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ABSTRACT. We show that a cubic fourfold F' that is apolar to a
Veronese surface has the property that its variety of power sums
VSP(F,10) is singular along a K3 surface of genus 20 which is the
variety of power sums of a sextic curve. This relates constructions of
Mukai and Iliev and Ranestad. We also prove that these cubics form
a divisor in the moduli space of cubic fourfolds and that this divisor
is not a Noether-Lefschetz divisor. We use this result to prove that

there is no nontrivial Hodge correspondence between a very general
cubic and its V.SP.
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1. INTRODUCTION

For a hypersurface F C P" = P(V*) defined by a homogeneous polynomial
f € SV of degree d in n + 1 variables, we define the variety of sums of powers
as the Zariski closure

VBB (F,s) = {{[l1],...,[ls]} € Hilb,(P?) | IN; € C: f = M1 + ...+ N9},

in the Hilbert scheme Hilb,(P"), of the set of power sums presenting f (see
[20]). The minimal s such that V.SP(F,s) is nonempty is called the RANK of
F'. We will study these power sums using apolarity. Concretely, we can see the
defining equation f as the equation of a hyperplane Hy in the dual space S dy,
and more generally, we get for each k < d a subspace IJ]? = [Hy: SymdikV*] C
Sky=,
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456 KRISTIAN RANESTAD, CLAIRE VOISIN

DEFINITION 1.1. We say that a subscheme Z C P is apolar to f (or to
F =V(f)) if Iz C Iy, or, equivalently, 13 C I]Ccl = Hy. We use the term
symmetrically, and also say that f is apolar to Z if I3 C I$ = Hy.

The relation between apolarity and power sums is given by the following duality
lemma (see [15]):

LEMMA 1.2. Letly,...,ls €V be linear forms. Then f = MI{+ ...+ \J2 for
some \; € C* if and only if Z = {[l1],...,[ls]} C P(V) is apolar to F =V (f).

In the case F C P® is a general cubic hypersurface, the rank of F is 10 and
the variety of 10-power sums of F' is 4-dimensional. In the paper [15], Iliev
and the first author exhibited cubic fourfolds Fyr(S) associated to K3 surfaces
S of degree 14 obtained as the transverse intersection G(2,6) N Pg of the
Grassmannian G(2, 6) with a codimension 6 linear space Pg of P(A\* V) = P4
(see Section 2 for the precise construction). On the other hand Beauville and
Donagi, in [3], associate to such a K3 surface S the Pfaffian cubic Fpp(S) which
is the intersection of the Pfaffian cubic in P(A® V) with the P5 ¢ P(A® V)
orthogonal to Pg. The following result is proved in [15].

THEOREM 1.3. For general S as above, the variety V.SP(Frr(S),10) is iso-
morphic to the family of secant lines to S, i.e. to Hilby(S).

Combining this result with those of Beauville and Donagi [3], we conclude that
VSP(Fir(S),10) is isomorphic to the Fano variety of lines in the Pfaffian cubic
fourfold Fpp(S). Theorem 1.3 also says that V.SP(Fig(S),10) is a smooth
hyperkéahler fourfold. A deformation argument ([15, proof of Theorem 3.17]),
may therefore be applied to prove

COROLLARY 1.4. For a general cubic fourfold F, the variety V.SP(F,10) is a
smooth and irreducible hyperkdhler fourfold.

REMARK 1.5. Note that the statement of [15, Theorem 3.17] is incorrect, and
was corrected in [16].

Recall from [3] that the Hodge structure on H*(F,Q), for F' a smooth cubic
fourfold, is up to a shift isomorphic to the Hodge structure on H? of its variety
of lines, the isomorphism being induced by the incidence correspondence. The
construction of Iliev and Ranestad provides for general I’ a second hyperkéhler
fourfold V. SP(F, 10) associated to F'. A natural question is whether there is also
an isomorphism of Hodge structures of bidegree (—1,—1) between H*(F,Q)
and H?(VSP(F,10),Q). Note that Theorem 1.3 above combined with the
results of Beauville and Donagi does not imply this statement even for the
particular cubic fourfolds of the type Frg(S), because the Hodge structures
on degree 4 cohomology of the cubics Frr(S) and Fpp(S) could be unrelated.
Another way of stating our question is whether the two hyperkahler fourfolds
associated to F, namely its variety of lines and V.SP(F,10), are “isogenous”
in the Hodge theoretic sense.

We prove in this paper that such a Hodge correspondence does not exist for
general F'.

DOCUMENTA MATHEMATICA 22 (2017) 455-504



VARIETY OF POWER SUMS AND DIVISORS ... 457

THEOREM 1.6. For a very general cubic fourfold F', there is no nontrivial mor-
phism of Hodge structures

a: HY(F, Q)prim — H*(VSP(F,10),Q).

In particular, there is no correspondence I' € CH?*(F x VSP(F,10)), such that
[T]. : HY(F, Q)prim — H*(VSP(F,10),Q) is non zero.

This theorem cannot be proved locally (in the usual topology), because the two
variations of Hodge structures have the same shape and we have no description
of the periods of V.SP(F,10): it is even not clear how its holomorphic 2-form
is constructed. In fact, by the general theory of the period map, there exists
locally near a general point of the moduli space of cubic fourfolds and up to a
local change of holomorphic coordinates, an isomorphism between the complex
variations of Hodge structure on H*(F, C)ppim and H2(VSP(F,10), C)prim.
Indeed, by the work of Beauville and Donagi, we know that the variation
of Hodge structure on H*(F, C)ppim is isomorphic (with a shift of degree)
to the variation of Hodge structure on Hgm-m of the corresponding family of
varieties of lines, hence in particular this is (up to a shift of degree) a com-
plete variation of polarized Hodge structures of weight 2 with Hodge numbers
h?0 =1, hzl);lim = 20. The same is true for the variation of Hodge structure
on H*(V SP(F,10), C)ppim once one knows that the family of V.SP’s is locally
universal at the general point, which is equivalent to saying that the defor-
mations of V.SP(F,10) induced by the deformations of F' have 20 parameters,
this last fact being easy to prove. Hence both complex variations of Hodge
structures are given (locally near a general point in the usual topology) by an
open holomorphic embedding into a quadric in P2!, and thus they are locally
isomorphic since a quadric is a homogeneous space.

Notice that if we consider plane sextic curves instead of cubic fourfolds, then
we are faced with an analogous situation, namely we can associate naturally
to a plane sextic curve C two K3 surfaces, the first one being the double cover
of P? ramified along C, and the other one being the variety of power sums
VSP(C,10), which has been proved by Mukai [19] to be a smooth K3 surface
for general C' (see also [10]).

Theorem 1.6 will be obtained as a consequence of the following construction
which relates the Mukai construction for plane sextic curves to the Iliev-
Ranestad construction for cubic fourfolds. This involves the introduction of
the closed algebraic subset of the moduli space of the cubic F' parameterizing
cubic fourfolds apolar to a Veronese surface. This subset, which we will prove
to be a divisor Dy _gp, Will now be introduced in more detail.

Let W be a 3-dimensional vector space, and V := S2W, which is a 6-
dimensional vector space. There is a natural map

s: SOW — S*V
which is dual to the multiplication map

m: S3(SPW*) — SSW™.
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If a € W, we have
(2) s(a’) = (a®)°.
The map s associates to a plane sextic curve C with equation g € SSW a four

dimensional cubic F with equation f = s(g) € S3V. Note that we recover g
from f using the multiplication morphism m’ : S3V — SSW. Indeed we have

(3) m'(f) = g,

as an immediate consequence of (2).

LEMMA 1.7. The cubic polynomials in the image of s are exactly those which
are apolar to the Veronese surface ¥ C P(S?W).

Proof. Indeed, by definition of apolarity, a cubic hypersurface defined by an
equation f € S3V is apolar to the Veronese surface if and only if the hyperplane
Hj C S3V* determined by f contains the ideal I (3). Equivalently, (f, k) = 0,
for k € Ix(3). But as we have f = s(g), (3) tells that

(fik) = (g,m(k)).
By definition of the Veronese embedding, the map

m: SV — SOW*
is nothing but the restriction map to 3, so that m(k) = 0 and (f,k) = 0
for k € Ix(3). For the converse, note that the map s is injective and that
dimeS®W = dimcS3V* —dimcIs(3), so if (f, k) = 0 for every k € I (3), then
f is in the image of s. O

It follows that the K3 surface V.SP(C,10) embeds naturally in V.SP(F,10)
and we will prove in Section 5:

THEOREM 1.8. The variety VSP(F,10) is singular along VSP(C,10). For a
general choice of C, the variety V.SP(F,10) is smooth away from the K3 surface
VSP(C,10) and has nondegenerate quadratic singularities along V.SP(C,10).

Our strategy for the proof of Theorem 1.6 is the following. We will first prove
that Dy _gp is a divisor, and that the divisor Dy _g, is not a Noether-Lefschetz
divisor in the moduli space M of cubic fourfolds (Proposition 4.16), which
means that for a general cubic parameterized by this divisor, there is no nonzero
Hodge class in H*(F, Q)prim- Secondly, using Theorem 1.8, we will prove that
Dy _,p is a Noether-Lefschetz divisor for the family VSP(F,10) of varieties
of power sums parameterized by a Zariski open set of M, which has to be
interpreted in the sense that the generic Picard rank of the extension along
Dy _g4p of the variation of Hodge structure on the degree 2 cohomology of
VSP(F,10) is at least 2.

Both proofs involve a careful analysis of the variety of power sums V.SP(F, 10)
with results that we believe may have independent interest. Indeed, the set
theoretic definition given in (1) of V.SP(F, s) as a closure in the Hilbert scheme
does not give a priori any information on its schematic structure. We obtain
in Section 3 the following results in the case of V.SP(F,10) for cubic fourfolds.

DOCUMENTA MATHEMATICA 22 (2017) 455-504



VARIETY OF POWER SUMS AND DIVISORS ... 459

Let U C Hilbyo(PP?) be the open set of zero-dimensional subschemes imposing
independent conditions to cubics. There is vector bundle E of rank 46 on U,
with fiber I7(3) over the point [Z] € Hilbyo(PP?).

THEOREM 1.9. (i) (¢f. Proposition 3.1) For a general choice of F in the com-
plement of explicit divisors in the moduli space of cubic fourfolds, the variety
of power sums V.SP(F,10) is contained in U and is the zero locus of a section
of the vector bundle E* on U.

(i) (cf. Proposition 8.5) For a general cubic fourfold F, the variety V.SP(F,10)
does not intersect the singular locus of Hilbyg(P%).

(iii) (cf. Proposition 4.11 and Corollary 4.12) These results remain true for a
general cubic fourfold apolar to a Veronese surface.

In order to prove these results, we were led to introduce new divisors in the mod-
uli space of cubic fourfolds, that is divisors in P(S3V) invariant under the action
of PGI(6), along which properties stated above fail. Many PGI(6)-invariant
divisors were already known: the discriminant hypersurface parameterizing
singular cubic fourfolds and the infinite sequence of divisors of smooth cubic
fourfolds containing a smooth surface which is not homologous to a complete
intersection, introduced by Brendan Hassett [14]. The latter sequence includes
the Beauville-Donagi hypersurface parameterizing Pfaffian cubics. These are
all Noether-Lefschetz divisors. Concerning the new divisors D,.3, Deopr and
Dy _,p we introduce in this paper (see Section 2), we prove that Dy _g, is not
a Noether-Lefschetz divisor, and it is presumably the case that neither D3
nor Doy are Noether-Lefschetz divisors. We do not know whether the Iliev-
Ranestad divisor Dyr parameterizing the Iliev-Ranestad cubics is a Noether-
Lefschetz divisor. As a consequence of Theorem 1.3, the Picard rank of the
variety V.SP(F, 10) jumps to 2 along this divisor. Therefore proving that Dyg
is not a Noether-Lefschetz divisor could have been another approach to Theo-
rem 1.6.

ACKNOWLEDGMENTS. We would like to thank an anonymous referee for nu-
merous suggestions that improved the presentation of our proofs.

1.1. NOTATION. We give the numerical information of the minimal free reso-
lution of a graded S = Clxo, ..., z,]-module

O M+ Fog+— Fi1+ ...« F,+0
with £ = @,z 8iS(—7) in Macaulay2 notation [18], 1. e. in the form

Boo Bi1 B2 .. Pan
Bo1 B2 B2z ... Banyl
BOm Bl,m—i-l 62,m+2 oo Bn,n—i-m-

The Bo; counts the number of linearly independent generators of M of degree j+
1, while the 3;;, for i > 0 counts the homogeneous sets of linearly independent
syzygies of order i.
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2. SOME DIVISORS IN THE MODULI SPACE OF CUBIC FOURFOLDS

Let V = C® We introduce in this section two PGI(V)-invariant divisors
D,k3 and Deop in the open set P(S3V),., of the projective space P(S3V)
parameterizing smooth cubic fourfolds. We also recall the definition of the
Iliev-Ranestad divisor Drr. These divisors are crucial in the proof that the
set Dy _qp considered in the introduction is also a divisor (Corollary 4.10 in
Section 4).

THE DIVISOR D, 3. This is the set of cubic forms [f] € P(S3V),., such that
f has a partial derivative of rank < 3.

LEMMA 2.1. The set of cubic forms [f] € P(S3V ),eq such that f has a partial
derivative of rank < 3 is an irreducible divisor in P(S3V ), eq.

Proof. 1t [f] € Dyys, there exist a point p € P(V*) and a plane P(W) C P(V*)
such that

0% f
(4)

Ipow
Consider the case where p does not belong to P(W) and let us compute how
many conditions on f are imposed by (4) for fixed p, W. We may choose
coordinates X;, ¢ = 0,...,5, such that W is defined by X; = 0,7 = 3,4,5
and p is defined by equations X; = 0,7 = 0,...,4. Then f has to satisfy the
conditions

=0, Vw e W.

O
Equivalently, we have
o3f
®) Fxavax
0X50X,0X;

The number of coefficients of f annihilated by these conditions is 15. As the
pair (p, W) has 14 parameters, we conclude that the f satisfying these equations
for some (p, W) fill-out at most a hypersurface. On the other hand, the map

of of,
80Xy "7 0X5

is generically injective; for general f, the apolar ideal is generated by the
quadrics orthogonal to the partials of f, and according to Macaulays theo-
rem, the apolar ideal defines f up to scalar. The rank 3 locus in P(S2V) has
codimension 6, so the 6-dimensional subspaces of S2V that intersect the rank
3 locus form a hypersurface section in G(6,S?V). Therefore the cubic forms
that have a partial of rank 3 form at least a divisor in P(S3V),,, i.e. they
form exactly a divisor. It is irreducible, because it is dominated by a projective
bundle over the parameter space for (p, W). Denote this hypersurface by D.ks.
To complete the argument we consider the degenerate situation where p €
P(W). It may be seen as a limit of the above case: We may choose coordinates
X;,1=0,...,5, such that W is defined by X; =0, ¢ = 3,4,5 and p; is defined

=0, for anyi € {0, 1, 2}.

=0, for anyi € {0, 1, 2} and any j € {0, ...,5}.

P(S3V )y — G(6,5°V); [f] = (
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by equations X; = 0,4 =1,...,4 and X5 = tXo. Thus po € P(W). For any ¢,
we consider the cubic forms f that satisfy the conditions

?f 2 f

— =0,i=0,1, 2.
IXo0X, | OX0X,
Equivalently, we have
an an
6 — =0,i=0,1,2Vj.
(6) 0X00X,0X;  0X;0X0%; . oW

These are 15 linearly independent conditions on the coefficients of f for any
value of ¢. In particular, any cubic form f; satisfying the conditions with t =0
is a limit of forms f that satisfy the conditions for ¢t # 0 as t tends to 0. So also
in the degenerate situation, the forms lie in the irreducible hypersurface D,.x3.

