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ABSTRACT. Let K be a global field which contains a primitive p-th
root of unity, where p is a prime number. M. J. Hopkins and K. G.
Wickelgren showed that for p = 2, any triple Massey product over K
with respect to IFp,, contains 0 whenever it is defined. We show that
this is true for all primes p.
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1. INTRODUCTION

Massey products were introduced by W. S. Massey in [M]. (We review the
definition in Section 2.) Massey products were first used in topology where
usual cohomology cup products would not detect some linking properties of
knots but Massey products would. (See for example [Mo, page 98] or [GM,
pages 154-158].) Further interest in Massey products arises as an obstruction
to the "formality”" of manifolds over real numbers. In the case of compact
Kéhler manifolds, formality formalizes the property that their homotopy type
is a formal consequence of their real cohomology ring. (See [DGMS].) We
treat Massey products also as obstructions to solving certain Galois embed-
ding problems.

Throughout this paper, we let p be a prime number. Let K be a field which we
assume contains a fixed primitive p-th root of unity ;. Let G be the absolute
Galois group of K. Let C* = C*(Gg, [Fp) denote the differential graded algebra
of [Fy-inhomogeneous cochains in continuous group cohomology of Gk (see
e.g., [NSW, Chapter I, §2]). For any a € K* = K\ {0}, let x, denote the
corresponding character via the Kummer map K* — Hl(GK,]Fp), ie., xqis
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defined by o ({/a) = @f”(a) {/a, for all ¢ € Gg. In the work of M. J. Hopkins
and K. G. Wickelgren [HW], the following fundamental result was proved.
(By a global field we mean a finite extension of Q, or a function field in one
variable over a finite field.)

THEOREM 1.1 ([HW)| Theorem 1.2]). Let the notation be as above. Assume that
p = 2and K is a global field of characteristic # 2. Let a, b, c € K*. The triple Massey
product (Xa, Xp, Xc) contains 0 whenever it is defined.

In [MTT] we extend the result of Hopkins-Wickelgren to an arbitrary field K
of characteristic # 2, still assuming that p = 2.

THEOREM 1.2 ([MT1, Theorem 1.2]). Let the notation be as above. Assume that
p = 2 and K is an arbitrary field of characteristic # 2. Let a,b,c € K*. The triple
Massey product (xa, Xp, Xc) contains 0 whenever it is defined.

In this paper we extend the result of Hopkins-Wickelgren in Theorem [L.1lin
another direction. We still consider a global field K but we let the prime p be
arbitrary.

THEOREM 1.3. Let the notation be as above. Assume that K is a global field contain-
ing a primitive p-th root of unity and a,b,c € K*. Then the triple Massey product
(Xa, Xps Xc) contains 0 whenever it is defined.

Let us denote by U4 (IF,) the group of all upper-triangular unipotent 4-by-4-
matrices with entries in IF,,. For a finite group G, by a G-Galois extension L/K,
we mean a Galois extension with Galois group isomorphic to G. It is a classical
problem to describe extensions M /K which can be embedded into a G-Galois
extension L/K with a prescribed Galois group G. From Theorem [L.3] and its
local version we can deduce the following contribution to this problem when
G = Uy(Fp).

COROLLARY 1.4. Let K be a local or global field containing a primitive p-th root of
unity. Let a,b,c € K* and assume that the classes [a], [b], [c] in the [F,-vector space
K* /(K*)P are linearly independent. Assume further that xo U xp = xp U xc = 0
in H2(G, Fp). Then the Galois extension K({/a, ¥/b, {/c) /K can be embedded in a
U4 (IFy)-Galois extension L/K.

In fact for each Uy (IFp)-extension L/K, there exist a,b,c € K* N L? such that
the classes [a], [b], [c] in the [F,-vector space K* /(K*)P are linearly indepen-
dent, and that x, U x; = xp U xc = 0in H?(Gk,Fp). Thus we see that this
hypothesis is both necessary and sufficient for embedding abelian extensions
of degree p? and exponent p into a Uy (IF,)-extension. (See Section 4 for more
detail.)

In the case when p = 2, Corollary [[.4l was also proved in [GLMS, Section 4]
for all fields K of characteristic not 2. (See also [MT1], Section 6].)

Let us now recall briefly how Theorem [L.1lis established in [HW].

