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ABSTRACT. We study (weak) log abelian varieties with constant de-
generation in the log flat topology. If the base is a log point, we further
study the endomorphism algebras of log abelian varieties. In partic-
ular, we prove the dual short exact sequence for isogenies, Poincaré
complete reducibility theorem for log abelian varieties, and the semi-
simplicity of the endomorphism algebras of log abelian varieties.
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1 INTRODUCTION

As stated in [KKNO8a|, degenerating abelian varieties can not preserve group
structure, properness, and smoothness at the same time. Log abelian variety is
a construction aimed to make the impossible possible in the world of log geom-
etry. The idea dates back to Kato’s construction of log Tate curve in [Kat89l
Sec. 2.2], in which he also conjectured the existence of a general theory of log
abelian varieties. The theory finally comes true in [KKNO8b] and [KKNO08a].

Log abelian varieties are defined as certain sheaves in the classical étale topol-
ogy in [KKNO8al, however the log flat topology is needed for studying some
problems, for example finite group subobjects of log abelian varieties, l-adic re-
alisations of log abelian varieties, logarithmic Dieudonné theory of log abelian
varieties and so on. In section 2, we prove that various classical étale sheaves
from [KKNO8a)] are also sheaves for the log flat topology, in particular we prove
that (weak) log abelian varieties with constant degeneration are sheaves for the
log flat topology, see Theorem 21l We compute the first direct image sheaves
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506 HEER ZHAO

of étale locally finite rank free constant sheaves, for changing to the log flat site
from the classical étale site, in Lemma 2.4l This lemma can be considered as a
supplement or generalisation of [Kat91, Thm. 4.1]. We also reformulate some
results from [KKNOSa, §2, §3 and §7] in the context of the log flat topology.
In section [3] we focus on the case that the base is a log point. In this case,
a log abelian variety is automatically a log abelian variety with constant de-
generation. And only in this case, log abelian variety is the counterpart of
abelian variety. While for general base, log abelian variety corresponds to
abelian scheme. Now one may wonder if various results for abelian variety also
hold for log abelian variety. We study isogenies and general homomorphisms
between log abelian varieties over a log point. More precisely, we give several
equivalent characterisations of isogeny in Proposition B.3] and prove the dual
short exact sequence in Theorem [B.J] Poincaré complete reducibility theorem
for log abelian varieties in Theorem B.2] and the finiteness of homomorphism
group of log abelian varieties in Theorem B.4] Corollary B.3] Corollary 3.4, and
Corollary 3.5
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2 LoOG ABELIAN VARIETIES WITH CONSTANT DEGENERATION IN THE LOG
FLAT TOPOLOGY

When dealing with finite subgroup schemes of abelian varieties, one needs to
work with the flat topology. Similarly, the log flat topology is needed in the
study of log finite group subobjects of log abelian varieties. However, log
abelian varieties in [KKNOSa] are defined in the classical étale topology. In
this section, we are going to reformulate some results from [KKNO08a, §2, §3
and §7], which are formulated in the context of classical étale topology, in the
context of log flat topology.

Throughout this section, let S be any fs log scheme with its underlying scheme
locally noetherian, and (fs/.S) be the category of fs log schemes over S. The log
schemes in this section will always be fs log schemes unless otherwise stated.
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1 1 L :
Let Sgt (resp. S§', resp. Sgtg, resp. Sy®) be the classical étale site (resp.

classical flat site, resp. log étale site, resp. log flat site associated to the
m

category (fs/S), and let § = moeq : S8 =0 S5t S¢. be the canonical
map of sites. For any inclusion F' C G of sheaves on S}:log , we denote by G/F
the quotient sheaf in the category of sheaves on S}:log by convention, unless
otherwise stated.

We start with the following lemma, which relates the Hom sheaves in the
classical étale topology to the Hom sheaves in the log flat topology. Although
this lemma is somehow trivial, we still formulate it due to its extensive use in
this paper.

LEMMA 2.1. Let F,G be two sheaves on S;jlt which are also sheaves on S}qog.
Then we have Homga (F,G) = Hom g (F, G), in particular Homga (F,G) is
Et f1 Et

a sheaf on S}fg.
Proof. This is clear. O

Now we recall some definitions from [KKNO8a]. Let G be a commutative group
scheme over the underlying scheme of S which is an extension of an abelian
scheme B by a torus 7. Let X be the character group of 7" which is a locally
constant sheaf of finite generated free Z-modules for the classical étale topology.
The sheaf G, 105 On S]‘fjlt is defined by

Gm,log(U) = F(Ua M[%p)a
the sheaf T, on S]fjlt is defined by
Tlog = Homsgt (X, Gm,log)a

and the sheaf Gl is defined as the push-out of Tje <~ T' — G in the category
of sheaves on S}C«':lt’ see [KKNOSa, 2.1].

PROPOSITION 2.1. The sheaves G log, X, Tiog and Giog on SIC«]lc are also
sheaves for the log flat topology. Moreover, Tiog can be alternatively defined
as

/Homszfg (X, Gm,log)a

and Glog can be alternatively defined as the push-out of Tiog <— T — G in the
category of sheaves on S}fg.

Proof. The statement for G, 10g is just [Kat91l, Thm. 3.2], see also [Niz08|

Cor. 2.22]. Being representable by a group scheme, X is a sheaf on Sg)g

IHere we are following the terminology from [Kat91]. Note that in [KKN15) SCEIt is called

the strict étale site, while S]l:;tg and Sfliog are called the Kummer log étale site and the Kummer
log flat site respectively.
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508 HEER ZHAO

by [Kat9l Thm. 3.1 and [KKNIS, Thm. 5.2]. It follows then Tjoy =
/Homsgt (X, G ,log) = Hom gios (X, G 1og) is also a sheaf on Sy%. By its defini-
tion Giog fits into a short exact sequence 0 — Tjog — Glog — B — 0 of sheaves
on SCEIt. Consider the following commutative diagram

0 Tiog Glog B 0

]

0 —— Tiog — 0.0"Glog — B —— R'6, Tiog

with exact rows in the category of sheaves on SCElt, where the vertical maps come

from the adjunction (§*,,). The sheaf R'8,Tiog is zero by Kato’s logarithmic
Hilbert 90, see [Kat91l Cor. 5.2] or [Niz08 Thm. 3.20]. It follows that the
canonical map Giog — 6,0 Glog is an isomorphism, whence Giqq is a sheaf on

S}{Og. Since Glog, as a push-out of Tiog < T — G in the category of sheaves on
S]fjlt, is already a sheaf on Slllog, it coincides with the push-out of Tios <+~ 1T'— G

in the category of sheaves on Si 8. O
PROPOSITION 2.2. We have canonical isomorphisms
/Homsg)g (X, Gm,log/Gm) = T]Og/T = Glog/G.

Proof. By Proposition 21 Gieg is the push-out of T <~ T — G in the
category of sheaves on Slllog, so we get a commutative diagram

0 T G B 0
0 Thog Glog B 0

with exact rows. Then the isomorphism Tioe/T = Giog/G follows. Applying
the functor Hom gis (X, —) to the short exact sequence
1

0= Gm = Gmlog = G log/Gm — 0,
we get a long exact sequence

0 =T = Tiog — ’;’-Lomsilog (X, G 1og/Gm) — Eztshog (X,Gn)

of sheaves on S}{Og. Since X is classical étale locally represented by a finite rank
free abelian group, the sheaf £xt yiox (X, Gyy,) is zero. It follows that the sheaf
fl

’Homszfg (X, G 10g/Gr,) is canonically isomorphic to Tiog/T. O
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It is obvious that the association of Giog to G is functorial in G. Hence we have
a natural map Homsg)g(G, G) — Homs;fg(Glovaiog)v where G’ is another
commutative group scheme which is an extension of an abelian scheme by a
torus over the underlying scheme of S. The following proposition describes
some properties of this map.

PROPOSITION 2.3. (1) The association of Giog to G is functorial in G.

(2) The canonical map Homszrg(G, G — Hom gio (Glog, Glog) 15 an isomor-
phism.

(8) For a group scheme H of multiplicative type with character group X over
the underlying scheme of S, let Hioy denote ’Homsg,g (X#,Gmlog). Let

0— H — H— H" — 0 be a short exact sequence of group schemes of
multiplicative type over the underlying scheme of S such that their charac-
ter groups are étale locally finite rank constant sheaves, then the sequences

0 — Hy,y = Hiog = Hy\y =0
and

0— ,Homshog (XH/ s GmJog/Gm) — ’Homshog (XH, Gm,log/Gm)
— Homshog (XHN,GmJOg/Gm) — 0

are both exact.

(4) If G — G" is injective, 50 is Glog = Giog-

(5) If G — G’ is surjective, so is Giog — G{Og.

(6) Let 0 = G' — G — G” — 0 be a short exact sequence of semi-abelian
schemes over the underlying scheme of S, such that G' (resp. G, resp.
G") is an extension of an abelian scheme B’ (resp. B, resp. B") by
a torus T (resp. T, resp. T"). Then we have a short exact sequence

! 1
0— Glog — Glog — G10g — 0.

Proof. Part (1) is clear. The isomorphism of part (2) follows from [KKNOSal,
Prop. 2.5].
We prove part (3). Since we have a long exact sequence

/ "
0— Hlog — Hlog — Hlog — Extsg;)g (XH’;Gm,log);

it suffices to show Ext s (X#7,Gplog) = 0. Since Ext gios (Z,Gm10g) = 0,
we are further reduced to show Eztshog (Z/nZ,Gp1og) = 0 for any positive

integer n. The short exact sequence 0 — Z =% 7Z — Z/nZ — 0 gives rise
to a long exact sequence 0 — Hom gios (Z/nZ, G tog) = G log RN G log —
f1
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Extgios (L)L, Gy log) — 0. Since G log Z G, log is surjective, the sheaf
fl

Ext gios (Z /N7, Gy log) must be zero. The other short exact sequence is proved
f1

similarly.

We prove part (4). Since G — G’ is injective, then the corresponding map

T — T’ on the torus parts is also injective and the corresponding map X’ — X
on the character groups is surjective. It follows that the induced map

G]Og/G = ,Homshog (X, Gm,log/Gm> — /Homsg)g ()(’7 Gm,log/Gm> = Giog/G’

/

is injective. Hence Giog — Glog

is injective.
Now we prove part (5). Let f denote the map G — G’. Consider the torus and
abelian variety decomposition of f

0 T G B 0
AR
0 T G’ B’ 0

We first show that f; is surjective. Assume that the underlying scheme of S is
a point. The snake lemma gives an exact sequence Ker( fa,) — Coker(f;) — 0.
Since Coker(f;) is a torus and the reduced neutral component of Ker(fab) is
an abelian variety by [Brilsl Lem. 3.3.7], we must have Coker(f;) = 0. Hence
ft is surjective. In the general case, f; is fiberwise surjective, hence it is also
set-theoretically surjective. The fibers of f; over S are all flat, hence f; is
flat by the fiberwise criterion of flatness, see [Gro66, Cor. 11.3.11]. Then f;
is faithfully flat, hence it is surjective. Then we get a short exact sequence
0= X' = X — X/X'" — 0 of étale locally constant sheaves. Applying the
functor Homsgg(*,Gm,log/Gm) to this short exact sequence, we get a long
exact sequence

— G]og/G — G{og/G/ — Sxtsg;)g (X/X/,Gmylog/Gm»

Let Zior be the torsion part of X/ X', and let n be a positive integer such that

nZior = 0. Since the multiplication-by-n map on Gy, 105/Gm is an isomor-

phism, we get that the sheaf £2t gios (Ztor, G, 1og/Gm) is zero. The torsion-free
fl

nature of (X/X’)/Zior implies Sxtsg,g((X/X’)/Ztor,Gm,log/Gm) = 0, hence
Sxtsg)g (X/X", G og/Gm) = 0. It follows that Giog/G — Gy, /G’ is surjec-

!

tive, hence Giog — G,

is surjective.
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At last, we prove part (6). Consider the following commutative diagram

0 0 0

0 G/ G{og /Homszfg (Xla Gm,log) —0

0 Iel Ghrog ’Homszfg (Xa Gm,log) —0

0 el Gﬁ)g Homshog (X”a Gm,log) 0
0 0 0

with the first column and all rows exact, where Gm,log denotes G log/Gm.
The maps G’ — G — G” induce T" — T — T", furthermore X’ + X « X",
lastly the third column of the diagram. Although 0 — X” — X — X’ — 0 is
not necessarily exact, it gives two exact sequences 0 -+ Z — X — X’ — 0 and
0—-X"—=Z—Z/X" — 0, where Z := Ker(X — X') is étale locally a finite
rank free constant sheaf and Z/X" is étale locally a finite torsion constant
sheaf. By part (3), we get two short exact sequences

0 = Homges (X', G og) = Homgos (X, G tog) = Homgpos (2, Gin,tog) — 0
and
0 —>/H0mszrg (Z/X”, Gm,log) — HOmS}og (Z’ Gm,log)
1
—>/H0msg>g (X”a Gm,log) — 0.