O

Note the following other characterization of D,.gs:

LEMMA 2.2. A cubic form belongs to D,ps if it has a net (a 3-dimensional
vector space) of partial derivatives which are all singular in a given point p.

Proof. The fact that f has a net of partial derivatives which are singular in
a point p is equivalent to the vanishing 0p(0w, f) = 0 for three independent
vectors w;. This holds if and only if 0y, (0, f) = 0 for ¢ = 1,2, 3, which in turn
is equivalent to the fact that the partial derivative 8, f has rank < 3. |

THE DIVISOR Dcopr. The subset Deopr C P(S3V)Teg is the Zariski closure of
the set of forms f which can be written as

10
(7) f=>al
1=1

such that four of the linear forms a; € V' are coplanar.
LEMMA 2.3. Deopi is an irreducible divisor in P(S3V ),.cy.

Proof. The set Doy is irreducible, since it is dominated by the irreducible
algebraic set parameterizing the 10 linear forms, four of which are coplanar.
If we count dimensions, we find that this last algebraic set has dimension 56.
However, we observe that a general cubic form g in 3 variables has a two dimen-
sional variety of power sums VSP(E,4), where E = V(g). If f = 211::110 as,
where aq,...,a4 are coplanar, we have

®) f=gloubabs) + S a,

where the a;’s for ¢ < 4 are linear combinations of the b;’s. As there is a 2-
parameter family of ways of writing g as a sum of four powers of linear forms
in the b;’s, we conclude that there is a 2-parameter family of ways of writing
f as in (7). This proves that Do has codimension at least 1. To show that
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it actually is a divisor, we exhibit an affine subfamily of D, of codimension
one in the space of cubic forms. In fact if we let

b1 :$0+b6,b2:$1 +b/2,b3:l'2+b{3
and
as = g — I +x3+x4+ag,a6:x1 +x27x3—z4—z5+a%,
a7:z2+z3—z4+z5+a/7,a8:z3+a/8,a9:z4+aé,a10:z5+a’10,
with 0], ..,b%,af,...,a}, C V, then

i=10
f=g(b1,b2,b3) + Z a;
i=5
belongs to Dcop for every 9-tuple of linear forms b}, .., b4, af, ..., ajy. The sum-
mands in f that are linear in the b; and a; span the tangent space to this family
at the origin, where b} = ... = a}, = 0. This space may thus be shown, with
Macaulay2 [18], to have dimension 54. Therefore the family is a divisor. O

THE DIVISOR Djr. This is the divisor constructed by Iliev and Ranestad
in [15]. It parameterizes the cubic fourfolds Frr(S) mentioned in the intro-
duction, associated to K3 surfaces S which are complete intersections of the
Grassmannian G(2,6) C P! with a P%. More precisely, these cubic fourfolds
are defined as follows: Dual to P%, we get a P2 C P!4. The dual projective
space P14 contains the Grassmannian of lines G(2,6) and for generic choice of
P}, the intersection P% N G(2,6) is empty. It is then proved in [15] that the
ideal of cubic forms on P14 vanishing on ((2,6) restricts to a hyperplane in
H°(P%, Ops (3)). This hyperplane in turn determines a cubic fourfold in P3.

For later use in the paper, we recall and extend a characterization from [15]
of apolar length 10 subschemes to cubic forms [f] € D;g in terms of quartic
surface scrolls, i.e. rational normal surface scrolls in P?.

LEMMA 2.4. Let f be a cubic form of rank 10, such that [f] € Drg. Then the
general subscheme of length 10 apolar to f is the intersection of two quartic
surface scrolls. In particular f is apolar to a quartic surface scroll.

Conversely, if f is a cubic form of rank 10 apolar to a quartic surface scroll,
then [f] € Drrg.

Proof. The first part is shown in [15]: Let S = G(2,6) NP% be the K 3-surface
section associated to F' = V(f), i.e. F = Frr(S) in the notation of loc. cit.
Then S parameterizes quartic surface scrolls apolar to f, and the two scrolls
corresponding to a pair of points on .S intersect in a length 10 subscheme apolar
to f (Lemma 2.9 and the proof of Theorem 3.7 loc.cit.).

For the second part, if f is apolar to a quartic surface scroll, then by dimension
count, f has a 2-dimensional family of length 10 apolar subschemes on this
scroll. The general such subscheme Z has a Gale transform in P? contained in
a smooth quadric surface [11, Corollary 3.3]. Furthermore, the two rulings in
the quadric surface correspond to two quartic surface scrolls that contain Z, see
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[11, Example 3.4], where an analogous case is explained. Therefore f is apolar
to a 2-dimensional family of quartic surface scrolls. Now, the family of quartic
surface scrolls in P? is irreducible of dimension 29, and each scroll is apolar to
a 27-dimensional space of cubic forms, so there is an irreducible 54-dimensional
family of cubic forms apolar to some quartic surface scroll. This family must
coincide with the divisor Djg since it contains it. ]

3. APOLARITY AND SYZYGIES

In this section we first show that for a general cubic fourfold F C P(V*), the
variety V.SP(F, 10) is defined as the zero locus, inside the Hilbert scheme, of a
section of a vector bundle. In fact the variety V.SP(F,10) is then entirely con-
tained in the set U C Hilb;o(P(V)) of zero-dimensional subschemes imposing
independent conditions on cubics (Proposition 3.1), and Z is apolar to F for
every [Z] € VSP(F, 10). Furthermore, after defining the cactus rank of a cubic
fourfold F' (Definition 3.2), we note that any scheme of minimal length apolar
to F, is locally Gorenstein, and show, as a consequence, that V.SP(F, 10) does
not meet the singular locus of Hilb;o(P(V')) for a general F' (Proposition 3.5).
We also show that if F' is general, then the cactus rank coincides with the
rank and VSP(F,10) contains all schemes of length 10 that are apolar to F
(Corollary 3.6).

In the second part of this section we give a criterion (Lemma 3.18) for a cubic
form f to have cactus rank 10 in terms of a syzygy variety of its apolar ideal
Iy. When a cubic fourfold F C P(V*) has cactus rank 10, then the union
of the apolar subschemes of length 10 forms a hypersurface Vio(F) in P(V).
We will show (Lemma 3.21) that Vio(F) is a syzygy variety of Iy, and analyze
its singular locus. At the end of this section we show (Proposition 3.5) that
VSP(F,10) does not meet the singular locus of Hilb;o(P(V)) for a general F.
The results of this section that are used later, are formulated in two lemmas
and two propositions. Lemmas 3.18 and 3.21 will be used in Section 4 to prove
that a general [f] € Dy _,, is apolar to finitely many Veronese surfaces, from
which we will deduce that Dy _,, is a divisor. Propositions 3.1 and 3.5 are
applied in Section 4 to show that for a general [f] € Dy _gp, the length 10
subscheme Z is apolar to f for every [Z] € VSP(F,10) and is a smooth point
in Hilbyo(P(V)).

3.1. APOLAR SUBSCHEMES OF LENGTH 10.

PROPOSITION 3.1. Let FF C P(V*) be a cubic fourfold defined by a general
form f € Sym®V. Then any length 10 subscheme [Z] € VSP(F,10) imposes
independent conditions to cubics, i.e. h*(Zz(3)) = 0, and is apolar to f, that
is [z(3) C Hy.

Furthermore, if there is a codimension 1 component of the set of smooth cubic
fourfolds not satisfying this conclusion, it must be one of the two divisors D,i3
and Dop introduced in the previous section.
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Note that the second statement follows from the first using Lemma 1.2 and
the fact that the condition Iz(3) C Hy is a closed condition on the open
set U C Hilbyo(P(V)) of zero-dimensional subschemes imposing independent
conditions to cubics.

The proof of Proposition 3.1 is postponed until later in this section. The propo-
sition will be crucial in the study of the schematic structure of V. SP(F,10),
for f satisfying the above conditions. To see this, we first consider finite sub-
schemes of minimal length apolar to f. A form f of rank 10 may be apolar to
subschemes of length less than 10. This motivates the notion of cactus rank of

f:

DEFINITION 3.2. The cactus rank of a form f or equivalently of the hypersurface
F =V(f) C P" is the minimal length of a 0-dimensional subscheme Z of P™
which is apolar to [ (resp. F).

REMARK 3.3.

(1) Buczytiska and Buczyriski showed in [4, Proposition 2.2, Lemma 2.3]
that a finite subscheme Z, that is apolar to f and has length equal to
its cactus rank, is locally Gorenstein.

(2) Casnati, Jelisiejew and Notari have shown that any local Gorenstein
scheme of length at most 13 is smoothable (cf. [8, Theorem Al).

Since the smooth apolar schemes form an open set in its component of the
Hilbert scheme, we get:

LEMMA 3.4. If F is a general cubic fourfold of rank 10, then the cactus rank
of F is also 10.

Proof. Since Gorenstein schemes of length < 9 are smoothable, cubic forms f
of cactus rank < 9 lie in the closure of forms of rank < 9. But the closure of
the set of forms of rank < 9 is a proper subset of the set of cubic forms, so the
general form of rank 10 must also have cactus rank 10. 0

The Proposition 3.1 provides a criterion for V.SP(F,10) to avoid the singular
locus of HilbyoP (V).

PROPOSITION 3.5. Let V = CS, and let F be a fourfold defined by a cubic form
f € Sym®V with no partial derwative of rank < 3. If f has cactus rank 10
and Z is apolar to f for every [Z] € VSP(F,10), then VSP(F,10) does not
intersect the singular locus of Hilbio(P(V)).

Proof. Let [Z] € VSP(F,10), then, by Remark 3.3, the scheme Z is locally
Gorenstein. Consider the morphism gy : P(V) — P(Q%) defined by the space
of quadrics @y that are apolar to F. Then the linear span of the image ¢;(Z)
has, by Lemma 3.9, dimension 2 or 3. Since f has no partial of rank < 3, the
morphism gy is, by Lemma 3.8, an embedding, so the scheme Z is embeddable
in P3. By [17] and [9, Corollary 2.6], the corresponding point [Z] is smooth in
the Hilbert scheme. O
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By Remark 3.3, the open set Ug C U C Hilbyo(P?) of length 10 locally Goren-
stein subschemes that impose independent conditions to cubics is contained in
the irreducible component of the smooth subschemes.

COROLLARY 3.6. Let F =V (f) be a general cubic fourfold. Then VSP(F,10)
is the zero locus of a section oy of the vector bundle €& on Ug of rank 46 with
fiber Iz(3)*. In particular, VSP(F,10) admits a natural smooth and connected

scheme structure and contains all subschemes of length 10 that are apolar to
F.

Proof. Indeed, let of be the section of £ given by Z — f\*lz(s)a where f*

denotes the linear form on Sym®V* corresponding to f. Then oy vanishes
on VSP(F,10) by Proposition 3.1. The set Ug is irreducible and the set of
sections oy clearly has no basepoints. By Proposition 3.5, the general section
vanishes only in the smooth locus of Ug, so the zero locus of o is smooth and
connected for general F. g

The proof of Proposition 3.1 will need a few preparatory lemmas.

For a cubic form f € S?V such that F' = V(f) is not a cone, let P(f) C P(S?V)
be the space of partial derivatives of f and Q; = P(f)* C S?V*. Then P(f)
is 6-dimensional and hence dim @y = 15. Note that Qf = [Hy : V*], where
Hy C S3V* is the hyperplane defined by f*; indeed we may identify the space
of partials P(f) with the image V*(f) C S?V, soif ¢ € S?V*, then ¢-V*(f) =0
if and only if ¢(P(f)) = 0.

Consider now a subscheme Z C P of length 10. Since Z imposes at most 10
conditions on quadrics, the space I7(2) of quadrics in the ideal has dimension
at least 11, with equality for an open set of schemes Z. Likewise, the ideal
is generated in degree 2, for an open set of length 10 schemes Z: If Z is the
intersection of a rational normal quintic curve and a quadric, then Iz(2) has
dimension 11 and generate the ideal I;. Therefore this is the case also for a
general Z.

Thus, in particular, if F' is a general cubic fourfold and [Z] € VSP(F,10) is
general, then Iz(2) has dimension 11 and generate the ideal Iz. Furthermore,
by Lemma 1.2, Iz(2) C Qy. It follows that the rank of the evaluation map

Qp — H(0z(2))

is at most 4 for a general [Z] € VSP(F,10), and by semicontinuity of the rank,
the same remains true for any [Z] € V.SP(F,10). Therefore

LEMMA 3.7. Let f € S3V be a cubic form such that F = V(f) is not a cone,
and let [Z] € VSP(F,10), then dimIz(2) N Qy > 11.

The linear system of quadrics )¢ gives a rational map
g7 - P(V) --» P(Q}),
defined as the composition of the Veronese map P(V) — P(S?V) and the

projection from the subspace P(f) C P(S?V).
The following lemma is an immediate consequence of this description.
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LEMMA 3.8.

(1) g5 is a morphism if and only if f has no partials of rank < 1.

(2) g is an embedding if and only if f has no partials of rank < 2.

(3) ¢y is an embedding and the image Xy := q;(P(V)) contains no sub-
scheme of length 3 contained in a line if and only if f has no partial
derivative of rank < 3, i.e. f & Dyis.

This lemma allows us to find possible schemes Z such that dim Iz(2)NQ; > 11.

LEMMA 3.9. Let f be a cubic form with no partial derivative of rank < 3, let
Xy =qr(P(V)), as above, and let P C P(Q}) be a P3.

If Xp := PN X contains a curve, then Xp is the image by q¢ of a line and a
residual finite subscheme.

In particular, if F =V (f), [Z] € VSP(F,10) and Z; = q¢(Z), then the linear
span of Zg is a P? or a P?, and if 17(2) N Qy is contained in the ideal of a
curve, this curve is a line.

Proof. Indeed, by Lemma 3.8 (3), ¢ is an embedding and the image X has no
trisecant line. Since it is a linear projection of the second Veronese embedding,
every curve in the image has even degree. Consider now a 3-space P C P(Q})
and the intersection Xp = P N X¢. Since every surface in P contains a line or
has a trisecant line, X p cannot contain a surface. Furthermore, the only curves
in P of even degree with no trisecant lines are the conics and the complete in-
tersections of two quadric surfaces (e.g. [2]). But a complete intersection of
two quadric surfaces is not the second Veronese embedding of a curve. There-
fore, if Xp contains a curve, Xp is the union of a conic and a residual finite
subscheme.

If [Z] € VSP(F,10), then dim Iz (2)NQs > 11 by Lemma 3.7, so the span (Zy)
is at most a P3. On the other hand, Z; must span at least a plane, since X
has no trisecant line, so that 3 > dim (Z¢) > 2. The linear span (Zy) intersects
X in the zero locus of Iz(2) N Qy, so the last claim in the lemma now follows
from the first. O

Notice that the span (Z¢), whether Z is apolar to f or not, has dimension 2
(resp. 3) if and only if Iz(2) N Qs has dimension 12 (resp. 11).

LEMMA 3.10. Let V = CS, and let f € Sym®V be a cubic form with no partial
derivative of rank < 3. Let Z C P(V) be a subscheme of length 10, and assume
that I7(3) has codimension at most 9 in Sym®V*. Let T C P(V) be the zero
locus of the space of quadrics 17(2) N Q.
(1) If dimIz(2) N Qs = 12, then T is a line.
(2) If dimIz(2) N Q¢ = 11, then T' is the union of a line and a residual
finite subscheme.

Proof. Let Z C P(V) be a subscheme of length 10 and assume that Iz(3)
has codimension at most 9 in Sym®V*. Notice first that dim I7(2) > 12. In
fact, the subscheme Z does not impose independent conditions on cubics, i.e.
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h'(Zz(3)) > 0. The multiplication by a general linear form h defines an exact
sequence of sheaves

0—->7Z2(2)—>Z2(3)— 0On(3)—0,

where H = {h = 0}. Since h'(Og(3)) = 0, h'(Zz(3)) > 0 implies that
h'(Zz(2)) > 0, and hence that dim Iz(2) > 12.