Let p = 2 and K be a field of characteristic not 2. In [HW], the authors con-
struct for each a,b,c € K*, a K-variety X, ; . which has a K-rational point if
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and only if the triple Massey product (Xa, Xp, Xc) is defined and contains 0 (see
[HW| Theorem 1.1]). The authors then establish a local version of Theorem [l
by using the non-degeneracy property of the cup products and the indetermi-
nacy of Massey products. Now assume that K is a global field and consider
a,b,c € K* such that (x4, x4, Xc) is defined. By applying a result of D. B. Leep
and A. R. Wadsworth in [LW], the authors show that the splitting variety X, ;.
satisfies the Hasse local-global principle (see [HW), Theorem 3.4]), and then the
result follows from the local case.

In our paper we also use the local-global principle but our method is different
from the method used in the paper [HW]. Let p be any prime, and let K be a
field containing a primitive p-th root of unity. Let a,b,c € K* such that the
triple Massey product (xa, X», Xc) is defined. Now instead of constructing a
splitting variety for (xa, X», Xc), we use the technique of Galois embedding
problems to detect the vanishing property of triple Massey products. Namely,
(Xa, Xbs Xc) vanishes if certain kinds of embedding problems are solvable. This
is true because of a result of W. G. Dwyer. We then use Hoechsmann’s lemma
to translate the problem of solvability of embedding problems to the problem
of showing the vanishing of some degree 2 cohomology classes. Then we
establish a local-global principle for the vanishing of the cohomology classes
(see Lemma[6.2). Theorem [L.3] then follows from its local version. This being
said, our proof also provides another proof for Theorem [L.T]in the case p = 2.

ACKNOWLEDGMENTS:  We would like to thank Stefan Gille, Thong Nguyen
Quang Do and Kirsten Wickelgren for their interest and correspondence. We
are grateful to the an anonymous referee for his/her very careful reading
of our paper and for providing us with insightful comments and valuable
suggestions which we used to improve our exposition considerably. For
example, Proposition .71 and Lemma [6.T] were formulated based on his/her
report.

Addendum (October 2015): Since submitting of this paper there have been
some new significant developments in this subject motivated and influenced
by this paper and [MT1]. In [EMI] Efrat and Matzri proved a result which
implies the main result Theorem [1.3] of this paper. In [Ma]] Matzri extended
our main result Theorem to an arbitrary field K. Efrat and Matzri [EM2]
and in parallel [MT3]] gave a direct proofs of Matzri’s result, using only tools
from Galois cohomology. In [MT4] the explicit constructions of Uy (IF,,)-Galois
extensions over all fields which admit such extensions are provided. In [MT5]
the authors also considered the vanishing property of higher Massey products
over rigid fields.

2. REVIEW OF MASSEY PRODUCTS

In this section, we review some basic facts about Massey products, see [MT1]
and references therein for more detail.
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Let A be a unital commutative ring. Recall that a differential graded algebra
(DGA) over A is a graded associative A-algebra

C* ==l =Coclac’s .-
with product U and equipped with a differential 9: C* — C**! such that
(1) 9 is a derivation, i.e.,
d(aUb) =0aUb+ (—1)auadb (aeCh);
(2) *> =0.
Then as usual the cohomology H*® of C*® is kerd/imd. We shall assume that
ai,...,a, are elements in H'.

DEFINITION 2.1. A collection M = (a;5), 1 <i <j<n+1,(ij) # (I,n+
1) of elements of C! is called a defining system for the n-fold Massey product
(a1,...,ay) if the following conditions are fulfilled:

(1) a; ;41 represents a;.

(2) aaij = Z;;ll_,'_l a; U aj; fori+1<j.
Then Y}, ajx Uay 41 is a 2-cocycle. (See for example [Fe, page 233].) Its co-
homology class in H? is called the value of the product relative to the defining
system M, and is denoted by (ay, ..., an) o
The product (ay,...,ay) itself is the subset of H? consisting of all elements
which can be written in the form (ay, ..., a,) r¢ for some defining system M.
The n-fold Massey product (ay, ..., a,) is said to be defined if it has a defining
system, i.e., the set (a1, ...,a,) is non-empty.
For n > 2 we say that C* has the vanishing n-fold Massey product property if
every defined Massey product (a1, ...,a,), whereay, ..., a, € cl, necessarily
contains 0. When n = 3 we will speak about triple Massey products and the
vanishing triple Massey product property.

