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ABSTRACT. For a prime number p and a free profinite group S,
let S(™P) be the nth term of its lower p-central filtration, and S"7!
the corresponding quotient. Using tools from the combinatorics
of words, we construct a canonical basis of the cohomology group
H?(S"?1 7, /p), which we call the Lyndon basis, and use it to obtain
structural results on this group. We show a duality between the Lyn-
don basis and canonical generators of S(P) /S("+1.)  We prove that
the cohomology group satisfies shuffle relations, which for small values
of n fully describe it.
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1. INTRODUCTION

Let p be a fixed prime number. For a profinite group G one defines the LOWER
p-CENTRAL FILTRATION G(™P) n =1,2, ..., inductively by

GLp) — G, Gnt+lp) — (G(n,p))p[G, G(n,p)]_

Thus G("*t1P) is the closed subgroup of G generated by the powers h? and
commutators [g,h] = g~ 'h~lgh, where g € G and h € G(P). We also set
GInrl = G /G,

Now let S be a free profinite group on the basis X, and let n > 2. Then
Sl s a free object in the category of pro-p groups G with G(P) trivial.
As with any pro-p group, the cohomology groups H'(S"?) = H! (Sl 7./p),
[ = 1,2, capture the main information on generators and relations, respectively,

IThis work was supported by the Israel Science Foundation (grant No. 152/13).
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974 IDO EFRAT

in a minimal presentation of S"?!. The group H'(S[™?)) is just the dual
(SBPHY = @ Z/p, and it remains to understand H?(Srl),

When n = 2 the quotient S>?! is an elementary abelian p-group, and the struc-
ture of H?(S[7)) is well-known. Namely, for p > 2 one has an isomorphism

HY(SRPh g N2HY (SR = g2 (s2ely,

which is the Bockstein map on the first component, and the cup product on the
second component. Furthermore, taking a basis x,, € X, of H'(S??!) dual
to X, there is a fundamental duality between pth powers and commutators in
the presentation of S and Bockstein elements and cup products, respectively,
of the x, (see [NSWO08, Ch. III, §9] for details). These facts have numer-
ous applications in Galois theory, ranging from class field theory ([Koc02],
[NSW08]), the works by Serre and Labute on the pro-p Galois theory of p-adic
fields ([Ser63], [Lab67]), the structure theory of general absolute Galois groups
([MS96], [EM11]), the birational anabelian phenomena ([Bog91], [Topl6]), Ga-
lois groups with restricted ramification ([Vog05], [Sch10]), and mild groups
([Lab06], [For11], [LM11]), to mention only a few of the pioneering works in
these areas.

In this paper we generalize the above results from the case n = 2 to arbitrary
n > 2. Namely, we give a complete description of H2(SI"?!) in terms of a
canonical linear basis of this cohomology group. This basis is constructed using
tools from the combinatorics of words — in particular, the LYNDON WORDS in
the alphabet X, i.e., words which are lexicographically smaller than all their
proper suffixes (for a fixed total order on X). We call it the LYNDON BASIS,
and use it to prove several structural results on H?(S ["’p]), and in particular
to compute its size (see below).

The Lyndon basis constructed here can be most naturally described in terms
of central extensions, as follows: For 1 < s < n let U denote the group of all
unipotent upper-triangular (s + 1) x (s + 1)-matrices over the ring Z/p"—5+1.
There is a central extension

0—Z/p—TU—TUMP 41

(Proposition 6.3). Tt corresponds to a cohomology element 7, , € H>(UM?).
For a profinite group G and a continuous homomorphism p: G — U we write
p: G"rl — UlPl for the induced homomorphism, and p*Yn,s for the pull-
back to H?(GI™Pl). Now for any word w = (21 ---x,) in the alphabet X
we define a homomorphism p*: S — U by setting the entry (p*(0)):; to be
the coefficient of the subword (x;---x,;_1) in the power series A(c), where
A: S — (Z/pm—sT1)((X))* is the MAGNUS HOMOMORPHISM, defined on the
generators ¢ € X by A(x) = 14z (see §3 and §6 for more details). The Lyndon
basis is now given by:

MAIN THEOREM. The pullbacks cypn = (p“)*Vn,s, where w ranges over all

Lyndon words of length 1 < s < n in the alphabet X, form a linear basis of
H?(SMP)) over Z/p.
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We further show a duality between the Lyndon basis and certain canonical
elements ¢, € S"P), with w a Lyndon word of length < n, generalizing the
above mentioned duality in the case n = 2 (see Corollary 8.3).

The cohomology elements p*~, s include the Bockstein elements (for s = 1),
the cup products (for n = s = 2), and more generally, the elements of n-fold
Massey products in H?(GI™P!) (for n = s > 2); see Examples 7.4. The full
spectrum p*v, s, 1 < s < n, appears to give new significant “external” objects
in profinite cohomology, which to our knowledge have not been investigated so
far in general.

Lyndon words are known to have tight connections with the SHUFFLE ALGEBRA,
and indeed, the ay, , for arbitrary words w of length < n in X satisfy natu-
ral SHUFFLE RELATIONS (Theorem 9.4). In §10-§11 we show that for n = 2,3
these shuffle relations fully describe H?(SI™P!), provided that p > 2, p > 3,
respectively (for n = 2 this was essentially known). Interestingly, related con-
siderations arise also in the context of multiple zeta values, see e.g. [MP00],
although we are not aware of a direct connection.

The Lyndon words on X form a special instance of Hall sets, which are well-
known to have fundamental role in the structure theory of free groups and
free Lie algebras (see [Reu93], [Ser92]). In addition, the Lyndon words have a
TRIANGULARITY PROPERTY (see Proposition 4.4(b)). This property allows us
to construct certain upper-triangular unipotent matrices that express a (semi-
)duality between the o,, and the cohomology elements ., .

We now outline the proof that the av,,, form a linear basis of H?(S™?l). For
simplicity we assume for the moment that X is finite. To each Lyndon word
w of length 1 < s < n one associates in a canonical way an element 7, of the
s-th term of the lower central series of S (see §4). The cosets of the powers
0w =P " generate S("P) /S("+1.P) (Theorem 5.3). Using the special structure
of the lower p-central filtration of U we define for any two Lyndon words w, w’
of length < n a value (w,w’),, € Z/p (see §6). The triangularity property of
Lyndon words implies that the matrix ((w, w’ >n) is unipotent upper-triangular,
whence invertible. Turning now to cohomology, we define a natural perfect
pairing
(s )n: S(nap)/s(nﬂm) % HQ(S[”’M) — Z/p.

Cohomological computations show that, for Lyndon words w,w’ of length <
n, one has (w,w’), = (0w, n)n. Hence the matrix ((ow,aw/m)n) is also
invertible. We then conclude that the av, ,, form a basis of H2(S?]) (Theorem
8.5). This immediately determines the dimension of the latter cohomology
group, in terms of Witt’s NECKLACE FUNCTION, which counts the number of
Lyndon words over X of a given length (Corollary 8.6).