But Homgios(Z/ X", Gm,log) = 0, it follows that the third column of the dia-
f1
gram is exact. So is the middle column. O

Recall that in [KKNO8al Def. 2.2], a log 1-motive M over S]fjlt is defined as

a two-term complex [Y % Glog] in the category of sheaves on SCEIt, with the
degree —1 term Y an étale locally constant sheaf of finitely generated free
abelian groups and the degree 0 term Gio as above. Since both Y and Giog

are sheaves on S}:log , M can also be defined as a two-term complex [V 5 Giog]
in the category of sheaves on S}{Og. Parallel to [KKN0Sal 2.3], we have a natural
pairing
<> X XY = X X (Grog/G) = X X Homgros (X, G log/Gm) — G tog/ G-
f1
(2.1)
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It is clear that our pairing is induced from the one of [KKNOSal, 2.3].
By our convention, Tios/T" denotes the quotient in the category of sheaves on

S}{Og. For the quotient of T' C Tjog in the category of sheaves on Sgt, we use
the notation (Tiog/T) g - Now we assume that the pairing (2.1 is admissible
Et

(see [KKNO8al 7.1] for the definition of admissibility), in other words the log

1-motive M is admissible. Recall that in [KKNO8al 3.1], the subgroup sheaf

Homge (X, (G log/Gm)ga )Y of the sheaf Homge (X, (G iog/Gm)ga ) on
Et Et Et Et

S]fjlt is defined by
Homgs (X, (Gios/ G ) (U) =
{pe Homsgt (X, (Gm,log/Gm)Sgt)(U) | for every u € U and = € Xg,
there exist ¥z, Yy, , € Ya such that < z,yu.. > |ea(2)| < 2,3, , >}.

Here, u denotes a classical étale geometric point above u, and for a,b €
(MEP/OF)a, alb means a=b € (My /O )a.

It is natural to define the analogue of ’Homsgl (X, (Gmylog/Gm)Sg YY) in the
log flat topology. We need the following lemma first. '

LEMMA 2.2. Let d : Slllog — SCEIt be the canonical map between these two sites.
(1) Ox (Gm,log/Gm) = (Gmlog/Gm)sgt ®z Q.

(2) Let H be a commutative group scheme over the underlying scheme of S
with connected fibres. Then Hom gios (H, Gy tog/Gm) = 0.
f1

Proof. We denote the sheaf Gy, 10g/Grm on S’fliog by G 1og- For any positive
integer n, we have the following commutative diagram

with exact rows and columns, where Z/n(1) denotes the group scheme of n-th
roots of unity. Applying the functor eg. to the above diagram, we get a new
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commutative diagram

00— 7/n(1) G n G

3
3

00— 7Z/n(1) ———— Gmjog — > G log

« vy

n

Eﬁ*Gm,log —_— Eﬂ*Gm,log

o

B 5

Gp —2— Gy, Rleq,Z/n(1) —— R'eq, G —— R'eq, G,

Lo,

0
Gm ,Jlog —> Gm log — R1€ﬂ*Z/7’L —> Rlsﬂ*Gm,log

with exact rows and columns. Since the map G,, — G,, is surjective and
R4 G 10g = 0, we get a new commutative diagram

G ®zZ/n
/:JG
0 G— " g7 L R%en.Z/n(1) ——0

[k

0 —— G —— eaGiog — Rlen.G,, ——— 0

with exact rows, where G denotes (Gm,log/Gm)ga, @ (resp. 0) is the canonical
map induced by « (resp. 0), w is the canonical projection map and £ is the
unique map guaranteed by nfo (+v) = §o (n(+v)) = § oy = 0. Taking colimit
of the above diagram with respect to n, we get a commutative diagram

0— 0 ——=G02Q ——G®2Q/Z——0

L,

0—— G —"> G iog — Rlen.G,, —— 0

with exact rows. Since the map G ®z Q/Z — R'eq.G,, is an isomorphism
by Kato’s theorem [Kat91l, Thm. 4.1] (see also [Niz08, Thm. 3.12]), we get

G 92 Q 2 eq, (G tog/Gum). Then

5* (Gm,log/Gm> = Mx«EAx (Gm,log/Gm> = M (g ®z Q)
= (Gm,log/Gm)S}% Rz Qa
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where the last equality follows from the following fact: for any U € (fs/S), the
sheaf MEP /Oy on the small étale site of U is constructible. This proves part

(1).

Now we prove part (2) which corresponds to [KKNO8al Lem. 6.1.1]. We have
Homguox (H, Gum.log) = Hom sa (H, 5+Gontog)
= Homgel (H, (Gmtog/Gm)sg ©z Q).
By the same argument of the proof of [KKN08al Lem. 6.1.1], we have
Homsgt (H, (Gm,log/Gm)Sgt ®z Q) = 0.
Hence part (2) is proved. O

Now we define the analogue of Hom gios (X, (G log/Gm) gt ). It is the sub-
Et Et
group sheaf Homséog (X, ijlog/Gm)(Y) of the sheaf /Homséfg (X, G 1og/Gm)
1

on Sgog given by
Homshog (X7 Gm,log/GTTL>(Y) (U> =

{pe Hom gios (X, G log/Grm) (U) | after pushing forward to Uglt,

for every u € U and x € Xy, there exist y, o, y;z € Y such that

< T Yue > pa(®)| < 2y, >}
Here @ still denotes a classical étale geometric point above u. Let F :=
8:(Gm tog/Gm) = (Gmlog/(Gm)sgt ®7 Q with & the canonical map Ug*® — UG

For a,b € (M{P/O})a ®2Q, alb means a™*b = a®zr for some a € (My/OF)a
and r € Q.

Remark 2.1. In [KKNO8a, 7.1], admissibility and non-degeneracy are defined
for pairings into (Gm,log/Gm)sgt in the classical étale site on (fs/S). We can
define admissibility and non-degeneracy for pairings into G, 1og/Gm on the log
flat site in the same way. Since both X and Y are classical étale locally constant
sheaves of finite rank free abelian groups, the definitions of admissibility and
non-degeneracy are independent of the choice of the topology.

The next lemma compares the sheaf /Homsgt (X, (G tog/Gm) SCE)t)(Y) on SCEIt
with the sheaf Hom gos (X, Gmylog/Gm)(Y) on S}_log.
f1

LEMMA 2.3. Let X,Y be two free abelian groups of finite rank, <,>: X XY —
(G log/Gm)ga an admissible pairing on S]fjlt. Let
Et

ch = Homsg (X; ((G'mu,log/(Gm)SE1 )(Y); Q = Homshog (X7 Gm,log/Gm)(Y)a

and 6 : Silqog — S the canonical map between these two sites. Then we have

Q=60 and 6,0 = Qg ®7 Q.
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Proof. Denote Gy, 106/ G by Gm,log- We have

o (G’m,log/(G’m)sgt = Gm,log;

and -
5* (Gm,log) = (Gm,log/Gm)Sglt XKz @

by part (1) of Lemma 22 hence
5" Hom gy (X, (G g/ Gur) s ) = Hom gos (X, G o).
and -
5*7'[07715}?3» (X, Gm,log) = /Homsgt (X, (GmJOg/GM)Sgt) ®7 Q.
Then by the definition of @ and Q.}, we get @ = 6* Q¢ and 0,Q = Q. ®zQ. O

Recall that in [KKNOSal 3.2, Thm. 7.3], G0/ C Giog (resp. Tor) C Tiog) on

S;:lt is defined to be the inverse image of Homge (X, (G 1og/Gm)ga )Y under
Et Et

the map
Glog — (Glog/G)SEt = /Homsgt (X, (Gm,log/Gm)Sgt)

(resp. Tiog — (Tlozf_f,/T)S;zjlt = /Homsgt (X, (Gm,log/Gm)Sgt))-

We could also consider the inverse image sheaf of ’Homséog (X, G log/ Gm)(y)
1
under the map

Glog — Glog/G = /Homszrg (X, G tog/Gm)

(resp, Tlog — Tlog/T = Homsg’g (Xv Gm,log/Gm))-
The following proposition states that these two constructions coincide.

PROPOSITION 2.4. (1) The sheaf Gl(;;) on S]fjlt is also a sheaf on S}qog.

(2) The sheaf Gl(:g) fits into a canonical short exact sequence

log

0= G — G, = Homgs (X, G tog/Grm) ™) = 0 (2.2)

1
of sheaves on Sg®.

(3) The association of Gl(:g) to a log 1-motive M = [Y — Giog] is functorial.

Proof. Let T (resp. B) be the torus (resp. abelian scheme) part of G, then we

have a short exact sequence 0 — Tl(:;) — Gl(;;) — B — 0 of sheaves on S}C«':lt'

To show that Gl(;g on S]fjlt is a sheaf on S}:log , it suffices to show that Tl(:g/) is
so. By [KKNO08al, 7.7], locally on S;:lt the sheaf Tl(o? is a union of representable

sheaves. Hence it is also a sheaf on S}:log . So part (1) is proven.
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By the definition of Gl(;/g), we have a pullback diagram

0 s G — G(Y) _— ’Homsgl (X, ((Gwn,log/(G'ﬂl)S]%1 )(Y) 0

lfg .
0 G G]og HOmSgl (X, (Gm,log/Gm)sel ) —0

(Y)

in the category of sheaves on S;:lt Since G, G4

and Gog are all sheaves on

Slllog, applying the functor §* to the above commutative diagram, we get the
following commutative diagram

0 e aly) *Homga (X, (Grmtog/Grm) sz )" —— 0

log Bt

0 G G]og (5*/)"[07’7715]%1t (X, (valog/Gm)S;) —0.

Since we have canonical isomorphisms
5" Homss (X, (G og/Gim) sz ) = Hom gos (X, Gon tog/ G
and
8" Homga (X, (G tog/Gm) e )" = Homgios (X, Gom tog/Gm) ™,

part (2) follows.
Now we prove part (3). It is enough to prove that for a given homomorphism

(f=1,f0) : M =Y = Giog) > M' =[Y' — Gj_,], the composition )

log log
Glog Jo, G{Og factors through G;Sg/ ) oy G{Og. Let X and X’ be the character

groups of the torus parts of G and G’ respectively, let fi : X’ — X be the map
induced from fy, and let

fa: Homga (X, (Guntog/Gum) st ) = Homga (X', (Grmtog/Grm) 521 )

be the map induced from fj. By the definition of Gl(slg) and G{g/), we are
reduced to show the composition
Homger (X, (G tog/Gim) s )Y Homga (X, (G tog/Gm)ges ) 2%
Et Et Et Et
Homga (X', (Gm,log/Gm) se1 )
Et Et

factors through

Homsglt (X/v (Gm,log/Gm)Sgt)(Y/) — lHomS]%l( (X/a (Gm,log/Gm)Sgl( )
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Let <,>: X XY = (G iog/Gm) g (resp. <,>":1 X' XY = (G 10g/Gm) gt )
Et Et
be the pairing associated to M (resp. M’), then we have

/

< fil@),y >=< 2, f-1(y) >
for any 2’ € X',y € Y. For any U € (fs/95),
p € Homga (X, (G og/Gm) 52 ) (U),
we need to show
¥ = o fi € Homga (X', (Cmtog/Gm) s ) (U).

For every u € U and every ©’ € X7, there exist yy 2.1, Yu,a,2 € Yz such that
< @), Yupr 1 > loa(filz’) ]| < fi(2), Yu,er 2 >. The relation can be rewritten

as
!

