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ABSTRACT. We give a new proof of a theorem due to Alain Connes,
that an injective factor N of type III; with separable predual and with
trivial bicentralizer is isomorphic to the Araki-Woods type I11; factor
Ro. This, combined with the author’s solution to the bicentralizer
problem for injective III; factors provides a new proof of the theorem
that up to *-isomorphism, there exists a unique injective factor of
type III; on a separable Hilbert space.
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Preamble by Alain Connes

Uffe Haagerup solved the hardest problem of the classification of
factors, namely the uniqueness problem for injective factors of type
III;. The present paper, taken from his unpublished notes, presents
a direct proof of this uniqueness by showing that any injective fac-
tor of type III; is an infinite tensor product of type I factors so that
the uniqueness follows from the Araki-Woods classification. The
proof is typical of Uffe’s genius, the attack is direct, and combines
his amazing control of completely positive maps and his sheer ana-
lytical power, together with his solution to the bicentralizer prob-
lem. After his tragic death, Hiroshi Ando volunteered to type the
manuscript!. Some pages were missing from the notes, but eventu-
ally Cyril Houdayer and Reiji Tomatsu suggested a missing proof
of Lemma 3.4 and Theorem 3.1. We heartily thank Hiroshi, Cyril
and Reiji for making the manuscript available to the community.
We also thank Sgren Haagerup for giving permission to publish his
father’s paper.

! The manuscript is typed by Hiroshi Ando (Chiba University) in cooperation with Cyril
Houdayer (Université Paris-Sud), Toshihiko Masuda (Kyushu University), Reiji Tomatsu
(Hokkaido University), Yoshimichi Ueda (Kyushu University) and Wojciech Szymanski (Uni-
versity of Southern Denmark).
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1 INTRODUCTION

The problem, whether all injective factors of type III; on a separable Hilbert
space are isomorphic, has been settled affirmatively. The proof of the unique-
ness of injective III; factors falls in two parts, namely (see §2.3 for the definition
of the bicentralizer):

THEOREM 1.1 ([Con85]). Let M be an injective factor of type Il on a separable
Hilbert space, such that the bicentralizer By, is trivial (i.e., B, = C1) for some
normal faithful state ¢ on M, then M is x-isomorphic to the Araki—-Woods
factor Re.

THEOREM 1.2 ([Haa87]). For any normal faithful state o on an injective factor
M of type 111y on a separable Hilbert space, one has B, = C1.

In this paper we give an alternative proof of Theorem 1.1 above, based on
the technique of our simplified proof [Haa85] of Connes’ Theorem [Con76]
“injective=-hyperfinite” in the type II; case?. The key steps in our proof of
Theorem 1.1 are listed below:

STEP 1
By use of continuous crossed products, we prove that the identity map on an
injective factor N of type III; has an approximate factorization

2Typewriter’s note: Haagerup used this technique to give a new proof of the uniqueness
of injective type III) (0 < A < 1) factor. This result has been published in [Haa89].
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UNIQUENESS OF THE INJECTIVE III; FACTOR 1195

through the hyperfinite factor R of type I1;, such that (Sx)xea and (Th)area are
nets of normal unital completely positive maps, and for a fixed normal faithful
state ¢ on N (chosen prior to Sy and T)), there exist normal fatihful states
(¥x)aea on R, such that for all t € R and A € A,

poTx=1vx, YroSx=¢,
JfoT,\:T,\oasz,

0¥ 08y =Sy o0?,
and || S o Ta(2) — 2|, “=5° 0 for all z € N, where [[y]l, := o(y*y)* (y € N).

STEP 2

From Step 1, we deduce that a certain normal faithful state ¢ (Q-stable state
defined in §4) on an injective factor N of type I11; has the following property:
for any finite set of unitaries uy,...,u, in N and for every 7,5 > 0, there
exists a finite-dimensional subfactor F' of N such that

o = ¢lF ®p|pe,

and such that there exist unitaries vi1,...,v, in F' and a unital completely
positive map T: ' — N such that

pol =,
lof oT —Toof'|| <Alt], teR,

and
||T(Uk)—uk|‘¢<5, k=1,...,n.
STEP 3
We prove that if N, ¢, Fiuq, ..., U, v1,...,0, are as in Step 2, then for every o-
strong neighborhood V of 0 in IV, there exists a finite set of operators a1, ..., ap

in N such that

p p
(a) Za;‘aielJrV and Zafaiﬁl,
i=1 =1

P P
(b) er, <Z ami‘) €14V and ep, <Z amf) <1,
i=1

i=1

p
(©) > llaig, — &pail* < &,

=1
p

(d) Z laiue —vrad|?, <&, k=1,...,n.
=1
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Here £, denotes the unique representing vector of ¢ in a natural cone. The
above ¢’ > 0 depends on v and § in Step 2, and ¢’ is small when v and ¢
are small. Here, e, is the ¢-invariant conditional expectation of N onto F.
Moreover in (c), the standard Hilbert space H of N is regarded as a Hilbert
N-bimodule, by putting na := Ja*Jn (a € N, n € H).

Assume now that the bicentralizer of any normal faithful state on IV is trivial.
Then by an averaging argument, we can exchange (b) by

P P
(b") Zaiaf €14V and Zaiaf <L
i=1 =1

STEP 4
From (a), (b’), (c) and (d) above, we derive that there exists a unitary operator
w € N such that

[wép — Epw|| <&
and

lwup —vpwl|l, <e, k=1,...,n,

where ¢ is small when ¢’ is small and V is a small o-strong neighborhood of 0
in N. The key part of Step 4 is a theorem about general Hilbert N-bimodules,
which was proved in [Haa89].

STEP 5

From Step 4, we get that for every finite set of unitaries uy,...,u, € N and

every € > 0, there exists a finite dimensional subfactor Fy (namely w*Fw) of

N and n unitaries vf,...,v), in Fi (namely w*v,w, k=1,...,n), such that
A) o —vellp <e

and

(ii) e —elm @olFe] <e.

The last inequality follows from the fact, that when w almost commutes with
&, it almost commutes with ¢ too. The properties (i) and (ii) above show that
 satisfies the product condition of Connes—Woods [CW85] and thus N is an
ITPFI factor. But it is well-known that R is the only ITPFI factor of type
ITI; (cf. [AW68] and [ConT73]).

2 PRELIMINARIES

2.1 NOTATION

We use M, N, ... to denote von Neumann algebras and £, 7, ... to denote vec-
tors in a Hilbert space. Let M be a von Neumann algebra. U (M) denotes the
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unitary group of M. For a faithful normal state ¢ on M, we denote by A,
(resp. J,) the modular operator (resp. modular conjugation operator) asso-
ciated with ¢, and the modular automorphism group of ¢ is denoted by o¥.
The norm ||z, = ¢(z*x)? defines the strong operator topology (SOT) on the
unit ball of M. The centralizer of ¢ is denoted by M.,.

2.2 CONNES—WOODS’ CHARACTERIZATION OF ITPFI FACTORS

Recall that a von Neumann algebra M with separable predual is called hyperfi-
nite if there exists an increasing sequence My C My C --- of finite-dimensional
*-subalgebras such that M = (U,_, M,)". A factor M is called an Araki—
Woods factor or an ITPFI (infinite tensor product of factors of type I) factor,
if it is isomorphic to the factor of the form

®(Mia %‘)7
el

where I is a countable infinite set and each M; (resp. ;) is a o-finite type I
factor (resp. a faithful normal state). Araki and Woods classified most ITPFI
factors:

THEOREM 2.1 ([AWG68]). There exists a unique ITPFI factor with separable
predual for each type oo, 111, o and I\, A € (0,1]. In particular, all ITPFI
factors of type 1111 are isomorphic to

Roo = Q)(M3(C), Tr(p - )),

neN

where p := diag(1, A, ) and 0 < A, u satisfies %222 ¢ Q.