In the special case n = 2, the theory developed here generalizes the above de-
scription of H?(S [277”}) in terms of the Bockstein map and cup products (see
810 for details). Namely, the matrix ({(w,w’)s) is the identity matrix, which
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976 IDO EFRAT

gives the above duality between pth powers/commutators and Bockstein ele-
ments/cup products. Likewise, the shuffle relations just recover the basic fact
that the cup product factors via the exterior product.

In §11 we describe our theory explicitly also for the (new) case n = 3.

While here we focus primarily on free profinite groups, it may be interesting
to study the canonical elements p.vyy,, s for more general profinite groups G, in
particular, when G = G is the absolute Galois group of a field F'. For instance,
when n = 2, they were used in [EM11] (following [MS96] and [AKM99]) and
[CEM12] to describe the quotient Gg’p I, Triple Massey products for Gp (which
correspond to the case n = s = 3) were also extensively studied in recent years —
see [EM15], [MT15b], [MT16], [MT17], and [Wic12] and the references therein.
I thank Claudio Quadrelli and the anonymous referee for their careful reading of
this paper and for their very valuable comments and suggestions on improving
the exposition.

2. WORDS

Let X be a nonempty set, considered as an alphabet. Let X* be the free
monoid on X. We view its elements as associative words on X. The length of
a word w is denoted by |w|. We write () for the empty word, and ww’ for the
concatenation of words w and w'.
Recall that a MAGMA is a set M with a binary operation (-,-): M x M — M.
A morphism of magmas is a map which commutes with the associated binary
operations. There is a FREE MAGMA M x on X, unique up to an isomorphism;
that is, X C M, and for every magma (-,-): Nx N — N and amap fp: X —
N there is a magma morphism f: Mx — N extending fy. See [Ser92, Ch. IV,
81] for an explicit construction of Mx. The elements of M x may be viewed
as non-associative words on X.
The monoid X* is a magma with respect to concatenation, so the universal
property of M x gives rise to a unique magma morphism f: Mx — X* called
the FOLIAGE (or BRACKETS DROPPING) map, such that f(z) =z for x € X.
Let H be a subset of Mx and < a total order on H. We say that (H, <) is a
HALL SET IN M, if the following conditions hold [Reu93, §4.1]:
(i) X CH;
(ii) f h = (A, h") € H\ X, then h < h";
(iii) For h = (h',h") € Mx \ X, one has h € H if and only if
e W, h" € H and b < h”; and
e cither ' € X, or b = (v, u) where u > h".
Given a Hall set (H,<) in Mx we call H = f(H) a HALL SET IN X*.
Every w € H can be written as w = f(h) for a unique h € H [Reu93, Cor. 4.5].
If w € H\ X, then we can uniquely write h = (h', ") with A/, h” € H, and call
w = w'w”, where w' = f(h') and w” = f(h"), the STANDARD FACTORIZATION
of w [Reu93, p. 89].
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Next we fix a total order < on X, and define a total order <,i, (the ALPHA-
BETICAL order) on X* as follows: Let wi,wy € X*. Then wy <ap wo if and
only if we = wyv for some v € X*, or wy = vxiuy, we = vrous for some words
v,u1,us and some letters x1,x9 € X with 1 < z5. Note that the restriction
of <,1p to X™ is the lexicographic order.

In addition, we order Z>o x X* lexicographically with respect to the usual
order on Zx>q and the order <, on X*. We then define a second total order
=< on X* by setting

(21) w1 =X Wy < (|w1|,w1) < (|w2|,w2)

with respect to the latter order on Z>¢ x X*.

A nonempty word w € X* is called a LYNDON WORD if it is smaller in <,
than all its non-trivial proper right factors. Equivalently, no non-trivial rota-
tion leaves w invariant, and w is lexicographically strictly smaller than all its
rotations # w ([CFL58, Th. 1.4], [Reu93, Cor. 7.7]). We denote the set of all
Lyndon words on X by Lyn(X), and the set of all such words of length n (resp.,
< n) by Lyn,(X) (resp., Lyn.,,(X)). The set Lyn(X), totally ordered with
respect to <aip, is a Hall set [Reu93, Th. 5.1].

ExXAMPLE 2.1. The Lyndon words of length < 4 on X are

(x) for z € X,

(zy), (wzy), (zyy), (zzzy), (zzyy), (vyyy) for .y € X, x <y,

(zyz), (x2y), (z3y2), (z22y), (vy2z), (vyyz), (vyzy), (vyz2),

(xzyy), (x2yz), (xz2y) for z,y,z € X, z <y < z,

(xyzt), (xytz), (zzyt), (zzty), (vtyz), (xtzy) for x,y,z,t € X, s <y <z <t
The NECKLACE MAP (also called the WITT MAP) is defined for integers n, m > 1
by

1
putn) = &
n

Here y is the Mébius function, defined by u(d) = (—1)¥, if d is a product of
k distinct prime numbers, and p(d) = 0 otherwise; Alternatively, 1/{(s) =
>ooo i u(n)/n®, where ((s) is the Riemann zeta function and s is a complex
number with real part > 1. When m = ¢ is a prime power, ¢, (¢) also counts the

number of irreducible monic polynomials of degree n over a field of ¢ elements
[Reu93, §7.6.2]. We also define @, (00) = co. One has [Reu93, Cor. 4.14]

(2.2) | Lyn,, (X)| = ¢n(]X]).
3. POWER SERIES

We fix a commutative unital ring R. Recall that a bilinear map M x N — R
of R-modules is NON-DEGENERATE if its left and right kernels are trivial, i.e.,
the induced maps M — Hom(N, R) and N — Hom(M, R) are injective. The
bilinear map is PERFECT if these two maps are isomorphisms.
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Let R(X) be the free associative R-algebra on X. We may view its elements
as polynomials over R in the non-commuting variables x € X. The additive
group of R(X) is the free R-module on the basis X*. We grade R(X) by
total degree. Let R((X)) be the ring of all formal power series in the non-
commuting variables 2z € X and coefficients in R. For f € R{(X)) we write
fw for the coefficient of f at w € X*. Thus f = } y. fow. There are
natural embedings X* C R(X) C R({(X)), where we identify w € X* with the
series f such that f, = 1 and f,» = 0 for v’ # w. There is a well-defined
non-degenerate bilinear map of R-modules

(3.1) R((X)) x R(X) > R, (f£,.9)— > fuguw;
weX*
See [Reu93, p. 17]. For every integer n > 0, it restricts to a non-degenerate
bilinear map on the homogenous components of degree n.
We may identify the additive group of R{(X)) with RX" via the map f —
(fw)w- When R is equipped with a profinite ring topology (e.g. when R is
finite), the product topology on R¥ " induces a profinite group topology on
R((X)). Moreover, the multiplication map of R{(X)) is continuous, making
it a profinite ring. The group R((X))* of all invertible elements in R({X)) is
then a profinite group.
Next we recall from [FJ08, §17.4] the following terminology and facts on free
profinite groups. Let G be a profinite group and X a set. A map ¢: X — G
CONVERGES TO 1, if for every open normal subgroup N of G, the set X \¢ (V)
is finite. We say that a profinite group S is a FREE PROFINITE GROUP ON BASIS
X with respect to a map ¢: X — S if
(i) ¢: X — S converges to 1 and ¢(X) generates S as a profinite group;
(ii) For every profinite group G and a map 1: X — G converging to 1, there
is a unique continuous homomorphism 7,/) S — G such that ¢ = 1/; oL
on X.

