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ABSTRACT. We study semiprojective, subhomogeneous C*-algebras
and give a detailed description of their structure. In particular, we
find two characterizations of semiprojectivity for subhomogeneous
C*-algebras: one in terms of their primitive ideal spaces and one by
means of special direct limit structures over one-dimensional NCCW
complexes. These results are obtained by working out several new
permanence results for semiprojectivity, including a complete de-
scription of its behavior with respect to extensions by homogeneous
C*-algebras.
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1 INTRODUCTION

The concept of semiprojectivity is a type of perturbation theory for C*-algebras
which has become a frequently used tool in many different aspects of C*-
algebra theory. Due to a certain kind of rigidity, semiprojective C*-algebras
are technically important in various situations. In particular, the existence
and comparison of limit structures via approximate interwinings, which is an
integral part of the Elliott classification program, often relies on perturba-
tion properties of this type. This is one of the reasons why direct limits over
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semiprojective C*-algebras, e.g., AF- or AT-algebras, are particularly tractable
and one therefore constructs models preferably from semiprojective building
blocks. The most popular of those are without doubt the non-commutative
CW-complexes (NCCWs) introduced by Eilers, Loring and Pedersen. These
are in fact semiprojective in dimension one ([ELP9S§], but see also [End14]). In
this paper, we study semiprojectivity for general subhomogeneous C*-algebras
and see whether there exist more interesting examples, i.e., besides the one-
dimensional NCCW complexes (1-NCCWs), that could possibly serve as useful
building blocks in the construction of ASH-algebras. In Theorem B.1.2] we give
two characterizations of semiprojectivity for subhomogenous C*-algebras: an
abstract one in terms of primitive ideal spaces and a concrete one by means
of certain limit structures. These show that it is quite a restriction for a sub-
homogeneous C'*-algebra to be semiprojective, though many examples beyond
the class of 1-NCCWs exist. On the other hand, a detailed study of the struc-
ture of these algebras further reveals that they can always be approximated
by 1-NCCWs in a very strong sense, see Corollary 52Tl and hence essentially
share the same properties.

The work of this paper is based on the characterization of semiprojectivity for
commutative C*-algebras, which was recently obtained by Sgrensen and Thiel
in [ST12]. They showed that a commutative C*-algebra C(X) is semiprojective
if and only if X is an absolute neighborhood retract of dimension at most
1 (a 1-ANR), thereby confirming a conjecture of Blackadar and generalizing
earlier work of Chigogidze and Dranishnikov on the projective case (JCDI0]).
Their characterization further applies to trivially homogeneous C*-algebras,
ie. to algebras of the form C(X,M,,). In a first step, we generalize their
result to general homogeneous C*-algebras. The main difficulty, however, is to
understand which ways of ’gluing together’ several homogeneous C*-algebras
preserve semiprojectivity, or more precisely: Which extensions of semipro-
jective, homogeneous C*-algebras are again semiprojective? Conversely, is
semiprojectivity preserved when passing to a homogeneous subquotient? These
questions essentially ask for the permanence behavior of semiprojectivity along
extensions of the form 0 — Co(X,M,,) - A — B — 0. While it is known that
the permanence properties of semiprojectivity with respect to extensions are
rather bad in general, we are able to work out a complete description of its
behavior in the special case of extensions by homogeneous ideals, see Theorem
With this permanence result at hand, it is then straightforward to
characterize semiprojectivity for subhomogeneous C*-algebras in terms of
their primitive ideal spaces. In particular, it is a necessary condition that the
subspaces corresponding to a fixed dimension are all 1-ANRs. Combining this
with the structure result for one-dimensional ANR-spaces from [ST12], we
further obtain a more concrete description of semiprojective, subhomogeneous
C*-algebras by identifying them with certain special direct limits of 1-NCCWs.

This paper is organized as follows. In section 2] we briefly recall some topo-
logical definitions and results that will be used troughout the paper. We fur-
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ther remind the reader of some facts about semiprojectivity, subhomogeneous
C*-algebras and their primitive ideal spaces. We then start by constructing
a lifting problem which is unsolvable for strongly quasidiagonal C*-algebras.
This lifting problem then allows us to extend the results of [ST12] from the
commutative to the homogeneous case.

Section[3 contains a number of new contructions for semiprojective C*-algebras.
We first introduce a technique to extend lifting problems, a method that can be
used to show that in certain situations semiprojectivity passes to ideals. After
that, we introduce a class of maps which give rise to direct limits that preserve
semiprojectivity. Important examples of such maps are given and discussed.
Section Ml is devoted to the study of extensions by homogeneous C*-algebras,
i.e. extensions of the form 0 — Co(X,M,,) - A — B — 0. In[L1] we define
and study a certain set-valued retract map R: Prim(A) — 2P"m(5B) associated
to such an extension. We discuss regularity concepts for R, i.e. continuity and
finiteness conditions, and show how regularity of R relates to lifting properties
of the corresponding Busby map and, by that, to splitting properties of the
extension itself. In particular, we identify conditions under which regularity of
R implies the existence of a splitting map s: B — A with good multiplicative
properties. After that, we verify the required regularity properties for R in the
case of a semiprojective extension A. In section[£.2]it is shown how certain limit
structures for the space X give rise to limit structures for the extension A, again
provided that the associated retract map R is sufficiently regular. Putting all
these results together in 3] we find a ’2 out of 3’-type statement, Theorem
32 which gives a complete description for the behavior of semiprojectivity
along extensions of the considered type.

In section 5.1l we use this permanence result to work out two characterizations
of semiprojectivity for subhomogeneous C*-algebras. These are presented in
Theorem [B.1.2 the main result of this paper. Based on this, we find a number
of consequences for the structure of these algebras, e.g. information about their
K-theory and dimension. Further applications, such as closure and approxi-
mation properties, are discussed in We finish by illustrating how this also
gives a simple method to exclude semiprojectivity and show that the higher
quantum permutation algebras are not semiprojective.

2 PRELIMINARIES

2.1 THE STRUCTURE OF 1-DIMENSIONAL ANR-SPACES

We are particularly interested in ANR-spaces of dimension at most one. The
structure of these spaces has been studied and described in detail in [ST12|
section 4]. Here we recall the most important notions and results. More in-
formation about ANR~spaces can be found in [Bor67]. For proofs and further
reading on the theory of continua, we refer the reader to Nadler’s book [Nad92].

DEFINITION 2.1.1. A compact, metric space X is an absolute retract (abbrevi-
ated AR-space) if every map f: Z — X from a closed subspace Z of a compact,
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metric space Y extends to a map g: Y — X, i.e. gov= f withv: Z =Y the
inclusion map:

Y

g 7/
k
X <f— 7

If every map f: Z — X from a closed subspace Z of a compact, metric space

Y extends to a map g: V — X on a closed neighborhood V' of Z

Y
v
/
9,
¥

X<~—7

f

then X s called an absolute neighborhood retract (abbreviated ANR-space).

A compact, locally connected, metric space is called a Peano space. A con-
nected Peano space is called a Peano continuum. By the Hahn-Mazurkiewicz
Theorem, these continua can be characterized as the continuous images of the
unit interval. In particular, every Peano continuum is path-connected, while
every Peano space is locally path-connected.

Now given an ANR-space X, we can embed it into the Hilbert cube Q and
obtain a retract from a neighborhood of X in Q onto X. Hence an ANR-
space inherits all local properties of the Hilbert cube which are preserved under
retracts. These properties include local connectedness, so that all ANR-spaces
are Peano spaces. The converse, however, is not true in general. But as we will
see, it is possible to identify the ANR-spaces among all Peano spaces, at least
in the one-dimensional case.

A closed subspace Y of a space X is a retract of X if there exists a continuous
map 7: X — Y such that rjy = idy. If the retract map r: X — Y regarded as
a map to X is homotopic to the identity, then Y is called a deformation retract
of X. It is a strong deformation retract if in addition the homotopy can be
chosen to fix the subspace Y. The following concept of a core continuum is due
to Meilstrup. It is crucial for understanding the structure of one-dimensional
ANR-spaces.

DEFINITION + LEMMA 2.1.2 ([Mei05]). Let X be a non-contractible one-dimen-
sional Peano continuum. Then there exists a unique strong deformation retract
which contains no further proper deformation retract. We call it the core of X
and denote it by core(X).

As in [ST12], we define the core of a contractible, one-dimensional Peano con-
tinuum to be any fixed point. Many questions about one-dimensional Peano
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continua can be reduced to questions about their cores. This reduction step
uses a special retract map, the so-called first point map.

Recall that an arc between two points xg,z1 € X is a path [0,1] — X from zg
to x1 which is a homeomorphism onto its image.

DEFINITION + LEMMA 2.1.3 ([ST12| 4.14-16]). Let X be a one-dimensional
Peano continuum andY a subcontinuum with core(X) C Y. For eachx € X\Y
there is a unique point r(x) € Y such that r(x) is a point of an arc in X from x
to any point of Y. Setting r(x) = x for allx € Y, we obtain a map r: X =Y.
This map is called the first point map, it is continuous and a strong deformation
retract from X onto Y.

The following follows directly from the proof of [ST12] Lemma 4.14].

LEMMA 2.1.4. Let X be a one-dimensional Peano continuum, Y C X a subcon-
tinuum containing core(X) and r: X — Y the first point map onto Y. Then
the following is true:

(i) For every point x € X\Y there exists an arc from x to r(xz) € Y which
18 unique up to reparametrization.

(i) If « is a path from x € X\Y toy €Y, then r(im(«a)) C im(«).

The simplest example of a one-dimensional Peano space is a graph, i.e. a finite,
one-dimensional CW-complex. The order of a point = in a graph X is defined
as the smallest number n € N such that for every neighborhood V' of x there
exists an open neighborhood U C V of x with |0U| = |[U\U| < n. We denote
the order of x in X by order(z, X).

Given a one-dimensional Peano continuum X, one can reconstruct the space
X from its core by ’adding’ the arcs which connect points of X\ core(X) with
the core as described in T4l This procedure yields a limit structure for one-
dimensional Peano spaces which first appeared as Theorem 4.17 of [ST12]. In
the case of one-dimensional ANR-spaces, the core is a finite graph and hence
the limit structure entirely consists of finite graphs.

THEOREM 2.1.5 ([ST12| Theorem 4.17]). Let X be a one-dimensional Peano
continuum. Then there exists a sequence {Y;}32 | such that

(i) each Yy is a subcontinuum of X.
(i1) Vi C Yit1.
(m) limk Yk =X.

(iv) Y1 = core(X) and for each k, Yipi1 is obtained from Y}, by attaching a
line segment at a single point, i.e., Yp11\Yx is an arc with end point py
such that Yi1\Yr N Y = {pr}.

(v) letting ri,: X — Yy be the first point map for Y we have that {rp}32,
converges uniformly to the identity map on X.
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If X is also an ANR, then all Yy are finite graphs. If X is even contractible
(i.e. an AR), then core(X) is just some point and all Yy, are finite trees.

We will need a local criterion for identifying one-dimensional ANR-spaces
among general Peano spaces. It was observed by Ward how to get such a
characterization in terms of embeddings of circles.

DEFINITION 2.1.6. Let X be a compact, metric space, then X does not contain
small circles if there is an € > 0 such that diam(.(S1)) > € for every embedding
1St — X,

Note that the property of containing arbitrarily small circles does not depend
on the particular choice of metric.

THEOREM 2.1.7 ([War60]). For a Peano space X the following are equivalent:
(i) X does not contain small circles.
(i) X is an ANR-space of dimension at most one.

This statement can also be interpreted as follows. Non-embeddability of circles
into X is the same as uniqueness of arcs in X, i.e. an arc between to two given
points is unique up to reparametrization. More precisely, a Peano continuum
is a one-dimensional AR-space if and only if there is no embedding S! — X
if and only if X has unique arcs. Similarly, Theorem Z.1.7 can be read as: A
Peano continuum X is a one-dimensional ANR-space if and only if it has locally
unique arcs, meaning that every point has a neighbouhood in which any two
points can be joined by a unique arc.

2.2 SUBHOMOGENEOUS C*-ALGEBRAS

In this section we collect some well known results on subhomogeneous C*-
algebras. In particular, we recall some facts on their primitive ideal spaces.
More detailed information can be found in [Dix77, Chapter 3] and [Bla06l
Section IV.1.4].

DEFINITION 2.2.1. Let N € N. A C*-algebra A is N-homogeneous if all its
irreducible representations are of dimension N. A is N-subhomogeneous if
every irreducible representation of A has dimension at most N.

The standard example of a N-homogeneous C*-algebra is Co(X, My ) for some
locally compact space X. As the next proposition shows, subhomogeneous C*-
algebras can be characterized as subalgebras of such. A proof of this fact can
be found in [Bla06l IV.1.4.3-4].

PrOPOSITION 2.2.2. A C*-algebra A is N-subhomogeneous if and only if it is
isomorphic to a subalgebra of some N-homogeneous C*-algebra C(X,My). If
A is separable, we may choose X to be the Cantor set K.
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EXAMPLE 2.2.3 (1-NCCWs). One of the most important examples of subhomo-
geneous C*-algebras is the class of non-commutative CW-complexes (NCCWs)
defined by Filers, Loring and Pedersen in [ELP98]. The one-dimensional
NCCWs, which we will abbreviate by 1-NCCWs, are defined as pullbacks of
the form
I—NlCCW* -—->G
|

evo @ evy

C([O,vl],F) S FpF

with F and G finite-dimensional C*-algebras. These are particularly interesting
since they are semiprojective by [ELP98, Theorem 6.2.2].

For a subhomogeneous C*-algebra A, the primitive ideal space Prim(A), i.e.
the set of kernels of irreducible representations endowed with the Jacobson
topology, contains a lot of information. Another useful decription of the topol-
ogy on Prim(A) is given by the folllowing lemma which we will make use of
regularly. For an ideal J in a C*-algebra A we write ||z|| ;s to denote the norm
of the image of the element = € A in the quotient A/J.

LEMMA 2.2.4 ([Bla06l 11.6.5.6]). Let A be a C*-algebra.

1. If x € A, define &: Prim(A) — Rxq by &(J) = ||z|ls. Then & is lower
semicontinuous.

2. If {x;} is a dense set in the unit ball of A, and U; = {J € Prim(A) :
2;(J) > 1/2}, then {U;} forms a base for the topology of Prim(A).

3. Ifx € A and XA > 0, then {J € Prim(A): &(J) > A} is compact (but not
necessarily closed) in Prim(A).

Since we will mostly be interested in finite-dimensional representations, we
consider the subspaces

Prim, (A) = {ker(n) € Prim(4): dim(w) = n}
for each finite n. Similarly, we write

Prim<,(A4) = {ker(m) € Prim(A4): dim(r) < n} = U Primy (A4).
k<n

The following theorem describes the structure of these subspaces of Prim(A)
and the relations between them.

THEOREM 2.2.5 ([Dix77) 3.6.3-4]). Let A be a C*-algebra. The following holds
for each n € N:

(i) Prim<,(A) is closed in Prim(A).
(i1) Prim,(A) is open in Prim<, (A).
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(#i) Prim, (A) is locally compact and Hausdorff.

Now assume that A is a N-subhomogeneous C*-algebra. In this case Theorem
2.2.5] gives a set-theoretical (but in general not a topological) decomposition of
its primitive spectrum

[ =

Prim(A4) = Prim, (A).

n=1

While each subspace in this decomposition is nice, in the sense that it is Haus-
dorff, Prim(A) itself is typically non-Hausdorff. In the subhomogeneous setting
it is at least a T}-space, i.e. points are closed. If we further assume A to be sep-
arable and unital, the space Prim(A) will also be separable and quasi-compact.
Given a general C*-algebra A, there is a one-to-one correspondence between
(closed) ideals J of A and closed subsets of Prim(A). More precisely, one
can identify Prim(A/J) with the closed subset {K € Prim(A): J C K}. In
particular, we can consider the quotient A<,, corresponding to the closed sub-
set Prim<,,(A) C Prim(A). This quotient is the maximal n-subhomogeneous
quotient of A and has the following universal property: Any *-homomorphism
¢: A — B to some n-subhomogeneous C*-algebra B factors uniquely through
A<n:

2.3 SEMIPROJECTIVE C*-ALGEBRAS

We recall the definition of semiprojectivity for C*-algebras, the main property
of study in this paper. More detailed information about lifting properties for
C*-algebras can be found in Loring’s book [Lor97].