<@ fo1(Yuar 1) > [al@’) | < ', fo1(Yuar2) >,

which implies that ¢ € Homga (X', (G, 1og/Gm)ga )¥)(U). This finishes the
Et Et
proof of part (3). O
()
log *
We further assume that the pairing (21 is non-degenerate (see [KKNOSa,
7.1] and Remark 2] for the definition of non-degenerate pairings), then the
two maps X — Hom gox (Y, Gtog/Gm) and Y — Hom giox (X, Ginlog/Gim)
fl fl

associated to the pairing are both injective. Recall that in [KKNO8a, Def.
3.3. (1)] (resp. [KKN15, 1.7]) a log abelian variety with constant degeneration
(resp. weak log abelian variety with constant degeneration) over S is defined
to be a sheaf of abelian groups on Sgt which is isomorphic to the quotient sheaf

Remark 2.2. Clearly, the image of u : Y — Giog is contained in G

(Gl(:g) /Y )ga for a pointwise polarisable (resp. non-degenerate) log 1-motive
Et

M = [Y = Giog]. Here a log 1-motive is said to be non-degenerate if its
associated pairing (2)) is non-degenerate. Since the polarisability implies the
non-degeneracy, a log abelian variety with constant degeneration over S is in
particular a weak log abelian variety with constant degeneration over S.

THEOREM 2.1. Let A be a weak log abelian variety with constant degeneration
over S. Suppose A = (G(Y)/Y)Sgl for a non-degenerate log 1-motive M =
Et

log
[V % Glog]. Then
} lo
(1) A is a sheaf on Sg’®%;

(2) A= Gl(:g)/Y, in other words A fits into a canonical short exact sequence

0-Y 5GY) 5450 (2.3)

log

in the category of sheaves of abelian groups on Slllog;
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(8) A fits into a canonical short exact sequence
0= G — A= Homgus (X, Gmtog/Gm) Y)Y =0 (2.4)
1

in the category of sheaves of abelian groups on Slllog.
Proof. Part (2) follows from part (1). Since the log 1-motive M is non-
degenerate, the map Y — Hom gios (X, Gmylog/Gm)(Y) is injective. Then the
f1
short exact sequence in part (3) is induced from the short exact sequences ([2.2))
and (Z3]). We are left with part (1). The proof of part (1) is similar to that
for the log étale case in [KKNIS, §5]. 5
Consider the short exact sequence 0 - Y — A — A — 0 of [KKNT5| 5.3]. Note

that A is nothing but Gl(zfg) in our situation, however we stick to the notation
A for the sake of coherence with [KKNlS, 5.3]. The argument showing that A
is a log étale sheaf, also shows that A is a log flat sheaf, since representable
functors are sheaves for the log flat topology by [KKNI5, Thm. 5.2]. We have
the canonical map § := moeq : S}:log L gel Sgt of sites. Applying 6* and

0,00 =Y - A— A— 0, we get a commutative diagram

0 Y A A 0
0 Y A 5.0*A—— R16.Y

with exact rows, where the vertical maps are the ones given by the adjunction
(0*,04). To prove that A is a sheaf for the log flat topology, it is enough to
show that the canonical map A — §,6*A is an isomorphism. This follows from
the above commutative diagram with the help of the lemma below. o

LEMMA 2.4. The sheaf R'S,Y is zero.

Proof. Since Y is étale locally isomorphic to a finite rank free abelian group,
we are reduced to the case Y = Z. Note that Y is a smooth group scheme over
S. The proof here is the same as the proof of [Kat91] Thm. 4.1] (see also the
proof of [Niz08, Thm. 3.12]) except the very last part where the condition G
being affine is used. The reason why the proof there can be generalised to our
case lies in the fact that Y is étale over S.

Now we start from [Kat91, the second half of page 22] or [Niz08|, the second
last paragraph of page 524], since these two parallel parts are the very parts
needed to be modified. Let B be a strict local ring, B its completion, and
let o € H'((SpecB)y®,Z) such that it vanishes in H'((SpecB)y®,Z). By
fpqc descent, « is a class of a representable Z-torsor over SpecB such that its
structure morphism is étale. Since B is a strict local ring, the torsor admits
a section by [Gro67, Prop. 18.8.1], so « is zero. It follows that [Kat91l Thm.
4.1] also holds for the case G = Z, so R'eq.Z = 0. The Leray spectral sequence
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gives a short exact sequence 0 — R'm,Z — R'6,Z — m,R'eq,Z. The sheaf
R'm.Z = 0 by [Gro68, Thm. 11.7], it follows that R'6,Z = 0. O

Remark 2.3. Lemma 2.4] can be viewed as a generalisation of Kato’s theorem
(see [Kat91l Thm. 4.1] or [Niz08, Thm. 3.12]) to étale locally constant finitely
generated torsion-free group schemes.

Now we give a reformulation of [KKNO8a, Thm. 7.4] in the context of the log
flat topology.

THEOREM 2.2. Let [Y — Glog| be a log I-motive over S of type (X,Y) (see
[KKNO08d, Def. 2.2]) such that the induced paring X XY — G log/Gm is

non-degenerate, and let [X — Gi,.] be its dual. Let A = Gl(:g)/Y. Then we
have:

(1) Sxtszfg (A,72) = Hom gios (Y,Z);
(2) the sheaf 6*&131?5}103» (A, G,,) fits into an exact sequence

0—->G" — 5*5ztshog (A, G) — Homgea (A, R'6.G,,);

(3) ESCtS;{)g (A’ Gm,log) = (Grog/X)S;;t = Gikog/X;
(4) /Homsg,g (A,Z) = Homszf,g (A,Gp,) = Homszf,g (A, G 10g) = 0.

Proof. By Proposition 2.1l and Theorem 21, the sheaves Z, G, 105 and A on
Sg. are also sheaves on S8, Then part (4) follows from [KKNOSa, Thm. 7.4

(4)] with the help of Lemma 211
Before going to the rest of the proof, we first introduce two spectral sequences.
Let Fy (resp. F) be a sheaf on ¢ (resp. S8), then we have

5*H0m5}?g(5*F1, F2) = HOTTLS]%] (Fl, 5*F2)

Let 6 be the functor sending F> to .Hom giox (0*Fy, Fy) = Homga (F1,0.F»),
fl Et
then we get two Grothendieck spectral sequences

B = R, R'Hom g (5" Fi, —) = RPH19 (2.5)

and
EP? = RPHomga (F1,—)R0, = RPTap, (2.6)
Et
These two spectral sequences give two exact sequences
0 — R'6, Homgoa (6" F1, Fo) — R'0(F) — 8.Ext gox (6% FY, Fh)
fl fl

, (2.7)
— R 5*H0m5;og (5*F1, FQ)

and
0 — Extge (F1,0.F) — R'O(Fy) — Homga (F1, R'0.Fy). (2.8)
Et Et
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Let Fi = A, and let F5 be Z, G,,, or Gy 10, part (4) together with Theorem
2.1 and exact sequence (2.7)) imply

R'6(A) = 0uEatgios (A, Fy),
so we get an exact sequence
0 — Extga (A, 06, F) = 6,Extgox (A, Fo) — Homga (A, R'6,Fy).
Et fl Et

Since Extga (A, Gp) =2 G* by [KKNO8a, Thm. 7.4 (2)], the case Fy = G,,, gives
Et
part (2). Since R10Z = 0 by Lemma 24 and Extga (A, Z) = Hom gos (Y,Z) by
Et
[KKNO8a, Thm. 7.4 (1)], the case Fy = Z gives part (1). The sheaf R'§.G 1og
equals zero by Kato’s logarithmic Hilbert 90 [Kat91l Cor. 5.2]. And we have
Extga (A, Gmlog) = (Glog/X)ga by [KKNOSa, Thm. 7.4 (3)]. Then part (3)
Et Et
follows from the case Fy = Gy 1og- O

Let A be a weak log abelian variety with constant degeneration over .S, and
let M = [Y — Giog be the log 1-motive of type (X,Y’) defining A. Then the
paring <,>: X XY — Gy 104/Gy, associated to M is non-degenerate. Let
M* = [X — Gj,,] be the dual log 1-motive of M, then the pairing associated
to M* is the same (up to switching the positions of X and Y) as the paring
associated to M, hence it is automatically non-degenerate. If A is further a log
abelian variety with constant degeneration, i.e. the log 1-motive M is pointwise
polarisable, then M* is also pointwise polarisable.

DEFINITION 2.1. Let A be a weak log abelian variety with constant degener-
ation (resp. log abelian variety with constant degeneration) over S. The dual
weak log abelian variety with constant degeneration (resp. dual log abelian
variety with constant degeneration) of A is the weak log abelian variety with
constant degeneration (resp. log abelian variety with constant degeneration)
GTO(X)/X associated to the log l-motive M* = [X — Gj,]. We denote the
dual of A by A*.

Let WLAVSEP (resp. LAVEP) denote the category of weak log abelian varieties
with constant degeneration (resp. log abelian varieties with constant degener-
ation) over S. Then we have the following proposition.

PROPOSITION 2.5. The association of A* to A gives rise to a contravariant
functor

(=)* : WLAVSEP — WLAVEP
which restricts to a contravariant functor
(—)* : LAVEP — LAVEP.

Moreover the functor is a duality functor, i.e. there is a natural isomorphism
from the identity functor to (—)**.
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Proof. This follows from [KKN15, 1.7], [KKNO8a, Thm. 3.4], and the corre-
sponding duality theory of log 1-motives over S. O

Remark 2.4. Given an abelian scheme A over the underlying scheme of S,
the dual abelian scheme A* can also be interpreted as Extge(A4,Gp). One
may wonder if something similar happens in the case of (weak) log abelian
varieties with constant degeneration. Note that in the log world, G, 10 plays
the role of G, in the non-log world. Part (3) of Theorem indicates that

Sxtsg)g (A, G o) = G,y /X is not A = GTO(;()/X but closely related to it.

The following is a partial reformulation of [KKN08a, Thm. 7.3].
THEOREM 2.3. Let X and Y be two finitely generated free Z-modules, and let
<, > X XY — G log/Gm be a non-degenerate pairing on S}fg.
Let G be a commutative group scheme over the underlying scheme of S which

is an extension of an abelian scheme B by a torus T over S. Assume that
X s the character group of T. Let Tl(:g/) = Hom gios (X, Gm,log)(y) C Tog =
fl

Homsg,g (X, G 10g) (Tesp. Gl(;;) C Glog) be the inverse image of

HOmShog (X, Gmﬁlog/Gm)(Y) C HOmS;{)g (X, Gm,log/@m) = ﬂog/T = Glog/G.

(1) Let H be a commutative group scheme over the underlying scheme of S.
Then we have

log log

Y ~ Y
Homshog(G( ) H) /Homséfg(B,H), /Homséfg(G( )/G,H) = 0.
If further H satisfies the condition R'6,H = 0, we also have

Y ~
Eztsg,g(Gl(og), H) 2 Ext gos (B, H)

and
Y ~
Eatgos (G§Og> /G, H) = Homgos (T, H).

In particular, since R'6,7Z = 0, we have

() ~ _
Extsg,g(Glog VARS Extsg)g (B,Z)=0

and
Y ~
gztS}fg(Gl(Og)/G’ VAR Homsg,g (T,7Z) = 0.
(2) We have Hom gos (T Gotog) = X, Hom giox (T )T, Gop1og) = 0,

log > log
Ext gos (T )T, G rog) = 0, and 5. Ext guos (T Gotog) C R26.X.

Y
log og ’
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(8) Let G’ be another commutative group scheme over S which is an extension
of an abelian scheme B’ by a torus T’ over S. Let X' be the character
group of T'. Then we have

=~ Y
/Homszfg (G, G = Homshog (Gl(og)’ fog)

and
Hom gros (X', X) ©7,Q = Homsgg(am /G, Gl JG).

log log

Our proof of Theorem 23 follows the structure of the proof [KKNO0Sa), 7.17-7.21]
of [KKN08a, Thm. 7.3]. Firstly we state a lemma which almost corresponds

to [KKNO8al, 7.17].

LEMMA 2.5. Let the notation be as in Theorem[Z3. Then the following hold.