Now, assume furthermore that dim Iz(2)NQy > 11. Let I € P(V') be the zero
locus of the space of quadrics Iz(2) N Q. Then, g¢(I') is contained in a P3, so
by Lemma 3.9, I is either a line and a residual finite subscheme, or I is finite.
Assume first that I is finite. Then Z spans at least a P* in P(V), since any
finite intersection of quadrics in a P? has length at most 8. Let Zg be a maximal
length subscheme of Z that spans a P3 in P(V). The length of Zj is then at
most 8, and at least 4 since it spans P3.

The residual scheme Z; = Z \ Z; therefore has length at least 2 and at most
6. Let H = {h =0} be a general hyperplane that contains Zy. Then multipli-
cation by h defines a sequence of sheaves of ideals

0— IZl (2) — Iz(-?)) — IH-,ZO (3) — 0,

which is exact. Since h'(Zz(3)) > 0, either h*(Zy z,(3)) > 0 or h'(Zz (2)) > 0.
We claim h'(Zz (2)) = 0. Since T is a finite intersection of quadrics, the
subscheme Z; contains no subscheme of length 3 contained in a line, and no
subscheme of length 5 contained in a plane. By the maximality of Zy, it has
at most a subscheme of length 5 in a P3.

Therefore Z; either has minimal length in its span, in which case the claim
follows, or it has length d in a P?~2 with d = 4,5 or 6. If Z; has length
4 in a plane it is a complete intersection of two curves of degree 2, so again
h'(Zz, (2)) = 0. If Z; has length 5 and spans a P or length 6 and spans a P*,
it contains a subscheme Z5 of length 3 or 4 in a plane P5. The residual scheme
Z12 to Zy in Z; has length 1,2 or 3. Multiplication by a general linear form h
that contains the plane P» defines an exact sequence of sheaves

0— IZl,z(l) — IZl (2) — IH-,Zz (2) — 0.

Now, h'(Zz, ,(1)) = h'(Zn,z,(2)) = 0, so we infer h'(Zz,(2)) = 0.

We may therefore assume h'(Zg z,(3)) > 0. If P = (Zy), then, by further
restriction, also h'(Zp z,(3)) > 0. If Zy has length 4 or 5, we may argue as for
Zy above that h'(Zz,(2)) = 0 and hence also h'(Zz,(3)) = 0. So we may assume
that Zy has length at least 6. Since Zj is contained in a finite intersection of
quadrics, a general net of these quadrics defines a complete intersection Y
in P that contains Zy. Then Y has length 8, and contains a subscheme of
length at most 2 residual scheme to Zy. If Zg =Y, then h'(Zy z,(3)) =0, a
contradiction. If Zy has length 7 it is residual to a point p in Y. Let X be
a cubic surface that contains Zy but not Y. Then multiplication by the form
defining X defines two exact sequences

07, > Iy (3) > Ix,2,(3) = 0
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and

0— Op— IP,ZO(?)) — IX,ZO(S) — 0.
From the first we deduce that h'(Zx z,(3)) = 0, and so by the second
hY(Zp,z,(3)) = 0, a contradiction.
If Zy has degree 6, it contains a subscheme Zs of length 3 or 4 in a plane P;.
The residual scheme Zy 2 to Zs in Zjy has length 2 or 3. Multiplication by the
linear form h that defines the plane P, defines an exact sequence of sheaves

0— IP,Z(),Q (2) — IP,ZO (3) — IP2,22 (3) — 0.

Now, h'(Zpz,,(2)) = h'(Zp, z,(3)) = 0, so we infer h'(Zp 4, (3)) = 0, a
contradiction.

Therefore I' contains a line A. Let Zao = Z N A. The line A is mapped to
a conic qr(A). If dimIz(2) N Qg = 12, then Z; = g;(Z) spans only a plane,
and the image ¢;(I') has a subscheme of length 3 in a line, unless Z is entirely
contained in A, i.e. ZA =Z and ' = A. O

Proof of Proposition 3.1. Let [Z] € VSP(F,10). We assume, for contradiction,
that Z does not impose independent conditions on cubics. Assuming f is
regular and has no partial derivative of rank < 3, we already proved that
12 > dimI7(2) N Qs > 11. By Lemma 3.10, we conclude in both cases that
there is a line A such that Iz(2) C Ia(2), so that

Iz(2)NQr CIa(2)NQy.
Note also that, under the same assumptions on f, the image ¢;(A) is a conic
curve in a plane that does not have any residual intersection with X; =
gr(P(V)). Thus dim Ia(2) N Qs = 12 and the zero locus of QA = Ia(2)N Q5
is A.
Since [Z] € VSP(F,10), there exists a flat family of subschemes
(Zi)ten, Z; C P°, length Z; = 10,

where B is a smooth curve, such that Zy; = Z for some point 0 € B and
for general t € B, Z, is apolar to f and imposes 10 independent conditions
to quadrics. The subspace J; := Iz, (2) C Qs is thus of codimension 4. Let
J C Q5 NIz(2) be the specialization of J; at ¢ = 0. Then dimJ = 11 and
J C Qpa=1Ia(2) NQy so that J is a hyperplane in Q a.

On the other hand, note that by semicontinuity of the rank, we have for any
k>0

codim (Skv* .JC Sk+2V*) > codim (SkV* J, C Sk+2V*)
> codim (I, (k +2) c S¥*2V*) = 10.

The contradiction that concludes the proof of Proposition 3.1 is derived from
the following statement:

LEMMA 3.11. Assume f is general. Then for any line A C P°, and for any
hyperplane J C Qs a := Ian(2) N Qy, we have

codim (S*V* - J C S°V*) < 9.
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Furthermore, the locus of smooth cubic fourfolds not satisfying this condition
has codimension > 1 away from the union of Dyr3 and D copi.

O

Proof of Lemma 8.11. The proof has two parts, that both depend on the fol-
lowing property of the zero locus I' O A of J.

Let 7 : X9 — P?® be the blow-up of P° along A. Then J provides a space
J" of sections of Ly := 7 (Ops(2))(—Fa) on X, where Ea is the exceptional
divisor of 7g.

SUBLEMMA 3.12. Assume f is regular and has no partial derivative of rank
< 3. Let J C In(2) N Qs be a hyperplane with zero locus T' 2 A. Let H C P5
be a hyperplane that does not contain A. Then the subscheme of H NT that
has support on A has length at most 2.

Proof. Since f has no partial derivative of rank < 3, the line A is the zero
locus of Qf A, i.e. Qfa generates Za(2) at any point of A. Let Ea , be the
fiber over z = H N A in Ex. Then Ea, = P? and Lo|g,, = Ops(1). The
restriction of the sections .J' generates at least a hyperplane of sections in this
line bundle, so their zero locus on Ea . is at most a point. So J restricted to
H, defines a scheme at x that is the intersection of quadrics and is contained
in a line, so it has length at most 2. 0

Now, we first deal with the case where the zero locus of J C Ia(2) C S2V* has
a finite subscheme of length at most 3 residual to A. In this case, we have the
following:

SUBLEMMA 3.13. Assume f is reqular and has no partial derivative of rank
< 3. Let J C In(2) N Qy be as above, with zero locus T' O A. Assume the
scheme v residual to A in T is finite of length at most 3. Then

9) S3V* . J = Ip(5).
In particular, codim (S3V* - J C S5V*) < 9.

Proof. Let 79 : Xo — P® be the blow-up of P° along A, and let, in the
notation as above, 4" be the zero-locus of J’ supported over . As in the proof
of Sublemma 3.12, 7/ intersects the fiber in Ea over any point of A in at most
a point. Via the blowup map 7g, the subscheme 7’ is therefore isomorphic to
the subscheme v, and hence finite of length at most 3.

Furthermore, we have

H(Xo,75(0ps(2))(—Fa) ® Z,/) = H°(Xo, Lo ® Z,/) = H°(P®, I (2)),

H°(Xo,750(5)(—Ea) ® L) = H°(P°, Ip(5)).
It follows from the last equality that (9) is equivalent to the fact that
H°(Xo,750(3)) - J' = H*(X0, 70 0(5)(—FEa) ® Z/)).
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Assume first that 4/ is curvilinear. It follows that by successively blowing-up
at most three points x1, x2, x3 starting from 1 € Xy, we get a variety

T:X%Ps,TliX*)Xo,

with three exceptional divisors F; corresponding to the x;’s and one exceptional
divisor 7 Ea over Ea. The E; are the pullbacks to X of the exceptional divisor
of the blow up at x; such that the pull-backs J” of the J’ gives rise to a base-
point free linear system of sections of

(10) L:=7"0(2 TlEA—ZE
on X. Furthermore, we have
J' c HO(X, L) HO(PE’,IF(Q)),
HO(X,7*O(5)(—7; Ea — Z E;)) = H°(P°, Ir(5)).

We are thus reduced to prove that the base—pomt free linear system

J" c H(X,7°0(2) TlEA—ZE

generates H*(X, 7*O(5)(—7{ Ea—)_,; E;)). This is done by a Koszul resolution
argument. The Koszul resolution of the surjective evaluation map

J" ® Ox(~L) = Ox,

gives us an exact complex with terms A\’ J” ® Ox(—iL), 0 < i < 5. We twist
this complex by

(11) L' :=1"0(5)(—-1Ea — Y _ Ei)

and the result then follows from the vanishing

(12) HY(X,(~i—1)L+L)=0,i=1,...,5.
For ¢ = 5, we have by (10), (11)

—6L+ L' =7"0(- ZE + 577 En),
while

Kx =70(— 4ZE + 377 En).

Thus
H°(X,—-6L+L') = H(X, 701 ZEszIEA),

and the right hand side is 0.
For i = 4, we have similarly

—5L+ L' =7"0(=5)(4 Y E; + 47 Ea),
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hence

HY(X,-5L+ L") = H'(X,7*O(-1)(=7{ Ea))",
and the right hand side is 0 since it is equal to H!(P?,Za(—1)).
For i = 3, we have

—4L+ L' =7"0(=3)(3 ) E; + 37{ Ea),

hence
H3(X,-4AL+L') = H*(X,7°O(— ZE

Consider the strict transform Y on X of a general cublc fourfold whose pullback
to Xo contains v. Then 7*O(—3)(>_, F;) is the ideal sheaf of Y. On the other
hand Y is regular so H*(Y, Oy ) = 0, and hence H*(X,7*O(=3)(}_, E;)) =0
For ¢ = 2, we claim that

H*(X,-3L+ L) = H*(X,7°O(— ZE + 277 EA) = 0.

Consider the strict transform Y on X of a general hyperplane through A whose
pullback to Xy contains . Then Y is smooth and the multiplication by the
form deﬁning Y fits in the exact sequence of sheaves

0—7°0(— ZE + 277 Er) —

—)OX ZEi+TfEA)—>Oy(ZEi+TfEA)%0.

But neither of the two invertible sheaves of exceptional divisors on the right
have nonvanishing higher cohomology, so the claim follows.
For ¢ =1, we get

HY(X, 2L+ L) = H'(X,7*0(1 ZE + 717 EA) =0,

since

HY(X,7*0(1)) = H (X, E1) = H (X, E») = H*(X, E3) = H' (X, 7{ EA) = 0.
When 7 is not curvilinear, and thus consists of one point with noncurvilinear
schematic structure of length 3, the argument is simpler: Such a scheme - is the
first order neighborhood of a point in a plane. The image ¢;(I') = ¢;(v)Ugs(A)
spans a P? and has by assumption no subscheme of length three contained in
a line. But ¢s(A) is a conic curve, while g¢(y) spans a plane that intersects
this conic. Therefore there are lines that intersect the conic and ¢¢(y) in a
subscheme of length 2, a contradiction.

To conclude the proof of Lemma 3.11, we now show

SUBLEMMA 3.14. Consider the cubic fourfolds F = V(f) in the open dense
subset

P(S3V)Teg \ (Drk3 U Dcopl);
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where Deopr 15 the divisor introduced in Section 2. The subset of such fourfolds
for which there ezxist a line A C P(V*), and a hyperplane J C IA(2) N Qy,
such that the zero locus T' of J has a subscheme residual to A of length > 4,
has codimension > 2.

Proof. Note first that the scheme I" imposes at most 4 conditions to Q¢, since
J C Q5 N Ir(2) has codimension 4 in Qy. Therefore g;(T") is contained in the
intersection of X; with a P3, so, by Lemma 3.9, the residual subscheme to A
in I is finite. If it has length > 4, we can replace I' by a subscheme I’ which is
the union of A and a residual scheme ' of finite length 4. And, by Lemma 3.8
(3), we may assume g7(I") spans a P3. Note that I”, like I', is contained in an
intersection of quadrics that is finite residual to the line A, so its intersection
with a plane is either the line A or the union of the line A and one residual
point, or it is a scheme of finite length < 4. Furthermore, the residual scheme
~" is not contained in another line A’, since otherwise the union of these two
lines would be contained in I'. It follows that I imposes the maximal number
of conditions to the quadrics, namely 7. Hence

(13) dim (I (2)) = 14,

and J C Ir/(2) has dimension 11. Since ¢¢(I”) spans a P3, the intersection
Qs N Ir/(2) has dimension 11, so it equals J. Now, Q; = P(f), so one
concludes that

(14) dim (P(f) NI (2)*) = 3,

where we recall that P(f) is the space of partial derivatives of f. The proof of
Sublemma 3.14 is done by a dimension count, using (14). We note that as we
assumed that f has no partial derivative of rank < 3, it has no net of partial
derivatives singular at a given point by Lemma 2.2. Thus, if f satisfies (14),
the space It/(2)* is not contained in the space of quadrics singular at a given
point. In particular, I must span P(V). This is equivalent to the vanishing
HY(Zr/(1)) = 0, which we assume from now on.

Equation (14) determines a 3-dimensional subspace W C V*, by

W(f)={0uf, ue W} =P(f)NIr(2)".
Given W and IV, we define JV'W < $3V to be the linear space of cubic forms
JUW = (e SPVIW(S) C In(2)F = Qr} = (W - I (2))*.

The space JU W contains the space Jp := Ir/(3)* (which is generated by the
cone over the third Veronese embedding of I'V) and the space S3(W=).
Consider the subscheme

Ty =PWH NI cP(V).
and assume first that I'j;, = (). In this case, we claim that

(15) JUW = 3w @ Jp,
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so that dim J©"W = 18, Assuming the claim, we now observe that elements
feJUW =s3(wh) e g

fill-in, when the pair (I'", W) deforms, staying in general position, the divisor
Deopi of Section 2. Indeed, the general I is the disjoint union of a line A =
P(U) and 4 points x1,...,24. Then Jr = S3U + (23,...,23) and thus f €
S3(W+) & Jrs belongs to S*(W+) + S3U + (2%,...,23%). The component of
f lying in S3(W+) is the sum of 4 cubes of coplanar linear forms, and the
component of f lying in S3U is the sum of 2 cubes. Thus f is the sum of 10
cubes of linear forms, 4 of which are coplanar.

In order to prove formula (15), we dualize it and note that it is equivalent to
the equality

(16) W Ir(2) = (W - S*V*) N I (3).

The right hand side is equal to Ipgpw1)(3). As T'N P(W+) =0, the Koszul
resolution of the ideal sheaf Zp (y 1) remains exact after tensoring by Zr/, which
gives the following resolution of Zr/ p w1 ):

3 2
0= AWRIr(-3) » AW @Ip/(-2) = W @ Ip/(~1) = Ipupw) — 0.

Twisting with O(3) and applying the vanishings H'(Zr(1)) = 0 and H?(Zr/) =
0, we get the desired equality W - It/ (2) = Irupw+)(3)-

To conclude the proof of Sublemma 3.14, it only remains to prove the following
claim:

CLAaM 3.15. The set of cubic fourfolds in the open set Pfi’g \ Dyks

P(S3V)yeg \ Dyrs satisfying (14) for a pair (W,T") with T'y, = T/ NP(WL) #£ ()
has codimension > 2.

