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ABSTRACT. Let G denote a linear algebraic group over Q and K and L
two number fields. We establish conditions on the group G, related to the
structure of its Borel groups, under which the existence of a group isomor-
phism G(Ak, ;) = G(AL ;) over the finite adeles implies that K and L
have isomorphic adele rings. Furthermore, if GG satisfies these conditions,
K or L is a Galois extension of Q, and G(A g, ;) = G(Ap,s), then K and
L are isomorphic as fields.

We use this result to show that if for two number fields K and L that are
Galois over Q, the finite Hecke algebras for GL(n) (for fixed n > 2) are
isomorphic by an isometry for the L'-norm, then the fields K and L are
isomorphic. This can be viewed as an analogue in the theory of automorphic
representations of the theorem of Neukirch that the absolute Galois group
of a number field determines the field, if it is Galois over Q.
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1. INTRODUCTION

Suppose that G is a linear algebraic group over Q, and K and L are two number fields
such that the (finite adelic) Hecke algebras for G over K and L are isomorphic. As
we will see, a closely related hypothesis is: suppose that the groups of finite adelic
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points on G are isomorphic for K and L. What does this imply about the relation-
ship between the fields K and L? Before stating the general result, let us discuss an
example.

EXAMPLE A. If G = G}, x G, for any integers r, s, then for any two distinct
imaginary quadratic fields K and L of discriminant < —8 we have an isomorphism
of topological groups G(Ak f) = G(Apr s) while Ax 2% Ap and Ag s 22 AL s
(cf. Section 2). To prove this, one determines separately the abstract structures of the
additive and multiplicative groups of the adele ring A x and sees that they depend on
only a few arithmetic invariants, allowing for a lot of freedom in “exchanging local
factors”. This example illustrates that at least some condition on the rank, unipotent
rank, and action of the torus on the unipotent part will be required to deduce that we
have a ring isomorphism Ay = Ay.

Let us now state the main technical condition, which we will elaborate on in Section 3.

DEFINITION B. Let GG denote a linear algebraic group over Q. We call G fertile for
a field K/Q if G contains a Borel group B which is split over K as B = T x U
with T' # {1} and U # {0}, and such that over K, the split maximal torus T acts
non-trivially by conjugation on the abelianisation of the maximal unipotent group U.
In Appendix A, it is shown that G being fertile for K is equivalent to G containing
a K-split maximal torus and having a connected component which is not a direct
product of a torus and a unipotent group.

Split tori and unipotent groups are not fertile for any K. On the other hand, for
n > 2, GL(n) is fertile for all K. In general, fertility is slightly stronger than non-
commutativity. Roughly speaking, it says that the group has semisimple elements that
do not commute with certain unipotent elements.

Our first main result is:

THEOREM C. Let K and L be two number fields, and let G denote a linear algebraic
group over Q which is fertile for K and L. There is a topological group isomorphism

of finite adelic point groups G(A k. ;) = G(Ay,s)ifand only if there is a topological
ring isomorphism A = Ap.

An isomorphism of adele rings Ay =2 A implies (but is generally stronger than)
arithmetic equivalence of K and L (Komatsu [20], cf. [18, VI.2]). Recall that K
and L are said to be arithmetically equivalent if they have the same Dedekind zeta
function: (x = (y, . If K or L is a Galois extension of Q, then this is known to imply
that K and L are isomorphic as fields (GaBmann [9], cf. [18, IIL.1]).

The question whether G(R) = G(S) for algebraic groups G and rings R, S implies a
ring isomorphism R = S has been considered before (following seminal work of van
der Waerden and Schreier from 1928 [36]), most notably when G = GL,, for n > 3
or when G is a Chevalley group and R and S are integral domains (see, e.g., [6], [31]
and the references therein). The methods employed there make extensive use of root
data and Lie algebras.

By contrast, our proof of Theorem C uses number theory in adele rings and, by not
passing to Lie algebras, applies to a more general class of (not necessarily reductive)

DOCUMENTA MATHEMATICA 22 (2017) 851-871



HECKE ALGEBRA ISOMORPHISMS 853

algebraic groups. First, we prove in general that maximal divisible subgroups D of
G(AKk,s) and maximal unipotent point groups are the same up to conjugacy (Propo-
sition 4.8; note that this does not apply at the archimedean places). The torus T (as
a quotient of the normaliser N of the unipotent point group D by itself) acts on the
abelian group V = [N, D]/[D, D], that decomposes as a sum of one-dimensional
T-modules, on which T acts by multiplication with powers. Now we use a formula of
Siegel, which allows us to express any adele as a linear combination of fixed powers,
to show how this implies that the centre of the endomorphism ring of the T-module V
is a a cartesian power of the finite adele ring. We then use the structure of the maximal
principal ideals in the finite adele ring to find from these data the adele ring itself.

ExaMPLE D. Consider G = GL(2). Then D = (} #%/) = (A s, +) is (con-

1
. . . . A LA
jugate to) a group of strictly upper triangular matrices, N = ( g’f A;’; ) and

T & (A}, £ -)? (represented as diagonal matrices) acts on V = D, represented as
upper triangular matrices, by multiplication. Now EndtV = A r as (topological)
rings.

By the (finite adelic) Hecke algebra for G over K, we mean the convolution algebra
Ha(K) == CX(G(Ak,f),R) of locally constant compactly supported real-valued
functions on G(Af, f). By an L'-isomorphism of Hecke algebras we mean one that
respects the L!-norm. The second main result is the following:

THEOREM E. Let K and L be two number fields, and let G denote a linear algebraic
group over Q that is fertile for K and L. There is an L‘-isomorphism of Hecke
algebras 5 (K) = ¢ (L) if and only if there is a ring isomorphism Ay = Ap.