1
1+ +pn
It is clear that an I'TPFI factor with separable predual is hyperfinite. The
converese is also true for factors not of type Iy, but false in general. Namely,
Connes—Woods [CW85] characterized hyperfinite factors of type III, with sepa-
rable predual which are isomorphic to ITPFI factors by the approximate tran-
sitivity of their flow of weights, while the existence of hyperfinite factors of
type IIly with separable predual which are not isomorphic to ITPFI factors
had been shown in [Con72]. Let N be a von Neumann algebra, and let F' be a
finite dimensional subfactor of N with relative commutant F¢ := F'N N in N.
Then it is elementary to check, that the map

n n
> wi@yi Y wwi,  wmeF, y € FC(1<i<n)
i=1 i=1

is an isomorphism of F'® F'° onto N. If w; is a normal state on F' and wy is a
normal state on F°, we let w1 ® ws denote the corresponding state on N, i.e.,

(w1 @ wa)(zy) = wi(x)wa(y), ax€F, yeF°.
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1198 UFFE HAAGERUP

In our proof of
[N injective III; and B, = C1] = N = R,
we shall need the following criterion for a factor to be ITPFI:

PROPOSITION 2.2 ([CW85, Lemma 7.6]). Let N be a factor on a separable
Hilbert space. Then N is ITPFI if and only if N admits a normal faithful state
@ with the following property: for every finite set x1,...,x, of operators in N,
for every € > 0, and every strong* neighborhood V of 0 in N, there exists a
finite dimensional subfactor F of N, such that

€ F+YV, k=1,....n

and
e —olr @ plre| <e.

2.3 BICENTRALIZERS ON TYPE III; FACTORS

In this subsection, we recall Connes’ bicentralizers. Let M be a o-finite von
Neumann algebra, and let ¢ be a normal faithful state on M. We denote
by AC(yp) the set of all norm-bounded sequences (x,)%%; in M such that
limy, 0 || 02 — Zne|| = 0 holds.

DEFINITION 2.3 (Connes). The bicentralizer of ¢ is the set B, of all x € M
such that lim,,_,« ||za, — anz||, = 0 holds for all (a,)52; € AC(¢p).

Since B, is a von Neumann subalgebra of M [Haa87, Proposition 1.3], it holds
that lim, e ||za, — an:c||?p =0.

It was conjectured by Connes that for all factors of type III; with separable
predual, the bicentralizer B, of any normal faithful state ¢ on M is trivial,
i.e., B, = C1 holds. This is still an open problem. We will need the following
result on type III; factors, known as the Connes—Stgrmer transitivity:

THEOREM 2.4 ([CS78]). Let M be a type 111y factor with separable predual.
Then for every faithful normal states p,v on M and € > 0, there exists a
unitary w € U(M) such that ||upu* — || < & holds.

Connes showed that by the Connes-Stgrmer transitivity, for a type II1; factor
M with separable predual, the triviality of B, for one fixed faithful normal
state ¢ on M implies the triviality of By for every faithful normal state 1
(see [Haa87, Corollary 1.5] for the proof). He also showed that the triviality of
the bicentralizer is equivalent to the following property (the proof is given in
[Haa87, Proposition 1.3 (2)]):

PROPOSITION 2.5 (Connes). Let M be a von Neumann algebra with a normal
faithful state . Then B, = C1 holds, if and only if the following condition is
satisfied: for every a € M and § > 0,

conv{u*au;u € U(M), |lup — pul <5} NC1 # 0,

where Tonv is the closure of the convex hull in the o-weak topology.
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We will use the following variant of Proposition 2.5.

PROPOSITION 2.6. Let M be a type I11; factor with separable predual, and let ¢
be a normal faithful state on M whose modular automorphism group o¥ leaves
a finite-dimensional subfactor F' globally invariant. Let ep,: M — F' be the
normal faithful p-preserving conditional expectation. Assume that B, = Cl1.
Then for every 6 > 0 and a € M, we have

erp(a) € conv{u au; v € U(F°), ||[u, — Epul| < 0} (1)
Here, &, is the representing vector of ¢ in the natural cone.

Proof. The proof is essentially the same as Proposition 2.5, so we only indicate
the outline. Note that by Araki-Powers-Stgrmer inequality, for every u € U(M)
one has:

Hfg@ - U&«PU*H2 <l — upu™|| < Hfg@ - UfsoU*” : Hfg@ + ufg@U*”-

Therefore in the arguments below, we may replace the condition “||uf,—§,ul| <
0” in Proposition 2.6 with the condition “||up — ¢u| < §”, as we take § > 0
to be arbitrarily small. As was pointed out in [Haa87, Remark 1.4], it follows
from the proof of Proposition 2.5 that the condition B, = C1 is equivalent to
the next condition that for all @ € M and § > 0,

pla)l € ﬂ conv{u“au;u € U(M), |[ué, — & ull < 6} (2)
6>0
Let a € M. Since M 2 F ® F°© with ¢ = ¢|r ® ¢|re, we may now apply (2) to
Fe(=2 M) and ¢|pe to obtain
erp(a) =1dp ® ¢|pe(a) € conv{u au; u € U(FC), ||ué, — Eoul < 6}

Note that we used the fact that ||ou —upl|| = ||hu — uth||, where ¥ := ¢|pe and
u € U(F°) thanks to the existence of a normal faithful ¢-preserving conditional
expectation from M onto F*°. O

2.4 ALMOST UNITARY EQUIVALENCE IN HILBERT N-BIMODULES

We recall a result about almost unitary equivalence in Hilbert bimodules es-
tablished in [Haa89] which is a generalization of [Haa85, Theorem 4.2]. Let N
be a von Neumann algbera, and H be a normal Hilbert N-bimodule, i.e., H is
a Hilbert space on which there are defined left and right actions by elements
from N:

(,8) —» &, (v,§)—~&x, xz€N,€H

such that the above maps N x H — H are bilinear and
(x8)y ==z(€y), =wyeN, (el

Moreover, « +> L., where L, = xz€ (£ € H) is a normal unital *-
homomorphism, and = — R,, where R,§ := x (£ € H) is a normal unital
x-antihomomorphism.
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DEFINITION 2.7. Let N be a von Neumann algebra, let (N, H) be a normal
Hilbert N-bimodule, and let 6 € Ry. Two n-tuples ({1,...,&,) and (1, ..., 1)
of unit vectors in H are called §-related, if there exists a family (a;);e; of
operators in IV, such that

E aja; = E a;a; =1

iel i€l
and
Z|\ai£k—nkai||2<5, k=1,...,n.
iel
We will use the following result which relates the d-relatedness to approximate
unitary equivalence in Hilbert N-bimodules:

THEOREM 2.8 ([Haa89, Theorem 2.3]). For every n € N and € > 0, there
exists a 6 = d(n,e) > 0, such that for all von Neumann algebra N and §-
related n-tuples (&1, ...,&,) and (1, ..., nn) of unit vectors in a normal Hilbert
N-bimodule H, there exists a unitary uw € U(N) such that

luék — meul| < e, k=1,...,n.