DEFINITION 2.3.1 ([Bla85, Definition 2.10]). A separable C*-algebra A is
semiprojective if for every C*-algebra B and every increasing chain of ide-
als Jy, in B with Joo =,, Jn, and for every *-homomorphism ¢: A — B/Ju
there exist n € N and a *-homomorphism ©: A — B/J, making the following
diagram commute:

:

B/J,

® /1 -
s ™
/

7y
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In this situation, the map @ is called a partial lift of ¢. The C*-algebra A is
projective if, in the situation above, we can always find a lift 5: A — B for .
Let C be a class of C*-algebras. A C*-algebra A is (semi)projective with respect
to C if it satisfies the definitions above with the restriction that the C*-algebras
B,B/J, and B/Js all belong to the class C.

REMARK 2.3.2. One may also define semiprojectivity as a lifting property for
maps to certain direct limits: an increasing sequence of ideals J, in B gives
an inductive system (B/Jy,)n with surjective connecting maps 7 t: B/J, —
B/Jn41 and limit (isomorphic to) B/Js. On the other hand, it is easily seen
that every such system gives an increasing chain of ideals (ker(m())n. Hence,
semiprojectivity is equivalent to being able to lift maps to lim D,, to a finite
stage D,, provided that all connecting maps of the system are surjective. It is
sometimes more convenient to work in this picture.

2.3.1 AN UNSOLVABLE LIFTING PROBLEM

In order to show that a C*-algebra does not have a certain lifting property, we
need to construct unsolvable lifting problems. One such construction by Loring
([Lor97, Proposition 10.1.8]) uses the fact that normal elements in quotient C*-
algebras do not admit normal preimages in general, e.g. Fredholm operators
of non-zero index. Here, we generalize Loring’s construction and obtain a
version which also works for almost normal elements. Combining this with
Lin’s theorem on almost normal matrices, we are able to construct unsolvable
lifting problems not only for commutative C*-algebras, as in Loring’s case, but
for the much larger class of strongly quasidiagonal C*-algebras.

First we observe that almost normal elements in quotient C*-algebras always
admit (almost as) almost normal preimages. Given an element x of some C*-
algebra and € > 0, we say that x is e-normal if ||z*z — za*|| < €||z| holds.

LEMMA 2.3.3. Let A, B be C*-algebras and m: A — B a surjective *-homomor-
phism. Then for every e-normal element y € B there exists a (2€)-normal

element x € A with w(z) =y and ||z|| = ||yl

Proof. Let (ux)xea denote an approximate unit for ker(7) which is quasicentral
for A. Pick any preimage x of x with ||zo|| = ||z| and set & := (1 —uy, )z for
a suitable Ay € A. O

The next lemma is due to Halmos. A short proof using the Fredholm alternative
can be found in [BH74, Lemma 2].

LEMMA 2.3.4 (Halmos). Let S € B(H) be a proper isometry, then
dist (S,{N + K |N,K € B(H), N normal, K compact}) = 1.

It is a famous result by H. Lin that in matrix algebras almost normal ele-
ments are uniformly close to normal ones ([Lin97]). A short, alternative proof
involving semiprojectivity arguments can be found in [FROI].
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THEOREM 2.3.5 (Lin). For every e > 0, there is a § > 0 so that, for any d and
any X in My satisfying

[XX*—X*X|| <4 and ||X||<1
there is a normal Y in My such that
[X-Y[<e

The following is the basis for most of our unsolvable lifting problems appearing
in this paper. Recall that a C*-algebra A is strongly quasidiagonal if every
representation of A is quasidiagonal. See [Bla06l Section V.4.2] or [Bro00] for
more information on quasidiagonality.

In the following, let 7 denote the Toeplitz algebra C*(S]S*S = 1) and p: T —
C(S') the quotient map given by mapping S to the canonical generator z of

c(Sh).

PrOPOSITION 2.3.6. There exists § > 0 such that the following holds for
all n € N: If A is strongly quasidiagonal and p: A — C(S') @ ML, is any
*-homomorphism with dist(z ® 1,,im(p)) < 4§, then ¢ does not lift to a
*-homomorphism from A to T @ M, :

- i@@id
s
7

A——>c(sHeM,

Proof. Choose §' > 0 corresponding to ¢ = 1/6 as in Theorem and set
0 =0'/14. Let o’ € Abesuch that ||p(a’)—2z®1,|| < 6, then ||[p(a’), p(a’)*]|| <
25(Jle(a")]|4+1) < 5dll¢(a’)]|. Hence by LemmalZ33 there exists a (10§)-normal
element a € A with ¢(a) = ¢(a’) and 5/6 < |la|]| = ||¢(a’)|| < 6/5. Now if ¢
is a *-homomorphism with (¢ ® id) o ) = ¢ as indicated, we regard v as a
representation on H®" with 7 generated by the unilateral shift S on H. By
assumption, ¢ is then a quasidiagonal representation. In particular, ¥ (a) can
be approximated arbitrarily well by block-diagonal operators ([Bro00, Theorem
5.2]). We may therefore choose a (11§)-normal block-diagonal operator B with
5/6 < ||B|| < 6/5 within distance at most 1/3 from 1(a). Applying Lin’s The-
orem to the normalized, (148)-normal block-diagonal operator || B||~!B shows
the existence of a normal element N € H®" with [[¢)(a) — N| < 2/3. But then

we find
[(N =S ®1,) + KH)

<IN =9(a)|| + (e ®id)(¢(a) — S @ 1,,)|]
< rlea) -z oL
< 3 +6<1
in contradiction to Lemma 2.3.4 O
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2.3.2 THE HOMOGENEOUS CASE

In [STT2], A. Sgrensen and H. Thiel characterized semiprojectivity for commu-
tative C*-algebras. Moreover, they gave a description of semiprojectivity for
homogeneous trivial fields, i.e. C*-algebras of the form Cy(X,My). Note that
the projective case was settled earlier by A. Chigogidze and A. Dranishnikov
in [CD10]. Their result is as follows.

THEOREM 2.3.7 ([ST12]). Let X be a locally compact, metric space and N € N.
Then the following are equivalent:

1. Co(X,My) is (semi)projective.
2. The one-point compactification aX is an A(N)R-space and dim(X) < 1.

The work of Sgrensen and Thiel will be the starting point for our analysis of
semiprojectivity for subhomogeneous C*-algebras. In this section, we reduce
the general N-homogeneous case to their result by showing that semiprojectiv-
ity for homogeneous, locally trivial fields implies global triviality. We further
obtain some information about parts of the primitive ideal space for general
semiprojective C*-algebras.

LEMMA 2.3.8. Let I be a N-homogeneous ideal in a C*-algebra A. If A is
semiprojective with respect to N -subhomogeneous C*-algebras, then the one-
point compactification o Prim(I) is a Peano space. If A is semiprojective, we
further have dim(a Prim([)) < 1.

Proof. Let A<y be the maximal N-subhomogeneous quotient of A, then I is
also an ideal in A<y. Being N-homogeneous, the ideal [ is isomorphic to the
section algebra I'g(F) of a locally trivial My-bundle E over the locally com-
pact, second countable, metrizable Hausdorft space Prim(I) by [Fel61, The-
orem 3.2]. Since A<y is separable and N-subhomogenous, we can embed it
into C(K,Mpy) with K the Cantor set by Proposition Using the well

k
known middle-third construction of K = @k(UQ [0,1]), we can write C(K) as

a direct limit lim, C([0, 1])®2k with surjective connecting maps. After tensoring
with My, we obtain a lifting problem for A and hence can apply semiprojec-
tivity of A with respect to N-subhomogenous C*-algebras. As the solution to
this lifting problem factors through A<y, we obtain an embedding of A<y into

c([0,1], My)®2" for some k.

/ I”([OJLMN)@zk
I A<y C(K,My)

The restriction of this embedding to I induces a continuous surjection 7 of

|_|2k [0,1] onto o Prim(I). By the Hahn-Mazurkiewicz Theorem ([Nad92, The-
orem 8.18]), this shows that a Prim(7) is a Peano space. Furthermore, we find
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a basis of compact neighborhoods consisting of Peano continua for any point x
of aPrim(I) by [Nad92, Theorem 8.10].

Now let A Dbe semiprojective and assume that dim(Prim(I)) =
dim(aPrim(I)) > 1. Arguing precisely as in [ST12, Proposition 3.1], we
use our basis of neighborhoods for points of Prim(I) to find arbitrarily small
circles around a point € Prim([). Using triviality of E around z, we obtain
a lifting problem for A:

Amm e - (@) /(@1 K)) @My

| |

15— (@ C(5) " @ My == (@1 T)"/ (@ K)) @ My

Semiprojectivity of A allows us to solve this lifting problem. Now restrict a
partial lift to the ideal I and consider its coordinates to obtain a commutative
diagram

T ® My

7
-
-
-
-

17— C(SY) @ My.

The map on the bottom is surjective since it is induced by the inclusion of one
of the circles around x. But a diagram like this does not exist by Proposition
2.3.6] because I is homogeneous and by that strongly quasidiagonal. (]

COROLLARY 2.3.9. Let A be a semiprojective C*-algebra, then aPrim,, (A) is
a Peano space for every n € N.

Proof. If A is semiprojective, each A<, is semiprojective with respect to
n-subhomogeneous C*-algebras. Hence we can apply Lemma to the
n-homogeneous ideal ker(A<,, — A<,_1) in A<, whose primitive ideal space
is homeomorphic to Prim,(A). O

It is known to the experts that there are no non-trivial M,,-valued fields over
one-dimensional spaces and we are indebted to L. Robert for pointing this fact
out to us. Since we couldn’t find a proof in the literature, we include one here.

LEMMA 2.3.10. Let E be a locally trivial field of C*-algebras over a separable,
metrizable, locally compact Hausdorff space X with fiber My and To(E) the
corresponding section algebra. If dim(X) < 1, then T'o(E) is Co(X)-isomorphic
to CO (X, MN)

Proof. First assume that X is compact. One-dimensionality of X implies that
that the Dixmier-Douady invariant § € H3(X,Z) corresponding to I'o(F) van-
ishes. Therefore I'g(E) is stably C(X)-isomorphic to C(X,My) by Dixmier-
Douady classification (see e.g. [RW98| Corollary 5.56]). Let ¢: I'(E) @ K —
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C(X,My)®K be such an isomorphism and note that I'(E) = her(y(1p(p) ®¢))
via ¢ with e a minimal projection in . Equivalence of projections over one-
dimensional spaces is completely determined by their rank by [Phi07, Propo-
sition 4.2]. Since ¢(1pp) ® e) and lexmy) ® e share the same rank N
everywhere we therefore find v € C(X,My) ® K with v*v = ¥(1pg) @ e)
and vv* = le(xmy) @ €. But then Ad(v) gives a C(X)-isomorphism from
her(w(lp(E) & 6)) onto her(lC(XMN) ® 6) = C(X, MN)

Now comnsider the case of non-compact X. Since X is o-compact, it clearly suf-
fices to prove the following: Given compact subsets X1 C X2 of X and a C(X7)-
isomorphism ¢;: I'(E|x,) — C(X1,My) there exists a C(Xz)-isomorphism
w2: I'(E|x,) = C(X2,My) extending ;. By the first part of the proof there
is a C(X3)-isomorphism 15: I'(E|x,) — C(X2,My). One-dimensionality of
X, implies H?(X;,Z) = 0, which means that every C(X;)-automorphism of
C(X1,My) is inner by [RW98, Theorem 5.42]. In particular, ¢1 o (1/)51)\X1 is
of the form Ad(u) for some unitary v € C(X1,My). It remains to extend u to
a unitary in C(X2,My). This, however, follows from one-dimensionality of X
and [HW48, Theorem VI.4]. O

We are now able to extend the results of [ST12] to the case of general N-
homogeneous C*-algebras:

THEOREM 2.3.11. Let A be a N-homogeneous C*-algebra. The following are
equivalent:

1. A is (semi)projective.

2. A= Cy(Prim(A),My) and aPrim(A) is an A(N)R-space of dimension

at most 1.

Proof. We know that (1) implies A = Co(Prim(A), My ) by Lemma 238 and
Lemma The remaining implications are given by Theorem 2.3.7 O

3 CONSTRUCTIONS FOR SEMIPROJECTIVE C*-ALGEBRAS

Unfortunately, the class of semiprojective C*-algebras lacks good permanence
properties. In fact, semiprojectivity is not preserved by most C*-algebraic
standard constructions and the list of positive permanence results, most of
which can be found in [Lor97], is surprisingly short. Here, we extend this list
by a few new results.

3.1 EXTENDING LIFTING PROBLEMS

In this section, we introduce a technique to extend lifting problems from ide-
als to larger C*-algebras. This technique can be used to show that in many
situations lifting properties of a C*-algebra pass to its ideals.
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LEMMA 3.1.1. Given a surjective inductive system of short exact sequences

On

0 C, —=—D, E, 0
ﬂg+1i ﬂz+1i %nJrli
0 Cn-‘,—l HaE Dn+1 ot En+1 > 0

and a commutative diagram of extensions

im C, —=>1limD,, 2=~ lim E,, — >

o
=

- =
R
7 p
0 I A B 0

the following holds: If both A and B are semiprojective, then ¢ lifts to C,, for
some n. If both A and B are projective, then ¢ lifts to C1.

Proof. First observe that we may assume the *~-homomorphism @ to be injective
since otherwise we simply pass to the system of extensions

Ln n@id
0—>C,—">D, B YE o B— >0

and replace @ by @ p and @ by » @ idp. Using semiprojectivity of B, we can
find a partial lift ¢: B — E, 7- o1 = p. Now consider

, of @ for some ng, i.e. T,
the C*-subalgebras

D}, = 0, ((Fp, 0 ¥)(B)) € Dy,

and observe that the restriction of 72! to D!, surjects onto D/, 1+1- We also
find that the direct limit lim D;, =70 (Dy,,) of this new system contains p(A).
Hence semiprojectivity of A allows us to lift % (regarded as a map to lim D/,) to
D)}, for some n > ng. Let o: A — D), be a suitable partial lift, i.e. T3° o0 = P,
then the restriction of o to the ideal I will be a solution to the original lifing
problem for ¢: The only thing we need to check is that the image of I under o
is in fact contained in C,. But we know that 7, is injective on (g, o o)(A) C
(o, ©¥)(B) since p =T, o (7, o) was assumed to be injective. Hence the
identity

(T 00000)(i(1)) = (0o 0T 00)(i(I)) = (050 0P)(i(])) = (0000 toc)(12(1)) =0
confirms that o(i(I)) C i,(Cy) holds. O

Now assume that we are given an inductive system

7rn+1

Cn = Cn+ 1
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of separable C*-algebras with surjective connecting homomorphisms. Then
each connecting map 77! canonically extends to a surjective *-homomorphism
71 on the level of multiplier C*-algebras ([WO93, Theorem 2.3.9]), i.e., we

automatically obtain a surjective inductive system of extensions

0 C, M(Cp) Q(C,) ——0.
ﬂZ“L ?Z“i ﬂ“i
0 Chs1 M(Cps1) — Q(Chy1) —=0

We would like to apply Lemma BTl to such a system of extensions. However,
the reader should be really careful when working with multipliers and direct
limits at the same time since these constructions are not completely compatible:
Each 77°: Cy, — lim C), extends to a *-homomorphism M(Cy) — /\/l(h_n)l Ch).
The collection of these maps induces a *-homomorphism pas: h_n)lM(Cn) —
/\/l(h_ng C,,) which is always surjective but only in trivial cases injective. The
same occurs for the quotients, i.e. for the system of corona algebras Q(C,,).
The situation can be summarized in the commutative diagram with exact rows

0 Ch M(Cr) Q(Cy) 0
0 h_n)lCn hg./\/l(cn) —>@Q(Cn) —0
)

0 h_H)lCn M(hgcn)—>Q(thn)—>O

where the quotient maps paq and pg are the obstacles for an application of
Lemma BTTl The following proposition makes these obstacles more precise.