(1) Homges (T, H) = 0;

Y

og
y

(2) If R'6.H =0, then &Ctsgjg (Tl(og),H) =0;

(3) 5*5115}103» (,T’ls)l;)a Gm,log) C R25*X

Proof. Part (1) follows from the corresponding result in the classical étale topol-
ogy of [KKN08a, 7.17], with the help of Lemma 211
We use the exact sequences (271) and (28] from the proof of Theorem to

investigate the sheaves Emtszrg (Tlg;), H) and &Ctsg,g (Tl(:g/), Gmog) f RY6.H =

0, then the vanishing of Hom gios (T(Y)
f1

log
(2) via 27) and (ZF)). We have

Eatgy (Tig

H) and Extsgt (TI(O};),H ) implies part

Gm,log) =0

by [KKNO08a, 7.17] and R'6,.G 10 = 0 by Kato’s logarithmic Hilbert 90. We
also have

Y Y ~
Homgros (Tég), G log) = Homge (z_ic(:)g)’ Gm,log) = X

by [KKN0O8a, Thm. 7.3 (2)]. Then the inclusion of part (3) follows from (Z.7)
and (Z8). O

Remark 2.5. In the proof of part (3) of Lemma 25 since

gl'tsgl (T(Y) Gm,log) = Rlé*Gm,log = 0;
Bt

log

we must have R'6,X = 0 by the exact sequences (7)) and ([28). This gives
rise to an alternative proof of Lemma 2.4
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Proof of Theorem [Z:3: Firstly we prove part (1). The isomorphism

Homszrg (Gl(og), H)= ,Homshog (B,H)
comes from the corresponding isomorphism of [KKN08a, Thm. 7.3 (1)] for the
classical étale topology with the help of Lemma 21l The short exact sequence

Y Y
OHT%Tlgg)%G( )

log /G — 0 gives rise to a long exact sequence

0— Homslog( V)G H) — Hom gioe (T, H) — Homgios (T, H)

log

v Y
N 5“5};’3 (Gl(og)/G’ H) — Esctsg)g (T1(og),H).

Since we have Homslog (T(}g/) H) =0 by part (1) of Lemma 25 it follows that

/G H) = 0. Assuming R'6,H = 0, we get Ext log(T( ) H)=0

Homszfg( log log

by part (2) of Lemma 235 Hence we have
(Y) ~
Extsg)g (G, H) = Extsg)g (B,H), E:Etshog(

log »

/G H) ,Homshog(T, H).

log

Next we prove part (2). The exact sequence 0 — T — T(Y) — TI(O};)/T -0
gives rise to a long exact sequence

0— 'Homshog( V)T, G tog) — Homslog (1), G tog)

log

i) HOmS;{)g (T, Gm,log) — Ssctsg)g( log /T Gm 10g)

Since the map Homgea (1}(());), G log) = Homga (T, Gy 10g) is canonically iden-
Et Et
tical to the identity map 1x : X — X by [KKNO8a, 7.20], so is the map

a. Hence we have Homslog( log)/T Gmiog) = 0. Since R'6,.Gpog = 0
and gztsd (T >/T)SL1 Gmieg) = 0 by [KKNOR&, Thm. 7.3 (2)], we get

Extsg)g( log /T Gim,log) = 0 by the exact sequences (271) and (Z8)). The inclu-
sion 5*830155;{@ (Tl(o?, Gm,1og) C R?6,X is just part (3) of Lemma 25 The iso-

morphism Hom glos (TI(O? G log) = X has been proved in the proof of Lemma
fl
2.9l
At last, we show part (3). The isomorphism
log

/Homséfg (G,G) = Homsgag (G(Y) fog)

comes from the corresponding isomorphism of [KKN08a, Thm. 7.3 (3)] with
the help of Lemma 2.l The short exact sequence

0—>T—>T(Y)—>G /G—>0
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gives an exact sequence

0 %Homszfg( VGG, /G — Homsg,g( Ne el

log log

*}HOmS;{)g (T, Glog/G )

The sheaf Hom gos (T', Gy
f1

log/G’) is zero by part (2) of Lemma 22 hence we are

reduced to compute ’Homszrg( log , Gy /G"). We have

5*7'[07715;103 ( Glog/G/> Homsglt (j_iog , (Glog/G ))

Y)
= Homsgt (Tl(og ) ( og/G sgl ®z @)

log ’

where the second equality comes from part (1) of Lemma By [KKNO08a),
Thm. 7.3 (3)],

Homga (X', X) SHomga (G log Y)G) 53 ,(Glog/Gl)Scl
E Et

= Y)

—>H0msd (T1(og  (Glog/ G sgt)-

It follows that

Hom (T, Glog/G') = Homgy (X', X) @7,Q = Homgpu (X', X) @7, Q
Et

log

O

Since weak log abelian varieties with constant degeneration are defined in terms
of log 1-motives, it is natural to try to relate every aspect of weak log abelian va-
rieties with constant degeneration to the corresponding aspect of log 1-motives.
In particular, we are keen on the relation on the homomorphisms. The following
theorem is a combination of [KKN08a, Thm. 3.4] and [KKN15, 1.7].

THEOREM 2.4. The functor [Y — Glog] — (GI(CQ/Y)SC; = log /Y induces an
Et

equivalence from the category of non-degenerate log 1-motives (resp. pointwise
polarisable log 1-motives) over S to that of weak log abelian varieties with con-
stant degeneration (resp. log abelian varieties with constant degeneration) over

S.

Proof. See [KKNOSal, §8]. O

Let f: A — A’ be a homomorphism between two weak log abelian varieties
with constant degeneration over S, and let M = [Y — Giog|, M' = [Y' — G|, ]
be the log 1-motives defining A and A’ respectively. By Theorem 2.4 f comes
from a homomorphism from M to M’, and we denote it by (f_1, fo). The

proof of [KKNO08a, Thm. 8.1] actually shows that fp comes from a unique
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homomorphism from G to G’, and we denote it by f. by convention B The
homomorphism f. can also be obtained from the following diagram

0 G A QY 0
! \
I fe Jf | fa
+ +

0 G’ Al QY ——0

with exact rows, together with the vanishing of Homgu.s(G,Q'/Y") (see
1
Lemma below). Here the exact rows come from part (3) of Theorem
21 and Q (resp. Q') denotes the sheaf Hom gios (X, G 1og/Gm)Y) (resp.
fl
Hom giox (X’,Gm,log/Gm)(Y/)). Furthermore the diagram gives a homomor-
fl

phism Q/Y — Q'/Y’ which we denote by fq B. The procedure of getting f
1(;;) — G{g ) = A’ which we
denote by f . The homomorphism f induces a homomorphism Q — Q' which
we denote by fq4 A

from (f_1, fo) also gives a homomorphism A := G

LEMMA 2.6. We have Homsg)g (G,Q'/Y")=0.

Proof. As before, let ¢ : S}fg — S]fjlt be the canonical map between these

two sites. By part (3) of Lemma 22 we have a canonical isomorphism
0.9 = 9, ®z Q with 9., := ”;’-Lon”LS]%lt (X, (ijlog/Gm)S&)(Y ). We also have
0.(Q'/Y") = (0.9 /Y")ga by Lemma 2.4 Hence

Et

Hom gioe (G, @ /Y') = Homga (G, 8.(Q/Y"))
= HomscE,lt (G, (s Q’/Y’)Sgt)
= HomscE,lt (G, (Qu @z @)/Yl)sgt)-

The group Homsgt (G, (2, ®zQ/Y") Sgt) equals zero by the same reason as in
[KKNO8a, 9.2]. Hence Hom gios (G, Q'/Y") vanishes. O
f1

For practical reason, we state the following proposition, which is nothing else
than a tedious summary of various maps constructed out of f: A — A’.

PROPOSITION 2.6. Let f : A — A’ be a homomorphism of weak log abelian
varieties with constant degeneration over S. Then f induces the following four

2Here the subscript ¢ stands for connected.

3Here the subscript d stands for discrete.

4Here the symbol ~for f (resp. fd) stands for the lifting of f (resp. fq) to the “universal
coverings”, and A (resp. Q) could be thought of as the “universal covering” of A (resp.

Q/Y).
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commutative diagrams

0 Y c) A 0 (2.9)

log

T

0— Y — @)

log
0 G A QY 0 (2.10)
J{fc Jf lfd
0 G’ A QY ——0
0 G Gl Q 0 (2.11)

b

00— G —— )

log
0 Y Q Q/Y 0 (2.12)
NN
0 YI Ql Ql/yl 0

with exact rows.

3 ISOGENY

In this section we study log abelian varieties over a log point. Note that in this
case, log abelian varieties are necessarily log abelian varieties with constant
degeneration by [KKNO08a, Thm. 4.6 (2)].

Let k be a field, and S = (Spec k, Mg) an fs log point with log structure induced
by a chart P — k, where P is a sharp fs monoid such that P — (Mg/OJ)z
is an isomorphism. Here x denotes the underlying point of S and Z denotes a
geometric point above x. Let (fs/S) be the category of fs log schemes over S,
and log schemes in this section will always be fs log schemes unless otherwise
stated. Let Si® (resp. S§) be the log flat (resp. classical flat) site on (fs/S),

log 1 , . , .
and let S® (resp. S ) be the log étale (resp. classical étale) site on (fs/.5).

3.1 ISOGENY

Firstly we show a few properties of the category (fin/S),. See Definition [AT]
in the Appendix for the categories (fin/S)y, (fin/S),, (fin/S)q and (fin/S)..
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LEMMA 3.1. Let Fy € (fin/S). and let Fy be a subobject of Fy in (fin/S),.
Then we have Fy € (fin/S).. In other words, the category (fin/S). is closed
under subobjects in (fin/S),

Proof. If the field k is of characteristic zero, then F5 is a log flat locally constant
sheaf of finite abelian groups. Hence it corresponds to a ﬂ'llog(S )-module by
Theorem Here 71°%(S) denotes the logarithmic fundamental group of S
with respect to some log geometric point of S, see [I1I02, §4] for its definition.
We have a short exact sequence

1 — I'°8(8) — 7°8(8) 22 71, (8) — 1

from [I102, (4.7.1)], where forg is the map to the classical étale fundamental
group of S induced by the canonical map from the log étale site to the classical
étale site, and the kernel I'°8(S) of forg is called the log inertia group of S.
Since Fy € (fin/S)., the action of I'°8(S) on Fj is trivial. It follows that
the action of Ilog(S) on the subobject F5 of Fj is also trivial. Hence we get
Fs e (ﬁn/S)c

Now we are left with the case that the field k is of positive characteristic.
Let 0 — F? — F; — F£* — 0 be the connected-étale short exact sequence
of F;, see Lemma [AJl Tt is obvious that we have Fy,Ff' € (fin/S).. We
have F5' € (fin/S), and Fs € (fin/S). by Proposition The inclusion
1 : Fy — F) gives a commutative diagram

0 Fy [ Fst
0 Fyt

with exact rows and injective vertical homomorphisms. Then we have F$'
(fin/S). by applying the same argument as in the characteristic zero case to
Fs* C Ff'. Let F be the pullback of the extension Fj along ®* : F§* «— FFY
then we have a commutative diagram

0 Fg Ff Fgt 0
0 FY [ Fg*
0 F? Fet

with exact rows. Note that E lies in (fin/S)., and F is also the pushout of
F, along i° : Fy — Fy?. Now we make use of Kato’s classification theorem
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Theorem [A-3] Note that the functor ® of Theorem [A3 is compatible with
pushout along the second argument, hence we have a commutative diagram

Crtga (F5', F5) x  Homga(F5'(1), F3) @ P = Ertgus(F5", Fy)
i i i
Crtga (F5', FY) % fomga (FsH(1), FY) @ P 5 @ty (F5', FY)

fl

with rows equivalences of categories. Let [E] € szctshog(Fft,Ff) (resp.
[Fs] € Ert gros (FS', F5)) denote the class represented by E (resp. Fy). With
the help of the above commutative diagram, [E] € €rtga(F5*, FY) implies
(13] € Cetgy (F, F). 0

PROPOSITION 3.1. (1) The category (fin/S)y is abelian.
(2) The category (fin/S), is a weak Serre subcategory of (fin/S)y.

(8) The category (fin/S). is closed under subobjects and quotient objects in
(fin/S),, but not closed under extensions in (fin/S),.

