjects of Ox.

(8) The set of families {Ix}yc,, where Iy is a subobject of Oy, for each
A € A, such that I\|y, = 1, for each A\, ;€ A with U, C U,.

(9) The set of families {I(x)},c x, where I(x) is an ideal of Ox ., for each
x € X, such that for each x € X, there exist A € A with x € Uy and a
subobject I' of Ou, satisfying I, = I(y) for each y € Uy.

The bijections between the sets|(1), ...,[(6) are induced by[Theorem 9.17)

The bijections |(4) and [(6)(9) are defined by the bijection
L+ F(L) in[Remark 9.2

Proof. This follows from [Iheorem 9.14! [Theorem 11.3| [Lemma 11.6] and
[Cemma 1.8 O

We establish a bijection between the closed subcategories of QCoh X and the
closed subschemes of X by using the following fact.

ProrosiTioN 11.10. There is a bijection
{ subobjects of Ox } — { closed subschemes of X }

given by I — (Supp(Ox/I),i 1 (Ox/I)), where i: Supp(Ox/I) < X is the
immersion. For each closed subscheme Y of X, the corresponding subobject I
of Ox 1is given by the exact sequence

0—>1—0x — 1,0y —0,
wherei: Y < X is the immersion, and Ox — i.Qy is the canonical morphism.

Proof. [Har7T, Proposition 11.5.9]. O

THEOREM 11.11. Let X be a locally noetherian scheme. Then there exists a
bijection between
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(1) The set of closed subcategories of QCoh X.
(2) The set of closed subschemes of X.

For each closed subscheme Y of X with the immersion i: Y — X, the functor
ix: QCohY — QCoh X is fully faithful and induces an equivalence between
QCohY and the closed subcategory of QCoh X corresponding to 'Y .

Proof. The bijection is obtained by [['heorem 11.9] and [Proposition 11.10} By
[Gro60], 0.5.1.4], [Gro60, Proposition 1.5.5.1 (i)], and [Gro60, Corollary 1.9.2.2
(a)], we have the functor i*: QCohX — QCohY and its right adjoint
ix: QCohY — QCoh X. It is straightforward to show that the counit mor-
phism 7*i, — 1qcony is an isomorphism. Hence i, is fully faithful. An object
M in QCoh X is isomorphic to the image of an object in QCohY by i, if and
only if the canonical morphism M — i,i*M is an isomorphism. Let I be the
subobject of Ox corresponding to Y. Since we have the exact sequence

0— MI— M —i,43"M — 0,

M — "M is an isomorphism if and only if MI = 0. Therefore the claim
follows. O

EXAMPLE 11.12. We follow the notations in [Example 9.17|and [Example 10.10]
Each nonzero proper ideal I of k[z] is generated by an element of the form
(x —a1)™ - (x — a;)™, where | € Z>1, a1,...,a; are distinct elements of k,
and ri,...,7 € Z>1. We have

{m“’i if @ = a; for some i € {1,...,1}
Pa = °

a

klz],, ifaeck\{a,...,a}
For each r € [],cx(Z>0 U {oo}), the object k[z]/I belongs to V. if and only if

r; < r(a;) for every i = 1,...,1. Hence the corresponding filter of k[z] to V. is
l €Z>1, a1,...,a; € k (distinct)
(x—a)™ - (z—a)" C k] Ty 71 € Z>1 U {k[z]}.
r; <r(a;) foreachi=1,...,1

This is equal to
((—a)" Ckla]|ack, r€Zz1, v <7(a))10ehi
and we have the description
ack, reZs, Tgr(a)>

klz
(T
preloc
By [Theorem 11.9] the set of closed subcategories of Mod k[z] is
{JA re @z } U {Mod k[z]}.
ack
Let 7 € (I,er Z>0) \ (Buer Zz0). Then for every p € Speck[z], the prelo-

calizing subcategory (Yr), of Mod k[z], is a closed subcategory, and F, is a
principal filter of k[z],. However, the prelocalizing subcategory Y, of Mod k[x]
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is not a closed subcategory, and the corresponding local filter of k[z] is not a
principal filter.

12. CLASSIFICATION OF BILOCALIZING SUBCATEGORIES

Let X be a locally noetherian scheme. We investigate extensions of closed
subcategories. The following lemma shows that products of principal filters are
also principal.

LEMMA 12.1. Let I and Iy be subobjects of Ox . Then F(I1)*F (1) = F(I112).
Proof. This follows from O

Extensions of closed subcategories are described in terms of products of prin-
cipal filters.