A free profinite group on X exists, and is unique up to a continuous isomor-
phism. We denote it by Sx. The map ¢ is then injective, and we identify X
with its image in Sx.

We define the (profinite) MAGNUS HOMOMORPHISM Ax r: Sx — R{(X))* as
follows (compare [Efrl4, §5]):

Assume first that X is finite. For z € X one has 1 = (1 + ) > 2 (—1)‘a" in
R{(X)), s0 1 +x € R{(X))*. Hence, by (ii), the map ¢: X — R((X))*, z —
142, uniquely extends to a continuous homomorphism Ax r: Sx — R{(X))*.
Now suppose that X is arbitrary. Let Y range over all finite subsets of X. The
map 9: X — Sy, which is the identity on Y and 1 on X \ Y, converges to 1.
Hence it extends to a unique continuous group homomorphism Sx — Sy . Also,
there is a unique continuous R-algebra homomorphism R{{X)) — R{(Y)),
which is the identity on Y and 0 on X \ Y. Then

Sx =lmSy, R(X))=lmR(Y), R{(X))"

lim R((Y))*
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We define Ax p = @Any. It is functorial in both X and R in the natural
way. Note that Ax r(z) =1+ z for z € X.
In the sequel, X will be fixed, so we abbreviate S = Sx and Agp = Ax r.

For o0 € S and a word w € X* we denote the coefficient of w in Ar(c) by
€w,r(0). Thus
Ag(o) = Z €w,r(0)w.
weX*
By the construction of Agr, we have €y g(0) = 1. Since Ay is a homomorphism,
for every 0,7 € S and w € X* one has
(3.2) cwr(0T) = Y €u 1(0)euw, m(T).
W=u1 U2
We will also need the classical discrete version of the Magnus homomorphism.
To define it, assume that X is finite, and let Fx be the free group on basis
X. There is a natural homomorphism Fx — Sx. The DISCRETE MAGNUS
HOMOMORPHISM A$¢: Fy — Z((X))* is defined again by  + 1+ z. There
is a commutative square

(3.3) Fx ——> Sx

Z{X )N = Zp((X)) ™

4. LIE ALGEBRA CONSTRUCTIONS
Recall that the LOWER CENTRAL FILTRATION G("9) n =1,2. ..., of a profinite
group G is defined inductively by

G =g, @rtL0 = g0 g
Thus G119 i generated as a profinite group by all elements of the form
[0, 7] with ¢ € G™9 and 7 € G. One has [G(™0), G™0)] < G(n+m.0) for every
n,m > 1 (compare [Ser92, Part I, Ch. II, §3]).
PROPOSITION 4.1. Let S = Sx and let 0 € S. Then:

(a) o€ 8™ if and only if €y z,(0) =0 for every w € X* with 1 < |w| <

n?
(b) o € S™P) if and only if €w,z,(0) € pWIZ, for every w € X* with
1< w| < n.

Proof. In the discrete case (a) and (b) are due to Griin and Magnus (see [Ser92,
Part I, Ch. IV, th. 6.3]) and Koch [Koc60], respectively. The results in the
profinite case follow by continuity.

For other approaches see [Morl2, Prop. 8.15], [CE16, Example 4.5], and
[MT15a, Lemma 2.2(d)]. a

We will need the following profinite analog of [Fen83, Lemma 4.4.1(iii)].
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LEMMA 4.2. Let 0 € S0 and 7 € S0 and let w € X* have length n+m.
Write w = uyug = ubu) with |ur| = |u}| =n and |uz| = |ub| = m. Then
w2, ([0, T]) = €uy 2, (0)€us 2, (T) — €uy 2, (T)€wr 2, (0).
Proof. By Proposition 4.1(a), we may write Az, (o) =14+ P+ O(n + 1) and
Az, (1) =1+Q+ O(m+ 1), where P,Q € Z,((X)) are homogenous of degrees
n,m, respectively, and where O(r) denotes a power series containing only terms
of degree > r. Then
Az, ([0,7]) =1+ PQ - QP +O(n+m+1).
(compare e.g., [Mor12, Proof of Prop. 8.5]). By (3.2), it follows that
Gw,Zp([Ua T]) = (PQ - QP)w = Pu1Quz - Quépu’l
= €u1,Z, (U)€u2 Ly (T) — €ul,zZ, (T)eu’l /s (U)
O

The commutator map induces on the graded ring @) ; S(m0) /g(n+1,0) 5
graded Lie algebra structure [Ser92, Part I, Ch. II, Prop. 2.3]. Let ? be
the ideal in the Z,-algebra Z,((X)) generated by X. Then @ -, 0" /0"
is a Lie algebra with the Lie brackets defined on homogenous components by
[f.g] = fg—gf for f €™, g € ™ [Ser92, p. 25]. By Proposition 4.1(a), Az,
induces a graded Zj,-algebra homomorphism

gr AZPZ @S(n,o)/s(nﬂ,o) N @an/on-H’ O_S(n-i-l,O) — Z Gw,Zp(U)+an+1-
n=1 n=1 |w|:n

Then Lemma 4.2 means that gr Az, is a Lie algebra homomorphism.
For w € Lyn(X) we inductively define an element 7, of S and a non-
commutative polynomial P, € Z{X) C Z,(X) as follows:
e If w = (x) has length 1, then 7, = 2 and P, = z;
o If |w| > 1, then we take the standard factorization w = w'w” of w with
respect to the Hall set Lyn(X) (see §2), and set

Tw:[Tw’va”]; Pw:Pw/Pw”*Pw”Pw/-
For w € Lyn,,(X) one has 7, € (0. Moreover:

PROPOSITION 4.3. Let n > 1. The cosets of 1, with w € Lyn, (X), generate
S(n,O)/s(nJrl,O)‘

Proof. See [Reu93, Cor. 6.16] for the discrete version. The profinite version
follows by taking closure. O

Let <, and < be the total orders on X* defined in §2. The importance of
the Lyndon words in our context, beside forming a Hall set, is part (b) of the
following Proposition, called the TRIANGULARITY property.

PROPOSITION 4.4. Let w € Lyn(X). Then
(a) Az, (Tw) — 1 — Py is a combination of words of length > |w|.
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(b) P, —w is a combination of words of length |w| which are strictly larger
than w with respect to <aip.

(c) Az, (Tw)—1—w is a combination of words which are strictly larger than
w m <.

Proof. (a) Since gr Az, is a Lie algebra homomorphism, for w € Lyn,, (X) we
have by induction
(gr Az, ) (TS0 = P, + 0",
and the assertion follows. See also [Reu93, Lemma 6.10(ii)].
(b)  See [Reu93, Th. 5.1] and its proof.
(¢) This follows from (a) and (b). O

5. GENERATORS FOR S(P) /G(n+1.p)

Let 7 be an indeterminate over the ring Z/p and let Z/p[x] be the polynomial
ring. Let A, = @, ; A, be a graded Lie Z/p-algebra with Lie bracket [-,-].
Suppose that there is a map Z/p[r] x Ae = Ae, (,&) — a&, which is Z/p-
linear in Z/p[r], such that 7§ € Asyq for € € Ag, and such that for every
€1a 62 € Asa

w1 + méa, ifp>2ors>1,
61 wre)=q T T v

&+ 7wl + (61, 6], ifp=2,s=1
By induction, this extends to:

LEMMA 5.1. Let r,k,s > 1 and let &, ...,& € As. Then

k k .
r N — Zi:17TT§ia ifp>2o0rs>1,
" (122151) {Zf—l WT§i+Zi<_j ﬁril[fia&j]v pr:25 s=1.