O

Proof of Claim 3.15. Recall, from above, that I contains a line A and spans
P®. Also, since ¢7(I") spans a P3 and contains no subscheme of length 3 in a
line, every component of IV that is not supported on A is curvilinear. Consider
the intersection I, = I" N P(W).

If T}y, contains A, then, since it is the intersection of quadrics and is finite
residual to A, the residual scheme to A in I'};, is at most a point.

If T} intersects A only in a point x, then I'j;; U A spans at most a P3, so I”
has a scheme of length at least 2 residual to I'y;; U A. By Sublemma 3.12, the
scheme I'f;, has a component of length at most 2 supported on = and a residual
closed point z’.

If '}y, does not intersect the line A, then I'};, is curvilinear and has length at
most 3.

We observe that in each of the listed situations, if X,Y € W are generically
chosen, and P% y 2 P(W) is defined by X and Y, we have

I'NP%,y =T"NP(W) =TY.
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We want to estimate the dimension of J©W = (W - Ir/(2))*, or equivalently
of W It (2), since

dim J7W = 56 — dim (W - I (2)).
We consider the exact sequence
0— <X, Y> . IF/(Q) — W IFI(Q) — W IF/(Q)‘PL)&( v — 0.

and observe that dim W - I (2)‘133(1‘/ = dim I~ (2)|P§(,Y' Therefore

(17)  dim (W - Ir/(2)) = dim ((X, V) - I/(2)) + dim I+ (2) pg, -

Furthermore, consider the space of linear forms [I/(2) : (X,Y)] C V. Mul-
tiplication by the matrix (X,—Y) and (Y, X)! respectively defines an exact
sequence

0—[Ir(2): (X,Y)] = I (2) @ Ir(2) » (X,Y) - I/ (2) — 0.
From this sequence, and the fact (13) that dim It/ (2) = 14, we get
dim (<X, Y> . Ip/ (2)) = 2dim IF/(Q) — dim [Ip/ (2) : <X, Y>] =
=28 — dim [Ip(2) : (X, Y)].
Putting this equality together with the equation (17) we get:
dim J" W = 28 + dim [I+(2) ¢ (X, V)] — dim I+ (2) pg, -

We make now a case-by-case analysis. Recall that if the scheme I'};, has finite

length, this length is < 3 and if it contains the line A, it contains at most one
reduced residual point.

(1) If Ty, = [l] is a reduced point on A = P(U), which is not the

support of an embedded point, then dim [/r/(2) : (X,Y)] = 0 and

dim I (2)|P§,y =9, so we get dim J'W

for such (W,T)'s has dimension 7 + 28 = 35, so the subset of P},

satisfying equation (14) with this condition on (W,T') has dimension
<35+ 18 =53.

(2) It T, = [1] is a reduced point on A = P(U), the support of an embed-

ded point, then dim [I/(2) : (X,Y)] = 1 and dim It~ (2)|P§<,y =9. Thus

dim JTW = 20. As I" has an embedded point on A, the parameter
space for IV has dimension 27, so the parameter space for such (W, T')’s
has dimension 7+ 27 = 34. Thus the subset of P}}, satisfying equation
(14) with this condition on (W,T") has dimension < 34 + 19 = 53.

(3) If 'Yy, = [{] is a reduced point not in A, then dim [Ir/(2) : (X,Y)] =1
and dim I/ (2)|p§(7Y =9, so we get dim J'"W = 20. The parameter
space for such (W, T")’s has dimension 6+ 28 = 34, so the subset of Pfgg
satisfying equation (14) with this condition on (W,T') has dimension
< 34419 =53.

= 19. The parameter space
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If T';, is a subscheme of length 2 that intersects A in one point, which
is not the support of an embedded point, then dim [Ir/(2) : (X,Y)] =1
and dim I/ (2)'131;(73/ = 8, so we get dim J'"W = 21. The parameter
space for such (W,T)’s has dimension 4428 = 32, so the subset of P23,
satisfying equation (14) with this condition on (W,T') has dimension
< 32420 = 52.

If T'};, is a subscheme of length 2 that intersects A in one point, which
is the support of an embedded point, then dim [Ir/(2) : (X,Y)] = 2
and dim I/ (2)|p§(7Y = 8, so we get dim J'"W = 22. The parameter
space for such (W, T")’s has dimension 3+27 = 30, so the subset of Pfgg
satisfying equation (14) with this condition on (W,T') has dimension
< 30+ 21 =51.

If T%, = 2z is a subscheme of length 2 that does not intersect A,
then dim [/ (2) : (X,Y)] = 2 and dlmIp/(2)‘P§(,Y = 8, so we get
dim JUW = 22. The parameter space for such (W,T)’s has dimension
3+ 28 = 31, so the subset of P2 satisfying equation (14) with this
condition on (W,T') has dimension < 31 + 21 = 52.

If FQ/V = A, then dim [IF/(Q) : <X,Y>] = 2 and dimIF/(2)\P§(,Y = 7,
so we get dim JTW = 23. The parameter space for such (W, I')’s has
dimension 3 + 28 = 31, so the subset of P}, satisfying equation (14)
with this condition on (W,T") has dimension < 31 4 22 = 53.

If I'yy, is a subscheme of length 3 that does not intersect A, then

and dim It/ (2)jps =~ = 7, so we get dim JUW = 24, The parame-
ter space for such (W,I')’s has dimension 28, so the subset of P2,
satisfying equation (14) with this condition on (W,T') has dimension
<23+ 28 =51.

If T'y;, is a subscheme of length 3 that intersects A in a point [{], which
is the support of an embedded point, then dim [It/(2) : (X,Y)] = 3 and
dim I/ (2)|P§( , = 7, s0 we get dim JU'W = 24, The parameter space
for such (W,T)'s has dimension 27, so the subset of P33, satisfying
equation (14) with this condition on (W, T') has dimension < 27+ 23 =
50.

If T}y, is a subscheme of length 3 that intersects A in a point [{], which
is not the support of an embedded point, then dim [I1/(2) : (X,Y)] =2
and dim It/ (2)ps, . = 7, so we get dim JUW = 23, The parameter
space for such (W, T")’s has dimension 1+ 28 = 29, so the subset of Pfgg
satisfying equation (14) with this condition on (W,T') has dimension
< 22429 =51.

If T%, is the union of the line A and an embedded point, then
dim [Ir(2) @ (X,Y)] = 3 and dimIr/(2)ps = = 6, so we get
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dim JT*W = 25. The parameter space for such (W,T")’s has dimension
28, so the subset of P2J, satisfying equation (14) with this condition
on (W,T') has dimension < 24 4 28 = 52.

This proves the claim.
O

The proof of Lemma 3.11, hence also of Proposition 3.1, is finished. g

3.2. Syzyaies. Recall that the cactus rank of a cubic fourfold F = V() is
the minimal length of an apolar subscheme (Definition 3.2). We consider the
syzygies of the ideal Iy, and give below a partial characterization of cubic
fourfolds of cactus rank < 10, which we will use to prove Proposition 4.1 in the
next section.

For a cubic fourfold F' C P(V*), let Vio(F) C P(V) be the union of subschemes
of length 10 which are apolar to F'. We shall show, in Lemma 3.21, that when
F is general and of cactus rank 10, then Vio(F) is a hypersurface of degree 9.
As suggested to us by Hans Christian von Bothmer, to find the equation of
Vio(F), when it is a hypersurface, we study the syzygies of the apolar ideal Iy
and compare it with syzygies of the ideal of subschemes of length 9 and 10.
We are interested in the graded Betti numbers for the minimal free resolution
of the ideal Iy for a general f, and for the ideal of a general set of 9 and 10
points.

EXAMPLE 3.16. The Betti numbers in the following examples have been com-
puted with Macaulay2 [18].
(1) Let f € Clxo, ..., z5] be the cubic form

f= 256%1'2 — 2z0z§ — 21‘%1‘3 — 2z§:c4 — ToT1X5 + 2x1T2T5

2 2 2 2
+ 25x5 + Xox3%5 + 3T 124%5 + T35 + 3T0x5 + T3TH

Then the resolution of Iy has Betti numbers:

1 - - - - - _

— 15 35 21 - — -

- - — 21 35 15 —°
- - -1

(2) Let Zg be the 6 coordinate points in P®, then the resolution of the ideal
of the 9 points

Z9g=ZsU{(1:1:1:1:0:0),(0:0:1:—-1:-1:1),(1:-1:0:0:1:1)}
in P® has Betti numbers

1 - - - — _
- 12 25 156 — —
- - - 6 10 3

)
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(3) The resolution of the ideal of the 10 points ZoU{(0:1: —-1:—-1:0:1)}
in P° has Betti numbers
1 - - - - _
- 11 20 5 — —.
- — — 16 15 4

REMARK 3.17. The graded Betti numbers in the three resolutions of Example
3.16 are clearly minimal for apolar ideals of cubic forms and for ideals of 9
(resp. 10) points in P5. By semicontinuity we conclude that the Betti numbers
are the same as in these examples for a general cubic form, and for the ideal of
9 (resp. 10) general points in P5.

LEMMA 3.18. If f is a cubic form with no partials of rank < 3, then f has
cactus rank > 9. If furthermore the minimal free resolution of the apolar ideal
Iy has Betti numbers

1 - - - - - _
— 15 35 21 - - -
— — — 21 35 15 -
- - - - - -1

and f has cactus rank 9, then the (35 x 21)-matriz Ma of linear second order
syzygies has generic rank at most 20. In other words, if f has no partial
derivative of rank < 3, the apolar ideal I has Betti numbers as above and the
matriz My has generic rank 21, then f has cactus rank 10.

Proof. Since f has no partial derivatives of rank < 3, the map g5 : P(V) — X
is a smooth embedding and Xy has no trisecant lines, by Lemma 3.8. Let Z
be an apolar subscheme of length at most 8. Since Iz(2) C Qf = I(2) and
Q C S?V has codimension 6, the rank of the restriction map Q; — H%(Oz(2))
is at most 2. Hence Z; = ¢;(Z) is contained in a line, and X; would have a
trisecant line, a contradiction. Therefore f has cactus rank at least 9.
Assume next, f has cactus rank 9 computed by an apolar subscheme Z C P(V)
that consists of 9 general points. We consider the Gale transform of Z (cf. [11]).
The Gale transform Z’ of Z is a set of 9 points in a plane, and Z’ is general
since Z is general. In particular we may assume that Z’ lies on a unique smooth
cubic curve. By [11, Corollary 3.2], the set of 9 points Z itself lies on this curve
reembedded as an elliptic sextic curve Ez in P(V'). The Betti numbers of the
minimal free resolution of the ideal of Ez are

1 - - -
-9 16 9 -—.
- - - =1
Since Ig, C Iz and Iy C If, by assumption, we get that Ig, C If, i.e. the
elliptic sextic curve Ez is apolar to f. The inclusion of the resolution of Ig,
in the resolution of Iy displays a third order syzygy of the ideal I, that is a
third order syzygy for the linear strand of the resolution of the ideal Iy. In the
resolution of I; the matrix M, therefore has generic rank at most 20.
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It remains to consider any cubic form f of cactus rank 9 and no partials of rank
at most 3. Let Z be a length 9 subscheme apolar to f. Now, by Remark 3.3,
the scheme Z is locally Gorenstein and the limit of smooth schemes of length
9, the form f is likewise a limit of forms of cactus rank 9 with a smooth apolar
scheme of length 9. Therefore, by the previous argument, the matrix M5 in
the resolution of Iy is the limit of matrices of generic rank at most 20, so M3

also has generic rank at most 20.
O

We analyze further the syzygies of elliptic normal sextic curves, to find the
locus in P(V') where the matrix My in the resolution of I; drops rank.

First, an elliptic normal sextic curve FE lies in a smooth Veronese surface: any of
the four linear systems |D| of degree 3 on E such that |2D| is the linear system
of hyperplane sections of E C P(V), is the linear system of conic sections of F
in a smooth Veronese surface in P(V).

LEMMA 3.19. Let E be an elliptic normal sextic curve in P and let
peP(V)\E.

Then the ideal of EU{p} has a unique second order linear syzygy that vanishes
at p.

If, in addition, p is not contained in the secant variety of any of the four
Veronese surfaces containing E, then the syzygy has rank 5 and no ideal strictly
contained in the ideal of E'U{p} has this syzygy.

If p € ¥\ E, where X is a Veronese surface that contains E, then the second
order linear syzygy that vanishes at p is a syzygy for Is, but no ideal strictly
contained in Is;.

Proof. Let p be in P(V) \ E. The minimal free resolution of I is symmetric

with Betti numbers
1 - - -

- 9 16 9 -—.

- - - -1
The third order syzygy is therefore nonzero at the point p outside E, and
defines a unique second order syzygy that vanishes at p.
This syzygy is a syzygy among at most 5 first order linear syzygies that also
vanishes at p, and finally, these first order syzygies are linear syzygies among
quadrics in the ideal of E that vanish at p. Therefore the ideal of Ip(,) has
a second order linear syzygy vanishing at p.
The secant variety of F is the intersection of a pencil of determinental cubic
hypersurfaces that are singular along E (see [12] Theorem 1.3, Lemma 2.9).
In fact, these hypersurfaces are defined by determinants of (3 x 3)-matrices
with linear entries that have rank one along F. Since E is smooth, all the
linear entries are nonzero. Four of the cubic hypersurfaces are secant varieties
of Veronese surfaces that contain E. If p is not on any of these four hyper-
surfaces, then p is not on the secant variety of E, and there is a unique cubic
determinental hypersurface Y that is singular along E and contains p. We may
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assume that this hypersurface is defined by the determinant of the (3 x 3)-
apg a1 a2

matrix A= | a3 a4 as | with linear entries a;. Since p is not on any of the
ag a7 as

four secant varieties of a Veronese surface containing F, the matrix A is not

symmetric, so p is in a unique plane in each of the two nets of planes in Y.

In particular we may assume that p = V(ag, a1, az,aq,a7). Then the ideal of

E U{p} is generated by all the (2 x 2)-minors of A except agas — agas, i.e. the

quadrics

IEU{p} :(111(13 — oG4, 0203 — Apas, G204 — A105,0106 — AoA7, @206 — A0AS,
406 — asar, aza7 — a1ag, asay — (14!18)-

These quadrics have the following matrices of first and second order linear
syzygies that vanish at p:

—a2 0 ar 0 0

al 0 ag ay 0 _a
—ay 0 0 0 —ar T
s=| 9 @ —a 0 0 ad S — | —a
1 0 o 0 —as O 2 2
0 0 al as 0 a1
0 —a 0 0 ay @0
0 0 0 ap —ai

i.e.
Ieuipy2 - S1 =515 =0.

The rows of the matrix S; have no constant syzygies, so there are no ideal
properly contained in g,y with the second order linear syzygy, S2, among
its quadrics.

Now, if the matrix above is symmetric, i.e. a3 = as,as = ag,as = ay, it has
rank one along a Veronese surface X. Therefore, for each point p € X, there
is an inclusion Iy C Igygpy.- The quadrics in Igygp) in the non-symmetric
case reduces to the quadrics in Is.. If p = V(ag, a1, a2,a4,a7) € X, the above
displayed second order syzygy remains a second order linear syzygy among the
quadrics in Iy, and as in the non-symmetric case, no proper ideal contained in

I, has this second order linear syzygy.
a

Assume now that Z is a set of 10 points that is apolar to a cubic fourfold F' of
rank 10, and that a subset Zy C Z of 9 points lies in an elliptic normal sextic
curve F. By Lemma 3.19, the ideal of E'U Z, and hence also Iz, has a second
order syzygy that vanishes in the point p = Z \ Zy so the matrix M in the
resolution of Iy has rank at most 20 at p.

