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ABSTRACT. Let X be an irreducible smooth projective curve of genus
g > 2 defined over an algebraically closed field of characteristic dif-
ferent from two. We prove that the natural homomorphism from the
automorphisms of X to the automorphisms of the symmetric product
Symd(X ) is an isomorphism if d > 2¢g — 2. In an appendix, Fakhrud-
din proves that the isomorphism class of the symmetric product of a
curve determines the isomorphism class of the curve.

2000 Mathematics Subject Classification: 14H40, 14J50
Keywords and Phrases: Symmetric product; automorphism; Torelli
theorem.

1. INTRODUCTION

Automorphisms of varieties is currently a very active topic in algebraic geom-
etry; see [Og], [HT], [Zh] and references therein. Hurwitz’s automorphisms
theorem, [Hul, says that the order of the automorphism group Aut(X) of a
compact Riemann surface X of genus ¢ > 2 is bounded by 84(¢ — 1). The
group of automorphisms of the Jacobian J(X) preserving the theta polariza-
tion is generated by Aut(X), translations and inversion [We], [La]. There is a
universal constant ¢ such that the order of the group of all automorphisms of
any smooth minimal complex projective surface S of general type is bounded
above by ¢ K2 [Xi].

Let X be a smooth projective curve of genus g, with ¢ > 2, over an al-
gebraically closed field of characteristic different from two. Take any integer
d > 2g—2. Let Sym%(X) be the d-fold symmetric product of X. Our aim here
is to study the group Aut(Symd (X)) of automorphisms of the algebraic variety
Symd(X ). An automorphism f of the algebraic curve X produces an algebraic
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automorphism p(f) of Sym?(X) that sends any {z;,---,zq4} € Sym%(X) to
{f(z1),---, f(xa)}. This map
p o Aut(X) — Aut(Sym?(X)), f +— p(f)

is clearly a homomorphism of groups. We prove the following:

THEOREM 1.1. The natural homomorphism
p: Aut(X) — Aut(Sym? X)
18 an tsomorphism.

The idea of the proof of Theorem [[1] is as follows. The homomorphism p
is evidently injective, so we have to show that it is also surjective. The Al-
banese variety of Sym?(X) is the Jacobian J(X) of X. So an automorphism
of Sym?(X) induces an automorphism of J(X). Using results of Fakhruddin
(Appendix [A]) and Collino-Ran ([Cd], [Ra]), we show that the induced auto-
morphisms of J(X) respects the theta divisor up to translation. Invoking the
strong form of the Torelli theorem for the Jacobian mentioned above, it fol-
lows that such automorphisms are generated by automorphisms of the curve
X, translations of J(X), and the inversion of J(X) that sends each line bundle
to its dual. Using a result of Kempf we show that if an automorphism « of
J(X) lifts to Sym?(X), then « is induced by an automorphism of X, and this
finishes the proof.

It should be clarified that we need a slight generalization of the result of Kempf
[Ke]; this is proved in Section 2l The proof of Theorem [[1]is in Section

In Appendix [Al by Fakhruddin the following is proved.

Let C; and Cs be smooth projective curves of genus g > 2 over an algebraically
closed field k. If Symd C) = Symd Cy for some d > 1, then C7; = C5 unless
g=d=2.

2. SOME PROPERTIES OF THE PICARD BUNDLE

The degree of a line bundle £ over a smooth projective variety Z is the class of
the first Chern class ¢1(§) in the Néron-Severi group NS(Z), so the line bundles
of degree zero on Z are classified by the Jacobian J(Z).

As before, X is a smooth projective curve of genus g, with ¢ > 2, over an
algebraically closed field of characteristic different from two. For any integer
d, let P = Picd(X ) be the abelian variety that parametrizes the line bundles
on X of degree d. It is a torsor for J(X).