Proof. We first show part (1). Let f : F — F’ be in (fin/S)s, and U — S
a log flat cover such that both Fyy and Fy; lie in (fin/U).. Since S is a log
point, we may shrink U such that its underlying scheme is affine (in particular
quasi-compact). For each positive integer n, let Sy, := S Xgpecz(p] SpecZ[P'/"]
endowed with the log structure associated to P1/" — Og, . By [Kat91l, Prop.
2.7 (2)] or [Niz08, Cor. 2.16[, there exists a log flat cover V — U and some
positive integer ng such that W :=V xg S,, = Sy, is classically flat. Since
both Fy and Fy;, are represented by classical finite flat group schemes, so are
Fs,, and ano by classical flat descent theory. Note that the underlying scheme
of Sy, is artinian. Since the category of commutative finite flat group schemes
over an artinian base is abelian, part (1) follows.

To show part (2), we need to check that (fin/S), is closed under kernels, cok-
ernels and extensions. The closedness under kernels is trivial. The closedness
under extensions is given by Proposition [A.Il We are left to show the closed-
ness under cokernels. It suffices to show that, for any short exact sequence
0 — Fy — Fy, — F35 — 0 with Fy, F> € (fin/S),, we must have F3 € (fin/S),.
Let 0 — F? — F; — F?* — 0 be the connected-étale short exact sequence of

5The proof of [Kat91], Prop. 2.7] hasn’t been given in the very preprint. One may refer to
[Niz08, Cor. 2.16] for the proof, however the statement might have missed the quasi-compact
assumption. Nevertheless the proof works under the quasi-compact assumption.

DOCUMENTA MATHEMATICA 22 (2017) 505-550



LoG ABELIAN VARIETIES OVER A LOG POINT 529

F;, then we have the following commutative diagram

0 0 0
0 F? F Fet 0
0 FS Fy Fgt 0
0 FS F; FSt 0
0 0 0

with exact rows and columns. Both FyY and Fy lie in (fin/S)., so is Fs. Hence
F5 € (fin/S), by Proposition [A2

Now we show part (3). The closedness under subobjects is just Lemma [B.1]
The closedness under quotient objects can be proven by a similar argument as
in the proof of Lemma 31l The non-closedness is clear by Kato’s classification
theorem Theorem [A.3] O

LEMMA 3.2. Let M = [Y — Giog], M' = [Y' — G|,] be two non-degenerate
log 1-motives over S, (f-1, fo) : M — M’ a homomorphism of log 1-motives,
and f. : G = G’ the map induced by fo. Let X (resp. X') be the character
group of the torus part T (resp. T') of G (resp. G'), Q (resp. Q') the sheaf
’Homszrg (X, Gmﬁlog/Gm)(Y) (resp. ’Homszrg (X/;Gm,log/Gm)(Y/)), A: X' =X
the map induced by f., and fd : Q — Q' the map induced by f1. If f. is an

V), o)

log log ~ induced by (f-1, fo) is surjective with

isogeny, then the map f : G
kernel Ker(f.), and the map fq is bijective.

Proof. Since f. is an isogeny, the map fj is injective and of finite cokernel. We
consider the following commutative diagram

0 G a\Y) Q 0

log

b

0—— @ —— G ——s 0 ——0

with exact rows. To show the surjectivity of f , it is enough to show the sur-
jectivity of fq.
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The induced map Tiog — Tl’og is surjective by Proposition[Z3] (5). Furthermore

we have the surjectivity of the map
,Homshog (X, G 1og/Gm) — ,Homshog (X', G og/Gm)-

Thus for any ¢' € Q', there exists some ¢ € Hom gios (X, Gy 1og/Gm) mapped
fl

/

to ¢, ie. ¢ = po fi. In order to show the surjectivity of fd, it suffices
to show that ¢ € Q. Let n be a positive integer killing X/fi(X’), and let
<> X XY = G log /G and <, >"0 X7 XY — Gy log/ G be the pairings
associated to M and M’ respectively. Given any U € (fs/S),u € U,z € Xy,
there exists 2’ € X such that nx = fi(2’). By the definition of Q’, there exist
Yuzr 1> Yuzr 2 € Yg such that

<z Yy > @) <2 Y0 > (3.1)

The map f; being injective with finite cokernel, together with the non-
degeneracy of M and M’, forces f_1 to be injective with finite cokernel. If nec-
essary we enlarge n such that it also kills the cokernel of f_;. Then there exist

Yu,a', 1> Yu,ar,2 € Ya such that ny, 1 = f-1(Yuer1) and ny, 05 = f-1(Yu,ar,2)-
Raising the relation (3] to n-th power, we get a new relation

< xlv f*l(yu,m/,l) >/ |90/(:C/)n | < :C/, f*l(yu,z’,Q) >/ . (32)
Since < fi(—), — >=< —, f_1(—) >/, the relation [B2)) can be rewritten as
2
<X Yuap1 > (@) | < 2 yupre > (3.3)
By [KKNI5L 18.10], there exist y1,y2 € Yz such that
<zyl > | < @Yy > and < T,y > | <zyh >
Therefore relation [33]) gives another relation
2 2 2
<z,y1 >" (@) | <zy >™ . (3.4)
Removing the exponents from B4]), we get < z,y1 > | p(z) | < x,y2 >, hence
pe Q. 5
The injectivity of fq follows from the injectivity of
Homshog (X, G 1og/Gm) — ”;'-[omshog (X, G tog/Gm).
The identification Ker(f.) = Ker( f ) follows from the injectivity of fa. O

PROPOSITION 3.2. Let A be a log abelian variety over S, and F € (fin/S), be
a subsheaf of A. Then:

(1) F is an extension of objects of (fin/S)..
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(2) F € (fin/S)q.
(8) The quotient A/F is also a log abelian variety over S.

Proof. Let n be a positive integer such that nF' = 0, then we have F' C Aln] :=

Ker(A =% A). Since the map G —% (G is an isogeny, we get a short exact
sequence 0 — G[n] — Aln] — (Q/Y)[n] — 0 by diagram 2I0), where Q
denotes the sheaf Hom(X, Gmﬁlog/Gm)(Y). Since the map Q@ =% Q is an
isomorphism, we get (Q/Y)[n] = Y/nY by diagram (2I2). We also have
A[n] € (fin/S), by [KKNI5| Prop. 18.1 (1) and (2)]. Now let F’ be the kernel
of the composition F' — A[n] — (Q/Y)[n] =2 Y/nY, and F” the image of F in
Y/nY, then we have a commutative diagram

[T
0 Gn] Aln) Y/nY ——0

with exact rows and injective vertical homomorphisms. As a kernel of a homo-
morphism between two representable objects, F’ € (fin/S),; as a subobject of
Y/nY which is a classical finite étale group scheme, F” € (fin/S).. Applying
Lemma [3] to the inclusion F’ C G[n], we conclude F’ € (fin/S),, hence part
(1) is proven. Part (2) follows from part (1) and Proposition [AT]

Now we show part (3). It suffices to find a polarisable log 1-motive such that
)

A/F is isomorphic to its associated quotient. Consider the pullback E of Glog

along FC A

0 Y Jf T 0
H (v)
0 Y Gl A 0,

and let Eio, be the torsion subsheaf of F, Y’ := E/F},. Since the sheaf

Gl /G = Hom 5195 (X, G g/ Grm) )
is torsion-free, Eio; maps into G. So we get Eyor = F' and Y'/Y = F” C Y/nY,
and Y’ is étale locally constant. Let G’ = G/Ei,, = G/F’, the inclusion

FE < GI(CQ — Glog gives a homomorphism V' — Giog/F' = G{Og by taking the

/

quotient by F’. In this way, we get a log 1-motive M’ := [Y' 2 Glog

] together
with a homomorphism (f_1, fo) : M :=[Y <5 Giog] — M’. By the construction
of the homomorphism (f_1, fo), it is clear that the multiplication by n map n,
on M factors through (f_1, fo). Let (¢9—1,90) : M’ — M be the homomorphism
such that ny = (g,l,g0> o (ffl,f()), let (hfl,h0> M — M* = [X — Gikog]

be a polarisation of M, then (¢*; o h—1 0 g_1,94 © ho © go) gives rise to a
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polarisation of M’, where (9%, g5) : M* — M"™ = [X' — G3,] is the dual of
(9-1, 90). By [KKNO8a, Thm. 3.4], the homomorphism (f_1, fo) gives rise to a
homomorphism f : A — A’ of log abelian varieties with constant degeneration,
where A’ is the associated log abelian variety of M’. By the diagram ([2.9) and
Lemma [32] it is easy to see that A" = A/F. O

DEFINITION 3.1. Let A, A’ be two log abelian varieties over S. An isogeny
from A to A’ is a homomorphism f from A to A’ such that f is surjective for
the log flat topology and Ker(f) € (fin/S),.

Remark 3.1. Let f: A — A’ be an isogeny between two log abelian varieties
over S. By Proposition (2), we have Ker(f) € (fin/S)q. Hence we can
replace the condition Ker(f) € (fin/S), by the a priori stronger condition
Ker(f) € (fin/S)q in the definition of isogeny. We can also replace the condition
Ker(f) € (fin/S), by the a priori weaker condition Ker(f) € (fin/S)y, since
Ker(f) is automatically representable as the kernel of f| [, : A[n] — A’[n] for
n big enough. Here we have used the fact A[n], A'[n] € (fin/S),, see [KKNI5,
Prop. 18.1].

EXAMPLE 3.1. By Proposition B2l a subsheaf F' € (fin/S), of a log abelian
variety A over S gives an isogeny A — A/F of log abelian varieties.

Isogenies between abelian varieties can be defined by several equivalent con-
ditions, some of which concern the dimension. Here we show the same thing
happens for log abelian varieties over S.

Recall that the dimension of a log abelian variety is defined to be the dimension
of its semi-abelian part, see [KKNOSal 4.4].

PROPOSITION 3.3. Let f: A — A’ be a homomorphism of log abelian varieties
over S. Let M = [Y = Gog) (resp. M’ = [V = Glogl) be the log 1-motive
defining A (resp. A’), and f_1 and f. the homomorphisms induced by f as in

Proposition [2.8. Consider the following conditions:

(1) f is an isogeny;

(2) f is surjective for the log flat topology and dimA = dimA’;
(3) Ker(f) € (fin/S), and dimA = dimA’;

(4) fe is an isogeny and f_1 is injective of finite cokernel.
Then we have (2) < (1) < (3) < (4).

Proof. If f is an isogeny, we have Ker(f) € (fin/S), and A’ = A/Ker(f). By
the construction of A/Ker(f) as a log abelian variety in the proof of part (3) of
Proposition [3:2] we have that f. is an isogeny of semi-abelian varieties, hence
dimG = dimG’. This shows that (1) implies both (2) and (3).

Now we show that (3) implies (1). The condition Ker(f) € (fin/S), implies
that Ker(f.) is a finite group scheme. Since dimG = dimA = dimA’ = dimG’,
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fc is an isogeny. Let f : Gl(zfg) — G;g/) be the homomorphism induced by f as
in Proposition By Lemma 32 f is surjective. Then the surjectivity of f
follows from the surjectivity of f . Hence f is an isogeny.

At last, we show the equivalence between (3) and (4). Assuming (3), we must
have that f. is an isogeny. Let fd : @ — Q' be the homomorphism induced by
f as in Proposition Then f4 is bijective by Lemma Applying snake
lemma to diagrams (ZI0) and ([212)), we get Ker(f-1) = 0 and a short exact
sequence 0 — Ker(f.) — Ker(f) — Coker(f-1) — 0. Hence (3) implies (4).
Conversely, assuming (4), we have that fa is bijective by Lemma Again
applying snake lemma to diagrams [2.I0) and (212, we have a short exact
sequence 0 — Ker(f.) — Ker(f) — Coker(f_1) — 0. Hence Ker(f) € (fin/S),
by part (2) of Proposition Bl so we get (3). O

Remark 3.2. One might wonder if (2) implies (1) in Proposition3.3l Note that
the corresponding statement for abelian varieties holds. It is easy to see that
the implication follows from the surjectivity of f.. Unfortunately, it is not clear
to the author how to deduce the surjectivity of f. from the surjectivity of f.

