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ABSTRACT. Using a homological invariant together with an obstruc-
tion class in a certain Ext?-group, we classify objects in triangulated
categories that have projective resolutions of length two. This invari-
ant gives strong classification results for actions of the circle group
on C*-algebras, C*-algebras over finite unique path spaces, and graph
C*-algebras with finitely many ideals.
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1. INTRODUCTION

The C*-algebra classification program aims at classifying certain C*-algebras
up to isomorphism by suitable invariants. Such a classification usually has two
steps. First, an isomorphism between the invariants is lifted to an equivalence
in a suitable equivariant KK-theory; then the latter is lifted to an isomorphism.
These two steps are quite different in nature. The first is mainly algebraic
topology, the second mainly analysis. This article deals with the first step of
getting equivariant KK-equivalences from isomorphisms on suitable invariants.
The invariants used previously are homological functors — variants of K-theory.
There are, however, many situations where there is no known homological in-
variant that is sufficiently fine to detect KK-equivalence. This article introduces
a more complex invariant with two layers: the primary invariant is a homolog-
ical functor as usual; the secondary is a certain obstruction class, which lives
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in an ExtQ—group constructed from the primary invariant. We took this idea
from Wolbert [40]. It goes back further to Bousfield [5].

Our two-layer invariants are complete invariants up to KK-equivalence in sev-
eral new cases and shed light on previous classification results for non-simple
Cuntz—Krieger algebras and graph algebras. We explain how to classify arbi-
trary objects in the bootstrap class in KKT, where T is the circle group, and
in KK(X) for a finite unique path space X (see Definition [£2]). The latter
result is far more general than previous ones in [427]. Furthermore, we deduce
a classification theorem up to stable isomorphism for purely infinite graph
C*-algebras with finitely many ideals; this contains the class of real-rank-zero
Cuntz—Krieger algebras classified by Restorff [33]. Our approach has the addi-
tional advantage that the resulting classification result is strong, that is, every
isomorphism on the level of invariants lifts to an isomorphism of C*-algebras;
this also leads to a classification theorem up to actual isomorphism for the class
of unital graph C*-algebras as above.

Our method is based on homological algebra in triangulated categories, see [22]
20]. This starts with a homological invariant on a triangulated category, which
defines a homological ideal as its kernel on morphisms. The general theory gives
projective resolutions, derived functors, and a Universal Coefficient Theorem
for objects with a projective resolution of length 1. This implies that a certain
universal homological invariant F' — in practice, this is often the one we started
from — is a complete invariant up to isomorphism in the triangulated category.
Here we extend this method to also classify objects with a projective resolution
of length 2: we find that objects x in the triangulated category with given
invariant F(z) are in bijection with the group Ext®(F(zx), F(z)[—1]). Thus
F(z) together with a class in Ext?(F(z), F(z)[—1]) is a complete invariant.
We make this more concrete by examining the example of the triangulated
category KK of C*-algebras with a circle action. Our theorem classifies objects
of the (T-equivariant) bootstrap class in KKT up to KK -equivalence. Here the
homological invariant is T-equivariant K-theory KE. This is a functor from KK
to the category of Z/2-graded, countable modules over the commutative ring
R = Z[z,x71], the representation ring of T. Generic R-modules have projective
resolutions of length two, not one. Hence there is no Universal Coefficient
Theorem in this case. Let M be a countable Z/2-graded R-module. We show

(1) there is a T-C*-algebra A in the bootstrap class with K~ (A) 2 M;

(2) for such A, there is an invariant §(4) € Exty(M, M)~ such that
§(A1) = 0(Ag) if and only if there is a KKT—equivalence A; — Ay in-
ducing the identity map on M = K. (A;); here Ext%(M, M)~ denotes
the odd part of the Z/2-graded group Ext% (M, M).

In particular, if Ext%(M, M)~ = 0 then M lifts uniquely to a T-C*-algebra A
in the bootstrap class.
The above result does not yet finish the classification of T-C*-algebras A in

the bootstrap class because there may be isomorphisms A; — Ay that in-
duce a non-identity isomorphism M — M on M = KT(A;) = K'(A4,). The
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complete invariant takes values in a category of pairs (M,¢), where M is a
countable, Z/2-graded R-module and § € EX‘C%(M , M)~ and where a mor-
phism (My,d1) = (Ma,d2) is a grading-preserving R-module homomorphism
f: My — My with dof = fd; in Ext%{(Ml,Mg)’. We show that isomorphism
classes in the bootstrap class in KK are in bijection with isomorphism classes
in this category of pairs.

Many purely infinite C*-algebras carry a gauge action by T by construc-
tion. As examples of our classification, we consider Cuntz—Krieger algebras
and some C*-algebras constructed by Nekrashevych in [29]. In these cases,
Ext%(M, M)~ =0, so that there is no obstruction class.

The above classification result is very efficient for counting isomorphism classes
of objects in the bootstrap class with a given Z/2-graded R-module M as its
equivariant K-theory. It may be hard, however, to compute the obstruction
class in Ext%(M, M)~ for a given T-C*-algebra A with KL (A) = M. At the
moment, we have no examples of non-equivalent T-C*-algebras that are distin-
guished only by the obstruction class. The authors intend to provide adequate
methods for computing obstruction classes in future work.

Our next application concerns the bootstrap class in KK(X) for a finite topo-
logical Tp-space X, see [25]. Kirchberg’s Classification Theorem says that an
equivalence in KK(X) between two strongly purely infinite, stable, separable,
nuclear C*-algebras with primitive ideal space X lifts to a *-isomorphism, so
classification up to KK (X )-equivalence already implies classification theorems
up to isomorphism for suitable C*-algebras. Previous classification results in
KK(X) in [427] only apply to very special X because projective resolutions of
length 1 are rare.

Invariants with enough projective resolutions of length 2 are more common.
If X is a unique path space, then the K-theories of the ideals corresponding
to minimal neighbourhoods of points in X give an invariant with this property.
This invariant is much smaller than filtrated K-theory. Since any object of the
bootstrap class has a projective resolution of length 2, our new classification
method applies to arbitrary objects in the bootstrap class of KK(X) for a
unique path space X.

Even if X is not a unique path space, our classification theorem applies to
objects in the bootstrap class in KK(X) that have projective resolutions of
length 2. We show that this is the case for graph C*-algebras with finitely many
ideals. Furthermore, we compute the obstruction class of a graph algebra from
the Pimsner—Voiculescu type sequences that compute the K-theory groups of
its ideals. Hence our complete invariant may be computed effectively in this
case. We get a strong classification functor up to stable isomorphism for purely
infinite graph C*-algebras with finitely many ideals; strong classification means
that every isomorphism on the invariants lifts to a stable isomorphism. This is
the first strong classification result — even for the class of purely infinite Cuntz—
Krieger algebras — without the assumption of a specific ideal structure. The
invariant and its computation are described in more detail in Section B
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Our abstract setup should also work in many other situations. One of them
is connective K-theory, regarded as an invariant on connective E-theory. We
refer to Andreas Thom’s thesis [39] for details. See [9] for applications of
connective K-theory to C*-algebras. Another instance is Kasparov’s KK-theory
for C*-algebras over a zero-dimensional compact metrisable space X. Here
the K-theory of the total algebra has a natural module structure over the
ring of locally constant functions C'(X,Z). This ring has global dimension 2
by [13, Examples 2.5(b)].

For C*-algebras over the unit interval and filtrated K-theory as the invariant,
the relevant Abelian category has dimension 2 once again. So far, we cannot
treat this example, however, because there are not enough projective objects
in this case.

1.1. OUTLINE. The structure of this article is as follows. Section [2] develops
the general theory of obstruction classes. Section [ applies it to circle actions
on C*-algebras, Section @l to C*-algebras over unique path spaces, and Section [l
to graph C*-algebras; this includes a return to general triangulated categories
in order to compute obstruction classes for objects of a specific type.

1.2. NOoTATION. We use |, to denote the place for the input object of a functor.
For example, ¥(,,, B) denotes the contravariant hom-functor represented by an
object B in a category ¥, and ., ® V denotes the functor given by tensoring
with the object V. We write €€ for objects of a category.

1.3. ACKNOWLEDGEMENT. We thank James Gabe and Rune Johansen for
pointing out the references [I3] and [6], respectively; Eusebio Gardella and
N. Christopher Phillips for discussions on circle actions with the Rokhlin prop-
erty, and Gunnar Restorff and Efren Ruiz for discussions on the classification
of graph C*-algebras and for remarks on an earlier version of the paper. We are
grateful to the referee for carefully reading the manuscript and making many
helpful suggestions improving the paper.

2. LIFTING TWO-DIMENSIONAL OBJECTS

Throughout the article, we use the language of homological algebra in triangu-
lated categories introduced in [26]. We recall what this means in the setting of
KK to help readers with an operator algebraic background. We write standing
assumptions in italics below to make them easy to spot.

Let T be a triangulated category with countable coproducts, also called direct
sums. For instance, let G be a compact Lie group. The G-equivariant Kas-
parov category KK has C*-algebras with continuous G-actions as objects and
KKS (4, B) as arrows from A to B. A triangulated category structure on KK
is introduced in [23]. Countable direct sums in the C*-algebraic sense are co-
products in KK¢.

To do homological algebra in ¥, we assume a stable homological ideal J in ¥
that is compatible with countable direct sums. Any such ideal is of the form

(2.1) J(A,B)={pe%(A,B) | F(p) =0} for all A,Bee ¥
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for some stable homological functor F' to a stable Abelian category 2. “Stabil-
ity” means that 2 carries a suspension automorphism and that F' intertwines
the suspensions in ¥ and 2 up to natural isomorphism.