ProroOSITION 3.1.2. Let A and B be semiprojective C*-algebras and

0 I A B 0 [7]

a short exact sequence with Busby map 7: B — Q(I). Let I = limC,, be
an isomorphism from I to the limit of an inductive system of sepaal;le C*-
algebras Cy, with surjective connecting maps. If the Busby map T can be lifted
as indicated

7
P - g iPQ
B> Q(I) = Q(lim Cy,)

then I — lim C,, lifts to C,, for some n. If both A and B are projective, we can
obtain a lift to C1.
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Proof. Keeping in mind that pg is the Busby map associated to the extension
0 — lim G, — lm M(Cy) — lim 9(Cy) — 0, the claim follows by combining
Theorem 2.2 of [ELP99] with Lemma BIT1 O

One special case, in which the existence of a lift for the Busby map 7 as
in Proposition is automatic, is when the quotient B is a projective
C*-algebra. Hence we obtain a new proof for the permanence result below
which has the advantage that it does not use so-called corona extendability (cf.
[Lor97, Section 12.2]).

CoroLLARY 3.1.3 (|[LP9§|, Theorem 5.3). Let 0 - I - A — B — 0
be short exact. If A is (semi)projective and B is projective, then I is also
(semi)projective.

Another very specific lifting problem for which Proposition [3.1.21 applies, is the
following mapping telescope contruction due to Brown.

LEMMA 3.1.4. Let a sequence (Cy)y of separable C*-algebras be given and con-
sider the telescope system (T, 07*1) associated to @Pr-y Cr = hﬂn Di_o Cr:

T, = {fGC ([n,oo],éck> s t<m= f(t) Génack}

k=0 k=1
with o"*1: T, — Thi1 the (surjective) restriction maps, so that
Hﬂn(Tn,ngﬂ) ~ P2, Ck. Then both canonical quotient maps in the
diagram

0 ling hﬂM(Tn) —>113Q(Tn) —0
T
0 lim 7, M(hng) . Q(@Tn) —

split.

Proof. 1t suffices to produce a split for prq which is the identity on ling. Un-
der the identification lim 7, = @D, Cr, we have M(hﬂ T,) = [Theo M(Ch).
One checks that

T, = @ C([n, ], Cr) & EP Co((k, ], C)

k=0 k>n

and hence

[ ¢(max{n, k}, o], M(Cx)) € M(T,).
k=0
It follows that the sum of embeddings as constant functions

[T M(Cr) = T] climax{n, k}, 0], M(Cr)) € M(T;)

k=0 k=0
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defines a split for the quotient map hg./\/l( T,) — M(IET ). It is easily
verified that this split is the identity on @7, Ck. O

REMARK 3.1.5 (Lifting the Busby map). Given an extension 0 — I — A —
B — 0 with both A and B semiprojective, the associated Busby map does in
general not lift as in [31.2 However, there are a number of interesting sit-
uations where it does lift and we therefore can use Propostion to obtain
lifting properties for the ideal I. One such example is studied in [End14)], where
it is (implicitly) shown that the Busby map lifts if B is a finite-dimensional C*-
algebra. This observation leads to the fact that semiprojectivity passes to ideals
of finite codimension. Further examples will be given in section [f, where we
study Busby maps associated to extensions by homogeneous ideals and identify
conditions which guarantee that[3 12 applies.

3.2 DIRECT LIMITS WHICH PRESERVE SEMIPROJECTIVITY
3.2.1 WEAKLY CONDITIONALLY PROJECTIVE HOMOMORPHISMS

The following definition characterizes *-homomorphisms along which lifting
solutions can be extended in an approximate manner. This type of maps is
implicitly used in [CD10] and [ST12] in the special case of finitely presented,
commutative C*-algebras.

DEFINITION 3.2.1. A *-homomorphism ¢: A — B is weakly conditionally pro-
jective if the following holds: Given € > 0, a finite subset F C A and a com-
muting square

¥

A——>D
B—2>D/J,

there exists a *-homomorphism ': B — D as indicated

%

l w/’/”
B—>Di/

which satisfies mo ' = p and ||(¥' o p)(a) — P (a)|| < € for all a € F.

The definition above is a weakening of the notion of conditionally projective
morphisms, as introduced in section 5.3 of [ELP9S§]|, where one asks the homo-
morphism 1’ in [3.22.1] to make both triangles of the lower diagram to commute
exactly. While conditionally projective morphisms are extremely rare (even
when working with projective C*-algebras, cf. the example below), there is a
sufficient supply of weakly conditionally projective ones, as we will show in the
next section.
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EXAMPLE 3.2.2. The inclusion map id@®0: Co(0,1] — Co(0,1] @ Co(0,1] is
weakly conditionally projective but not conditionally projective. This can be
illustrated by considering the commuting square

Co(0,1] ————= (0, 3)

id@ol i

Co(0,1] @ Co[2,3) == Cy(0,1] ® Cy[2,3)

where m is the restriction map and v is given by sending the canonical generator
t of Co(0,1] to the function

s if s<1
W®)(s)=<1-5 if 1<s<2.
0 if 2<s

It is clear that there is no lift for the generator of Co[2,3) which is orthogonal to
Y(t). This shows that the map id ® 0 is not conditionally projective. However,
after replacing 1 (t) with (Y(t)—€)4 for any € > 0, finding an orthogonal lift for
the generator of the second summand is no longer a problem. Using this idea,
it will be shown in Proposition that id @ 0 is in fact weakly conditionally
projective.

If A is a (semi)projective C*-algebra and ¢: A — B is weakly conditionally
projective, then B is of course also (semi)projective. The next lemma shows
that (semi)projectivity is even preserved along a sequence of such maps. Its
proof is of an approximate nature and relies on a one-sided approximate inter-
twining argument (cf. section 2.3 of [Rgr02]), a technique borrowed from the
Elliott classification program.

2 3 4

LEMMA 3.2.3. Suppose A; i A, s As s
of separable C*-algebras. If Ay is (semi)projective and all connecting maps
oL are weakly conditionally projective, then the limit Ay = H_I)n(An,goZH)

is also (semi)projective.

- 1s an inductive system

Proof. We will only consider the projective case, the statement for the semipro-
jective case is proven analogously with obvious modifications. Choose finite
subsets F,, C A, with @71 (F,) C F,41 such that the union (J._ (7)1 (F),)
is dense in A, for all n. Further let (e,), be a sequence in Rsg with
Yoo 1 €n < 00. Now let p: Ass — D/J be a *-homomorphism to some quotient
C*-algebra D/J. By projectivity of A; there is a *-homomorphism s1: A; — D
with Tos1 = 0o $°. Since the maps ¢ *! are weakly conditionally projective,
we can inductively choose s;,+1: Apy1 — D with mo s, 41 = po o551 such that

Isn(a) = (sn41 0 0 )(@)]| < €n
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holds for all @ € F,. Tt is now a standard computation (and therefore ommited)
to check that ((sm © ¢*)(x))m is a Cauchy sequence in D for every z € F,.
Furthermore, the induced map ¢S°(x) — lim,,(s;, o ©1")(z) extends from the
dense subset |J,, ¥3° (F,) to a *-homomorphism s: Ay, — D.

1
ont

‘/’;z.,o+1

A —2=D/J

Since each s, lifts m, the same holds for their pointwise limit, i.e. the limit
map s satisfies m o s = p. This shows that A is projective. O

3.2.2 ADDING NON-COMMUTATIVE EDGES

In order to make Lemma B.23] a useful tool for constructing semipro-
jective C*-algebras, we have to ensure the existence of weakly projective
*-homomorphisms as defined inB.2.Il The examples we work out in this section
arise in special pullback situations where one ’adds a non-commutative edge’
to a given C*-algebra A. By this we mean that we form the pullback of A
and C([0,1]) ® ML, over a n-dimensional representation of A and the evaluation
map evp. In the special case of A = C(X) being a commutative C*-algebra
and n = 1 this pullback construction already appeared in [CDI10] and [ST12]
where it indeed corresponds to attaching an egde [0,1] at one point to the
space X. Here we show that the map obtained by extending elements of A
as constant functions onto the attached non-commutative edge gives an exam-
ple of a weakly conditionally projective *~-homomorphism. As an application,
we observe that the AF-telescopes studied in [LP98| arise from weakly pro-
jective *-homomorphisms and hence projectivity of these algebras is a direct
consequence of Lemma

Adapting notation from [ELP9S], we set
T(C,G)={f€Co((0,2],G): t<1= f(t)eC-1g},
S(C,G)={f€C((0,2),G): t<1= f(t)eC-lg}

for G a unital C'*-algebra. We further write

T(C5G’F){f€CO((O,3],F): t<2=f(t)eG }

t<1=f(t)eC-1g
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with respect to a fixed inclusion G C F'. We have the diagram

T(C,G,F)——=C([2,3],F)

T(C,G) —= F

which is a special case of the pullback situation considered in the next proposi-
tion. However, this example is in some sense generic and implementing it into
the general situation is an essential part of proving the following.

PROPOSITION 3.2.4. Given a (semi)projective C*-algebra Q and a *-homomor-
phism 7: Q — M, the following holds:

1. The pullback P over T and evg: C([0,1],M,,) — M, i.e.

P={(¢, ) e Q@ C([0,1], M) : 7(q) = f(0)},
is (semi)projective.

2. The canonical split s: Q — P, q — (q,7(q)®10,1]) is weakly conditionally
projective.

Proof. (1) Semiprojectivity of the pullback P follows from [End14l Corollary
3.4]. Since P is homotopy equivalent to @, the projective statement follows
from the semiprojective one using [Blal2, Corollary 5.2].

(2) For technical reasons we identify the attached interval [0, 1] with [2, 3] and
consider the pullback

P—-—->C([2,3],M,)

|
€eva

|

\i

Q -7 . n
with s: Q@ — P, ¢+ (q,7(q) ® 1j2,3) instead. Denote by G C M, the image
of 7. According to [ELP98, Theorem 2.3.3], we can find a *-homomorphism
?: T(C,G) — Q such that

|

0 ker(r) Q T > q 0
1]
0—> S(C,G) —=T(C,G) 2> G ——>0

commutes and Pg(c,¢ is a proper *-homomorphism to ker(r) (meaning that
the hereditary subalgebra generated by its image is all of ker(7)). Using the
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pullback property of P, @ can be extended to ¢: T(C,G,M,,) — P such that

S

0 —=Co((2,3],My) pPE=——=Q 0
| 1,

commutes. In particular we have p o s’ = s 0, where s’ is the canonical split
which simply extends functions constantly onto [2, 3].

Choose generators f1, ..., f of norm 1 for Cy((2, 3], Ml,) and generators g1, ..., gk
of norm 1 for T'(C, G). We need the following ’softened’ versions of P: For § > 0
we consider the universal C*-algebra

P5 = C* ({f67q5 : f S CO((273]7MH)7Q S Q} |RC0((2,3],MH)&RQ&R§)

which is generated by copies of Co((2,3],M,) and @ (here Re,((2,3,m,) Rq
denote all the relations from Cy((2, 3], M,,) resp. from Q) and additional, finitely
many relations

Ro = {I1f{ @(9:)° — (fi(g;(2) ® 12.3))° || < S }r<ict -

155k

Note that P = lim Ps with respect to the canonical surjections ps s : Ps — Ps
(for § > ¢’) and denote the induced maps Ps — P, f° — f,q° — s(q) by ps.o.
Since P is semiprojective by part (1) of this proposition, we can find a partial
lift js: P — Ps for some 6 > 0, i.e. pso o0 js = idp.

Now let a finite set F' = {z1,...,2»} C @ and € > 0 and be given. Denoting
the inclusions Q — Ps,q — ¢° by ss, we can (after decreasing § if necessary)
assume that ||ss(z;) — (js 0 s)(x;)|| < € holds for all 1 <i < m. Now given any
commuting square

Q—¢>D

}l;—Q>D/J

it only remains to construct a *-homomorphism s: Ps — D such that in the
diagram

»
Q—————D
Y %/4
Ve
Ve
s Py
5,0
Js

P

]

— > D/J
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the upper central triangle and the lower right triangle commute.
We consider the following subalgebras of T'(C, G) and S(C, G) for any n > 0:

T,(C,G) ={feT(C,G): fis constant on (0,n] U[2 —n,2]}
Sy(C,G) ={fe€S(C,G): fis constant (=0) on (0,n] U [2 —n,2]}

T(C,G) = |J T,(C,G)
n>0
we find 0 < 7 < 3 and elements §; € T,(C,G) with §;(2) = g;(2) and
llgi—g;|l < d forevery 1 < j < k. Let h € T(C, G) be the scalar-valued function
which equals 1¢ on [, 2 — )], satisfies h(0) = h(2) = 0 and is linear in between.
Consider the hereditary C*-subalgebra D’ = (1 — (¢ 0 ) (h))D(1 — (¢ o P)(h))
and define

D" = (¢ 0 B)(T,(C, () + D' C D.

Then (1 0%)(S,(C,G)) and D’ are orthogonal ideals in D" because h is central
in T(C,G). We further have (g o ¢)(Co((2,3],M,,)) C 7(D’) and hence obtain
a commutative diagram

0— (¥ op)(5,(C, Q) DJ Hp+D —=0
i : s;

0> (00 ¢pos)(9(C,G) ———=n(D") ———=Hp;; +7(D')>0
QowT 9%7? ’l"

0 —5'(5,(C,G)) — 5'(T;)(C,G)) + Co((2, 3|, M) — T(G,M,,) — 0

where Hp and Hp; are finite-dimensional C*-algebras given by

Hp = (Y o 2)(T;(C, G))/ (¢ 0 P)(5y(C, @),

Hpyy = (00 @os)(Ty(C,G))/(eopos)(5(C,G)
and T(G,M,,) denotes what is called a crushed telescope in [ELP9S)|:
T(G,M,) = {f € C(12,3],M,): f(2) € G}
By [ELP98, Proposition 6.1.1], the embedding G — T(G,Mn) as

constant functions is a conditionally projective map (in the sense
of [ELP98, Section 5.3]). It is hence possible to extend the map

G—1T,(C,@)/S,(C,G) ——= Hp Cc Hp+ D' to a *-homomorphism
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¢': T(G,M,) — Hp + D' such that the diagram with exact rows

0 D’ Hp+D "= Hp 0
R |
0 7(D") H/D/J+7T(D')— >Hp;;——0
gowT \\ T T
h I

eva

commutes. In particular, ¢’ restricts to a *-homomorphism Cy((2, 3], M,,) — D’
which we will also denote by ¢’. But then a diagram chase confirms that

' (fi) - (@ oB)gy) =¥ (fi - (3;(2) ® 1i2,3))
holds for every i, j. Finally, define 15: Ps — D by
¢® = P(g) and f) = Y'(fi).

It needs to be checked that ;s is well-defined, i.e. that the elements 1)s( ff )
and 5(P(g;)°) satisfy the relations Rs:

s ()5 (@(g )‘5) ¥s((fig;(2 )®123])) )l
= |l¥'(£3) (( )(g — ' (fi(g;(2) ®1[23) I
< ()@ o9)(g5) — ' (fi(95(2) @ g I + ILfill - [lg; — 951l <0
Since we also have 15 o s5 = ¢ and 7 o )5 = p o ps,, the proof is hereby
complete. O

One example, where pullbacks as in B.Z4] show up, is the class of so-called
AF-telescopes defined by Loring and Pedersen:

DEFINITION 3.2.5 ([LP98]). Let A =|J Ay, be the inductive limit of an increas-
ing union of finite-dimensional C*-algebras A,. We define the AF-telescope
associated to this AF-system as

T(A) = {f € Co((0,00], A) : ¢ <n= f(t) € An}.

We have an obvious limit structure for T(A) = ligT(Ak) over the finite tele-
scopes
T(Ar) ={f € Co((0,K],Ar)) : t<n= f(t) € A,}.