EXAMPLE 3.2. Let A be a log abelian variety over S. Let M = [Y — Giog]
be the log l-motive defining A, M* = [X — Gj] the dual of M and
(A—1,X0) : M — M* a polarisation, see [KKNO08a, Def. 2.8] for the defini-
tion of polarisation. Then the map A : A — A* induced by (A_1,\p) is an
isogeny. One calls A a polarisation of the log abelian variety A.

PROPOSITION 3.4. Let A be a log abelian variety over S, let g be the dimension
of A, and let n be a positive integer.

(1) The multiplication-by-n map ny : A — A is an isogeny.
(2) The rank of Aln] := Ker(na) is n?9.

(3) Aln] € (fin/S)a.

(4) Let (na)* be the dual of the map na, then (na)* = na-.

(5) If n is coprime to the characteristic of k, then Kummer étale locally on S,
Aln] is isomorphic to (Z/nZ)*9.

Proof. By [KKNI15, Prop. 18.1], we have A[n] € (fin/S),, hence part (1) is a
corollary of Proposition B3]l For part (2) and part (5), we refer to [KKN15|
Prop. 18.1]. Part (3) follows from part (1) and Remark Bl We are left with
part (4). Let M = [Y — Glog| be the log 1-motive defining A, then ny4 is the
map induced by the map nps. Since the dual of nys is the map nps+, where
M* denote the dual of M, the dual of n4 is nothing but n 4«. O
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3.2 THE DUAL SHORT EXACT SEQUENCE

Recall that for an isogeny f : A — A’ between two abelian varieties over a
field, we have that the dual f* of f is an isogeny with kernel (Ker(f))*. In this
subsection we show that the same thing holds for log abelian varieties over S.
Let f: A — A’ be an isogeny between two log abelian varieties over S, and let

F be the kernel of f, then we get a short exact sequence 0 — F' — A ENYEN)

Applying the functor Hom gios (—, Gy 10g) to this short exact sequence, we get
f1

a long exact sequence

%Homshog (A, Gm,log) — Homshog (F, Gm,log) — 51%5‘;103 (A/7 GmJog)

(3.5)
€t gios (A, G tog).

By Theorem (4), Hom gios (A, G log) = 0. By Theorem (3), the map
f1
Extséfg (A, Gy log) — Extséfg (A, G log) s just the map G5, /X' — G} /X.
The torsion-free nature of Gy 1og/Gm implies Hom gioz (F, G log/Gm) = 0,
f1
hence we have Hom gios (F, Gy log) = F*, where F* = Hom g5 (F, G,,) is the
f1 £l

Cartier dual of F (see Definition [AJ]). We have A* = G*(X)/X and A™* =

log
G{:éx )/X’. And the map X' — G{;, )

exact sequence

having its image in G{:éx gives a short

0— A" -G /X =R —0,

log

where R denotes the quotient sheaf
Homgios (Y, G jog/Gm) Homgios (Y, G log/Gm) X ).

Putting all these ingredients together, we get a commutative diagram

0—— I —— {j;g/X’ —>G1*0g/X

with exact rows and columns.

LEMMA 3.3. The sheaf R is torsion-free.
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Proof. We consider the following short exact sequence

05 Q" Homgye (V' Gon g /) —+ R 0,

where Q'* denotes Homshog (Y, Gmylog/Gm)(X/), To show R is torsion-free, it
is enough to show that any section ¢ € /Homszfg (Y, G log/Gm), satisfying
©" € Q™ actually lies in Q*. For any U € (fs/S),u € U,y’ € Y,, there exist
Ty, 15 Ty o € Xg such that < a4,y > [o"(Y)| < 2,0,y > By
IKKN15, 18.10], there exist x1, 22 € X, such that

<xLy ST <Y > <@y 0y > <way ST

Then we get a relation < z1,y" > |¢"(y')| < 22,y >". Removing the
exponents, we further get < x1,y" >’ |o(y')| < z2,y’ >', which shows that
p e Q™. O

THEOREM 3.1. We have a canonical short exact sequence
0—>F*—>A’*£>A*—>O,
in other words, f* is an isogeny with kernel the Cartier dual of F'.

Proof. Since F' € (fin/S)q by PropositionB.2(2), F* € (fin/S)4. The sheaf R is

torsion-free by Lemma [3.3] hence we have Hom gios (F*,R) = 0. It follows that
1

the map F* — G{;, /X" in the diagram (5.6)) factors through A™. Furthermore,

F* is actually the kernel of f*. Since dimA™* = dimA*, f* is an isogeny by
Proposition [3.31 O

3.3 THE POINCARE COMPLETE REDUCIBILITY THEOREM

The Poincaré complete reducibility theorem for abelian varieties plays a very
important role in the theory of abelian varieties. In this subsection, we formu-
late a Poincaré complete reducibility theorem for log abelian varieties admitting
a polarisation over S.

LEMMA 3.4. Let M =[Y — Glog] be a log 1-motive over S with a polarisation
(A=1,20) : M =[Y = Giog] = [X — Gyl = M*, and let A be the log abelian
variety associated to M. Let My = [Y1 — Ghiog) be another log 1-motive with
rankzY; = ranky Xy, where X1 is the character group of the torus part of G.
Let (i—1,i0) : M1 — M be a homomorphism of log 1-motives and i. : Gy — G
the homomorphism corresponding to ig, and let y_1 := 1" 0A_101_1, Yo :=
i5 0 Ag 0 ig. Suppose that i_y is injective and i. has finite kernel, then we have
the following.

(1) The map (y—1,7%) : M1 = Y1 — Gueg — [X1 — Gilog] = M; is a
polarisation.
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(2) Let Aq be the log abelian variety associated to My andi: Ay — A the map
induced by (i_1,19), then we have Ker(i) € (fin/S),.

Proof. To prove part (1), we need to verify the conditions (a), (b), (c) and (d)
of [KKNO8a, Def. 2.8]. We have the following commutative diagram

) -
i1 A1 11

Y Y X X,

Lol

20 0 0
Gllog Glog Gy G

log llog*
We also have the following commutative diagram

0 Ty G B 0

1t ic Z-ab
0 T G B 0

)\t )\c Aab
0 T* G* B* 0

i i iny
0 17 G; B 0

with exact rows, where the rows are the torus and abelian variety decomposition
exact sequences of semi-abelian varieties. By the construction of the duality
theory of log 1-motives, we have that i*, (resp. 4f) is induced by ¢ (resp.
i—1). Then condition (d) follows. Let <,>: X XY — G 1og/Gm (resp.
<, >1: X1 X Y1 = Gy log/G) be the pairing associated to M (resp. My). For
y € Y15\{0}, where s denotes the only point of S, we have i_1(y) # 0 by the
injectivity of ¢_1. Hence we have

<Y-1(y),y >15=< A1 0i-1(y),i-1(y) >5€ (Ms,5/O05 )\ {1}

which gives condition (c¢). For condition (b), it suffices to show the injectivity
of v_1 because of rankyY; = rankz X;. But this already follows from condition
(c). At last we show condition (a). Since i. has finite kernel, i,;, must have
finite kernel by diagram chasing. Hence i, is a finite morphism. We want to
show 7ap = %}, © Aab © %ab is & polarisation of By. Without loss of generality, we
may assume \,p, = @, for an ample line bundle £ on B, where ¢, is defined by
or(b) = t2£®£_1 for b € B. Then we have vap, = 9%}, 09 £0%an = iz, L- Clearly
ir, £ is ample, so vap is a polarisation on Bi. This finishes the verification of
condition (a). Hence (y_1,70) is a polarisation of Mj.

Now we prove part (2). By Proposition [Z6] the homomorphism 4 induces the
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following two commutative diagrams

0 Gy Al Ql/Yl —0

0 G A QY 0
and

0 Yi 9 90:1/Y1 ——0

0 Y Q QY 0

with exact rows. Since i, has finite kernel, 7; has finite kernel too. Hence iq
is injective by part (3) Proposition 231 Applying snake lemma to the above
two diagrams, we get exact sequences 0 — Ker(i.) — Ker(i) — Ker(iq) —
Coker(i.) and 0 — Ker(iq) = Y/Y7.

CLAM. The map a maps Ker(iq) onto the torsion part (Y/Y1)ior of Y/Y7.

Proof of CLAIM. First we show (Y/Y1)tor C Im(cx). Let y € Y be such that
the quotient class g represented by y lies in (Y/Y7)tor- We have ny = i_1(y1)

for some n € N and y; € Y;. The map Qi BaliN Q; is bijective by Lemma
B2 hence there exists ¢1 € Q1 such that ¢ =< — y1 >1. It follows then

ia(p1)™ =< —,y >™. Since the map Q = Q is bijective by Lemma B2 we
get i4(p1) =< —,y >. Whence 7 = a(@1), where @; denotes the quotient class
of ®1 in Ql/Yl.

Now we show the converse inclusion. It suffices to show, for ¢; € Q; with
ia(p1) =< —,y > forsome y €Y, 7 € (Y/Y1)tor. Since y_; =i* ;0 A1 0i_;
is of finite cokernel by part (1), there exists some positive integer m such that
mi*;0A_1(y) =i*;0A_10i_1(y1) for some y; € Y1. Let w:=my —i_1(y1),
and we have i* ; o A_1(w) = 0. Hence

< A1(w),w > =< A_q(w),my > — < A_1(w),i—1(y1) >

= da(p1) (A1 (W)= < ity 0 Ai(w),y1 >1
= 901(it1 S )\_1(w))m— < 0,91 >
=0.

Since (A_1, o) is a polarisation, we must have w = 0. This shows § €
(Y/Y1)tor- O

By the above claim, we get an exact sequence
0 — Ker(i.) — Ker(i) = (Y/Y1)tor — Coker(ic).
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Let F be the kernel of (Y/Y7)tor — Coker(ic). We have F' € (fin/S).. Then the
short exact sequence 0 — Ker(i.) — Ker(i) — F — 0 forces Ker(i) € (fin/S),
by Proposition [A.T] O

PROPOSITION 3.5. Let f: A — A’ be a homomorphism of log abelian varieties
over S. Then there exists a log abelian subvariety j : Ay < A such that fla, =
0, and Ay possesses the following universal property: for any homomorphism
g: As — A of log abelian varieties over S such that fog =0, g factors through
Ay uniquely. In other words, Ay is the kernel of f in the category of log abelian
varieties over S.

Proof. Let M = [Y — Giog (resp. M’ = [Y' — Gj,.]) be the log 1-motive
defining A (resp. A’), and let (f_1,fo) : M — M’ be the homomorphism
defining f.

We first construct the log 1-motive defining A;. The homomorphism f induces
a homomorphism f. : G — G’. Let G; be the reduced neutral component of
Ker(f.), then Gy is a semi-abelian variety by [BrilS, Rem. 5.4.7. (iii)]. Let jc
be the inclusion G; C G, and let jo : G1iog — Glog be the map induced by je.
We consider the following commutative diagram

0 —— G —— Giiog —— ”;'-Lomshog (X1,Gm tog) —— 0

Je Jo J/]o

0 G Glog /Homszfg (X, Gm,log) —0

fe fo lfo

0 G’ G| /Homséfg (Xla Gm,log) —0

log

with exact rows, where X7 (resp. X, resp. X’) is the character group of the
torus part Ty (resp. T, resp. T') of Gy (resp. G, resp. G'). By part (3) of
Proposition 23] we have

Ker(fo) = Homshog (COker(fl)a Gm,log)a

where f) : X’ — X is the map induced by the torus part fi : T — T’ of fe.
The above diagram gives rise to another commutative diagram

0 G, Giiog ——— Homgiox (X1, Gum log) —— 0

[ |

0 — Ker(f.) — Ker(fo) —— /Homszfg (Coker(£1), Gm.log)

with exact rows. Since the map Coker(f;) — X; induced by G; — G — G’ is an
isomorphism up to torsion, the map jo in the above diagram is an isomorphism.

DOCUMENTA MATHEMATICA 22 (2017) 505-550



LoG ABELIAN VARIETIES OVER A LOG POINT 539

Then we have that « is surjective. By the snake lemma, we get that Giiog is
canonically embedded into Ker(fy) with finite cokernel Ker(f.)/Gj.