Furthermore, assume that the set Zy C E of 9 points in P(V) is the base locus
of a pencil of elliptic sextic curves {F\} on a Veronese surface, and that the
point p is not contained in the secant variety of this Veronese surface. Then,
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for a general curve E) in the pencil, the second order linear syzygy for the
ideal of E) U Z determines the curve. Therefore there is a pencil of second
order syzygies for I that vanishes at p = Z \ Z;. Hence, we conclude that the
matrix My in the resolution of Iy has rank at most 19 at p.
Let F be a cubic fourfold defined by a form f of rank 10 and consider the
incidence

Iyse = {(p. [Z))lp € Z} C P(V) x VSP(F,10).
Then, by definition, Vio(F) C P(V) is the image of Iysp under the first
projection Iysp — P(V).

COROLLARY 3.20. Let f be a cubic form of rank 10 with no partial derivatives
of rank < 3 and Betti numbers

1 - - - - - _
- 15 3 21 - — -
- — — 21 35 15 -—
- - - - - -1

for the apolar ideal Iy. Assume that there exist a set Z of 10 points apolar to
f, and that a subset Zy C Z of 9 points lie on an elliptic sextic curve Ez,,
while the point p = Z \ Zy does not lie on the secant variety of any Veronese
surface that contains Ez,. Then the (35 x 21)-matriz My of linear second order
syzygies has rank at most 20 along Vio(F). Furthermore, M has rank at most
19 at every point p € Z C P(V) such that the subscheme Zy is contained in a
pencil of elliptic sextic curves on a Veronese surface.

Proof. The first condition on Z; and Z is clearly an open condition in
VSP(F,10), so M has rank at most 20 along a Zariski open set of Vio(F),
hence everywhere along V1o(F). Similarly the second condition on Zy and Z is
open among sets of points Z such that the subset Zj is contained in a pencil of
elliptic sextic curves on a Veronese surface, so the second part of the Corollary
follows.

O

LEMMA 3.21. (von Bothmer [5]) Let f be a cubic form whose apolar ideal Iy
has a minimal free resolution with Betti numbers

1 - - - - - _
- 15 35 21 — — —
— - - 21 35 15 —°
- - - - - -1

Then the (35 x 21)-matriz Ma of linear second order syzygies has rank at most
20 either on all of P(V') or on a hypersurface Yr. In the second case, Vio(F)
is equal to Yr and has degree 9 if My has rank 20 at a general point of Yr.

Proof. Consider the linear strand of the resolution of Iy with Betti numbers

1 - - - _
- 15 35 21 —
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evaluated at a general point. The first map has kernel of dimension 14. There-
fore the corank of the third map ¢yy, is at least 14. If the linear strand is exact
at a general point, then the rank of the third map drops along a hypersurface.
We compute the degree of this hypersurface by restricting the linear strand to
a general line L C P(V). This restriction of the linear strand is a complex

0+ Op + 1501(-2) + 350L(—3) + 210.(—4) «+ 0

that is exact, except at 3501 (—3). The kernel of the first map is a vector
bundle E; of rank 14 and first Chern class ¢1(E1) = —30 on L. Therefore, the
second map factors into a surjective map E; < 350 (—3) with kernel a vector
bundle F5 of rank 21 with first Chern class ¢;(F2) =35+ (=3) — (=30) = =75
on L. The third map of the linear strand, defined by the restriction of ¢y, to
L, factors through a vector bundle map Eo + 210 (—4) between two bundles
of rank 21. The determinant of this bundle map, since it is assumed to be
nonzero, defines a divisor whose class is the difference of the first Chern classes
of the two bundles, i.e. of degree —75+21-(—4) =9 on L. So ¢y, either has
rank at most 20 on all of P(V') or it has rank at most 20 on a hypersurface of
degree 9.

For the last statement, we already proved in Corollary 3.20 that the hyper-
surface Vig(F) C P(V) is contained in the determinental hypersurface Yp of
points where M, has rank at most 20. On the other hand, one can exhibit F'
for which Y is irreducible (cf. Proposition 4.1). Hence for such an F, Vio(F)
must be equal to Y, which implies the same result for any F. O

REMARK 3.22. The general cubic fourfold F' in the divisor D;gr has rank 10,
while Vio(F') is a Pfaffian cubic hypersurface (cf. [15, Lemma 3.9 and Proposi-
tion 3.15]). In this case the (35 x 21)-matrix Ms has rank 18 at a general point
of ‘/10 (F)

LEMMA 3.23. Let f € S3V be a cubic form whose apolar ideal I has a minimal
free resolution with Betti numbers

1 - - - - - _
- 15 35 21 — — —
— - - 21 35 15 —°
|

If the (35 x 21)-matriz Ma of linear second order syzygies has rank 21 at a
general point and rank 20 at some point, then Vig(F) is singular along the set
of points [I] € P(V) for which f — 13 has rank 9 and the matriz My has rank
at most 19, in particular at the points [I] for which f —13 is apolar to a pencil
of elliptic normal sextic curves on a Veronese surface.

Proof. Indeed, by Lemma 3.21, the (35 x 21)-matrix M> has rank at most 20
along the determinantal hypersurface Vig(F) = Yp. Since it has rank 20 at
some point, it must have rank 20 at a general point of Vio(F'), while Vio(F)
is singular where the rank is at most 19. The lemma therefore follows from
Corollary 3.20. a
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REMARK 3.24. We have computed with Macaulay?2 [18] for certain cubic forms
f, that Vio(F) is a hypersurface of degree 9 whose singular locus is a surface
of degree 140 that coincides with the locus where My has rank at most 19.
Therefore we conjecture that this holds for a general f.

LEMMA 3.25. Let f be a cubic form of rank 9 and assume that there is a 9-tuple
of points apolar to f that is a divisor D on an elliptic sextic curve and that 2D
is mot a cubic hypersurface divisor on the curve. Then there are exactly two
subschemes of length 9 that are apolar to f.

Proof. Let D = {p1,...,p9} be a set of points on an elliptic sextic curve E
apolar to f. Then the Gale transform of the points D are 9 points D’ C P2.
The Gale transform (cf. [11]) reembeds E as a cubic curve E’ through the
points D’ in P2, such that the lines in the plane intersect E’ in divisors Hj
equivalent to D — Hg, where Hg is a hyperplane divisor on E in P®. Since 2D
is not equivalent to 3Hg, the cubic divisor in the plane 3Hs = 3D — 3Hg =
D + (2D — 3Hg) is not equivalent to D. Therefore D’ lies on a unique cubic
curve in the plane, and likewise E is the unique elliptic sextic curve in P?
through D. The curve FE is apolar to f, and we claim that any 9-tuple of
points apolar to f lies on this curve.

By Terracini’s Lemma, (cf. [21], [24]), the tangent space to the 8-th secant
variety of the 3-uple embedding W3 C P®® of P at the point [f] is the span of
the tangent spaces of any 9 points in W3 whose span contains [f]. The tangent
space to the 8-th secant variety at [f] is therefore defined by the linear space
of cubic hypersurfaces that are singular at p1, ..., pg. The curve E is contained
in four Veronese surfaces, corresponding to the four square roots of the hyper-
plane line bundle of degree 6. The secant varieties of these Veronese surfaces
generate a pencil of cubic hypersurfaces singular along the elliptic curve. Their
intersection is precisely the union of secant lines to F, so there are no other
cubics singular along F, and E is the common singular locus of this pencil.
We will show that these hypersurfaces are precisely the cubic hypersurfaces
singular at pi,...,pg. Since the divisor 2D is not linearly equivalent to a cu-
bic hypersurface divisor, a cubic hypersurface singular in D must contain the
curve E. Furthermore, on any smooth intersection S of three quadrics contain-
ing the curve, the curve F has trivial normal bundle. Therefore, the residual of
a cubic hypersurface section of S that contains F, meets the curve in a divisor
equivalent to a cubic section. Hence, a cubic that is singular along D, must
contain the doubling of the curve in the three quadrics. Varying the complete
intersection surface S, we may conclude that the cubic must be singular along
the curve.

Summing up we see that tangent space of the 8-th secant variety of W3 at the
point [f] has codimension 2 in P and that any 9-tuple of points on W5 whose
span contains [f] is contained in the reembedding E” of E in Ws.

The curve E” in W3 is an elliptic normal curve of degree 18. By [7, Proposition
5.2], and its proof, when 2D is not equivalent to 3Hg there is unique divisor
D" of degree 9 on E”, distinct from D, whose span in the 3-uple embedding
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contains [f]. In fact, D" is a divisor equivalent to 3Hg — D. Therefore f is
apolar to exactly two subschemes of length 9 supported on E. |

LEMMA 3.26. Let F' be a fourfold defined by a cubic form f, that has no partials
of rank < 3 and whose apolar ideal Iy has a minimal free resolution with Betti

numbers
1 - - - - o

- 15 35 21 — — —
- — — 21 35 15 —°
|

Assume that the (35x 21)-matriz Ma of linear second order syzygies has rank 21
at a general point, and that there is a 10-tuple of points Z C P(V') apolar to f
and a point [l] € Z at which My has rank 20, such that the 9 points Zy = Z\ [I]
form a divisor D on an elliptic sextic curve Ez,. Assume furthermore that the
divisor 2D is not equivalent to a cubic hypersurface divisor on Ez,, and that [I]
is not contained in the secant variety of any Veronese surface containing Ez,.
Then the projection Iyvsp — Vig(F) is generically 2 : 1.

Proof. Note that the cubic form f has rank 10 and that f — cl® has rank 9 for
some ¢ € C. In fact, since M has rank 20 at [I], the ideal I has a unique second
order linear syzygy vanishing at [I]. By Lemma 3.19, this syzygy determines
uniquely the curve Ez,. In particular, there is a unique ¢ such that f — cl3
has rank 9. By Lemma 3.25, there are exactly two points in the fiber of the
projection

Iysp = Vio(F) ({1}, [2]) = [l]

over [I]. Since the conditions on Z are open, the lemma follows. O

4. THE DIVISOR OF CUBIC FOURFOLDS APOLAR TO A VERONESE

In the first part of this section we show (Corollary 4.5) that for a general cubic
fourfold F' apolar to a Veronese surface ¥, i.e. in the set Dy _,)p, the variety
VSP(F,10) is singular along a K3 surface, and then (Corollary 4.7) that the
hypersurface V1o(F') introduced and studied in the previous section is singular
along 3. Subsequently, we show (Corollary 4.9) that the general F' in Dy _g,
is apolar to finitely many Veronese surfaces, by exhibiting an F' in Dy _,, such
that the singular locus of Vio(F) cannot contain a one-dimensional family of
Veronese surfaces. Next, we extend results in Section 3 to show (Corollary 4.10
and Propositions 4.11 and 4.13) that Dy _g), is a divisor different from D3
and Deop;, and that the fourfold V.SP(F,10) does not meet the singular locus
of the Hilbert scheme for a general F' in Dy _g, (Corollary 4.12). In the final
part of the section we show (Proposition 4.16) that Dy _,), is not a Noether
Lefschetz divisor in the moduli space of smooth cubic fourfolds.

The Propositions 4.11 and 4.16 and Corollaries 4.9 and 4.12 are applied in
Section 5 to show that for a general [f] € Dy _qp, the fourfold VSP(F,10) is
smooth outside a surface along which it has quadratic singularities.

By a direct calculation in an example we now prove:
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PROPOSITION 4.1. Let F' be a general cubic fourfold apolar to a Veronese sur-
face 3.

(i) F has cactus rank 10. Hence no length 9 subscheme of P(V') is apolar to
F.

(i1) F is nonsingular and the form f defining F has no partial derivatives of
rank < 3.

(11t) The minimal free resolution of the apolar ideal Iy has Betti numbers

1 - - - - - _
- 15 35 21 — — —
— - - 21 35 15 —°
|

and the matriz My of linear second order syzygies of Iy has rank 20 at a general
point of .
(iv) Yr = Vio(F) is an irreducible fourfold singular in codimension at least 2.

Proof. We find with Macaulay2 [18] a cubic form apolar to a Veronese surface
Y, and compute the resolution of its annihilator (apolar ideal). Let ¥ be the
Veronese surface defined by the (2 x 2)-minors of

o T1 X2
Ty T3 T4
T2 T4 Ts

So the ideal of ¥ is generated by
2 2 2
(Tow3 — @7, ToT5 — T3, T3Ts — Ty, ToT4 — T1T2, T1T4 — T2T3, T1T5 — T2T4.)

By differentiation one may check that each of these quadratic forms annihilates
the following cubic form:

f=y3y1 + 195 — 20192Y3 — Y2Y3 — Yiva + 2Y0y2ya — 2Yoy3ys — 2Y1Y3Ya
+ 2yoy1ys + YiYs + Ysyz.

So f is apolar to the Veronese surface . The apolar ideal of the cubic form f
has Betti numbers

1 - - - - o

- 15 3 21 - — -—

- - — 21 3 15 =~

- - - - - -1

Its 35 x 21-matrix M of second order linear syzygies restricted to the plane

$0:$3:$4—$5:0,

has rank 20 along a curve of degree 9. Reduced modulo 5 the defining form for
this curve is
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9 8 7,.2 6,.3 5.4 4 4.5 3,.6 2,.7 9 8
T] — 22770 + 22 25 — 275 + 2iT5 + x]X5 + 2TV T5 — 22775 + 225 — 22734

2 4.4 2 7
+ alxoxy — 228222y + 22303 wy — atadey — 2Baday — 22aSwy 4+ xialay

8 7.2 6. .2 52,2 4,32 2,.5,.2 6,.2 6,.3
—2x5x4 + 2w 7] + 207 T2y — 227755 — TITHTY — 2T THTY — T1T9Ty — T1TY

—2xta2ad — 223adad + 2wy abad — aSad + 2fat — 2ataoa — 22302a)

— xyahry + 2ainh — adxen — 2mwyadal + ajal — 22328 + 223 w0nG — 20328

+ 22227 + 2z w0l + 2125 — 22008 — 2
It is nonsingular, which proves (iv). In particular the generic rank of the matrix
My is 21 for f. Therefore, by Lemma 3.18, the cactus rank of f is 10, which
proves (i).
A direct computation shows that F = V(f) is nonsingular, that f has no
partials of rank 3, and that the matrix Ms for the apolar ideal of f has rank
20 at the point V(xo, 21,22, x3,24) € ¥, hence at a general point on X, which
proves (ii) and (iii), respectively. O

Let W be a vector space of rank 3, and V = S2W, and recall the linear map
(cf. (2))
(18) 5:SW — S*V s.t. s(a®) = (a®)?

For g € SSW, we consider the cubic form f = s(g) € S3V. Let C = V(g) C
P(W*) and F = V(f) € P(V*). Formula (18) shows that there is a natural
embedding
¢ : VSP(C,10) —» VSP(F,10).

Indeed, if g = Y, a?, then f = s(g) = >,(a?)3. For distinct [a;] € P(W), the
morphism ¢ sends the length 10 subscheme {[a;]|i = 1,...,10} to the length 10
subscheme {[a?]|i = 1, ..., 10} of P(V). More generally, ¢ associates to a length
10 apolar subscheme Z of g in P(W) the length 10 apolar subscheme to f in
P (V) which is the image of Z under the Veronese embedding.

REMARK 4.2. When g is general sextic ternary form and C = V(g), then g has
rank 10. Mukai showed in [19] that V.SP(C,10) is a smooth K3 surface. We
shall often use the notation S, := ¢(V SP(C, 10)).

LEMMA 4.3. If g is a general sextic ternary form and f = s(g), then
VSP(F,10) is a fourfold and the projection Iysp — Vio(F) is generically
2:1, where F =V(f).

