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ABSTRACT. Semigroup C*-algebras for right-angled Artin monoids
were introduced and studied by Crisp and Laca. In the paper at
hand, we are able to present the complete answer to their question of
when such C*-algebras are isomorphic. The answer to this question
is presented both in terms of properties of the graph defining the
Artin monoids as well as in terms of classification by K-theory, and
is obtained using recent results from classification of non-simple C*-
algebras. Moreover, we are able to answer another natural question:
Which of these semigroup C*-algebras for right-angled Artin monoids
are isomorphic to graph algebras? We give a complete answer, and
note the consequence that many of the C*-algebras under study are
semiprojective.
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1 INTRODUCTION

Semigroup C*-algebras for right-angled Artin monoids were introduced and
studied by Crisp and Laca in [CL02] and [CLO7]. In [CLO07], the authors ask
how to classify these semigroup C*-algebras up to *-isomorphism. We now
present the complete answer to their question.

The Artin monoids studied here are given by countable, symmetric and antire-
flexive graphs I' = (V, E) as

Af = ({0, v € V0,00 = 040, if (v,w) € E)T.
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The corresponding right-angled Artin groups, defined by the same generators
and relations, are special cases of Artin groups, which form an important class
of examples of groups. We refer the reader to [CL02, [CLOT] and the references
therein for more details.

Semigroup C*-algebras of left cancellative semigroups, generated by the left
regular representation of the semigroup, have been studied for a long time.
Recently, there has been a renewed interest in this topic (see [Lil2}[Li13] and the
references therein). By [CL02], the semigroup C*-algebras C*(A{") attached to
right-angled Artin monoids are given as the universal C*-algebras for

_ [Svy Sw] = [Sv,s5] =0if (v,w) € E
<{SU' veV; ‘ SEsw = Oy if (V,w) € E

We answer the question of when two graphs I', A produce C*-algebras that
are isomorphic. Although we emphasize that our results cover the full range
of such graphs, it is instructive to state our main results in the case of finite
graphs. This is a specialization of the combination of Theorems and

THEOREM 1.1 Let T' and A be finite undirected graphs with no loops. The
following are equivalent

1. C*(AF) = C*(AD)

2. (a) t(T') =t(A)
(b) Ng(T)+ N_p(T) = Ng(A) + N_g(A) for all k € Z
(c) No(T') >0 or

D> N L(I) =) Ni(A) mod?2

k>0 k>0
3. [FE(C*(AD): Lo ar))] = [FEL(C*(AY)), [1o-ap) ]

In this result, the invariant mentioned in (3) is the standard ordered filtered
K-theory — implicitly containing the primitive ideal space — which has been
conjectured in [ERRI0] to be a complete invariant for a large and important
class of C*-algebras. This conjecture is still open, but has been confirmed in
a multitude of situations partially overlapping with the case at hand. But the
main strength of our result is in fact that the ad hoc invariant of (2) is extremely
easy to compute for I and A. Indeed, as we shall detail below, the numbers ¢(T")
and Ny (T') are obtained by dividing I" into co-irreducible components and then
counting how many of these are singletons, yielding ¢(T"), and counting how
many of the remaining co-irreducible components have Euler characteristic k,
yielding N (T'). In Figure [0 this process has been completed for all 34 graphs
with five vertices, and we conclude that they define 18 different C*-algebras.

When the number of vertices increase, it is possible for two graphs to have dif-
ferent sets of invariants, yet define the same C*-algebra. For instance, defining
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N_;=1

No=1 No=1

N_1=2

Figure 1: Invariants for all graphs with 5 vertices. Any quantity not mentioned
equals zero.
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a graph I with 10 vertices having its co-irreducible components chosen among
those given in Figure [l so that

N_(I") =2
and A’ similarly defined so that
Ni(A) =2,

then C*(Af,) and C*(Af,) will be isomorphic. Similarly, we may define I"”
and A” with 15 vertices each so that

N_1(I") =1,No(I”) = 1, Ny(I"") = 1
N_1(A") =2,No(A") =1

obtaining that C*(Af,) = C*(A%,).

In the general case of possibly infinite graphs, an additional quantity o(I") must
be introduced to count those co-irreducible components which have an infinite
number of vertices, and to address the possibility of having an infinite number
of co-irreducible components, but the necessary condition replacing (2) in this
general case is not much more complicated than the one given above.

We note that the C*-algebras associated via semigroups to undirected and
loop-free graphs are not always graph C*-algebras in the usual sense, not only
because graph C*-algebras are defined using directed graphs. We provide a
complete description of when C*(A{) is in fact a graph C*-algebra, and note
that there is a rather complicated relation between I' and the Gt when in fact
C*(Af) =2 C*(Gr). In this case, Gr is not unique.

Our results have surprising consequences for the issue of stable relations (cf.
[Lor97]) among sets of isometries of separable Hilbert spaces, subject to commu-
tativity or orthogonality relations as given by the graph I', or, which is nearly
the same, for the issue of semiprojectivity (cf. [Bla85]) of the C*-algebras
C*(Af). Indeed, it is easy to see by spectral theory that C*(A;) is semipro-
jective when I' is a finite graph with no edges, corresponding to a family of
isometries having orthogonal range projections. Similarly, it follows e.g. from
considering the celebrated Voiculescu matrices ([Voi83],[EL91]) that when T is a
complete graph with more than one vertex, C*(A;) cannot have this property.
It is a question attracting a lot of attention (see e.g. [Bla04]) to what extent
it is possible to obtain stable relations for commuting sets of stable relations,
or to what extent tensor products of semiprojective C*-algebras can them-
selves be semiprojective. In fact, it was only established recently ([End15])
that O3 ® O3 is semiprojective, as a consequence of Enders’ sweeping solution
to the semiprojectivity problem for Kirchberg algebras. In our setting, because
we have found that many settings in which some isometries are required to
be orthogonal, and others to commute, give the same C*-algebras as the ones
where all are required to be orthogonal, we immediately see that many such
settings — for instance the first 12 listed in Figure [l — provide for stable
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relations. Involving the notion of graph algebras as outlined above, we will
show in Theorem semiprojectivity and nonsemiprojectivity for many of the
C*-algebras under study, and it follows from our results that exactly those
C*-algebras arising from the graphs in Figure [Tl in the non-shaded entries are
semiprojective. We have not been able to resolve the issue completely as En-
ders’ methods do not apply directly, the first open case having six vertices and
two co-irreducible components each with Euler characteristic —2.

All authors acknowledge support by the Danish National Research Foundation
through the Centre for Symmetry and Deformation (DNRF92), and thank the
Department of Mathematical Sciences at the University of Copenhagen, where
the initial phases of this work were carried out, for providing excellent facilities.
The first named author gratefully acknowledges support from the VILLUM
Foundation, and the third named author gratefully acknowledges support from
the Simons Foundation (#279369 to Efren Ruiz).

2 PRELIMINARIES

2.1 SEMIGROUP C*-ALGEBRAS FOR RIGHT-ANGLED ARTIN MONOIDS

Let T" be a countable graph. I' = (V, E) is given by a countable set of vertices
V and a set of edges E. We only consider unoriented edges, and given two
vertices, there is at most one edge joining these two vertices. In other words,
we can think of E as a symmetric subset of V' x V not containing elements of
the diagonal.

Given such a graph I' = (V| E), the right-angled Artin group Ar is defined as
follows:

Ar = ({oy: v € V}|opou = 0oy if (v,w) € E).

Similarly, the right-angled Artin monoid A" is defined as follows:
Af = ({oy: v € V}|0,0uw = 0wy, if (v,w) € E)T.

It turns out that the canonical semigroup homomorphism Al'f — Ar is injective,
see [Par02]. Moreover, it is shown in [CL02] that A{ C Ar is quasi-lattice
ordered. This means that for every g in Ar, either (gA{) N A = 0 or there
exists p € At with (gA") N Al = pAf".

The (left) reduced semigroup C*-algebra of A" is given by

CX(Af) = C" {{Su: v € V}) C LIE(A])),

where Sye, = ey, with {e,} the canonical orthonormal basis. The full semi-
group C*-algebra of A} is defined as

C"(47) = Ci (to v v Bosud = ol 01T (o) €7

SESw = Oy if (v,w) € E

The canonical homomorphism C*(A{f) — C5(Af) is an isomorphism by
[CL0O2]. Hence we do not distinguish between reduced and full versions and
simply write C*(A}") for the semigroup C*-algebra of Ajf.
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2.2 CO-IRREDUCIBLE COMPONENTS

The graph I' is called co-reducible if there exist non-empty subsets V; and V5
of V with V. = V; U V5 such that V3 x V5 C E. T is called co-irreducible if T
is not co-reducible. In general, we can always decompose I' into co-irreducible
components. This means that there exist co-irreducible graphs I'; = (V;, E;)
such that A% = @, Al'fi (and also Ar = @, Ar,). As explained in [CLO7],
these co-irreducible components are found by looking at the opposite graph of
. For the semigroup C*-algebra, we get C*(4f") = &, C* (Aff) Note that
if there are (necessarily countably) infinitely many co-irreducible components,
the tensor product is defined as an inductive limit of finite tensor products with
respect to the canonical unital embeddings as tensor factors.