T = KKG, we choose F' and J as follows. The representation ring R of G is
naturally isomorphic to KK§ (C,C). The G-equivariant K-theory

KY(A) = K.(A x G) 2 KKY(C, A)

is a Z/2-graded module over R by Kasparov’s intersection product. It is count-
able if A is separable because it is the K-theory of a separable C*-algebra. Let 21
be the category of countable, Z/2-graded R-modules, with the suspension au-
tomorphism shifting the grading. Let F := Kf: T — 2A be the equivariant
K-theory functor. Let J be the kernel of F' on morphisms as in (21]). This is a
stable homological ideal by definition. Its compatibility with countable direct
sums follows from the “continuity” of topological K-theory.
We return to a general stable homological ideal J in a triangulated category ¥.
An object P €€ ¥ is J-projective if the map T(P, f): T(P,A) — T(P,B) is 0
for all f € 3(A,B) and A, B €€ . For instance, C with the trivial G-action
is a projective object in KK for the ideal defined above because F(A) =
KK (C, A).
We assume that € has enough J-projective objects. That is, for any A €€ ¥,
there are an J-projective object P and an arrow w: P — A such that
F(m): F(P) — F(A) is surjective. The last property depends only on J, not
on F: If

PL AL CSL P
is an exact triangle containing 7, then F(m) is surjective if and only if v € J
if and only if F(¢) is injective. We also call the maps 7 and ¢ as above J-epic
and J-monic, respectively. If there are enough projective objects, then any
object A has an J-projective resolution, that is, there is a chain complex

dnp dp—
i Py P s Py Ph A0

in the additive category ¥ such that all P,, n € N, are J-projective and such
that F' maps it to an ezact chain complex in 2. The length of this complex is
a measure of the complexity of the object A of €. We shall classify objects of
increasing complexity, where this length is 0, 1 and 2. It seems, however, that
this cannot be continued for objects that only admit projective resolutions of
length 3.

The ideal J does not determine the functor F' with (ZI)) uniquely. But among
the functors F' defining J, there is a “universal” choice. We assume that F' is the
universal J-exact stable homological functor. For the ideal in KKY considered
above, the functor F(A) := KK¢(C, A) is indeed universal, see [26, Theorem
72]; this theorem also asserts that J has enough projective objects.

When J has enough projective objects and F': ¥ — 2 is the universal J-exact
stable homological functor, then the following happens by [26], Theorem 57].
First the category 2 has enough projective objects; secondly, the adjoint func-
tor F of F is defined on all projective objects of 2; and, thirdly, FoF'"(A) = A

DOCUMENTA MATHEMATICA 22 (2017) 423-454



428 RAsMus BENTMANN, RALF MEYER

for all projective objects A of A. Let (P5) C T denote the localising subcat-
egory generated by the J-projective objects in T. [22] Theorem 3.22] implies
that A ee (5) if and only if T(A, B) = 0 for all objects B €€ ¥ with idp € J
(such objects are also called J-contractible).

In the example of KKG, the adjoint functor F™ maps the free R-module R to C
with trivial G-action because

KKY(C, A) 2 KE(A) 2 A(R,KE(A)).

The functor F" automatically commutes with countable direct sums. So its
value on R determines what it does on all countable projective R-modules. An
object B of KK is J-contractible if and only if K¥(B) = 0. By [22, Theorem
3.22], we have KKS (A, B) = 0 for all J-contractible B if and only if A belongs
to (C), the localising subcategory of KK generated by C. We denote this
subcategory by B because it is the correct analogue of the bootstrap class
in KK for nice enough compact groups G, that is, if G is a connected compact
Lie group with torsion-free m1 (G). (For general compact Lie groups, we should
allow more generators to define the equivariant bootstrap class, see [10, Section
3.1].) From now on, we will develop some general theory in the abstract setting
of triangulated categories. In Section [B] we shall return to the particular case
of KK¢, for nice enough groups G such as G = T.

DEFINITION 2.2. A lifting of A €€ 2( is a pair (fl, «) consisting of A ce T with
T(A, B) = 0 for all J-contractible B €€ ¥ and an isomorphism a: F(A) = A
An equivalence between two liftings (Al, 1), (Ag, a) is an isomorphism ¢ €
T(Ay, Ay) with oy = a0 F(p). We often drop o from the notation and call A
a lifting of A.

If A €€ 2 is projective, then F"(A) with the canonical isomorphism
F(F"(A)) = A'is a natural lifting of A.

PrOPOSITION 2.3. Let A €€ A have cohomological dimension 1. Then A has
a lifting, and any two liftings are equivalent.

Proof. Let
0P SR =450

be a projective resolution in 2. Then F©(9): F™(P)) — F™(P) is an arrow
in T with F(F"(9)) = 0. Let A be the cone of F©(d). Since 9 is monic,
F"(9) is J-monic. Hence F(F"(Py)) — F(F"(Py)) — F(A) is a short exact
sequence, proving that F(A) =~ A. If B is J-contractible, then T(F" (P;), B)
T(P;, F(B)) = 0 and hence T(A, B) = 0 by the long exact sequence for T(_, B).
Hence A is a lifting of A.

Let A; and A, be liftings of A. This includes a choice of isomorphisms F(/All) &
Aand F(Ay) = A. The Universal Coefficient Theorem [26, Theorem 66] applies
to T(Al,flg). Hence there is f € S(/All,fig) that lifts the identity map on A
when we identify F(A;) = A and F(Ay) = A. Since f is an J-equivalence,
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its cone B is J-contractible. Thus ‘I*(fli, B) =0 for i = 1,2, and this implies
T.(B, B) = 0 and hence B = 0 by the long exact sequence. Thus f is invertible.
]

The equivalence between two liftings in Proposition [2.3] is not canonical, and
the lifting is not natural, unlike for projective objects. The Universal Coeffi-
cient Theorem [26] Theorem 66] only shows that any arrow A4; — Az in 2
between objects of cohomological dimension 1 lifts to an arrow in €. But this
lifting is only unique up to Ext'(A;, As[—1]). With parity assumptions as in
Section [Z1] there is a canonical lifting for any arrow A; — As between objects
of cohomological dimension 1: lift its even and odd parts separately (the cor-
responding Ext'-terms in the Universal Coefficient Theorem vanish) and then
take the direct sum. This shows that the UCT short exact sequence splits
under parity assumptions. This splitting is not natural, however.

Proposition implies that isomorphism classes of objects in 2l of cohomo-
logical dimension 1 correspond bijectively to isomorphism classes of objects A
in (P5) with F(A) of cohomological dimension 1. This is used in [420,27] and
other classification results. It may, however, be very hard to find computable
invariants F' for which all objects in its image have cohomological dimension 1.

LEMMA 2.4. Any A €€ 2 of cohomological dimension 2 has a lifting in <.
Proof. Let
(2.5) 0P 2P 2P 2 A0
be an exact chain complex in 2 with projective Py, P, and P,. Let
QA := 01(Py) = coker 0a,
so that we get short exact sequences
P, — P —» QA, OA — Py — A.

Since QA has a projective resolution of length 1, it has a lifting D €€ ¥ by
Proposition 23} Let Py := F"(Py) be the canonical lifting of Py.

The Universal Coefficient Theorem [26, Theorem 66] gives a short exact se-
quence

(2.6) Ext!(QA[1], By) — T(D, Py) — Hom(QA, Py).

Hence the inclusion map QA < Py lifts to some f € T(D, 150), which is J-monic.

The mapping cone A of f belongs to (5) by construction, and has F(A) =
Py/QA =2 A by the short exact sequence (2.H]), so it is a lifting of A. O

[27, Theorem 4.10] shows that liftings of objects of cohomological dimension
two cannot be unique in general. We may, however, classify liftings up to
equivalence:

THEOREM 2.7. Let A €€ 24 have cohomological dimension 2. The set of equiv-
alence classes of liftings of A is in bijection with Ext*(A, A[—1]).
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Proof. Fix a length-two projective resolution of A as in (23] and a lifting A
of A, which exists by Lemma [Z4l Let Py := F"(F). The map Py — A in 2l is
adjoint to a map Py — A in . We may complete this to an exact triangle

(2.8) D% By— A— D[1).

Since Py — A is surjective, the map Py — A is J-epic. Hence F maps 23) to
a short exact sequence F (D) — Py — A. Thus D is a lifting of QA := ker 9y =
coker 0. Since 2A has cohomological dimension 1, its lifting D is unique up to
isomorphism by Proposition The exact triangle ([2.8)) shows that A is the
cone of . So any other lifting A’ must be the cone of some arrow oD — b
that induces the inclusion map F(D) — Fy. Conversely, if ¢': D — Py lifts
the inclusion map QA — Py, then its cone is a lifting of A by the proof of
Lemma 2.4

Let A and A’ be the liftings associated to ¢ and ¢’. We claim that an isomor-
phism a: A — A’ that induces the identity map on F(A') = A = F(A) may
be embedded in a morphism of triangles

Y . To .
D— P —— A

@ 1,0, b

D— By — A

The assumption that « induces the identity map on A means that the right
square commutes. Then by the third axiom of triangulated categories (see [28]
§1.1]), there is an arrow ¢: D — D that gives a triangle morphism. The
arrow ¢ induces the identity map on F(D) = QA because the map F(p) =
F(¢'): F(D) — P, is injective. Thus ¢’ o9 = ¢ for some 1: D — D that
induces the identity map on F(D).