A branding of P? is a Poincaré line bundle Q on X x P?¢ [Kel, p. 245]. Two
brandings differ by tensoring with the pullback of a line bundle on P?. A
normalized branding is a branding such that Q| pa has degree zero for one
point x € X (equivalently, for all points of X). Two normalized brandings
differ by tensoring with the pullback of a degree zero line bundle on P?.

The natural projection of X x P¢ to P? will be denoted by 7pa. A normalized
branding Q induces an embedding

Io : X — J(PY) = J (2.1)
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that sends any * € X to the point of J corresponding to the line bundle
Q|{z}><P'i on Pd. If
Q =090® ﬂ_;d Lj )

where L; is the line bundle corresponding to a point j € J(P¢) = J, then we
have Igr = Ig +j.

Assume that d > 2¢g — 2. Since HY(X, L) = H°(X, L* ® Kx)* = 0if L
is a line bundle with degree(L) > 2g — 2, the direct image mpa,Q, where
Q is a branding, is locally free. A Picard bundle W (Q) on P? is the vector
bundle 7 pa4, Q, where Q is a normalized branding. From the projection formula
it follows that two Picard bundles differ by tensoring with a degree zero line
bundle on P¢.

There is a version of the following proposition for d < 0 in [Ke, Corollary 4.4]
(for negative degree, the Picard bundle is defined using the first direct image).

ProprosSITION 2.1. Let d > 2g — 2.
(1) HY(P? W(Q)) is non-zero (in fact, it is one-dimensional if it is non-
zero) if and only if 0 € Io(X).
(2) Let L; be the line bundle on P2 corresponding to a point j € J. Then
HY (P, L; ® W(Q)) is non-zero (in fact, it is one-dimensional if it is
non-zero) if and only if —j € Ig(X).
Proof. Part (M). If 0 ¢ Io(X), then HY(P4 W(Q)) = 0 by [Ke, p. 252,
Theorem 4.3(c)]. Fix a line bundle M on X of degree one, and consider the
associated Abel-Jacobi map
X — J(X), v — M '®0x(z).

Let Nx,s(x) be the normal bundle of the image of X under this Abel-Jacobi
map. If 0 € Ig(X), then using [Kel p. 252, Theorem 4.3(d)] it follows
that H'(P?, W(Q)) is canonically isomorphic to the space of sections of the
skyscraper sheaf on X

Kx'®@A\'Nx/;® Md|151(0) =K{'® Md|51(0),
where Ig is constructed in (2.I). But the space of sections of this skyscraper
sheaf is clearly one-dimensional, because I 51(0) consists of one point of X.
Part (@) follows from part () because L; ® W(Q) = W(Q ® np.L;), and
Iw(eny L) = Iw(e) +J- =
For a point j € P?%, by —j we denote the point of P~% corresponding to the
dual of the line bundle corresponding to j. Note that for j, j/ € P<, we have
—j+24 € P

PROPOSITION 2.2. Assume that g(X) > 1 and d > 2g—2. Let j be a point of
Pic’(X), and let Tj : P4 — P% be the translation by j. Let M be a degree
zero line bundle on P%. If

T} (M © W(Q) = W(Q).
then j = 0 and M = Opa.
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Let i : P — P be the inversion given by z —> —z + 229, where zo s
fized point in P¢. If

T (Mo W(Q)) = W(Q),
then X 1is a hyperelliptic curve.

Proof. The first part is [Kel Proposition 9.1] except that there it is assumed
that d < 0; the proof of Proposition 9.1 uses [Ke, Corollary 4.4] which requires
this hypothesis. However, the case d > 2g — 2 can be proved similarly; for the
convenience of the reader we give the details.