It is shown in [CLO7] that for a co-irreducible graph I' = (V, E) with 1 < |V]| <
00, C*(AY) has a unique non-trivial ideal isomorphic to the compact opera-
tors. It is easy to see the compact operators in the description of C* (Ali') as a
concrete C*-algebra on (?(Af): We just have to observe that 1 —\/ ., Su5}
is the orthogonal projection onto the one-dimensional subspace of £2 (Aff) cor-
responding to the identity element of Af". This projection then generates the
ideal of compact operators. The corresponding quotient C%(Af") is a (unital)
Kirchberg algebra satisfying the UCT. However, if our co-irreducible graph has
infinitely many vertices, then C*(A}") itself is a (unital) Kirchberg algebra sat-
isfying the UCT. That we obtain UCT Kirchberg algebras follows also from
ILi13] Corollary 7.23]. The case where I' consists of only one vertex is easy
to understand; in that case, C*(A;") is canonically isomorphic to the Toeplitz
algebra T.

2.3 PRIMITIVE IDEAL SPACE

We can now describe the primitive ideal space of C*(Af) for arbitrary T
Let T; = (V;i, E;) be the co-irreducible components of I'. Then by [Bla77,
Theorem 4.9], we have an identification

Prim (C*(A{)) = H Prim (C*(Af)).

Under this identification, an element (I;) of the space on the right hand side
corresponds to the primitive ideal I of C*(A{") which is generated by {& ; Jijbis
where J;; = C*(Affj) if j # 7 and J;; = I;. Since each of the I'; is co-irreducible,
the primitive ideal space Prim (C*(Af )) is easy to describe because of the
results summarized above:

e If T'; just consists of one point, then Prim (C* (AR)) is homeomorphic to
the primitive ideal space of the Toeplitz algebra. This means that as a
set, Prim (C* (Aff)) is the disjoint union of a point and a circle, and the
non-empty open sets are given by unions of the point and open subsets
in the usual topology of the circle.
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e If T'; has more than one, but finitely many vertices, Prim (C*(Af")) con-
sists of two points, one of which is closed (the corresponding primitive
ideal is the ideal of compact operators) and the other one is dense.

e If T'; has infinitely many vertices, then Prim (C* (A;Z)) consists of only
one point.

2.4 K-THEORY

K-theory for C*(A;f") and the quotients o (Af") has been computed in [Ival()]
in an ad hoc way, and can also be computed using [CELI13]. Let us explain the
computation via the latter route. First of all, we need the Euler characteristic
of a graph I'. We view I' as a simplicial complex by defining for every n =
0,1,2,... the set of n-simplices by

Ky ={{vo,...,vn} CV: (vj,v;) € Eforalli, j € {0,...,n},i#j}.

Then we set for a graph I' with finitely many vertices x(I') = 1 —
Dm0 (= 1)" B

REMARK 2.1 It is easy to see that there are co-irreducible graphs attaining any
integer as its Fuler characteristic. Indeed, letting ', denote the graph with
m + 1 vertices and no edges, we clearly have

X(Fom) = —m.

Systematically generating positive characteristics is harder; one option is to let
I',2_1 denote the graph with 2n 4+ 2 vertices obtained by deleting one edge from
the complete bipartite graph K, 11 n+1 and note that

X(FnZ—l) =n®—1

To obtain positive characteristics in {(n—1)2,...,n? —1} one may simply add
a suitable number of isolated vertices to I'y2_1.

Now, by [CELI3, Theorem 5.2], we know that we always have K, (C*(A{"))
K.(C), and Ko(C*(A{)) = Z is generated by the class of the unit [1]. Here we
use that right-angled Artin groups satisfy the Baum-Connes conjecture with
coefficients because these groups have the Haagerup property (see [NR97], and
also [AD]). To compute K-theory for the quotient Cf (Af") in the case that T’
has (more than one and) finitely many vertices, we consider the short exact
sequence 0 — K — C*(Af) — C(*?(Ali') — 0 and its six term exact sequence in
K-theory:

o (K) ——— Ko(C*(4f) — Ko(Ci(Ar))

| e

K1(C(Af)) e—— K1 (C*(Af)) ——— K (K)
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Since both K;(K) and K;(C*(A{)) vanish, all we have to do is to compute
the homomorphism Ko(K) 2 Z — Z = Ko(C*(A})). Ko(K) = Z is generated
by the class of any minimal projection. So we can take e = 1 —\/ .\, S,S;.
It is easy to see that in Ky, [e] € Ko(K) is sent to x(I)[1] € Ko(C*(Af)).
Therefore, by exactness of (Il), we conclude that KO(C’CB(AIJE)) = Z/Ix(T)|Z

and
. {0} if x(T') # 0
(O (A+)) {Z if x(I')=0

3 EXTENSION ALGEBRAS

We now discuss the C*-algebras associated to co-irreducible graphs and see
how they are all isomorphic to either the Toeplitz algebra, the Cuntz algebra
O, Or an extension algebra as specified below.

THEOREM 3.1 Consider the following properties for a unital C*-algebra A:

(1) A contains K as an ideal, and A/K is a Kirchberg algebra satisfying the
UCT,

(2) KO(A) = 7 with [1A] =1.
For each k € Z\{0} there is a unique C*-algebra satisfying (1), (2) and

(8) The siz-term exact sequence for K and A is given by

7—7——7/kE

| |

0——0——0

There is also a unique C*-algebra satisfying (1), (2) and
(8°) The siz-term exact sequence for K and A is given by

— L =17
Z——0——0

Proof: Note that K is an essential ideal of A (i.e., every nonzero ideal of A has a
nontrivial intersection with K) since A is unital and A/K is simple. Uniqueness
follows from [ERRI| Corollary 4.22]. For existence, we note that when I' is a
finite and co-irreducible graph with [I'| > 1 and x(I") = k, all properties are
met as noted in Section O
When specifying the map K(K) — Ko(A) above we let the unit of the leftmost
copy of Z denote the class of a minimal projection of Z.
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DEFINITION 3.2 The unique C*-algebras satisfying (1),(2) and (3) are denoted

Erkgﬁr(lf) The unique C*-algebra satisfying (1),(2) and (3°) is denoted EY. The

quotient EY /K is denoted O;.

Our notation has been chosen to fit the notation EF for the extension algebras
of O, studied in [FLO7]. With our name O; for the appropriately chosen
Kirchberg algebra, we have

L

0 K EF O, 0

for any k € {—1,0,1} and n € N, provided k = 0 precisely when n = 1.

LEMMA 3.3 Ef = E¥ only whenn = n' and k = k'. EF @K = EF, o K
precisely when n =n'.

Proof: Since the six-term exact sequences are as specified in (3) or (3’) of
Theorem [B.]], stable isomorphism can only occur if n = n’, and hence we only
need to check that for n > 0, we have E} 2 E;! yvet E} 9 K2 E; ' @ K.

We note that the only two options for an isomorphism among the six-term
exact sequences in this case are given as

7 —"—7 —— 7T/nZ

T

7Z— 7 ——Z/nZ

and that we must choose +1 as the left most isomorphism to preserve the
positive cone of Ky(K). Thus, an isomorphism is ruled out as it would fail to
send the class of the unit of E! to the unit of £, !, but an isomorphism after
stabilization is guaranteed by, e.g., [ERR09]. |
The following result follows directly from § 2.2 § 2.4l and Theorem B.11

THEOREM 3.4 When I is a co-irreducible graph, C*(Af) is one of the C*-
algebras T, EF, O, according to

LI =1, C*(A) =T

" ~ psgnx (T
2. If 1 <|I'| < o0, C*(Af) = Elib)f((F))I

3. If | = 0o, C*(Af) = Ou

We note that by the information already noted on the ideal structures in com-
bination with Lemma B3] the C*-algebras appearing are not mutually isomor-
phic, and hence we have a complete classification by the cardinality of I' and
the Euler characteristic in the co-irreducible case.

In preparation for the general case we now study isomorphisms between various
tensor products amongst the relevant extension algebras and some of their
quotients. For this, we will need:
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THEOREM 3.5 Let A;, i = 1,2, be unital C*-algebras whose proper ideals are
precisely giwen by (0), I;, J; and I; ® J;. We assume that I; and J; are UCT
Kirchberg algebras, and the quotients A;/(I; ® J;) are also UCT Kirchberg al-
gebras.

Let ag K*(Il) = K*(IQ), [0 K*(Jl) = K*(JQ), Argpg - K*(Il &) Jl) =
K*(IQ D JQ), ﬂ : K*(Al) = K*(AQ), I o K*(A/Il) = K*(A/IQ), YJj -
K*(A/Jl) = K*(A/JQ), and YrgJ - K*(Al/(ll © Jl)) = K*(AQ/(IQ © JQ)) be
isomorphisms, with B preserving the Kg-classes of the units and ayqg = ar®ay
(under the canonical isomorphism K.(I; ® J;) = K.(I;) ® K.(J;)).
Furthermore, we assume that these isomorphism are compatible with the K-
theoretic siz term exact sequences attached to

O—>Ii—>Ai—>Ai/Ii—>0, 0—)Jl—>AZ—)Al/Jl—)O,
and
Then there exists an isomorphism ¢ : A1 = As which induces ay, oy, argy,

B, v1, 75 and vyrey in K-theory.

Proof: Combine [Kir00, Folgerung 4.3] and [BKl Theorem 1.3] with [RRO7,
Theorem 2.1] or [ERR] Theorem 3.3]. O

LEMMA 3.6 For every n > 2, we have O @ Ef1 =2 0 @ E; L.