Proof. We may assume that f = s(g) is a general cubic form apolar to a
Veronese surface. By Remark 4.2, the sextic form g has rank 10, and by
Proposition 4.1, f = s(g) has cactus rank 10, hence also rank 10, and Vio(F)
is a fourfold. We first claim that the projection Iy gp — Vio(F) is generically
finite, and hence that V.SP(F,10) is also a fourfold. For this let ¥ be the
Veronese surface that is the image of the quadratic embedding of P(W) in
P(V) = P(S?W), and let Z C ¥ be a general 10-tuple of points on ¥ that is
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apolar to F. Note that [Z] € S; = ¢(VSP(C,10)). We may assume that a
subset Zp C Z of 9 points lie on a unique elliptic sextic curve Ez, in ¥. Then
p=Z\ Zy lies on V1o(F), and Iy, has a unique linear second order syzygy that
vanishes at p. By Proposition 4.1 (iii), this syzygy is the unique second order
syzygy for I¢ that vanishes at p, and, by Lemma 3.19, every apolar subscheme
Z' to F that contains p must be contained in X. Thus [Z'] € ¢(V.SP(C, 10)).
But, by Remark 4.2, the variety V.SP(C, 10) is a surface, so, since p is a general
point, there are finitely many apolar schemes to C' of length 10 that contain
the point p. Therefore the projection Iysp — Vig(F) also has a finite fiber
over p € Vio(F), and the projection is generically finite.

By Proposition 4.1 (iv), the variety V1o(F) is an integral hypersurface of degree
9. Consider a one parameter family of cubic fourfolds {F}}:cc that contains F’
and the total family

I={(p,Z,t)p € Z,[Z] € VSP(F;,10)} C P(V) x Hilb;oP(V) x C.

After possibly shrinking the parameterspace, we may assume that [ is irre-
ducible and flat over an open subset A C C. For t € A the fiber in I over
t is Ivsp,, and the variety Vip(F;) C P(V) is the image of the projection of
this fiber into the first factor. For general ¢ the variety Vio(F}) is an integral
hypersurface of degree 9 by Lemma 3.21, while the projection Iy sp, — Vig(F})
is generically 2 : 1 by Lemma 3.26. Since Vi1o(F) is a hypersurface of degree 9,
the generically finite map Iy sp — Vio(F) is also 2 : 1.

O

To show that V.SP(F,10) is singular along S, = ¢(V.SP(C,10)), we use the
following general criterion for singularities of the variety of power sums of a
hypersurface:

LEMMA 4.4. Assume that k is the rank of a general hypersurface F' of degree
d in P(V*). Let F C P(V*) be a hypersurface of degree d and rank k and
assume that dimVSP(F, k) = dimVSP(F' k). Let [Z] € Hilbp,(P(V)) be
an apolar subscheme to F such that Z = {[l1],...,[lk]} consists of k distinct
points. Then V.SP(F,k) is singular at [Z], if there is a hypersurface of degree
d in P(V') which is singular along Z.

Proof. Consider the universal family
VSP = {([Z],[f])|[Z] € VSP(F,k)} C Hilb,(P(V)) x P(S%V).

The fiber of the second projection over a point [f] € P(S9V) is VSP(F,k),
where ' = V(f). The fiber over a point [Z] € Hilb,(P(V)) of the first projec-
tion is a linear space, the linear span (p4(Z)) of the image p4(Z) in P(S4V) un-
der the d—uple Veronese embedding p4s. Now, consider a point ([Z], [f]) € VSP
where Z is a smooth subscheme apolar to f and f has rank k. Then Z be-
longs to the set of subschemes that impose independent conditions to poly-
nomials of degree d, which is open in the Hilbert scheme, and (pq(Z)) is a
P*~1. Since Hilby(P(V)) is smooth of dimension kn near Z, we conclude that
VSP is smooth of dimension kn + k — 1 at ([Z],[f]). Since F has rank k,
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the second projection VSP — P(S%V) is dominant. Furthermore, since the
dimension of the fiber V.SP(F, k) of the second projection VSP — P(S%V) is
equal to the dimension of a general fiber, the variety V.SP(F, k) is singular at
a point [Z] if the rank of the second projection at the point ([Z],[f]) is less
than dim(P(S?V)). If Z = {[l1],...,[lx]}, then this rank is the dimension of
the span Tz = ({197 y;][1 <i < k,0 < j < n) where (yo,...,y,) = V. In fact,
from the expansion of (I; +y;)9, we see that lfflyj defines a tangent direction
at the point [I¢], so T is the span of the tangent spaces to the d-uple embed-
ding pa(P(V)) at the points [I¢] (this is a special case of Terracini’s Lemma,
cf. [21], [24]). Hence VSP(F, k) is singular at [Z] if these tangent spaces do
not span P(SV).

But hyperplanes in P(S9V) correspond to hypersurfaces of degree d in P(V),
and a hyperplane contains the tangent space at [I¢] if and only if the cor-
responding hypersurface is singular at [/;]. Therefore VSP(F, k) is singular
at [Z] if there is a hypersurface in P(V) of degree d singular in the points

[ll]v"'v[lk]' O

COROLLARY 4.5. If g is a general sextic ternary form and f = s(g) (cf. 18),
then VSP(F,10) is singular along Sy = ¢(VSP(C,10), where F = V(f) and
C=V(g).

Proof. First, we may assume that f = s(g) is a general cubic form apolar to
a Veronese surface . By Remark 4.2, the sextic form ¢ has rank 10, and
by Proposition 4.1, f = s(g) has cactus rank 10, hence also rank 10, and by
Lemma 4.3, V.SP(F,10) is a fourfold.

Let Z C X be a general 10-tuple of points on ¥ that is apolar to F. Note
that [Z] € Sy = ¢(VSP(C,10)). Now, since ¢g has rank 10, the points in Z
impose independent conditions to S3V*. According to Lemma 4.4, the variety
VSP(F,10) is singular at [Z] if there exists a cubic fourfold singular along Z.
This condition is satisfied in our situation since Z is contained in the Veronese
surface ¥ C P(V). In fact, the Veronese surface is the singular locus of the
discriminant cubic hypersurface parameterizing singular conics in P(W*). O

The next lemma is used to prove that if F' is a general cubic fourfold apolar to a
Veronese surface X, then the hypersurface Vio(F) is singular along ¥ (Corollary
4.7).

LEMMA 4.6. Let C be a plane curve defined by a general sextic form g, and let
Ivsp = {([I,[Z)D|[l] € Z} c P? x VSP(C,10)

be the natural incidence variety. Then the projection onto the first factor is

2:1.

Proof. We may assume that g has rank 10. Let p = [I] € Z C P? be a point
in a general apolar subscheme of length 10. Then Zy = Z — p has length nine
and is contained in a unique smooth cubic curve Ez,. In fact, in the pencil
g — MO, there is a unique form g; of rank 9: The (10 x 10)-catalecticant matrix
of y1g — A% has nonvanishing determinant with a zero of multiplicity 9 at u = 0,
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and hence one more zero. The corank of the catalecticant matrix is the rank
of the space of cubic forms apolar to pug — M°, so the simple zero correspond
to a unique sextic form g; in the pencil g — A% that is apolar to a cubic curve,
i.e. apolar to the scheme Zy and the cubic curve Ez,. By genericity, we may
assume that 27, is not equivalent to 6y, as divisors on Ey,, where Hy, is a
divisor defined by a line in P2. We apply now Lemma 3.25 to the cubic form
s(g1), and conclude that p is contained in exactly two subschemes of length 10
that are apolar to g;. O

COROLLARY 4.7. Let F be a cubic fourfold of cactus rank 10 that is apolar to
a Veronese surface X. If the matrix Ms of linear second order syzygies of the
apolar ideal Iy has rank 20 at a general point of Vio(F), then this hypersurface
is singular along .

Proof. Let F = V(f) and f = s(g), then, by Corollary 4.5, the variety
VSP(F,10) is singular along the K3 surface S, = ¢(VSP(C,10)), where
C = V(g), and Vio(F) C P(V) is a hypersurface of degree 9, by Lemma
3.21. Now, assume that {g:}icc is a general one parameter family of ternary
sextic forms such that ¢ = go. Let g; be a general member of the family.
Then, by Proposition 4.1 and Remark 4.2, the sextic form g; and the cubic
form f; = s(g:) both have rank 10. Any length 9 subscheme of a general apolar
scheme of length 10 of g, is contained in an elliptic normal sextic curve E on
>, and as a divisor on F satisfies the condition of Lemma 3.25. The projection
Ivsp, — V.SP(Fi,10) and its restriction over Sy, are both finite and of degree
10.

Consider the other projection I'yvsp, — Vio(F:). By Lemma 4.3, it is generically
2 : 1 and Vyo(F}) is an irreducible hypersurface of degree 9. On the other hand,
by Proposition 4.1 (iii) the Veronese surface 3 is contained in Vjo(F;). Let
p € ¥ be a general point. As in the proof of Corollary 4.5, if (p,[Z]) € Ivsp,,
then Z C X. Therefore we may conclude, by Lemma 4.6, that the projection
Ivsp, — Vip(F:) is 2 : 1 over p, and hence generically over .

An analytic neighborhood in V.SP(F;, 10) of a general point in S,, is therefore
isomorphic to a suitable neighborhood in Vig(F}) of any of the corresponding
points in 3. Therefore Vio(F}) is singular along ¥ if and only if V.SP(F, 10)
is singular along S, .

Thus, for an open neighborhood 0 € A C C, there is a family {Vio(Fi)|t € A}
of hypersurfaces of degree 9 whose general member is singular along 3. To see
that Vio(F) is singular along 3, we study this family.

Let

1=, Z O)p € Z,[Z] € VSP(F;,10)} C P(V) x HilbyoP(V) x A,

be the closure of the natural incidence, and let VSPa(10) C P(V) x A be the
image of the projection I — P(V)x A. Then I and VSPa(10) are fivefolds, and
thus the fibers of VSPA(10) — A are all fourfolds. The fiber at ¢ € A therefore
contains the fourfold Vio(F}) as a component. Since Vio(F}) is singular along
> for a general ¢, the same holds for t = 0 and the lemma follows. O

DOCUMENTA MATHEMATICA 22 (2017) 455-504



VARIETY OF POWER SUMS AND DIVISORS ... 489

REMARK 4.8. In computations we have found forms f apolar to a Veronese
surface X, such that Vio(F) is singular along the union of ¥ and a surface of
degree 140, the locus of points where the matrix Ms of second order linear
syzygies has rank at most 19. As noted in Proposition 4.1 (iii), the matrix Ma
has rank 20 generically on X.

COROLLARY 4.9. Let F be a general cubic fourfold apolar to a Veronese surface.
Then F is apolar to finitely many Veronese surfaces.

Proof. The union of a 1—dimensional family of Veronese surfaces is a threefold.
So, if f is apolar to a 1—dimensional family of Veronese surfaces, then, by
Lemma 3.21 and Corollary 4.7, the degree 9 determinantal hypersurface Vi (f)
would be singular along a threefold, contradicting Proposition 4.1. g

COROLLARY 4.10. The set Dy _q, of cubic forms that are apolar to some
Veronese surface is an irreducible hypersurface in P(S3V).

Proof. The map g — f = s(g) induces a rational map
Smod : SSW//GIW) --» S3V//GI(V).

The image of $,,04 is the locus of cubic fourfolds apolar to a Veronese surface, so
Dy _4p is irreducible. That it is a divisor, follows from a dimension count: Plane
sextics have 28 — 9 = 19 parameters, while cubic fourfolds have 56 — 36 = 20
parameters, so it suffices to show that s,,,q has generically finite fiber. The
fiber of s,,04 OVer a point parameterizing a cubic fourfold F' may be identified
with the set of Veronese surfaces which are apolar to F'. The result thus follows
from Corollary 4.9. |

PROPOSITION 4.11. A general cubic fourfold F which is apolar to a Veronese
surface satisfies the conclusion of Proposition 3.1, namely, any element [Z] €
VSP(F,10) corresponds to a length 10 subscheme Z which imposes independent
conditions on cubics and is apolar to F'.

Proof. By Proposition 3.1, the divisorial part of the set of cubic fourfolds not
satisfying this conclusion is contained in the union of the irreducible divisors
D,is and D.op introduced in Section 2. As we know that the set of cubics
apolar to a Veronese surface is an irreducible divisor which is different from
D, 3 by Proposition 4.1 (ii), the result follows from the following Proposition
4.13. a

COROLLARY 4.12. For a general cubic fourfold F' which is apolar to a Veronese
surface, VSP(F,10) does not meet Sing(Hilb1o(P(V)).

Proof. This follows from Proposition 4.1(ii) which guarantees that the form
f that defines F' has no partial derivative of rank < 3, Proposition 4.11 and
Proposition 3.5. 0

PROPOSITION 4.13. The divisors Deop and Dy _qy, are distinct.
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Proof. We shall distinguish Dy and Dy _,p, by proving that their intersections
Dy _opNDrr and Deopr N Drg

with D;r are distinct.

Recall from Section 2 that Dyp denotes the set of cubic fourfolds Frr(S)
associated to a K3 surface section S = P& N G(2,6) c P The dual
space P% := (P%)L C P intersects the Pfaffian cubic hypersurface, the
secant variety of G(2,6) C P14, in a Pfaffian cubic fourfold Fpp(S). Fur-
thermore, by [15, Lemma 3.9 and Proposition 3.15], there is an identification
Vio(F1r(S)) = Fpp(95).

LEMMA 4.14. Let Fgp(S) C PY be a Pfaffian cubic fourfold with no rank 2
points, i.e. P3N G(2,6) =0, and let S = PE N G(2,6) be the corresponding
linear section of G(2,6). Then Frr(S) has cactus rank 10, and S is birational to
a component of the Hilbert scheme of rational quartic surface scrolls in Fgp(S)
that are apolar to Frr(S).

Proof. If Fgp(S) has no rank 2 points, then P& = (P%)+ defines the apolar
ideal Iy of a cubic fourfold Frr(S) = V(f), and this fourfold has cactus rank
10, (cf. [15, 3.5 and Lemma 3.6]). By [15, Lemma 2.9], each secant line to S
defines a pair of rational quartic surface scroll in Fpp(S) that intersect along
scheme of length 10 apolar to Frr. The two scrolls correspond to the points of
intersection on the variety .S. g

If a cubic fourfold F' of cactus rank 10 is apolar to a Veronese surface, then, by
Corollary 4.7, Vio(F) must contain this Veronese surface. So the proposition
follows by finding a cubic fourfold F = Fir(S) € Deopi N Dyg, such that the
Pfaffian cubic Fpp(S) contains no Veronese surface.

We first consider Pfaffian cubic fourfolds that contain a plane. For a smooth
cubic fourfold F', let A(F) := H*(F,Z)NH*?2(F), the lattice of integral middle
Hodge classes.

LEMMA 4.15. If F' is a general smooth Pfaffian cubic fourfold that contains a
plane P intersecting a rational quartic surface S4 in F' along a conic section,
then A(F) does not contain the class of a Veronese surface. Furthermore the

Pfaffian cubic fourfolds that contain such a plane form a divisor in the variety
of Pfaffian cubic fourfolds.

Proof. We may assume that A(F) has rank 3, generated by the classes of
h?,[S4] and [P] (cf. [6, Example 3.1 and Theorem 3.]). The intersection matrix
is

h? [Si] [P]
3 4 1
[S4] 4 10 0
[Pl 1 0 3

The class of a Veronese surface ¥ in F' would have intersections

R[] =4,[2)? =12
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and —1 <[] - P < 3, since X has degree 4 and [X]- P = —1 when ¥ N P is a
conic. If ¥ C F, then [¥] = aH? + b[S4] + ¢[P] with integral a, b, c. Computing
intersection numbers we get

3[2)2 — ([Z] - [h?])? = 14b* + 8¢ — 8be = 20.