Let y € J be the point corresponding to the line bundle M. The line bundle on
P4 corresponding to any t € J will be denoted by L;. In particular, M = L,.
For every t € J, using the hypothesis, we have

Tj(Lity @ W(Q)) = Tj Ly @ T; (M @ W(Q)) = L ® W(Q); (2.2)
note that the fact that a degree zero line bundle on an Abelian variety is
translation invariant is used above. Combining (2.2) and the fact that Tj is an
isomorphism, we have
HY(P?, LioW(Q)) = H' (P!, T} (Lery @ W(Q))) = H'(P?, Lesy @ W(Q)).
Using Proposition2lit follows that t € —Ig(X) if and only if t+y € —Ig(X).
Hence Io(X) = y+ Io(X). If g(X) > 1, this implies that y = 0. Therefore,
we have W(Q) = T;(W(Q)). Using the fact that c;(W(Q)) = 0, a theta
divisor, it follows that 6 is rationally equivalent to the translate 8 — j, hence
j =0
The proof of the second part is similar. We have

T (Ly— @ W(Q)) = Ty L_y @ i"T; (M @ W(Q))

="L W (Q) = LiW(Q); (2.3)
the fact that ¢*L_; = L; is used above. Consequently,
HY(PY, LigW(Q)) = H'(P?, i*T*(Ly—1@W(Q))) = H'(P?, Ly—taW(Q)),
and using [Ke, Corollary 4.4] it follows that t € —Ig(X) if and only if y — ¢ €
—Io(X). Hence Ig(X) = —Ig(X) —y. Let

f: X — X

be the morphism uniquely determined by the condition

Io(z) = —Io(f(z) —y.
We note that f is well defined because —Ig and y + Ig are two embeddings of
X in J with the same image, so they differ by an automorphism of X which
is f. In other words, if we identify X with its image under Ig, then f is
induced from the automorphism 7_, o ¢ of J. This automorphism 7_, o % is
clearly an involution. Let w € HY(X, Qx) be an algebraic 1-form on X. Then
f*w = —w, because of the isomorphism H°(X, Qx) = H®(J, Q) induced by
Io, and the fact that ¢* acts as multiplication by —1 on the 1-forms on J. It
now follows by Lemma 23] that f is a hyperelliptic involution. O
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LEMMA 2.3. Let g > 1. Let f : X — X be an involution satisfying the
condition that f*w = —w for every 1-form w. Then X is hyperelliptic with f
being the hyperelliptic involution.

Proof. Consider the canonical morphism
F: X — PHX, Qx))
that sends any x € X to the hyperplane H°(X, Qx(—z)) in H°(X, Qx). By
definition,
HY(X, Qx(—2)) = {w € H(X, Qx) | w(z) =
but the hypothesis implies that w(z) = 0 if and only if w(f(z)
0. Therefore, we have
H(X, Qx(-2)) = H(X, Qx (= f(2))),
and it follows that F'(z) = F(f(z)), implying that the canonical morphism is
not an embedding; note that f is not the identity because there are nonzero

algebraic 1-forms. Therefore, X is hyperelliptic, and f is the hyperelliptic
involution. U

~ O
—

We note that Lemma is clearly false if the characteristic of the base field
is two. Hence the proof of Proposition needs the assumption that the base
field has characteristic different from two.

3. PrROOF OF THEOREM [I.1]

Using the morphism X — Symd(X ), y — dy, it follows that the homo-
morphism p in Theorem [[T]is injective.

Fix apoint # € X. Let £ be the normalized Poincaré line bundle on X x J(X),
i.e., it is trivial when restricted to the slice {z} x J(X). Let

E = q.(L®p"Ox(dx))

be the Picard bundle, where p and ¢ are the projections from X x J(X) to X
and J(X) respectively. Since d > 2g — 2, it follows that E is a vector bundle
of rank d — g + 1.

We will identify Sym?(X) with the projective bundle P(E) = P(EV).

Let 6 be the theta divisor of J(X); in particular, we have #9 = g!. The Chern
classes of E are given by ¢;(E) = 6/i! [ACGH].