Proof: Both Ose @ B! and Ose @ E;; ' are unital C*-algebras with unique ideal
isomorphic to Oy, ® K and corresponding quotient isomorphic to Oy ® O, =
O,.. The K-theoretic six term exact sequences for 0 — Qo @K — Os @ EFL —
Op—=0and 0 = O @K = Ox @ E; 1 — O,, — 0 look as follows:

7——7——7Z/(n—1)Z

| |

0 0 0

where Z 2 Ky(Os ® K) is generated by [1 ® e] for a minimal projection e € K
and the unit 1 of Ou, and Z = Ko(Os ® EX1) is generated by the class of the
unit. The only difference is that for E;"!, the homomorphism Z — Z is given by
z[1®e] = (n —1)z[1], whereas for E, !, the homomorphism Z — Z is given by
z[1®e] = —(n—1)z[1] (for z € Z). We now apply [RROT, Theorem 2.2] to I; =
Ooo @K, A1 = O @ Ef1 Ay = O @ E; 1, Q; = O,, and the homomorphisms
a = —idgyo.ek), B Ko(Ox ® Ef) = Ko(Ox ® E; 1Y), 2[1] = 2z[1] (for
z € Z), v = idg,(0,)- It is then obvious that all the assumptions in [RR0O7] are
satisfied, and we conclude that O @ Ef' 2 O, @ E, L. O
Now recall that we have introduced the extension algebra EY in Theorem Bl
The C*-algebra EY @ Ef! (n > 2) contains the ideal K ® K = K, and we
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denote the corresponding quotient by Q+. Obviously, the primitive ideals of
QT are given by K® O,,, O1 @ K and K ® O,, ® O1 ® K. From the six term
exact sequence in K-theory for 0 — K — EY @ Ef! — Q* — 0, we obtain
Ko(QT) =2 Z = K1(QT), where Ko(Q") is generated by [1g+]. All this also
holds for the quotient Q= of EY ® E,;! by the ideal K ® K = K.

LEMMA 3.7 QT and Q™ are isomorphic. Moreover, there exists an automor-
phism of QT which induces idz on Ky and —idz on K;.

Proof: The first statement is an application of Theorem to A1 = QT,
A =Q , 1 =K®0,< QT, 1 =0:19K<1 Q" L =Ko 0, <« Q7,
Jo =01 ® K < Q. Namely, it is straightforward to check that it is possible
to choose ay, ay, args, B, V1, V7, and vrgs with all the desired properties in
Theorem [3.5]

The second statement follows in a similar way by applying Theorem to
A1:A2:Q+,11:IQZIC®On< Q+,J1:J2:(91®IC<I Q+. O

LEMMA 3.8 For every n > 2, we have EY @ Ef' =~ E) @ E-1.

Proof: By the previous lemma, we can identify QT and Q= (we use the same
notation as in the previous lemma) so that we can view EY @ E;F! and EY @ E, 1
as extensions of Q*:

0K E{@E!—-Q"—0 (2)
0-K—-E'@FE'5Q" -0 (3)

Again by the previous lemma, we can choose the identification QT = Q~ in such
a way that for a fixed choice of isomorphisms K;(Q1) = Z, Ko(K) = Z, the
index maps for both extensions ([2) and (B]) coincide. Now [BD96, Theorem 2]
implies that ([2)) and (B) give the same class in Exty(Q"). The reason is that
Ext(Ko(QT),[1g+]) is the trivial group as Ko(QT) = Z and [1+] is a generator
of Ko(QT) = Z. So the short exact sequence in [BD96, Theorem 2] tells us
that two extensions of Q@ by K give the same class in Exts(QT) if their index
maps coincide. But this is the case for [2) and (B) by construction. Hence
EY @ Ef' =2 E) @ E;! by [JTO1L § 3.2]. m
For m,n > 2, the C*-algebra E*! ® E.-1 contains the ideal K ® K = K, and we
denote the corresponding quotient by Q. Obviously, the primitive ideals of
QF~ are given by KR O,,, O, @K and K ® O,, ® O,,, ® K. From the six term
exact sequence in K-theory for 0 — K — Efl @ E-1 — Q1= — 0, we obtain
Ko(QT™) 2 Z/(m —1)(n — 1)Z, with the class of the unit being a generator,
and K1(Q1T7) = {0}. All this also holds for the quotient Q~F of E,,! @ E!
by the ideal  ® I = K.

LEMMA 3.9 QT and Q™ are isomorphic.

Proof: As Lemma [B.7] this is an application of Theorem to A1 = Q1
A=Q T H=K0,< QT, 1=0,9K1 Q" L,=K®0, 1« Q™ T,
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Jo = 0, @K < Q~F. Namely, it is straightforward to check that it is possible
to choose ay, ay, args, B, V1, V7, and vrgs with all the desired properties in
Theorem O

LEMMA 3.10 We have E,J{ll ® E;l =~ E;ll ® E,J{l.

Proof: By the previous lemma, we can identify QT~ and Q™1 (using the
same notation as in the previous lemma) so that we can view E}! ® E;1 and
E; ' ® E! as extensions of Q1~:

0K-=ENeoE!'SQt =0 (4)
0-K—-EtoEM! QT —o. (5)
Since Hom(K;(Q*7),Z) = {0}, [BD96, Theorem 2] yields

Ext((Ko(Q17),[1]),Z) = FExt,(Q*~). Hence (@) and (@) give the same
class in Exts(Q*™). The reason is that the exact sequences in Ky for (@)
and (B) clearly give rise to the same class in Ext((Ko(Q77),[1]),Z). Hence
EfloE '~ E ' EF by [IT9 § 3.2]. O
In an entirely analogous way, we get

LEMMA 3.11 For all m,n > 2, we have E}' @ EX' =2 E- 1@ E L.

4 CLASSIFICATION OF SEMIGROUP C*-ALGEBRAS

We are now ready to address the general classification problem for C*-algebras
of the form C*(A;). We begin with notation:

DEFINITION 4.1 Let T be a graph with co-irreducible components T'; = (V;, E;).
We set

t(I) = #{Ly: [Vi| = 1}
o(I') = #{I: [Vi| = oo},
and for every n € 7
N,(T) =#{T;: 1 < |Vi] < 00, x(T;) =n}.

THEOREM 4.2 Let T and A be two graphs. The semigroup C*-algebras C*(Af")
and C* (AX) of the Artin monoids for T' and A are stably isomorphic if and only
if the following conditions hold:

(1) (') = t(A);
(1) N_p(T) + Np(T) = N_p(A) + Np(A) for any n € Z;
(i) 3, ez Nn(I') = o0 or min(o(I'), 1) = min(o(A), 1).

They are isomorphic if and only if further
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(iv) If 3,z Na(T') < 00, o(T') = 0 and No(I') = 0, then
i N_,(T) = i N_p(A) mod 2

holds.

REMARK 4.3 Note that when (ii) holds, all the conditions in (iii) are symmetric
in I" and A. Similarly, when (ii) and (iii) hold, so are the conditions in (iv).

For the proof of Theorem [£2] we need some preparation. Given a graph
I' with co-irreducible components I'; = (V;, E;), let TV be the graph we get
from I' by removing all the co-irreducible components I'; with |V;| = 1 and

~

the corresponding edges. We then have a canonical isomorphism C* (AIJE,) =
Qr.: vii>1} C*(AR)-

LEMMA 4.4 There is a primitive ideal I' of C*(A{) such that
Prim (C*(Af")/I') does not continuously surject onto Prim (T) and which
1s minimal among all the primitive ideals having this property, and we have

C*(A)/I' = C*(AL).

Proof: Let I be a primitive ideal of C*(A;"). As seen in Section 2, we know that
I is generated by {®J Jij}z" where J;; = C*(Al‘fj) for i # j and Jy; = I; for
primitive ideals I; of C* (Al'fl) It follows that C*(Af)/I = @, C* (Al'fi)/lz-, and
hence Prim (C*(A{f)/I) = ], Prim (C*(A{)/1;). We now claim that there ex-
ists a continuous surjection Prim (C*(A{")/I) — Prim T if and only if there ex-
ists a co-irreducible component I'; of I" with |V;| = 1 and I; = (0). The direction
“<" is obvious. For “=", assume that for every co-irreducible component I';
of I with |V;| = 1, I; is a maximal ideal of C* (Al'fl) such that C* (AR)/L =C.
Then Prim (C*(Af)/I) 2 [, Xx where X;, = {z, yx} and the open subsets of
X, are given by 0, {z;} and Xj. This means that {z;} = X, and {yx} = {yx}.
Furthermore, we know that Prim (7)) = {e} U T, where {8} = Prim (7). Let
[+ [1x Xx = Prim (7) be a continuous map. We want to show that f cannot
be surjective. Let y = (yr)x and f(y) = z. For arbitrary « € [[, X, we always
have y € {z}. As f~'({f(x)}) is closed and contains z, it must also contain
y. Hence z = f(y) lies in {f(x)}. This implies that f(z) = z or f(z) = e.
But this holds for every « in [], Xj. Hence the image of f contains at most 2
points, and thus f cannot be surjective. This shows our claim.

Therefore, a primitive ideal I’ of C*(Af") such that Prim (C*(A{)/I’) does
not continuously surject onto Prim (7)) and which is minimal among all the

primitive ideals with this property is generated by {® r Jij}_, where for a co-
irreducible component I'; with |V;| = 1, J;; = I; is a maximal ideal of C*(Affi)
with C*(Af)/I; = C, and for a co-irreducible component I'; with [V;| > 1,

Jii = (0). We conclude that C*(A{)/I' = C*(Af). O
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LEMMA 4.5 Let I' and A be two graphs.

(1) If C*(Af) and C*(AY) are isomorphic, then t(T') = t(A) and C*(Af) =
C*(A%).

(2) If C*(A{) @ K and C*(AY) ® K are isomorphic, then t(I') = t(A) and
C*(Af) e Kk=2C*(AL) oK.