Conversely, let ¢’ o1 = ¢ for some ¥: D — D that induces the identity map
on F(D). This means that the left square in (Z9) commutes. We may embed
this square in a triangle morphism to construct «: A — A’. Since 1 induces
the identity map on F(D), it is invertible. Hence « is also invertible by the
Five Lemma for exact triangles. Summing up, A and A’ are equivalent liftings
if and only if there is ¢¥: D — D with ¢/ o9 = p and F(¢) = idga.

By the Universal Coefficient Theorem, the possible choices for ¢ — idp and
¢ — o lie in Ext' (QA, QA[—1]) and Ext!' (QA, Py[—1]), respectively. The short
exact sequence A — Py — A induces a long exact sequence

o Ext (QA, QA[-1]) L Ext!(QA, Py[—1]) & Ext(QA, A[-1]) — 0

because Ext?(QA, ) = 0. We claim that the two liftings A and A’ are equiva-
lent if and only if ¢’ — ¢ belongs to the image of the map j.

If A and A’ are equivalent, we can write ¢’ o ¢ = ¢ as above. Then ¢’ — ¢ =
¢ o (idp — ). Since idp — 1) belongs to Ext'(QA,QA[-1]) € ¥(D, D), the
naturality of the Universal Coefficient Theorem allows to compute the element
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¢ o(idp—1) in Ext'(QA, Py[—1]) € (D, By) as the Ext-product of (idp —1) €
Ext'(QA, QA[-1]) with the induced homomorphism F(¢') € Hom(QA, Py).
Since F(¢') is the inclusion map QA — Py, it takes idp — ¢ to j(idp — ). In
particular, ¢’ — ¢ belongs to the image of j.

Conversely, if ¢’ — ¢ = j(a) for some o € Ext'(QA4, QA[—1]), we may write
¢ — ¢ = j(idp — ¢) by setting ¢ = idp — a € Ext'(QA4,QA[-1]) € I(D, D).
Since F(a) = 0 we have F(¢) = idga. Moreover, ¢’ o1 = ¢ holds because
gafgafj(idew)*cpo(ldew)*cp ¢ o). Hence A and A’ are
equlvalent It follows that A and A’ are equ1valent if and only if p(¢’) = p)p)
in Ext'(QA, A[—1]), and any element in Ext'(QA, A[—1]) is of the form p(¢’)
for some ¢’. Since Py is projective, another long exact sequence implies

Ext!(QA, A[-1]) = Ext?(A, A[-1]).

Thus A and A’ are equivalent if and only if ¢/ — ¢ is mapped to 0 in
Ext?(A, A[—1]), and any element in Ext?(A, A[—1]) comes from some ¢’.

We claim that the map sending A’ to the image of ¢’ — ¢ in Ext?(4, A[—1]) is
a bijection from the set of equivalence classes of liftings of A to Ext?(A, A[—1]).
Indeed, if A’ and fl' are two arbitrary liftings, they are cones of maps
gal, ©h: D — Py both inducing the inclusion map QA — Py on F. The liftings
A" and Al are equivalent if and only if the map

(2.10) (D, Py) 2 Ext!(QA, Py[—1]) — Ext'(QA4, A[-1]) — Ext?(A4, A[-1])

sends ¢} — 5 to 0. Since (ZI0) is a group homomorphism, this happens if and
only if ¢} — ¢ and ¢ — ¢ have the same image in Ext?(A, A[—1]). O

COROLLARY 2.11. If A €€ A has cohomological dimension 2
and Ext?(A, A[-1]) = 0, then A has a unique lifting up to equivalence.

Our construction actually shows that the set of equivalence classes of liftings
carries a free and transitive action of the Abelian group Ext?(A4, A[—1]). Once
we pick a single element, we thus get a bijection to Ext*(A, A[—1]); but this
bijection depends on the choice of one hftlng, namely, the one corresponding
to 0 € Ext?(A, A[—1]). For two liftings A; and A associated to classes &1, 0y €
Ext?(A, A[—1]), the difference d5 — 0; € Ext*(A, A[—1]) is canonically defined.
It is called the relative obstruction class (5(142, 1211)

We discuss another approach to the relative obstruction class, which relates
it to the boundary map on the second page of the ABC spectral sequence
for S(Al, 1212) associated to the ideal J. This cohomological spectral sequence,
named after Adams, Brinkmann and Christensen, is discussed in great detail
in [22] Section 4]. Its Es-term is

Ey" = Ext?(A, Alq])

for p > 0, ¢ € Z. By assumption, E5'? = 0 for p # 0,1,2. Hence E}'? = 0 for
p#0,1,2 and k > 3 as well. Since the boundary map dy on Ej has bidegree
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(k,1—k), we get d, = 0 for k > 3, and the only part of ds that may be non-zero
is dy?: EYY — E27!. Hence

E% = ker(dy?: Ey? — Ey"),

Ela — E21’q,

2,9 — 0.¢+1. 0,q+1 2,9
E>% = coker(dy?™ 1 Ey — EyY).

As a consequence, ¢ € Hom(A, A) lifts to T(A;, Ay) if and only if d3°(p) = 0.
In particular, A; and A, are equivalent liftings if and only if id4 € Hom(A, A)
lifts to I(Al, Ag), if and only if

dy°(ids) € B>~ = Ext?(A, A[-1])

vanishes. Thus both conditions dy°(id4) = 0 and §(A;, Ay) = 0 are necessary
and sufficient for an equivalence of liftings. This suggests the following lemma:

LEMMA 2.12. do%(ida) = 6(A;, Ay) = —8(A,, Ay).

Proof. The cohomological spectral sequence for I(Al, Ag) in [22 Section 4] is
constructed using a phantom tower for Ay We implicitly already constructed
such a phantom tower when lifting A to A;. In the notation above, it looks as
follows (where circled arrows denote maps of degree —1):

A2 p "t p 0
A d
(2.13) %77&/\/ \ /\
P " P _ P 0
0 61 1 82 2

(The conventions about the degrees of the maps in the phantom tower are
different in [22].) Here P; and 3]- are the unique liftings of the projective
objects P; and the boundary maps 9; in (Z3]) for j = 0,1,2, and ¢ is the
map with cone A; that was called @ in the arguments above. The triangles
involving ¢,, are J-exact, and the other triangles commute. This together with
the J-projectivity of the objects P, means that (213) is a phantom tower.
The relevant cohomological spectral sequence is constructed by applying the
cohomological functor ¥(,,, A2) to the phantom tower for A; in (ZI3). The
boundary map ds := d;”O on the second page maps Eg 0 to ES’_l, where

EY? = {z € (P, Ag) | 87 (x) =0} = Hom(A4, A),
By~ =T (P, As) [ 05(T-1(P1, A2)) = Ext®(A, A[-1]).
We describe how dy acts on idg € Hom(A, A) (see [22] Section 4.1]). By [26]
Theorem 59] and projectivity of Py, there is a unique element 8} € To(Pp, Ag)
such that F(9)) = do: Py = A. We have 9} o 01 = 0 because F(J] 0 91) = 0.
The isomorphism Hom(4, A) — E5® above maps id4 to 84 € To(Py, Az). Since
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(’% opjom = (’% 0d = 0, there is p € ‘I,l(pg,flg) with ¢f(p) = 36 o 1. The
. . 2,—1 . .

image of p in B3 is da(ida).

The UCT exact sequence for T,(D, Az) is the long exact sequence associated
to the triangle PoP1 D in (ZI3). This exact sequence shows that ¢ is an
isomorphism from ES’_l, the cokernel of 3;, onto

Ext!(QA, A[-1]) C To(D, Asy).

The map ds is constructed so that ¢3 (dg(idA)) = 36 o 1.
Embed 36 in an exact triangle

D B 2 A, - Dl
as in ([Z8). Then ) o vo = 0 and hence i} (da(ida)) = A o (o1 — ©2).
The map @2 — ¢ induces the zero map F(D) — F(Fy) and hence corresponds

to an element x in Ext'(QA, Py[—1]) by the UCT sequence. By definition, the
obstruction class §(Ay, A1) is the image of 2 under the map

Ext'(QA4, Py[—1]) — Ext'(QA4, A[-1]) = Ext*(4, A[-1]),

where the first map is induced by the projection Py — A. By the naturality
of the UCT sequence, this maps z to ) o (g2 — ¢1). Comparing this with our
computation of da(id4) shows that 6(Aa, Ay) = —da(id4). O

Our description of equivalence classes of liftings is not yet a classification of
objects in (B5) up to isomorphism. Two objects Ay, Ay € (PB5) are isomorphic
if and only if there is an isomorphism F(Al) — F(Ag) that lifts to I(Al, Ag)
If F(A)) = F(Ay) and 6(A;, Ay) # 0, then the identity map F(A;) — F(Ay)
does not lift; but there may be another isomorphism F(A;) = F(A,) that lifts
to T(A1, As). This seems hard to decide given only F(A;) and §(A;, Ay) # 0.
The parity assumptions that we are about to make remedy this situation.

2.1. PARITY ASSUMPTIONS. We are going to impose an extra assumption on 2
that provides a canonical lifting for each object of 2 of cohomological dimen-
sion 2. This allows us to understand the action of automorphisms on obstruc-
tion classes and to classify objects of (J5) with length-2-projective resolutions
up to isomorphism.

DEFINITION 2.14. A stable Abelian category is called paired if 2 = 24 x A_
with 24 [-1] = A_ and A_[—1] = 2, ; that is, any object of 2 is a direct sum
of objects of even and odd parity, and the suspension automorphism on 2 shifts
parity.

Ezample 2.15. Let 2 be the category of countable, Z/2-graded modules over
a ring R. Then 2 is paired, with 24 being the subcategories of countable
R-modules concentrated in even or odd degree, respectively.

