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ABSTRACT. The equivariant with respect to a finite group action
Poincaré series of a collection of r valuations was defined earlier as a
power series in r variables with the coefficients from a modification of
the Burnside ring of the group. Here we show that (modulo simple
exceptions) the equivariant Poincaré series determines the equivariant
topology of the collection of valuations.
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1 INTRODUCTION

A definition of the Poincaré series of a multi-index filtration was first given in
[3] (for filtrations defined by collections of valuations). It is a formal power
series in several variables with integer coefficients, i.e., an element of the ring
Z[t1,...,t;]]. In [I] it was shown that, for the filtration defined by the curve
valuations corresponding to the irreducible components of a plane curve singu-
larity, the Poincaré series coincides with the Alexander polynomial in several
variables of the corresponding algebraic link: the intersection of the curve with
a small sphere in C? centred at the origin. This relation was obtained by a
direct computation of the both sides in the same terms. Up to now there exist
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no conceptual proof of it. The Alexander polynomial in several variables of an
algebraic link (and therefore the Poincaré series of the corresponding collec-
tion of valuations) determines the topological type of the corresponding plane
curve singularity. In [2] the definition of the Poincaré series was reformulated
in terms of an integral with respect to the Euler characteristics (over an infinite
dimensional space).

The desire to understand deeper this relation led to attempts to find an equiv-
ariant version of it (for actions of a finite group G) and thus to define equiv-
ariant versions of the Poincaré series and of the Alexander polynomial. Some
equivariant versions of the monodromy zeta-function (that is of the Alexander
polynomial in one variable) were defined in [9] and [10]. Equivariant versions
of the Poincaré series were defined in [4], [5] and [7].

In some constructions of equivariant analogues of invariants (especially those
related to the Euler characteristic) the role of the ring of integers Z (where
the Euler characteristic takes values) is played by the Burnside ring A(G) of
the group G. Therefore it would be attractive to define equivariant versions
of the Poincaré series as elements of the ring A(G)[[t1,...,t,]] (or of a similar
one). The equivariant versions of the monodromy zeta functions defined in [9]
and [I0] are formal power series with the coefficients from A(G) ® Q and A(G)
respectively.

In [4] the equivariant Poincaré series was defined as an element of the ring
Ri(G)][t1, ..., t,]] of formal power series in t1, ..., t, with the coefficients from
the subring R (G) of the ring R(G) of complex representations of the group G
generated by the one-dimensional representations. This Poincaré series turned
out to be useful for some problems: see, e.g., [8], [I1]. However, it seems to be
rather “degenerate”, especially for non-abelian groups.

In [5] the G-equivariant Poincaré series P{Ci .y of a collection of valuations (or or-
der functions) {v;} was not in fact a series, but an element of the Grothendieck
ring of so called locally finite (G, r)-sets. This Grothendieck ring was rather
big and complicated, the Poincaré series PC;;I_ was rather complicated as well
and contained a lot of information about the valuations and the G-action. In
particular, for curve and divisorial valuations on the ring Og2 o of functions
in two variables the information contained in this Poincaré series was (almost)
sufficient to restore the action of G on C? and the G-equivariant topology of
the set of valuations: [6].

In [7] the equivariant Poincaré series P{Cf, 3 (t1,...,t,) was defined as an element

of the ring A(G)[[t1,...,t,]] of formal power series in the variables t,...,t,
with the coefficients from a certain modification A(G) of the Burnside ring
A(G) of the group G. A simple reduction of this Poincaré series is an element
of the ring A(G)[[t1,...,t;]]. Thus it is somewhat close to the (“idealistic”)
model discussed above. However, in order to define the equivariant Poincaré
series of this form, it was necessary to lose quite a lot of information about the
individual valuations from the collection. (It is possible to say that one used
averaging of the information over the group.) Thus it was not clear how much
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information does it keep.

Equivariant topology of germs of plane curves seems to be much more involved
than the usual (non-equivariant) one. For example, it is unclear whether the
equivariant topology of a collection of curves always determines the equiv-
ariant Poincaré series of the collection. Here we discuss to which extent the
G-equivariant Poincaré series from [7] determines the topology of a set of plane
valuations. We show that the G-equivariant Poincaré series of a collection
of divisorial valuations determines the equivariant topology of this collection
(in a natural “weak” sense: see below). We also show that with some minor
exceptions the equivariant Poincaré series of a collection of curve valuations
determines the weak equivariant topology of the collection. (This answer re-
sembles the one from [6]. However reasons for that (and thus the proofs) are
quite different. The version of the equivariant Poincaré series considered in [6]
is apriori a much more fine invariant than that considered here.)