Let Z be a smooth projective variety and zp € Z a point. Then there is an
abelian variety Alb(Z) and a morphism

az : Z — Alb(Z)

such that az(z9) = 0, and given any morphism ¢ : Z — A, where A
is an abelian variety and ¢(zp) = 0, there is a unique homomorphism h :
Alb(Z) — A such that hoayz = ¢. The Alb(Z) is called the Albanese
variety for (Z, zg) while az is called the Albanese morphism.

The Albanese variety of (P(E), dx), where x is the fixed point of X, is the

Jacobian J(X), and the Albanese morphism sends an effective divisor Z?Zl P,
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of degree d to the degree zero line bundle OX((Zzlzl P;) — dx). Given an
automorphism

¢ : P(E) — P(E),
the universal property of the Albanese variety yields a commutative diagram

P(E) — P(E) (3.1)

L

J(X) —= J(X)

and this produces an automorphism of projective bundles

P(E) i P(a*E)
\ /
7(X)

Therefore, there is a line bundle L on J(X) such that there is an isomorphism

'E~E®L. (3.2)

IR

There is a commutative diagram of groups

Awt(P(E)) —2> Aut(J(X)) (3.3)

|

Aut(X)

where ) is constructed as above using the universal property of the Albanese
variety given in ([B1]), and p is the homomorphism in Theorem [Tl To construct
i, note that the commutativity of the diagram (B.]) implies that u(f), f €
Aut(X), has to send (’)X((Zgzl P;) —dz) to OX((Zzlzl f(Pp)) —dz). A short
calculation yields

M(f) = (f_l)* © sz—dffl(m) ) (34)
where Ty, a € J(X), is translation on J(X) by a.
Let 0/ = ¢1(a*E) = 0+ L. Then

. . a*ei 9/1’

ci(a"FE) = a’¢;(E) = =

and 0’9 = a*09 = g!. Now we apply Lemma [A.2 here the condition g > 2 is
used. We obtain that §? = ¢'% for all i > 1.
We identify X with the image in J(X) of the Abel-Jacobi map. In particular X
is numerically equivalent to #9=1/(g — 1)!. We calculate the intersection (note
that the condition g > 2 is again used, because we need g — 1 > 1)

egfl 9/ H/gfl
ED R CE

X =0
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Invoking a characterization of a Jacobian variety due to Collino and Ran, [Co],
[Ral, it follows that (J(X),6, X) is a Jacobian triple, i.e., 6’ is a theta divisor
of the Jacobian variety J(X) up to translation. This means that § and 8 differ
by translation, in other words, the class of ¢1(L) in the Néron-Severi group
NS(J(X)) is zero. Consequently, « is an isomorphism of polarized Abelian
varieties, i.e., it sends 0’ to a translate of it.

The strong form of the classical Torelli theorem ([Lal, Théoréme 1 and 2 of
Appendix]) tells us that such an automorphism « is of the form

a=FoocoT,, o€ {1,},

where ' = (f~1)* for an automorphism f of X, while T, is translation by
an element @ € J(X) and ¢ sends each element of J(X) to its inverse. If X
is hyperelliptic, then ¢ is induced by the hyperelliptic involution, so we may
assume that o is the identity map of X when X is hyperelliptic.

Let f be an automorphism of X with F = (f~!)* being the induced isomor-
phism on J(X). Using the definition of E, it is easy to check that

F*E = T;z’fdzEa

where 2/ = f~(x).

We claim that « = F o T,.

To prove this, assume that o # F oT,. Then X is not hyperelliptic, and
a = FoiroT,. Hence

oE =TWF'E =T0T),_4.F,
and using (32),
E= [’*T;z’—dz—a(E oY L) .
Now from Proposition 2.2]it follows that X is hyperelliptic, and we arrive at a

contradiction. This proves the claim.
Summing up, we can assume that « = F oT,. Using (3.2),

E = T;zfdx/fa(E@)L)

From Proposition it follows that L is the trivial line bundle, and a =
dx — dx’. Therefore,

a = (1) 0Ty ap1(a)
for some automorphism f of X, and hence, by (B4,

Image(\) C Image(p). (3.5)

We will now show that the morphism A\ is injective.