Proof: We first prove (1). Since an isomorphism C*(Af") = C*(A}) sends the
primitive ideal I to a primitive ideal of C*(A}) with the analogous property, we
conclude that every isomorphism C*(A4f) = C*(AY) induces an isomorphism
C*(Af) = C*(AY,). To prove that ¢(I') = ¢(A), we observe that the primitive
ideals of C*(A;") which are contained in I are in one-to-one correspondence with
the subsets of {I';: [V;| =1}. Again, as an isomorphism C*(Af") = C*(A})
sends the primitive ideal I to a primitive ideal of C*(A}) with the analogous
property, we conclude that the power sets of {I';: |V;| =1} and {A;: |[W;| =1}
have the same cardinality. Hence also {I';: |V;| =1} and {A;: |W;| = 1} must
have the same cardinality (which is either finite or countably infinite). This
proves (1).

(2) is proved in a similar way as (1) using the observation that every primitive
ideal of B ® K is of the form I ® KC, where I is a primitive ideal of B. O

LEMMA 4.6 Let A;, i = 1,2,..., be a countably infinite family of properly
infinite unital C*-algebras. Then A = Q.o A; is purely infinite.

Proof: We have to show that every non-zero positive element a of A is properly
infinite. By [KR02, Lemma 3.3], it suffices to find for every € > 0 a properly
infinite, positive element b € A with |la —b|| < € and b 3 a. Since A =
2, A;, there exists a (sufficiently large) natural number n and a positive
element z € @;_; A; with |la — 2 ®1|| < 5. By [KR02, Lemma 2.2], we have
that b:= (z — )3 ® 1 = (x® 1 — §)4 satisfies b T a. Also, we have ||b — a| <
Ib—2z®1]|+ |z ®1—al] <e. So it suffices to show that b is properly infinite.
By construction, b is of the form ¢ ® 1 for some positive element ¢ € ®?:1 A;.
Since the unit 1 € A,,41 is properly infinite, we can find isometries s and ¢ in
A1 with ss* L tt*. Sob = c®1 = (c'/?2®5)*(c'/?®s) ~ (c!/?@s5)(c/?®s)* =
¢ ® ss*. Similarly, b = ¢ ® tt*. But since (¢ ® ss*)(c ® tt*) = 0, we conclude
that b b~ (c®8s*) B (cRtt*) me® (ss* +1t*) <ec®1 =0b. O

LEMMA 4.7 Let T' be a graph with (countably) infinitely many co-irreducible
components T; = (V;, E;), i = 1,2,.... Assume that 1 < |V;| < oo for all i.
Then C*(A{) is strongly purely infinite, i.e., C*(Af) =2 C*(Af) ® Ou.

Proof: By [CLOT, Theorem 8.3], we know that C*(A;") has the ideal property
(the definition can be found in [PRO7, Remark 2.1]). Moreover, we know that
C*(Af) = ®;2, C*(Af ), and each of the C*(Af") is a properly infinite unital
C*-algebra. Hence by the previous lemma, we know that C*(Af) is purely
infinite. Therefore, [PRO7, Proposition 2.14] tells us that C*(A;) is strongly
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purely infinite. And finally, if C*(A{") is strongly purely infinite, then [KR02|
Theorem 9.1] implies that C*(Af") = C*(A{) ® O because C*(Af") is nuclear
and unital. O
Finally, we are ready for the proof of Theoremd2l Proof:[Proof of Theoremd.2]
Let us first of all show that if C*(A)® K = C*(AL)®K holds, then conditions
(i), (ii) and (iii) must be satisfied. By Lemma 5] condition (i) holds and that
C*(Af) ® K = C*(Af,) ® K. Hence we may assume that all the co-irreducible
components of I' and A have more than one vertex.

To prove (ii), we observe that the minimal non-zero primitive ideals of C*(Aj")
are of the form I; = ®;.J;;, where J;; = C*(Al‘fj) if j # 4, and J; = K<C* (AR_)
(T'; consists of only finitely many vertices). For the corresponding quo-
tient, we get C*(A{)/I; = &, Qij, where Q;; = C* (Affj) if j # i, and
Qi = C* (AR_)/IC. Since Ko(C* (AR)/IC) =~ Z/|x(Ty)|Z, it follows that
Ko(C*(A)/I;) = Z/|x(T;)|Z. Hence, we have shown that No(T') is the number
of minimal non-zero primitive ideals I ® K of C*(A{) ® K with the property
that Ko(C*(A{)/I) = Z, and that for every n = 1,2,..., N_,(I') + N, () is
the number of minimal non-zero primitive ideals I ® K of C*(A{") ® K with the
property that Ko(C*(A%)/I) & Z/nZ. Since these descriptions are invariant
under stable isomorphisms of C*-algebras, we conclude that (ii) must hold.
Let us now prove (iii) under the assumption of stable isomorphism. If
S>> N,(T') = oo we are done, so suppose the contrary and note that in this
case, C*(Af") is strongly purely infinite if and only if o(I') > 0. The direction
“=" is clear, since o(I') > 0 implies that C*(A;") has O as a tensor factor.
To prove “<", we observe that if o(I') = 0, then C*(A;) contains the algebra
of compact operators as an ideal, hence cannot be strongly purely infinite. As
a consequence, C*(Af) ® K = C*(A}) ® K implies that either both o(T') > 0
and o(A) > 0, or o(T") = o(A) = 0, as desired.

Finally, we assume that C*(Af) = C*(AY) and that > N, (T') < oo, that
No(T') = 0 and that o) = 0. The algebra K of compact operators
sits inside C*(A7) as the (unique) minimal non-zero ideal. The inclusion
K < C*(Af") sends in K-theory the Ky-class of a minimal projection to
(I'T, x(T3)) - [1], where ([, x(T's)) is the product over all co-irreducible com-
ponents of I" (there are only finitely many by assumption) of the Euler char-
acteristics. As No(I') = 0, (I], x(I';)) is a non-zero number, and it is positive
if and only if 377 | N_,(I') = 0 mod 2. Since C*(A{) = C*(A}), we must
have Y °  N_,(T') = >.° | N_,,(A) mod 2. Therefore, all in all, condition
(iv) follows when the C*-algebras are isomorphic.

In the opposite direction, we know from Sections 2] and Bl that

C* (A;':) o D) o O?;o(F) ® ® ® Eiin’rEX(Fi))
n=0 {i: |x(T';)|=n}
and

C* (AX) o~ T®t(/\) ® Ogo(/\) ® ® ® Eiinéx(/\l))
n=0{i: |x(Ai)|=n}
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We note from the outset that whenever o(I') > 0 or No(I') > 0 then by re-
peated application of either Lemma or Lemma B.§ we may simplify these
expressions to

C* (A;) ~ 7‘®t(F) ® Ogo(l‘) ® (E10)®N0(F) ® ®(Ei:}n)®(N,n(F)+Nn(F)). (6)

n=1

Assume that (i), (ii) and (iii) hold. We begin by noting that in the case
> Np(T') < oo if either o(I") > 0 or No(T') > 0, we also have either o(A) > 0
or No(A) > 0, and we get C*(A;) = C*(Af) by reducing to the form given in
(@) and applying (i) and (ii).

When Y N,,(T') = co then we have by (ii) and Lemma 7] that both C* (A7)
and C*(A}) are strongly purely infinite, and hence we have

C*(Af)

IR

T 0 O, ® (E?)®N“(F) ® ®(E;r+1n)®(N7n(F)+Nn(F))

n=1

TN o0 @ (E?)‘@NU(A) ® ®(Eﬁn)®(N7n(A)+Nn(A))

n=1

Il

C* (A7),

since Lemma [3.6l may be applied as above.

It remains to treat the case that o(T") = No(T') = 0 and > N, (T') < oo. Again,
by (ii) and (iii), we must have o(A) = Ny(A) = 0 and > N, (A) < oo as well,
and we get

crAf) ek = T g Q)Ef,)EN O ¢ ©

n=1

TOHA) o ®(E;rjn)®(N7n,(A)+Nn(A)) QK

n=1

~ C*(Af) ek

this time appealing to the second half of Lemma

Assuming further (iv), we now aim for exact isomorphism, noting that we have
already established it when o(I') > 0, No(I') > 0 or >_ N, (I') = co. We hence
assume that o(T') = Np(T') = 0 and note that also o(A) = Np(A) =0
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Consider first the case where both > >° | N_,(T') and >~ | N_,(A) are even.

‘We have

C™(Af)

1%

IR

n=1

IR

n=1

= T o QB

n=1

7o & QBT
n=1
70 @ QB

T @ QB

)®Nn(F) ® ®(E1—+1n)®N,n(r)

n=1

)®Nn(F) ® ®(Eii-+1n)®N7n(F)

n=1

)®(N7n(r)+Nn(F))

)EW=n(M+Nu(A) = 0% (AT)

by Lemma B.I1l Now assume both Y77 N_,(I') and >~ | N_,(A) are odd.
If there exists x < 0 such that there are co-irreducible components I'y, and A;
with x(T'x) = x = x(A;), then we deduce from the previous case that

C*(Af)

Il

Ti#Tg

1

Ti#T%

1

Aj#N

Q) Ccr(Af) | ®Cr(Af)
& ) | @ By

® (AL | @ o (af) = o (A7),

If there exists no such x, then by (ii) there must be x < 0, ¥ < 0 and co-
irreducible components I'y_, Ty, Ay, Ay, with x(I'v_) = x, x(Ar) = —x,
X(Tr,) = =% and x(A;_) = 1. Hence

C™(Af)

Il

IR

1%

Il

® )| el Yecr Ay, )

Di#lky , Te_

sgn(x(T:))
Q B
Li#lk,  Te_

sgn(x(T+))
X B

Di#lky T

+1 1
® By ® By

1 +1
® B4y ® By

QR ) | ecr4f, yecr (AXZ+) >~ C*(AD).