The G-equivariant Poincaré series Pcf,i considered in [5] depends essentially
on the set of valuations defining the filtration. In particular, the substitution
of one of them (say, v;) by its shift a*v;, a € G, changes the G-equivariant
Poincaré series PC, ,. The Poincaré series P{Cf,_ (t) considered in [7] depends
not on the valuations v; themselves, but on their G-orbits. The substitution
of one of them by its shift does not change the G-equivariant Poincaré series
P{Ci i}(ﬁ). Therefore this series cannot determine the G-topology of a collection
of divisorial and/or of curve valuations on O¢z o in the form defined in [6]. One
has to modify this notion a little bit.

Assume first that we consider sets of curve valuations. Let {C;}/_; and {C/}I_,
be two collections of branches (that is of irreducible plane curve singularities) in
the complex plane (C2?,0) with an action of a finite group G. We shall say that
these collections are weakly G-topological equivalent if there exists a G-invariant
germ of a homeomorphism 1 : (C2,0) — (C2,0) such that for each i =1,...,r
one has ¥(C;) = a;C! with an element a; € G (i.e if the image of the G-orbit
of the branch C; coincides with the G-orbit of the branch C7). To formulate
an analogue of this definition for collections of divisorial valuations, one can
describe a divisorial valuation v on O¢:2 ¢ by a pair of curvettes intersecting the
corresponding divisor (transversally) at different points. The corresponding
pair of curvettes allows to determine the divisor as the last one (and so the
unique one with self-intersection equal to —1) appearing in the minimal em-
bedded resolution of them. Two collections of divisorial valuations {v;};_, and
{vi}i=, described by the corresponding collections of curvettes {Li;}i_; j_; o
and {Lj;}i_y j_; o respectively are weakly G-topologically equivalent if there
exists a G-invariant germ of a homeomorphism v : (C2,0) — (C?,0) such that
for each i = 1,...,7 one has ¥)(L;;) = a;Lj; for j = 1,2 and an element a; € G.
One has an obvious analogue of Theorem 2.9 from [6]. This means that, for a
fixed representation of the group G on C2, the weak topology of a collection of
curve or/and divisorial valuations on O¢z ( is determined by the G-resolution
graph T'“ of the collection (where not individual branches or/and divisors, but
their orbits are indicated) plus the correspondence between the tails of this
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graph emerging from special points of the first component of the exceptional
divisor with these special points (see below).

2 EQUIVARIANT POINCARE SERIES

Let us briefly recall the definition of the G-equivariant Poincaré series
P{Cf/i}(tl, ..., t.) of a collection of order functions on the ring Oy of germs
of functions on (V,0) and the equation for it in terms of a G-equivariant reso-
lution of curve or/and divisorial plane valuations which will be used here.

DEFINITION: A finite equipped G-set is a pair X = (X, ) where:
e X is a finite G-set;

e « associates to each point x € X a one-dimensional representation «, of
the isotropy subgroup G, = {a € G : ax = x} of the point x so that, for
a € G, one has g, (b) = a,(a=tba), where b € Gop = aGra™ L.

Let A(G) be the Grothendieck group of finite equipped G-sets. The cartesian
product defines a ring structure on it. The class of an equipped G-set )~(~in the
Grothendieck ring A(G) will be denoted by [X]. As an abelian group A(G) is
freely generated by the classes of the irreducible equipped G-sets [G/H], for
all the conjugacy classes [H| of subgroups of G and for all one-dimensional rep-
resentations o of H (a representative of the conjugacy class [H] € Conjsub G).
There is a natural homomorphism p from the ring /T(G) to the Burnside rings
A(G) of the group G defined by forgetting the one-dimensional representation
corresponding to the points. The reduction p : Z(G) — 7 is defined by forget-
ting the representations and the G-action. There are natural pre-A-structure
on a rings A(G) and A(G) which give sense for the expressions of the form
(1—1)"X] [X] € A(G), and (1—¢)"¥], [X] € A(G) respectively: see [7]. Both
p and p are homomorphisms of pre-A-rings.