Let T = KK for a compact group G and J is the kernel on morphisms of
the functor K¢ as in (ZI)). Then 2 is the category of countable, Z/2-graded
modules over the representation ring of G. Hence 2 is paired in this example.
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Assume that 2 is paired. Since the two subcategories 24 are orthogonal, we
have Ext?(Ay,A_) =0 and Ext>(A_,A,) =0for A, €2A,, A_ € A_. Now
write A €€ A as A = A, @ A_ with Ay € . Then Ext*(Ay, A [-1]) =
0 because Ay[—1] € 2_ and Ext*>(A_,A_[-1]) = 0 because A_[-1] € Ay,
Corollary 21T shows that there are unique liftings A, and A_ for A, and A_
(up to equivalence). We call Ay := A, ® A_ €€ ¥ the canonical lifting of A and
let 6(A) := 6(A, Ag) for any other lifting. This defines a canonical obstruction
class in Ext?(A, A[—1]) for all liftings A of A. A simple computation as in
[40, Proposition 9] shows that, for f € Hom(A, B), the element dy°’(f) €
Ext?(A, B[—1]) is given by the formula

(2.16) dy*(f) = 8(B)f — f3(A).

To see this, let a: F(A ) = Aand 3 F(By) — B be isomorphisms. Then f’ :=
Bl fa € Hom( (Ao), F(B 0)) can be lifted componentwise, so that dyO(f") =
0. Thus

dy"(f) = dy " (Bf'a"") = dy (B)f' o™t + Bf'dy " (a7)

= dy"(8)871f + fady®(a™") = 6(B, Bo)f + f6(Ao, A) = §(B)f — f5(A).
DEFINITION 2.17. Let 2§ denote the additive category of pairs (A,d) with
A € A and § € Ext*(A, A[-1]); morphisms from (4,8) to (A’,d) in AS
are morphisms f from A to A’ in 2 which satisfy the compatibility condition
0 f=fé.
There is an additive functor

F5: T A5, A (F(A),5(4)).

The following classification result generalises [5, Theorem 9.1] and [40}, Theorem
11).

THEOREM 2.18. Assume that 2 is paired and has global dimension 2. Then
the functor F¢ is full and induces a bijection between isomorphism classes
of objects A in (B3) and isomorphism classes of objects in the category 2A0.
Furthermore, every lift of an isomorphism in A4 is an isomorphism in T.

Proof. The last claim in the theorem follows from a standard argument: if Ay
and Ay belong to (5) and if f € T(A;, Ay) is an J-equivalence, then the
mapping cone Cf of f is both J-contractible and in (P5); hence T(Cy, B) =0
for all J-contractible B €€ ¥ and in particular T(Cy,Cy) = 0, so that Cy = 0,
that is, f is invertible.

Theorem 7] shows that every class in Ext?(A, A[—1]) appears as 6(A) for
some lifting A of A. Hence F§ is essentially surjective. Since a morphism
f € Hom(A4, B) lifts to a morphism A — B if (and only if) dy°(f) = 0,
2I6) shows that the functor F¢ is full. Hence F'§ distinguishes isomorphism
classes. |
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3. KASPAROV THEORY FOR CIRCLE ACTIONS

Let G be a connected compact Lie group with torsion-free fundamental group.
We will soon specialise to the circle group G = T, but some results hold more
generally. As in Section 2 let ¥ := KK® be the G-equivariant Kasparov
theory. Let 2 be the category of countable, Z/2-graded R-modules, where R
is the representation ring of G, and let F := Kf: T — A be the equivariant
K-theory functor. Let J be the kernel of F' on morphisms. We have already seen
that C with the trivial action is J-projective, and we identified the localising
subcategory generated by the projective objects with (C) = BZ. The following
result is implicit in [24].

PROPOSITION 3.1. Let G be a connected compact Lie group such that 71 (G) is
torsion-free. Let T be a mazimal torus in G. A G-C*-algebra A belongs to BE
if and only if A x G belongs to the usual bootstrap class B in KK, if and only
if AxT belongs to B.

Proof. If A €€ BY, then AxG €€ (CxG) = (C*(G)) = (C) = Bbecause C*(G)
is a direct sum of matrix algebras; similarly, A x T' €€ B. Conversely, assume
that AxT € B C KK. The assumptions on G imply that H?(G, T) = 0. Hence
[24, Proposition 3.3] says that any G-C*-algebra A belongs to the localising
subcategory of ¥ generated by AxT equipped with the trivial G-action. Taking
the trivial G-action is a triangulated functor t: KK — KK, so A €€ ({(AxT))
and A x T €€ B = (C) give A €€ (t(C)) = B as asserted.

There is a Morita-Rieffel equivalence AxT ~ (A® C(G/T)) x G. [24, Proposi-
tion 2.1] says that C(G/T) is KK®-equivalent to C*, where w is the size of the
Weyl group of G. Hence AxT is KK-equivalent to (Ax G)*. Thus AxT €€ B
if and only if A x G €€ B. d

Let n be the rank of the maximal torus in G and let W be the Weyl group
of G. Then R = Z[xy,... ,xn,xl_l, oo, 2, IW ) where the action of W comes

rrn
from the canonical action on 7. Even more, we have

R%Z[ml,...,xn,xfl,...,xfl]

for some [ with 0 <[ < n; see for instance [38]. This ring has cohomological
dimension n+1 because Z has cohomological dimension 1 and each independent
variable adds 1 to the length of resolutions (see [35, Theorem 3.2.3 and Corollary
3.2.4)).

The cohomological dimension of R is 2 if and only if n = 1. The two groups G
with n = 1 are the circle group T and SU(2). (The group SO(3) has torsion in m
and therefore is not covered by Proposition Bl) If n = 1, then Theorem 27
applies to all objects of 2. That is, any M €€ 2 has a lifting, and equivalence
classes of liftings are in bijection with Extg (M, M[—1]); this is the even part
of Ext®(M, M|[—1]) with its usual Z/2-grading, so that we may also denote it
by Ext%(M, M)~. The category 2 is even, so that the results of Section [Z1]
apply as well. That is, there is a canonical lifting of any M €€ 2, namely,
the direct sum M+ @® M_, where M+ and M_ are the unique liftings of the
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even and odd parts of M, respectively. Every object A €€ B has an invariant
(M,5) e A6 with M := KY(A) and § € Ext%(M, M)~; Theorem IR says
that Ay, Ay €€ BY corresponding to (M, d;) and (Ma, &) in 2 are isomorphic
if and only if there is a grading preserving R-module isomorphism f: M; — M
with f51 = 52f in EXt%(Ml, Mg)i.

If n = 2, then Theorem [Z7] still applies, among others, to objects of  that are
free as Abelian groups. Groups G for which this happens are T2, T x SU(2),
SU(2) x SU(2), SU(3), Spin(5), and the simply connected compact Lie group
with Dynkin diagram of type G2. For even higher rank, we know no useful
sufficient criterion for an R-module to have a projective resolution of length 2.
We now consider some natural examples of circle actions on C*-algebras. Thus
G =T and R = Z[z,z~ '] from now on.

Ezample 3.2. Consider the Cuntz algebra O,, for n < oo with its usual gauge
action, defined by multiplying each generator by z € T. Then O,, x T is Morita—
Rieffel equivalent to the fixed-point algebra OF. This is the UHF-algebra of
type n™. It belongs to the bootstrap class, so that ©@,, € BT by Proposition 31l
And it has K-theory Z[1/n] concentrated in degree 0. The generator of the
representation ring x acts on this by multiplication by n. Thus

M :=KN0,) = Zz, 271/ (x — n),

where (x—n) means the principal ideal generated by z—n. This is concentrated
in degree 0 and has a length-1-projective resolution

(3.3) 0— Zlz,z7 ] == Zz, 27 - KL(O,).

Either of these two facts shows that Ext%[hz,l] (M, M)~ = 0. Hence O,, is the
unique object of BT with KT (A) = Z[z, 2~ ']/(z — n).

Similarly, C(S') with the translation action is the unique object of BT up to
KK”-equivalence with K} (4) = Z for i = 0,1 and  acting trivially.

3.1. CuNTZ-KRIEGER ALGEBRAS. Now consider the Cuntz—Krieger alge-
bra O4 with its usual gauge action; it is defined by an n x n-matrix A with
entries in {0,1} or more generally in the non-negative integers, such that no
row or column vanishes identically. The crossed product O4 x T is Morita—
Rieffel equivalent to the fixed-point algebra O by [30, Theorem 3.2.2 and

Lemma 4.1.1]. The fixed-point algebra is an AF-algebra, and its Ko-group is
isomorphic to the direct limit of the iteration sequence

At At At At
zn Aygn Ay gn A A

the action of the generator z is induced by multiplication with A* (see [8, Proof
of Proposition 3.1]). In particular, given two Cuntz—Krieger algebras O

and Op, for degree reasons we have Ext%[wfl] (KE(OA),KE(OB))f =0. Al

ternatively, we may write down a projective resolution of KE(O 4) of length 1
as in B3). Hence every grading-preserving Z[z,r~!]-module isomorphism
KT(04) = KI(Op) lifts to a KK -equivalence. We get the following char-
acterisation of KK -equivalence for Cuntz—Krieger algebras:
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THEOREM 3.4. Let A and B be finite square matrices with non-negative integral
entries such that no row or column vanishes identically. The following are
equivalent:

o The gauge actions on O4 and Op are KKT—equivalent.
o The Zlz,z~)-modules K- (O4) and K-(Op) are isomorphic.
e The matrices A and B are shift equivalent over the integers.