We write (T') for the submodule of A, generated by a subset 7.

LEMMA 5.2. Let n > 2 and for each 1 < s < n let Ts be a subset of As. When
p = 2 assume also that [11,72] € To U {0} for every 11,70 € Ti. If the sets
7" 5(Ts), s = 1,2,...,n, generate A, then the sets 7" *Ts, s = 1,2,...,n,
also generate A,,.

Proof. When p > 2 or s > 1 Lemma 5.1 shows that 7" °(T,) = (7" °T).
When p = 2 and s = 1, it shows that

7Tn71<T1> Q <7Tn71T1> + <7Tn72T2> Q An
Therefore the subgroup of A, generated by the sets 7" °T,, s = 1,2,...,n,

contains the sets 7" *(T), s = 1,2,...,n, and hence equals A,,. a

Motivated by e.g., [Laz54], [Ser63], [Lab67], we now specialize to a graded Lie
algebra defined using the lower p-central filtration. We refer to [NSW08, Ch.
ITI1, §8] for the following facts. For the free profinite group S on the basis X and
for n > 1 we set gr,,(S) = S?) /S(+1LP) Tt is an elementary abelian p-group,
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which we write additively. The commutator map induces a map [-, -]: gr,, (S) x
gr,,(S) = gr,, 1., (S), which endows a graded Lie algebra structure on gr,(S) =
@7, gr,(S). The map 7 — 7P maps S"P) into SC"*1:P)| and induces a map
70 gr,.(S) = gr,.,1(S). The map (7",§) — 7,(§) for § € gr,.(S5) extends to a
map Z/p[r] x gry(S) — gre(S) which is Z/p-linear in the first component and
which satisfies (5.1).

THEOREM 5.3. Let n > 1. The cosets of Tﬁnis, with 1 < s <n and w €
Lyn,(X), generate S(P) /S(n+1.p),

Proof. The case n = 1 is immediate, so we assume that n > 2. For every
1 < s < nlet Ts be the set of cosets of 7, w € Lyn,(X), in gr (S). By
Proposition 4.3, (T) is the image of S in gr (S). Hence 7"~ *(T) consists
of the cosets in gr,,(S) of the p"~*-powers of S(=9. One has
§(np) — (5(870))17"*5
1

[NSWO08, Prop. 3.8.6]. Thus the sets 7"~ *(Ts), s = 1,2, ..., n, generate gr,, (.5).
Further, T} consists of the cosets of z, with « € X, and T5 consists of the cosets
of commutators [z,y] with z < y in X. Moreover, when p = 2 the cosets of
[x,y] and [y, 2] = [z,y] ! in gry(S) coincide. Lemma 5.2 therefore implies that
even the sets 7" *Ts, s = 1,2,...,n, generate gr, (S), as required. O

6. THE PAIRING (w,w’),

For a commutative unitary ring R and a positive integer m, let U,,(R) be the
group of all m x m upper-triangular unipotent matrices over R. We write I,
for the identity matrix in U,,(R), and E;; for the matrix with 1 at entry (i, 7)
and 0 elsewhere. As above, X will be a totally ordered set.

For the following fact we refer, e.g., to [Efr1l4, Lemma 7.5]. We recall from §3
that €, (o) is the coefficient of the word v € X* in the formal power series
Ag(o) € R({(X))*.

PROPOSITION 6.1. Given a profinite ring R and a word w = (x1---xs) in X*
there is a well defined homomorphism of profinite groups
PR S = Ust1(R), 0+ (€aia;_1),R(0))1<icj<s+1-

REMARK 6.2. In particular, for each x € X the map xz,r = €@u),r: S —
R is a group homomorphism, where R is considered as an additive group.
The homomorphisms x, r, £ € X, are dual to the basis X, in the sense that
Your(@) = 1, and o, r(y) = 0 for 2 # y in X.

PROPOSITION 6.3. Let 1 < s <n. For R=7Z/p"~*t! one has:

(a) Uspr(R)"™P) = Iy + Zp" 1 o11-
(b) Ugy1(R)™P) is central in Ugyq(R).
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Proof. (a)  We follow the argument of [MT15a, Lemma 2.4]. Take X =
{z1,..., x5} be a set of s elements, let S = Sx, and let w = (z1---25). The
matrices p%(z;) = Isy1 + Fiiy1, 1 = 1,2,..., s, generate Ugyq(R) [Weib5, p.
55], so pl is surjective. Therefore it maps S(mp) onto Us+1(R)("’p).

By Proposition 4.1(b), for o € S(™P) and u € X* of length 1 < |u| < s one has
€uz,(0) € p vz,

If [u| < s, then €,7,(0) € p"~I*Z, C p"=*+1Z,. Hence €, r(c) = 0 in this
case.

If |u| = s, then €,z (0) € P~ *Zy, 50 €y r(0) € P""°R.

Moreover, 75"~ € (S®0)P"" < 5P By Proposition 4.4(c), Az, (1) =
1+w+ f, where f is a combination of words strictly larger than w in <. Hence
Az, (") = 1 + p"*w + g, where g is also a combination of words strictly
larger than w in =<, which implies that e, r(72" ) =p"~° - 1g.

Consequently, Uy, 1 (R)(™P) = p%(S(”’p)) =Is41+Zp " °Fy 541.

(b) It is straightforward to see that Isy1 +ZE) 541 is central in Ugyq(R), so
the assertion follows from (a). O

See [Bor04, §2] for a related analysis of the lower p-central filtration of
Us41(Z/p"—*1).
Consider the obvious isomorphism

bns: P"TSZ "L S T, ap"~* (mod p"~**') = a (mod p).

In view of Proposition 6.3(a), we may define a group isomorphism

mst Usia (Z/p" D) 2 Z/p, - (aig) = tns(a1,641)-

Next let w,w’ € X* be words of lengths 1 < s,8 < n, respectively,

where w is Lyndon. We have 72" " € (S&0)»"" < §(wp) - By Propo-
) e

L

sition 4.1(b), €wz,(Th"") € p""VZ,, and therefore €, ;o1 (T
P Z)p S 7. We set

(6.1) (W, W )5, = tn5r (€r zppn—or2 (TE ) € Z/p.
Alternatively,
(6.2) (w, ')y = 1 (P ria (T )

Let < be as in (2.1).
PROPOSITION 6.4. Let w,w’ be words in X* of lengths 1 < s,s' < n, respec-
tively, with w Lyndon.
(a) If w' < w, then (w,w'), =0;
(b) (w, w)n =1;
(c) Ifw contains letters which do not appear in w, then (w,w'), =0;
(d) If s < s' < 2s, then (w,w'), =0.
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Proof. (a), (b)  Proposition 4.4(c) implies that Az (75" ") —1—p"“*wis a
combination of words strictly larger than w with respect to <, and the same
therefore holds over the coefficient ring Z/p"~% *1. Hence, if w’' < w, then

Cur e (Tl ) = 0,50 (w,w')y = 0. 1w =/, then ey z/pn-era (7)) =
P 1Z/pn75+1, whence (w,w>n = 1.

n—s

(c) Here we clearly have € 7,/pr—s'+1 (" ") =0.