Now let G be a profinite group and let A be a finite commutative ring con-
sidered as a trivial discrete G-module. Let C* = C*(G, A) be the DGA of
inhomogeneous continuous cochains of G with coefficients in A [NSW) Ch. I,
§2]. We write H(G, A) for the corresponding cohomology groups.

DEFINITION 2.2. We say that G has the vanishing n-fold Massey product prop-
erty (with respect to A) if the DGA C*(G, A) has the vanishing n-fold Massey
product property.

3. UNIPOTENT MATRICES

Let U, ;1 (IF,) be the group of all upper-triangular unipotent (n +1) x (n+1)-
matrices with entries in IF,. Let Z,, 1 (IF,)) be the subgroup of all such matrices
with all off-diagonal entries being 0 except possibly at position (1,7 +1). We
may identify the quotient U, 11(IF,)/Z,41(Fp) with the group U, 1(FF,) of
all upper-triangular unipotent (7 + 1) x (1 + 1)-matrices with entries over IF,
with the (1,7 4 1)-entry omitted.
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For a representation p: G — U, 1(Fp) and 1 <i <j<n+1,letp;: G —
IF, be the composition of p with the projection from U, 11 (F;) to its (i,j)-
coordinate. We use similar notation for representations p: G — U, 1(F p)
Note that p; ;1 (resp., p; ;+1) is a group homomorphism.

Now we assume n = 3. We consider the following exact sequence of finite
groups

1—>A—>U4(JP,,)M>JF;—>1,

here a;;: Uy(Fp) — TF, is the map sending a matrix to its (i, j)-coefficient.
Explicitly,

— O X

A=

b
(C) ta,b,c ey

SO O
[N e o)

01

We consider the action of Us(F,) on A by conjugation: g-a = gag~!, Vg €
U4(]Pp), a € A. Since A is abelian, this action induces an action of IF?, on A,
i.e., we get a homomorphism ¢: F} — Aut(A).

Let A’ = Hom(A,F,) be the dual ]Fg—module of the ]Fi’,—module A. Here the
action of IF; on A’ is given by

(89)(2) = ¢(g7" - a),
where ¢ € Hom(A,Fy), g € ]F?, and a € A. (Here we write the group ]F?r; mul-
tiplicatively.) From this action, we get a homomorphism ¢ : ]Ff, — Aut(A’).
The following lemma is a special case of a more general result on matrix rep-

resentations of dual representations. For the convenience of the reader, we
include a short proof.

LEMMA 3.1. Assume that {e1, ey, e3} is a basis for the Fy-vector space A. Let g be
any element ]Ff, Suppose that (g) is given by matrix X with respect to ey, ey, e3.
Then the matrix of ¥ (g) with respect to the dual basis is (X~ 1)T.

Proof. We write X~ = (x;;). Let {¢], e}, ¢4} be the dual basis of the basis
{e1,€2,e3}. Then

(' (8)(eD) () = ei((8™")(e))) = 6?(;xkj€k) = Xjj = (;Xikezi)(%)
Hence ¢'(g)(e;) = L xixe;, and the lemma follows. O

LEMMA 3.2. There exists an IFp-basis of A" such that with respect to this basis the
map ' : F5 — Aut(A’) becomes a map I, — GLg(F,) which sends (x,y,z) € IF;
1 0 —x
to |0 1 z
0 0 1
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Proof. We first describe the action of ]F;; on A, ie., we describe the map

P: ]F?, — Aut(A), as follows.
Lete; = I+ Epy,ep =1+ Eq3,e3 = I + E14. We have

P(x,y,z)(e1) =
1x0010001x0071100x
_joryofjototfjory o _fo10 1 _ o
1001 z|/]lo0o1o0[]00 1z (0010 3/
00 0 110 0 0 110 0 0 1 0 0 0 1
P(x,y,z)(e2) =
1x0010101x00_1101—z
o1t yofjoroojforyo_fo1oof_
“l001 z[|00 10001z |00 1 0 7 ¥
0 00 1110 0 0 110 0 0 1 0 0 0 1
P(x,y,2)(e3) =
1 x00]too 1]t xo0 o0 '[1o0o01
o1 yofjorooffo1yoof_|o1o0of_,
“lo 01 z/|001o0[|0O0O0 12z |00 10
0O 0 0 1,10 0 0 110 0 0 1 0 0 0 1
Thus with respect to the IFy-basis {e1, 5, e3} of A, the element (x,y,z) € IF;; is
1 0 O
sent to the matrix [0 1 0| € GL3(FFp).
x —z 1

Now we consider the lFf',-rnodule A’. By Lemma 3] the structure map
¥': F5 — Aut(A’) describing the action of F} on A’ with respect to the dual
basis of (e1, ez, €3), is given by:

T

1 0 o0]"
(x,y,2) — 0 1 0 =
X 1

—Z

4. EMBEDDING PROBLEMS

A weak embedding problem & for a profinite group G is a diagram

&= G
la
U—f>l:l
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which consists of profinite groups U and U and homomorphisms a: G — U,
f: U — U with f being surjective. (All homomorphisms of profinite groups
considered in this paper are assumed to be continuous.)