Di#lky T
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In the third step, we used Lemma [B.I0, and in the fourth step, we used our
argument in the previous case. O

5 THE ISOMORPHISM PROBLEM FROM THE PERSPECTIVE OF CLASSIFICATION
OF NON-SIMPLE C*-ALGEBRAS

We give an interpretation of Theorem from the point of view of classifying
non-simple C*-algebras.

We let O(Prim(A)) denote the set of open subsets in Prim(A4), and I(A) the
lattice of ideals.

A lattice map tha: O(Prim(A)) — I(A) given by a(U) = (,¢y p is then a
lattice isomorphism which preserves arbitrary suprema and finite infima. We
denote ¥4 (U) by A[U]. For every C*-algebra A, we denote the pair

(Prim<A>, (K2 (A/A[U]; Am/A[U])}V,Ue@wmw))
Ucv

by §(A), where KX (B, J) denotes the standard six-term exact sequence asso-
ciated to an ideal J of a C*-algebra B, considering each Kg-group as an ordered
group.

An isomorphism from §F(A) to F(B) thus consists of a homeomorphism

¢: Prim(A) — Prim(B)
and isomorphisms
ay,y: K. (A[V]/A[U]) = K.(B[¢(V)]/Blo(U)))

for each U,V € O(Prim(A)) with U C V, such that (ay,v,axuv,ax,v) is an
isomorphism from KX _(A/A[U]; A[V]/A[U]) to

K5 (B/B[o(U)]; Blo(V)]/Blo(U)))

in the sense that it makes all squares commute and is an order isomorphism on
all even parts of the K-theory.

If A and B are unital, we write (F(A), [14]) = (F(B),[15]) if F(A) = F(B) in
such a way that the isomorphism ax g sends [14] in Ko(A) to [1p] in Ko(B).

Note that if ¢: Prim(A) — Prim(B) is a homeomorphism, there exists a lattice
isomorphism from I(A) to I(B) given by I + ¢p(é(1;*(I))). Hence, if A and
B are separable and ¢: Prim(A) — Prim(B) is a homeomorphism, then for all
U € O(Prim(A)), we have that A[U] is a primitive ideal of A if and only if
B[¢(U)] is a primitive ideal of B (because primitive ideals are precisely given
by prime ideals for separable C*-algebras).

The following easy observation is left to the reader.

LEMMA 5.1 Let A and B be separable C*-algebras. Let U € O(Prim(A)).
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(1) If §(A) =2 F(B) via a homeomorphism ¢: Prim(A) — Prim(B), then
S(A/A[U]) = §(B/Blp(U))).

(2) If A and B are unital C*-algebras and (F(A),[14]) = (F(B),[15]) via a
homeomorphism ¢: Prim(A) — Prim(B), then

(3(A/A[U]), [Lajaw]) = (B(B/Blo(U)]), [La/ssw)]) -

THEOREM 5.2 Let T' and A be two (countable) graphs, and let T; = (V;, E;)
be the co-irreducible components of T', Aj = (W;, F}) the co-irreducible compo-
nents of A. Then C*(AY) = C*(AY) if and only if (F(C*(Af)),[1 C*(A*)]) &

(F(C*(AD): Lo ()
Proof: The direction “=" is obvious. To prove “<”, we show that
(O (A0, Lo at)) = F(C (AD): Lo at)])

implies (i), (ii), (iii) and (iv) from Theorem [L2] using the notations from
Lemma, The first step is to prove that (F(C*(A)), [1o- (A+)]) &
(F(C*(AD), 1o «(aH)) implies #(I') = t(A) and (F(C* (Af)), [1 o (4, ) =
(F(C*(AL)), [ o (A%, )D)- t(I') = t(A) follows by Lemma .4, because we only
use the primitive 1dea1 space and the lattice structure of the set of ideals in
this proof. To see that (S(C*(Aff,)),[lc*(A;)]) ~ (F(C*(AL), [ o (a7, N

let I’ be a primitive ideal of C*(A{) stipulated in Lemma HE4, and let
U be an open set of Prim (C*(A{f)) such that C*(A{)[U] = I’ Then
C*(Af)[p(U)] is an ideal with the analogous property. In the proof of
Lemma L5, we have seen that C*(Af")/C*(Af)[U] & C*(A{). Similarly, we
have C*(AY)/C*(AD)[U] = C*(AX,). Therefore, (2) from the previous lemma
tells us that (F(C*(47%)), [10*(14;)]) =~ (F(C* (Aj\‘/)) il (a7, 1), as desired.

In particular, this implies (i), and we may assume as in the proof of Theorem[£.2]
that all the co-irreducible components of I' and A have more than one vertex.
Then (ii) follows in exactly the same way as in the proof of Theorem 2] because
we only use primitive ideal spaces, lattice structures of sets of ideals and Ky in
this proof. All this can be extracted from the invariant §. Let us prove (iii).
As we have seen in the proof of Theorem 2] o(T') = 0 implies that K is an
ideal of C*(A{"), whereas o(T') > 0 implies that C*(A;") (and hence also every
non-zero ideal) is strongly purely infinite. These two cases can be distinguished
by the order on K. Therefore, we see as in the proof of Theorem that if
(F(C*(Af), 1o (A+)]) s (S(C’*(Aﬂ) 1o (A+)]), then either o(T') > 0 and
o(A) > 0 or o(T') = 0 and o(A) = 0. The proof of (iv) then follows the proof of
Theorem [4£.2] where we only use lattice structures of sets of ideals, Ky and the
Ky-classes of the units. All this can be extracted from the invariant § together
with the position of the Kjy-class of the unit. O

DOCUMENTA MATHEMATICA 21 (2016) 309-343



328 SOREN EILERS, XIN LI, AND EFREN RuIZ

6 GRAPH ALGEBRAS AND THE SEMIPROJECTIVITY QUESTION

Apart from semigroup C*-algebras we discussed above, there is another - more
traditional - way of constructing a C*-algebra out of a directed graph, possibly
allowing for loops. Now we would like to discuss the overlap of these two con-
structions. In other words, we are interested in the question: Which semigroup
C*-algebras for right-angled Artin monoids are isomorphic to graph algebras?
We can provide a complete answer to this question.

6.1 EXTENSIONS OF C*-ALGEBRAS

We first establish some facts about absorbing extensions and the C*-algebras
associated to these extensions. To each injective Busby map 7: A — Q(B),
where Q(B) = M(B)/B with M(B) the multiplier algebra of B, associate as
usual the extension

e: 0 BC E v A 0
0 —— B“—— M(B) —— Q(B) 0

with E = 7=(7(A)) and ¢(z) = 7~ (n(x)). Note that 1 is a homomorphism
since T is injective.

We call 7 (and e) unital if A is unital and 7 is a unital homomorphism, or,
equivalently, if F is a unital C*-algebra. If 7 = 7 o « for some homomorphism
a: A — M(B), then 7 is called a trivial extension. If A is unital and 7 = mo «
for some unital homomorphism a: A — M(B), then 7 is called strongly unital.
Not all unital trivial extensions are strongly unital.

Assume that B is stable. The sum 7 @® 7/ of two extensions 7,7": A — Q(B) is
defined as follows. Since B is stable, there exist isometries s1, so € M(B) with
Lpmp) = 8187 + s5285. Set

(1@ 7)(a) = m(s1)7(a)m(sT) + m(s2)7" (a)(s3)

for all a € A.

Two extensions 7,7": A — Q(B) are said to be unitarily equivalent, denoted by
T ~y, T, if there exists a unitary u € M(B) such that 7(u)7(a)w(u)* = 7/(a) for
all @ € A. Then two extensions 71, 72: A — Q(B) define the same element in
Ext(A, B) if there exists a unitary u € M(B) and there exist trivial extensions
71,74 A — Q(B) such that 71 7] ~, 72P®745. If 71 and 75 are unital extensions,
then 71 and 74 can be chosen to be unital extensions (see [Ror97, Section 5]).
For a C*-algebra C, we let C' be the unitization of C (adding a new unit if C
is a unital C*-algebra) and let tc: C' — C be the embedding of C into C as an
ideal.

Recall that an ideal I of a C*-algebra A is an essential ideal if every nonzero
ideal of A has a nontrivial intersection with I. An extension 0 — I 5 A —
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B — 0 s essential if ¢(I) is an essential ideal of A. It is a well-known fact that
an extension 0 - I — A — B — 0 is an essential extension if and only if the
Busby invariant of the extension is injective. We now prove in the following
proposition that every essential extension 0 - B — E — A — 0 with A a non-
unital, separable, nuclear C*-algebra and B a C*-algebra that is isomorphic to
either IC or a nuclear, purely infinite simple C*-algebra is absorbing.

Before proving the proposition, we show that any absorbing extension must be
an essential extension. Hence, the assumption that the extension is essential is
necessary. Note that if 7 or 7/ is injective, then the sum 7@ 7’ is injective. Since
B is stable, there exists a unital embedding from Oz to M(B) which induces a
unital embedding from Oy to Q(B). Nuclearity of A gives us an embedding of A
into Og, thus the composition gives a trivial essential extension 79: A — Q(B).
Therefore, an absorbing extension 7 is an essential extension since 7 is unitarily
equivalent to 7 & 7.

PROPOSITION 6.1 Let A be a non-unital, separable, nuclear C*-algebra and let
B be a separable C*-algebra that is isomorphic to either K or a nuclear, purely
infinite simple C*-algebra. If 7: A — Q(B) is an essential extension, then for
every trivial extension 7o: A — Q(B) we have that T ~,, T ® 19. Consequently,
ife,: 0 > B — E; - A — 0 is an essential extension for i = 1,2 and
[Ter] = [Tes] in Ext(A, B), then Eq = Ejs.