Now the embedding of T'(Ay) into T(Ag+1) is given by extending the elements
of T'(Ax) constantly onto the attached interval [k, k + 1]. This is nothing but a
finite composition of maps as in part (2) of B.24l Hence the connecting maps
in the system of finite telescopes are weakly conditionally projective and using
Lemma B.2:3 we recover [LP98, Theorem 7.2]:
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COROLLARY 3.2.6. All AF-telescopes are projective.

In contrast to the original proof we didn’t have to work out any description of
the telescopes by generators and relations. Such a description would have to
encode the structure of each A,, as well as the inlusions A4,, C A,41 (i.e., the
Bratteli-diagram of the system). Showing that such an infinite set of generators
and relations gives rise to a projective C*-algebra is possible but complicated.
Instead we showed that these algebras are build up from the projective C*-
algebra T'(Ap)=0 using operations which preserve projectivity.

4 EXTENSIONS BY HOMOGENEOUS C*-ALGEBRAS

In this section we study extensions by (trivially) homogeneous C*-algebras, i.e.
extensions of the form

0 — Co(X,Mpy) A B 0.

Our final goal is to understand the behavior of semiprojectivity along such
extensions, and we will eventually achieve this in Theorem [4.3.2]

4.1 ASSOCIATED RETRACT MAPS

Identifying X with an open subset of Prim(A), we make the following definition
of an associated retract map. This map will play a key role in our study of
extensions.

DEFINITION 4.1.1. Let X be locally compact space with connected components
(Xi)iel cmd

0 — Co(X,My) A B 0

a short exact sequence of C*-algebras. We define the (set-valued) retract map
R associated to the extension to be the map

R: Prim(A) — 2P1m(B)

given by

R(2) = z o zfz € Prim(B),

Note that R defined as above takes indeed values in 2F"™(B) because the con-
nected components X; are always closed in X. However, in our cases of interest
the components X; will actually be clopen in X (e.g. if X is locally connected)
so that we have a topological decomposition X = |, X;.
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4.1.1 REGULARITY PROPERTIES FOR SET-VALUED MAPS

Let X,Y besetsand S: X — 2Y aset-valued map. We say that S has pointwise
finite image if S(z) C Y is a finite set for every z € X. If furthermore X and

Y are topological spaces, we will use the following notion of semicontinuity for
S (cf. [AF90, Section 1.4]).

DEFINITION + LEMMA 4.1.2. Let X,Y be topological spaces. A set-valued
map S: X — 2V is lower semicontinuous if one of the following equivalent
conditions holds:

(i) {x € X: S(z) C B} is closed in X for every closed BCY.

(i) For every neighborhood N(g) of § € S(T) there exists a neighborhood
N(T) of T with S(z) N N(Y) # 0 for every x € N(T).

(iii) For every net (xx)aea C X with xx — x and every y € S(x) there exists
a net (Yu)uem C {S(xr): X € A} such that y, — y.

Proof. (i) = (i1): Let N(y) be an open neighborhood of § € S(Z). Then
{r € X : S(z) C Y\N(7y)} is closed and does not contain Z. Hence we find
an open neighborhood N(Z) of T in X\{z € X : S(z) CY\N(@)} = {z € X :
S(z) N N () # 0}.

(#1) = (4i1): Denote by N the family of neighborhoods of y ordered by reversed
inclusion. Set M = {(\,N) € A xN:S(zxy)NN # @V XN > A}, then
by assumption M is nonempty and directed with respect to the partial order
()\1,N1) S ()\Q,NQ) iff )\1 S )\2 and N2 g Nl. Now ple a y(/\,N) S S(ZC)\) NN
for each (A, N) € M, then (y,).cam constitutes a suitable net converging to y.
(131) = (i): Let a closed set B C Y and (z))xea C {z € X : S(x) C B}
with £y — T be given. Then for any § € S(Z) we find a net y, — 7 with
(yu) € {S(zx) : X € A} C B. Since B is closed we have § € B showing that
S(z) C B. O

REMARK 4.1.3. An ordinary (i.e. a single-valued) map is evidently lower semi-
continuous in the sense above if and only if it is continuous. If both spaces X
and Y are first countable, we may use sequences instead of nets in condition
(4i1).

Examples of set-valued maps that are lower semicontinuous in the sense above
arise from split extensions by homogeneous C*-algebras as follows.

EXAMPLE 4.1.4. Let a split-exact sequence of separable C*-algebras

S

V2N
0 —— Co(X, M) A B 0

s

be given and consider the set-valued map Ry: Prim(A4) — oPim(B) given by

2) = < if z € Prim(B)
Rs(2) {{[7{'271]7...7[7rz77‘(z)]} ifze X

DOCUMENTA MATHEMATICA 21 (2016) 987-1049



1012 DoMINIC ENDERS

where 7,1 @ ... DT, (2 is the decomposition of B 5 A= C(X,M,) 5 M,
into irreducible summands. Then Ry is lower semicontinuous in the sense of

712

Proof. We verify condition (ii) of Let z, — Z in Prim(A) and a neigh-
borhood N () of § € Rs(Z) in Prim(B) be given. By Lemma 2.2.4] we may

assume that N(y) is of the form {z € Prim(B): b(z) > 1/2} for some b € B.
By definition of R, we find s(b)(z) = maxycp,(») b(y) for all z € Prim(A).

Hence N(z) = {z € Prim(A4): s(b) > 1/2} constitutes a neighborhood of Z in
Prim(A) which satisfies (i3). O

Note that the retract map R, in T4 highly depends on the choice of splitting
s while the retract map R from Tl is associated to the underlying extension
in a natural way. It is the goal of section to find a splitting s such that
R = R holds. This is, however, not always possible. It can even happen that
the underlying extension splits while R is not of the form R; for any splitting
s (cf. remark E3.3). Under suitable conditions, we will at least be able to
arrange R = R, outside of a compact set K C X, i.e. we can find a (not
necessarily multiplicative) splitting map s such that B 3 A — Cp(X,M,,) is
multiplicative on X\ K so that Rg(x) is still well-defined and coincides with
R(z) for all € Prim(A)\K.

4.1.2 LIFTING THE BUSBY MAP

In this section we identify conditions on an extension

0 —> Co(X, My) A—~B 0 [7]

which allow us to contruct a splitting s: B — A. This is evidently the same as
asking for a lift of the corresponding Busby map 7 as indicated on the left of
the commutative diagram

C(BX, My) =—= il;[IC(ﬁXi,MN)

BT CO(X). M) — T1 COc(X0), M),

el

DT
We will produce a suitable lift of 7 in two steps:

1. For every component X; of X, we trivialize the map w: B —
C(x(X;),My), i.e. we conjugate it to a constant map, so that it can
be lifted to C(8X;,My). This step requires the associated retract map
R from [£.1.7] to have pointwise finite image and the spaces x(X;) to be
connected and low-dimensional.
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2. We extend the collection of lifts for the 7;’s to a lift for 7. Here we need
the associated retract map R to be lower semicontinuous.

In many cases of interest, the spaces x(X;) will not be connected, so that we
have to modify the first step of the lifting process. This results in the fact that
we cannot find a (multiplicative) split s in general. Instead we will settle for a
lift s of 7 with slightly weaker multiplicative properties.

First we give the connection between the retract map R and the Busby map 7
of the extension.

LEMMA 4.1.5. Let a short exact sequence

T

0 I A B 0

with Busby map 7: B — Q(I) be given. Identifying Prim(I) with the open sub-
set {J|I € J} of Prim(A) and denoting by O Prim(I) its boundary in Prim(A),
the following statements hold:

(i) J € OPrim(I) & I + I+ C J for every J € Prim(A),
(i) OPrim(I) = {J: ker(r om) C J} = Prim(r(B)).
If in addition I is subhomogeneous, we further have

(i11) |0 Prim(I)| < oo < dim(7(B)) < 0.

Proof. For (i) it suffices to check that Prim(I+) = Prim(A)\Prim(I) where I+
denotes the annihilator of I in A. But this follows directly from the definition
of the Jacobson topology on Prim(A):

J ¢ Prim(I) < Nn K¢J

KePrim([I)

Jr € A: o ¢ J while ||z||, =0V K € Prim(I)
Jreclt:ndJ

- ¢J

J € Prim(I+).

Tt

As I+ = ker(A — M(I)), one finds ker(r o) = I + I+. Together with (i) this
shows

Prim(r(B)) Prim((r o 7)(A))
{J € Prim(A): ker(rom) C J}
= {JePrim(A): I+I+CJ}
= JPrim(]).

For the last statement note that if all irreducible representations of I have
dimension at most n, the same holds for all irreducible representations 7w of
A with ker(w) contained in Prim(I). So by the correspondence described in
(i1), irreducible representations of 7(B) are also at most n-dimensional. Hence,
in this case, finitenesss of dPrim(I) is equivalent to finite-dimensionality of
7(B). O

It
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For technical reasons we would prefer to work with unital extensions. However,
it is not clear whether unitization preserves the regularity of R, i.e. whether
the retract map associated to a unitized extension 0 — Co(X,My) — AT —
Bt — 0 is lower semicontinuous provided that the retract map associated to
the original extension is. As the next lemma shows, this is true and holds in
fact for more general extensions.

LEMMA 4.1.6. Let a locally compact space X with clopen connected components
and a commutative diagram

0 0
0 — Co(X,My) A B 0
|
0 —=Co(X,My) c D 0
FW:F
0 0

of short exact sequences of separable C*-algebras be given. Let R: Prim(A4) —
oPrim(B) - (resp. §: Prim(C) — 2P1(P)) be the set-valued retract map asso-
ciated to the upper (resp. the lower) horizontal sequence as in[{.1.1] If the
quotient F' is a finite-dimensional C*-algebra, then the following holds:

1. If R has pointwise finite image, then so does S.
2. If R is lower semicontinuous, then so is S.

Proof. (1) This is immediate since Prim(F") is a finite set and one easily verifies
S(xz) € R(z) UPrim(F) for all x € X.

(2) We may assume that F is simple and hence 7 is irreducible. Note that
S(J) = R(J) for all J € Prim(B) C Prim(D), while for € X we have either
S(x) = R(x) or S(z) = R(x) U {[r]}. Given a closed subset K C Prim(D),
we need to verify that {J € Prim(C): S(J) C K} is closed in Prim(C). If
[7] € K, then {J € Prim(C): S(J) C K} ={J € Prim(A4): R(J) C K}U{[n]}
is closed in Prim(C) because {J € Prim(A): R(J) C K} is closed in Prim(A)
by semicontinuity of R. Now if [r] ¢ K, the only relevant case to check is a
sequence x, C X converging to T € Prim(D) with S(z,) C K for all n. We
then need to show that S(Z) = 7 € K as well. Decompose X = J;o; X; into its
clopen connected components and write x,, € X, for suitable i,, € I. We may
assume that i, # i, for n # m since otherwise T € 0X,;, = S(x,) for some
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n. Since R is lower semicontinuous, we know that the boundary of (J,, X;, in
Prim(A) is contained in K N Prim(A) and hence 0 (UJ,, X;,) € K U {[x]} in
Prim(C).

Let p denote the projection of Co(X,My) onto Co(lJ,, X
canonically extends to p and p making the diagram

My). This map

in>

0 — Co(X, M) C D 0

I lﬁ

C )(Z ,M C Xz ,M Hn C(ﬂXin,aM )
0 D CoXi, M) o ITCEX Miv) — i iy —0
lc

0 — [1Co(Xi,, M) . [TC(BX;, . Mn) . TTC(x(Xi,), Mn)

n n

=3

q

commute. Using Lemma B.I.5 we can indentify the boundary of J,, X;, in
Prim(C) with Prim (p(D)). We already know that p factors through Dy &
F, where Dk denotes the quotient corresponding to the closed subset K of
Prim(D), and denote the induced map by ¢:

D p I1, ¢(BXi, ,Mn)
D,, Co(Xi,, ,Mn)
7
W% _ /‘P
Dg®F

We further know that the composition q o ¢p: F' — [], C(x(X;,),My) van-

in

ishes because [7] ¢ 0X;, = R(z,) C K for all n. Hence the image of F' under

© is contained in ker(q) = GHB %‘;(g{" 11?1\4411111))' But since this C*-algebra is projec-

tionless and F' is finite-dimensional, we find ¢ = 0. Consequently, P factors
through Dg which means nothing but 7 € 9 (U,, X;,) = Prim (p(D)) € K. O

LEMMA 4.1.7. Let X be a connected, compact space of dimension at most 1.
For every finite-dimensional C*-algebra F C C(X,M,,) there exists a unitary
u € C(X,M,,) such that uF'u* is contained in the constant M, -valued functions
on X.

Proof. Since dim(X) < 1, equivalence of projections in C(X,M,,) is completely
determined by their rank ([Phi07, Proposition 4.2]). In particular, the C*-
algebra C(X,M,,) has cancellation. Hence [RLLO0, Lemma 7.3.2] shows that
the inclusion F C C(X,M,,) is unitarily equivalent to any constant embedding
t: F— M, C C(X,M,) with rank(¢(p)) = rank(p) for all minimal projections
peF. O
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LEMMA 4.1.8. Let X be a connected, locally compact, metrizable space of di-
mension at most 1. Then every unitary in C(x(X),M,) lifts to a unitary in

C(BX,M,).

Proof. By [Phi07, Proposition 4.2], we have Ky(C(aX,M,)) = Z via [p] —
rank(p). Using the 6-term exact sequence in K-theory, this shows that the
induced map K;(C(8X,M,)) — K1(C(x(X),M,)) is surjective. Combining
this with Kj-bijectivity of C(8X,M,,), which is guaranteed by dim(8X) =
dim(X) <1 ([Nag70, Thm. 9.5]) and [Phi07, Theorem 4.7], the claim follows.

O

PROPOSITION 4.1.9. Let a short exact sequence of separable C*-algebras

0 —Co(X,My) A B 0 [7]

with Busby invariant T be given. Assume that X is at most one-dimensional,
has clopen connected components (X;)ier and that every corona space x(X;) has
only finitely many connected components. If the associated set-valued retract
map R as in [{.1.1] has pointwise finite image, then there is a unitary U €
C(BX,My) such that for each i € I the composition

Ad(e(1))

B L C(x(X),M,) C(x(X),My) = C(x(X:),My)

has image contained in the locally constant My -valued functions on x(X;).

Proof. By Lemma ETLB the image of each 7,: B = C(x(X),My) —
C(x(X;),My) is finite-dimensional. Since by [Nag70, Thm. 9.5] furthermore
dimx(X;) < dimgX; = dimX; < dimX < 1, we can apply Lemma T
to obtain unitaries u; € C(x(X;),Mpy) such that w;m(B)u} is contained in
the locally constant functions on x(X;). These unitaries can be lifted to uni-
taries U; € C(BX;,My) by Lemma [ET.8 Now U = &,U; € [[, C(8X;,My) =
C(BX,My) has the desired property. O

LEMMA 4.1.10. Let a short exact sequence of separable C*-algebras

0 ——Co(X,My) A B 0 [7]

with Busby map 7 be given. Assume that X is at most one-dimensional
and that the connected components (X;)ier of X are clopen. Further as-
sume that the image of T is constant on each x(X;) C x(X). Denote by
t: A = M(Co(X,Mpy)) = C(BX,My) the canonical map. If the set-valued
retract map R: Prim(A) — 2P"™(B) a5 defined in [J1.1] is lower semicontinu-
ous, the following statement holds:

For every finite set G C A, every € > 0 and almost every i € I there exists a
unitary U; € C(aX;,My) C C(8X;,My) such that

[(Uit(a)5x,U7) (@) — e(a)(y)|| < e
holds for all a € G, x € BX; and y € x(X;).
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Proof. We may assume that A is unital by Lemma [ T.6l Let a finite set G C A
and € > 0 be given. For each z € §X, we write F,, = im(ev, ot) C My and
Ty (F,) ={f €C([0,1],F;): f(0) e C-1g,},

S1(Fe) ={f € Co([0,1), Fr): f(0) € C- 1R, }.