Now let Y7 be the pullback of Gi1og along Ker(f_1) < Ker(fy), then rankzY; =
rankzKer(f_1). Let j_; be the canonical inclusion Y7 C Y, we get a log 1-
motive My := [Y1 — Giiog] together with a canonical map (j_1,jo) : M1 — M.
In order to apply Lemma B4l we need to show rankzY; = rankz X;. Without
loss of generality, we may assume that both M and M’ admit a polarisation,
in particular we have homomorphisms 4 : Y — X and A’ : Y/ — X’ which are
both injective with finite cokernel. Consider the following diagram

Coker(f*;) x  Ker(f-1)

Td la

X x Y =2 Grmog/Gm
1t Lfa [

X' X Y’ <> Gm,log/Gm

Te )

Ker(f*;) x Coker(f_1)

in which the parings <,> and <,>’ are compatible with the maps f*; and
f—1, we have the following relations

(1) the composition Ker(f_;) & Y LN Coker(f*,) is injective, whence
rankzKer(f_1) < rankzCoker(f*,);
c h/—l
(2) the composition Ker(f*;)®Q = X' ®Q — Y'®Q e, Coker(f_1)®Q
is injective, whence rankzKer(f*;) < rankzCoker(f_1);

(3) rankzX = rankzY, rankz X’ = rankzY’;
(4) rankzKer(f_1) — rankzCoker(f_1) = rankzY — rankzY”;
(5) rankzCoker(f*;) — rankzKer(f*;) = rankz X — rankz X".

The relations (3), (4) and (5) are trivial. For y € Ker(f_1) such that doh(y) =
0, we have h(y) = f*,(a’) for some 2’ € X', hence

0=<2a', fo1(y) >'=< fX1(2),y >=< h(y),y >.

This implies y = 0, hence relation (1). Relation (2) can be shown by a
similar argument. Now these five relations together force rankzKer(f_1) =
rankzCoker(f*,), so we get rankz Y7 = rankz X;.

Applying Lemma [54] to M; (if necessary we take base change to k in order
to get a polarisation on M), we have that M; defines a log abelian variety A;
and (j_1,70) gives a homomorphism j : A; — A. We leave the proof of the
injectivity of j to Lemma [3.5]
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Now we are left with checking the universal property. Let
(9-1,90) : M2 = [Yo = Garog] = M

be the homomorphism defining g. By the equivalence of categories from Theo-
rem[Z4] we have that fog = 0 implies f_109_1 = foogo = f.og. = 0. Hence the
map ¢g. factors through the map j. uniquely, further the map go factors through
Jo uniquely. The equality f_10g_1 = 0 implies that g_1(Y2) C Ker(f_1). Since
Y1 is defined as the pullback of Giiog along Ker(f_1) < Ker(fy), the homo-
morphism Y5 — Ker(f_1) factors through Y7 uniquely. It follows that (g_1, go)
factors through (j_1, jo) uniquely, and g factors through j uniquely. O

LEMMA 3.5. The homomorphism j : A1 — A in the proof of Proposition [3.3 is
injective.

Proof. Let the notation be as in the proof of Proposition We have the
following commutative diagram

Y Ker(f_1)C T e Yf
Gllog;)Ker(fO)( GlOg L Glllog‘

Since the left square is a pullback diagram, we have that the canonical map
Ghog/ Y1 — Ker(fo)/Ker(f_1) is injective. By diagram chasing, the canonical
map Ker(fy)/Ker(f-1) — Giog/Y is also injective. Hence the canonical map
Ghiog /Y1 — Glog/Y is injective. Then the injectivity of j follows. O

LEMMA 3.6. Leti: Ay < A be an inclusion of log abelian varieties over S. Let
(i—1,%0) : M1 = [Y1 = Giiog] = [Y = Giog] = M be the homomorphism of log
1-motives defining i, and let i, : G1 — G be the homomorphism of semi-abelian
varieties induced by ig. Then i_1, 19 and i. are all injective.

Proof. The injectivity of i, follows from the injectivity of ¢ by diagram (210I).
The injectivity of g follows from the injectivity of i, by part (4) of Proposition
The injectivity of i_; follows from that of iy by diagram (23]). O

THEOREM 3.2 (Poincaré complete reducibility theorem). Let A be a log abelian
variety over S with a polarisation A\ : A — A*, and Ay a log abelian subvariety
of A. Then there is another log abelian subvariety As such that Ay x As is
isogenous to A.

Proof. Let M = [Y — Giog] and My = [Y1 — Giiog] be the log 1-motives
defining A and A; respectively. Let ¢ be the inclusion A; C A, let i* be the
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dual of i, and let f = i* o A. Let (f-1, fo) : M — M be the homomorphism
defining f. By Proposition 2.6] we have a commutative diagram

0 q A QY 0
Acl Ry AJ s Adl o
0 GF—— A" —5 Q" /X ——0
iil i*J i(’il
v v =
0 Gi Al Qi/X1——0

with exact rows.

Firstly we study the homomorphism f. via A, and ¢}. By Example 32 ) is an
isogeny, hence Ker(\) € (fin/S), and dimG = dimG* by Proposition B3 So
Ac is an isogeny. The construction of i} gives a commutative diagram

0 T* G* B 0
o | s
0 T feh B} 0

with exact rows, where the map 7" — 77 is induced by i_; : Y1 — Y and the
map B* — By is induced by the abelian variety part ¢,p of ic. The injectivity
of 7 implies that i, and i_; are both injective by Lemma[3.0 It follows that i}
is surjective. The injectivity of i, implies that i,, : B; — B has finite kernel.
Hence i}, : B* — Bj is surjective, and so is 7). Then the surjectivity of fc
follows.

Let j : Ay < A be the kernel of f in the category of log abelian varieties
guaranteed by Proposition The proof of Proposition tells us that the
log abelian subvariety As could come from a log 1-motive My = [Yo — Galog)
and a homomorphism (j_1, jo) : M2 — M, such that both j_; and jo are injec-
tive, and the semi-abelian variety G2 underlying Gaiog is the reduced neutral
component of Ker(f.).

Let Y := Y] x Y5, G’ := G X G, then we have a natural log 1-motive M’ =
[Y' — Gj,,] and a homomorphism (a—1,aq) : M' — M, where a_; is the map
Y1 xYs =Y, (y1,¥2) — y1 + Y2, and «p is the map induced by a. : G1 X Go —
G,(91,92) — g1 + g2. We claim that a_; is injective and of finite cokernel.
Note that (y-1,70) := (i*; 0 A_1 0i_1,if 0 Ag 0 4p) is a polarisation on M; by
Lemma B4l For y € Y15 N Yas, v-1(y) = f-1(y) = 0, hence 0 =< 0,y >15=<
v-1(y),y >15 implies y = 0, and Ker(a_1) = Y1 NY2 = 0. Hence a_; has finite
cokernel due to rank reason. We also claim that the map a. is an isogeny. Let
e : G1 — G7 be the homomorphism corresponding to 7o, 7vab the abelian part
of 7., and 7 the torus part of v.. Since (y-1,70) is a polarisation, v, is a
polarisation and ~y_; is injective and of finite cokernel. It follows that both v,
and ~y; are isogenies. Whence 7. = i} o Ac 0 i. is also an isogeny. Hence for any
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g € G, there exists g1 € G1 such that i} o Ac0ic(g1) = 75 0 Ac(g), it follows then
g —ic(g1) € Ker(f.). Since Ker(f.)/Gz is a finite group scheme, the map o,
is an isogeny. Note that (a_1, @g) induces a homomorphism a : Ay x As — A
of log abelian varieties. By the equivalence (1) < (4) of Proposition B3] we
deduce that a is an isogeny. O

Remark 3.3. Since abelian varieties over a field are always projective, they
carry an ample line bundle, hence they are always polarisable. For log abelian
varieties over a log point, they admit a polarisation after base change to the
algebraic closure of the base field by definition. However it is not clear to the
author if they actually carry a polarisation over the base log point. But he
does think, over a log point, log abelian variety admitting a polarisation serves
as the right counterpart of abelian variety for at least two reasons. Firstly, the
canonical 1-parameter log abelian variety degeneration ([Zhald]) of an abelian
variety transports a polarisation of the generic fibre to the special fibre. In
other words the special fibre (which is a log abelian variety over a log point) as
the degeneration of the generic fibre (which is an abelian variety over a trivial
log point) is necessarily polarisable. Secondly, a polarisation is needed in the
proof of Poincaré complete reducibility theorem (see Theorem B2)), and we
know that Poincaré complete reducibility theorem for abelian varieties plays a
very important role in the theory of abelian varieties.

DEFINITION 3.2. Let A be a log abelian variety over S, a log abelian subvariety
of A is a subsheaf of A which is also a log abelian variety. The log abelian variety
A is simple if it has no non-zero proper log abelian subvariety. In other words,
if A; is a log abelian variety properly contained in A, then A; is zero.

LEMMA 3.7. Let f : A — A’ be a non-zero homomorphism between log abelian
varieties.

(1) If both A and A’ are simple, then f is an isogeny.

(2) If f is an isogeny, then there exists an isogeny g : A’ — A and a positive
integer n such that go f =ny4.

Proof. We prove part (1) first. Let A; be the kernel of f in the category of
log abelian varieties, see Proposition 3.5l for the construction of A;. Since A is
simple, A; has to be zero. Let F be the kernel of f in the category of sheaves
of abelian groups, then F lies in (fin/S), by part (2) of Lemma[34 Then A/F
gives rise to a log abelian subvariety of A’ by part (3) of Proposition We
must have A’ = A/F by the simplicity of A’. It follows that f is an isogeny.
This shows part (1).

Now we show part (2). Let n be a positive integer which kills F. Then there
exists an epimorphism g : A’ — A such that g o f = n4. The kernel-cokernel
exact sequence gives a short exact sequence 0 — F' — A[n] — Ker(g) — 0. We
get Ker(g) € (fin/S), by part (2) of Proposition[3.l Hence g is an isogeny. O
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COROLLARY 3.1. Let A be a log abelian variety over S admitting a polarisation.
Then A is isogenous to a product AT* X --- x A% where the A;’s are simple
log abelian varieties and not isogenous to each other. The isogeny type of the

A; and the integers n;’s are uniquely determined.

Proof. If A is simple, there is nothing to prove. Otherwise, by Theorem [3.2]
there exists nonzero log abelian subvarieties A’ and A” of A such that A is
isogeneous to A’ x A”. By Lemma [3.4] and Lemma [3.6] both A’ and A” admit
polarisations. Hence applying Theorem [32l repeatedly, we have that A is isoge-
nous to a product A7 x - -+ x A" for some simple log abelian varieties A; and
some positive integers n;. By part (1) of Lemma B such a decomposition is
unique up to isogeny. o

DEFINITION 3.3. Let A, A’ be two log abelian varieties over S, we abbreviate
Homséog(A,A’) = Homga (A, A’) as Hom(A, A’). We define Hom"(4, A’) as
1 Et

Hom(A, A’)®7Q, and End®(A) as End(A4) ®; Q = Hom(A, A) ®;Q. We define
the category LAV% of log abelian varieties up to isogeny over S, by localising
the category LAV g of log abelian varieties over S at the class of isogenies.

COROLLARY 3.2. Let A be a log abelian variety over S admitting a polarisation.
If A is simple, the ring EndO(A) 18 a division ring. In general, if A is isogenous
to AT x --- x A with A; simple and not isogenous to each other, and D; =
End’(4;), then End®(A) = M, (D1) x --- x M, (D,).

Proof. For A simple, let f be a nonzero endomorphism of A. Then f is an
isogeny by part (1) of Lemma[37 By part (2) of Lemma[B7 f is invertible in
the ring End’(A). Hence the ring End”(A) is a division ring. By part (1) of
Lemma 3.7, we have Hom®(A, A’) = 0 for two non-isogenous simple log abelian
varieties. Hence the second part follows. o

LEMMA 3.8. The abelian group Hom(A, A') is torsion-free.

Proof. Let f € Hom(A, A’) such that nf = 0 for some positive integer n. Since
0 =nf = fony and ny is surjective, f must be zero. Hence Hom(A4, A’) is
torsion-free. O

DEFINITION 3.4. (1) Let f : A — A’ be an isogeny between two log abelian
varieties over S. The degree deg(f) of f is defined to be the rank of the
finite log group object Ker(f). By convention, if f is not an isogeny, we
let deg(f) = 0.