THEOREM 12.2. Assume that the following elements correspond to each other

by the bijections in[Theorem 11.9 for each i =1,2.

(1) . (7) I'.

(2) {Vihrea- (8) {I3}rea-
(3) {V' (@)} pex- 9) {I'(2)},ex-
(4) Fi.

(5) {F3}trea

(6) {7 (@)} ex

Then the following elements correspond to each other by the bijections.

(1) AR (7) 172,

(2) {y)l\*yi})\e/l' (8) {1)1\13})\6/1'

(3) {V'(x) * Y (2)} pex- 9) {T' ()P (2)} e x -
(4) Fx F2.

(5) {7 *‘Fg})\e/l‘

(6) {F' () * F*(2)} e x-

Proof. This follows from [I’heorem 10.8 and [Lemma 12,11 O

As a corollary of [Theorem 12.2] we obtain a classification of the bilocalizing
subcategories of QCoh X. They are defined as follows.

DEFINITION 12.3. Let A be a Grothendieck category. A prelocalizing subcat-
egory X of A is called a bilocalizing subcategory of A if X is both localizing
and closed.

Bilocalizing subcategories have the following characterization.

ProroOSITION 12.4. Let A be a Grothendieck category, and let X be a localizing
subcategory of A. Then X is a bilocalizing subcategory of A if and only if the
canonical functor A — AJX has a left adjoint.
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Proof. [Pop73| Theorem 4.21.1]. a

For a ring A, the bilocalizing subcategories of Mod A are classified by the idem-
potent two-sided ideals of A.

DEFINITION 12.5. Let A be aring. A two-sided ideal I of A is called idempotent
if 12 = I holds.

PROPOSITION 12.6. Let A be a ring.

(1) For eachi=1,2, let Y; be a closed subcategory of Mod A, and let I; be
the corresponding two-sided ideal of A by the bijection in[Theorem 11.3.

Then Y1 x Yo corresponds to IsI1 by the bijection.
(2) The bijection in[Theorem 11.3 restricts to a bijection

{ bilocalizing subcategories of Mod A} — { idempotent two-sided ideals of A}.

Proof. For two-sided ideals I; and Is of A, it is straightforward to show
that F(I1) x F(Iz) = F(I1I2). Therefore the claim follows from [Theorem 10.3]
This follows from O

A subobject I of Ox is called idempotent if I? = I holds. We classify the
bilocalizing subcategories of QCoh X as follows.

COROLLARY 12.7. The bijections in[Theorem 11.9 restrict to bijections between
following sets.

(1) The set of bilocalizing subcategories of QCoh X .

(2) The set of families {Yx C QCoh U}y, of bilocalizing subcategories
such that Yx|u, = YV, for each \,p € A with U, C Uy.

(3) The set of families {Y(x) C Mod Ox s}, x of bilocalizing subcategories
such that for each x € X, there exist A € A with x € Uy and a bilocal-
izing subcategory V' of QCoh Uy satisfying Y, = Y (y) for each y € U.

(4) The set of principal filters of Ox closed under products.

(5) The set of families {Fx}yc, where Fy is a principal filter of Oy,
closed under products for each A\ € A, such that Fx|y, = F, for each
A€ A withU, C U,.

(6) The set of families {F(x)},cx, where F(x) is a principal filter of Ox
closed under products for each x € X, such that for each x € X, there
exist A € A with x € Uy and a principal filter of subobjects F' of Oy,
which is closed under products and satisfies ]-'; = F(y) for eachy € Uy.

(7) The set of idempotent subobjects of Ox .

(8) The set of families {Ix}yc,, where I is an idempotent subobjects of
Ouy, for each X € A, such that I\|y, = I, for each \,u € A with
UH C U,.

(9) The set of families {I(x)},cx, where I(zx) is an idempotent ideal of
Ox 4 for each x € X, such that for each x € X, there exist A € A with
x € Uy and an idempotent subobject I' of Oy, satisfying I, = 1(y) for
each y € Uy.
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Proof. This follows from [Theorem 12.2] O

EXAMPLE 12.8. In the setting of [Example 11.12] the set of bilocalizing subcat-
egories of Mod k[z] is

{Vr | r={0},cr } U{Mod k[z]} = {0, Mod k[z]}.

We show that the sets in also bijectively correspond to the set
of open closed subsets of X. We start with the following well-known fact on a
commutative noetherian ring.