Since 4 divides the right hand side, b in the left hand side must be even, which
again means that 8 must divide the right hand side, a contradiction. For the
last statement, see [1, Section 2]. O

We now exhibit a cubic form f in Do, that is apolar to a rational quartic
surface scroll and has both rank and cactus rank 10. By Lemma 2.4, it belongs
to Dcopl N Dyg.
The cubic form

f= 77503 + ngzl — 12z0z% + zi’ — 12zgz2 + 6xgr1T2 + 3x%:c3
— 3:5%903 — b6xgroxy — 6T1T2T3 + 3x0x§ — 390290% + J:g — 6xpr124 — 390?904
— b6xprary — 612374 — 3z0:ci - 356%:65 — 6xpri125 + 6z§z5
— 6xgx3xs + 62145 + 3:5190? — xg

is apolar to the two quartic surface scrolls Sy and S defined by the 2-minors

of
(zo T1 x3 I4) and
1 X2 T4 Ts
respectively, so f belongs to Dyg. The intersection Sy N S} of the two scrolls
is the union of the six points Zg defined by the 2-minors of

r3 T4 To+T1+Ts5 T — T2+ X4
T4 X5 X1 — T3+ T4 Tyt To— T3

Top T1 X3 T4 To+T1+Ts T1— T2+ T4
X1 Ty Tg4 Ty X1 — X3+ Ty To+ T2 — T3

and the four points
V(xozs — x?, x% + xox1 + 2T122), T3, T4, T5)

in the plane V(z3, x4, %5), so f belongs also to Doy and has rank at most 10.
The resolution of the apolar ideal I; has Betti numbers

1 - - - - - _

~ 15 35 21 - — -

— - — 21 35 15 —°
- - -1

and the matrix 35 x 21-matrix My of second order linear syzygies of I¢ has
no syzygies. So we conclude that f has cactus rank 10 by Lemma 3.18 and
hence also rank 10. Let F' = V(f). Then F = Fyr(S) for some K3 surface S,
and Fpp(S) is the corresponding Pfaffian cubic that contains the two quartic
scrolls Sy and S). Since each scroll intersects the plane P = V(zg,z4,25) in
a conic section, the plane P is contained in Fpp(S) and A(Fpp(S)) contains
the rank three lattice generated by h?,[S,] and [P] with intersection matrix as
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in the proof of Lemma 4.15. By Lemma 4.15, the Pfaffian cubic fourfolds F'
that contain a plane that intersect a quartic scroll in a conic form a family of
codimension one in the divisor of Pfaffian cubic fourfolds. But D;r N Deop is a
divisor in Dy, so the corresponding set of Pfaffian cubics also has codimension
one in the divisor of Pfaffian cubic fourfolds. Therefore the Pfaffians cubic
fourfold Fgp(S) corresponding to a general cubic fourfold Frg(S) € DrrNDcop
is general in the sense of Lemma 4.15, and does not contain the class of a
Veronese surface.

This concludes the proof of Proposition 4.13. U

We conclude this section with the following result concerning the divisor
Dy _ap.

PROPOSITION 4.16. The divisor Dy _qp is not a Noether-Lefschetz divisor.

Here by a Noether-Lefschetz divisor (or component of the Hodge loci, see [22]),
we mean a divisor D along which a locally constant nonzero primitive rational
cohomology class in H*(F,,Q), b € D, remains a Hodge class. Equivalently,
as the Hodge conjecture is satisfied by cubic fourfolds, the cubic fourfolds Fj
parameterized by such a divisor carry a codimension 2 cycle whose cohomology
class is not proportional to the class h?, h = ¢1(OF,(1)). Hodge theory shows
that in the case of cubic fourfolds, the Hodge loci are hypersurfaces in the
moduli space, as a consequence of the equality k3! (F) =1 (see [22]).

Proof of Proposition 4.16. First of all, we recall that in the moduli stack
M of smooth cubic fourfolds (or in the local universal family of deforma-
tions), Noether-Lefschetz divisors have a smooth normalization. More pre-
cisely, each local branch M, near a cubic fourfold [F] is defined by a class
a € HY(F,Q)prim, where M, is the “locus of points t € M where the class
ar € H*(Fy, Q)prim deduced from « by parallel transport is a Hodge class”,
and the statement is that M, is smooth. We refer to [22] for various local
descriptions of these Hodge loci and their local study. The smoothness follows
from [22, Corollary 3.3], and from the following fact:

LEMMA 4.17. Let F be a nonsingular cubic fourfold, and 0 # a €
H?2(F, Q%) prim. Then the cup-product-contraction map

sa: HY(F,Tr) — H3(F,QF)
18 surjective.

This lemma can be proved directly using Griffiths’ description of the in-
finitesimal variations of Hodge structures of hypersurfaces, or by using the
Beauville-Donagi isomorphism between the variation of Hodge structures on
H*(F,Q)prim and the variation of Hodge structures on H2(L(F), Q)prim,
where L(F') is the Fano variety of lines of F', together with general proper-
ties of the period map for hyper-Kéhler manifolds.

The universal family of deformations of the cubic Fermat hypersurface
Frermat = V (frermat) in P5 can be obtained as follows: in SV we choose a
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linear subspace 1" which is transverse to the tangent space at the point frermat
to the orbit of frermar under GI(V'), and we restrict the universal hypersurface
in S3V x P® to T x P, where T is embedded in an affine way in S3V, by
t = frermat + t. Since the differential at (Id,0) of the map

GU(V)x T — S*V,

(’Ya t) = ’Y(fFermat) + t’
is an isomorphism, it is a local isomorphism in the analytic topology, hence
there is a neighborhood U’ of frermat in S3V and a holomorphic retraction
7w : U’ — U C T with the property that 7(g) is the unique point of intersection
of U' N Oy with T (where Oy is the orbit of g € U under GI(V)).
It is well-known (see [23, Remark 6.16]) that the tangent space to the orbit of
JFermat at fFermat is the degree 3 part of the Jacobian ideal of frermat, gener-
ated by the partial derivatives of frermat. If We write frermat = Ziig X3, the
Jacobian ideal J¢,.,,. ., is generated by the X?, so there is a natural such com-
plementary subspace T'; the vector subspace of S3V generated by the X;X; X,
for ¢, j, k all distinct.
As the map spmoq : SW//GUW) --» S3V//GI(V) is induced by the linear map
s SSW — S3V, the divisor Dy _,, C S3V//GI(V) comes from a divisor Dy
in U C T C 83V (U is a analytic open set which will be the basis of a universal
family of deformations of Frermat), Wwhere Dy is obtained as the image of the
composition of the linear map s : SSW — S3V with 7 : U’ — U C T, where it
is defined.
The following proposition implies that Dy _g), is not a Noether-Lefschetz divi-
sor, thus concluding the proof of the proposition. O

PROPOSITION 4.18. The local branches of the divisor Dy at the origin are
singular.

REMARK 4.19. We cannot identify here Dy with an open set of Dy _g;. Indeed,
Dy is a divisor in the universal family of deformations of Frermat, and its image
Dy _qp in S3V//GI(V) is obtained by taking the quotient of Dy by the group
of automorphisms of Frermqe, Which is nontrivial. If Dy_g, is a Noether-
Lefschetz divisor, then the divisor Dy in the universal family of deformations
must have smooth local branches. The criterion, that a Noether-Lefschetz
divisor has smooth local branches can be applied only in the universal family
of deformations, which is itself smooth.

Proof of Proposition 4.18. We wish to exploit the following observation:

LEMMA 4.20. For a generic sextic polynomial g € SSW which is the sum of siz

6-th powers of elements of W, f = s(g) is (conjugate to) the Fermat polynomial

gr = Y20 X2

Proof. This follows immediately from formula (2), which says that if g =
=% a% then f = 3'=2(a2)3. On the other hand, for a generic choice of

the a;’s, the a? provide a basis X;,i = 0,...,5 of V = S?W. O
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We fix ag, ..., as providing a basis X; = a?,i = 0,...,5 of V. For any b, =
(bo,...,b5) € W6 and b € W, we consider the curve in SSW parameterized by
the coordinate t, of the form

i=5

b= oo bt = Zb? + b8 S SOW.

i=0
At t = 0, the corresponding curve t — s(gp, pt) € S®V passes through
s(32=0 b9), which is equal to Yo (b?)® € S3V. The later polynomial is
not equal for generic b, to the Fermat polynomial frermar = >, X3 but it
is canonically conjugate to it, namely, let 43, € GI(V) be determined by

Wb-(bg):Xu'L:O,,E)

Then we have
1=5
Vbe (S(Z bf)) = fFermat,
i=0

and may conclude that the curve

t > fou bt =Y. (8(gby bt)) €SPV, t € C
passes through frermat at t = 0. By definition, its image in S2V//GI(V) is
contained in Im s,,,4. Furthermore, for small ¢, fp, 5+ belongs to the small
open set where the holomorphic retraction # : U — T is defined, so that
T(foep,t) € Dy for any such (be,t). Thus there must be one branch Dy, of Dy
such that 7(fp, »¢)) € Dy, for any (be,t), since the parameter space for the
family fp, 5.+ is smooth hence in particular normal. Let us now prove that Dy,
is not smooth at the point frerma:- The derivative at 0 with respect to ¢ of
the holomorphic map
t m(foa) €T
is obtained by applying the projection
p: SV =T =SV It

to s, (5(b%)) = 75, ((b%)3). The above reasoning shows that all these elements
lie in the Zariski tangent space Tp; o at the point 0 (parameterizing the Fer-

mat equation). The proof that Dj; is not smooth is thus concluded with the
following lemma:

LEMMA 4.21. The set S of elements p(v, ((b*)%)) € T generates T as a vector
space.

Proof. Choose two independent elements Y, Y7 of W. Then the three elements
Y, Y2, (Yo+Y1)? are independent in S2W. For a generic choice of a3, ay, a5 €
W, the set

YO2’ Y12a (YO + Y1)2a a%a a?iv ag
forms a basis of V. We choose

b. = (YO’H’% +Ylaa/3’a/4aa/5)'
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Then

(19) Yoo (Y5) = Xo, ., (Y1) = X1,
Yoo (Yo +Y1)%) = X, o, (a7) = Xi, i = 3,4,5.

Choose now for b a generic linear combination of Yy and Y;. Then we can write
b? = oY@ + BY? + (Yo + Y1)?, with the coefficients «, 3, v all nonzero. It
follows that

(b%)? = 6ap~(Y0)*(Y1)* (Yo + Y1)* + P((Y0)?, (Y1)?, (Yo + Y1)?)

where the cubic polynomial P contains all monomials in (Yp)?2, (Y1)?, (Y2)?2
containing at least one quadratic power of one of the variables. Applying the
transformation ~,, of (19) and the projection p, we get

POy, (%)%)) = 6By X0 X1 X>

since all the monomials in the X; containing at least a quadratic power of the
variables are in J3met. We thus proved that the set S contains XoX; Xo,
and the same proof would show that S’ contains X; X; X}, for arbitrary distinct
indices 4, j, k. Thus S generates T as a vector space.

O

The proof of Proposition 4.18 is finished. U

5. LOCAL STRUCTURE OF V. SP FOR A CUBIC FOURFOLD APOLAR TO A
VERONESE SURFACE

Let W be a 3-dimensional vector space, and let g € SCW, f = s(g) € S3(S?W)
be as in the previous section, i.e. C = V(g) is a plane sextic curve, and
F =V(f) is a cubic fourfold. Our goal in this section is to prove the following
theorem (from which Theorem 1.8 of the introduction immediately follows):

THEOREM 5.1. Assume that g is a general ternary sextic form, and let f = s(g).
(i) The variety V.SP(F,10) is smooth of dimension 4 away from the K3 surface
Sq = VSP(C,10). In particular, there is only one Veronese surface apolar to
f, so we may denote by Sy the surface Sy.

(i1) The singularities of VSP(F,10) are quadratic nondegenerate in the normal
direction to Sy at any point of Sy.

Proof of Theorem 5.1, (i). We know, by Corollary 4.10, that the set of cubics
apolar to a Veronese surface is a divisor Dy _4;, in the space parameterizing all
cubics. Let

(20) VSPy_ap = {([Z],[f]) € Hilb1o(P®) x Dy _4p, 1z(3) C Hy}

be the universal family of V.SP’s of cubics apolar to a Veronese surface, with
projection

pra : VSPy_qp — P(53V).
We consider the dense open D?/_ap C Dy _qp defined as the set of points [f] in
the smooth locus of Dy _g,, such that f = s(g) for a ternary sextic form g of
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rank 10 for which S is integral, and Corollary 4.12 and Propositions 4.11 and
4.1, (i) are satisfied.
We prove the following;:

LEMMA 5.2. Let [f] € D?,_ap. Then there is only one Veronese surface that
is apolar to f, thus determining a unique curve C defined by a ternary sextic
form g such that Sq = VSP(C,10) C VSP(F,10). In this case we denote by
Sy this surface Sy.

Furthermore, denoting by VSPy_qp0 the restriction to D?,fap of the family
VSPy_ap, VSPy_ap,o is nonsingular away from the family S C VSPy_qp 0 of

surfaces Sy.
Proof. We identify f, as before, with a hyperplane Hy in S?V*. Let

K C Hom(Hf, SgV*/Hf) = TP(S3V),f)
be the tangent space of Dy_o, at [f], with f = s(g) for some g €
H°(P?%, Op2(6)) and some Veronese embedding > C P(V) of P2, We denote
again by h € S3V* the discriminant cubic form, such that V(h) is singular
along X. Notice that h € Hy, since f is apolar to 3.
First of all, we claim that K1 is generated by h. As K is a hyperplane, it
suffices to show that h belongs to K+, i.e. that y(h) = 0 for every v € K.
Let [Z] be a general point in S, C V.SP(F,10). Then Z is contained in a
unique Veronese surface ¥ apolar to f = s(g), and VSPy_,, contains a family

Su ={[Z'],1f]) eU|[Z'] € Sy C VSP(F',10);

f'=s(g),F =V(f)} CVSPy_qap
of surfaces in a neighborhood U of the point ([Z],[f]). Since Sy is integral,
we may assume that Sy is smooth at ([Z],[f]). On the other hand, the im-
age pra(Sy) C P(S®V) is dense in Dy _qp. Now, let Tygp,_, (12,17 be the
Zariski tangent space to VSPy_g, at ([Z],[f]). It contains the tangent space
Tsy (12).15)), S0 since pra(Sy) is dense in Dy, the tangent space K to Dy _qp
at [f] is the image of the linear map

Prac: Tyspy o, (12110 = Tp(sev).s-
So to prove the claim it suffices to prove that the discriminant cubic form A
belongs to the orthogonal of
Im (pros« : Tyspy (21,10 — Te(sev),f)-

Since g has rank 10, we may assume that the scheme Z consists of ten
distinct points that impose independent conditions on cubics, so we can
identify T, ,p(v)),[z) With HO(TP:,‘Z), and furthermore HO(TP5|Z) with
Homo,, (Zz,0z). We have then the following description of the tangent
space of VSP at ([Z],[f]) :

(21) T1z1,1)) = {(u, ) € Homoy,,,, (Zz,Oz) x Hom(Hy, S°V* /Hy),
Nizx) = Ppodu:12(3) = SV*/Hy},
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where d,, : Iz(3) = H®(Oz(3)) is the map induced by u € Homo,,,, (Zz,0z)
on global sections, and p : H°(Oz(3)) — S3V*/H; is deduced from the
quotient map S*V* — S3V*/H, using the fact that the restriction map
S3V* — HOY(0z(3)) is surjective and that its kernel I7(3) is contained in
H;. We just have to prove that for vy satisfying the equation (21), we have

(22) ~v(h) = 0.

But as h € Iz(3), we get v(h) = dy(h) modulo Hy, and since h is singular
along Z, d,(h) = 0, which proves (22). The claim is thus proved.

Note that the claim proves in particular that for [f] € D?/fap, there is a unique
Veronese surface apolar to f since it says that the cubic h is determined by
K = TDvaapa[f] and on the other hand it determines X, because ¥ is the singular
locus of V' (h).