(2) Let f_1 : Y — Y’ be a monomorphism with finite cokernel between two
étale locally finite rank free constant sheaf, the degree deg(f_1) of f_; is
defined to be the determinant of f_;. By convention, if f is not injective
of finite cokernel, we let deg(f) = 0.

(3) Let f.: G — G’ be an isogeny between semi-abelian varieties, the degree
deg(f.) of f. is defined to be the rank of the finite group scheme Ker(f.).
By convention, if f. is not an isogeny, we let deg(f.) = 0.
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LEMMA 3.9. Let f : A — A be a homomorphism between two log abelian
varieties over S. Let f_1 : Y — Y and f. : G — G be the homomorphisms
induced by f as in Proposition [2.8, and let f, : T — T and far, : B — B
be the homomorphisms induced by f. on torus parts and abelian variety parts
respectively. Then:

(1) deg(f) = deg(f-1)deg(ft)deg(fab);

(2) let g : A — A be another homomorphism, and let h = f + g, then h_1 =
J-1+9-1, he = fo + gt and hab = fab + Gab-

Proof. Part (2) is obvious. We only need to show part (1).

If f is not an isogeny, then deg(f_1)deg(fi)deg(fan) = 0 = deg(f) by Proposi-

tion Now we suppose that f is an isogeny, so are f., f; and fa,. Also we

have f_; is injective and of finite cokernel. By diagram (Z.I0), we get a short

exact sequence
0 — Ker(f.) — Ker(f) — Ker(fa) — 0.

Similarly, we have another short exact sequence
0 — Ker(fi) — Ker(f.) = Ker(fan) — 0.
By diagram (212), we get Ker(fq) = Coker(f_1). Then

deg(f) = deg(f-1)deg(f;)deg(fab)-
]

THEOREM 3.3. The function f — deg(f) on End(A) extends to a homogeneous
polynomial function of degree 2g on EndO(A), where g is the dimension of A.

Proof. Since for any f € End(A) and n € Z,

deg(nf) = deg(n.a) - deg(f) = n*® - deg(f),

it suffices to show that for f,g € End(A), the function P(n) = deg(nf + g) is
a polynomial function. By Lemma B.9, we are reduced to show the functions
deg(nfi+gi), deg(nfab+gap) and deg(nf—_1+g-1) are all polynomial functions.
The case for deg(nfab + gab) is a standard result for abelian varieties, see
[Mum70, §19, Thm. 2]. And deg(nf-1 + g—1) as a determinant function is
clearly a polynomial function. The case for deg(nf; + gt) is reduced to the case
for deg(nf_1 + g—1) by taking the character groups of the tori. O

DEFINITION 3.5. Let [ be a prime number which is coprime to the characteristic
of k. The l-adic Tate module of A is defined to be

Ti(A)sket) = @A[ln]g(két),
where 5(két) denotes a log geometric point of S for the log étale topology. Here
we use the notation 5(két) for the sake of coherence with [KKN15, 18.9], and
the log étale topology is called the Kummer étale topology there.
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Let m°® be the log fundamental group of S. By Proposition B4 we have

Ti(A)ser) is a free Z;-module of rank 2g endowed with a continuous o8-

action. Any homomorphism f : A — A’ induces a homomorphism
Ti(f) : Ti(A)sery = Ti(A) sxen)

which is ﬂllog—equivariant. It follows that we have a functor
Ty : LAVg —» (718, Z;)—Mod

from the category of log abelian varieties over the log point S to the category of
finite rank Z;-modules with continuous ﬂ'llog—action. In particular, the functor
T; gives rise to a homomorphism

Hom(A, A') = Hom 106 51 roq (TH(A)s1cer) T(A ) s(xer))-

The latter is clearly a Z;-submodule of Homgz, (77(A)sket), T1(A")sker)) which
is of finite Z;-rank. Moreover, we have the following canonical homomorphism

Ty : Hom(A, A") @z Z; — Homgz, (Ti(A)set)> Ti(A ) set))-
We are going to use this map to investigate the finiteness of Hom(A, A").

THEOREM 3.4. For A, A’ two log abelian varieties over S admitting a polari-
sation, Hom(A, A") is a finitely generated free abelian group, and the canonical
map

T; : Hom(A, A") ®z Z; — Homgz, (T1(A)sket)> Ti(A”) s(xet))
is injective, where l is a prime number different from the characteristic of k.

Proof. We have already proven the degree function on EndO(A) is a homo-
geneous polynomial function of degree 2g in Theorem Now the proof of
[Mum70, §19, Thm. 3] works verbatim here. O

COROLLARY 3.3. Let A, A’ be two log abelian varieties over S. Then the canon-
ical map

Ty : Hom(A, A") @z Z; — Homgz, (Ti(A)sxet)> T1 (A )sket))
18 1njective.
Proof. This follows from Theorem [3.41 O

COROLLARY 3.4. Let A, A’ be two log abelian varieties over S. Then we have
Hom(A, A") 2 Z" with r < 4dimA - dimA’.

COROLLARY 3.5. Let A be a log abelian variety over S admitting a polarisation.
Then End® (A) is a finite-dimensional semisimple algebra over Q.

Proof. This follows from Corollary and Corollary 3.4 O
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A  APPENDIX: LOG FINITE FLAT GROUP SCHEMES

Since the theory of log finite flat group schemes is not well-known, we collect
some results about them in this appendix. These results are all due to Kato,
and the main references are [Kat92] and [MS].

Let S be an fs log scheme. We recall several kinds of finite group objects on
Sp¢ defined by Kato.

DEFINITION A.1. The category (fin/S). is the full subcategory of the category
of sheaves of finite abelian groups over Slllog consisting of objects which are
representable by a classical finite flat group scheme over S. Here classical
means the log structure of the representing log scheme is the one induced from
S.

The category (fin/S); is the full subcategory of the category of sheaves of
finite abelian groups over Slllog consisting of objects which are representable by
a classical finite flat group scheme over a log flat cover of S. For F € (fin/S)y,
let U — S be a log flat cover of S such that Fyy := F xgU € (fin/S)., then
the rank of F' is defined to be the rank of Fyy over U.

The category (fin/S), is the full subcategory of (fin/S); consisting of objects
which are representable by a log scheme over S.

Let F' € (fin/S)y, the Cartier dual of F is the sheaf F* := Hom gios (F,Gp).

By the definition of (fin/S)y, it is clear that F™* € (fin/S)y.
The category (fin/S)q is the full subcategory of (fin/S), consisting of objects
whose Cartier duals also lie in (fin/S),.

A.1 LOGARITHMIC FUNDAMENTAL GROUP

We have the following well-known theorem.

THEOREM A.1. Let S be a locally noetherian connected scheme. Let ﬁm'fjt denote

the category of finite étale group schemes over S, LC(§Et) (resp. LC(§ﬂ)) the
category of locally constant sheaves of finite abelian groups for the étale (resp.
flat) topology, and 71 (S)—fMod the category of finite abelian groups endowed
with a continuous m (S)-action.

(1) By the theory of fundamental group, there are equivalences of categories:

L

ﬁnet

% = LC(Sg,) — mi(S)—fMod.

(2) By flat descent, we further have an equivalence
LC(Sg,) = LC(Sh).

For the theory of logarithmic fundamental group, we have the following ana-
logue of Theorem [A.T] which is due to Kato.
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THEOREM A.2. Let S be an fs log scheme with underlying scheme locally noethe-

rian and connected. Let ﬂllog(S) be the logarithmic fundamental group of S, see

[TI02, 4.6] for its definition. Let in'c® be the subcategory of (fin/S), consisting
of objects which are Kummer log étale over S, LC(Sg’tg) (resp. LC(SR®)) the

category of locally constant sheaves of finite abelian groups on Sg’tg (resp. Slllog ),

and ﬂllog(S )—tMod the category of finite abelian groups endowed with a contin-

wous m.°8(S)-action. Then we have the following equivalences of categories:
1 g eq q

(1)

fin = LC(SK®) = m1°%(S)—fMod;

Et
(2) N
LC(S2%) = LC(Sg®).

Proof. For part (1), see [I1I02} §4]. For part (2), see [MS, Thm. 1.4.5. (2)]. O

A.2 STRUCTURE OF LOG FINITE FLAT GROUP SCHEMES

PrOPOSITION A.1. Suppose that the underlying scheme of S is locally noethe-

rian. Then the category (fin/S); (resp. (fin/S),, resp. (fin/S)q) is closed

under extensions in the category of sheaves of abelian groups on S}qog.

Proof. See [Kat92, Prop. 2.3]. O

LEMMA A.1. Assume that the underlying scheme of S is the spectrum of a
henselian local ring. Let F' € (fin/S)s, then there is a unique short exact
sequence

0= F° - F—F"—0 (A1)

in (fin/S) s, such that over any log flat cover S — S with Fs: € (fin/S")., this
sequence restricts to the classical connected-étale sequence.

Proof. See [Kat92, 2.6], or [MS, Lem. 2.1.6]. O

LEMMA A.2. Let the assumption be as in Lemmald. 1l Assume further that F
lies in (fin/S), and its underlying scheme is connected. Then F actually lies

in (fin/S)e.

Proof. See [MS, Prop. 2.1.7], see also [Kat92, Lem. 2.8] for the noetherian
strict henselian case. o

PROPOSITION A.2. Let the notation and the assumption be as in Lemma [A ]l
We further assume that the underlying scheme is noetherian.

(1) The sheaf F°t lies in fin's", in particular it lies in (fin/S),.

(2) The sheaf F lies in (fin/S), if and only if F° lies in (fin/S)..
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Proof. Part (1) follows from Theorem

Suppose that F° € (fin/S),, then F' as an F°-torsor over F°' is representable
by [Kat91l, Thm. 9.1]. Hence F' € (fin/S),. This proves one direction of part
(2).

Conversely suppose that F' € (fin/S),, we want to show that F° € (fin/S)..
As the kernel of ' — F°', F° is representable, hence lies in (fin/S),. We claim
that the underlying scheme of F° is connected. Taking a covering U — S
in Sf:log such that the underlying scheme of U is finite over that of S, and
F§ € (fin/U).. Since the underlying scheme of Fy; is connected, so is that of
F°. Now Lemma [A.2] applies, and we get F° € (fin/S).. O

Remark A.1. The proof of Proposition [A.2] is the same as the proof of the
strict henselian case in [Kat92, Prop. 2.7]. However there is a small condition
missing in the proof in [Kat92, Prop. 2.7], so we give a complete proof here.

Let S be an fs log scheme with underlying scheme SpecR, where R is a noethe-
rian henselian local ring with residue characteristic p > 0. Let = be the closed
point of S, and suppose that S admits a global chart P — Og which induces
an isomorphism P — (Mg/Og )z. Here P is an fs monoid, and Z is a classical
geometric point over z. By Proposition [A:2] any F' € (fin/S), is an extension
of F* € fin’® by F° e (fin/S).. By Theorem A2 F° can be understood
by the theory of logarithmic fundamental group. Let S’ be a Galois cover of
S with Galois group G := m°8(S)/m°8(S"), such that F** xg S’ € (fin/S")..
Then one can recover F' from F' xg S’ and the G-action on F' xg S’ induced
from the G-action on F*°* xg S’.

In order to understand F, we may assume F*°* € (fin/S). after replacing S by
S’. Hence to understand the category (fin/S),, we are reduced to understand
the extensions of a classical finite étale group scheme by a classical connected
finite flat group scheme on Slllog. This is done by Kato’s classification theorem
of logarithmic finite flat group schemes as follows.

THEOREM A.3. Let S be as above. Let G be a classical finite étale group

scheme over S, H a classical finite flat group scheme over S. We denote by

Crtgos (G, H) (Tesp. Crtge (G,H)) the category of extensions of G by H on
f1

Slllog (resp. S&'), and Homga (G(1), H) @ PEP the discrete category associated to
the group Homge (G(1), H) ® P#P. Then we have an equivalence of categories

P : Ertgy (G, H) x Homga (G(1), H) ® P = €t (G, H).

Proof. See [MS, Thm. 2.3.1]. See also [Kat92, Thm. 3.3] for the strict henselian

case. O
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