Proof. The equivalence of the first two statements follows from the argument
above. For the equivalence of the second and third statement, see [21, Theo-
rem 7.5.7]. O

[6, Example 2.13] gives two irreducible non-negative 4 x 4-matrices A and B
that are shift equivalent over the integers but not over the non-negative integers.
Then the gauge actions on the purely infinite simple Cuntz—Krieger algebras O 4
and Op are KK"-equivalent by the previous theorem; but the ordered Zlx,z1]-
modules Ko (O%) and Ko(OF) are not isomorphic by [21, Theorem 7.5.8]. Hence
the shift automorphisms on the gauge fixed-point algebras O and OF cannot
be stably conjugate. By Takai duality, the gauge actions on O 4 and Op cannot
be stably conjugate. We cannot expect a Kirchberg—Phillips type classification
result for circle actions unless the fixed-point algebra is also purely infinite
and simple. For the most useful gauge actions, the fixed-point algebra is AF,
however. So we cannot expect isomorphisms in KK to lift to *-isomorphisms.

Remark 3.5. It was already observed in [36, Proposition 10.4] that the
KKT—equivalence class of an object in the T-equivariant bootstrap class with
equivariant K-theory concentrated in one degree is determined by its equivari-
ant K-theory. [36, §10] contains some more results establishing KK%-equiva-
lence in special cases for Hodgkin-Lie groups G.

3.2. CoMPUTING Ext®>. We now describe Exth(V,W) for two general
R-modules V and W, where R = Z[r,27!]. We view an R-module V as
an Abelian group with an automorphism zy, namely, the action of the
generator z € R.

The ring R has a very short R-bimodule resolution

0 R@R 287197, po p 2% B4y,

This remains exact when we apply the functor , ®g V for a left R-module V.
This gives a short exact sequence of R-modules

0 ReV 812190, poy Mt v g

for any R-module V. Given another R-module W, the long exact cohomology
sequence for this short exact sequence becomes

0 — Hompg(V,W) - Homr(RQ V,W) — Homgr(R®Q V,W)
— Extip(V,W) = ExtRr(R@ V,W) = Exth(Ro V,W)
— Exth(V,W) = Exth(R® V,W) — ExtL(R® V,W) — 0.
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This simplifies considerably because
Extih(R® V,W) = Exty (V,W)

by adjoint associativity. Thus we get a long exact sequence

(3.6) 0 — Hompg(V,W) — Homgz(V, W) — Homgz(V, W)
— Exth(V, W) — Extj(V, W) — Ext(V, W) — Ext%(V,W) — 0.

Here the maps Homz(V, W) — Homgz(V, W) and Ext}(V, W) — Ext}(V, W)
are f — (zw)«f — (xv)*f, using the automorphisms zy and zy of V and W.
Hence

(3.7)  Exth(V,W) = coker((zw ). — (zv)*): Exty(V,W) — Exty(V, W).

Remark 3.8. We may view this cokernel as the first Hochschild cohomology
for R with coefficients in Exty(V, W) with the induced R-bimodule structure.
The kernel of this map is the zeroth Hochschild cohomology. The above long
exact sequence is equivalent to a spectral sequence

HHP (R, Ext}(V,W)) = Extl (V,W).

Eusebio Gardella shows in [I4,[15] that for circle actions on unital Kirchberg
algebras A with the Rokhlin property, such that A satisfies the Universal Co-
efficient Theorem and has finitely generated K-theory groups, the action of
the generator of R on equivariant K-theory is the identity (this is analogous
to the situation of finite group actions with the Rokhlin property, see [31]),
and equivariant K-theory together with the unit class is a complete invariant.
Moreover, Ko(A) = K;(A4) = Ko(AT) @ K1 (AT), and every pair (Go,G1) of
finitely generated Abelian groups with any unit class in Gy may be realised as
(Ko(AT),K1(AT)). Another classification result for Rokhlin actions of finite
groups on Kirchberg algebras was proved by Masaki Izumi [16].

If  acts identically on V and W, then Ext%(V, W) = Ext}(V,W) by 3.
Therefore, there must be a unique obstruction class in Ext}, (K (A7), K. 41(AT))
that comes from a Rokhlin action on a unital Kirchberg algebra. We do not
know, however, which obstruction class this is.

3.3. NEKRASHEVYCH’S C*-ALGEBRAS OF SELF-SIMILAR GROUPS. Nekra-
shevych [29] constructs purely infinite simple C*-algebras with a gauge action
of T from self-similar groups. He proves that the conjugacy class of this gauge
action essentially determines the underlying self-similar group and hence is a
very fine invariant. This is, however, far from true for the KKT—equivalence
class.

We consider only the particular case considered in [29, Theorem 4.8] to use
Nekrashevych’s K-theory computation. The self-similar group G in question is
the iterated monodromy group of a post-critically finite, hyperbolic, rational
function f on C. Let n be the (mapping) degree of this rational function, that
is, each non-critical point has precisely n preimages. The function f has at
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most finitely many attracting cycles; let their lengths be £1, ..., /., listed with
repetitions. Thus f has c attracting cycles.

It is asserted in [29, Theorem 4.8] that the K-theory of the gauge fixed-point
algebra OF, of the C*-algebra O associated to f is Z[1/n] in even degrees and
ZF=1 in odd degrees, where k = >, ¢;. We can be more precise: the proof of
[29, Theorem 4.8] also gives the T-equivariant K-theory of Og.

First, Og is Morita—Rieffel equivalent to the crossed product in this case, so
that the K-theory of (’)TG is isomorphic to the T-equivariant K-theory and carries
a Zlr,z~]-module structure. The action of x on this module is given by
multiplication by n on the even part, as for the Cuntz algebra O,. Thus
K{(Og) = R/(x — n) has a projective resolution of length 1.

The odd part is the quotient of H = Z/ @- - -@®Z‘ by the diagonally embedded
copy of Z. We may view H as the space of functions from the union of the
attracting cycles of f to Z. The generator x acts like f on these functions, that
is, it is a cyclic permutation in each copy of Z%. Thus we get the quotient of
the module

Vim @2l @l - 1)

by the copy of Z generated by N; := 1+ az; + -+ + zi 7!

p in each component.

LemMa 3.9. Ext} (K} (0cg), K\ 1(0c)) = 0.

Proof. Let K, := KE(Og). Since K; is free as an Abelian group,
Ext;(K;,Ko) = 0 and hence Exth(K;,Kg) = 0 by the long exact sequence
@5). Since Ko has a projective R-module resolution of length 1 by B3],
Ext% (Ko, K1) = 0 as well. O

Since OTG is the C*-algebra of an amenable groupoid, it belongs to the bootstrap
class. Hence so does the Morita—Rieffel equivalent C*-algebra Og x T. So our
classification results apply by Proposition Bl Lemma shows that, up to
circle-equivariant KK-equivalence, the C*-algebra O is classified completely
by the Z/2-graded Z[z, z~']-module KT (O¢). This module only remembers the
degree n of f and the multiset of lengths ¢;, so it is a rather coarse invariant.

It would be very interesting to refine our invariant to detect the conjugacy class
of the gauge action because this determines the action of f on its Julia set
up to topological conjugacy by Nekrashevych’s main result ([29, Section 4.2]).
Unfortunately, we know no useful refinements for our invariant. Both for Og
and for Cuntz—Krieger algebras, the fixed-point algebra of the gauge action has
a unique trace. For Cuntz—Krieger algebras, the order structure on Kg gives
a finer invariant (see Section B]), but for O, the group Kj(Og) = Z[1/n]
carries no interesting order structure (an order on Z[1/n] is determined by its
restrictions to the subgroups Z - 1/n* = Z, k € N).
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4. KASPAROV THEORY FOR C*-ALGEBRAS OVER UNIQUE PATH SPACES

Let X be a finite Tp-space. In this section, we consider Kirchberg’s ideal-related
KK-theory ¥ := RR(X), following [25127]. Let i,C €€ T denote the C*-algebra
of complex numbers C equipped with the continuous map Prim(C) — X taking
the unique element of Prim(C) to # € X. The bootstrap class B(X) in ¥ is
the localising subcategory generated by the collection {i,C | x € X} of one-
dimensional C*-algebras over X (see [25, Definition 4.11]).

We apply the homological machinery from [26] to the family of functors repre-
sented by the objects i,,C, respectively. Let A(U,) be the distinguished ideal
of A corresponding to the smallest open neighbourhood U, of z in X. The
adjointness relations in [25, Proposition 3.13] specialise to

(4.1) KK, (X;i,C, A) 2 KK, (C,A(U,)) = K. (A(Us)).

To make this relation plausible, observe that a *-homomorphism over X
from i,C to A is just a *-homomorphism from C to A such that the distin-
guished ideal C(U,) = C is mapped into the distinguished ideal A(Uy,).