Further let h, € Cy[0,1) denote the function ¢ — max{l —t —7,0}. Using
the Urysohn-type result [ELP98, Theorem 2.3.3], we find for each z € X a

commuting diagram
A
Pa T P T S ‘

such that @, is unital and ¢, is proper. Let s,: F, — T(C, F,;) be any map
satisfying s, (b)(t) = b for t > 1/2, so that in particular evy os, = idg, holds.
Now consider

Vas ={y€BX: (evyor)(®,(hs)) =0}
which is, for § > 0, a closed neighborhood of x in 5X. Note that by assumption
X(X;) N Vys # 0 implies x(X;) C Vi 5. We further claim the following: For
almost every ¢ € I the inclusion x(X;) C Vs implies X; C V, 25. Assume
otherwise, then we find pairwise different 4,, € I, points z,, € X;, such that
X(X;,) C Vg s while z,, ¢ Vo5 for all n. We may assume that ev,,, ot converges
pointwise to a representation m. Then

7@ (hs)) | = lim [[(eva,, or 0 B,)(hs)l| > &

since x, # V, 25 implies that ev,, ot o® contains irreducible summands cor-
responding to evaluations at points ¢t with ¢ < 1 — 24. On the other hand,
since the retract map R is lower semicontinuous, we find each irreducible sum-
mand of 7 to be the limit of irreducible subrepresentations o, of ev,, or where
Yn € X(X;,) C Vi 5. Hence

17 (@, (hs))l| < lim inf [| 0, (P, (hs))]| = 0

by B.2.4] giving a contradiction and thereby proving our claim.
Since ¢, is proper, we have J; = |, - her(¢z(hy)). Hence there exists 1/2 >
0(z) > 0 such that

n>0

inf {||(a — (@, © 55 0 evy ot)(a)) — b||: b € her(pz(has())) } < %

for all @ € G. By compactness of x(X), we find 1, ..., Z,, such that
X(X) c U ij,(;(:nj)-
j=1
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Then by the claim proved earlier, for almost every i with x(X;) C V,, 5, We
have a factorization as indicated

A L H-C(OéXi,MN)—>C(aXi,MN),

X2
. -7
5 -~
evy. oL —
J —~ -
— Ti
—~

FI] —_— > A/(az] (h‘2§(m]))>

5 O‘PI Sz

where (P, (has(z;))) denotes the ideal generated by P, (hos(s;)) and 7; the
corresponding quotient map. By the choice of §(x;), the lower left triangle
commutes up to €/2 on the finite set G. Also note that the map =; o Py, O Sa;
is multiplicative.

Finally, by Lemma T there exists a unitary U; € C(aX;,My) such that
Ad(U;) o (zi o mj 0 P, © Sg;) is a constant embedding. Of course, we may
arrange U(oo) = 1. We then verify

[(Uit(a)px, U7 ) (x) — e(a) ()l

|(Us (o 5 © ‘Pz, © Sw;)((evw L) (a)UF)(x) — (i 0 Uy
(Ui(z; o 5 © ‘Pm © Sz;)((evz t)(a) )Uz*)(y) —(Tio Uy
[z o (mj 0Py, © 50,) 0 (eva, o1))(a)(y) — (T omi)(a) (W) + 5

IA I IAIA

Applying this procedure to each of the finitely many points 1, ..., Z,,, the
statement of the lemma follows. O

Using Lemma [A.1.T0] we can now construct a split for our sequence of interest
- at least in the case of 7(B) being constant on each x(X;).

COROLLARY 4.1.11. If0 — Co(X,My) — A — B — 0 is a short exact sequence
of separable C*-algebras such that the assumptions of Lemmal[{.1.10| hold, then
this sequence splits.

Proof. Let 7: B — Q(Co(X,Mpy)) = C(x(X),Mpy) denote the Busby map of
the sequence. We have the canonical commutative diagram

0 — @, Co(Xi, M) — C(BX,My) —2> C(x(X),My) —= 0

| | 1

0 — Co(X, My) A B 0.

Choose points y; € x(X;) for every i € I. Using separability of A and Lemma
110 we find a unitary U € [[, C(aX;,My) C [[; C(8X;,Mn) = C(8X,Mn)

with
U(a)U* = [ ela) (%) - 1ax, € @CO(XiaMN)

%
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for all @ € A (where t(a)(y;) - lax, denotes the function on aX; with constant
value (a)(y;)). By setting s(m(a)) = U* ([[,(¢(a)(yi) - 1lax,) U we find s: B —
C(BX,My) with (g o s)(m(a)) = (0o t)(a) = 7(w(a)) by the formula above.
Identifying A with the pullback over ¢ and 7, we can regard s as a map from
B to A with mo s =1idp, i.e. we have constructed a split for the sequence. O

As the example 0 — Co(0,1) — C[0,1] — C? — 0 shows, we cannot expect
extensions by Co(X, My) to split if the corona space of X (or of one of its
components) is not connected. We will now deal with these components and
show that one can still obtain a split s: B — A which, though not multiplicative
in general, has still good multiplicative properties.

LEMMA 4.1.12. Let 0 — Co(X,My) — A — B — 0 be a short exact sequence
with Busby map 7. Assume that the corona space x(X) of X has only finitely
many connected components and that the image of T is contained in the locally
constant functions on x(X). Then there exists a compact set K C X and a
completely positive split s: B — C(8X,My) which is multiplicative outside of
an open set U C K.

Proof. Let x(X) = UkK:1 Y. be the decomposition of the corona space into its
connected components. By assumption 7 decomposes as EBf:lTk with im(7x) C
My -1y, € C(x(X),My). Lift the indicator functions 1y, ,-- - , 1y, to pairwise
orthogonal contractions hi,--- ,hx in C(8X,C-1p,) and let f: [0,1] — [0, 1]
be the continuous function which equals 1 on [%, 1], satisfies f(0) = 0 and is
linear in between. We define a completely positive map s: B — C(8X,My) by

s(0)(x) = Yory 7k (b) - f(hg)(x) and check that in the diagram

—C(BX,My)

AL
|
B

-
< T

— C(x(X), My)

the right triangle commutes. Set K = ﬂszl h;;'([0,4]) C X, then s is multi-
plicative outside of the open set U = ﬂszl h; ' ([0,3)) C K C X. O

PROPOSITION 4.1.13. Let 0 — Co(X,My) - A — B — 0 be a short exact
sequence of separable C*-algebras with Busby map 7. Assume that X is at
most one-dimensional and has clopen connected components (X;);cr. Further
assume that each corona space x(X;) has only finitely many connected compo-
nents and that x(X;) is connected for almost all i € I. If for each i € I the
image of i B 5 C(x(X),My) — C(x(X:),My) is locally constant on x(X;)
and the set-valued retract map R: Prim(A) — 2P"m(B) a5 in [[11] is lower
semicontinuous, the following holds: There exists a compact set K C X and a
completely positive split s: B — C(8X,My) which is multiplicative outside of
an open set U C K.
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Proof. Let Iy C I be a finite set such that x(X;) is connected for every i €
I := I\Iy. We may then study the extensions (x = 0 or 1)

0 — D Co(X;, M)

el

0— D Co(Xi,My)
icl.

0 — @ Co(Xi,My) _ [ C(BX;,Mn) ___

i€l

with Busby maps 7.. Denote the map B — A/

i€l

A B 0
P

A A/Zg? CO(XZ-,MN)_>O

[ A//

[Ticr, C(BXi,Mn)
B,., CoXiMy) >0

ier. Co(Xi,My) induced

by the projection pry, by .. It is now easy to check that for * = 1 the short
exact sequence in the middle row satisfies the assumptions of Lemmal[£.T.T0 and
hence admits a splitting s; by Corollary 1.1l For * = 0, we apply Lemma

[AT.12 to obtain a compact set K C | |

ie1, Xi and a completely positive split

so which is multiplicative outside of an open set U C K C | ;¢ 1, Xi- Setting
s = 800 oD s10p1, we now get a split for the original sequence. In particular,
0o s =1 holds due to the commutative diagram

A

0—>CO(XaMN)

1. ® @XMy . @ T CBX.My) _ @

*=0,14€l.

icl

*=0,14€l,

icl

> B 0

—~
—~
—~
To@ﬁl \

[Ticr, C(BX:Mn)
®.c;. Co(Xi,My) >0

/T

[, CEXMN) o
@D;cr Co(Xi,Mn) :

S
LLU@LI -7
~
£

*=0,1

Summarizing the results of this section, we obtain the following.

THEOREM 4.1.14. Let a short exact sequence of separable C*-algebras

OﬁCO(XvMN)

A B 0 [7]

with Busby map T be given. Assume that X satisfies the conditions

1. dimX <1,

2. the connected components (X;)icr of X are clopen,

3. each x(X;) has finitely many connected components,
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4. almost all x(X;) are connected,

then the following holds:  If the associated set-valued retract map
R: Prim(A) — 2P"(5) given as in[{-1.1) by

z if z € Prim(B)
R(s) = Prim(E
0X; = Xz\Xz ZfZ ceX;CX

is lower semicontinuous and has pointwise finite image, then there exists a
compact set K C X and a completely positive split s: B — A for the sequence
such that the composition

B—"> A—— M(Co(X,My)) = Cy(X,Mn)

18 multiplicative outside of an open set U C K.

Proof. Note that we can replace the given extension by any strongly unitarily
equivalent one (in sense of [Bla06l 11.8.4.12]) without changing the retract map
R. Hence, by Proposition [£.1.9] we may assume that the image of 7 is locally
constant on each x(X;). Now Proposition provides a split s with the
desired properties. O

4.1.3 RETRACT MAPS FOR SEMIPROJECTIVE EXTENSIONS

We now verify the regularity properties for the set-valued retract map
R: Prim(A) — 2P"m(B) associated to an extension 0 — Co(X,My) — A —
B — 0 in the case that both the ideal Co(X,My) and the extension A are
semiprojective C*-algebras.

First we need the following definition which is an adaption of 2.1.2] and 2.1.3]
to the setting of pointed spaces.

DEFINITION 4.1.15. Let (X, o) be a pointed one-dimensional Peano continuum
and r: X — core(X) the first point map onto the core of X as in[Z1.3 (where
we choose core(X) to be any point © # x¢ if X is contractible). Denote the
unique arc from xq to r(xo) by [zo,r(x0)], then we say that

core(X, o) := core(X) U [z, r(z0)]

is the core of (X, xq). It is the smallest subcontinuum of X which contains both
core(X) and the point xg.

Now let X be a non-compact space with the property that its one-point com-
pactification aX = X U {oo} is a one-dimensional ANR~space. We are inter-
ested in the structure of the space X at around infinitity (i.e. outside of large
compact sets) which is reflected in its corona space x(X) = SX\X. At least
some information about x(X) can be obtained by studying neighborhoods of
the point co in @ X. The following lemma describes some special neighborhoods
which relate nicely to the finite graph core(aX, 0o).
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LEMMA 4.1.16. Let X be a connected, non-compact space such that its one-
point compactification aX = X U {oo} is a one-dimensional ANR-space. Fiz
a geodesic metric d on aX (which exists by [Bin9], [Moif9]), then for any
compact set C C aX\{oo} there exists a closed neighborhood V' of oo with the
following properties:

(i) {x € X:d(z,00) <e} CV C X\C for some ¢ > 0.

(i) V Ncore(aX, o) is homeomorphic to the space of K many intervals [0, 1]
glued together at the 0-endpoints with K = order(oo, core(aX,c0)). The
gluing point corresponds to oo under this identification.

Let D) C V denote the k-th copy of [0,1] under the identification described
above and let r be the first point map onto core(aX,c0). We can further ar-
range:

(i1i) V = Uiil r~1 (DW) and r~1 (D(k )) nr-t (D(kl)) = {oo} for k # K.

(iv) The connected components of V\{oco} are given by VF* .=

r—! (D(k)\{oo}).
(v) Every path in' V from x € V¥ to 2’ € VE) with k # k' contains oo.

Proof. We first note that r~!({oc}) N X is open. Assume there is z € X with
r(z) = oo and d(x,00) = r > 0. Then given any y € X with d(x,y) < r we
choose an isometric arc «a: [0,d(x,y)] = aX from z to y. Now the arc from y
to oo given by first following « in reverse direction and then going along the
unique arc from x to oo must run through r(y) by ZI3l Since every point
on the second arc gets mapped to co by r, we find either r(y) = co or there
is 0 < t < d(z,y) such that a(t) = r(y) € core(aX,o0). In the second case,
the arc ajjg 4 must run through r(x) = oo which, using the fact that o was
isometric, gives the contradiction d(z,00) < t < d(x,y) < r. Since r~!({oo})
is also closed, connectedness of X implies in fact r=!({oc}) = {oo}.

By definition of K (see section2.T]), the closed set {x € core(aX, 00): d(z,00) <
€} satisfies the description in (ii) for all sufficiently small € > 0. We set

V={recaX:d(r(x),c) <e},

then VNcore(aX, o) = r(V) = {z € core(aX, 00): d(x,0) < €} so that condi-
tion (ii) is satisfied. For (i), we observe that d(z,c0) < e implies d(r(x), 00) < €
since d is geodesic and every arc from z to oo runs through r(x). Since
oo ¢ r(C), we have min{d(r(x),00): z € C} > 0 and therefore VN C = 0
for e sufficiently small. Condition (iii) follows immediately from the definition
of V. The sets V(*) are connected and open by construction, so that (iv) holds.
(v) follows from (iv). O

We now collect some information about the corona space x(X) in the case
of connected X. These observations are mostly based on the work of Grove
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and Pedersen in [GP84] and the graph-like structure of one-dimensional ANR-
spaces.

LEMMA 4.1.17. Let X be a connected, non-compact space such that its one-
point compactification aX is a one-dimensional ANR-space. Then the corona
space x(X) has covering dimension at most 1 and its number of connected
components is given by K = order(oo, core(aX,c0)) < co. In particular, if aX
is a one-dimensional AR-space, then x(X) is connected.

Proof. Apply Lemma 116 to (aX,00). It is straightforward to check that
the map

K K
C(x(X)) = Co(X)/Co(X) = P C(VE) /G (V) = D e(x(VH))

k=1 k=1

is an isomorphism. Therefore we find x(X) = |_],€K:1 (V) and it suffices to
check that each x(V*)) is connected. By Proposition 3.5 of [GP84], it is now
enough to show that each V(¥ is connected at infinity. So let a compact set
C; € V®) be given and denote by 7: V) U {oo} — D®) the first point map.
Using the identification [0, 1] = D*) where the point 0 corresponds to the point
oo, we find ¢ > 0 such that r(Cy) C [t,1]. But Cs := r~1([t, 1]) is easily seen to
be compact while V\Cy = r=1((0,t)) is path-connected by definition of 7.
For the dimension statement we note that dim(y (X)) < dim(8X) = dim(X) <
1 by [Nag70, Theorem 9.5]. O

REMARK 4.1.18. The assumption that X is connected in[{.1.17 is necessary.
If we drop it, the corona space x(X) may no longer have finitely many con-
nected components, but the following weaker statement holds: If aX is a one-
dimensional ANR-space, so will be aX; for any connected component X; of X.
However, it follows from [2-177 that all but finitely many components lead to
contractible spaces aX;, i.e. to one-dimensional AR-spaces. Since in this case
core(aX;, 00) is just an arc [z, 00] for some x € X;, we see from Lemmalf.1.17
that x(X;) is connected for almost every component X; of X.

We will now see that, in the situation described in the beginning of this section,
the set-valued retract map R has pointwise finite image, i.e. |R(z)| < oo for all
z € Prim(A). The cardinality of these sets is in fact uniformly bounded and we
give an upper bound which only depends on N and the structure of the finite
graph core(aX, 00).