This follows from the previous theorem by using some density results in functional
analysis and a theorem on the reconstruction of an isomorphism of groups from an
isometry of L!-group algebras due to Wendel [41]. It seems that the analytic condition
of being an isometry for the L!-norm is necessary (cf. [16], which uses the Bernstein
decomposition to show that purely algebraic isomorphisms of Hecke algebras of local
fields cannot distinguish local fields).

Let &g denote the absolute Galois group of a number field K that is Galois over
Q. Neukirch [26] has proven that & i determines K (Uchida [39] later removed the
condition that K is Galois over Q). The set of one-dimensional representations of
&, i.e., the abelianisation Qﬁ%’, far from determines K (compare [29] or [2]). Sev-
eral years ago, in connection with the results in [8], Jonathan Rosenberg asked the
first author whether, in a suitable sense, two-dimensional irreducible—the “lowest-
dimensional non-abelian”— representations of & determine K. By the philosophy
of the global Langlands programme, such representations of & x in GL(n, C) should
give rise to automorphic representations, i.e., to certain modules over the Hecke al-
gebra Jqy, ) (K). If we consider the analogue of this question in the setting of
&1, (n) (K )-modules instead of n-dimensional Galois representations, our main the-
orem implies a kind of “automorphic anabelian theorem”:

DOCUMENTA MATHEMATICA 22 (2017) 851-871



854 G. CORNELISSEN AND V. KAREMAKER

COROLLARY F. Suppose that K and L are number fields that are Galois over Q.
There is an L'-algebra isomorphism of Hecke algebras ¢y, n)(K) = g1 n) (L)
for some n > 2 if and only if there is a field isomorphism K = L.

We now present some open problems:

(1) Is it possible to characterise precisely the linear algebraic groups for which
G(Ak) =2 G(AL) implies Ax = A? Is Theorem C true without imposing
that a maximal torus 7" of G splits over K and L?

(2) What happens if G is not a linear algebraic group, but any algebraic group?
(It follows from Chevalley’s structure theorem that such G have a unique
maximal linear subgroup H; can we deduce H(Ag) = H(Ap) from
G(Ak) =2 G(AL))? What happens if there is no linear part, i.e., G is an
abelian variety, e.g., an elliptic curve? For every number field, is there a
sufficiently interesting elliptic curve E/Q such that E(A ) determines all
localisations of K?

(3) What happens over global fields of positive characteristic?

(4) The category of 7% (K )-modules does not seem to determine the field K, cf.
[16]. Can the category be enriched in some way so as to determine KX ? Our
theorem suggests to try and keep track of some analytic information about
M (K) related to the L!-norm.

The paper has the following structure. In Section 2, we discuss what happens if G
is the additive or multiplicative group or a direct product thereof. In Section 3, we
introduce and discuss the notion of fertility. In Section 4, we prove that maximal
divisibility is equivalent to unipotency in finite-adelic point groups. In Section 5 we
use this to prove Theorem C. In Section 6, we discuss Hecke algebras and prove
Theorem E.

2. ADDITIVE AND MULTIPLICATIVE GROUPS OF ADELES

In this section, we elaborate on Example A from the introduction. We discuss the
group structure of the additive and multiplicative groups of adeles of a number field,
and we recall the notions of local isomorphism of number fields and its relation to
isomorphism of adele rings and to arithmetic equivalence. We introduce local addi-
tive and multiplicative isomorphisms and prove that their existence implies arithmetic
equivalence.

ARITHMETIC EQUIVALENCE AND LOCAL ISOMORPHISM.

2.1. NoTATIONS/DEFINITIONS. If K is a number field with ring of integers O,
let Mg denote the set of all places of K, Mg s the set of non-archimedean places of
K, and Mk o the set of archimedean places. If p € M ; is a prime ideal, then K,
denotes the completion of K at p, and O ,, its ring of integers. Let e(p) and f(p)
denote the ramification and residue degrees of p over the rational prime p below p,
respectively. The decomposition type of a rational prime p in a field K is the sequence
(f(p))p|p of residue degrees of the prime ideals of K above p, in increasing order,
with multiplicities.

For an archimedean place p of K, we have K, = R or C and we let Ok, = K.
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2.2. DEFINITION. We use the notation [[ (G, H;) for the restricted product of the
groups G; with respect to the subgroups H;. We denote by

/
Ak = H (KP’ﬁKJJ)

peEMK

the adele ring of K, and by

!/
Ak = H (KpaﬁK,p)
pPEMK, 5

its ring of finite adeles.

Two number fields K and L are arithmetically equivalent if for all but finitely many
prime numbers p, the decomposition types of p in K and L coincide.

Two number fields K and L are called locally isomorphic if there is a bijection
w: Mgy — My, ; between their sets of prime ideals such that the corresponding
local fields are topologically isomorphic, i.e. Ky & Ly, forall p € Mg y.

The Dedekind zeta function of a number field K is defined as

Ck(s)= D (#Ox/D)*,

ICOK

where the sum ranges over the nonzero ideals of U

The main properties are summarised in the following proposition (see e.g. [18, III.1
and VI.2]):

2.3. PROPOSITION. Let K and L be number fields. Then:

(i) K and L are locally isomorphic if and only if the adele rings A i and A 1, are
isomorphic as topological rings, if and only if the rings of finite adeles Ak ¢
and A ¢ are isomorphic as topological rings.

(i) K and L are arithmetically equivalent if and only if (x = (y, if and only if
there is a bijection p: My y — My, ¢ such that the local fields K, = L,y
are isomorphic for all but finitely many p € Mg ;.