Let (V,0) be a germ of a complex analytic space with an action of a finite
group G and let Oy be the ring of germs of functions on it. Without loss of
generality we assume that the G-action on (V,0) is faithful. The group G acts
on Oy by a*f(z) = f(a™'2) (z € V, a € G). A valuation v on the ring Oy,
is a function v : Oy,g — Z>o U {400} such that:

1) v(Af) =v(f) for A € C*;
2) v(f+g) > min{v(f),v(g)};

3) v(fg) = v(f) +v(g)-

A function v : Oy g — Z>o U {400} which possesses the properties 1) and 2)
is called an order function.
Let vy, ..., v, be a collection of order functions on Oyo. It defines an r-index
filtration on Ovy,g:

J(w) ={h € Oyyp:v(h) > v},
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where v = (v, ...,v,) € Z%,, v(h) = (vi(h),...,vp(h)) and v/ =
(vh, ... vl) > 0" = (v, ...,v!) if and only if v} > v} for all i.

Let w; : Ov,o — Zxo U {400} be defined by w; = > . a*v;. The functions
w; are G-invariant (they are not, in general, order functions). For an element
h € POy, that is for a function germ considered up to a constant factor, let G,
be the isotropy subgroup Gy, = {a € G : a*h = ap(a)h} and let Gh = G /G, be
the orbit of h in POy,g. The correspondence a — ap(a) € C* determines a one-
dimensional representation «y, of the subgroup Gj,. Let X, = [G/Gh)a, be the
element of the ring E(G) represented by the G-set Gh with the representation
Qg+ p, associated to the point a*h € Gh (a € G). The correspondence h X
defines a function (X) on POy,/G with values in A(G). The equivariant
Poincaré series P{CI’: .1 (2) of the collection {v;} is defined by the equation

PEAO= [ Tataye AG)h... b)) 1)
POy /G
where t == (ty, ..., t,), t2) = t“fl(h) e t7°° should be regarded as 0.

The precise meaning of this integral see in [7].

Applying the reduction homomorphism p : A(G) — A(G) to the Poincaré series
P{Cf/i}(ﬁ), i.e. to its coefficients, one gets the series pP{Cf/i}(ﬁ) € A(Q)[[t1,. -, tr]]s
i.e. a power series with the coefficients from the (usual) Burnside ring. Ap-
plying the homomorphism p : Z(G) — 7 one gets the series ﬁP{Cf, i}(ﬁ) €
Z[t1,- .., t;]]. One has

PPG () = Plaryy (b, -yt bay oo tay ety ),

where Pj,+,,1(e) is the usual (non-equivariant) Poincaré series of the collec-
tion of |G|r order functions {a*vy,a*vs,...,a*v.|a € G} (each group of equal
variables in Pf,-,,} consists of |G| of them).

Now assume that a finite group G acts linearly on (C2,0) and let v;, i =
1,...,7, be either a curve or a divisorial valuation on Og2 . We shall write
Iy = {1,2,...,r} = I'UI", where i € I' if and only if the corresponding
valuation v; is a curve one. For i € I’ let (C;,0) be the plane curve defining
the valuation v;.

A G-equivariant resolution (or a G-resolution for short) of the collection {v;}
of valuations is a proper complex analytic map 7 : (X, D) — (C?,0) from a
smooth surface X with a G-action such that:

1) 7 is an isomorphism outside of the origin in C?;

2) 7 commutes with the G-actions on X and on C?;

3) the total transform 7=!( |J aC;) of the curve GC = G(|J ;) is
ic€l’, aeG iel’

a normal crossing divisor on X (in particular, the exceptional divisor
D = 7~1(0) is a normal crossing divisor as well);
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4) for each branch C;, ¢ € I', its strict transform C;is a germ of a smooth
curve transversal to the exceptional divisor D at a smooth point = of it and
is invariant with respect to the isotropy subgroup G, = {g € G : gz = =}
of the point z;

5) for each i € I”, the exceptional divisor D = 7~1(0) contains the divisor
defining the divisorial valuation v;.

A G-resolution can be obtained by a G-invariant sequence of blow-ups of points.
The action of the group G on the first component of the exceptional divisor
can either be trivial (this may happen only if G is cyclic) or have fixed points
of (proper) subgroups of G. (If G is abelian, these are the fixed points of G
itself.) These points are called special.