Proof: Let ag: A — M(B) be a homomorphism with 79 = 7 o ag. Extend 7
and g to the unitization of A, and denote these extensions by 7: A — Q(B)
and dp: A — M(B) respectively.

We claim that 7 is injective. Let y € ker (7). Then 7(yz) = 7(y)7(ta(x)) =0
and 7(zy) = 7(va(z))7(y) = 0 for all z € A. Since 7 is injective, we have that
yr = xy = 0 for all x € A. Since A is non-unital, A is an essential ideal of A.
Hence, y = 0. Thus, proving our claim.

Set E = n~1(7(A)) € M(B). Since 7 is injective, we may define a surjective
homomorphism ¢: E — A by 1(z) = 7 (n(z)). Define n: E — M(B) by
n(z) = &g o P(x). Then n is a unital homomorphism such that n(E N B) =
{0}. Let s; and sy be isometries such that 1,y = s15] + s253. By [ArvT77,
Corollary 2] and [Kir, Proposition 7], there exists a unitary v € M(B) such

that u(sjzst + san(z)ss)u™ —xz € B for all x € E.

We claim v implements a unitary equivalence between 7 and 7 ®7y. Let a € A.
Choose 2 € E such that 7(z) = (T ot4)(a). Note that

mon(z) =modpoy(x) = (moa0)(7 (m(x))) = (7o do o ra)(a).
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Then
7(u) (7(a) ® To(a)) 7(u)"
= m(u) (m(s1)7(cala))m(s]) + w(s2)(m 0 ap 0 va)(a)m(s2)") m(u)"
= m(u(sias] + san(w)s3)u”)
:W(w)

|
\]
—
£

Hence, 7 @ 19 ~ 7, proving the first part of the proposition.

Suppose ¢; : 0 = B - F; -+ A — 0 is an essential extension for ¢ = 1,2 and
[Te;] = [Tes] in Ext(A, B). By the discussion before the proposition, there exist
trivial extensions 71,74: A — Q(B) such that 7., & 71 ~y Te, ® 5. By the
first part of the proposition, we have that ¢, ~y 7., © 7] and 7., © 75 ~y 7.,
Therefore, Te, ~y Te,. By [JT91, § 3.2], E1 & Es. O

6.2 CORNERS OF GRAPH ALGEBRAS

We also need some results involving corners of graph algebras. The general
case will be worked out in [AGR]. For the convenience of the reader, we will
prove the case that will suit our purposes (see Proposition [6.2]).

Recall that if E = (E°, E',r,s) is a graph, the C*-algebra C*(E) associated
to E is the universal C*-algebra generated by {p, : v € E°} U {s. : e € E'}
subject to the relations

(i) popw = Oy, why for all v,w € EO:

(i

i)
(iil) sesy < ps(e) for all e € E'; and
v)

(i

A loop in E is a path a = ey --- e, with s(e;) = s(e,,) and we say that s(e;)
is the base point of a. A simple loop in E is a loop o = e; --- e, such that
s(e;) # s(ej) for ¢ # j. We say that E satisfies Condition (K) if every vertex
is either the base point of at least two simple loops or is not the base point
of a loop. It is well-known that if A is a Cuntz-Krieger algebra, then A is
isomorphic to C*(FE), where E is a finite graph with no sinks. If, in addition,
A is purely infinite, then F will also satisfy Condition (K).

55§ = O fDr(e) for all e, f € E;

Po =D ees—1(y) Sese forallv e E° with 0 < [s71(v)] < oo.

PROPOSITION 6.2 Let E be a graph with finitely many vertices. Suppose there
exists a vertex w in E such that

(i) {w} is a hereditary and saturated subset of EV;

(ii) |{e € E' : s(e) = w}| is either equal to 0 or oo;
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(iii) for every v € E°\ {w}, there are finitely many edges from v to w and
there exists at least one v € E°\ {w} such that there exists an edge from
v to w; and

(iv) every vertex v € E°\ {w} emits finitely many edges and is the base point
of at least two loops of length one.

Then for every full projection p € C*(E) ® K, we have that p(C*(E) @ K)p is
isomorphic to a graph algebra. Consequently, if A is a unital C*-algebra such
that A@ K =2 C*(E) ® K, then A is isomorphic to a graph algebra.

Proof: Let {e;;} be a system of matrix units for K. Throughout the proof, if
n

p is a projection in C*(E) and n € N, then set np=p@--- ®p in C*(E) @ K.
Let {p,,s. : v € E°, e € E'} be a Cuntz-Krieger E-family generating C*(E).
Since the only vertex in E that is a singular vertex, i.e., emits no edges or
infinitely many edges, is w, by [HL+14] Theorem 3.4 and Corollary 3.5],

D~ (@ nqu) D ny <pw - Z SGSZ> DDk <pw - Z SGSZ> ) (7)

vES ecTy ecTy

where n, > 0 forallv € S, n; > 0foralli, S C EY\{w}, and T; is a finite (pos-
sibly empty) subset of s~1(w) for all i. Arguing as in [ARI5, Lemma 4.6], we
have that the projection on the right hand side of (@) is Murray-von Neumann

equivalent to
q= @ MyPy
vEE?

where m, > 0 for all v € E°. We use the fact that if S is a finite subset of
s~ (w), then

|S|pw @ (Pw - Zse32> ~ <Z Sesz> S2] <pw - Zsesz> ~ Pw

ecS ecS ecsS

and the fact that if vg € E°\ {w} with s71(vg) N7~ 1(w) # 0, then for any
n, we have that py, ~ npy @ py, ® (B, o Mypy) for m), > 0. Now, arguing
as in [AR15] Proposition 4.7], we have that ¢(C*(E) ® K)q is isomorphic to a
graph algebra. Since p ~ ¢, we have that p(C*(F) ® K)p = q(C*(E) ® K)q.
Therefore, p(C*(E) ® K)p is isomorphic to a graph algebra.

For the last part of the proposition note that A = p(C*(E) ® K)p, where p is
the projection given by the image of 14 ® e;; under some isomorphism from
AR K to C*(E)® K. Since 14 ® eq7 is full in A ® K, we have that p is full in
C*E)® K. O
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6.3 SEMIGROUP C*-ALGEBRAS AND GRAPH ALGEBRAS

We now determine when a C*-algebra associated to an Artin monoid is isomor-
phic to a graph algebra. To do this, we need to determine when an extension
of two graph algebras is isomorphic to a graph algebra. In spite of substantial
effort the extension problem for graph algebras has not be completely resolved
even for the single non-trivial ideal case. Moreover, the results in the literature
are not sufficient for our purposes. The following ad hoc result will give us
what we need.

LEMMA 6.3 For each i, let A; be a separable, nuclear C*-algebra with an es-
sential ideal I; such that I; is isomorphic to either K or a purely infinite
simple C*-algebra with trivial Ky group, A;/I; satisfies the Universal Coef-
ficient Theorem, and K;1(A;/I;) = {0} or Ko(A;/L;) is a free group (possibly
Ko(A;/I;) = {0}). Suppose there exist isomorphisms f: [; @ K — I, @ K,
a: (A1/L) @ K — (A2/) ® K, and n.: K (41 @ K) — K. (A2 ® K) such
that (K«(8),ns, Ku(a)): Kex(A1 @ IGT @ K) = Kgix(Az @ K5I, @ K) is an
isomorphism. Then A1 @ K =2 A, ® K.

Proof: Let e1 : 0 = I, ®K — By — (41/11) ® K — 0 be the extension obtained
by pushing forward the extension 0 > I @ K - A1 9 K — (41/[L) @K = 0
via the isomorphism S and let e3 : 0 = I @ K — By — (41/1) @ K = 0
be the extension obtained by pulling back the extension 0 — L, ® K —
Ay @ K — (A2/) @ K — 0 via the isomorphism «. Note that there
exist isomorphisms ¢1: A1 ® K — By and ¢9: Bo — Ay ® K such that
(K*(ﬂ)vK*(¢1)7K*(id(A1/Il)®K)): Ksix(Al 02y ICaIl 02y IC) — Ksix(Bl;IQ oy ’C)
and (K*(idh@;c),K*((bg),K*(O())Z KsiX(BQ;IQ ®K:) — KsiX(AQ ®K:,IQ®IC) are
isomorphisms. Then (K, (idper), K«(¢3 ") 0 nw o Ko (¢71), Ku(id(a, /1)0x)) s
an isomorphism from Ky (B1; o ® K) to Kex(Bz2; I ® K).