(i) We have K = L = A = Ay (as topological rings) = (x = (1, and none
of the implications can be reversed in general, but if K or L is Galois over
Q, then all implications can be reversed. [

THE ADDITIVE GROUP OF ADELES.

2.4. PROPOSITION. [If H is a number field, then there are topological isomorphisms
of additive groups
~ H:
(Apg. )= (Ag )
and

Proof. 1f p is a prime of H above the rational prime p, then Oy ;, is a free Z,-module
of rank e(p) f(p) (cf. [5, 5.3-5.4]). By tensoring with Q, summing over all p | p for
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fixed p, and using that n := [H : Q] =, e(p)f(p), we find that

A = [ P +). P (Onp+))

pEMq.r plp plp
/
= H (( Z?+)7(ZZa+))g( 7(3,f5+)a
pEMaq, s

and then the second statement follows from (A g, +) = (Ag s, +) x R™,+). O

2.5. COROLLARY. The additive groups (Ak,+) and (AL, +) are isomorphic (as
topological groups) for two number fields K and L if and only if K and L have have
the same degree over Q, if and only if the additive groups (A ¢,+) and (A 5, +)
are isomorphic (as topological groups).

Proof. By Proposition 2.4, we know that [K : Q] = [L : Q] implies that (A ¢, +) =
(AL,f’ +) and (AK, +) = (AL, +)

Conversely, a topological isomorphism (Ax,+) = (A, +) of additive groups in-
duces a homeomorphism between their respective connected components of the iden-
tity, i.e., RICQ = RIFQI Tt follows that [K : Q] = [L : Q] ([12, Theorem 2.26]).
Finally, let W be a compact open subgroup of (A f, +). Locally at each place p | p,
W, is a free Zy-module of rank [K, : Q,], so W is topologically isomorphic to
ZIKQl Hence, for a prime £, we find that W/¢W is isomorphic to (Z/¢Z)¥Q), The
image of W under an isomorphism of topological groups (A k ¢, +) = (A, ¢, +) has
the same property, and we find [K : Q] = [L : Q]. O

If, additionally, the isomorphism is “local”, i.e. induced by local additive isomor-
phisms, then we have the following result:

2.6. PROPOSITION. Let K and L be number fields such that there is a bijection
w: My y — My, 5 with, for almost all places p, isomorphisms of topological groups
@y (Kp,+) = (Lyp), +). Then K and L are arithmetically equivalent.

Proof. A compact open subgroup W of K, is a free Z,-module of rank e(p)f(p).
It follows that for any prime number ¢ # p, W/(W = {0}, while W/pW =
(Fz(p)f(p),—i—). Since the same holds for the image of W under ®,, we con-
clude that for all non-archimedean places p € Mg ¢, we must have e(p)f(p) =
e(e(p))f(p(p)). At all but finitely many primes p, both K and L are unramified, so
f(p) = f(¢(p)) for all but finitely many residue field degrees f(p). This implies that
K and L are arithmetically equivalent. 0

THE MULTIPLICATIVE GROUP OF ADELES.

We start by quoting for future reference the following result from [11, Kapitel 15]: let
H denote a number field and p € My . Let 7, be a local uniformiser at p and let
Fp = On,p/p denote the residue field; then the unit group of H,, is

(1) Oy 2 H, x (L+m,00,)
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and the one-unit group
@) Lt my Oy 2 ZU W) x e (H)
where /1 (H,) is the group of p-th power roots of unity in H,.

2.7. PROPOSITION. If H is a number field with ry real and ro complex places, then
there is a topological group isomorphism

(Af,-) = (R7)™ x (C7)"™ x (EB Z) x 2 T (Hy x ppe= (Hy))-
Z

S

Proof. We have

Af = (R x (C)2 x Ay pand Ay, = Jn x [ Oy,
pEMp s
where J is the topologically discrete group of fractional ideals of H, so Jy = @, Z
with the index running over the set of prime ideals, and the entry of n € Jy corre-

sponding to a prime ideal p is given by ord,(n). The result follows from (1) and
(2). O

It remains to determine the exact structure of the p-th power roots of unity, e.g.:

2.8. EXAMPLE. [2, Lemma 3.1 and Lemma 3.2] If H # Q(i) and H # Q(v/—2),
then there is an isomorphism of topological groups

[T @ x e () = ][ 2/nZ.

pEMp s n>1

Hence we conclude: If K and L are two imaginary quadratic number fields different
Sfrom Q(i) and Q(v/—2), then we have a topological group isomorphism A%, = A% .

Combining Proposition 2.4 and Example 2.8, we obtain the claim made in Example
A in the introduction:

2.9. COROLLARY. Forany two imaginary quadratic number fields K and L different
Sfrom Q(i) and Q(\/—2) and for any integers 1 and s, there are topological group
isomorphisms

(Agp)" x (Al )" = (Arg)" x (AL 5)"
and
(Ag)" x (Ak)” = (AL)" x (A7) O
On the other hand, we again have a “local” result:

2.10. PROPOSITION. Let K and L be number fields such that there is a bijection

w: My y — My, with, for almost all places p, group isomorphisms ®y, : (K;, =
(L:;(p), -). Then K and L are arithmetically equivalent.
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Proof. From K = Z x ﬁf{,p and the isomorphisms (1) and (2), it follows that if we
set W= Ky /Ky then for a prime ¢ we obtain

p,tors»
(Z/pZ)I> QI+t it f = p

3 W/iew = {Z/ez if0£p

It follows from K = L;(p) that p and g lie above the same rational prime p, and
[Kp : Qpl = [Ly(p) : Qp]. For all but finitely many primes, the extensions K,/ Q,,
and L (,)/Q, are unramified. Hence, we find that the bijection ¢ matches the de-
composition types of all but finitely many primes. This implies that K and L are
arithmetically equivalent. O

3. SET-UP FROM ALGEBRAIC GROUPS AND THE NOTION OF FERTILITY

In this section, we set up notations and terminology from the theory of algebraic
groups, and we elaborate on the notion of a group being fertile for a pair of num-
ber fields.