The proof of the smoothness of VSPy_qp 0 away from S will now use the fact
that the discriminant cubic with equation h is smooth away from . The
argument goes as follows: Let [f] € D?,fap, [Z] € VSP(F,10), [Z] ¢ Sy and
K= TDvaapﬁ[f]‘ Recall that the conclusion of Corollary 4.12 holds, so that [Z]
is a smooth point of Hilb;o(P(V')). Furthermore, Proposition 4.11 also holds,
so Z is apolar to f and imposes independent conditions on cubics. Hence
I7(3) C Hy, and this property gives us the local equations for V.SP(F,10)
inside Hilb1g(P(V))peg. Differentiating these equations, the Zariski tangent
space to VSPy_qp at ([Z],[f]) is thus given as before by

(23)  Tvspy_.,.(z1i) = {(u, @) € Homoy,,, (Z7,0z) x K,
Qlrz(3) =P©° dy : IZ('?’) — SB‘/*/I{JC}7

where K is the hyperplane in Hom(Hy, S*V*/H) of linear forms vanishing on
h. The variety VSPy _q, is smooth at ([Z],[f]) if the restriction map

px : K — Hom(Iz(3),S*V*/Hy)
is surjective, since this implies that the linear equations in (23) defining the
Zariski tangent space to VSPy_g, at ([Z],[f]), which are nothing but the
differentials of the equations defining VSPy _,,,, are linearly independent.
1) If h does not vanish identically on Z, then the hyperplane
K C Hom(H;, S*V*/Hy)
does not contain the kernel of the surjective map

Hom(Hy, S*V*/Hy) — Hom(Iz(3),S*V*/Hy)

so the restriction map px is surjective.

2) If h vanishes on Z, the image of the map K — Hom(Iz(3),S3V*/Hy) is
the set of linear forms on Iz(3) vanishing on h € Iz(3). Therefore, the linear
equations in (23), parameterized by Homo,, ., (Zz, Oz), are linearly dependent
only if the map

Homop, (Zz,0z2) — C, u > dy(h) mod Hy
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is the zero map. But the map
(24) u s dy(h) € H(Oz(3))

is H%(Oz)-linear. So if its image is contained in Hy/Iz(3), it provides a sub-
H°(Oz)-module of H°(Oz(3)) which is the ideal of a subscheme of Z apolar
to f. By Proposition 4.1, (i), this implies that this ideal is equal to 0, that is,
the map (24) is 0.
In conclusion, if VSPy_,, is singular at ([Z],[f]), then Z is contained in the
singular locus of h, hence in ¥. In other words, [Z] belongs to Sy.

U

Lemma 5.2 implies (i) by a Sard type argument and this concludes the proof
of Theorem 5.1, (i).
O

Proof of Theorem 5.1, (ii). We first prove the following result:

LEMMA 5.3. For general g and f = s(g), the embedding dimension of
VSP(F,10) is 5 at any point of Sy.

Proof. We know that the universal family VSP is smooth and that the hyper-
surface VS Py _,;, contains the family of surfaces S which has generically smooth
fibers. If Sy is smooth, the corank of the map pra. : Tysp (12),11)) = TP(s3v), [/
is 1 everywhere along Sy. This implies that the embedding dimension of
VSP(F,10) is 5 at any point of Sy. O

This lemma shows that for general g and f = s(g), the variety V.SP(F,10) has
locally hypersurface singularities along S¢, and our goal now is to show that
the Hessian of the local defining equation, which is a homogeneous quadratic
polynomial on the normal bundle Ng,, is everywhere nondegenerate. Here the
bundle Ng, is defined as the quotient of Ty sp(r10)5, by its subbundle T, .
The bundle Ng, is thus locally free of rank 3 by Lemma 5.3.

We first have the following:

LEMMA 5.4. The determinant of Ns, is trivial.

Proof. We recall that by Proposition 4.11, V.SP(F, 10) is defined as the follow-
ing set:

(25) VSP(F,10) = {[Z] € Hilb1o(P(V)), I4(3) C H;}.

The variety V.SP(F,10) is contained in the smooth part of Hilbyo(P(V')) and
defined according to (25) as the 0-locus of a section o of the bundle F with
fiber I.(3)* over the point [Z] € Hilb;o(P(V)). More precisely, since we as-
sumed that [f] € DY,_, , the conclusion of Proposition 4.11 holds and thus
VSP(F,10) is contained in the open set of Hilbyo(P(V)) where F is locally
free. In particular, VSP — P(S3V) is flat over a neighborhood of [f]. For a

general f € SV, we know by [15] that V.SP(F,10) is a smooth Hyper-Kéhler
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manifold, hence in particular has trivial canonical bundle. This means that the
line bundle

det (Tiitn,o(P3)|vsP(F,10)) ® (det F) ™!

has trivial restriction to V.S P(F, 10), which implies that it has trivial restriction
to VSP(F,10) when f is a general cubic apolar to a Veronese surface, since
VSP — P(S3V) is flat at [f].

On the other hand, the proof of Lemma 5.3 shows that the cokernel of the
differential do along Sy is the trivial line bundle with fiber Hom (Ch, S3V*/Hy)
at any point [Z] of Sy.

The exact sequence

0— TVSP(F,10)|Sf — THilblg(P5)|Sf — ]:|Sf — Cokerdo — 0

thus implies the triviality of det Ty sp(r 105, hence the triviality of det Ng,
since det T, is trivial. O

Using the fact that the cokernel of the map do is the trivial line bundle on
S, we conclude that the Hessian of o is a section of S2N§ . Here we use
the following notion of Hessian for a section o of a vector bundle E of rank
r on a smooth variety Y, at a point y where do is not of maximal rank.
The Hessian is then intrinsically an element of (Coker doy,) ® S?Qy., », where
Qy,y.0 = (Kerdoy)*. (Note that doy, : Ty, — Ey is not intrisically defined but
Kerdo, and Cokerdo, are.) This Hessian is related to the usual Hessian as
follows: In an adequate local trivialization of E near y, o is given by a r-tuple
(61,...,0.) of functions on Y, and we can assume that if k is the rank of do
at y, then doy,...,doy are independent at the point y, while dogy1,...,do,
vanish at y. Let Y’ be the smooth codimension & submanifold of Y defined by
0s, 4 < k. Then Qv , = Qy/, and the restriction oy has zero differential
at y. Then the Hessian of o at y is the (r — k)-tuple of quadratic forms
(Hess(og41)y7), - -, Hess(orys)). If furthermore we know that the vanishing
locus of ¢ has ordinary quadratic singularities along a submanifold Z C Y,
then near y, we have Z C Y” and the Hessians Hess(o;)y) € S2Qy , appearing
above in fact belong to SQN;/Y,. In our case, Z is Sy and what we denoted
by Ng, is naturally isomorphic to Nz,y.

As the determinant of Ng, is trivial, the Hessian of o as a section of SQNgf is
a nondegenerate quadric everywhere along Sy if and only if it is nondegenerate
generically along Sy. The last property can be shown as follows: Recall that f is
a generic cubic apolar to a Veronese surface and [Z] € S¢. The pair ([Z], [f]) can
be constructed starting from a general subscheme of length 10 of the Veronese
surface 3, and taking for H; a general hyperplane of S3V* containing I(3).
Take for Z a reduced subscheme consisting of ten distinct points z1,..., 219
in general position on 3. Then the hyperplane Hy is determined by a linear
form p : S3V* — S3V*/H. This form is the composite of the projection map
S3V* — 83V*/14(3) and a linear form

P H°(04(3)) — C.
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After trivialization of Oz(3) we may write
p/ = sz'eVmi
i

for some scalars p; which can be chosen arbitrarily. Recalling that the cokernel
of do is generated by Hom (Ch, S3V*/Hy), it is clear that the Hessian Hess(o)
at the point [Z] is obtained by restricting the sum >, p;d®h, to
Ns, 171 € H*(Nsps|z) = ®iNsps o,

Here we use the same trivialization of Oz (3) as above to see the Hessian d?h,,
of h at x; as an element of S2N§ /P5 y Since h has nondegenerate quadratic
singularities along ¥, each of the quadrics d?h,, is nondegenerate. We now
have:

LEMMA 5.5. The 3-dimensional vector space Ng, (7 is the orthogonal com-
plement of the subspace Im (H° (X, Ny;/ps) — ©iNxps »,) with respect to the
quadratic form Y-, p;d®hy, .

Proof. Indeed, the space Ng, 7] is equal to the kernel of the composite map

H°(Ngps|z) — Hom (Ix(3), H(0z(3)) & Hom (Ix(3), S*V*/Hy),
where HO(NE/p5|Z) = ®;Ny/ps », and p = ZZ pi€Vy, -
Let now u € HO(E,NZ/ps),U‘Z = (’U,Z) and v = (’UZ) S HO(NZ/p5|Z). Then
szd hzl U|Z5/U|Z szd hzl Uzavz)

The section u € H°(X,Nyps) lifts to a section U € H(P5 Tps). Let
v S3V* — S3V* be the induced map on cubic forms. Then the degree
3 polynomial diy(h) belongs to Ix(3). Furthermore we have
d*hy, (uiyvi) = d(dy (h))(v;)

for any ¢. It follows that
> pidha, (i, vi) = Y pid(dy (7)) (v;).

If now (v;) belongs to Ng, 7], we find that ), p;d(dy (h))(vi) = 0 and thus
Zpidzhli (ui, ’Ui) =0.

Hence we proved that Im (H° (3, Nsps) — @iNx/ps ;,) is perpendicular with
respect to Y, pid®hy, to the space Ng, (7). As the space H(X, Ny /ps) is of
dimension 27, the map HO(Z,NE/ps) — @©;Nxps 5, is injective of maximal
rank 27 for a general choice of the z;’s. As the space Ng, (7] is of dimension 3,
we conclude that

Im (H°(3, Ny, /ps) = ®iNs/ps ;)
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is the orthogonal complement with respect to Zipithmi of the space Ng, (7],
since the quadratic form ), pid®h,, on the 30-dimensional vector space
®iNs/ps o, is nondegenerate. (|

It follows that the quadratic form Hess(o), that is the restriction of Y, p;d?hy,
to Ng, (7], is nondegenerate if and only if the quadratic form > pid*hy, has a
nondegenerate restriction to Im (H%(3, Ny, /ps) = ®iNx/ps 5, ). The last prop-
erty may be achieved because the points z; being general, the map

HO(Ev NZ/P5) — @1§i§9NZ/P5,mi

is injective (hence an isomorphism). Hence any combination Y, ;¢ pid®ha,
with p; # 0 for any ¢ < 9 has a nondegenerate restriction to
Im (H°(Z, Ny;yps)  —  @iNxps ;) and thus a general combination
> <;<10Pid?ha, has a nondegenerate restriction to

Im (H(2, Nyy/ps) — ©iNs/ps o,)-

In conclusion, we proved that, for general g and f = s(g), at a general point
[Z] € Sy = S4 C VSP(F,10), the Hessian of the local defining equation of
VSP(F,10) has rank 3, and as explained above, this implies that it is every-
where nondegenerate in the normal direction to St. 0

6. PROOF OF THEOREM 1.6
We first recall the statement of the result:

THEOREM 6.1. Let F be a wvery general cubic fourfold. Then there
is no monzero morphism of Hodge structures between H4(F,Q)p”-m and

H?(VSP(F,10), Q)prim-

Proof. Let B be the Zariski open set of P(H?(P% Ops(3))) parameterizing
smooth cubics. We have the universal family 7 : X — B of cubic hypersurfaces,
where the morphism 7 is smooth and projective. We also have the family
7' : VSP — B which is projective over B but is not smooth. By Proposition 4.1
the general cubic fourfold apolar to a Veronese surface is smooth, so the base
B contains the divisor Dy _,;, parameterizing smooth cubic fourfolds apolar
to a Veronese surface. We proved in Theorem 5.1 that for [f] in an open
subset DY, ., the fiber VSP(F,10) = 771 ([f]) has only ordinary quadratic
singularities along the surface Sy which is a smooth K3 surface. Let [f] be a
point of D%fap and let B be a Zariski open set of B containing [f] and such
that Dy _qp N BY D‘O/fap. Let B’ — B be the double cover ramified along
D‘O/fap. Since D%fap is contained in the smooth locus of Dy _,, (cf. Lemma

5.2), the double cover, B’, is smooth, and the pulled-back family
7 :VSP — B’
is smooth except along the family of surfaces S — D?/fap, which has codi-

mension 3 in VSP’, and along which VSP’ has quadratic nondegenerate sin-
gularities. The family VSP’ — B’ can be modified after passing to a degree 2
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étale cover of B’ to a family of smooth complex projective manifolds by a small
resolution: For this we first blow-up VSP’ along S to get VSP” — B’. The
exceptional divisor E of the blow-up is a bundle over S with fibers smooth two-
dimensional quadrics. There is an étale double cover S8 parameterizing
the rulings in the fibers of £ — S. As a K3 surface is simply connected, this

0
= Dy _ g

double cover comes from a double cover D?

Vap We may assume this

étale double cover is induced by an étale double cover B° — B°. Performing
this base change, the pulled-back family V/S\J_D/” — B has the property that
the inverse image E of E admits two morphisms to a P!-bundle over S. We
choose one of them, and as is well-known, we can contract EtoS along this
morphism. The resulting family ¢ : VSP — B is smooth proper over B,

We now have two families

gb]jé\;]g%é,w??%é

of smooth proper complex manifolds, where X = X x B B, The fibers of
both families are projective, and in particular Kahler, although it is not clear if
both morphisms are projective. We thus get two associated variations of Hodge
structures on B , one of weight 2 on the primitive cohomology of degree 2 of the
fibers of the first family with associated local system H?, the other of weight
4 on the primitive cohomology of degree 4 of the fibers of the second family
with associated local system H*. The locus of points b € B where there is
a nonzero morphism of Hodge structures H4(/fb, Q)prim — H? (175’1/01,, Q)prim
is the Hodge locus for the induced variation of Hodge structure on the local
system Hom (H*, H?). The Hodge locus is a countable union of closed algebraic
subsets of the base B (cf. [22]). In order to prove Theorem 6.1, it thus suffices
to prove that there is a point of B where there is no nonzero morphism of
Hodge structures between H4(/'?b, Q) prim and HQ(I%TD;), Q)prim-

By Proposition 4.16, the divisor Dy _,;, is not a Noether-Lefschetz locus for
the family X — B. This means that there exists a point b € Dy _gp, that
we may assume to be in D?/_ap, such that there is no nonzero Hodge class in
H*(X, Q)prim. This fact implies that the Hodge structure on H* (X, Q) prim
is simple. Indeed, since h®!(X;,) = 1, any proper sub-Hodge structure has h3:1-
number 0 or its orthogonal complement for the intersection pairing satisfies this
property. In both cases, the existence of a proper sub-Hodge structure implies
the existence of a nonzero Hodge class. Note also that it has h??-number equal
to 20. o

On the other hand, we claim that the transcendental part of H2(VSPy, Q)prim
has htl-number < 19. Here the transcendental part is defined as the minimal
sub-Hodge structure containing the H2-9-component.

The claim follows from the fact that 175'1/% is hyper-Kéhler, being a fiber of a
family of Kahler manifolds whose general member is hyper-Kéhler, and on the
other hand it is the blow-up of VSP, along the K3 surface S,. It thus con-
tains the exceptional divisor Fp over Sy and the morphism of Hodge structures
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HQ(VS'?b, Q) — H?(E}p, Q) does not vanish on HQ’O(]ET%) because a sym-
plectic form on a fourfold cannot vanish on a divisor. On the other hand, this
morphism sends H2(175\’1/Db, Q)i to H%(Eyp, Q)4 which is equal to H2(Sy, Q)¢
The induced morphism

H*(VSPy, Q)i — H*(Sh, Q)ir
must be injective by the same simplicity argument as above, and thus
hLl(];_Srﬁba Q)prim S hLl(Sb)prim S 19.

As the Hodge structure on H*(X,, Q)prim is simple with h%2-number equal to
20, any morphism of Hodge structures between H*(X,, Q)prim and a weight 2
Hodge structure with A!'-number < 19 is identically 0, which concludes the
proof of Theorem 1.6.

O
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