[e]
Let D be the “smooth part” of the exceptional divisor D in the total transform
77 YHGC) of the curve GC, i.e., D itself minus all the intersection points of its
components and all the intersection points with the components of the strict

transform of the curve GC. For x € D, let L, be a germ of a smooth curve on

X transversal to 5 at the point x and invariant with respect to the isotropy
subgroup G, of the point z. The image L, = 7w(L,) C (C2%,0) is called a
curvette at the point x. Let the curvette L, be given by an equation h, = 0,
hz € O¢z o. Without loss of generality one can assume that the function germ

hs is G -equivariant. Moreover we shall assume that the germs h, associated

to different points z € D are choosen so that haz(a™12)/hy(2) is a constant
(depending on a and x).

Let E,, 0 € T, be the set of all irreducible components of the exceptional
divisor D (T is a G-set itself). For o and § from T, let mys5 := vy (h,), where v,
is the corresponding divisorial valuation, h, is the germ defining the curvette

at a point x € Egﬁé. One can show that the matrix (mys) is minus the inverse
matrix to the intersection matrix (E, o Ej) of the irreducible components of
the exceptional divisor D. For ¢ = 1,...,r, let my; := mys, where Es is the
component of D corresponding to the valuation v;, i.e. either the component
defining the valuation v; if v; is a divisorial valuation (i.e. if i € I"), or the
component intersecting the strict transform of the corresponding irreducible
curve C; if v; is a curve valuation (i.e. if i € I'). Let m, := (Mo1,...,Mor) €
ng Moy; = ZaEG M(ao)is MU = (Mah ceey Mm") = ZaeG m;q-

Let D be the quotient ZO)/G and let p : ZO) — D be the factorization map. Let
{Z} be a stratification of the smooth curve D such that:

1) each stratum = is connected;

2) for each point T € = and for each point z from its pre-image p~1(7), the
conjugacy class of the isotropy subgroup G, of the point x is the same,
i.e., depends only on the stratum =.

[e] o~
The condition 2) is equivalent to say that the factorization map p : D — D is
a (non-ramified) covering over each stratum =. The condition 1) implies that
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o
the inverse image in D of each stratum = lies in the orbit of one component
E, of the exceptional divisor. The element M, € ZZ, depends only on the
stratum = and will be denoted by M=.

For a point = € 5, let X, = G/Gela,, € A(G). The equipped G-set X, is one
and the same for all points z from the preimage of a stratum = and therefore it
defines an element of A(G) which we shall denote by [G/Gz]a=. In [7, Theorem
1] it was shown that

P{Cil}@) - H (1 _ EME)_X(E)[G/GE]QE - (2)

3 ToPOLOGY OF PLANE VALUATIONS

Let the complex plane (C?,0) be endowed by a faithful linear G-action and let
{vi}i_; be a collection of divisorial valuations on O¢z .

THEOREM 1 The G-equivariant Poincaré series P{Cfli}(z) of the collection {v;}
of divisorial valuations determines the weak G-equivariant topology of this col-
lection.

PROOF. One has to use the following “projection formula”. Let I = {i1,..., i}
be a subset of the set {1,...,r} of the indices numbering the valuations. Then
one has

Pg/i}ie](til’ s 7ti5) = P{Cj/i}l?zl(tla s 7t7‘)\ti:1 for i¢1 »

i.e. the (G-equivariant) Poincaré series for a subcollection of valuations is
obtained from the one for the whole collection by substituting ¢; by 1 for all ¢
numbering the valuations which do not participate in the subcollection. (This
equation is not valid for other types of valuations, say, for curve ones: see
the proof of Theorem [2). The projection formula implies, in particular, that
the G-equivariant Poincaré series Pcii} (t) of a collection of divisorial valuations
determines the G-equivariant Poincaré series (in one variable) of each individual
valuation from it.

First we shall show that the Poincaré series PC;;I_ (t) determines the G-resolution
graph of the collection of valuations. It turns out that the necessary information
about the G-equivariant resolution graph can be restored from the p-reduction
pPS(t) of the G-equivariant Poincaré series PY (t) (i.e. the series from A(G)][t]]
obtained by forgetting the one-dimensional representations associated with the
G-orbits). Therefore we shall start with considering it.

First let us prove the statement for one divisorial valuation. The dual graph
I'“ of the minimal G-equivariant resolution of a divisorial valuation v looks like
in Fig. [l This means the following.
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T1 T2 T3 = p1 _/{©

T1 T2 T3 = P1 T4 P2 Ts5
L4 . . ’ g o)V
1:0’0 J I
o5
o1 o3 74

Figure 2: The dual resolution graph I' of the valuation v.