ALGEBRAIC GROUPS.

3.1. BACKGROUND (General references: [3] and [38]). Let G denote a linear (viz.,
affine) algebraic group over Q. We denote the multiplicative group over Q by G,,
and the additive group over Q by G,. A forus T is a linear algebraic group which
is isomorphic, over Q, to G, for some integer r, called the rank of T'. When T is
an algebraic subgroup of GG and moreover a maximal torus inside G, then the rank
of G is r as well. Suppose that a maximal torus splits over a field F//Q, meaning
that there exists an isomorphism 7' = G, defined over F'. All maximal F-split
tori of G are G(F’)-conjugate and have the same dimension, called the (F'-)rank of
G. A subgroup U of G is unipotent if U(Q) consists of unipotent elements. Every
unipotent subgroup of G/Q splits over Q, meaning that it has a composition series
over QQ in which every successive quotient is isomorphic to G,. Alternatively, it is
isomorphic over Q to a subgroup of a group of strictly upper triangular matrices.
Any connected group G that is not unipotent contains a non-trivial torus. A Borel
subgroup B of GG is a maximal connected solvable subgroup of G. If all successive
quotients in the composition series of B over F are isomorphic to G, or G,,,, then B
is conjugate, over F, to a subgroup of an upper triangular matrix group, by the Lie-
Kolchin theorem. Moreover, over F', for some split maximal torus 7" and maximal
unipotent group U, we can write B = T' x U as a semi-direct product induced by the
adjoint representation p: " — Aut(U) (i.e., by the conjugation action of 7" on U).
Furthermore, given U, B is the normaliser of U in G, and T = B/U.

3.2. DEFINITION. We call a linear algebraic group G over Q fertile for a number
field K if there exists a Borel K-subgroup B of G which is split over K, meaning
that B = T x U for T a K-split maximal torus and U a maximal unipotent group,
such that 7' # {1} acts non-trivially (by conjugation) on the abelianisation U of

U # {o}.

Appendix A contains an equivalent definition of fertility.
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3.3. EXAMPLES.

(i) Tori and unipotent groups are not fertile for any K, and neither are direct
product of such groups.

(ii) The general linear group GL(n) for n > 2 is fertile for any K. Here, T
is the group of diagonal matrices, split over QQ, which acts non-trivially on
the group of strictly upper triangular matrices. Similarly, the Borel group of
(non-strictly) upper triangular matrices is fertile.

(iii) Let G = ReSS(Gm X G,) denote the “ax + b”-group of a number field F,
as an algebraic group over Q. This group is fertile for any number field K
that contains F'.

ADELIC POINT GROUPS.

3.4. DEFINITION. Let GG denote a linear algebraic group over Q and let K a number
field with adele ring A i. As described in Section 3 of [28] (compare [22]) we may
use any of the following equivalent definitions for the group of adelic points of G over
K (also called the adelic point group), denoted G(Ak):

(1) Since A is a Q-algebra, G(A ) is its scheme theoretic set of points.

(2) Let S be a suitable finite set of places of Q, including the archimedean place,
and let ¢4 be a smooth separated group scheme of finite type over the S-
integers Zg, whose generic fibre is G. Then

G(Ak) = lim H G(Ky) x H 9(0,)
555 pes’ peS’
where S’ runs over subsets of M s that contain divisors of primes in S.

(3) Choose a Q-isomorphism ¢: G < AN of G onto a closed subvariety of a
suitable affine space A For every p € M, 7, we define G(&, ) to be the set
of points z € G(K,) for which ¢(z) € 0,. Then G(A) is the restricted
product

GAx) = [[ (@K, G@o)) x [ GEK,).

S PEMK oo

The second and third definitions immediately provide G(A k) with a topology in-
duced from the p-adic topologies. Also, the group law on G induces a topological
group structure on G(A ). The definitions are, up to isomorphism, independent of
the choices of S, ¢ and ¢.

We define the finite-adelic point group G(A i, ¢) completely analogously.

In Section 2, we considered the group of adelic points on G, and G,,,, in the sense of
the above definition, cf. Example A from the introduction.

4. DIVISIBILITY AND UNIPOTENCY

In this section, we show (Proposition 4.8) how to characterise maximal unipotent point
groups inside finite-adelic point groups in a purely group theoretic fashion, using di-
visibility. This is used later to deduce an isomorphism of unipotent point groups from
an isomorphism of ambient point groups. We first prove a series of results, relating
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divisibility and unipotency over local and global fields. Throughout, G will be a linear
algebraic group over Q, K a number field, and p € M ; a finite place of K.

4.1. DEFINITION. If H is a subgroup of a group G, an element i € H is called
divisible in G if for every integer n € Z-, there exists an element g € G such that
h = g™. The subgroup H < G is called divisible (in G) if all of its elements are
divisible in G.