A weak solution of £ is a homomorphism B: G — U such that f = «.

We call £ a finite weak embedding problem if the group U is finite. The kernel
of £ is defined to be M := ker(f).

Let ¢1: G — G be a homomorphism of profinite groups. Then ¢; induces the
following weak embedding problem

51 = G]

l xody
u—L-u.
If B is a weak solution of £ then § o ¢; is a weak solution of &;.
The following result is due to W. Dwyer. We will use this result to reformulate

the vanishing Massey product property in terms of weak embedding prob-
lems.

THEOREM 4.1 ([Dwy| Theorem 2.4]). Let aq,..., &y be elements of Hl(G, Fp).
There is a one-one correspondence M <+ p g between defining systems M for
(w1, ..., an) and group homomorphisms prq: G — U, (Fp) with (Ppq)iiv1 =
—uaj, forl <i<n.

Moreover (a1, ..., an) pm = 0in H*(G,Fp) if and only if the dotted homomorphism
exists in the following commutative diagram

G
-7 lPM
£ g _
0 —=F) —=U,1(Fp) —=Uya(Fp) — L.
Explicitly, the one-one correspondence in Theorem[4.Ilis given by: For a defin-

ing system M = (a;;) for (ay,...,an), pp: G — Wyp1(FFp) is defined by
letting (pr4)ij = —aij (see [Dwy) Proof of Theorem 2.4]).

LEMMA 4.2. Let G be a profinite group, and n > 3 an integer. Then the following
statements are equivalent:

(1) G has the vanishing n-fold Massey product property with respect to IFp.
(2) For every homomorphism p: G — U,41(FF,), the finite weak embedding
problem

_ G
7 L(ﬁlzn--/ﬁn,nﬂ)
A
0——=A —>Un+1(]FP) - IFZ — 1L

has a weak solution, i.e., (P12, 023, - -, Pun+1) can be lifted to a homomor-
phism p: G — U, (F,).
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Proof. This follows from Theorem &1 O

COROLLARY 4.3. Let G be a profinite group. Let x1,x2, x3 € H'(G,FFp) be Fp-
linearly independent. Assume that G has the vanishing triple Massey product and
that xy U x2 = x2Uxs = 0 € H?(G,F,). Then there is a continuous surjective
homomorphism p: G — U4 (IFy) such that p1o = x1, p23 = X2 and pz4 = X3.

Proof. Since x1 Ux2 = x2Uxs = 0 € H?*(G,F,), there exist a1p,a23 €
CY(G,F,) such that da;p = x1 U x2 and dap3 = x» U x3. This implies that
the triple Massey product (X1, x2, x3) is defined. By Theorem 4.1 we have a
homomorphism p: G — U4(FF,) such that g1, = x1, P23 = X2 and P34 = X3.
By Lemmal4.2] there exists a homomorphism p: G — U4(IF;) such that
P12 = P12 = X1, 023 = P23 = X2, P34 = P34 = X3-

Note that the Frattini subgroup of Uy (IF,) is A. Hence by the Frattini argu-
ment p: G — Uy([F,) is surjective. O

REMARK 4.4. Let p: G — Uy(IF,) be a surjective homomorphism. Let x; =

P12, X2 = P23 and x3 = p34. Since (p12,023,034): G — Fp x F) x [F) is surjec-
tive, we see that x1, x2 and x3 are [F-linearly independent. Furthermore since

p is group homomorphism, we see that x1 U x2 = x2 U x3 = 0 € H(G, F,).

LEMMA 4.5 (Hoechsmann). Let £ be a finite weak embedding problem for G with
finite abelian kernel M. Let € € H?(U, M) be the cohomology class corresponding
to the embedding problem E. Then £ has a weak solution if and only if a*(e) = 0 €
H?(G,M).