PRrROPOSITION 4.1.19. Let A be a semiprojective C*-algebra containing an ideal
of the form Co(X,My). If aX = X U {oc} is a one-dimensional ANR-space,
then every connected component C of X has finite boundary 0C = C\C in
Prim(A). More precisely, we find

|0C| < N - order(oo, (aC, 00)) < oo.
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Proof. Since X is locally connected, the connected components of X are clopen
and aC is again a one-dimensional ANR-space for every component C' of X.
Hence we may assume that C' = X. Fix a geodesic metric d on aX = X U{oo}
([Bind9], [Moi49]) and let V be a neighborhood of co as constructed in Lemma
ETT6, satisfying {z € aX: d(z,00) < e} C V for some € > 0. We further

choose sequences (x%k))n C D™\ {oo} converging to oo and write T

zgf ) = . By compactness of the unit ball in My and separability of A, we
may assume that the representation

7®: A5 My, a— nl;rrgo a(z(F)
exists for all 1 < k < K. Here, a(x) denotes the image of a € A under the
extension of the point evaluation ev, : Co(X,My) — My to A. For a sequence
(n)n in X C Prim(A) we write Lim(z,,) = {z € Prim(A4): z,, — z}. Our goal
is then to show that there exists a finite set S C Prim(A) such that Lim(z,) C S
for every sequence (x,,), C X with 2, — oo in aX. We will show that each

S = Lim(:c%k)) consists of at most N elements and that S := Uszl S®*) has
the desired property described above. First observe that

s® = {[=],.... [=0)] }

holds, where 7(F) ~ ﬂ’“) D-- '@7‘1’52) is the decomposition of 7(*) into irreducible
summands. The D-inclusion is immediate, for the other direction assume that

:I:,(,k) — ker(p) for some irreducible representation g with g ﬂ'fk) for all 7. Since

all :I:,(,k) correspond to N-dimensional representations, we also have dim(g) < N.

Therefore all ﬂ'fk) and p drop to irreducible representations of the maximal N-

subhomogeneous quotient A<y of A (cf. section Z2)). Because Prim(A<y) is
a Th-space, the finite set {[ﬂk)], ce [ﬂilg,)c)]} is closed and [g] can be separated
from it. In terms of 2224 this means that there exists a € A such that ||g(a)|| >

1 while ||7*)(a)|| <1 for all i. On the other hand, we find

o o] -] - g 40 .
using P24 again. Hence [g] = [x\"] for some i and in particular |S®| =

r(k) < N for every k.

It now suffices to show that Lim(z,) € S®* for sequences (z,) C X with
x, — oo such that r(z,) € D® for some fixed k and all n. Let such a
sequence (), for some fixed k be given and pick z € Lim(xz,). In order to
show that z € S*) | we consider the compact spaces

Y, = {(t,t)|0§t§%}u U <{%} X {O%D c R2

m>n
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Note that Y, 41 C Y, and (,Y, = (0,0). We will now "glue’ C(Y;,,My) to
A in the following way: As before, we may assume that z,, — z in Prim(A)
and that 7 (a) = lim, a(x,) exists for every a € A. In particular, we find
z = [i,00] for some i where Mmoo ™~ T1,00 B -+ D Ty 00 is the decomposition
of m into irreducible summands. Let ¢ denote the C*-algebra of convergent
M y-valued sequences, we can then form the pullback A4, := A ®.C(Y,,My)
over the two *~homomorphisms

A—c
a— (a(zn), a(Tnt1), a(Tpya),...)

and
C(YH,MN) — C.

Fe £((5,0), f(7.0) f (5355 0), )

These pullbacks form an inductive system in the obvious way. Further note
that the connecting maps A,, — A,+1 are all surjective. The limit lim A,, can
be identified with A via the isomorphism induced by the projections A, =
A®.C(Y,,My) — A onto the left summand. Using semiprojectivity of A, we
can find a partial lift to some finite stage A,, of this inductive system:

7
-
~
~
~
- 7

Co(X,My) — A —lim 4,

Let ¢: A — C(Y,,,My) be the composition of this lift with the projection
A, — C(Y,,My) to the right summand. The restriction of ¢ to the ideal
Co(X,My) then induces a continuous map ¢*: Y,y — aX with ¢* (1,0) =z,
for all m > n and ¢*(0,0) = co. Denote by h the strictly positive element of
Co(X,My) given by h(x) = d(z,0) - 1M, . After increasing n, we may assume
that [¢(h)|| < € holds. For m > n, we consider the paths as,: [0, 2] — Y,
given by

o

<t<

1) if L

m
<t<2.
- - m

1
2,2 —t) if L
Set too,m = min{t: gp(h)(am(t)) = 0}, then 0 < foom < 2 because
of [le(h)(am ()l = [lo(h )G Ol = [h@m)ll = d(zm,00) > 0 and
p(h)(am () = ¢(h)(0,0) = R(o0) = 0. By setting fn(t) = ¢"(am(t)) we
obtain paths B [0, too m] — aX which have the properties

) Brm(

) B (t) = oo if and only if t = te m,
3) im(By,) € VW for all m,

) )

DOCUMENTA MATHEMATICA 21 (2016) 987-1049



1026 DoMINIC ENDERS

The first property is clear while the second one follows directly from the def-
inition of fsom. In order to verify properties (3) and (4) we have to in-
volve the structure of the neighborhood V and by that the special struc-
ture of @X as a one-dimensional ANR-space. From |¢(h)|| < € we obtain
im(By) C im(a,) C {2 € aX: d(z,00) < €} C V, it then follows from (1),
(2) and property (v) in Lemma EII0 that im(8,,) € V). For (4), observe
that im(5,,) contains r(im(f,,)) by part (ii) of Lemma [ZT.4] where r is the
first-point map aX — core(aX,o0). Under the identification D*) = [0, 1],

the connected set r(im(5,,)) corresponds to a proper interval containing the

0-endpoint and hence it contains :I:l(k) for almost every [.

Now set mn = evg( ,.)op: A — My and let m,, ~ 71, @ -+ © 7, m be the
decomposition into irreducible summands. We claim that the identity

Sk) — {mim)s- s [Tr.m]}

holds for all m. Involving property (4) for the path S,,, we find

o= sy 0] = i o 1) = <

for every fixed m and all « € A. Now the same separation argument as in the
beginning of the proof shows that the finite-dimensional representations 7(*)
and 7, share the same irreducible summands for every m. Since B, (too,m) —
(0,0) in Yy, we find m, = evg. )o@ — eV(g,0) 0P = Mo pointwise. Hence
by the above identity, 7o, and 7(¥) also share the same irreducible summands.
In particular, we find z € S*) which finishes the proof. O

Next, we show that in our situation the set-valued retract map R is also lower
semicontinuous in the sense of [£.1.2)

PROPOSITION 4.1.20. Let 0 — Co(X,My) - A — B — 0 be a short exact
sequence of separable C*-algebras. If aX is a one-dimensional ANR-space and
A is semiprojective, then the associated retract map R as in [{-1.1] is lower
Semicontinuous.

Proof. Let X = | |;c; Xi denote the decomposition of X into its connected
components. By separability of A it suffices to verify condition (iii) of Lemma
for a given sequence x,, — z in Prim(A). The case z € X is trivial since
X is locally connected and therefore has open connected components. The
critical case is when z, € X for all n but z € Prim(B). In this case, we write
x, € X;, and we may assume that mo(a) = lim, a(x,) is well defined for all
a € A. In particular, z corresponds to the kernel of an irreducible summand
Tjoo Of Moo ™ Moo @ -+ D Ty o0, as We have already seen in the beginning of
the proof of Proposition .T.T9 Using exactly the same construction of ’gluing
the space Y to A along the sequence (z,)’ as in the proof of {LI.T9], one now
shows that

{[m1.00),  [Tro0]} € UaXin-
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Hence we find y, € 0X;, = R(z,) with y, — [7j] = #z showing that the
retract map R is in fact lower semicontinuous. O

4.2 EXISTENCE OF LIMIT STRUCTURES

Consider an extension of separable C*-algebras
0—Co(X,My)—>A—>B—=0

where the one-point compactification of X is assumed to be a one-dimensional
ANR-space. We know from Theorem that in this case aX comes as a
inverse limit of finite graphs over a surprisingly simple system of connecting
maps. Here we show that under the right assumptions on the set-valued re-
tract map R: Prim(A) — 2Prim(B) associated to the sequence above, this limit
structure for aX is compatible with the extension of B by Co(X,My) in the
following sense: We prove the existence of a direct limit structure for A which
describes it as the C*-algebra B with a sequence of non-commutative finite
graphs (1-NCCW’s) attached. The connecting maps of this direct system are
obtained from the limit structure for aX and hence can be described in full
detail.

LEMMA 4.2.1. Let a short exact sequence of separable C*-algebras
0 - Co(X,My) - A - B — 0 with Busby map 7 be given. Assume
that aX is a one-dimensional ANR-space and that the associated set-valued
retract map R: Prim(A) — 2P"m(B) s jn [[11] is lower semicontinuous
and has pointwise finite image. Then A is isomorphic to the direct limit

T il . .
B = h_H)l (Bl, s; ) of an inductive system

r(l’ r; T;il ’l“ic

e N
By —= B ——= By S i——=D; e Beo
s s7 sS4 \_//
550

where

e By is given as a pullback B ®p D with D a I-NCCW and dim(F) < oc.
Furthermore, if aX is contractible, we may even arrange By = B.

and

o for every i € N there is a representation 7;: B; — My such that By is
defined as the pullback Bigq o > C([0, 1], My)

syt < Ti ie”"
\ .

B, ————— My.
The map sit': B; — Bii1 is given by a — (a,m;(a) ® 110,11) and hence
satisfies i, o i =idp,.
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Proof. Let X = UjeJ C; be the decomposition of X into its clopen connected
components. Denote by J; C J the subset of those indices for which the corona
space x(C;) is connected and note that Jy := J\Jp is finite by Remark
We have the canonical commutative diagram

H to®ur ToéB‘rll
Co(C;, M M D¢ Il;c . €(BC;Mn)
0— 8,00 _ @ T1 Clc Mvrey @ Renlitein

where 7y @ 71 is the Busby map 7 and the right square is a pullback diagram.
Since we can pass to any strongly unitarily equivalent extension (in the sense of
[Bla06, 11.8.4.12]) without changing the retract map R, we can, by Proposition
and the finiteness condition on R, assume that for every j the image of

@, Co(Cj,My) " Co(Cj,My)

7 B = C(x(C;), Mn)

is locally constant on x(Cj;), and even constant if j € J;. Furthermore, using
lower semicontinuity of R and arguing as in the proof of Corollary . T.11l we
may assume that

11 (A4) C H My - 1g¢; + @ Co(Cj,Mp).
VISOA je1

Next, we write aX = X U {oo} as a limit of finite graphs. By Theorem
we can find a sequence of finite graphs X; C X;y1 C aX such that
Xo = core(aX,00) (in the sense of LI.TH) and each X;i; is obtained from
X; by attaching a line segment [0, 1] at the 0-endpoint to a single point y; of
X;. Furthermore we have @Xi = aX along the sequence of first point maps
géo: aX — X;. We need to fix some notation: Denote the inclusion of Xj;
into X; 41 by LZ“ and the retract from X;; to X; by collapsing the attached
interval to the attaching point y; by o +1- An analogous notation is used for
the inclusion X; C aX:

9§+1 0o
V2 TN
Xi Xi+1

i+l
Ly

aX

o
Lit1

Now for every pair of indices 4, j we have X; N Cj sitting inside C;. Note that
Xi1\Xi N Cjy # 0 for a unique j(i) € J since oo € Xo. We define suitable
compactifications o (X; N C;) of X; N C; as follows: if XoNC; = 0, we let

a;(X; N Cy) = a(X; N Cj) be the usual one-point compactification for any
i € N. In the case Xo N C; # 0, which will occur only finitely many times,
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we have an inclusion Cy(X; N C;) C Cp(C;) induced by the surjective retract
0ojc;+ Cj — XN C;j and we define a;(X; N C;) via

f is locally
C(aj(XiﬂCj)) =< f er(XiﬂCj) - Cb(C]) :C(BC]) constant
on x(C;)

Since the corona space x(C;) has only finitely many connected components by
Lemma ETTI7, «;(X; N C;) will be a finite-point compactification of X; N C}
(meaning that a;(X; NC;)\(X;NC}) is a finite set). In particular, a; (X; NC})
is a finite graph for any pair of indices i and j. We are now ready to iteratively
define the C*-algebras B; as the pullbacks over

By e > B

_C(BC;M
[T, Clay (X, N Cy), My) L LS00

with respect to the inclusions (Qio‘cj)* ® idmy : Cla;(X; N Cj),My) C
C(BC;j,My). Let us first simplify the description of B;. For every fixed i, the set
X;NCj is empty for almost every j € J so that C(a;(X;NC}),My) = My -15¢;,
for almost every j. Given ((f;);,b) € B, this implies f; = 7;(b)-15¢, for almost
every j. Hence B; is isomorphic to the pullback

By e ~ B
Y le?(i)Tj
C(BC;,M
D Cly(XinCy) M) e @ ity
JeJ(0) jeJ (@)

for the finite set J(i) = {j € J: X; N C; # 0} C J. Since every a(X; N C})
is a finite graph, the C*-algebra on the lower left side is a 1-NCCW. One also
checks that the pullbacks are taken over finite-dimensional C*-algebras because
(Bjes()7j)(B) consists of locally constant functions on the space | |;c ;) x(C})
which has only finitely many connected components by Lemma, [£1. Zi

Next, we specify the inductive structure, i.e. the connecting maps sf“ : B; —
By and retracts er: B;+1 — B;. By definition, we find B; C B;y1 C A
with the inclusions coming from (o%,,)* ® idy, resp. by (05')* @ idmy -
We denote them by sit! resp. by s°. Since |, C(a;(X;NC;),My) 2
U; Co(XiNCj,My) = Co(X NCj,Mpy) for every j € J, we find Co(X,Mn) C
U; Bi-  One further checks that @, ; C(a;(Xo N Cj),My) surjects via ¢
onto the locally constant functions on | |;.; x(Cj). Together with 7 (B) C

ql(Hj€J1 MN . 1[30].) g ql(Hj€J1 C(Oéj(XO n Cj),MN)) it follows that Ul B1 is
the pullback over 7 and ¢, and hence |J, B; = A.
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It remains to verify the description of the connecting maps s’“. We have

XiNCj = X1 NGOy if j # j(i) and a;(X; N Cjy) € aj( ZHQC’ y) =
a;(Xi N Cj()) Ugyiy=foy [0,1]. This means there is a pullback diagram

C( ( z+1ﬁc(z)) ) ........... >C([O,1],MN)

(92+1) ®1dMN< V ievo

Cloj(X; N Cyy), My ) — My

where (¢!, ,)* ® idm, corresponds to f — (f, f(yi) ® 1jp,17) in the pullback
picture and the downward arrow on the left side comes from the inclusion
aj(Xi N Cjuy) € o (Xia N Cjy)- This map induces a surjection B;1; — B;
which will be denoted by r? 11 and gives the claimed pullback diagram.
Finally, if X is an AR-space, the core Xy = core(aX, co) = [zg, o0] is nothing
but an arc from some point £y € X to co. In this case the finite set J(0) consists
of a single element j(0), namely the index corresponding to the component
containing xg. By definition, By comes as a pullback

Bl oo ~ B

lmo)
Y

C([Z'O, OO], MN) ev%.o MN : 1X(Cj(0))
and hence an index shift allows us to start with By = B. O

The procedure of forming extensions by C*-algebras of the form Co(X,My)
can of course be iterated. The next proposition shows that, if all the attached
spaces X are one-dimensional ANRs up to compactification, the limit structures
which we get from Lemma 2] for each step can be combined into a single
one.