(d) Since 7, € S0 one may write Az (7,) =14 P+ O(s' + 1), where P
is a combination of words w” of length s < |w”| < ¢/, and O(s’ + 1) denotes a
combination of words of length > s’+1 (Proposition 4.1(a)). Since s’ < 2s, this
implies that Az (72" ) = 1 +p" *P+O(s'+1). In particular, e, z, (75" ) €
p"~°Zyp, and therefore

Cw gy (T ) €M (Zfp" ) = {0},

since s < s’. Hence (w,w’), = 0. O
7. TRANSGRESSIONS

Given a profinite group G and a discrete G-module A, we write as usual
Ci(G,A), Z{(G, A), and H (G, A) for the corresponding group of continu-
ous i-cochains, group of continuous i-cocycles, and the ith profinite cohomol-
ogy group, respectively. For z € Z!(G, A) let [z] be its cohomology class in
HY(G, A).
For a normal closed subgroup N of G, let trg: H'(N, A)¢ — H?(G/N, AV) be
the transgression homomorphism. It is the map dg’l of the Lyndon—-Hochschild—
Serre spectral sequence associated with G and N [NSWO08, Th. 2.4.3]. We recall
the explicit description of trg, assuming for simplicity that the G-action on A is
trivial [NSWO8, Prop. 1.6.6]: If x € Z!(N, A), then there exists y € C*(G, A)
such that y|y = z and (9y)(o1,02) depends only on the cosets of o1, o2 modulo
N, so that dy may be viewed as an element of Z?(G/N, A). For any such y
one has trg([z]) = [Qy].
We fix for the rest of this section a finite group U and a normal subgroup N of
U satisfying:

(i) N =2Z/p; and

(ii) N lies in the center of U.
We set U = U/N, and let it act trivially on U. We denote the image of u € U
in U by 4. We may choose a section A of the projection U — U such that
A(1) = 1. We define a map 6 € C?(U, N) by

S(a, ') = Ma) - Ma') - Maa') ™.

It is normalized, i.e., 6(@, 1) = 6(1,@) = 1 for every u € U.
We also define y € C*(U, N) by y(u) = uX(#) L. Note that y|y = idy.

LEMMA 7.1. For every u,u’ € U one has
S, ) - y(u) - y(u') = yluu').
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Proof. Since y(u) and y(u’) are in N, they are central in U, so
d(a,a’) - y(u) - y(u') = Ma) - Ma@') - Maa') ™ - y(u) - y(u)
= y(u) - A) - (U') SA(@) - Aaa') ™
= wu'\Naa') ™
]
For the correspondence between elements of H? and central extensions see e.g.,
[NSWO08, Th. 1.2.4].
PROPOSITION 7.2. Using the notation above, the following holds.
(a) 8 € 22T, N);
(b) One has trg(idy) = —[8] for the transgression map trg: H*(N, N)V
H%*(U,N). B
(c) The cohomology class [6] € H?(U, N) corresponds to the equivalence
class of the central extension

(7.1) 1-N—-U—-U-1.
Proof. (a), (b): For u,u’ € ULemma 7.1 gives

(Oy)(u,u') = y(u) - y(u') - y(uu') ™ = 6@, a') .

This shows that § is a 2-cocycle, and that (9y)(u, ') depends only on the cosets
@, 4. Further, idy € Z*(N, N). By the explicit description of the transgression
above, trg(idy) = —[4].

(c) Consider the set B = N x U with the binary operation

(u, ) * (u',0') = (6(0,0")un, v0").

The proof of [NSWO08, Th. 1.2.4] shows that this makes B a group, and []
corresponds to the equivalence class of the central extension

(7.2) 1-N—-B—->U-1.

Moreover, the map h: U — B, u+— (y(u), @) is clearly bijective. We claim that
it is a homomorphism, whence an isomorphism. Indeed, for u,u’ € U Lemma
7.1 gives:

h(u> * h(u’) = (y(u),ﬂ) * (y(ul)val) _ (5(,&, ﬁ/)y(u)y(u'),ﬂﬁ’)
= (y(wu'), att’) = h(u).

We obtain that the central extension (7.2) is equivalent to the central extension
(7.1). O

Next let G be a profinite group, and let 5: G — U be a continuous homomor-
phism. Let ¢: N =5 Z/p be a fixed isomorphism (see (i)). Set

(73)  a=(5"ou)(8]) = —(5" o . o trg)(idy) € H*(G, Z/p),
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where the second equality is by Proposition 7.2(b). Then « corresponds to the
equivalence class of the central extension

(7.4) 05Z/p 2N Uxg GG 1,

where Ux G is the fiber product with respect to the natural projection U — U
and to p; See [Hoe68, Proof of 1.1].

Suppose further that there is a profinite group G, a closed normal subgroup
M of G, and a continuous homomorphism p: G — U such that G = G/M,
p(M) < N, and p: G — U is induced from p. The functoriality of transgression
yields a commutative diagram

HY(N,N)Y —== HY(N,Z/p)" = H'(M,Z/p)¢

ltrg ltrg \Ltrg
_x

H2(U,N) —=—= H*(U,Z/p) —>— H%(G,Z/p).

~

The image of idy € HY(N,N) in H'(M,Z/p)¢ is
(7.5) 0 =1o(plm) € H' (M, Z/p).
By (7.3) and the commutativity of the diagram,
(7.6) o= —trg(d) € H*(G,Z/p)

REMARK 7.3. Suppose that U is abelian and that G acts trivially on U. A
2-cocycle representing « is

(@.0") = (M) - Mp(a")) - Mp(aa’) ™).
But A(p(a)) - M(p(6")) - A(p(56")) " is a 2-cocycle representing the image of
p under the connecting homomorphism H'(G,U) — H?(G,N) arising from
(7.1). Thus « is the image of p under the composition
HY(G,U) - H*(G,N) = H*(G,Z/p).

EXAMPLE 7.4. We give several examples of the above construction with the
group U = Ug1(Z/p"~*t1) (where 1 < s < n), a continuous homomorphism
p: G — U, where G is a profinite group, and the induced homomorphism
p: GPl — Pl Note that assumptions (i) and (ii) then hold for N =
U™P) by Proposition 6.3. We will be especially interested in the case where
G = S = Sx is a free profinite group, M = SP), p = P jpn—s+1 for a word
w € X* of length 1 < s <n, and p = pf, . .1 : S = TP s the induced
homomorphism. In this setup we write a, , for a.