REMARK 2.9. As can be seen in the proof of [Haa89, Theorem 2.3], in order to
show that the conclusion of Theorem 2.8 holds, it suffices to show the following:
for every o-strong neighborhood V of 0 in N, there exist ai,...,a, € N such
that

P
S ity —mail? <6 k=1,....n 3)
i=1
P p
> aja; <1, > aa <1 (4)
i=1 i=1
p P
Zafaiel—i—v, Zaiafel—i—v. (5)

This is because we can obtain the conclusions of [Haa89, Lemma 2.5] out of (3),
(4) and (5), which is enough to prove Theorem 2.8. We will use this variant in
the proof of Lemma 5.6.

3 COMPLETELY POSITIVE MAPS FROM m X m-MATRICES INTO AN INJECTIVE
FACTOR OF TYPE III;

The main result of this section is:

THEOREM 3.1. Let N be an injective factor of type 111, with separable predual,
and let ¢ be a faithful normal state on N. Then for every finite set uq, ..., uy
of unitaries in N, and every €,0 > 0, there exists m € N, a unital completely
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UNIQUENESS OF THE INJECTIVE III; FACTOR 1201

positive map T: M,,(C) = N, and n unitaries v1,...,v, in My, (C), such that
Y =¢@oT is a normal faithful state on M,,(C), and

lof oT —Too?|| <6Jt|, teR
|T(vr) —ugll, <&, k=1,...,n

In the following we let M = N X+ R be the crossed product of N by ¥ with
generators mye (x) (x € N) and A(s) (s € R). We identify 7y« (x) with € N.
Let a be the (unbounded) self-adjoint operator for which A\(s) = exp(isa) (s €
R). For f € L'(R), we define the Fourier transform f by

f s) et seR.

o=z [

In the sequel, von Neumann algebra-valued integrals are understood to be the
o-weak sense. Let (0¥)scr be the dual action of 0¥ on M. By [Haa79-2], there
exists a normal faithful semifinite operator-valued weight P: M — N4 (N4

is the extended positive part of N) given by

P(z) = /OO 0?(x)ds, xe€ M. (6)

/ 07 () dtH < oo},

then the formula (6) for z € m makes sense and P(x) € N. Moreover, m >
x + P(x) € N defines a positive linear map.

For all x € m, the o-weak integral fic 0f (x)dt is o-strongly convergent as
¢ — 0. The range of P is contained in 7y« (N), because 7, (N) is the fixed
point algebra in M under the dual action.

Following [CT77], if we put

m := span {:L' € My;sup
c>0

LEMMA 3.2. Let t — x(t) be a o-strongly™ continuous function from R to N
such that t — ||z(t)| is in L*(R) N L*°(R). Put

x = /00 At)z(t)dt € M.

— 00

Then z*x € m, and

P(z*z) =27 /00 x(t)*x(t) dt.

— 00

Proof. Note first, that

xx*[& Mt — s)a(t) dsdt
/AZ o(s + 1) dsdt.

DOCUMENTA MATHEMATICA 21 (2016) 1193-1226



1202 UFFE HAAGERUP

Put f,(s) = e~*/(") (s € R), and
_ 1 > —its _ E % —nt?
gn(t) = 5 [m fn(s)e ds = (71-) e (t eR).

Using that 0¢(y) =y (s € R,y € N), 02(\(t)) = e !\(t) (s,t € R)? and the
Fubini Theorem, we have for every v € M,,

w. [ o2t ) ) =
_ [ O:o [ O:o [ O:o =1 £, ()b (2(s)* M)z (s + 1)) dsdtdu
_ [ O; an(t) ( [ O; 27r1/1(x(s)*/\(t)z(s+t))ds) dt.

Since t — [7_(2(s)*A(t)z(s + t))ds is in Co(R) and g, "2 8y (weak® in
Co(R)*), we have

o0

lim <1/),/oo 07 (z*x) fr(u) du) = (¢, 27r/ x(s)*x(s) ds).

n—oo — 00 — 00

Since ¥ € M, is arbitrary, 6% (z*z) > 0 and f,, ,* 1 uniformly on compact sets,
it follows that

lim 02 (z*x) fn(u)du = 27r/ x(s)*x(s)ds  (o-strongly).
n—oo — 00 — 00
Therefore x*z € m, and P(x"z) = 271'/ x(t) z(t) dt. O

LEMMA 3.3. Let a be the (unbounded) self-adjoint operator affiliated with M
for which exp(ita) = A(t) (t € R) holds. Let o > 0, and let e,, be the spectral
projection of the operator a corresponding to the interval [0,«]. Then for each
x € N, one has eqxe, € m and

e 1-— t
P(eqrey) = / Uf(x)ﬂ dt, x € N. (7)

2
oo Tt

Proof. Tt is sufficient to consider the case x > 0, so we can assume that x =
y*y (y € N). For f € L*(R) N L>=(R) N C(R), we have

wf@) = <= [ N0t = <= [~ Nt s d
1 = ®
== [ et a

3Typewriter’s note: Haagerup used the convention 0¥ (\(t)) = e***\(t). However, since
the negative sign convention is widely accepted, we decided to change the definition.
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Hence by Lemma 3.2, f(a)*zf(a) € m, and

P(flayaf@) = [ af@lf)
For n > %, let g, be the continuous function on R for which
gn(t) =0, t<0,t>a,
gn(t)=1, tel[ia-1]
and for which the graph is a straight line on [0, 2] and [o — 1, 1]. Since @ has

no point spectrum, g,(a) /e, (n — 00). It is elementary to check that each
gn is of the form g, = £, for a function f,, € L*(R) N L=°(R) N C(R) (use, for
example, the fact that g, = nl[o 1% 1g,a—11)- Hence gn(a)® € m, and by the
Plancherel Theorem, we get "

P(gn(a)?) = P(fu(a)" fula)) = [ full31 = || full31.

Since sup,, || fnll3 = o < oo, we have e, € m and P(e,) = al. Therefore
eaMe, C m, and the restriction of P to e,Me, is a positive normal map.
Hence for x € N,

oo

P(eqzeq) = nh—>Irolo P(gn(a)zgn(a)) = lim of (z)|fn(t)|? dt  (o-strongly).

n—oo J_ o

n—oo

Since [|gn —Ljo,a]llz "= 0, it follows that f,, converges in L?(R) to the function

1 > )
f(t) = N /_OO Ljo,)(s)e™" ds

¢ iat
=— e —1).
t\/27r( )

Hence |f,|? "= | f|? in L} (R), with | f|?(t) = 5 (1—cos at) (t € R). Therefore
(7) holds. O

LEMMA 3.4. Let N be an injective factor of type 1111 with separable predual,
@ be a faithful normal state on N and let R be the hyperfinite 11 factor with
tracial state 7. For every finite set uy,...,u, of unitaries in N and every
e > 0, there exist x1,..., T, in the unit ball of R, a normal unital completely
positive map T: R — N, such that ¢ = ¢ o T is a normal faithful state on R,
and

of oT =Too}, t e R, (8)
1T (xk) — urlly < e, E=1,...,n. (9)

Moreover, the spectrum of h = dip/dr is a closed interval [A\1, 2], 0 < A1 <
Ao < 00, and h has no eigenvalues.
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Proof. * Let M = N x4+ R. By [Tak73-2], M has a normal faithful semifinite
trace 7, such that
To0? =e °1 (s €R).