PROPOSITION 4.2.2. Let a short exact sequence of separable C*-algebras 0 —
Co(X,Myn) - A — B — 0 be given. Assume that aX is a one-dimensional
ANR-space and that the associated set-valued retract map R: Prim(A) —
oPrim(B) g5 ip [£-117] is lower semicontinuous and has pointwise finite image.
Further assume that there exists a direct limit structure for B

rY rl T;Fl réo
e e e
By — B — B» o —— B e B
ER h Si_1 \_/

oo
Si

such that all B; are 1-NCCWs and at each stage there is a representation
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pi: Bi = M, such that B;y1 is defined as the pullback

and S§+12 Bi — Biy1 is given by a — (a,pi(a) ® 1j17)-

Then A is isomorphic to the limit Ao of an inductive system

0! 03 ot 0%
Ag —— Al — A A . A
g o oi_1 \_/7

o
Ty

1031

where all A; are 1-NCCWs and at each stage there is a representation m;: A; —

M,,,, such that A;y1 is defined as the pullback

J P > C([0, 1], M,y,,)

a;g'+1 < EQiJrl ievo
V ki

A — T o M,,

and ot A; — Aiyy s given by a v (a,Ti(a) @ lio,17). Furthermore, if aX is

an AR-space we may even arrange Ay = By.

Proof. By Lemma .21l we know that A can be written as an inductive limit

i1 i

7 T T [
5 4 B Az R A; \_/ A

Ao

with a pullback structure

at every stage and Effl: A; — Ay given by a — (a,p;(a) ® Lio,1))-

starting algebra Ay comes as a pullback
Ay
B
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with D a 1-NCCW and dim(F') < oo. In the case of aX being an AR-space,
we may choose Ag = B, i.e. D =0. For j € N we now define Ap ; to be the
pullback

AO,j ........... > D
\4 hosT°
Bj 7 F.

g+l
J : o
Ag, leading to an inductive limit structure with hgj(Aoyj, 08’;"_1) = Ag. We
proceed iteratively, defining A;;1 ; to be the pullback

J+1l oo : 0, . 0,00, .
The maps CYMRCH homomorphisms o0, : Ap,; — Aoj+1 and 0o Ap,; —

Gztl J Q;il,j levo
¥
Aij ——— My
P;o0;;
: i+1,5 . - i,00
with o 7o A;; — Aip1; given by a — (a,(p; o o )(a) ® 1jo,1))-
. t,7+1 3 . .
It is then checked that o7™" and o;7° induce compatible homomor-
: 1,541 i+1,00 = .
phlsms Ji-}-l,; : AiJrLj — Ai+17j+1 and UH—Lj : AiJrl,j — AiJrl with

i+17j+1)

h_H)lj(AH_Lj, Oit1l = A;;1. Observing that for every i and j

0,541
tj+1000,j+100;"7 11

Ai,jJrl C([Ov 1]7Mn1)
< l l

0.
Pj00Q0,500;;

is indeed a pullback diagram, we get the desired limit structure for A by fol-
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lowing the diagonal in the commutative diagram

Ao Ao1 Aoz Ao o A
o ]
Agg o - Ay Ay Ay . )
v B
A20 [ A21 .......... > A22 A23 e A2
L ]
Azg —> Az ——> Agg e >A33—>"'—>A3
L

as indicated. Note that, since all connecting maps are injective, the limit over
the diagonal equals thn = A. O

4.3 KEEPING TRACK OF SEMIPROJECTIVITY

We now reap the fruit of our labor in the previous sections and work out a ’2
out of 3’-type statement describing the behavior of semiprojectivity with re-
spect to extensions by homogeneous C*-algebras. While for general extensions
the behavior of semiprojectivity is either not at all understood or known to be
rather bad, Theorem 3.2 gives a complete and satisfying answer in the case of
homogeneous ideals. It is the very first result of this type and allows to under-
stand semiprojectivity for C*-algebras which are built up from homogeneous
pieces, see chapter [5.]

PROPOSITION 4.3.1. Let 0 — Co(X,Myn) - A — B — 0 be a short exact
sequence of C*-algebras. If both A and B are (semi)projective, then the one-
point compactification aX is a one-dimensional A(N)R-space.

Proof. The projective case follows directly from Corollary B.1.3] and Theorem
237 while the semiprojective case requires some more work. By Lemma 23§
we know that aX is a Peano space of dimension at most 1. The proof of 2.3.§]
further shows that there are no small circles accumulating in X. However,
in order to show that aX is an ANR-space we have to exclude the possi-
bility of smaller and smaller circles accumulating at co € aX, see Theorem
RT7 Assume that we find a sequence of circles with diameters converging
to 0 (with respect to some fixed geodesic metric ([Bin49], [Moi49])) at around
oo € aX. After passing to a subsequence, there are two possible situations:
either each circle contains the point co or none of them does. Both cases are
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treated exactly the same, for the sake of brevity we only consider the situa-
tion where oo is contained in all circles. In this case have a *-homomorphism
¢: Co(X,Mpn) = @,2,Co((0,1),,,My) where (0,1),, = (0,1) is the part of
the n-th circle contained in X. Note that each coordinate projection gives
a surjection @, : Co(X,My) — Co((0,1),My) while ¢ itself is not necessarily
surjective (because the circles might intersect in X'). We make use of Brown’s
mapping telescope associated to @, ; Co((0,1),, My), i.e.

0o l
Ty = {f € C([k,o0], @D Co((0,1)n, Mn)): t < 1= f(t) € P Co((0, 1)n,MN>}
n=1 n=1
with the obvious (surjective) restrictions as connecting maps giving H_r}nTk =
D7, Co((0,1),, My). Using Lemma B.T.4 we find a commutative diagram

n=1

0 lim 7} lim M(T) —— lim Q(T}) —0 .
0 —=Co(X,My) A B 0

It now follows from the semiprojectivity assumptions and Lemma BT that ¢
lifts to T} for some k, which is equivalent to a solution of the original lifting
problem

éco((o,nn,MN)

E

Co(X, My) —2= é Co((0, 1), M)

T

up to homotopy. This, however, implies

im(K1(p)) € K (é Co((0, 1)mMN>)

n=1

Z

7-K (é Co((0, 1)n,MN))

M=

1

3
Il

118

C

n=1 n=1

which gives a contradiction as follows. Because g1 is surjective and
dim(aX) < 1, we can extend the canonical unitary function from «((0,1),) to
a unitary u on all of aX by [HW48| Theorem VI.4]. This unitary then satisfies
u—1€ Co(X) and Kl((p)([’u & 1MN]) =NecZ-= Kl(CO((O, 1)k+1;MN))- This
shows that there are no small circles at around oo in aX and hence that aX
is a one-dimensional ANR-space by Theorem 2.1.7 O
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THEOREM 4.3.2. Let a short exact sequence of C*-algebras 0 — I — A —
B — 0 be given and assume that the ideal I is a N-homogeneous C*-algebra
with Prim(I) = X. Denote by (X,;)icr the connected components of X and
consider the following statements:

(1) I is (semi)projective.
(I) A is (semi)projective.

(III) B is (semi)projective and the set-valued retract map R: Prim(A) —
oPrim(B) given as in[f11] by

R(2) z if z € Prim(B),
zZ) = —

18 lower semicontinuous and has pointwise finite image.
If any two of these statements are true, then the third one also holds.

Proof. (I)4(II)=-(III): By Theorem 23.11] we know that the sequence is iso-
morphic to an extension

T

0 —Co(X,My) A B 0

with the one-point compactification of X a one-dimensional A(N)R-space. The
set-valued retract map R is then lower semicontinuous by Proposition
and has pointwise finite image by Proposition [£.1.19 But now Theorem [£.1.14]
applies and shows that there is a completely positive split s for the quotient
map 7 such that the composition B % A % C,(X, My) is multiplicative outside
of an open set U C K C X where K is compact.

Let a lifting problem ¢: B = D/J = ligD/Jn be given. Since A is
semiprojective, we can solve the resulting lifting problem for A, meaning
we find ¢: A — D/J, for some n with m, o) = ¢ om. Restricting to
herp /s, (¥(Co(X,Mn))) +¥(A) € D/J,, we may assume that 9jc,(x,my) 18
proper as a *-homomorphism to J/J,, and hence induces a map M(¢)) between
multiplier algebras. Since the restriction of 7, o ¢ to the ideal Co(X,My)
vanishes, we may use compactness of K to assume that ¢ maps Co(U,My)
to 0 (after increasing n if necessary). This further implies that M (v) factors
through r: Cp(X,My) — Cp(X\U,My). We then find s’ := r o005 to be
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multiplicative and hence a *-homomorphism:

A D/J,
\ M) ‘ \
Cp(X,Mpy) | M(J/Jn)
7
s T \ M(’l/)/)// -
Cyo(X\U, My) ! en
, -7
- - - © V T

B= D/J —s Q(J)J,)

The inclusion of J/.J,, as an ideal in D/.J,, gives canonical *~-homomorphisms ¢,
and 7, as in the diagram above. One now checks that g, o (M(¢) os’) = 1,00
holds. Combining this with the fact that the trapezoid on the right is a pullback
diagram, we see that the pair (¢, (M ()’ o s’)) defines a lift B — D/J, for ¢.
This shows that the quotient B is semiprojective.

For the projective version of the statement, one uses Corollary LT.TT] to see
that the sequence admits a multiplicative split s: B — A rather than just a
completely positive one.

(I)4+(IIT)=(II): We know that I = Co(X,Mpy) with aX a one-dimensional
A(N)R-space by Theorem [Z3T1l Now Lemma [2T] applies and we obtain a

limit structure for A
7‘? 7‘% 7‘;-:71 rio
SN N N N
B B B e B; e li
CaT T R -

oo
7

(Bi, i) = A

with By given as a pullback of B and a 1-NCCW D over a finite-dimensional
C*-algebra. In particular, By is semiprojective by [End14, Corollary 3.4]. In

the projective case, we can take By = B to be projective. In both cases, the
connecting maps in the system above arise from pullback diagrams

Bigq o > C([0,1], My)

S:Jrl < QTZJFI ievo

B; ik My

with s (a) = (a,mi(a) ® 1jp,1). Since these maps are weakly conditionally
projective by PropositionB.2.4] we obtain (semi)projectivity of A from Lemma
B.2.3
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(IT)4-(IIT)=-(I): This implication holds under even weaker hypothesis. More
precisely, we show that (semi)projectivity of both A and B implies I to be
(semi)projective. The assumption on the retract map R is not needed here.

First we apply Lemmal[Z3.8 to find the one-point compactification of Prim(7) to
be a Peano space of dimension at most 1, and hence I is trivially homogeneous
by Lemma Now Proposition [£3.1] shows that aX is in fact an ANR-
space which, together with Theorem 311l means that [ is semiprojective.
The projective version is Corollary [3.1.3 O

REMARK 4.3.3. Theorem [{.3.9 shows that regularity properties of the retract
map R: Prim(A4) — oPim(B) e crucial for semiprojectivity to behave nicely
with respect to extensions by homogeneous C*-algebras. This can already be
observed and illustrated in the commutative case. Given an extension of com-
mutative C*-algebras

0— Co(X) = Co(Y) = Co(Y\X) — 0,

the following holds: If both the ideal Co(X) and the quotient Co(Y\X) are
(semi)projective, then the extension Co(Y) is (semi)projective if and only if
the retract map R:Y — 2Y\X s lower semicontinuous and has pointwise fi-
nite image. The following examples show that both properties for R are not
automatic:

(a) An examples with R not having pointwise finite image is contained as exam-
ple 5.5 in [LP98)], we include it here for completeness. Let X = {(x,sinz™1) :
0<xz<1}CR?*andY = XU{(0,y): — 1<y < 1}, then we get an extension
isomorphic to

Here both the ideal and the quotient are projective, but the extension Co(Y) is
not (because aY is not locally connected and hence not an AR-space). In this
example, we find R(z) = {(0,y): — 1 <y < 1} to be infinite for all x € X.
(b) The following is an example where R fails to be lower semicontinuous.
Consider Y = {(z,0): 0 <z <1}UlJ, Cn C R? with C,, = {(t,(1—1t)/n): 0 <
t < 1} the straight line from (0,1/n) to (1,0) with the endpoint (1,0) removed.
With X =J,,Cn, CY we obtain an extension isomorphic to

0= @D Co(0,1] = Co(Y') — Co(0,1] — 0.

Here both the ideal and the quotient are projective while the extension Co(Y)
is not (again because oY is not locally connected). We also find (0,1/n) —
(0,0) in Y but R((0,1/n)) = O for all n, which shows that R is not lower
semicontinuous. The descriptive reason for Co(Y') not being projective in this
case is that the length of the attached intervals C,, does not tend to 0 as n goes
to infinity.
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5 THE STRUCTURE OF SEMIPROJECTIVE SUBHOMOGENEOUS C*-ALGEBRAS

5.1 THE MAIN RESULT

With Theorem at hand, we are now able to keep track of semiprojec-
tivity when decomposing a subhomogeneous C*-algebra into its homogeneous
subquotients. On the other hand, Theorem also tells us in which man-
ner homogeneous, semiprojective C*-algebras may be combined in order to give
subhomogeneous C*-algebras which are again semiprojective. This leads to the
main result of this chapter, Theorem [B.1.2] which gives two characterizations
of projectivity and semiprojectivity for subhomogeneous C*-algebras.

LEMMA 5.1.1. Let A be a N-subhomogeneous C*-algebra. If A is semiprojec-
tive, then the maximal N-homogeneous ideal of A is also semiprojective.

Proof. By Lemma [2.3.8 we know that the one-point compactification of
X = Primy(A) is a one-dimensional Peano space. Since any locally trivial
My-bundle over X is globally trivial by Lemma 2310l we are concerned with
an extension of the form

O—>C0(X,MN) —>A—W>ASN_1 —(

where A<y_1 denotes the maximal (/N-1)-subhomogeneous quotient of A.
Since A is semiprojective, A<y_; will be semiprojective with respect to
(N-1)-subhomogeneous C*-algebras. In order to show that Co(X,My) is
semiprojective, it remains to show that X = X U {oco} does not contain
small circles at around oo, cf. Theorem ZI.71 The proof for this is similar to
the one of 31l We use notations from and follow the proof there to
arrive at a commutative diagram

0 lim 7} HﬂM(T@—)HﬂQ(Tk)—)()_
T
O—>C0(X,MN> A u A§N71 0

We may not solve the lifting problem for A<y_; directly since the algebras
Q(Ty) are not (N-1)-subhomogeneous. Instead we will replace the Q(T}) by
suitable (N-1)-subhomogeneous subalgebras which will then lead to a solvable
lifting problem for A<y_;. Let ¢, denote the n-th coordinate of the map
A — Cy(X,Mn) = [1,,Cs((0,1),,,Mn). We then have a lift of @ given by

A - C([kﬂoo]anncb((oal)aMN)) - M(Tk)
a Lk 00 @ (tn(@))ny

where the map on the right is induced by the inclusion of T} as an ideal in
C([k, 0], I1,,Cs((0,1),My)). Consider in there the central element f = (f,)n2;
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with f,, the scalar function that equals 0 on [k,n], 1 on [n + 1, 00| and which
is linear in between. Then

v A — C(lk,00],11,Co((0,1),My)) — M(T%)
a = (fn(g”n(a) el

is a completely positive lift of @ which sends Co(X,My) to Tk. Hence 1 in-
duces a completely positive lift ¢': A<y_1 — OQ(T)) of 3. We claim that
C*(¢/'(A<n—1)) is in fact (N-1)-subhomogeneous. To see this, we use the al-
gebraic characterization of subhomogenity as described in [Bla06l IV.1.4.6].
It suffices to check that v(C*(¢'(A<n_1))) satisfies the polynomial relations
pr(n—1) for every irreducible representation v of Q(7T}). By definition of 1,
we find v o ¢'(w(a)) = t-+'(¢(a)) for some representation 4’ of ¢(A), some
t € [0,1] and every a € A. Moreover, since ¢’ maps Co(X,My) to 0, we
obtain o ¢'(7(a)) =t - v"(w(a)) for some representation 7" of A<n_7. Us-
ing (N-1)-subhomogeneity of A<n_1, it now follows easily that the elements
of y(C*(¢'(A<n—1))) satisfy the polynomial relations p,y_1) from [Bla06)
IV.1.4.6]. Knowing that the image of @ has a (N-1)-subhomogenous preimage
in Q(Ty), we may now solve the lifting problem for A<y_1. It then follows
from Lemma BTl (and its proof) that ¢ lifts to T for some k. The remainder
of the proof is exactly the same as the one of Proposition 311 O

We now present two characterizations of projectivity and semiprojectivity for
subhomogeneous C*-algebras. The first one describes semiprojectivity of these
algebras in terms of their primitive ideal spaces. The second description char-
acterizes them as those C*-algebras which arise from 1-NCCWs by adding a
sequence of non-commutative edges (of bounded dimension), cf. section

THEOREM 5.1.2. Let A be a N-subhomogeneous C*-algebra, then the following
are equivalent:

(1) A is semiprojective (resp. projective).
(2) For everymn =1,...,N the following holds:

e The one-point compactification of Prim,,(A) is an ANR-space (resp.
an AR-space) of dimension at most 1.

o If (X;)icr denotes the family of connected components of Prim,,(A),
then the set-valued retract map

RnZ Primgn (A) — 2Prim§n71(A)

given by

UL if z € Prim<,,_1(A)
- <
0X; ifz € X; C Prim,(A)

1s lower semicontinuous and has pointwise finite image.