(1) Bocksteins.  For a positive integer m and a profinite group G, the connect-
ing homomorphism arising from the short exact sequence of trivial G-modules

0—>Z/p—Z/pm — Z/m — 0
is the BOCKSTEIN HOMOMORPHISM
Bock,, ¢: H'(G,Z/m) — H*(G,Z/p).
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Let U = U2(Z/p™) (i.e., s = 1). There is a commutative diagram of central
extensions

11— > Ulnp) U Ulnp] 1

|

0 —p"'2/p"L —=L/p" —=ZL/p" "

— 0.

For a profinite group G and a homomorphism p: G — Z/p"~ !, Remark 7.3
therefore implies that o = Bock,n-1 5(p).
In particular, for x € X take

P =P G =8 o Uy(z /)i
Identifying Uy(Z/p™)™P) = Z/p"~1, we obtain
Q(z),n = BOCkpn—l,S[n,p] (E(I%Z/pnfl).
(2)  Massey products.  Let n = s > 2, s0 U= Up41(Z/p). Let G be a
profinite group, let p: G — Ul?l be a continuous homomorphism, and let
pii+1: G — Z/p denote its projection on the (7,74 1)-entry, i = 1,2,...,n. By

a result of Dwyer [Dwy75, Th. 2.6], the extension (7.4) then corresponds to a
defining system for the n-fold Massey product

<p12’ P23, - apn,n-‘rl) g Hz(éa Z/p)
(see [Efr14, Prop. 8.3] for the profinite analog of this fact). Thus, for a fixed
G and for homomorphisms py,...,p,: G — Z/p, with p varying over all ho-

momorphisms such that p; ;41 = p;, i = 1,2,...,n, the cohomology element «
ranges over the elements of the Massey product (g1, ..., pn)-
In particular, for G = S[? and for a word w = (1 2p) € X* of

length n, the cohomology elements o, range over the Massey product
<€(m1),Z/pa'"ae(mn,),Z/p> - H2(S[n’p],Z/p), where the €(x;),2/p BT€ viewed as
elements of H'(S"? Z/p).

(3) Cup products.  In the special case n = s = 2, the Massey product
contains only the cup product. Hence for every profinite group G and a ho-
momorphism p: G — Us(Z/p) the cohomology element o € H*(G,Z/p) is the
cup product p12 U pa3. In particular, for w = (zy) we have

Uay) 2/p = E(x).2/p Y €w).zp € H2(SPP, Z/p).
8. COHOMOLOGICAL DUALITY

Let S = Sx be again a free profinite group on the totally ordered set X, and
let it act trivially on Z/p. Let n > 2, so S(™P) < SP[S, S]. Then the inflation
map H'(S"?Z/p) — H'(S,Z/p) is an isomorphism. Further, H?(S,Z/p) =
0. By the five-term sequence of cohomology groups [NSWO08, Prop. 1.6.7],
trg: H'(S™P) 7/p)S — H?(SI™P 7/p) is an isomorphism.
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There is a natural non-degenerate bilinear map
§mp) jgtLe) s gL (8P 7/p)S = Z/p,  (5,¢) — (o)
(see [EM11, Cor. 2.2]). It induces a bilinear map
('7 )’ﬂ : S(’VMD) X H2(S[n7p]7Z/p) - Z/p, (07 Oé)n = f(trg_l(a))(a),

with left kernel S(*1P) and trivial right kernel.

Now let w € X* be a word of length 1 < s <n. As in Examples 7.4, we apply
the computations in Section 7 to the group U = U,y (Z/p" 1), the open
normal subgroup N = U(?) the homomorphism p = p%/pn,sﬂ: S — U, the
induced homomorphism p = ﬁ%/pn,sﬂ . §lnpl 5 UlPland the closed normal

subgroup M = S(™P) of S. We write 0w n, Oy, for 8, o, respectively.
LEMMA 8.1. For o € S™P) and a word w € X* of length 1 < s < n one has
(0, o )n = Ln75(€w7Z/pn—s+l(O')).
Proof. By (7.6) and (7.5),
(0, Qwn)n = Oun(0) = tn (PF)pn-1(0)) = tns(ewzppn-st1(a). O
This and (6.1) give:

COROLLARY 8.2. Let w,w’ be words in X* of lengths 1 < s,s" < n, respectively,
with w Lyndon. Then

n—s

(7-5; ;aw’,n)n = <’LU, wl>n-
Proposition 6.4(a)(b) now gives:
COROLLARY 8.3. Let Lyn_,,(X) be totally ordered by <. The matriz

n—|w|
((va) ’ aw’,n)n);
where w,w’ € Lyn., (X), is upper-triangular unipotent.

In general the above matrix need not be the identity matrix — see e.g., Propo-
sition 11.2 below. Next we observe the following general fact:

LEMMA 8.4. Let R be a commutative ring and let (-,-): A X B — R be a non-
degenerate bilinear map of R-modules. Let (L,<) be a finite totally ordered
set, and for every w € L let a,, € A, b, € B. Suppose that the matriz
((aw,bwr))ww/eL is invertible, and that a,, w € L, generate A. Then ay,,
w e L, is an R-linear basis of A, and by, w € L, is an R-linear basis of B.

Proof. Let b € B, and consider 7, € R, with w’ € L. The assumptions
imply that b = 3, ruwby if and only if (aw,b — >, Twbw) = 0 for every
w. Equivalently, the 7, solve the linear system ) ,(@w,bw )Xw = (Gw,b),
for w € L. By the invertibility, the latter system has a unique solution. This
shows that b, w € L, is an R-linear basis of B.

By reversing the roles of ay, by, we conclude that the a,, w € L, form an
R-linear basis of A. O
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THEOREM 8.5. (a) The cohomology elements vy n, where w € Lyng,, (X),
form a Z./p-linear basis of H*(SI™P), Z/p).

(b) When X is finite, the cosets of the powers T2~ , w € Lyn.,,(X), form
a basis of the Z/p-module SP) | S(+1.p),

Proof. When X is finite, the set Lyn.,(X) is also finite. By Theorem
~Jwl -

5.3, the cosets a, of 72" ", where w € Lyn.,(X), generate the Z/p-

module S)/S("+1LP)  We apply Lemma 8.4 with the Z/p-modules A =

Sp) /§n+1Lp) and B = H?(S™P Z/p), the non-degenerate bilinear map

A x B — Z/p induced by (-, ), the generators a,, of A, and the elements

by = ouyn of B.

Corollary 8.3 implies that the matrix (aq, by ) is invertible. Therefore Lemma

8.4 gives both assertions in the finite case.

The general case of (a) follows from the finite case by a standard limit argument.
U

We call oy, w € Lyn.,, (X), the LyNDON Basis of H2(S™?) Z/p).

Recall that the number of relations in a minimal presentation of a pro-p group
G is given by dim H*(G,Z/p) [NSWO08, Cor. 3.9.5]. In view of (2.2), Theorem
8.5 gives this number for G = Sl

COROLLARY 8.6. One has

dimg, H?(S!™,Z,/p) = dimg, (S"#) /S 1Py =3 "0 (|X]),
s=1

where @5 is the necklace map.