4.2. LEMMA. All divisible elements of G(K,) are unipotent.

Proof. We fix an embedding G — GL y throughout, and consider elements of G as
matrices. Let v denote a divisible element of G(KP), and, for each n € Z+, let
wy, € G(K,) satisfy w]! = v forn € Z~. The splitting field L,, of the characteristic
polynomial of w,, (seen as N x N-matrix) has bounded degree [L,, : K] < N
Since by Krasner’s Lemma (e.g., [27, 8.1.6]), there are only finitely many extensions
of K of bounded degree, the compositum L of all L, is a discretely valued field, in
which all the eigenvalues \; of v are n-th powers (namely, of eigenvalues of w,,) for
all integers n. Since L is non-archimedean,

ﬂ L™ ={1},
n>1
by discreteness of the absolute value and the structure of &7, as described in (1) and

(2). We conclude that all eigenvalues of v are 1 and v is unipotent. 0

4.3. REMARK. The lemma is not true for archimedean places. To give an example
at a real place, the rotation group SO(2,R) C SL(2,R) is divisible but contains
non-unipotent elements.

4.4. LEMMA. Let U be a maximal unipotent algebraic subgroup of an algebraic group
G, both defined over a field F of characteristic zero. Then U (F) is divisible in G(F).

Proof. Consider the exponential map
exp: u— U(F)

from the nilpotent Lie algebra u of U(F') to U(F'), which is bijective since F' has
characteristic zero (cf. [25, Theorem 6.5]). For an integer n € Z~( and an element
r € u we find (by the Baker-Campbell-Hausdorff formula) that

exp(ng) = exp(z)”,

since multiples of the same r commute. Hence (multiplicative) divisibility in the
unipotent algebraic group corresponds to (additive) divisibility in the nilpotent Lie
algebra u. Since the latter is an F'-vector space and any integer n is invertible in F’,
we find the result. 0

We will also need the following global version:

4.5. LEMMA. The group U(Ak, ) is divisible in G(Ak ).
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Proof. Let v = (vp)p, € U(Ak,f), let n € Z>g, and for every p € My s, let
wp, € U(K,) be such that wy = vy (Which exists by the previous lemma applied
to ' = K,). We claim that w, € U(0,) for all but finitely many p, which shows
that w = (wyp), € U(AKk,¢) and proves the lemma. Indeed, it suffices to prove that
wp € GLN(0)y) for all but finitely many p. This follows from the Taylor series

wp = {14 (vp —1) = ki—oo (1271) (vp — 1),

which is a finite sum since vy, — 1 is nilpotent, by noting that for fixed n, the binomial
coefficients introduce denominators at only finitely many places. 0

4.6. LEMMA. Any maximal divisible subgroup of G(K,) is conjugate
to U(K,) in G(Ky).

Proof. Let D denote a maximal divisible subgroup of G(K,). By Lemma 4.2, it
consists of unipotent elements. Since unipotency is defined by polynomial equations
in the affine space of N x N matrices, the Zariski closure of D in G K, is a unipotent
algebraic subgroup U’ of G, Moreover, Lemma 4.4 implies that U’(K,) consists
of divisible elements, so by maximality of D, we find that U’ is a maximal unipotent
algebraic subgroup of G ¢, . Theorem 8.2 of Borel-Tits [4] implies that there exists an
element v, € G(K,) such that v,U’v, ' = U, for U any chosen maximal unipotent
algebraic subgroup of G. Hence, va'ygl C U(K,). Since 'yp’lU(Kp)'yp is maximal
divisible, the result follows. 0

The proof to the following lemma was suggested to us by Maarten Solleveld.

4.7. LEMMA. Let B C G denote a K-split Borel subgroup of G. Then for all but
Sfinitely many p € Mg r, we have

G(Ky) = B(Ky)G(p).
Proof. Since G/B is projective, the space (G/B)(Ak,s) is compact and equals
(G/B)(Ak,f) = G(AKk,s)/B(Ak,s) (both follow from [32, p. 258]). The open
compact group Hp G(0,) (where the product runs over all finite places of K) of

G(Ak,s) acts on (G/B)(Ak, ) by left multiplication. By compactness, the action
has only finitely many orbits, i.e.,

(H G(@a)) \G(Ax,s)/B(Ak ) = [ [ (G(Op)\G(K;)/B(Ky))

p p

is finite. In particular, for all but finitely many finite places p of K,
G(O,)\G(K,)/B(K,) is trivial, so that G(K,) = B(K,)G(0,). O
In Appendix B, we provide an alternative cohomological proof that gives some more
information about the set of excluded places. Finally, we prove the main result of this
section:

4.8. PROPOSITION. Suppose that G contains a K-split Borel subgroup. Let U be a
maximal unipotent algebraic subgroup of G. Then any maximal divisible subgroup of
G(Ak,s) is conjugate to U(A r) in G(Ak, y).
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Proof. Let D denote a maximal divisible subgroup of G(Ak ) and D, = DNG(K,)
its local component forp € My 5. Lety, € G(K,) be as in Lemma 4.6, i.e., such that
YDy, ' = U(Ky). Let B = Ng(U) be a Borel subgroup containing U; since G is
assumed to be fertile, we may choose these such that B is a split Borel K -subgroup
of G. Lemma 4.7 implies that for all but finitely many p, we may replace 7, by an
element in ¢ (0, ), which we again denote by ~, for ease of notation. This way, we

findy= J] 7 € G(Ak,s) with
pEMK 5

D Cy ' [[UE)v N G(Ak ) =7 'U(Ak f)y C D,
where the last inclusion holds by Lemma 4.5. O

Note that when G is fertile for K, it satisfies the hypotheses of Proposition 4.8.

5. PROOF OF THEOREM C

We now turn to the proof of Theorem C. Let G := G(Af,s) as a topological group.
We will apply a purely group theoretic construction to G, to end up with the adele
ring A g ; this shows that the isomorphism type of the adele ring is determined by the
topological group G. We first reconstruct some cartesian power of A .