The trace 7 can be constructed in the following way: Let ¢ be the dual weight
of o on M (cf. [Haa79]). Let a be the self-adjoint operator for which exp(ita) =
A(t) (t € R). Then a is affiliated with the centralizer My of ¢ and

T=¢ ")

in the sense of Pedersen-Takesaki [PT73]. By [Haa79-2], ¢ is on the subspace
m given by
3(x) = poP(z), wem

Let a > 0, and let e, = 1jg q)(a). Then by Lemma 3.3, e, € m and P(e,) = al.
Hence @|c, me,, is a positive normal functional, and ¢(e,) = a. Finally,

T(eq) = P(e %en) = / e tdt=1—e"®< o0,
0

because

e_“ea:/ e M de(N),
0

a= /m Ade(N)

— 00

where

is the spectral resolution of a, and d@(e(\)) = dA.

Since N is of type III;, M is a type Il factor, and therefore e, Me, is a II;
factor. Moreover, the injectivity of NV implies that M is also injective, so that
eaMe, is isomorphic to the hyperfinite factor R of type IT; by [Con76].

CLAIM. For any x € N, we have

lim ||—P(eqze,)—z|| =0.
a—r o0

(0%

@

This follows from a basic property of the Fejér kernel (see e.g., [Kat68, Chapters
I and VI]), but we include the proof for completeness. Let ¢ > 0. Choose
to > 0 small enough so that ||of (z) — x|, < € for all t € [—tg,to]. Moreover,

1 — cos(at) 2 1
by liwaﬂ S — we have
1-— t
lim w dt = 0.
a—00 MZtO ot

4Typewriter’s note: Since some pages were missing from the original notes, we could not
find all parts of the proofs of Lemma 3.4 and Theorem 3.1. We include the following proof
for the reader’s convenience.
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UNIQUENESS OF THE INJECTIVE III; FACTOR 1205

By Lemma 3.3, we have

lim sup
a—r 00

> 1-— t
<timswp [ o7 () — ol

-p _
’ (eaxea) x sl I o2

©

1-— t
§€+2||z|\wlimsup/ Wdt
a—00 [t|>to mat

= E&.

Since € > 0 is arbitrary, we obtain the conclusion.

Let n > 1, uy,...,u, € U(N) and £,6 > 0 be given. By the above claim, we
may choose o > 0 large enough so that

<e, 1<k<n (10)
7]

1
—P(equreq) — ug
o

Define T := a~'Plc_nre, : R =eaMes — N and

QIr

1 .
Y=ol = awoP(ea-ea)= P(eq - €q).

Then T is a normal unital completely positive map, and v is a normal faithful
state on R. By (10) we have

|T(zk) —ull, <e, 1<k<mn,

where zy := equien (1 < k < n) are in the unit ball of R. Moreover, since
ea € Mz and since f o P = Poof (t € R), we have 6f o T =T oo} (t € R).
By construction, we have

7%717670‘
Cdr «

h: exp(a)ea,
which has no atoms and the spectrum of A is a closed bounded interval in
R% = (0, 00). O

LEMMA 3.5. Let B C A be an inclusion of unital C*-algebras and E: A — B
be a unital completely positive map. Let h € A be a self-adjoint element with

a(h) C [A1, A2], where o( - ) denotes the spectrum and Ay < Ay are reals. Then
O'(E(h)) C [)\1, AQ]

Proof. Let A < A;. Then h— X is positive and invertible. Take a nonzero x € A
such that (h — A2z = 1, so that E((h — A)2zz*(h — A)2) = 1. The left hand
side is dominated by ||z||2E(h — \), whence E(h — \) > ||x|| =21, showing that
E(h) — Al is invertible. Thus A ¢ o(E(h)). Similarly, o(E(h)) N (A2,00) = 0
holds. Therefore o(E(h)) C [A1, A2]. O
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Proof of Theorem 3.1. We may assume that 0 < ¢ < 1. By Lemma 3.4, there
exist a normal unital completely positive map T: R — N and z1,...,x, in the
unit ball of R satisfying of oT = T oo, (t € R), where ¢ := poT: R — N

and
2

9
T(wx) — -
1T () = willo < 5.

Let h := dy/dr € Ry. Then by Lemma 3.4, o(h) = [A1, A2] for some positive
reals Ay < Ay and h does not have a point spectrum. Since log( - ) is continuous
on [A1, Ag], continuous functional calculus guarantees that there exists ¢’ > 0
such that for all a,b € R, we have the following implication

1<k<n. (11)

8
o(a),o(b) C [A1,Ae] and |ja — b|| < &' = | loga — logb|| < 1 (12)

By using the spectral decomposition of h, we can choose a partition of unity
{pi}{_; in R and {p;}{_; in R* such that

1
T(p;) = 7’ hp; = p;h,

[(log h)pi — (log pi)pill < 19,
| hpi — pips|| < &',

for all (1 <i<?). Let hg := Zle 1ip;, and we have
1
|h—hol| <& and | logh —loghol| < 15. (13)

Moreover, we may arrange {/;}¢_, so that hg = Zle 11;p; satisfies
O'(h,o) C [)\1, AQ] (14)

Since R is hyperfinite, there exists a type I subfactor F of R so that p; € F (1 <

i <{) and
2

€
lzx — Er(zi)|l, < 16’ 1<k<n, (15)

where Er: R — F denotes the 7-preserving conditional expectation. Put
Tp:=T|p: F — N and y;, := Ep(z) (1 <k <n). Combining (11) and (15),
for all 1 < k < n, we have (use the Schwarz inequality for completely positive
maps)

1Tr(yx) — urlle < 1T (yx) = T(ze)llo + 1T (2n) — urlle

< Mlyk — 2xlly + 1T (2x) — vkl

52

< 5 (16)

Then we follow the argument of [Haa89, Lemma 6.2]. Take vy,...,v, € U(F)
such that

yk = oklykl, |yl == (iye)®, 1<k <n
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Then again by the Schwarz inequality for completely positive maps and (16),

2
&
lyelly > 1 Tr(yr)lle > lluklle — 5

Since |(yys)? lp = luilly and Jyil? + (1~ Ju)? < 1 (because 0 < Jyi| < 1),
we have
o = yiell? = 11— lyellZ < 1 =1 lyel 117
<1—(1-2)
€

< —.
4

A~}

Therefore since €2 < ¢,

1Tr(v) — uklle <1 Tr(vk — yi)lle + 1 Tr(yr) — uklly
52
< |lvi — yxlly + 5

<E.

Next, set y := 7(ho - ) € (R.)+. Note that 01" = oX|p (t € R), since hg € F.
Then by (13), we have

1
”hit _ hitll — ieist loghei(l—s)tlogho ds
0 0 dS

1
< / Heist logh(t logh _ tlog ho)ei(l—s)tlog ho H ds
0

< |[log h —log hol| [£]
Slt|
< —.
-4
On the other hand, hyp := d¢|p/d7r|r € F is equal to Ep(h). Therefore by
Lemma 3.5, o(hr) C [A1, A2]. Moreover, since Ep(hg) = hg, we have

(17)

I = holl = | Ep(h — ho)|| < [Ih = holl < &".