9. THE SHUFFLE RELATIONS

We recall the following constructions from [CFL58], [Reu93, pp. 134-135]. Let
ui,...,us € X* be words of lengths s1, ..., s, respectively. We say that a word
w e X*oflength 1 <n < s1+---+s; is an INFILTRATION of uy, ..., uy, if there
exist sets I, . . ., I; of respective cardinalities s1, . .., s; such that {1,2,... ,n} =
I U---UI; and the restriction of w to the index set I; is u;, j = 1,2,...,t.
We then write w = w(ly,..., It,u1,...,ur). We write Infil(ug, ..., u) for the

set of all infiltrations of uy,...,us. The INFILTRATION PRODUCT w1 J - -- | ut
of uy,...,us is the polynomial > w in Z(X), where the sum is over all such
infiltrations, taken with multiplicity.

If in the above setting, the sets Ij,...,I; are pairwise disjoint, then
w(ly,...,It,u1,...,uz) is called a SHUFFLE of wuq,...,us. We write
Sh(uy,...,us) for the set of all shuffles of wiy,...,u;. It consists of the
words in Infil(ug,...,u:) of length s; + -+ + s;. The SHUFFLE PRODUCT
wjm - - - muy is the polynomial > w(ly,..., I, u1,...,us) in Z{X), where the
sum is over all shuffles of uy, ..., u;, taken with multiplicity. Thus wjmm - - - mmu,

is the homogenous part of uy | --- | u; of (maximal) degree s; + - - + s¢. For
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instance
(zy) | (2) = (wyrz) + 2(z2yz) + 2(v02y) + (2209) + (TY2) + (22Y),
(xy)m(zz) = (zyxz) + 2(xzyz) + 2(zr2y) + (x22Y)
(@) | (2) = 2(2zz) + (2),  (2)m(z) = 2(z2).
We may view infiltration and shuffle products also as elements of Z,(X). Let
Shuffles(X') be the Z-submodule of Z(X) generated by all shuffle products umrv,

with @ # u,v € X*. Let Shuffles,,(X) be its homogenous component of degree
n.

ExXAMPLES 9.1. Shuffles; (X) = {0},

Shuffless(X) = ((ay) + (yx) | =,y € X),

Shuffless(X) = ((zyz) + (zzy) + (22y) | z,y,2 € X).
Let (-,-) be the pairing of (3.1) for the ring R = Z,. As before, S = Sx is
the free profinite group on the set X. The following fact is due to Chen, Fox,

and Lyndon in discrete case [CFL58, Th. 3.6] (see also [Morl2, Prop. 8.6],
[Reu93, Lemma 6.7]), as well as [Vog05, Prop. 2.25] in the profinite case.

PROPOSITION 9.2. For every O # u,v € X* and every o € S one has

uzy (0uiz, () = (Az, (0),u L v).
COROLLARY 9.3. Let u,v be nonempty words in X* with s = |u|+|v| < n. For
every o € S™P) one has (Az,(0),umv) € p" 7,

Proof. If w is a nonempty word of length |w| < s, then by Proposition 4.1(b),
€w,z,(0) € p""w‘Zp C p"*T1Z,. In particular, this is the case for w = u,
w = v, and when w € Infil(u,v) \ Sh(u,v). It follows from Proposition 9.2 that
(Az, (o), umv) € p"~*+17Z,. O

We obtain the following SHUFFLE RELATIONS (see also [Vog04, Cor. 1.2.10] and
[FS84, Th. 6.8]). We write X*® for the set of words in X* of length s.
THEOREM 9.4. For every ) # u,v € X* with s = |u| + |v| <n one has

Z (UL ) 4y Qg pp, = 0.

weXs
Proof. For o € S(™P) Corollary 9.3 gives

Z (umv)wewzp (o) = Z (umv)wewﬁzp(o) = (AZp (o), ummw) € pn75+1Zp.
weXs wEX*

Therefore, by Lemma 6.2,

(o, Z (U ) 4y Qa1 ), = Z (umrv) o (0, Q. )n

weXs weXs

Z (umw),, Lnﬁs(ewyz/pn—s+l(0—))

weXs

= Ln,s( Z (’U/H_I’U)wﬁw7z/pnfs+l(o')) =0.

weXs
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Now use the fact that (-,-),: S™P) x H?(SIPL 7/p) — Z/p has a trivial right
kernel. 0
COROLLARY 9.5. There is a canonical epimorphism

@(( D z)/ Shuﬂ-lesS(X)) ® (Z/p) — H2 (S, Z/p)

s=1 weXs

(P )w — Z Tap Ol .-
w

Proof. By Theorem 9.4 this homomorphism is well defined. By Theorem 8.5(a),
it is surjective. O

REMARK 9.6. In view of Lemma 6.2, the epimorphism of Corollary 9.5 and the
canonical pairing (-, ), induce a bilinear map

§(np) o @(( @ Z)/ShufHeSS(X)) — Z/p,

n
s=1 weXS

(07 mu) = Z ern,S(ew,Z/p"*”l (J))

w
with left kernel S(+1.2),
ExXaMPLE 9.7. We show that for every x1,xs,...,xr € X one has

(129 - x1) + (=1)* " Y(ap, - - - 2921) € Shuffles,, (X).
We may assume that z1,x2,...,x are distinct. For 1 < [ < k — 1 let
u = (x7---x221) and v; = (2;41---x). We consider the polynomial

f;ll(fl)l’lulmvl in Z(X). It is homogenous of degree k. If w € Sh(uy,vy),

then either:
(1) x; appears before 2,41 in w, and then w appears with an opposite sign
also in Sh(u;—1,v;-1); or
(2) 41 appears before z; in w, and then w appears with opposite sign
also in Sh(uiq1,vi41)-
The only exceptions are w = (2122 -+ - %) € Sh(uy,v1) and w = (xy - - - 22271) €
Sh(ug—1,vg—1). This shows that
k-1
($1.T2 .- 'mk) + (—1)k($k s .Tgl'l) = Z(—l)lilulmvl.
1=1
For 1 < k < n Corollary 9.5 therefore implies that

k—
Q(zizo-zp)n = (71) 10‘(%"'1211),71'
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10. EXAMPLE: THE CASE n = 2

Our results in this case are fairly well known, and are brought here in order to
illustrate the general theory.

As before let S = Sy with X totally ordered. Here S??) = SP[S S| and
S = Sl i the maximal elementary p-abelian quotient of S. We may identify
HY(S,Z/p) = H (S, Z/p) = @,cx Z/p- Let Xu2/p = €),2/p» © € X, be the
basis of H!(S,Z/p) dual to X (see Remark 6.2).

The Lyndon words w of length < 2 are (x), where z € X, and (zy), where
r,y € X and x < y. For these words we have 7,) = x and 7(,,) = [2,y]. By
Examples 7.4(1)(3),

)2 = Bocky, s(Xaz/p)s May)2 = Xaz/p U Xy, 2/p-

Hence, by Theorem 8.5, Bockpﬁg(xzﬁz/p) and Xg.7/p U Xy,z/p, Where x < g,
form a Z/p-linear basis of H?(S,Z/p). Furthermore, when X is finite, the
elements of the form z? and [z,y] with 2,y € X, z < y, form a Z/p-linear
basis of S2P)/SGP)  In view of Examples 9.1 and Corollary 9.5, the map
(Tw) F D Tww,2 induces an epimorphism

Bz (D 2)/i@y) + o) | 2.y € X)) © Z/p) » H(S,Z/p).

reX z,yeX
It coincides with the map

H'(S,Z/p) & \* H(S,Z/p) = H*(S,Z/p)

which is Bock,, g on the first component and U on the second component. When
p # 2 the direct sum is a free Z/p-module on Lyn_,(X), and by comparing
dimensions we see that the epimorphism is in fact an isomorphism (compare
[EM11, Cor. 2.9(a)]). However when p = 2 one has Bock, 5(x) = xUx [EM11,
Lemma 2.4], so the above epimorphism is not injective.