Proof. See [Hol Statement 1.1, page 82]. (See also [NSW| Chapter 3, §5, Propo-
sition 3.5.9].) O

COROLLARY 4.6. Let £(G) = (a: G — U, f: U — U) be a finite weak embed-
ding problem for G with abelian kernel M. Let ¢;: G; — G,i € I, be a family of
homomorphisms of profinite groups. Assume that the natural homomorphism

H*(G,M) = [ [H*(Gi, M),
i
is injective. Then the weak embedding problem E(G) has a weak solution if and only
if for every i € I the induced weak embedding problem £ (G;) has a weak solution.
Proof. We consider the following sequence
H2(U, M) —*~ H2(G, M)—— [T;c; H*(G;, M).
The statement follows from Lemma 4.5 O

PROPOSITION 4.7. Suppose that G;, i € I, are closed subgroups of a profinite group
G, and that for every map a: G — IF?, the map

Res: H*(G,A) — [ [ H*(G;, A)
i€l
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is injective, where the action is via pon: G — Aut(A). If each G; has the triple van-
ishing Massey product property, then G also has the triple vanishing Massey product

property.

Proof. We shall prove the condition (2) in Lemmald2l
Let p: G — WUy4(Fp) be any homomorphism. We consider the weak embed-
ding problem

(&) G
J/ (P12/023,034)

0——= A——Uy(Fy) — (F,)> ——1.
By assumption for every i € I the induced weak embedding problem (&;)
(&) G
hd - l(ﬁlzrﬁzsfﬁsz;)
A
0——=A——=Uy(Fy) — (F,)> —=1,

has a weak solution. By Corollary (€) has a weak solution also. O

5. THE VANISHING OF A CERTAIN COHOMOLOGY GROUP

Let G be a profinite group, and let M be a discrete G-module. We define
HL(G,M) = ker(H'(G, M) — [ [H'(C, M)),
C

where the product is over all closed cyclic subgroups (in the profinite sense)
of G.

(The definition of H}(G, M) is due to Tate (see [Se, §2]). This definition also
appeared in [DZ) §2], in which the authors used the notation H]. - instead of
using H 1)

The following lemma is a special case of [DZ, Lemma 3.3]. It is a simple lemma
and therefore we also omit a proof.

LEMMA 5.1. Let V be a vector space of finite dimension over a field k. Let ¢1, @2 be
elements in the dual k-vector space V* := Hom(V, k). Ifker ¢1 C ker ¢, then there
exists A € k such that ¢ = Ag.

1 0 a
0 0 1

and let ]F;’, act on G by matrix multiplication. Then HL(G, (Fp)%) = 0.

LEMMA 5.2. Let
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Proof. Let (Z,) be a cocycle representing an element in H1(G, (F,)?). Then for
each o € G, there exists W, € (IFp)® such that

Zg' - (U - 1)Wg’.
X()' ug' 1 0 ag'
Writing Zo = |yo |, Wo = |vs| ando= |0 1 bs|,wehave
Zg to 0 0 1
Xo 0 O ag Uy tﬂ'aﬂ'
yg' - 0 O bg’ Oo| = tg'bg' .
Zg 0 0 0 to 0
Hence
(1) xO‘ - to‘ﬂg‘, yg‘ - to‘bg‘, Z(T - 0.

By the cocycle condition, ¢ — x, and ¢ — y, are homomorphisms. Also,
0 — a, and ¢ — b, are homomorphisms. From (), one has kera, C kerx,
and ker b, C kery,. Hence by Lemma 5.1} there exist A, u € IF), such that

(2) xO‘ == Aag‘,' yg‘ == ybg‘.

O O =
O = O

1
We consider the matrix oy = [ 1] ,ie., a5y = bs, = 1. Then (@) and @)
1

imply that
Xoy = toy, = A, and Yo, = to, = .

Thus A = u. Hence for all o € G we have Z, = (0 — 1)W, with W = (0,0, 1)".
Therefore (Zy) is cohomologous to 0, as desired. O

6. THE INJECTIVITY OF A LOCALIZATION MAP

Let K be a global field containing a primitive p-th root of unity. For any Gg-
module M with the structure map p: Gk — Aut(M), let K(M) be the smallest
splitting field of M, explicitly K(M) is the fixed field of the separable closure
K5¢P under ker(p). For each prime v of K, let K, denote the completion of K at
v. We will fix an embedding t,: Gk, — Gg which is induced by choosing an
embedding of K% in Kf}ep . Then for each i, 1,’s induce a homomorphism

B (K, M): H'(Gx, M) — [ H'(Gk,, M).
(4
This homomorphism does not depend on the choice of embeddings KP —
K5, and it is called the localization map.