For x € X, consider the stable homological functor

Fo: T — A%/, A KK, (X;i,C, A)
and the homological ideal J, := ker F,. Since

KK, (X;i,C, A) = Homy 2> (Z[0], Fu(A)),

the adjoint functor F. takes the free rank-one Abelian group in even degree
to the object i,,C. [26, Theorem 57] implies that F}, is the universal J,-exact
functor and that J, has enough projective objects.
Now we consider the homological ideal J := (1, x J5. [25, Theorem 4.17] gives
KK.(X; A, B) = 0 for all J-contractible B if and only if A belongs to B(X). By
[26, Proposition 55], the ideal J has enough projective objects. An argument as
in [27 Section 4.3] shows that the universal J-exact stable homological functor
is

XK := KK.(X;R,.): T = Mod(KK.(X; R, R)P) ,
where R := @, .y i.C and Mod (KK, (X;R, R)Op)C denotes the category of
countable Z/2-graded right modules over the Z/2-graded ring KK, (X;R,R).
Partially order X by x =< y if and only if z € @, if and only if y € U,.
Equation (£J]) implies

Z[o] ifz =<y,

KK, (X;i,C,i,C) = i
0 otherwise,

for all z,y € X. The proof of (&I shows that the generator of
KKy (X;i,C,i,C) = Z for x = y is the class ¥ of the identity map on C,
viewed as a *-homomorphism over X from i,C to i,C. Since ij o = i,
the Z/2-graded ring KK, (X;R,R)°P is isomorphic to the integral incidence
algebra Z[X] of the poset (X, <) in even degree and vanishes in odd degree;
here we use the convention that Z[X] is the free Abelian group generated by
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elements fy<, for all pairs (z,y) with & < y; the multiplication is defined by
fo=<yfy=<z = fz<-. An early reference for the incidence algebra is [37, §3].

We write ¢ — y for z,y € X if > y and there is no z € X with x > z > y.
Then z > y if and only if there is a path z = zg — 21 — -+ — ¢ = y with
some x1,...,Tp_1 € X.

DEFINITION 4.2. A finite Tp-space X is called a unique path space if the path
r=x9g—x1 — - — Ty =y is unique for all z,y € X with z > y.

If X is a unique path space, then Z[X] is the integral path algebra of the quiver
(X, —), where paths are concatenated such that arrows point to the left.
There is a canonical family of orthogonal idempotent elements e, € Z[X] for
r € X with 7 _ye, = 1. Viewing Z[X]-bimodules as modules over the
ring Z[X] ®z Z[X°P], we see that P,gy = Z[X]e; ® eyZ[X] is a projective
Z[X]-bimodule (corresponding to the idempotent e, ®e,). There are canonical
Z]X]-bimodule maps

wz:Pm®m_>Z[X]; a®b+—a-b,
Oy Pogy = Pogs ® Pyay, a®b— (aQ® fe<yb, —afz<y @),
for z,y € X with z < y.

LEMMA 4.3. Let X be a unique path space. The sequence

is a length-one projective bimodule resolution.

Proof. We clearly have a complex of bimodule maps. The underlying Abelian
groups of the three modules are free. To verify exactness, we choose the follow-
ing canonical bases. A basis for Z[X] is given by paths p = (zg -+ + xy),
k >0, in X. The standard basis for P,g, consists of pairs of paths p1, ps with
p1 beginning and p, ending at x. Thus pairs of composable paths give a basis
for @, Prg.. We write such a pair as a single path p; = (xg < -+ < 77 <

-+ xp) with a distinguished time [ € {0,...,k}, namely, the place where
to cut the path into two; so p; € Py,gs,. Similarly, a basis for @yﬁz
given by paths py ;41 = (z1 < -+ < T & Tig1 < -+ < o)) with two consec-
utive distinguished times z; and xyy1, and py 11 € Py ge,,. In this picture,
¥ = @1, simply forgets the distinguished time of a basis vector. Hence it is
surjective. The map ¢ = @ ¢, takes a path p; ;41 with two distinguished
times to the linear combination p; — p;+1 of paths with only one distinguished
time. This map does not change the underlying path. So it suffices to check
injectivity of ¢ on elements of the form Zf;ol nypri+1 with a fixed path p of
length k. Applying ¢ yields nopo + (Z;:ll (ni — nlfl)pl) — ng_1pg. If this
sum vanishes, then ng = 0, and then n; = 0, and so on. So ¢ is injective.
Finally, we show exactness in the middle. The kernel of v is generated by ele-
ments of the form Zf:o nyp; with Zf:o n; = 0. We rewrite such an element as

Pz@y is
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;:01 (22:1 nj) (p1 — pi4+1) using — Zf;ol n; = ny. This shows that it belongs
to the image of . |

PROPOSITION 4.4. If X is a unique path space, then KK,(X;R,R)°P has
cohomological dimension at most 2.

In fact, it is easy to see that the cohomological dimension of KK, (X;R,R)°P
is equal to 2 unless the space X is discrete (in which case it is 1).

Proof. Tensoring the above short exact bimodule sequence over Z[X] with a
left Z[X]-module V gives the short exact sequence

0— @Pz®y®\/—> @PE®I®V—>V—>O.
Yy—z reX

We have P,gy ®zix] V = Z[X]e, ®z Vy, where V,, := e, - V is the entry group
of the module V" at y. It follows that Extyyi(Prgy @ V, W) = Exty (V,, Wy).
Hence the long exact cohomology sequence for the functor Homzx(., W) ap-
plied to the above short exact sequence is of the form

0 — Homgx|(V, W) — €D Homgz(Va, Wa) — @5 Homg(V,, Ws)

rzeX Yy—T
— Exty (V,W) — @D Exty(Ve, Wa) — @ Exty(V,, W)
rzeX Yy—x

and Extyy) vanishes for n > 3 because Exty vanishes for n > 2. O

The maps @, x Extz (Va, W) — @D, Extz(Vy, W,) in the exact sequence
above are the sum of the maps
0 0 (Gw)e=Gv)?) =,
EXtZ(Vrﬂ WI) D EXtZ(Vyv Wy) e — EXtZ(Vyv WI);
induced by the arrows ¢: y — x in X. This gives a scheme for computing
the groups Extyy)(V,W). As in Section 3.2} the above long exact sequence is
equivalent to a spectral sequence

HH (Z[X], Ext}(V,W)) = ExtZ 8 (V, ).

DEFINITION 4.5. A C*-algebra over X is called a Kirchberg X -algebra if it is
separable, tight (see [25] Definition 5.1]), Ox-absorbing and nuclear.

Combining Theorem 218 and Proposition [4.4] with Kirchberg’s Classification
Theorem in [I8], we get the following purely algebraic complete classification
of Kirchberg X-algebras in the bootstrap class B(X):

COROLLARY 4.6. Let X be a unique path space. Then the functor XKé in-
duces a bijection between the sets of *-isomorphism classes over X of stable
Kirchberg X -algebras in the bootstrap class B(X) and of isomorphism classes
in the category 9Mod (Z[X])fﬂé. Every isomorphism in 900 (Z[X])fﬂé lifts to
a *-isomorphism over X.
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Ezample 4.7. If X = e is the one-point space, then Z[X] is simply the ring of
integers, which has global dimension 1. Hence, in this case, the functor XKo
reduces to plain Z/2-graded K-theory. A Kirchberg X -algebra is just a (simple)
Kirchberg algebra. Corollary reduces to the Kirchberg—Phillips Classifica-
tion Theorem.

FEzample 4.8. Let X = e — o be the two-point Sierpinski space. Stable Kirch-
berg X-algebras in B(X) are essentially the same as stable extensions of UCT
Kirchberg algebras. Rgrdam [34] classified these by their six-term exact se-
quences in K-theory. Moreover, every six-term exact sequence of countable
Abelian groups arises as the K-theory sequence of a stable Kirchberg X-algebra
in B(X). The relation between Rgrdam’s invariant and ours becomes apparent

by the following direct computation: given two objects G RN Go and Hy i) H,
in Mod(Z[X]), there are natural isomorphisms

Extx)(G1 ©» Ga, Hy 2Ly Hy) = Ext7x; (ker(¢) — 0,0 — coker(v)))
& Ext%[x] (0 — ker(p),0 — coker(¢))) = Exty (ker(yp), coker(1))).

The group Ext}, (ker(y), coker(w)) is in natural bijection to the set of equiva-
lence classes of exact sequences of the form

H1 i)HQ‘)E*}GlﬂGQ

In fact, our invariant factors through Rgrdam’s; it remembers isomorphism
classes but forgets certain morphisms.

Ezample 4.9. Let X be totally ordered (for two points, this is Example E.8).
Then filtrated K-theory is a complete invariant for objects in B(X) by the main
result of [27]. Since totally ordered spaces are unique path spaces, we now have
two seemingly different complete invariants for objects in B(X). Both invariants
must contain exactly the same information. The authors, however, do not
understand the relationship between these two invariants. If, for instance, X =
e — o — o then the issue is to relate elements in Ext%[x] (Gy = Gy —
Gs3,Hy — Hy — Hj3) to commuting diagrams of the form

0
SN
H3 G
a NS N
Ho L Gy
/ N /" N\ a N
H K M Gs

N N SN S
0 0 0
with certain exactness conditions.
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5. GRAPH C*-ALGEBRAS

If the finite Tp-space X is not a unique path space, then we may still classify
those objects A of B(X) for which XK(A) has a projective resolution of length 2.
We are going to show that graph C*-algebras with finitely many ideals have
this property. Even better, we may compute their obstruction classes in terms
of the Pimsner—Voiculescu type sequence that computes their K-theory.

5.1. A COMPUTATION OF OBSTRUCTION CLASSES. First we prove a general re-
sult in the abstract setting of a triangulated category T with a universal J-exact
stable homological functor F': ¥ — 2; we also impose the parity assumptions
of Section 211 For certain objects in T that are constructed from a length-2
projective resolution in 2, we compute the obstruction class explicitly. Let

(5.1) 0= M 20, 25005 My =0

be an exact chain complex in 2} with projective objects M7, @1 and Qy. The
adjoint functor F™ on projective objects of A gives objects Ml, Ql and QO of ¥
lifting My, Q1 and Qo, and maps 0y € T(My, Q1) and 9, € T(Q1, Qo) lifting
09 and 0;. Embed 51 into an exact triangle

A B A oA
Ql —1) QO ﬂ) A— Ql[l]
The long exact sequence for F' applied to this triangle has the form

F(r) a1

F(p)

s Qi Qo Q1[1] Qoll] — -+~

Since the cokernel My €€ A of 0; and the kernel M;[1] €€ 2_ of 9;[1] have
different parity, we get

F(A)

F(A) & My & My[1].
This has the following projective resolution of length 2:

(e,idnry 1))

(5.2) 0— M 2 Q1 25 Qo @ Mi[1] Mo ® Mi[1] — 0.