The standard (non-equivariant, minimal) dual resolution graph I' of the valu-
ation v looks like in Fig.[2l The vertices 04, ¢ = 0,1,...,g, are the dead ends
of the graph (g is the number of the Puiseux pairs of a curvette corresponding
to the valuation, og = 1 is the first component of the exceptional divisor), the
vertices 7;, ¢ = 1,...,g, are the rupture points, the vertex v corresponds to
the divisorial valuation under consideration. (The vertex v may coincide with
74.) The set of vertices of the graph I' is ordered according to the order of the
birth of the corresponding components of the exceptional divisor. On [0, V]
(the geodesic from o9 = 1 to v) this order is the natural one: ¢; < d2 if and
only if the vertex d; lies on [0, d2].

The integers my,, ¢ = 0,1,...,g, form the minimal set of generators of the
semigroup of values of v and are traditionally denoted by Bq. One also uses

the following notations. e, := ged(By, B, - - - ,Bq),

N, . ot (_ m_>
L= - _
€q Mg,
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The graph I'? of the minimal G-equivariant resolution consists of |G| copies of
graph I' (numbered by the elements of G) glued together. The gluing is defined
by a sequence

G=HyD>DHD>DHyD...DH

of subgroups of the group G such that all H; with ¢ > 0 are abelian and Hj, is
the isotropy group of the valuation v ({a € G : a*v = v}) and by a sequence by
vertices p1, ..., pg of the graph I such that all of them lie on the geodesic from
o0 to v, p1 < p2 < ... < p. (Some of the vertices p; may coincide with some
of the vertices 7;; the vertex p; may coincide with the initial vertex o¢p = 1.)
The copies of I' numbered by the elements a; and as from G are glued along
the part preceeding p, (i.e., by identifying all the vertices smaller or equal to
pe) if alagl € H;—y. (In particular the initial vertices op = 1 of all the copies
are identified.) Pay attention that some of the vertices p; can be inbetween
the vertices 7, and v. For ¢ = 1,2,...,g, let j(¢) be defined by the condition
Pi(a) < Tq = Pj(q)+1-

For 6 € I'® (or for the corresponding § € T'), let Ms := Y . mqs. One can
easily see that all the integers My, 6 € T, are different. (One has Ms, = Ms,
for 6, and 8y from I'C if and only if there exists a € G such that §, = ady.)
One has M., = N,M,,.

The series pP%(t) is given by the equation

g9 g9
pPS () = H (1 — Mo —1G/Hjp] H _ $NaMo, [G/Hj<q)] %
q=0 q=1
% ﬁ (1 _ tij)[G/Hj]—[G/Hj—l] - tMV)—[G/Hk] .

j=1
The fact that all the integers M; are different implies that the exponents M,
q =1,...,g, are among those which participate in the decomposition of the
series pPY (t) with negative cardinalities of the multiplicities. (The multiplicity
of a binomial (1 — )%, s, € A(G), is $;. Its cardinality is the (virtual)
number of the points of it.) It is possible that the exponents of this sort include
also M, corresponding to the divisorial valuation itself.

The subgroups H; D Hy D ... D Hj are defined by the multiplicities of all
the factors in the decomposition of the series pP%(t) into the product of the
binomials.

The vertex o9 = 1 coincides with p; if and only if the binomial with the
smallest exponent in the decomposition of the series pP% (t) has a non-negative
cardinality of the multiplicity. For o, < p; one has M, = |G|m,, and M, =
|G|m,, . These equations give all the generators Bq of the semigroup of values
with o, < p1 and also my,,.

For £ > 1, let o4y be the minimal dead end greater than p, (i.e. there are
the dead ends o4y, ..., 0g(41)—1 inbetween py and pgy1). Let us consider the

dead ends o4 such that p; < o4 < p2. One has
M, = |H1|m0q(1) + (|G| - |H1|)mp1 = |H1|m0q(1) + (Mpl - |H1|mpl)'

Tq(1)
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The smallest multiple of the exponent M, in a binomial participating in

q(1)
the decomposition of the series pP%(t) is M-, ) = Nya1yMo,,,. Further, for
P1 < 0q1) < Og)4+1 < Tg(1)42 < " Tg2)—1 < P2, one has
MUq(1)+1 |H1|m0q(1)+1 + (Mpl - |H1|mp1)Nq(1) s
M"q(l)+2 - |H1|m0q(1)+2 + (Mm - |H1|mp1)Nq(1)Nq(1)+1 )
My, = [Hilmy, + (M), — |H1|mpl)Nq(1)Nq(1)+1 o No@)—1 -

These equations give all the generators Bq of the semigroup of values with
04 < p2 and also m,,.