DOCUMENTA MATHEMATICA 21 (2016) 987-1049



1040 DoMINIC ENDERS

3) A is isomorphic to the direct limit lim (A, s**1) of a sequence of
L k

1-NCCWs
k
Th+1
VRS FTN N
. A —— Ars
Sk

(with Ag = 0) such that for each stage there is a pullback diagram

withn < N and si*" given by a + (a,my,(a) ® Lj0,17)-

Proof. (1) = (2): We prove the implication by induction over N. The base
case N = 1 is given by Theorem 2371 Now given a N-subhomogeneous,
(semi)projective C*-algebra A, we know by Lemma [Tl that the maxi-
mal N-homogeneous ideal Ay of A is (semi)projective as well. This forces
aPrimpy (A) to be a one-dimensional A(N)R-space by Theorem 22311l Apply-
ing Theorem [£.3.2] to the sequence

0—>AN—)A—>A§N_1—>O

now shows that the retract map Ry: Primy(A4) — 2Frim<y-1(4) is lower
semicontinuous, has pointwise finite image and that the maximal (N-1)-
subhomogeneous quotient A<y_; is (semi)projective. The remaining state-
ments follow from the induction hypothesis applied to A<y _1.

(2) = (3): By Lemma 2310, we know that the maximal N-homogeneous
ideal Ayn of A is of the form Co(Primy(A4),My). Using induction over N, the
statement then follows from Proposition applied to the sequence

0— CO(PrimN(A),MN) — A — A§N71 — 0.

The base case N =1 is given by Theorem [2.1.7]
(3) = (1): Note that the connecting maps are weakly conditionally projective
by Proposition B.2.4] then apply Lemma [3.2.3 O

REMARK 5.1.3. The most prominent examples of subhomogeneous, semipro-
jective C*-algebras are the one-dimensional non-commutative CW-complexes
(1-NCCWs, see Example[2.2.3). The structure theorem [5.1.2 shows that these
indeed play a special Tole in the class of all subhomogeneous, semiprojective
C*-algebras. By part (2) of [E12, they are precisely those subhomogeneous,
semiprojective C*-algebras for which the spaces aPrim,, are all finite graphs
rather than general one-dimensional ANR-spaces. Hence 1-NCCWs should
be thought of as the elements of ’finite type’ in the class of subhomogeneous,
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semiprojective C*-algebras. Moreover, part (3) of 2 shows that every sub-
homogeneous, semiprojective C*-algebra can be constructed from 1-NCCWs in
a very controlled manner. Therefore these algebras share many properties with
1-NCCWs, as we will see in section [5.2.1] in more detail.

5.2 APPLICATIONS

Now we discuss some consequences of Theorem First we collect some
properties of semiprojective, subhomogeneous C*-algebras which follow from
the descriptions in This includes information about their dimension and
K-theory as well as details about their relation to 1-NCCWs and some further
closure properties.

At least in principle one can use the structure theorem to test any given
subhomogeneous C*-algebra A for (semi)projectivity. Since this would require
a complete computation of the primitive ideal space of A, it is not recommended
though. Instead one might use as a tool to disprove semiprojectivity for a
candidate A. In fact, showing directly that a C*-algebra A is not semiprojective
can be surprisingly difficult. One might therefore take one of the conditions
from [5.1.2] which are easier to verify and test A for those instead. We illustrate
this strategy in section by proving the quantum permutation algebras to
be not semiprojective. This corrects a claim in [Bla04] on semiprojectivity of
universal C*-algebras generated by finitely many projections with order and
orthogonality relations.

5.2.1 FURTHER STRUCTURAL PROPERTIES

By part (3) of Theorem B.1.2] we know that any semiprojective, subhomoge-
neous C*-algebra comes as a direct limit of 1-NCCWs. Since the connecting
maps are explicitly given and of a very special nature, it is possible to show
that these limits are approximated by 1-NCCWs in a very strong sense. The
following corollary makes this approximation precise.

COROLLARY 5.2.1 (Approximation by 1-NCCWs). Let A be a subhomogeneous
C*-algebra. If A is semiprojective, then for every finite set G C A and every
€ > 0 there exist a I-NCCW B C A and a *-homomorphism r: A — B such
that G C. B and r is a strong deformation retract for B, meaning that there
exists a homotopy Hy from Hy = ida to Hy = r with Hyp = idp for all t.
In particular, A is homotopy equivalent to a one-dimensional non-commutative
CW-complez.

Proof. Use part (3) of Theorem to write A = thn and find a suitable
1-NCCW B = A,,, which almost contains the given finite set G. It is straight-
forward to check that the strong deformation retracts rj1o: A,, — A, give rise
to a strong deformation retract r: H_r)nAn — Ap,- O

In particular, 1-NCCWs and semiprojective, subhomogeneous C*-algebras
share the same homotopy invariant properties. For example, we obtain the
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following restrictions on the K-theory of these algebras:

COROLLARY 5.2.2. Let A be a subhomogeneous C*-algebra. If A is semipro-
Jective, then its K -theory is finitely generated and K1(A) is torsion free.

Another typical phenomenon of (nuclear) semiprojective C*-algebras is that
they appear to be one-dimensional in some sense. In the context of subho-
mogeneous C*-algebras, we can now make this precise using the notion of
topological dimension which, for subhomogeneous A, is given by topdim(A4) =
max,, dim(a Prim, (A)).

COROLLARY 5.2.3. Let A be a subhomogeneous C*-algebra. If A is semipro-
jective, then A has stable rank 1 and topdim(A) < 1.

Proof. The statement on the stable rank of A follows from Corollary (.2.1]
while the topological dimension can be estimated using part (2) of Theorem

O

Our structure theorem can also be used to study permanence properties of
semiprojectivity when restricted to the class of subhomogeneous C*-algebras.
In fact, these turn out to be way better then in the general situation. This can
be illustrated by the following longstanding question by Blackadar and Loring;:
Given a short exact sequence of C*-algebras

0 I A F 0

with finite-dimensional F, does the following hold?
I semiprojective < A semiprojective

While we showed the ’<’-implication to hold in general in [End14], S. Eilers
and T. Katsura proved the '=’-implication to be wrong ([EK]), even in the case
of split extensions by C. We refer the reader to [Sgri2| for counterexamples
which involve infinite C*-algebras. However, when one restricts to the class of
subhomogeneous C*-algebras, this implication holds:

COROLLARY 5.2.4. Let a short exact sequence of C*-algebras

T

0 I A F 0

with finite-dimensional F be given. If I is subhomogeneous and semiprojective,
then A is also semiprojective.

Proof. We verify condition (2) in Theorem for A. By assumption, each
Primy(7) is a one-dimensional ANR-space after compactification and the same
holds for any space obtained from Primg(I) by adding finitely many points
([ST12, Theorem 6.1]). Hence the one-point compactifications of Primy(A)
are 1-dimensional ANRs for all k. If we assume F' = M,,, then the set-valued
retract maps Ry are unchanged for k < n. For k = n, regularity of Ry follows
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from regularity of the retract map for I and the fact that {[r]} is closed in
Prim<(A) = Prim<y(I) U {[r]}. For k > n, we apply Lemma [L.T.6] to

0 0
0 — Co(Primy,(I), M) I<p I<pr1——0
0 — Co(Primy,(A), M) Ak A<p—1—=0
FTr F
0 0

and see that Ry: Prim<y(A4) — oPrim<k-1(4) s again lower semicontinuous
and has pointwise finite image. O

5.2.2 QUANTUM PERMUTATION ALGEBRAS

We are now going to demonstrate how the structure theorem (. 1.2] can be used
to show that certain C*-algebras fail to be semiprojective. We would like to

thank T. Katsura for pointing out to us the quantum permutation algebras
([Wan98], [BCO8|) as a testcase:

DEFINITION 5.2.5 ([BCO8]). For n € N, the quantum permutation algebra
As(n) is the universal C*-algebra generated by n® elements u;j, 1 < i,j < n,
with relations

o % — 2 - -
Uij = Uy = Ug; & Zj uij = uij = 1.

It is not clear from the definition whether the C*-algebras A,(n) are semipro-
jective or not. For n € {1,2,3} one easily finds A,(n) = C™ so that we have
semiprojectivity in that cases. For higher n one might expect semiprojectivity
of As(n) because of the formal similarity to graph C*-algebras. In fact, their
definition only involves finitely many projections and orthogonality resp. order
relations between them. Since graph C*-algebras associated to finite graphs are
easily seen to be semiprojective, one might think that we also have semipro-
jectivity for the quantum permutation algebras. This was even erroneously
claimed to be true in [Bla04, example 2.8(vi)]. In this section we will show
that the C*-algebras A,(n) are in fact not semiprojective for all n > 4.

One can reduce the question for semiprojectivity of these algebras to the case
n = 4. The following result of Banica and Collins shows that the algebra A,(4)
is 4-subhomogeneous, so that our machinery applies. The idea is to get enough
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information about the primitive spectrum of A4(4) to show that it contains
closed subsets of dimension strictly greater than 1. This will then contradict
part (2) of 1.2 so that A4(4) cannot be semiprojective.

We follow notations from [BCO§| and denote the Pauli matrices by

(10 (i 0 (0 1 (0 i
A=l 1) 27 \o =) @7 \1 o) “=\i o)

Set &5 = cize; and regard My as a Hilbert space with respect to the scalar
product < alb >= tr(b*a). Then for any x € SU(2) we find {];};j=1.4 and
{§fj}i:1”4 to be a basis for My. Under the identification My 2 B(Ms), Banica
and Collins studied the following representation of A4(4):

PROPOSITION 5.2.6 (Theorem 4.1 of [BCO8|). The *-homomorphism given by

m: As(4) —  C(SU(2),My)

Usj (:c — rank one projection onto C - ffj)
is faithful. It is called the Pauli representation of As(4).

For the remainder of this section let S denote the following subset of SU(2):

s F) <o { ORI F =)

We will now study the representations of A4(4) obtained by composing the
Pauli representation with a point evaluation. As we will see, most points of
SU(2) lead to irreducible representations which are furthermore locally pairwise
inequivalent.

LEMMA 5.2.7. The representation m, = ev,om: As(4) — My is irreducible for
every x € SU(2)\S.

Proof. Let x = <2 _XM> € SU(2)\S be given, we show that the com-
mutant of 7, (As(4)) equals the scalars. Therefore we will check the ma-
trix entries of the elements m,(u;;) with respect to the orthonormal basis

{%fﬁa %Efz, %51”3, %Eﬁ} of My =2 C*. Since in this picture 7, (u1;) equals

the elementary matrix e;;, every element in (m,(A4(4)))" is diagonal. But we
also find

(T2 (u23))yy = % <y (u23)éialT >

=3< {12855 >< &55/€1 >=4 - Re(Aw)Im(An) # 0,
(ma(u22))3 = 7 E131655 >< 5,161 >=2- Re(Au)(JA]* — [uf?) # 0,
(me(u22)) 1y = 5 < Efal&3e >< ERlEH >= —2-Tm(Ap)(|A]* — [ul?) # 0.

So the only elements of My commuting with all of 7, (A, (4)) are the scalars. O
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PROPOSITION 5.2.8. Every x € SU(2)\S admits a small neighborhood V C
SU(2)\S such that for all distinct y,y' € V the representations m, and 7, are
not unitarily equivalent.

Proof. Let x = (20 /\—HO) € SU(2)\S be given, then
0 Ao

: | Re(Aogeo)|s [ Tm(Aopo)]s | Re(/\_ouo)L }
€ := min - >0
{ | Im(Aopeo)], [| Aol = [kol] + [Aol

Define a neighborhood V' C SU(2)\S of = by

_ (A & i € - <
v{(u X)eSU@)\S.IA Mo < 3 ln uol<3}-

Now let y,y’ € V with unitarily equivalent representations m, and 7, be given.
We compute the value

|7y (ur1us2)|| = |

_1
i

(<= 181 > &11) o (< — 1635 > &)l
<Eulshh > |- (< — 165 > &)
<&ty > |- l1€zallllEd: |

=4
:4|2 2
= I =P

which is invariant under unitary equivalence. So we find [|A]* — [u|?|| =
[[N'[> = [¢/[?|. This implies
(A= INIA Tl =11y v (A= A [l = X))
because of [A|2 + |u|? =1 = |N|? + |¢/|?. By definition of V we have
€
AT = 1111 = {12l = lol| = Al = Aol = [IW'] = luoll > 5 >0,
so that we can exclude the second case. Analogously, computing the invariants
17y (urzugz)[| and ||y (u1auss)| gives
[Re(Au)| = [Re(N )| and  [Tm(Ap)| = [Tm (X))
and checking ||my(u11u42)|| and |7y (u11us2)|| shows
[Re(s)| = [Re(Vp)|  and | Tm(3p0)| = | Tm(N ') -

The last four equalities imply A\ = M/ and Au = N/ by the choice of V.
Together with |\ = |N| and |u| = |¢/| we find (\,pu) = (N, ') or (A, u) =
(=X, —p/). In the second case we get |A — N| = 2|\| > 2|A\o| — 2|\ — Xo| > %€
contradicting |A — N'| < [X = Xo| + [N — Ao| < 3 by the choice of V. It follows
that y = ¢/'. O

w

By now we have obtained enough information about Prim(A;(4)) to show that
it does not satisfy condition (2) of Theorem (5.1.21 Hence we find:
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THEOREM 5.2.9. The C*-algebra As(4) is not semiprojective.

Proof. Choose a point zp € SU(2)\S and a neighborhood V' of x( as in Propo-
sition Since SU(2) is a real 3-manifold, there is a neighborhood of
contained in V which is homeomorphic to D3 = {z € R: ||z| < 1}. The restric-
tion of the Pauli representation 7 to this neighborhood gives a *-homomorphism
¢: Ag(4) — C(D3,My) with the property that ev, op and ev, o are irreducible
but not unitarily equivalent for all distinct z,y € D3. The pointwise surjec-
tivity of ¢ given by Lemma 527 and a Stone-Weierstrafl argument ([Kap51],
Theorem 3.1]) show that ¢ is in fact surjective. This implies that Primy(A4,(4))
contains a closed 3-dimensional subset and hence dim(Primy(A5(4))) > 3. As
a consequence, Ag(4) cannot be semiprojective because it is subhomogeneous
by Proposition but fails to satisfy condition (2) of Theorem O

It is not hard to show that semiprojectivity of As(n) for some n > 4 would
force As(4) to be semiprojective. Since we have just shown that this is not the
case, we obtain:

COROLLARY 5.2.10. The C*-algebras As(n) are not semiprojective for n > 4.

Proof. For n > 4 there is a canonical surjection g,: As(n) — As(4) given by
uld if1<i,j<4

M1 =>4

ui]

0 otherwise

The kernel of p, is generated by the finite set of projections
{ul(?): On (ug)) = 0}. It follows from [Sgrl2, Proposition 3], which ex-
tends the idea of |[Neu0O, Proposition 5.19], that semiprojectivity of As(n)
would imply semiprojectivity of g, (As(n)) = As(4). Since this is not the case
by Theorem [5.29] A4(n) cannot be semiprojective for all n > 4. O
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