LEMMA 12.9. Let R be a commutative noetherian ring, and let I be an idem-
potent ideal of R. Then there exists an ideal J of R such that R=1® J in
Mod R. In particular, the subset Supp(R/I) of Spec R is open and closed.

Proof. By Nakayama’s lemma ([Mat89, Theorem 2.2]), there exists a € R such
that al =0 and 1 —a € I. Then a®? = a and (1 —a)R = I. By letting J = aR,
we obtain R = I & J, and Spec R is the disjoint union of the closed subsets
V(I) and V(J) determined by I and J, respectively. O

The idempotence of a subobject of Ox is characterized in terms of the corre-
sponding closed subscheme.

LEMMA 12.10. Let X be a locally noetherian scheme. Let I be a subobject of
Ox, and let Y be the corresponding closed subscheme of X by the bijection
in [Proposition 11.100 Then I is idempotent if and only if Y is also an open
subscheme of X.

Proof. Assume that [ is idempotent. For each open affine subscheme U of
X, the subobject Ily of Op is idempotent. By [Lemma 12.9] the subset
Supp(Oy/I|y) of U is open and closed. Since

Ou Ox

I|_U = U N Supp D

the underlying space Supp(Ox /I) of Y is an open subset of X. Foreach y € Y,
the ideal I, of Ox , is idempotent, and (Ox/I), # 0. Hence I, = 0. It follows
that Oy = (Ox/f)|y = Ox|y.

Conversely, assume that Y is also an open subscheme. Let i: Y < X be the
immersion. There is an exact sequence

Supp

0—-1—0x —i.(Oxly) — 0.

For each x € X,

[ 0 ifreY
T OX@ if$¢y7

and hence I, is idempotent. It follows that I is idempotent. ]

COROLLARY 12.11. Let X be a locally noetherian scheme. Then there exist
bijections between the following sets.

(1) The set of bilocalizing subcategories of QCoh X .
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(2) The set of idempotent subobjects of Ox .
(3) The set of closed subschemes of X which are also open subschemes.
(4) The set of subsets of X which are open and closed.

The bijection[(1)[(2) is in[Corollary 1273 The bijection[(2)-[(3) is induced by
the bijection in|[Proposition 11.10L For each elementY of] the corresponding

element Of is the underlying space of Y.
Proof. This follows from [Corollary 12.7|and [Lemma 12.10 O

By using the classification of the prelocalizing (resp. localizing, closed) subcat-
egories of Mod k[z], we can obtain a classification of the prelocalizing (resp.
localizing, closed) subcategories for the projective line.

ExaMPLE 12.12. Let k be an algebraically closed field, and consider the pro-
jective line X = P}. Denote by & the set of closed points in X. For each
7 € [[,ce(Z>0U{o0}), we define a prelocalizing subcategory ), of QCoh X by

V. ={M € QCoh X | M,m>® =0 for each z € & with r(z) # oo }.

Then by the main results (Lheorem 9.14] |Corollary 10.9} [ITheorem 11.9) and
[Corollary 12.7) and the examples on Spec k[z] (Example 9.17] [Example 10.10]

and [Example 12.8), the set of prelocalizing subcategories of
QCoh X is

re H(ZZO U{oo}) } U{QCoh X},

[
zed

the set of localizing subcategories of QCoh X is

(s

the set of closed subcategories of QCoh X is

(s

and the set of bilocalizing subcategories of QCoh X is
{7 =10}, } U{QCoh X} = {0, QCoh X }.

ExXaMPLE 12.13. For each i € Z, let k; be a field, and let U; := Speck;.
Consider the disjoint union X := [, , U;. For each subset B of Z, define a
prelocalizing subcategory Vg of QCoh X by

Yp={M e QCohX | M|y, =0 foreachi € Z\ B}.
Then by [Lheorem 9.14l [Corollary 10.9, [ITheorem 11.9) and [Corollary 12.7] the

set

re []{0,00} } U{QCoh X},

rzed

re @z } U {QCoh X},

red

{Yp|BCZ}
is the set of prelocalizing subcategories of QCoh X, and every prelocalizing
subcategory of QCoh X is bilocalizing. Therefore every local filter of Ox is a
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principal filter. For each subset B of Z, let Ip be the idempotent subobject of
Ox corresponding to the bilocalizing subcategory Yp. Then the filter

F={Ip|Z\ B is a finite set }

of Ox is not a local filter since F is not a principal filter.
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