Assume that we have determined all the exponents m,, for ¢ < ¢(¢) and also
the exponent m,,. Let us consider the dead ends o, such that p, < o4 < pr41.
One has

M"q(f) |H€|m0q(2) + (Mpe - |Hg|mp€),

Oe)+1 |Hl|m0q(2)+1 + (Mpz - |Hl|mPe)NQ(f) )

Tq(0)+2 |Hf|m0q<2)+2 + (Mpe - |H€|mpe)Nq(l)NQ(€)+1 J

Mo,y = [Helmp, + (My, — [Helmp,)Nyo)yNycey+1 + - - - - Nyge1)-1-

These equations give all the generators mg, of the semigroup of values with
q < q(¢+1) and also m,,, , .

The described procedure recovers m,, for all ¢ < g. If, in the binomials of
the decomposition of the series pP(t), there are no exponents proportional
to M,,, one has v = 7, and the resolution graph I' is determined by the
semigroup (Boﬁl, . ,Bg>. Otherwise the described above procedure permits
to determine the exponents m,, with p; > 7, and m,. This gives the G-
equivariant resolution graph of one divisorial valuation.

Assume that we have a collection {v; } of divisorial valuations, i = 1,2,...,r. To
restore the equivariant resolution graph T'C of the collection from the resolution
graphs of each individual valuation r;, one has to determine the separation
point d;; between each two valuations v; and v; (for simplicity let us assume
that i =1, j = 2). Let

pPVG(tl,tQ,l’_._,l) = H(l _ti\/[ltéw2)51\41]\42 , (3)

Sy, M, € Z, be the decomposition into the product of the binomials. The
separation point d15 corresponds to the maximal exponent in the decomposition
@) with

Msi_ Moy

M(52 N Mo'02 .
This proves that the reduction pP{Cfli}(L) € A(G)[t1,...,t;]] of the G-
equivariant Poincaré series P{CI’: 3 (t) determines the minimal G-resolution graph

of the set {1;} of divisorial valuations.
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In order to prove that one can also determine the weak G-topology of the
collection of valuations, one has to show how is it possible to restore the repre-
sentation of the group G on C? and the correspondence between (some) tails of
the (minimal) G-resolution graph and the special points on the first component
of the exceptional divisor. For that one should use the non-reduced Poincaré
series P{Cf,i}(i) € A(G)[[t1, ..., t;]] itself. (If there are no special points on the
first component of the exceptional divisor (this can happen only if G is cyclic),
only the representation of G on C? has to be determined.) We follow the scheme
described in [6].

Let us consider the case of an abelian group G first. If there are no special
points on the first component F; of the exceptional divisor, all points of Fy
are fixed with respect to the group G, the group G is cyclic and the repre-
sentation is a scalar one. This (one dimensional) representation is dual to the
representation of the group G on the one-dimensional space generated by any
linear function. The case when there are no more components in D, i.e. if
the resolution is achieved by the first blow-up, is trivial. Otherwise let us con-
sider a maximal component E, among those components E, of the exceptional
divisor for which G; = G and the corresponding curvette is smooth. (The
last condition can be easily detected from the resolution graph.) The smooth

part F, of this component contains a special point z with G, = G (or all the

points of F, are such that G, = G). The point(s) from E‘g with G, = G
bring(s) into the decomposition of the Poincaré series P{Ci .1(2) a factor of the

form (1 — tM)~[G/Gla | The (G-equivariant) curvette L at the described special
point of the divisor is smooth. Therefore the representation of G on the one-
dimensional space generated by a G-equivariant equation of L coincides with
the representation on the space generated by a linear function. Let us take
all factors of the form (1 — tM)~I¢/Gla in the decomposition of the Poincaré
series P{Cf} e For each of them, the exponent M determines the corresponding
component of the exceptional divisor and therefore the topological type of the
corresponding curvettes. The factor which corresponds to a component with
a smooth curvette gives us the representation « on the space generated by a
linear function.