LEMMA 6.1. Let F be a finite Galois extension of K containing K(M). Then we can
inject the group ker B! (K, M) into the group H}(Gal(F/K), M).

(See [Se, Proposition 8] for a similar statement.)
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Proof. By [Mi, Chapter I, Lemma 9.3] and/or [Ja} Lemma 1], we have the fol-
lowing diagram

ker B (K, M)

H}(Gal(F/K), M) —= HL(Gk, M).
The lemma then follows. O

Now let w: Gx — IF}% be any (continuous) homomorphism. We consider A as
a Gg-module via

poa: Gk 53 5 Aut(A).
LEMMA 6.2. The localization map

H?(Gk, A) = [ | H*(Gk,, A),
v
is injective.
Proof. First note that if we consider A’ = Hom(A,F,) as a Gg-module via
the composition map p = ¢’ oa: Gx — ]F?F’, ¥, Aut(A’), then A’ is the dual
Gg-module of the Gx-module A. We shall choose an IFj-basis of A’ as in
Lemma52 Clearly, after identifying A’ with IF;, and Aut(A") with GL3(IF)),

the action of Gk on A’ via the image im(p) is the matrix multiplication.
By Poitou-Tate duality ([NSW| Theorem 8.6.7]), it is enough to show that

3) ker(H'(Gk, A') — [[H'(Gk,, A")) = 0.

Let F = (K*P)kerf be the smallest splitting field of A’. Then Gal(F/K) =~
im(B) C imy’ = G, where G is the group defined in Lemma 5.2 Here the
equality imy’ = G follows from LemmaB.2]

If Gal(F/K) ~ imB = G, then by Lemma 52} H!(Gal(F/K),A’) = 0. If
Gal(F/K) ~ imp # G, then Gal(F/K) is of order dividing p because |G| =
p?. Thus Gal(F/K) is cyclic. In this case, it is clear that H}(Gal(F/K), A’) =
0. Thus in all cases we have H!(Gal(F/K), A’) = 0. Therefore Lemma
implies that (3) is true, as desired. O

7. TRIPLE MASSEY PRODUCTS OVER LOCAL AND GLOBAL FIELDS

Recall that a pro-p-group G is call a Demushkin group if its cohomol-
ogy H'(G,FF,) has the following properties: (1) dimg, HY(G,Fp) < oo, (2)
dimp, H?*(G,F,) = 1 and (3) the cup product H'(G,F,) x H'(G,F,) —
H?(G, F,) is non-degenerate.
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THEOREM 7.1. Let K be a local field containing a primitive p-th root of unity. Let n
be an integer greater than 2. Then every n-fold Massey product contains 0 whenever
it is defined.

Proof. Let G = Gg(p) be the maximal pro-p quotient of the absolute Galois
group of K. If either K o~ C or K ~ R and p # 2, then G is trivial. Clearly then
G has the vanishing n-fold Massey product property.

If K ¥ Rand p = 2 then G ~ Z/2Z, which is a Demushkin group by
[NSW, Proposition 3.9.10]. Now assume that K is not isomorphic to either
R or C, then by [NSW|, Proposition 7.5.9 and Theorem 7.5.11], G is also a De-
mushkin group. Hence, in the both main cases when G is non-trivial, G has

the vanishingn-fold Massey product property by [MT1, Theorem 4.3]. O
Proof of Theorem[L.3] Theorem follows from Proposition 47, Lemma
and Theorem [Z]] O
Proof of Corollary[L4 Corollary [[.4l follows from Theorems [Z.IJHI.3 and Corol-
lary O

REMARK 7.2. If F is a local field containing a primitive p-th root of unity, then
the situation in Corollary [[.4 actually occurs precisely when F is a finite ex-
tension of the field Q. Indeed, let G = Gf(p) be the maximal pro-p quotient
of the absolute Galois group of F. Then [NSW, Proposition 7.5.9 and Theo-
rem 7.5.11] imply that G is a Demushkin group of rank > 3 precisely when
F is a finite extension of the field Qp. The statement then follows from [MT2,
Proposition 3.1 and Lemma 3.6].
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