This shows by (12) and (14) that || log hp —log ho|| < §. Therefore by the same
argument, we have
| — R < %, tEeR. (18)
Forallt € R and x € F,
lof o Te(a) = Tr 0 01" ()| = |70} (2) — 07" ()]
< llof () — o1 ()]

<oy () — o (@) || + o' () — o7 (@)]].
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By (17), we have

o7 (x) — oX(2)|| = |h*xh~ — hifahy ™|
< (Ih% = R+ 1R~ — hg )]
1
< ol
Similarly, by (18),
o' () — o' (@) < (Ihif — REE| + [1hg ™ — AE" )|
1
< Soltlllal.
These altogether imply that ||of o Tr(z) — Tr o O';MF(SC)H < d|t]||z||- O

4  Q-STABLE STATES ON III; FACTORS

For technical reasons we shall consider a special class of normal faithful states,
which we call Q-stable states, because they have nice properties with respect
to certain operations involving rationals.

DEFINITION 4.1. A normal faithful state ¢ on a von Neumann algebra N is
called Q-stable, if for every m € N, there exist m isometries uy,..., U, € N
with orthogonal range projections, such that

m
E wiu; =1,
i=1

YU; = —Uu;p, i=1,...,m.
m
THEOREM 4.2. FEvery factor of type 1111 with separable predual has a Q-stable
normal faithful state.
For the proof of Theorem 4.2, we shall need two lemmas:
LEMMA 4.3. The Araki—-Woods factor Ry has a Q-stable normal faithful state.

Proof. Let Ry (0 < XA < 1) be the Powers factor of type III, and let ¢y
be the product state on Ry. Then ¢, is normal and faithful, and %> has
period —27/log A\. Then the centralizer (Ry),, is a type II; factor (cf. [ConT73,
Théoreme 4.2.6]), and there exists an isometry u € Ry such that

o> (u) = Nu, teR.

This implies that o/* (uvu*) = wu* (t € R), i.e., uu* € (Ry),,. Moreover, by
[Tak73, Lemma 1.6], we have

OAU = Aupy,
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and hence ) (uu*) = (pru)(u*) = Apa(u*u) = A
Assume now, that A = %, m € N;m > 2. Then we can choose m equivalent

orthogonal projections pi,...,pm € (R))y, with sum 1, such that p; = wu*.
Next, choose partial isometries vy, ..., v, € (Rx)e, such that

vivp =p1, vuf =pi;, i=1,...,m.
Put w; = vju, ¢ =1,...,m. Then uq,...,u,, are m isometries in R, such

that >0 uuf =1, and pau; = Auipy, @ =1,...,m. Put now

L)

(Po) = Q(R

2

3
3

Then it is clear from the above computations, that ¢ is a Q-stable normal
faithful state on P (observe that it is sufficient to consider m > 2 case in
Definition 4.1). Moreover, P is an ITPFI factor for which the the asymptotic
ratio set 7o (P) contains {-1;m € N}. Since roo(P) N Ry is a closed subgroup
of Ry, we have ro(P) 2 Ry. Therefore by Araki-Woods’ Theorem [AWG6S,
Theorem 7.6], P = R holds. O

LEMMA 4.4. Let N be a factor of type 111y with separable predual. Then there
exists a normal faithful conditional expectation of N onto a subfactor P iso-
morphic to Ry .

Proof. ® We can write R, as an infinite tensor product

Roo = @Q)(Pr, wr),

k=1

where each Py is a copy of the 2 x 2 matrices M»(C) and (wg)72; is a sequence
of normal faithful states on M>(C). Let ¢ be a fixed normal faithful state
on N. Since N is properly infinite, we have N @ M3(C) = N. Moreover, by
Connes-Stgrmer transitivity theorem [CS78], we can choose a #-isomorphism
®: N ® M3(C) — N such that

|6 @) 0@~ ] < 3.

Put F; = ®(C ® M3(C)), and 1 = (¥ @ wy) o ®~L. Then F; is a type Iy
subfactor of N. Moreover, it holds that N & F} ® Fy, where Ff = F{ N N is
the relative commutant, and ¢1 = ¢1|r, & @1] Fe- Moreover, we have

(F1,01|m) = (Pr,w1).

5Typewriter’s note: this result has been extended by Haagerup-Musat [HM09, Theorem
3.5], where the authors study more general embeddings of ITPFI type III factors into type
III factors as the range of normal faithftul conditional expectations.
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Using the same arguments to the type III; factor Fy, we can find a type Ia-

subfactor F C FY, a normal faithful state o5 on FY, such that [|ph — o1 |pe|| <
1
Z, / / /

Po = 902|F2 ® 502|(F1®F2)C5

,03]F,) = (P2,w2). Thus, if we put 2 = pi1[r ® ¢y, we have [[p1 —

P2 = Pa|F, ® Y2|F, ® V2| (F@R)es

and

(F13@2|F1) = (Pl,(U1),
(o, p2|F,) = (Po, w2).

Proceeding in this way, we obtain a sequence (F})72 ; of mutually commuting

type Io-subfactors of N, and a sequence ()72 ; of normal faithful states on
N, such that
lor —onall <27%,  k>2,

and such that for fixed m € N:

©m = Sam|F1 oy QOm|F2 Q... Q& 50m|Fm oy QOm|(F1®...®Fm)°7

and
(Fis om

Let ¢ be the norm limit in N, of the sequence (¢)7> ;. Then ¢ is a normal
state, but it can fail to be faithful. From the properties of ¢, we have for all
m e N,

=0l PR ®...0¢F, ®Pnl(Fe..9F)

and
(Fm; 50|Fm) = (vawm)-

Let 7 be the ratio between the largest and the smallest eigenvalues of
dwp/dTr. Let uw € U(Py). We may assume that wy = Tr(hy - ), hy =

L_diag(r, 1) (rg > 1). Then if a = (x y) € Py is positive, then

I4rg z w

uwgpu*(a) = Tr(hgu*au) = Tr((u*au)%hk(u*au)%)

1 T+ w
Tr(u* =
147 (u au) 1+
_ T w
S 1
="k (1+m 1+rk)
—rlzlwk(a)

Similarly, uwgu*(a) < rrwi(a) holds. This shows that
r,;lwk < uwpu® < rpwy.
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Hence for all u € U(F},),
e < uput < .

Thus, ¢ and upu* have the same support projection in N, i.e., with e =
supp(p), we have
ueu* =e, u€U(Fy), keN.

This shows that e € (Uyo, Fk) N N. Put Gy = eFy. Then (Gy)2, is a
sequence of commuting subfactors of e Ne. Moreover, the restriction ¢, of ¢ to
eNe is a normal faithful state on eNe, and

(G1®...® G, @elaro. 00,) = (P, wk)
k=1

for all m € N. Let P be the von Neumann algebra generated by U~ Gk

Then
P,¢lp) = Q)(Pr, wi)-
k=1

In particular, P = R.,. Moreover, since

Ve = Pelay ® ... PelGm ® Pel(G1®...0Gm)

where (G1 ® -+ ® Gp,)° denotes the relative commutant of (J;; Gx in eNe,
we have

o (G1® - Q@Gn)=G1® - @Gy, teR

for all m € N, and hence also ¢/°(P) = P, t € R. Thus by [Tak72], there
exists a normal faithful conditional expectation of e Ne onto P. This completes
the proof, since eNe is isomorphic to N. O

Proof of Theorem 4.2. Let N be a type III; factor with separable predual. By
Lemmata 4.3 and 4.4, we can choose a normal faithful conditional expectation
FE of N onto a subfactor P of N isomorphic to R.,. Moreover, we can choose
a Q-stable normal faithful state w on P. Put ¢ = w o E. Then it follows from
the bimodule property of conditional expectations [Tom58, Theorem 1] that ¢
is a (Q-stable normal faithful state on V. O

THEOREM 4.5. Let ¢ be a Q-stable normal faithful state on a von Neumann
algebra N, let m € N, and let q1,...,qn be m positive rational numbers with
sum 1. Then there exists a type 1, subfactor F' of N, such that

(a) ¢ = ¢lr @ plpe.
(b) @|pe is Q-stable.