Now assume that there are two special points on the first component of the
resolution. Without loss of generality we can assume that they correspond to
the coordinate axis {x = 0} and {y = 0}. The representation of the group G
on C? is defined by its action on the linear functions x and y. For each of them
this action can be recovered from a factor of the form described above just in
the same way. Moreover, a factor, which determines the action of the group G
on the function x, corresponds to a component of the exceptional divisor from
the tail emerging from the point {z = 0}.

Now let G be an arbitrary (not necessarily abelian) group. For an element
g € G consider the action of the cyclic group (g) generated by g on C2. One
can see that the G-equivariant Poincaré series P{iji}(ﬁ) determines the (g)-
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Poincaré series Pfgj}@) just like in [B] Proposition 2]. This implies that the
G-equivariant Poincaré series determines the representation of the subgroup
(9). (Another way is to repeat the arguments above adjusting them to the
subgroup (g).) Therefore the G-Poincaré series PC;}(;) determines the value

of the character of the G-representation on C? for each element g € G and thus
the representation itself. Special points of the G-action on the first component
FE of the exceptional divisor correspond to some abelian subgroups H of G. For
each such subgroup H there are two special points corresponding to different
one-dimensional representations of H. Again the construction above for an
abelian group permits to identify tails of the dual resolution graph with these
two points. [

Let {C;},i=1,...,7, be a collection of irreducible curve singularities in (C2, 0)
such that it does not contain curves from the same G-orbit and it does not
contain a smooth curve invariant with respect to a non-trivial element of G
whose action on C? is not a scalar one. Let {v;} be the corresponding collection
of valuations. Let G; C G be the isotropy group of the branch C;, 1 <i <.

THEOREM 2 The G-equivariant Poincaré series P{C;_}(L) of the collection {v;}

determines the weak G-equivariant topology of the collection {v;} of curve val-
uations.

PrROOF. The minimal resolution graph I' of the plane curve singularity C' =
T

J C; is essentially the same as the graph of the divisorial valuations defined
i=1

by the set of irreducible components { F,, } of the exceptional divisor such that
the strict transform of C; intersects the component E,,. Instead of the mark
used for the divisor E,, (like in Figures 1 and 2 for one valuation) one puts an
arrow corresponding to C; connected to the vertex ;. Notice that there can be
several arrows connected to the same vertex, i.e. o; = a; for different branches
C;, C;. In the case of one branch the graph looks like the one in Figure 2 but
the vertex marked by v coincides with 7, and there is an arrow connected with
Tg. The number g is equal to the number of Puiseux pairs of the curve and
me, = Bi, 0 < i < g, are the elements of the minimal set of generators of the
semigroup of the branch. (In particular they determine the minimal resolution
graph of the curve.)

(a) T (b) T¢ (c) T enlarged

Figure 3: The graphs I', T'“ and I' enlarged.
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The same rules apply for the graph I'“. However I'“ corresponds to the em-
bedded resolution of the union of all the orbits of the branches of C. So, it
is possible that, in order to achieve the minimal equivariant resolution (i.e. in
order to separate all the conjugates of each one of the branches C;), one has to
add some additional blow-ups starting at the point «;. Note that in this case
some of the vertices p (see the notations in the proof of Theorem 1 and Figures
1 and 2) do not appear in I". In order to preserve the scheme and the notations
from the proof of the case of divisorial valuations it is better to enlarge I' in
such a way that the new one (also denoted by T') is the minimal one in which
all the vertices p are present (see Figure 3). Note that aF,, = Eqq, for a € G,
so in this way the (new) resolution graph T is just the quotient of I'“ by the
obvious action of G on T'“.

As in the case of divisorial valuations, for each § € T'C let hs = 0, hs € Oc2 0,
be the equation of a curvette at the component Es, ms; be the value v;(hs),
Ms; = EaeG M(as); = ZaeG(a*ui)(h(;) and My = (Msy,...,Ms,) € ZEO‘ All
the M, o € T, are different and for 0,7 € T¢ M_ = M_ if and only if
L, = aE, for some a € G. Let G; C G be the isotropy group of the branch
Ci, 1 S ) S T.