Next, Proposition 6.4 shows that the matrix ({(w,w’)s), where w,w €
Lyn<y(X), is the identity matrix. In view of Corollary 8.2, it coincides with

the matrix ((TﬁQf‘w‘,aw/,g)Q). Thus
(27, Bock,, 5(Xe,z/p))2 = 1 for every z € X,
(zP, Bock,, 5(Xy,z/p))2 = 0 for every x,y € X,z # y,
(2P, Xy,z/p U Xz,2/p)2 = 0 for every z,y,2z € X,
([, 9], Bock, 5(Xz,2/p))2 = 0 for every x,y,z € X,
([‘T y] Xz,Z/p U Xt Z/p)2 = 0 for every z,y, z,t € X, (:Ey) 7& (Zt)a (tZ),
([, 9], Xa,z/p U Xy,z/p)2 = 1 for every 2,y € X with 2 < y.

This recovers well known facts from [Lab66, §2.3], [Koc02, §7.8] and [NSWO08,
Th. 3.9.13 and Prop. 3.9.14]
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11. EXAMPLE: THE CASE n = 3.

Here SGP) = SP°[S 5]P[S,[S,S]]. We abbreviate § = SB#. Recall that
Lyn3(X) consists of the words

(x) for z € X,

(xy), (xzy), (zyy) for z,y € X with x < y,

(xyz), (zzy) for z,y,z € X with x < y < z.
For these words

Ta) = Tay) = B9 Taay) = [ [09]] Tayy) = [[2,9],9];
Twyz) = [T [0, 2], T(asy) = [[2, 2] 9]

By Theorem 5.3, the cosets of

' [ay gl [ofxyll (e ylyls loly, 2, (s 2]y,

with z,y, 2z as above, generate S(37p)/S(4*p). When X is finite, they form a
linear basis of S() /S(4:P) over Z/p (Theorem 8.5(b)). Furthermore, Theorem
8.5(a) gives:
THEOREM 11.1. The following cohomology elements form a Z/p-linear basis of
H2(3,2/p):

®(2),35 AUzy),3) Xawy),3: Y(zyy),3r Xayz),3) X(zzy),3s
where x,y,z € X and we assume that r < y < z.
By Examples 7.4, a(y) 3 = Bock,2 5(Xz,z/p2), and for every z,y, 2 € X, a(py2).3
belongs to the triple Massey product (Xu z/ps Xy,z/p; Xz,Z/p) C H? (S_’, Z/p).
We further recall that a(y,) 3 is the pullback to H?(S,Z/p) under ﬁ(ZI/Z)Z 0 S —
Us(Z/p?)13#! of the cohomology element in H?(Us(Z/p?)1*?!, Z/p) correspond-
ing to the central extension

0 — Z/p — Us(Z/p*) — Us(Z/p*)BP — 1.

Alternatively, it has the following explicit description: By Proposition 6.3(a),
Us(Z/p?)3P) = I3 + ZpFEy3, and let + = LgQ: Us(Z/p?)3P) =5 Z/p be
the natural isomorphism. By (7.5) and (7.6), a(yy),3 = —trg(d), where
0 =1o0 (p(ZI/Z)ﬂS(g,p)) and trg: HY(S®P) Z/p)® = H?(S,Z/p) is the trans-
gression isomorphism.

Next we compute the matrix ((Tfiﬁ‘w‘,awgg)z;) = ((w,w')3), where w,w’ €
Lyng3(X):
PROPOSITION 11.2. For w,w’ € Lyn_3(X) one has

1, ifw=uw'
(w,w')ys =< —1, ifw= (vyz), w' = (vzy) for some x,y,2 € X, v <y < z;

0, otherwise.
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Proof. In view of Proposition 6.4, it is enough to show the assertion when
w # w', either |w| = |w'| or 2|w| < |w'|, and the letters of w’ appear in w.
Furthermore, when |w| = |w’| we may assume that w <u, w'.
Thus when w has one of the forms (z), (zy), (zyy), (xzy) (where © < y < 2)
there is nothing more to show.
When w = (zay) with < y we need to check only the word w’ = (zyy). Then
Lemma 4.2 gives
((zzy), (zyy))s = €@yy).z/p([: [2,9]])
= €@),2/p(T)  €yy),2/p([2:Y]) = €(4),2/p() - €(ay), 2/, 9])
=1.0-0-1=0.
When w = (zyz) with < y < z we need to check only the word w’ = (zzy).
Then Lemma 4.2 gives
((zyz), (:C'Zy)>3 = 6(aczy),Z/p([l'a [y, Z]])
= 6(ac),Z/p(l') : 6(zy),Z/p([y; Z]) - 6(y),Z/p(:C) : e(lz),Z/p([yv Z])
=1-(=1)—0-0=—1.
This completes the verification in all cases. O

In view of Examples 9.1, Corollary 9.5 gives rise to an epimorphism
(11.1)

BHzre (( P Z(zy)/{(xy) + (yz) |,y € X>) ® (Z/p)

rzeX z,yeX

o (( D Zay)/lay2) + (w2) + (zay) | 2,y,2 € X)) @ (Z/p)

— H?*(S,Z/p).

Moreover, for z,y,z € X, x < y < z, we have

2(zz) = (x)m(x)

(zyz) = (z)m(zy) — 2(zzy)

(yzz) = (2)m(yz) — (z2)m(y) + (zzy)
(yzy) = (zy)m(y) — 2(zyy)

(yyz) = (yy)m(z) — (y)m(zy) + (zyy)
(yzz) = (y)m(zz) — (zyz) — (z2y)
(zzy) = (2)m(zy) — (z2y) — (zy2)
(yzz) = (22)m(y) — (z)m(zy) + (v2y)
(zyz) = (yz)m(z) — (z)m(yz) + (zyz)
3(zzz) = (x)m(zx)
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These congruences and Example 2.1 imply that

Z Zw = Z Zw + 2-torsion (mod Shuffless(X)),
weX? wELyn, (X)
Z Zw = Z Zw + 3-torsion (mod Shuffles3(X)).
weX3 wELyng(X)

Therefore, for p > 3, the direct sum in (11.1) is the free Z/p-module on the
basis Lyn.3(X). Thus the epimorphism (11.1) maps the Z/p-linear basis lw,
w € Lyn_,(X), bijectively onto the Z/p-linear basis v, 3, w € Lyn.4(X) (see
Theorem 8.5). Consequently we have: -

THEOREM 11.3. For n = 3 and p > 3, (11.1) is an isomorphism. Thus all
relations in H*(S3P! 7./p) are consequences of the shuffle relations of Theorem

9.4.
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