THEOREM 5.3. The obstruction class of A is the class of the 2-step exten-
sion ([51) in Exty (Mg, M), which we embed as a direct summand into

Exty (F(A), F(A)[-1]) = Exty (Mo, Mo[~1]) ® Exty (Mo, M)
@ Exty (M1 [1], My[—1]) @ Exta (M;[1], My).
Let
(5.4) 0 M 2 Q25 Q)5 M)~ 0

be another exact chain complex in A with even projective objects Mj, Q)
and Qf, and let A’ be the cone of the lifting 0y of 01. Then A = A" if and
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only if there is a commutative diagram
82; 0 817 ld 4 g, 0
M,y >—>( ) Q1@ Q) 4’( a) Qo ® Q) —»( ) M

(55) gl% gl% gl% %m
(0,3&) (ionvai) (07€,>
M ——— Q& Q) ———= Q& Qy ——— M

in A, where the maps ; for i =1,2,3,4 are isomorphisms.
Proof. We first compute the obstruction class of A. For this, we compare A
to the canonical lifting of F'(A4). The latter is the direct sum of the canonical
lifting of My with Ml[l]. To lift My canonically, we first embed 05 : M, — Ql
in an exact triangle
My 2 Q) S DS ).

Then F(D) = coker 8, = kere. The UCT gives To(D, Qo) = A(kere, Qo) for
parity reasons. Hence there is a unique z € %4(D, Qo) for which F(z) is the
inclusion of kere into Q. The cone of z is the canonical lifting of M. Since
direct sums of exact triangles remain exact, the canonical lifting of F/(A) is the
cone of the map (z,0): D — Qo © My[1].
The map 0, 0 91 = 0 is part of an exact triangle

A0 A i A ~ 2

My = Qo = Qo @ M[1] = M[1],
where i1 is the inclusion of the first summand and ps the projection onto the
second summand. The octahedral axiom applied to 01 and 0o gives maps

Z: D — Qo,y: D — Ny[1] and t: M;[1] — A such that the diagram

P

I L S SR Y
b, (2)
M,y 0 Qo n Qo @le 1] 2, Mi[1]
J » ) J
0 A A 0
J L Jumor J
iy 2 guy U ppy M

commutes and has exact rows and columns.

We claim that & = . Recall that F(u) is surjective. So F(Z) is determined
by its composition with F(u), which is equal to F(9;) = &1 by the commuting
diagram. Hence F(z) = F(x), which gives & = x by the uniqueness of x. The
exactness of the third column means that A is the cone of the map (z,v): D —
Qo ® M;[1]. The canonical lifting of F(A) is the cone of the map (z,0): D —
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Qo @ M, [1]. Hence the obstruction class of A is the image of (z,v) — (z,0) =
(0,v) under the map from Exty (F(D), Qo[-1] & M;) C T(D,Qo ® Mi[1]) to
Exty (F(A), F(A)[-1]) constructed in the proof of Theorem 271

We may describe the element in Extgy (F(D),Qo[—1] & M) induced by (0,v)
because v also appears in the first row: it is represented by the extension

(id 1 ,8) K"
0= Qo[—1] & My —20% -1 @ 2 F(D) — 0.

The next step is to push forward along the map
(e[=1],idn, ) Qo[-1] & My — Mo[-1] & My = F(A)[-1].
The resulting element in Exty (F(D), F(A)[—1]) is represented by the extension

0,u
0 — Mo[~1] ® My Mol-1] @ @1 2% F(D) 0.

To get the obstruction class for A in Exty (F(A), F(A)[—1]), we need to splice
the extension above with the extension

¢,0
0— F(D) “Y Qo @ Mi[1] Mo @ My[1] — 0,

where ¢: F(D) — Qo denotes the inclusion map F(D) = kere C Qg. Up to the
identification stated in the theorem, this yields indeed the class of the 2-step

extension (B.]).

Now we establish the isomorphism criterion. First assume that there are invert-

ible maps ; as in ([B5). Since the cone of the identity map is the zero object

and since cones are additive for direct sums, the cone of 01 ®idg, is again A,
9

(idnrg[—1],02)
T

(e,idary 1))

and the cone of &} & idg, is again A’. Since the maps o @ idQ() and 8] @ idg,
are isomorphic by ([&.3]), they have isomorphic cones. Thus A = A'.
Conversely, assume that A = A’. Then F(A) = F(A’), so that we get isomor-
phisms ¢1: M7 — M and ¢p4: My — M{. To simplify notation, we assume
without loss of generality that ¢; and ¢4 are identity maps. Then the iso-
morphism A = A’ is an equivalence of liftings, so that A and A’ have the
same obstruction class in Exty (F(A), F(A)[—1]). By our computation of the
obstruction class, this means that the 2-step extensions (B.1]) and (5.4]) (with
M = M;) have the same class in Exty (Mo, M;). The classes in Extg (Mo, M)
are not changed by adding idg, : Qo — @ in (5. and idg, : Qo — Qo in (5.4).
Thus the two rows in (5.5) have the same class in Exta (Mo, My).
Since Qo and Qf, are projective, there are maps ¢: Qo — Qf and ¢': Qf — Qo
withe'op=¢e: Qo = M and e o)/ =¢’: Q) — M. Then
. . ,

o (ld$ 0 idg%) ’ <1d890 idZs) A QB
is an isomorphism with (0,&’) o p3 = (¢,0). Hence w3 makes the third square
in (5.5) commute.
Let K be the kernel of (g,0): Qo @& @y — Mp. This is isomorphic to the kernel
of (0,&") via @3. Since Qo ® Q) is projective, composition with the class of

~

the extension K — Qo ® Qf — My gives an isomorphism Extgl(MO,Ml) =
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Exté[(K ,M7). Hence the equality of the obstruction classes shows that the
extensions M7 — Q1 ® Q) — K and My — Qo ® Q] — K that we get
from the two rows in (5] and the isomorphism 3 have the same class in
Exty (K, M;). Equality in Exty (K, M;) means that the extensions really are
isomorphic in the strongest possible sense, that is, there is an isomorphism
w2: Q1 ® Q) — Qo ® Q) that induces an isomorphism of extensions. This
means that it makes the remaining two squares in (5.5) commute. Thus A = A’
implies that there are isomorphisms ¢; making (&3] commute. U

Remark 5.6. The same argument works if the objects in (1] all belong to 2_.
If the objects in (&1I) belong to A, then we may split (5.I) into its even and
odd parts. Thus the obvious adaptation of Theorem .3 still holds without any
parity assumptions on the objects M; and Q);.

Remark 5.7. There are several variants of the criterion (5.H). Since (&I
and (B.4) are exact, isomorphisms @9 and p3 making the middle square in (5.5
commute give @1 and ¢4 making all squares in (B5) commute. Furthermore,
if ; are isomorphisms for ¢ = 1,4 and for ¢ = 2 or ¢ = 3, then the remaining
one is an isomorphism as well by the Five Lemma.

If there are maps ¢; making (55) commute, and such that ¢; and ¢4 are
invertible, then it already follows that A = A’. This is because p; and ¢4
induce an isomorphism F(A) = F(A’), and (B3] shows that the obstruction
classes also agree, no matter whether s or ¢s are invertible.

5.2. CROSSED PRODUCTS FOR C*-ALGEBRAS OVER TOPOLOGICAL SPACES. In
this subsection, we generalise some basic results about crossed products to
C*-algebras over topological spaces. Let G be a locally compact group. Let X
be a second countable topological space.

DEFINITION 5.8. A G-C*-algebra over X is a C*-algebra over X whose un-
derlying C*-algebra is a G-C*-algebra such that all distinguished ideals are
G-invariant.

If (A, «) is a G-C"-algebra over X then the crossed product A x, G is a
C*-algebra over X via (A xq G)(U) = A(U) Hq4),, G for all U € O(X).
If G is Abelian, then (A x, G, &) is a G-C*-algebra over X.

PROPOSITION 5.9 (Takai Duality). Let G be Abelian. Let (A,«a) be
a G-C*-algebra over X. Then there is a natural isomorphism of G-C*-algebras
over X from ((A XaG) X4 G, 34) to (A®K(L2G), a®ad,\). In particular, there
is a natural KK(X)-equivalence between (A xo G) x4 G and A.

Proof. We have only added X-equivariance to the classical statement. This fol-
lows immediately from the naturality of the classical version (see [7, Theorem 6

in Appendix C of Chapter 2]). O
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In the following, we assume for convenience that X is finite and A belongs to
the category RR(X )ioc defined in [25] Definition 4.8]. It should be possible to re-
move these assumptions by carefully checking the naturality of the homotopies
implementing the respective equivalences.

PROPOSITION 5.10 (Green Imprimitivity). Let H be a closed subgroup of G
and let (A,a) be an H-C*-algebra over X. Assume that X is finite
and A €€ RR(X)ioc. There is a natural KK(X)-equivalence between A X, H
and Indg(A,oz) Xinda G.