(c) de|rp/dTrr has eigenvalues (q1, ..., qm)-
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Here, Trp denotes the trace on F for which Trp(1) = m.
We prove first:

LEMMA 4.6. Let ¢ be a Q-stable normal faithful state on a von Neumann

algebra N, and let q1,...,qn be positive rational numbers with sum 1. Then
there exist isometries uy, ..., Uy, € N with orthogonal ranges, such that

m

Z’MZU: = 17

i=1

PU; = qiUiP, i=1,...,m.

Proof. We can choose integers p, p1, ..., pm € N such that

=2 i=1..m
b
Note that >, p; = p. By Definition 4.1, for each i € {1,...,m} we can
choose p; isometries v;1,...,v;p, in N with orthogonal ranges, such that
Pi 1
Zvijvz‘j =1 and ov;=—v5p, Jj=1,...,p;.
= pi

Moreover, since the set {(i,7); 1 <i<m, 1 <j < p;} contains Y . p;, =p
elements, we can also find isometries w;; € N (1 <i<m, 1 < j < p;) with
orthogonal ranges, such that

m  Pi

1
Zzwia‘wfj =1 and ow;=-wyp, 1<i<m, 1<j<p;.
i=1 j=1 p

Put now
pi
Pp— * y
Uq 1= E ’LUij’Uij, z—l,...,m.
j=1

Then

pi
* _ JUPS
U; Uy = E VU =1,
j=1
m  Pi

m

* *
g UU; = E E wijwg; =1,
i=1

i=1 j=1
and since pw;; = %wijgo and v = piitpv;‘j for all (i,7), we get

Di Pi i
* G *
pu; = E PWijVi; = E —Wij Vi = qithip.
=1 =P

This proves Lemma 4.6. O
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Proof of Theorem 4.5. Choose m isometries uq, ..., u,, € N satisfying the con-
ditions in Lemma 4.6. We can define a #-isomorphism ® of N ® M,,,(C) onto
N by

m m

—— *

(0] E Tij (24 €ij = E uizijuj,
i,j=1 i,j=1

where (e;;)7"_, are the matrix units in M,,(C). Then using pu; = \ju;p, we
get

m m
(po®) | Y wy@ey | =Y pluwiyuj)
ij=1 ij=1
m
= Z Qi(P(-TijU;Ui)
ij=1

= ZQi(P(-Tii)-
i=1

Hence
pod=pQuw,

where w is the state on M,,(C) for which

e 0 0
do 10
dTr : 0
0 - 0 gm

Put now F := ®(C ® M,,(C)). Then the relative commutant of F in N is
O(N ®C). Since po P = p @ w,  itself is a tensor product state with respect
to the decomposition

N=F -F°2FQF°.

Moreover, dp|r/dTrp has eigenvalues (g1, . .., Gm). Let ®¢ be the isomorphism
of N onto F° given by

Oo(z) =P(x®1), x€N.

Then ¢|pe 0 @9 = . Therefore ¢|pe is a Q-stable normal faithful state on
Fe. O

5 PROOF OF MAIN THEOREM

In this section we prove the main result of the paper:
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THEOREM 5.1. FEvery injective factor N of type 111y on a separable Hilbert
space is isomorphic to the Araki-Woods factor Ry .

We need preparations. In this section, for each von Neumann algebra N, we
fix a standard form (N, H,J,P%). For each ¢ € (N.)4, we denote by &, the
unique representing vector in P9 [Haa75).

LEMMA 5.2. Let N be a properly infinite factor with separable predual and with
a normal faithful state @, let F' be a finite dimensional o¥ -invariant subfactor of
N, andletT: F — N be a unital completely positive map, such that poT = ¢
and

lof oT —Toof"|| <6lt], teR, (19)

where § > 0 is a constant. Then there exists a norm-continuous map a: R — N
such that

(a) /OO a(t)*a(t)dt =1 (o-strongly),

— 00

(b) /OO e epp(at)a(t)*)dt = 1 (o-strongly),

— 00

- J
© [ a0 e Peatl i < 3,

— 00

— 00

() HT(;E) - /OO a(t)* za(t) dtH <ob|al, zeF

where er,, is the normal faithful conditional expectation of N onto F' that leaves
the state ¢ invariant.

Proof. Let f be the function

f@t):= (m‘)')_i exp <2i6t2) , teR,

and let g be the Fourier-transformed of f:

= (2) e (<5). wem

/_O; f(t)%dt = /_O:O g(s)*ds = 1.

By [Haa85, Proposition 2.1], there exists an operator a € N such that

Note that

T(z)=a"za, x€F.
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In particular, a*a = 1, i.e., a is an isometry. Put
a(t) = L /OO e 8=/ g($)o?(a)ds, teR.
V2T J_so 5

Since t +— e **(:=9/4g(s) is a continuous map from R to L'(R), the map
t +— a(t) is a norm-continuous map from R to N. Using the Plancherel formula
in L?(R, H), we get

[ la(t)el dt = / 9(s)?lof (@)El ds =[]
for all £ € H. Hence
/OO a(t)*a(t)dt =1 (o-weakly).

Since the convergence of the integral is monotone, we get (a). Using again the
Plancherel formula, we get for £,n € H and x € F,

|t atom it = [~ g ant(@e, o @ ds

—00 — 00

= /:XJ g(s)*(c? oToo? (x)€,n)ds.

Hence for x € F,
/ a(t)*za(t) dt = / g(s)?d? 0T oc? (z)ds. (20)

Note that the left hand side of (20) converges o-strongly, because F' = span(F)
and for « € F., the integral converges o-weakly and the convergence is mono-
tone. Therefore by (19), for each = € F we get

HT(:E)/_O:Oa(t)*:ca(t)dtH < 5|l /_O;|S|g(s)2ds

o\ 2
(%)
< o .

This proves (d). Since g(s) has the analytic extension to the function g: C — C,
and since the integrals

1
e 47\ 4 2
/ lg(s +iu)| ds = (%) 2"’ weR
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are uniformly bounded for v on bounded subsets of R, it follows that a(t) is
analytic with respect to 0% (in the sense of [PT73]) and that

of(a(t)) = L /00 e_i(s_a)(t_%)g(s —a)of(a)ds,
e} /_271' C s
for all a € C. To prove (c), we use the equality

Epalt) = Joa(t) €, = Ala(t)E, = 0, (alt) Ep-
Hence
9
— e 8
" Vor )

Using the Plancherel formula, we get

/OO lla(t)€, —e*t“gwa(tm?dt:/

— 00 — 00

s .
e_t/Qfgga(t) eﬂs(tfﬁl)g(s + 5)0f(a)é, ds.

o0

[ .
l9(s) — €78 g(s + 5)*[la&y |I* ds.

On the other hand, g(s+ %) is the Fourier-Plancherel transformed of e'/2 f(t).
Therefore the above integral is equal to

< A
/ f@l1—e"872) dt.
It is easy to compute that for v € R,
/ f(t)2e" dt = exp(27°6).

Therefore

£\ 2 s
+§) dt =2(1—e"16)

I
2 8
&,j
—
N
[\v}
7 N
—
|
m|

[o]fs0)

<

0l >

This proves (c). Put now
A(t) == e tepp(at)a(t)), teR.