Let D denote a maximal divisible subgroup of G. Consider the normaliser N :=
NgD of Din G. Let V := [N, D]/[D,D] < D, and let T := N/D. Note that
T acts naturally on V by conjugation. Since V is locally compact Hausdorff, we can
give EndV, the endomorphisms of the abelian group V, the compact-open topology.

5.1. PROPOSITION. There exists an integer { > 1 such that there is a topological
ring isomorphism

Z(EndrV) = Af 4,
where the left hand side is the centre of the ring of continuous endomorphism of the
T-module V.

Proof. First, we relate the subgroups of G to points groups of algebraic subgroups
of G. From Proposition 4.8, we may assume that D = U(Ax, ) for a fixed max-
imal unipotent algebraic subgroup of G. The normaliser of U in G as an algebraic
group is a Borel group B inside the fertile group G' (Theorem of Chevalley, e.g. [3,
11.16]); again, we choose U such that B is split over K. Since taking points and
taking normalisers commute ([24, Proposition 6.3]), we obtain that

N = NgD = Nga, ) U(Ak ) = (NcU)(Ak s) = B(Ak,f).

and T = T'(Ag, ) for T any maximal torus in B, which is K -split by assumption.
Next, we analyse the action of T on V, knowing the action of 7" on U. The hypothesis
that T" splits over K implies that 7" = G, over K for some r. The adjoint action of
T by conjugation on U maps commutators to commutators, so it factors through the
abelianisation U, and we can consider the linear adjoint action p: T — Aut(U#")
over K. Note that U?P =~ GZ for some integer k, so we have an action over K

4) p: T(=2 G" ) = Aut(GF) = GL(k),
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which is diagonalisable over K as a direct sum p = @y; of k characters x; €
Homg (T, G,,) of algebraic groups. In coordinates t = (t1,...,t.) € Gl =T
any such character is of the form

) X(t) = x(t1, ... tp) =t -t
for some ny,...,n, € Z. Since the action of T on V is given by specialisation from
the action of 7" on a subspace of U2, we find an isomorphism of T-modules
‘
V= @ ALIL{i'rf7X7:,
i=1
where y; (1 = 1,.../) are the distinct non-trivial characters that occur in 'V, pu; is
the multiplicity of x; in V, and Ak sy, is the T-module A g ; where T acts via x;.
Hence,
¢ ¢

(6) EndrV =[] [[Maty, xp, (Home(Ak f.y., A ry,)) -

i=1j=1

The assumption of fertility means precisely that ¢ > 1. To conclude that

¢
Z (EndpV) = Z (H Mat,,; »p; (Ax, f)> = Al ;.
i=1
as required, we now prove that if x; and x; are non-trivial characters occurring in this
decomposition, then there is a topological ring isomorphism

Aryy ifx; =x;

Home(As.pxio Akes ) = {{0} otherwise

Indeed, a homomorphism of additive groups f: (Af s ., +) = (Ax,f,y,,+)is T-
equivariant precisely if f(x;(t)(w)) = x;(t)f(u) forallt € T and v € Ak ¢. The x
are specialisations of algebraic characters as in (5), and some powers are non-zero by
the assumption of fertility. If x; # ;, this means that

(7) S u) =" f(u),Vt € A ¢, Yu € Ag g

for some n,m > 0, n # m, which is impossible unless f = 0: indeed, choose
t € Z-o; then the equation says that t” f(u) = t™ f(u) for any u, so m = n. So we
must have x; = x;, and we find that

(8) f("uw) =t"f(u),Vt € Af ;, Yu € Ak s

for some n > 0.

We now reinterpret a formula of Siegel [37, p. 134] as saying the following: Let R
denote a ring and n a positive integer such that n! is invertible in R. Then any element
of R belongs to the Z-linear span of the n-th powers in R. In particular, we have the
following explicit formula for any z € R:

=S (G )
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Applied to R = Ay s, in which n! is invertible, Siegel’s formula expresses any
element of A g ¢ as Z-linear combination of n-th powers in Ax . We conclude from
(8) and additivity of f that

9) f(tu) = tf(u),Vt € Af s, Vu € Ag ;.

Hence, f(t) = tf(1) is completely determined by specifying a value for f(1) €
Ak r,and

EndT(AK,f,X> — AKyf: f — f(l)
is the required ring isomorphism. It is continuous, since evaluation maps (such as this
one) are continuous in the compact-open topology on Endr(Af, s, ). The inverse
map is @ — (z — ax), which is also continuous in the finite-adelic topology on
Ak r. Hence, we find an isomorphism of topological groups, as required. 0

5.2. THEOREM (Theorem C). Let K and L be two number fields, and let G denote
a linear algebraic group over Q, fertile for K and L. There is a topological group
isomorphism of adelic point groups G(Ak ;) = G(Ar,r) if and only if there is a
topological ring isomorphism A = Aj.

Proof. Using Proposition 5.1, from G = G(Af, ) we group theoretically construct
Z (EndtV) = Aﬁ(,f. Now consider the maximal ideals in Aﬁ(,f.

For any ring R, let .# (R) denote its set of principal maximal ideals. Observe that
M(RY) = . (R) x Z/VZ, since a maximal ideal in R’ is of the form R x m x R’
for some maximal ideal m of R and a decomposition ¢ = ¢; + {5 + 1. We recall the
description of the principal maximal ideals in an adele ring A i ; as given by Iwasawa
and Lochter ([21, Satz 8.6] and [14, p. 340-342], cf. [18, V1.2.4]):

%(AKﬂf) = {mp = ker (AKyf — Kp)}
Note that A i ;/m, = K. Hence the multiset
{A%_’f/m: me ///(A%_’f)}

contains a copy of the local field K, exactly {r,, times, where r, is the number of local
fields of K isomorphic to K. Thus, we have constructed the multiset of local fields

{Kp:pe Mgy}

of K, up to isomorphism of local fields.