We claim that [7,] = [7e,] in Ext((41/)QK, I, ®K). Since A, /I satisfies the
Universal Coefficient Theorem, we may identify Ext((A;/11) ® K, I, ® K) with
KK ((A1/1)®K, IL,®K). Note that Ext},(K1((A;/1)®K), K1(l,®K)) = {0}
since Ky(lz) = {0}. Suppose Ki(Ai/I) = {0}. Then Ki(r.,) = {0}.
Since K;(I3) = {0}, we have that Ko(r.,) = {0}. Hence, K.(r.,) = {0}.
By the Universal Coefficient Theorem, [r,] can be identified with the ele-
ment in Ext%(KO((Al/Il) ® K), Ko(I2 ® K)) given by Kgix(B;; o ® K). Since
(K. (idper), Kio(¢3 ") onw o Ku(o7 "), Ku(id(a, /1,)ex)) is an isomorphism from
Ksix(Bl;IQ X ’C) to Ksix(BQ;IQ X ’C) we have that Ksix(Bl;IQ & IC) and
Kix(B2; I ®K) induce the same element in Ext%(KO((Al/Il)(X)IC), Ko(Ia®k)).
Hence, [7e,] = [re,] in Ext((A1/;) ® K,I2 ® K). Suppose Ky(A1/I)
is a free group (possibly the zero group). By the Universal Coefficient,
[Te.] is completely determined by K,(r.,). Since (K.(idpex), K«(d3') o
s © K*(gbfl),K*(id(Al/h)@,c)) is an isomorphism from Ky (B1;lx ® K) to
Kix(B2;Io ® K), we have that K.(7e,) = Ki(Te,). Hence, [Te,] = [Te,] In
EXt((Al/Il) ® IC, IQ ® IC)
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In both cases, we have shown that [r.,] = [7e,] in Ext((A1/11) ® K, I, ® K),
proving our claim. By Proposition [6.I] we have that By = Bs. Therefore,
AiK =2 A K. |

LEMMA 6.4 Let A be a unital, separable, nuclear C*-algebra with an essential
ideal I such that I = K or I 2 Ou @ K and A/I is isomorphic to a purely
infinite Cuntz-Krieger algebra. If K1(A/I) = {0} or Ko(A/I) is a free group
(possibly Ko(A/I) = {0}), then A is isomorphic to a graph algebra.

Proof: By [ABK14l Theorem 4.4] and [Res06l Proposition 8.3], there exists
a finite graph F' such that each vertex of F' is the base point of at least two
loop of length one and there exists an isomorphism ¢: C*(F) @ K — A/T ® K.
Let ¢: C*(G) ® K — I be an isomorphism such that K,(¢) = id, where G
is the graph {v} with one vertex and no edges if I = K and G is the graph
with one vertex {v} with infinitely many edges when I = O, ® K. By [EKTW|,
Lemma 5.2(r1) and Proposition 5.5], there exists a graph F with the properties
that

(1) E° =GO U F°,

(2) E' is the union of G! and F! together with a finite nonzero number of
edges from each w € F° to v, and

(3) there exist an isomorphism a,: K.(C*(E)) — K.(A) with the prop-
erty that (K.(¢), ., K«(¢)) is an isomorphism from K. (C*(E); I1,y)
to Ksix(A; I)

Note that Iy} ® K is an essential ideal of C*(E)® K and there exist an isomor-
phism @, : K.(C*(E) ® K) = K.(A® K) such that (K,(¢ ® idk), s, Ki(¢p ®
idg)) is an isomorphism from Ky (C*(E) ® K; I{yex) 1o Kaix(A® K 1 @ K).
Also, note that I = I,y = Kor I = Iy = O ® K. By Lemma 6.3
A® K = C*(E)® K. Therefore, A is isomorphic to a graph algebra by Propo-
sition O

LEMMA 6.5 For each m € N, for each n > 0, the smallest nonzero ideal I of
EXl @ Q_, B3 is isomorphic to K and (EE' @ @;._, E5*)/I is isomorphic
to a Cuntz-Krieger algebra with vanishing K1-group.

Consequently, EX' ® @,_, E5* and Efl'® Ri_ Ey* @ O are isomorphic to
graph algebras.

Proof: Note that for each m € N, by [EKTW, Theorem 7.2], Ef!, E 1,
Ef'®04, and E;,;' @0, are graph algebras with EX! /K and (EX'®04)/(K®
Ow) = (EE1/K)®04 are isomorphic to purely infinite Cuntz-Krieger algebras.
Therefore, we may assume that n > 1.

For notational convenience, set A = EX' @ @F_, Ey*. Note that I = @] K.
Let J = K&, _, E5". Then J is a primitive ideal and A/J = 0,,@Q);._, E5*.
We will show that J/I is stably isomorphic to an O-absorbing Cuntz-Krieger
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algebra, A/J is isomorphic to a Cuntz-Krieger algebra with vanishing boundary
maps, and the boundary maps in K-theory induced by the extension 0 —
J/I — A/I - A/J — 0 are zero.

We will first prove that J/I is Os-absorbing. Note that it is enough
to show that (Qp_; E5*)/(®r_, K) is Oz-absorbing since J/I = K ®
(R, E5*) / (Qr_, K). Since Ef /K = Oy which is Os-absorbing by [KP00,
Theorem 3.8], we have that (Q),_; E5*) / (Qy_, K) is Oz-absorbing for n = 1.
Suppose (Qj—; E5*) / (R, K) is Og-absorbing for 1 < m < n. Consider the
extension

0= (B @ Qs K) /(=1 K) =
= (Qi—1 B3*) / ( Q=1 K) = (Qpey E*) / (Ey' @ @—p K) = 0

Now, (B3 @@, K)/(97_,K) = (Ej' /K) 8 @], K = 0,0 @), K which is
Oy-absorbing by [KP00, Theorem 3.8]. Since (Q;_; E5*)/(E5' @ Qs K) =
Ey' @ (Qhes E5*) / (Qr_s K)) and because of the inductive hypothesis, we
have that (®@}_; E5*)/(E5' @ @ _, K) is Os-absorbing. Hence, by [KP00, The-
orem 3.8] and [TWQ7, Corollary 4.3, (Qr_; E5*) / (Q_, K) is Oz-absorbing.
This proves our claim.

Since J/I is Oz-absorbing and J/I has finitely many ideals, by [Kir00], J/I is
stably isomorphic to a Cuntz-Krieger algebra with vanishing boundary maps.
This is because for any finite Ty-space X, there exists an Os-absorbing Cuntz-
Krieger algebra with primitive ideal space X. We also note that the boundary
maps in K-theory induced by the extension 0 — J/I — A/I — A/J — 0 are
zero since K, (J/I) = {0}.

We now show that A/J is isomorphic to a Cuntz-Krieger algebra with vanishing
boundary maps. Recall that A/J = O,, ® @ _, E5*. Hence, every simple
sub-quotient of A/J is isomorphic to Oy, ® (Zo/Z;) where 77,7 are ideals of
Qr_, B3¢ with Ty C Z, and Z,/Z; simple. Note that if 71,7, are ideals of
Qr_, B3 with 7y C T, and Z»/Z; simple, then T, /T = @) _, By, where By, is
a simple sub-quotient of E3*. Hence, every simple sub-quotient of @ _; E5*
is either isomorphic to ®Z:1 K or is Os-absorbing. Hence, every simple sub-
quotient of O,, ® @, _, E5" is either stably isomorphic to O, or Q3. So every
simple sub-quotient of A/.J is stably isomorphic to a Cuntz-Krieger algebra.
Consider the extension e : 0 = O, ®Z1 = O, ® Zo — O, ® (Z2/Z1) — 0 with
T>/T; simple. If 7; = {0} and Z, = @ _; K, then O0,,, ®Z; = {0} which implies
that e has vanishing boundary maps. If Zo/Z; is Oz-absorbing, then K. (O,, ®
(Z2/1:1)) = {0} which also implies that e has vanishing boundary maps. By
[Benl4, Corollary 3.6], we have that A/J = O,, ® Q,_, E5* has vanishing
boundary maps. Therefore, by [Benldl Corollary 8.2], A/J is isomorphic to a
Cuntz-Krieger algebra with vanishing boundary maps. This finishes the proof
of the above claim.

The above claim shows that all the assumptions in [Benldl Proposition 3.7,
Proposition 3.10, and Corollary 8.4] are satisfied. Thus, A/I is isomorphic to
a purely infinite Cuntz-Krieger algebra.
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We now show that Ki((EX!' @ @,_, E5*)/I) = {0}. Since 0 — J/I —
A/I — A/J — 0 has vanishing boundary maps and the fact that J/I is Oa-
absorbing, we have that the surjective map A/I — A/J induces an injective
map K1(A/I) — K1(A/J). Since every simple sub-quotient of A/J is stably
isomorphic to O,, or Oy and since A/J has finitely many ideals, one can show
that K1(A/J) = {0}. Therefore, K1(A/I) = {0}.

Lemma implies that E5' @ @) _; Epr and EL' © Qp_; Ejb @ O are

isomorphic to graph algebras. a
LEMMA 6.6 Let my,mo,...m, € N. Then

(1) Qr_, Efgi s stably isomorphic to unital graph algebra if and only if
whenever there exists an i such that m; € {1}UZ>3, we have that m; = 2

for all j # 1.

(2) ®Z:1 Efgl ® O 1s stably isomorphic to unital graph algebra if and only
if whenever there exists an i such that m; € {1} U Z>3, we have that
m; =2 for all j # 1.