Proof. By naturality, the imprimitivity bimodule constructed in [I1, Theorem
4.1] induces a KK(X)-element which is a pointwise KK-equivalence. By [25]
Proposition 4.9], it is a KK(X)-equivalence. O

PrOPOSITION 5.11 (Connes—Thom Isomorphism). Let (A4,a) be an
R-C*-algebra over X. Assume that X is finite and A €€ RR(X)oc.
Then A x4 R is naturally KK(X)-equivalent to A[—1].

Proof. We adopt the approach from [20, Proposition 8.3]. Let A denote the
C*-algebra A over X with the trivial R-action. Then Co(R, A) and Co(R, A)
with the diagonal actions are naturally *-isomorphic as R-C*-algebras, where
the action on R is given by translation; explicitly, the isomorphism takes a
function f € Co(R,A) to the function ¢ — ay(f(t)) in Co(R,A4). By [IT7,
Theorem 5.9] we may fix a KK*-equivalence between C[—1] and Co(R), where
Co(R) carries the translation action. In combination, this gives a natural KK*-
equivalence between A[—1] and A[—1], and consequently also between A and
A. Taking crossed products gives a natural KK-equivalence between A x, R
and A[—1]. As in the previous proof, the naturality of the constructed cycle
and [25, Proposition 4.9] show that this is a KK(X)-equivalence. O

PROPOSITION  5.12  (Pimsner—Voiculescu Triangle). Let (A,a) be a
Z-C*-algebra over X. Assume that X is finite and A €€ RR(X)ioc. Then
there is a natural exact triangle in RR(X) of the form

o1 —id

A[-11XqZ - A—— A — A X, Z.

Proof. We abbreviate o = oy and let T, = {f: C([0,1], 4) | f(1) = a(f(0))}
be the mapping torus of . The extension

evo

A[-1] — Ty~ A

has a completely positive X-equivariant section taking a € A to the affine
function (1 —¢t)-a+t- a(a). We get a natural exact triangle in RR(X) of the
form

(5.13) Al-1] = A[-1] - T, — A.

The R-C*-algebra T, is naturally *-isomorphic over X to Ind%(A,a). By
Green’s imprimitivity theorem and the Connes—Thom isomorphism, we have
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natural KK(X)-equivalences
AxgZ~Inds (A, @) Xmaa R~ Ty xR~ T,[—1].

Plugging this into (BI3)) and rotating as appropriate gives an exact triangle of
the desired form. The formula for the map from A to A is a consequence of the
naturality of the boundary map in the KK-theoretic six-term sequence applied
to the morphisms of extensions

A[=1] — Co([0,1), A) —» A

A A H I Lo
| I 6dam A1 001, 4) > 45 4
A[-1] - C([0,1],4) - A A, I 1 Tu

Al-1] Co((O, 1] ,A) —s A,

together with the elementary fact that the extensions C[—1] — Cq([0,1)) - C
and C[—1] — Co((0,1]) —» C correspond to the classes —idg|_1) and idgj_q) in
KK, (C,C[-1]) = KKy(C[-1], C[-1]), respectively. O

COROLLARY 5.14 (Dual Pimsner—Voiculescu Triangle). Let (A,a) be a
T-C*-algebra over X. Assume that X is finite and A 1o T €€ RR(X)ioc-
Then there is a natural exact triangle in KR(X) of the form

A-1] = Axa T 274 A %, T — A

Proof. This follows from the Pimsner—Voiculescu Triangle and Takai Duality.
O

5.3. APPLICATION TO GRAPH ALGEBRAS. Let A = C*(E) be the C*-algebra
of a countable graph E. We assume that A has only finitely many ideals
or, equivalently, that its primitive ideal space is finite; this is necessary for our
machinery to work. We set X = Prim(A). The gauge action v: T ~ A turns A
into a T-C*-algebra over X. Corollary[5.14l provides the following natural exact
triangle in RR(X):

A1) = Ay T2 A5, T A

We have composed with the automorphism 4; ! to replace 41 — id by id — Y1 !
to prepare for computations below.

The C*-algebra A x, T is AF. Hence the odd part of XK(A x. T) vanishes.
Applying the functor XK to the dual Pimsner—Voiculescu triangle, we get the
following dual Pimsner—Voiculescu exact sequence:

id—(37 )
E——

(5.15) 0 — XK;(A) — XKo(Ax,T) XKo(Ax,T) = XKq(A) — 0.

The module XK(A %, T) is usually not projective, so we cannot directly apply
Theorem For this purpose, we replace A x, T by a suitable C*-subalgebra.
This construction is based on the ingredients of the computation of the K-theory
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of graph C*-algebras in [32] Section 3] and [2| Section 6]; we shall use the
notation and a number of results proved in these articles.

We may identify C*(E) x, T with the C*-algebra of the so-called skew-
product graph E xi Z. This becomes an isomorphism of C*-algebras over X
via the canonical definitions (C*(E) x, T)(U) := (C*(E)(U)) % T and
C*(E x1 Z)(U) = Juy,xz,Byxz where (Hy, By) is the admissible pair such
that C*(E)(U) = JHU,BU‘

We let N denote the set {n € Z | n < 0} and N* = N \ {0}. We let Qo = Q,
be the C*-subalgebra of C*(F x; Z) associated to the subgraph FE x; N, the
restriction of the graph E x; Z to the subset of vertices £ x N. This is a
C*-algebra over X via C*(E x1 N)(U) = Jg, xN.ByxnN+, and the inclusion
map C*(E x; N) < C*(E x;1 Z) is a *-homomorphism over X. The dual
action on A x, T corresponds to the shift automorphism  on C*(E x1 Z). Its
inverse preserves the subalgebra Qg = C*(E x1 N). This is why we need 4; !

in (BI5).

LEMMA 5.16. The module XK(QO) is projective and concentrated in even de-
gree.

Proof. The C*-algebra Qo is an AF-algebra because the graph £ x; N has no
cycles. We claim that all distinguished subquotients of QO have free Ky-groups
and vanishing K;-groups. Since ideals and quotients of AF-algebras are again
AF and since AF-algebras have vanishing Kj-groups, it suffices to show that
the Ko-group of every distinguished quotient of C*(E x; N) is free. By [2]
Corollary 3.5], the quotient of C*(E x1 N) by the ideal Ju, x,N,Byx N+ 1S
isomorphic to the C*-algebra of the graph ((E x1 N)/(H x1 N))\ B(B x1 N*);
its K-theory is free by [2, Lemma 6.2] and continuity of K-theory. Now it
follows from [3, Lemma 4.10] that the module XK(Qo) is projective. O

We write s: Q1 — QO for the restricted morphism 1 — 3~! and form an exact
triangle

Cs = Q1 > Qo — Ci[1],
where Cs denotes the generalised mapping cone of s. By the third axiom of

triangulated categories (weak functoriality of the generalised mapping cone;
see [28, §1.1]), there is a morphism f: Cy — A[—1] such that the diagram

. Q—— Qo Gl
(5.17) /| I 0 | | s

A[—1]4>A>47T—>A>47T4>A

commutes. As in [32) Lemma 3.3], it follows that the morphism
fer Ky (C’S(Y)) — K. (A(Y)) induced by f is bijective for every closed
subset Y C X. Hence f is a KK(X)-equivalence by [25, Proposition 4.15] and
the Five Lemma.
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LEMMA 5.18. The module ker(XK(s)) is projective.

Proof. This module is concentrated in even degree and isomorphic to
XK, (C*(E)) Since C*(F) has vanishing exponential maps and all its subquo-
tients have free K;i-groups, it follows as in [3, Lemma 4.10] that this module is
projective. (|

Since the map f in (BI7) is a KK(X)-equivalence, we get an exact triangle
Al-1] = Q1 — Qo — A.

Lemmas and show that Theorem applies. The obstruction class
is the image of the top row in (5.I7)) under the functor XK. The vertical maps
in this diagram show that XK applied to the bottom row also represents the
same class in Ext?. The bottom row is exactly the dual Pimsner—Voiculescu
sequence (B5.I0), as asserted. Combining these computations with Kirchberg’s
Classification Theorem gives the following theorem:

THEOREM 5.19. Let A1 and Ay be purely infinite graph C*-algebras such that
Prim(A4;) = Prim(4s) 2 X

is finite.  Then any isomorphism XK§(A;) = XK§(Az2) lifts to a sta-
ble isomorphism between Ay and As. The obstruction classes §(A;)
in Ext? (XK(A;), XK(A4;)[—1]) are determined by the dual Pimsner—Voiculescu
sequences ([BI8) for the gauge actions v: T ~ A;.

Proof. By [19, Corollary 9.4], a purely infinite, separable, nuclear C*-algebra
with real rank zero absorbs the infinite Cuntz algebra O, tensorially. Hence
Kirchberg’s Classification Theorem applies. It gives the result together with
Theorem |

Roughly speaking, stable, purely infinite graph C*-algebras with finitely many
ideals are strongly classified by their dual Pimsner—Voiculescu sequence in XK
(up to the correct notion of equivalence). These algebras always have real rank
Zero.

COROLLARY 5.20. Let A1 and As be unital, purely infinite graph C*-algebras
such that Prim(A;) = Prim(As) = X. Then any isomorphism XK§(A4;) =
XK6(Asz) taking the unit class in Ko(A1) to the unit class in Ko(Az) lifts to a
*-isomorphism between A; and As.

Proof. This follows from [12, Theorem 3.3] and our strong classification theo-
rem up to stable isomorphism. Here we use that, when A has real rank zero,
the group Kg(A4) can be naturally recovered from the module XKy(A) as a
certain cokernel, see [I, Lemma 8.3]. O
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