If K and L are two number fields with G(A g r) = G(Ay,s) as topological groups,
then these multisets are in bijection, i.e., there exists a bijection of places ¢: Mg 5 —
M,y suchthat Ky, = L, forall p € M y. Hence K and L are locally isomorphic
(in the sense of Section 2.1), and we find ring isomorphisms Ax y = Ap ; and
A = Aj, by Proposition 2.3.

For the reverse implication Ax = A; = G(Ag,f) = G(Ar), we use that a
topological ring isomorphism Ax = A implies the existence of topological iso-
morphisms ®,: K, & L, of local fields for some bijection of places p: Mk ; —
M7, s (again by Proposition 2.3). The fact that all ®,, are homeomorphisms implies
in particular that ®,(Ok p) = O ,(p) for all p. Now G(Af y) = G(Ap y) is im-
mediate from the definition of finite-adelic point groups (with topology) in 3.4(2) or,
equivalently, 3.4(3). This finishes the proof of Theorem C. 0
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6. HECKE ALGEBRAS AND PROOF OF THEOREM E

6.1. DEFINITION. Let G denote a linear algebraic group over Q. Because A ¢
is locally compact, G{K} := G(Ak,s) is a locally compact topological group
for the topology described in Definition 3.4, equipped with a (left) invariant Haar
measure fig(r}- The finite (or non-archimedean) real Hecke algebra Hu(K) =
C*(G{K},R) of G over K is the algebra of all real-valued locally constant com-
pactly supported continuous functions ¢ : G{ K} — R with the convolution product

Dy x Py g~ <I)1(gh_1)q)2(h)dug{;(}(h).
G{K}

(Replacing R by C yields the finite-adelic complex Hecke algebra; the results in this
section also hold in the complex setting.)

Every element of J#;(K) is a finite linear combination of characteristic functions
on double cosets KhK, for h € G{K} and K a compact open subgroup of G{K}.
Alternatively, we may write

Hos(K) =l # (G{K}HK),

where 7 (G{K}/JK) is the Hecke algebra of K-biinvariant smooth functions on
G{K} (for example, if K is maximally compact, this is the spherical Hecke algebra).

6.2. DEFINITION. We define the L*-norm on functions on G{ K} through

£l = / | Fldpe .
G{K}

Then let L'(G{K}) denote the group algebra, i.e., the algebra of real-valued L*'-
functions on G{K } with respect to the Haar measure 1.k}, under convolution.

6.3. DEFINITION. An isomorphism of Hecke algebras ¥ : 7 (K) = (L) which
is an isometry for the L!-norms arising from the Haar measures (i.e., which satisfies
€)1 = ||f]|1 forall f € H#5(K))is called an L'-isomorphism. We will denote
this by

He(K) 2 A (L).
Before we give its proof, let us recall the statement of Theorem E:

6.4. THEOREM (Theorem E). Let K and L be two number fields, and let G denote
a linear algebraic group over Q, fertile for K and L. There is an L'-isomorphism
of Hecke algebras #(K) =11 (L) if and only if there is a ring isomorphism
Ag = A;.

Proof. The proof consists of two steps: first we show, using the Stone-Weierstrass the-
orem, that the Hecke algebras are dense in the group algebras, and then we use results
on reconstructing a locally compact group from its group algebra due to Wendel.
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Step 1: #5(K) 21 H#5(L) implies LY(G{K}) =1 LY(G{L}). By the locally
compact real version of the Stone-Weierstrass theorem [13, 7.37(b)], 5 (K) is dense
in Co(G{K}) for the sup-norm, where Co(G{K}) denotes the functions that van-
ish at infinity, i.e., such that |f(z)| < & outside a compact subset of G{K}. In-
deed, one needs to check the nowhere vanishing and point separation properties of
the algebra. Since ##z;(K) contains the characteristic function of any compact sub-
set K C G{K}, the algebra vanishes nowhere, and the point separating property
follows since G{ K} is Hausdorff. A fortiori, 7 (K) is dense in the compactly sup-
ported functions C..(G{K}) for the sup-norm, and hence also in the L'-norm. Now
C.(G{K}) is dense in L*(G{K}), and the claim follows.

Step2: LY (G{K?}) =1 LY(G{L}) implies G{ K} = G{L}. Indeed, an L*-isometry
He(K) =0 A5 (L) implies an L-isometry of group algebras L'(G{K}) =1
LY(G{L}). Hence the result follows from a theorem due to Wendel [41, Theorem
1], which says that an L'-isometry of group algebras of locally compact topological
groups is always induced by an isomorphism of the topological groups.

Step 3: If G is fertile, G{ K} = G{L} implies A = Ay. Thisis TheoremC. [

6.5. COROLLARY. If G is a connected linear algebraic group over Q which is fertile
for K and L, where K and L are two numbers fields which are Galois over Q, then
an Lt-isomorphism of Hecke algebras #5(K) = #5(L) implies that the fields K
and L are isomorphic.

Proof. Since the hypotheses imply that the fields are arithmetically equivalent, the
result follows from Proposition 2.3.(iii). O

Since GL(n) is fertile if n > 2, we obtain Corollary F.

VARIATIONS ON THEOREM E.

(1) The theorem is also true if the real-valued Hecke algebra is replaced by
the complex-valued Hecke algebra (using the complex versions of Stone-
Weierstrass and Kawada/Wendel).