Proof: We prove (1). (2) is proved in a similar way.
Suppose whenever there exists an ¢ such that m; € {1} U Z>3, we have that
m; = 2 for all j # i. By Lemma B3 ®)_; Ei! is isomorphic to a graph
algebra. So, also stably isomorphic to a unital graph algebra.
Suppose &);_, Etl is stably isomorphic to graph algebra. Note that EX1 @k =
E+p1p® K %rk leay ;nnk Therefi)’re it is I;noughgto I;))rovg the case Q. B+ .®Note
'm ) k=1"my
that @,_, E;;l has finitely many ideals. Since ®),_; E;;! is stably isomor-
phic to a unital graph algebra C*(FE), we have that C*(F) has finitely many
ideals. Therefore, every sub-quotient of C*(FE) is stably isomorphic to a unital
graph algebra with finitely many ideals. Consequently, every sub-quotient of
Ry E,‘fli is stably isomorphic to a unital graph algebra with finitely many
ideals.
Suppose there exists i and j such that m;,m; € {1} UZ>3. Let I = Q;_, I
be the ideal of @) _, Bl where [y = K if k ¢ {i,j}, I; = E}}, and I; = E}!.
From the above observation we must have that every sub-quotient of I is stably
isomorphic to a unital graph algebra with finitely many ideals. Note that I is
stably isomorphic to E,! @ Ef! and Ef! @ EfT has a quotient isomorphic to
Om; ® O, . Therefore, O, @ Oy, is stably isomorphic to a graph algebra.
Let K ® K be the smallest non-zero ideal of Ef! ® Ef!. By the Kiinneth
formula, Ko(Ey,} ® Efl) = Z and Ki(E}} ® E;') = {0}, and hence the
extension 0 = K@ K — Ef! @ B! — (Efl @ E£) /(K@ K) — 0 induces a
six-term exact sequence in K-theory of the form

T zZ Ko((Ef; @ B/ (K@ K))
Ki((Ef @ B /(K@ K)) 0 (l.
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In particular, Ko((Ef} @ ELD) /(K ® K)) and K1 (B! @ E£T)/(K @ K)) are
cyclic groups.

Since (B} @ El)/(K@K) is stably isomorphic to a graph algebra with finitely
many ideals, (Ef} ® EL1) /(K ® K) has real rank zero. Therefore, the quotient
of (Bt @ EfY)/(K® K) by the ideal (K ® Ej! + Efl @ K)/(K @ K) induces
the following six-term exact sequence

Ko(Om,) & Ko(Om,) —= Ko((Bf; @ E71) /(K ® K)) — Ko(Om, ® Om,)

| o

K1(Op; ® Opyy) — Ki((B @ B /(K @ K)) — K1(O,) @ K1(Om,).
Using the Kiinneth formula, we get

Z cd(m;—1.m;—1 if mys, m; Z 3
ged(mi—1,m;—1) J
Ko(Om, © Opn,)) = K1 (O, @ Ory,) = $ K1(Op,) @ Ko(Op,)  ifmy =1
K1(Om,) ® Ko(Op,,) if m; =1.

Since O,,; ® Opy,; is stably isomorphic to a unital graph algebra, ged(m; —
1,mj —1)=1if m;,m; >3 and m; = 1 if and only if m; = 1.

Suppose m;,m;j > 3. The exactness of Diagram (&) implies that Ko((E}! ®
EN/ (K@ K)) =2 Ko(Om,) ® Ko(Om,) = Zy,—1 © L, -1 which contradicts
the fact that Ko(E,} @ EL1)/(K ® K)) is a cyclic group.

Suppose m; = 1. Then m; = 1. Then by the exactness of Diagram (8],
Ki((EfIoEL!)/(K@K)) has a sub-group isomorphic to K1(Op, ) K1 (O, ) =
Z®Z. This can not happen since K1((E}} @ E/L1) /(K ®K)) is a cyclic group.
O

Let the notation be as in Definition 11

THEOREM 6.7 Let I' be a countable graph. Then C*(Af) is isomorphic to a
graph algebra if and only if one of the following holds

1. t(T) =1, o(T') =0 and Ni(T) =0 for all k
2. t(T') =0, N_1(T') + N1 (T") < o0 and
PR INES!

k|1

Proof: Suppose there exists an isomorphism ¢: C*(Af) — C*(E) for some
countable directed graph E. Since C*(Aj") is unital, C*(E) is unital. Let
I'; = (Vi, E;) be the co-irreducible components of I'. To prove (1), let I be the
ideal of C*(Af") generated by {®, Jij}i where J;; = C* (Al'fj) if j # 4 and

Jii =

K ifl1<|V|<oo
0 otherwise.
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Then C*(Af)/1 = @, C*(Af)/Jii where C*(A{)/Ji; is a Kirchberg algebra
if [Vi| > 2 and C*(Af)/Jis = T otherwise. In particular,

(0) poi £ th s i with V] = 1

Prim(C*(A%) /1) = [I2; Prim(7) ift ere. exists ¢ with |V;]
{o} otherwise.

Note that I is generated by projections. Therefore, ¥ (I) is generated by pro-
jections and hence is a gauge-invariant ideal of C*(F). Hence, by [BPRS00,
Corollary 3.5 and Theorem 3.6], C*(E)/v(I) is isomorphic to a graph algebra.
Since C*(A{f)/I = C*(E)/vy(I), we have that C*(A{)/I is isomorphic to a
unital graph algebra. Note that C*(Af)/I is Ouc-absorbing (if there exists i
such that |V;| > 2) or C*(A{)/I = ®2(2 T.
Suppose C*(A)/I is O-absorbing. Since any unital Ou.-absorbing graph
algebra has a finite primitive ideal space, we must have that ¢(I') = 0. Sup-
pose C*(Af")/I is not Ous-absorbing. Then C*(A{)/I = ®§€(2 T. Let J be
the ideal generated by {®J Jij}i where J;; = T if j # i and J;; = K, then
J is an ideal generated by projections such that (@Z(Q ’T) /J = C(THD).
Since C*(Aff )/I is isomorphic to a graph algebra and every ideal generated by

projections in a graph algebra is gauge invariant, by [BPRS00, Corollary 3.5
and Theorem 3.6] every quotient of C*(A;t)/I by an ideal generated by pro-
jections is isomorphic to a graph algebra. Hence, C(T*1)) = (®2(2 T) /J
is isomorphic to a unital graph algebra. Since the only unital commutative
graph algebra is isomorphic to finite direct sums of C and T, we must have
that ¢(T") = 1.

In both cases, we have shown that ¢(I') < 1. Suppose o(T") # 0 or Ni(T') # 0
for some k, then there exists an i such that C* (AR) /Jii is a Kirchberg alge-
bra. Hence, by [KP00, Theorem 3.15] and [TW07, Corollary 3.4] C*(A)/I =
X, C* (AR) /Jii is an Ou-absorbing C*-algebra. Since every unital graph al-
gebra that is Ox-absorbing must have finitely many ideals and since

Prim(C*(A$)/1) = {HZ(R Prim(7) if there' exists ¢ with |V;| =1

{o} otherwise,
we have that ¢(I') = 0. Hence, we only get a graph algebra in the case ¢(I') = 1
when all other data vanish.
Suppose t(I') = 0. Note that 1 < |V;] for all ¢. Thus, C*(Al'fi) is a unital
properly infinite C*-algebra, and Prim(C*(Aifi)) = {x;,y;} with open sets
{0, {xi}, {xs, yi}} when |V;| < oo and Prim(C*(Af")) = {e} when |V;| = oc.
We claim that |{k: Np(T') #0}| < oo and Ni(I') < oo for all k. Suppose
first | {k: Ni(I') #0}| = oo or Ni(I') = oo for some k. Then C*(Af) =
®:2, C*(Af") and C* (A{) has infinitely many ideals. By Lemmal.7, C*(Af")
is Os-absorbing. Again, using the fact that a unital graph algebra that is
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Oso-absorbing has finitely many ideals, we have a contradiction. Therefore,
[{k: Ni(T') #0}| < oo and Ni(T') < oo for all k, proving the claims in (2).
Note that

CH(Af) = (E))*M ) @ Q) (ErL) N0 @ Q) BLL,) 20 @ (06) @™

n=1 n=1

By Lemma [6.6] (1) and (2) hold.
In the other direction, we have in the case (1) that C*(A{) = T which is
isomorphic to a graph algebra. And in case (2) we have that either

C* (Af) = (B )P0 @ (B )PN D) g (000) %0,

C*(Af) = Bl @ (B 1)@N-1(D) g (B 1HEMD) g (0, )80
for some m # 2, or
CH(AF) = B3l @ (ByH)BN-1(D) @ (BFH)BMT) g (0,)%D).,

for some m # 2. If o(I") > 1, then by [KP0O0, Theorem 3.15], (O )®°) 2 O,
Hence, by Lemma 6.5, C*(A;) is isomorphic to a graph algebra. O

REMARK 6.8 The relation between a (undirected, loop-free) graph T’ and a di-
rected graph Gr with C*(Af) = C*(Gr) is somewhat opaque, although the
proof given above in principle is constructive. In Figure [2 we present eight
graphs presenting the C*-algebras given by five-vertex graphs of Figure[l in the
unshaded regions.

We conclude by establishing semiprojectivity and non-semiprojectivity of
C*(A{) in a number of cases, covering for instance all graphs with 5 or fewer
vertices. We note, however, that this theorem does not contain a full answer to
the question of which of the C*-algebras under study are semiprojective. The
most basic open case has N_s = 2 and may be represented by a graph with 6
vertices.

THEOREM 6.9

1. When t(T') > 1, C*(A{) is not semiprojective.
2. When t(T') = 1, C*(A{") is semiprojective if and only if

o(I') = > Ni(I') = 0.
k

3. When t(T') = 0, C*(A}) is semiprojective when N_1(I') + N1(T') < oo

and
> NI <1
k|1
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Figure 2: Graphs representing cases from Figure[I]
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Proof: We first note that by [End13] Corollary 4.4.16], a C*-algebra of the
form A ® T with A unital, nuclear, infinite-dimensional and in the UCT-class
can never be semiprojective. This proves (1) and (2) since T itself is trivially
semiprojective.

For (3), we first apply Theorem [6.7]to see that C*(Aj") in this case is a unital
graph algebra. We have seen that when o(T') > 0, C*(A}") is strongly purely
infinite, and when o(I') = 0, there is a minimal ideal K in C*(A{) so that
C*(Af)/K is strongly purely infinite. In either case, [EK] applies to guarantee

that the C*-algebra is semiprojective. a
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