Since €r,, is a normal faithful conditional expectation of IV onto F' that leaves
 invariant, we have for z € F', that

p(A(t)z) = e "p(alt)a(t) x).
By the KMS-condition, it follows that if a,b € N and a is o¥-analytic, then

p(ab) = p(bo? (a))
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(cf. [Haa79, Theorem 3.2]). Hence for z € F,
p(A(t)z) = e "p(a(t) @0? (a(t))).

Using
_9
1

o . [
- e Dg(s + i)o¥ (a) ds,

- V2T J_so

we get by the Plancherel formula, that

/ " (At di = / " ale o (a(t)Epn alt)é, ) dt

e o’ (a(t))

-1

—i [ " gs + 90 (@0f (0)6, 0F (@), ds.

Since ¢ o T' = ¢, it holds that
(z07(a)éy, 08 (a)p) = poof 0T oo? () = p(x),

Hence

/OO p(A(t)x)dt = e_%cp(:c) /OO g(s +1)g(s)ds.

— 00 — 00

Since g(s + 7) is the Fourier-Plancherel transformed of f(t)e’, we get

/OO g(s+i)@ds:/oo If(t)|?etdt = et

— 00 — 00

o

Since F' is finite-dimensional and ¢ is faithful on F', every ¢ € F} is of the form
(- z), x € F. This shows that

[ T B(A@) dE = 9(1), e R,

that is, we have
/ Alt)dt =1 (o-weakly).

— 00

This proves (b). O

LEMMA 5.3. Let N,p, F and er, be as in Lemma 5.2. Let A > 0 and assume
that cy,...,cs are operators in F* = F' NN such that

we; = Acip, i=1,...,s,

S

Zc;‘ci =1.

i=1

Then for all x € N,

S
EFp (Z cmcf) = Xepp(2).
i=1
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Proof. Tt is sufficient to check the formula for x € N of the form x = ab, a €
F, b e F°. For z € F°, ep,(z) commutes with every element in F. Hence
£F,x(2) is a scalar multiple of the identity. Using that er,, leaves ¢ invariant,
we get

ere(2) = @(2)1, z€F°.

EF,p (i cmc}‘) =€r (a (i Cibcz‘>>
i=1 i=1

= <i: cibcf> a
i=1
= \p (i bcjci> a
i=1

= Ap(b)a
= /\EFW(x).

Therefore

O

LEMMA 5.4. Let ¢ be a Q-stable normal faithful state on an injective factor N
of type 111y with separable predual. Let uy,...,u, € U(N), let § > 0. Then
there exist a finite dimensional o¥-invariant subfactor F' of N and unitaries
V1, ..., Un € U(F), such that for every o-strong neighborhood V of 0 in N, there
exists a finite set by, ..., b, of operators in N with the following properties:

(a) ib;‘bieuv and ibfbigl.

i=1 i=1

(b) ery <Z bib;‘> €1+V and cp, (Z bib;‘> <1
=1

i=1

() D lIbi&, — Ebil* < 6.

=1
(d) Y llbur —oxbil? <6, k=1,...,n.
=1

Proof. Put §; = min(6?/16,5). By Theorem 3.1, there exist m € N, a unital
completely positive map Ty: M,,(C) — N and unitaries wy, ..., w, € M,,(C)
such that ¢ := @ o Ty € M,,(C), satisfies
© ) o1
lof oTo —Toooy || < 3|t|, teR,
To(wr) — ukllp <e, k=1,...,n.
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Let {¢},...,q,} be the spectrum of dyp/dTr € M,,(C);+ where the multiplicity
is taken into account. Let {q1, ..., qm} be positive rationals with sum 1, and let
x on M, (C)4 such that dy/dTr has the same spectral projections as di/dTr
but the eigenvalues replaced by {qi,...,qm}. Since || — e®| < ||a — b|| for
self-adjoint operators a,b, (cf. (17) in Theorem 3.1), we may arrange ¢;’s so
that the following inequality holds:

01
oy — ol sty < §|t|, teR.

Since ¢ is Q-stable and g¢;’s are rationals, by Theorem 4.5, there exists a
finite-dimensional subfactor ' C N and a state-preserving #-isomorphism
O: (M, (C),x) = (F,¢|r) such that ¢|pc is Q-stable. Define T := Tp o
O~ F — N and v, := ®o(wg) € U(F)(1 < k < n). Then if z = ®(y) (y €
M,,(C)) and ¢ € R, we have
lof o T(@) = T o of ' (@)]| = [lof o To(y) — To o &~ 0 0f'" 0 B(y)]

= [lof o To(y) — To o o3 (y)]]

<|lof o To(y) = To o of (W)l + [T (0} (v) — o ()]

< bultlllyll-
Therefore we obtain

T1)=1, ¢oT=¢lp,
|of o T — T oaf'"| < &t, t R,
T (vi) — uklly < 07, k=1,...,n.

Choose now a norm-continuous function ¢ — a(t) of R into N, such that the

conditions (a), (b), (¢) and (d) in Lemma 5.2 are satisfied with respect to 1
instead of §. Then using (d), we have

° L 4
e f/ a(t) vealt) dtl, < 26} < 3
for k =1,...,n. Using that / a(t)*a(t) dt = 1, it follows that
/ |la(t)ur — vka(t)Hi dt =2 — 2Re/ (a(t)ury, via(t)E,) dt

=2 2me (g, [ alt) vag, ) )

— 00

<2fu- [ altyua(ol,

— 00

< 4.

Let now V be a o-strong neighborhood of 0 in V. It is no loss of generality to
assume that V is open. For sufficiently large v € R4, we have:
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(a") /’Y a(t)*a(t)dt € 1+V and /’Y a(t)*a(t)dt < 1.
(b") /’Y e tepp(a(t)a(t)*)dt €14+V and /’Y e Tepp(a(t)a(t)*)dt < 1.
(c) /j lla(t)é, — e_’5/2§90a(1f)||2 dt < %1 < 4.

(d) /_ la(tyu, — vpa(®)|]? dt < 6.

Since t — a(t) is norm-continuous, we can approximate (in norm) the above
N-valued Riemann integrals over [—v, 7] to get the following statements: there
exists an hg > 0 such that when 0 < h < hg, the operators

aj =h"2a(jh), jEL

satisfy the following relations:

p
(@) Y ajaj€1+V.

Jj=-p

P
(b”) Z eijhspw(aja;) el+V.

Jj=-p

P
() D llaéy — e 3" Epa ) < 6.

Jj=-p

P
9 2
(d”) Z lajur — via;l|dt <6,
Jj=—p
where p is the largest integer smaller than ~/hg. Moreover, since the Rie-
mann sum is norm-convergent, by multiplying a scalar ¢ > 0 to a;’s which is
sufficiently close to 1 if necessary, we may moreover assume that

p
> aja; <1 (21)

Jj=-p

P
Z eijhzsp,g,(aja;) <1 (22)
Jj==-p

Choose now h € (0, hg), such that exp(h) € Q. This implies that the numbers

q; = e, j € Z are rational. Since the restriction of ¢ to F° is Q-stable,

there exists for each j € Z a finite set of operators c;1,...,cj5;) in F*° such

that

gocji:e_jhcjigo, i=1,...,s()
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and
5(4)

Zc;icji =1.
i=1
Here we use Lemma 4.6 together with the fact that ¢ = ¢|p ® @|pe. Put
bji = cjiaj, il <p, 1< <s()).