(2) It seems that the theorem also holds for the full Hecke algebra .74 ® J5°,
where %”GOO is the archimedean Hecke algebra for G, viz., the convolution
algebra of distributions on G(R ®q K) supported on a maximal compact
subgroup of G(R ®q K), but we have not checked the analytic details.

APPENDIX A. AN EQUIVALENT DEFINITION OF FERTILITY
The following was observed by Wilberd van der Kallen:

A.1. PROPOSITION. G is fertile over K if and only if it contains a K -split maximal
torus, and the connected component of the identity G° is not a direct product of a
torus and a unipotent group.

Proof. Suppose for the entire proof that G contains a K -split maximal torus.
Since Borel groups are connected, the identity component G contains a Borel group,
and since Borel groups are conjugate over K, the condition of fertility in Definition
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3.2 is equivalent to G containing a Borel subgroup with non-trivial action of its torus
T on the abelianization U*" of its maximal unipotent subgroup U.

We claim that T acts non-trivially on U2 if and only if 7" acts non-trivially on U.
Hence, G is not fertile if and only if G° contains a Borel subgroup in which the torus
acts trivially on the unipotent part. If this happens, we conclude from the short exact
sequence of algebraic groups

1= R,(G) =G —= S —1,

where R, (G) is the unipotent radical of G and S is a reductive group, that S has only
trivial roots. The classification of reductive groups in characteristic zero implies that
Sis a torus, so R, (G) = U, S = T, and G" is itself a Borel group 7' x U, which is
what we wanted to prove.

Let us now prove the claim. Since we are in characteristic zero and 7" is reductive, it is
linearly reductive. Hence, by [7, Corollary A.8.11], T" acts trivially on a connected al-
gebraic group if and only if it acts trivially on its Lie algebra. Thus, it suffices to show
that 7" acts non-trivially on Lie(U) if and only if it acts non-trivially on Lie(U?P).

By linear reductivity, Lie(U#P) is a direct factor of u := Lie(U) as a T-module, so
necessity is clear. For the converse, observe that since 7" acts via the adjoint repre-
sentation, it preserves the lower central series 1y := u; u; := [u,u;-1] (i > 1) of
u. We will show that if T" acts trivially on u/ u;_1 for some j > 2, then it acts triv-
ially on u/u;. The result will then follow, since Lie(U*") = u/u; and u/u; = u for
sufficiently large %, as u is nilpotent.

To prove our claim, we use that, by assumption, 7" acts trivially on the subalgebra
uj_o/uj_1 of u/u;_q. The bracket [-,-]: u x u;_s — u,_; factors through to give a
surjective T-equivariant map

[ ] w/uj 1 @uja/uj1 = uja /uy.

Hence, T acts trivially on u;_; /u;. By linear reductivity of 7', the short exact se-
quence of T-modules

0— uj,l/uj %u/uj %u/uj,l — 0,

splits, and we conclude that 7" acts trivially on the middle term, too. 0

APPENDIX B. ALTERNATIVE PROOF OF LEMMA 4.7

The following is an alternative proof of Lemma 4.7 using cohomological methods and
providing some insight into the set of exceptional places. It was inspired by an answer
by Bhargav Bhatt on mathoverflow.net/a/2231.

Let # C ¢ denote any inclusion of smooth finite-type separated group schemes over
the ring of S-integers Ok g for a suitable finite set of primes S, so that the generic
fibre of £ is B and that of 4 is G. By [1, Theorem 4.C], the fppf sheaf quotient ¥/ %
is a scheme over Ok g; choose S such that it contains the (finitely many, cf. [10,
Troisieme partie, 9.6.1]) places where the special fibre of ¢ /% is not proper. Since
fppf quotients commute with base change, the generic fibre of 4/ % is G/ B.
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We will show that for p € M s not contained in S, we have G(K,) = B(K,)¥(0,).
It suffices to show that

(10) G(Ky)/B(Ky) =9(0,)/%(0y)
forall p ¢ S. We will prove this by arguing that both sides of (10) equal (¢ /%) (0, ).
First consider the long exact sequence in fppf-cohomology associated to the exact
sequence
1B —>YG—>9G/B—1

of smooth group schemes (cf. [33, p. 151-152 and Theorem 6.5.10]), over M = K,
or M = 0y:

1— BM)—=G(M)— (9)B)(M)— H (M, %) — ...

To rewrite the left hand side of (10), we take M = K|, so we are dealing with

Gal(K,/K,)-cohomology. The short exact sequence
1-U—-B—-T-—1,
for U a unipotent group and 7' a maximal K -split torus, induces a long exact sequence
1 = U(Ky) = B(K,) = T(K,) = H'(K,,U) » H (K,, B) - H'(K,,T)

Since 7' is split over K, hence split (and a fortiori quasisplit) over K, and K, is a
perfect field, applying [32, Lemma 2.4] yields H'(K,,T) = 1. Moreover, since K,
has characteristic zero, H' (K P> U) = 1 by [32, Lemma 2.7]. Thus, we find that

HY(K,,B) = 1.
Hence,
G(Ky)/B(Ky) = (G/B)(Ky).
Since G/B is projective and ¢ /% is proper, the valuative criterion of properness
implies that
(G/B)(Ky) = (9/5)(0).
For the right hand side of (10), we set M = 0, and argue as in Step 3 of [33, Theorem
6.5.12]: H'(0,, %) classifies B-torsors over Op; let 7 — Spec Oy, denote such a
torsor. By Lang’s theorem, its special fibre .7, — Spec F, over the finite residue field
F, has a rational point. Since % smooth, so is 7, so we can lift the rational point by
Hensel’s Lemma. Hence, .7 is also trivial, so Hl(ﬁp, AB) = 1. We conclude that

(4/8)(Oy) =9(0y) ] B(O).
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