For i,j € {1,...,r}, mq,; is just the intersection multiplicity between C; and

C; and

Mo =Y Maan; = _(a"vj)(ha,) = (Ci, | aCy) = (Cj, | aCi) = Ma,i .
acG [age acG [age

In contrast with the case of divisorial valuations the projection formula is dif-
ferent from the one for divisorial valuations formulated at the beginning of the

proof of Theorem 1. Instead of it one has the following one: For ig € {1,...,r}
one has
M, ([G/Gila;
P{Cii}(i)ltiozl =(1-t 1°)|ti0:10 ’ {Cii}i?&_.0 (t1s e tig—1stiget, -5 tr) o (4)

(This can be easily deduced from (2)).) Using (@) repeatedly one also has:

Mo ;i il
PE Ay = [T =5, BT (15,) (5)
i#£i0

Equations ) and (@) imply that in order to describe inductively the minimal

G-resolution graph I'“ one has to detect the binomial (1— ;M"io ) corresponding
to some iy from the G-equivariant Poincaré series and also the intersection
multiplicities of C;, with the other branches of C. As in the divisorial case,
the necessary information about the G-equivariant resolution graph can be
restored from the p-reduction pP{Cfli } (t) of the Poincaré series P{C;- } (t) to the ring
A(G)[[t1, - .., tr]]. From the factorization given in (2]) one can write pP{Cii} t) =

[T,er(1—to)* where s, € A(G). Note that the multiplicity s, may be equal
to zero, i.e. the binomial factor corresponding to ¢ may be absent.
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The determination of the G-equivariant resolution graph from the series p P (t)
for one branch almost repeats the one described for one divisorial valuation,
e.g. the semigroup is the same as the one of the divisorial valuation defined
by the component E.  of the exceptional divisor. So, let us assume r > 1 and
let us fix j,k € {1,...,r}. The separation point s(a;,ax) € I'® of a; and oy
is defined by the condition [1, ;] N [1,ax] = [1,s(ej, ax)]. Here [1,0] is the
geodesic in the dual graph T' joining the first vertex 1 with the vertex o. Now,
let us define the separation vertex s(ay, k) of C; and GCy as the maximun of
s(ay,aay) for a € G. Note that, if a € G then s(aa;, k) = as(a;, k) € T so
s(j, k) = s(aj, k) is a well defined vertex of the graph I'. We refer to it as the
separation vertex of C; and Cj in I'.
The ratio M,; /Moy, is constant for o in [1,s(j, k)] and is a strictly increasing
function for o € [s(i,j),a;] C T as well as in the geodesic [as(j, k), ac;] C I'¢
for a € G. Notice that for o & J,c¢ ([1, a0;] U [1,a04]) the ratio My /Mgy is
equal to M, ; /My, where ¢’ is the vertex such that

[1,0'] = max {([1,aq;] U [1,a04]) N1, 0]} .

acG

Let o0 € I" be such that the exponent M is a maximal one among the set of
exponents M _ appearing in the factorization

pPi 0= ] Q—t). (6)
7€l | s+ #0

(Here we use the partial order M = (My, ..., M,) < M' = (M{, ..., M) if and
only if M; < M/ for alli=1,...,r.) Note that in this case the corresponding
factor has positive cardinality and there exists an index j € {1,...,r} such
that a; = 0.

Let A C {1,...,r} be the set of indices j such that My; /My, > M;;/M.y, for
all k € {1,...,r} and all 7 € T'“ such that the binomial (1 — t2-) appears in
@), i.e. s # 0. From the comments above it is clear that all indices j such
that a; = o belong to A, however A could contain some other indices ¢ such
that ay # o.

Let us assume that there exists ¢ € A such that ay # o. The behaviour of
the ratios M,¢/Mi along [1, | described above implies that o € [1, ay]. By
definition of the set A, for any 7 € [0, o], T # o, the binomial (1 — tX-) does

not appear in (6)), i.e. s, = 0, in particular x(E,) = 0. As a consequence,
ay < o and oy is the end point o, on the dual graph of C; (here j € A such
that a; = o). In this case one has M,¢ < M,; and one can distinguish ¢ by
this condition. Note that if such an ¢ € A exists then it is unique.

Let ig € A be such that My;, > My; for all j € A. Then a;, = o and the

M . . —
factor (1 —¢ “io )[G/Gio] appears in the factorization (@). Thus, the projection
formula permits to recover the G-equivariant resolution graph by induction.
As in Theorem [Tl one has to show that the Poincaré series P{Cf/i} (t) determines

the representation of G on C2, and the correspondence between “tails” of the
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resolution graph. The proof in this case does not differ from the one made in
Theorem [ for divisorial valuations since the collection {C;} does not contains
smooth curves invariant with respect to a non-trivial element of G whose action
is not a scalar one. [J
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