Then by (21),

p s@) P p s(9)
(aw) Z Zb;zbjl = Z a;—aj S 1+V and Z ijzbﬂ S
Jj=—pi=1 Jj==p Jj=—pi=1
L,
and by (22) and Lemma 5.3,
p s(d) P ‘
(b™) EFp Z bjiby; | = Z e_JhEF,g,(aja;) €l+V,
j=—pi=1 Jj=-p
p s(d)
and EFp Z ijib;i S 1.
j=—pi=1
The equality ¢pcj; = e‘jhcjigo implies that
&pcji = eiéjhcj‘iép.
Therefore
p s(d) p  s() N
() D0 D lbsie — Eobiill* = 32 > llesi(azée — ™3 6pa)|?
j=—pi=1 j=—pi=1
P N
= Z lla;&e 76—53}15@%”2
Jj=—p
<e.
Finally, using that v, € F' and ¢;; € F°, we get
p s(j) p s(j)
@) 3 bk —vebill2 = DD llesiazun — vkay)lI2
j=—pi=1 j=—pi=1
P
= Y llaju, — vxayll?
Jj=—p
< 0.
This completes the proof of Lemma 5.4. O
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In the proof of the following lemma, it is essential that injective type III; factors
(on a separable Hilbert space) have trivial bicentralizers.

LEMMA 5.5. Let ¢ be a Q-stable normal faithful state on an injective factor
N of type 111y with separable predual. Let uy,...,u, € U(N), and let § >
0. Then there exists a finite dimensional o¥-invariant subfactor F of N and
V1, ...,0n €U(F), such that for every o-strong neighborhood V of 0 in N, there
exists a finite set ay,...,a, of operators in N with the following properties:

P P

(a) ZafaielJrV and Za;‘aigl.
i=1 i=1
P P

(b) Zaiaf €el+V and Zaia;‘ <1.
i=1 i=1

P
() 3 [laig, — Epaill* < 6.

=1

p
(d) Z laiug —vral|?, <6, k=1,...,n.

=1

Proof. Choose an F and vy, ...,v, € U(F) satisfying the properties of Lemma
5.4 with respect to (uy,...,us,d), and let ¥ be a o-strongly open neighborhood
of 0 in N. By Lemma 5.4, there exists b1,...,b. € N such that

(a’)ibfbiel—i-l} and i:b;‘bigl.

i=1 i=1

(b)) epy (Z bib;‘> €1+V and ep, (Z bib;‘> <1

i=1 i=1

() Y IIbig, — Eobill? < 6.

i=1

(d) ZHbzuk *vkbi”i <6, k=1,...,n.

i=1

Let &' > 0 and h denote the operator Y _;_, b;b;. Since B, = C1, by Proposition
2.6, we have

erp(h) € comv{whw™; w € U(F®), [[wé, — L wl|| < '} (23)

Here, conv in (23) denotes the o-strong closure. Hence there exist wy, ..., ws €
U(F°), and scalars A1,...,As € Ry, with sum 1, such that

ijfgg—fg,ij <(SI, jZl,...,S
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and .
> Njwihwt € 14 V.
j=1
Put |
aij::)\aw]bt7 i=1,...,7, j=1,...,s.
Then
a”) Zza”a”—Zb*b €14V and ZZa”awgl
i=1 j=1 =1 j=1
(b”) zr:zs:aija” Z)\ wihwi € 1+V  and ZZaUa <1
i=1 j=1 i=1 j=1

Moreover, using

aij€p — Eptij = )‘J‘ij (bi€p — Epbi) + )‘ji (w;€p — Epw;)bs,

we obtain

=

@) [ D2 llaisée — Eoais|?

<
i=1 j=1
ZZ)‘j||bi‘£w_‘£wbiH2 +9 ZZ)\iji||2
i=1j=1 i=1 j=1
(Z 1b:€p — Ebi |2> +¢ (Z L8 |2>
i=1

Finaly, since v, € F' and w; € F°, we have

@) DD llaijur —vkag |12 =YY Ajllw;(biws, — vkbi)||7,

i=1 j=1 i=1 j=1
= Z Hbiuk - Ukbi”i
i=1
< 4.
Since ¢’ > 0 was arbitrary (independent of §,V, and by, ..., b,), we can assume
that
1
(Sine - oo |2) e (S |2) <o
This proves Lemma 5.5. O
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LEMMA 5.6. Let N be an injective factor of type 111 with separable predual,
and let ¢ be a Q-stable normal faithful state on N. Let uy,...,u, € U(N) and
let e > 0. Then there exist a o¥-invariant finite dimensional subfactor F' of N,
U1y, 0 EU(F) and a unitary w € U(N) such that

[wép — Epwl| <e,

and
lw*vpw — ug||, < e, k=1,...,n

Proof. Let d(n,e) > 0 be the function in Theorem 2.8, and put é; = 1—165(71 +
1,/2). Choose F and vy,...,v, € U(F), such that the conditions of Lemma
5.5 are satisfied with respect to (u1,...,un,d1). Put

& = urby, M =y, k=1,...,n.

For every o-strong neighborhood V of 0 in IV, there exist a1,...,a, € N, such
that (a), (b), (c) and (d) in Lemma 5.5 are satisfied. Since

ailk — Mrai = (aup — via;)éy + vr(aily — &pai),

we have
p 3 p 3 p 3
<Z i nkam) < <Z lasur |> + <Z Jai, mn?)
i=1 i=1 i=1
<207,
Moreover,

p % 1 1
aié, — Epa; 2 < 0E < 202.
@ @ 1 1
i=1

Since Y% _afa; € 14V, >0 1 afa; <1,%% | aaf € 14V and Y7, azaf <1,

the two (n+1)-tuples (&1, ...,&n,&p) and (01, ..., 1, &) satisfies the conditions
1

of Remark 2.9 with 467 instead of §, so that the two (n + 1)-tuples are 164;-

related, or equivalently they are d(n 4 1, 5)-related in the sense of Remark 2.9.

Hence by Theorem 2.8, there exists a unitary operator w € U(N), such that

€
||w§k—nkw|\<§, k=1,...,n.
and -
lwé, — L w| < 3
Therefore
[w vpw — uplly = [w* (vew — wur )&y ||
= [[(wur — vrw)&y ||
= [[(w&k — mew) + vi(§ow — wéy )|
<e,
which completes the proof of Lemma 5.6. o
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Now we are ready to prove the main theorem of the paper.

Proof of Theorem 5.1. By [AW68, Theorem 7.6], it is sufficient to show that
N is an ITPFI-factor. Let ¢ be a Q-stable normal faithful state on N, let
Uly...,up € U(N), and let € > 0. Choose now F, vy,...,v, € U(F) and
w € U(N) as in Lemma 5.6. Put

wy = wvLw, k=1,...,n.
Then F; := w*Fw is a finite-dimensional subfactor of N, wy,...,w, € U(F})
and

lwe —ukll, <e, k=1,...,n.

Hence if we put ¢ = w*pw, then by ¢ = ¢|r ® ¢|pe, we have
p1=p1|p @ p1|pg.
Since the representing vector of ¢; in ’Pjhv is w*§,w, we have

o — @1l < 1§p — w*Epwl|[|§p + w™Epw|
< 2||w§¢ - &pwH
< 2e.

This shows that ¢ satisfies the product condition in Proposition 2.2, and thus
N is an ITPFT factor. O
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