Suppose a = A¢) = Id;x). Using ([3.2]), the morphism ¢ is induced by an
isomorphism between E and E ® L. We have just seen that L is trivial, the
morphism ¢ is induced by an automorphism of F, and this automorphism has
to be multiplication by a nonzero scalar, because E is stable with respect to
the polarization given by the theta divisor (cf. [EL]). Therefore, the morphism
 is the identity. This proves that the morphism A is injective.

The homomorphism p is also injective, since it is a composition of a translation
and the pullback induced by an automorphism of X.
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Combining these it follows that the morphism p is also injective (this can also
be checked directly), and hence all the homomorphisms in the diagram (3.3)
are injective. This, combined with (B.5]), shows that p is an isomorphism.
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APPENDIX A. TORELLI’S THEOREM FOR HIGH DEGREE SYMMETRIC
PRODUCTS OF CURVES

NAIJMUDDIN FAKHRUDDIN

Let k& be an algebraically closed field and C; and C3 two smooth projective
curves of genus g > 1 over k . It is a consequence of Torelli’s theorem that
if Sym?~'C, = SymY ' Cy, then C; = C5. The same holds for the d-th
symmetric products, for 1 < d < g—1 as a consequence of a theorem of Martens
[Mar]. We shall show that with one exception the same result continues to hold
for all d > 1, i.e., we have the following

THEOREM A.1. Let Cy and Cy be smooth projective curves of genus g > 2 over
an algebraically closed field k. If Sym?Cy = Sym?Cy for some d > 1, then
C1 =2 Cs unless g =d = 2.

It is well known that there exist non-isomorphic curves of genus 2 over C with
isomorphic Jacobians. Since the second symmetric power of a genus 2 curve is
isomorphic to the blow up of the Jacobian in a point, it follows that our result
is the best possible.

o~

Proof of Theorem. Let Cy, Cy be two curves of genus g > 1 with Sym?
Symd Cs for some d > 1. Since the Albanese variety of Symd Ciyd>1,1s
isomorphic to the Jacobian J(C;), it follows that J(Cy) = J(Cy). If d < g —1,
the theorem follows immediately from [Mar], since the image of Sym?C; in
J(C;) (after choosing a base point) is W4(C;). Note that in this case it suffices
to have a birational isomorphism from Sym¢ C; to Sym? Cb.

Suppose ¢ < d < 2g — 3. Then the Albanese map from Sym?C; to J(Cy)
is surjective with general fiber of dimension d — g. Interpreting the fibers as
complete linear systems of degree d on Cj, it follows by Serre duality that the
subvariety of J(C;) over which the fibers are of dimension > d — g is isomor-
phic to Wag_o_4(C;). Therefore if Sym? €y 22 Sym? Cy, then Way o 4(Cy) =
Wag—2-a(C2), so Martens’ theorem implies that C; = Cs.

DOCUMENTA MATHEMATICA 22 (2017) 1181-1192



AUTOMORPHISMS OF SYMMETRIC PRODUCT OF A CURVE 1189

Now suppose that d > 2g — 2 and g > 2. By choosing some isomorphism
we identify J(C1) and J(Cy) with a fixed abelian variety A. If ¢ : Sym? ¢} —
Sym? C5 is our given isomorphism, from the universal property of the Albanese
morphism we obtain a commutative diagram

Sym? Cy . Sym® Oy

1

A——A

where the 7;’s are the Albanese morphisms corresponding to some base points
and f is an automorphism of A (not necessarily preserving the origin). By
replacing Cy with f~1(Cy) we may then assume that f is the identity.

Since d > 2g — 2, the maps 7;, i = 1,2 make Symd C; into projective bundles
over A. By a theorem of Schwarzenberger [Sc], Sym? C; = P(FE;), where E; is
a vector bundle on A of rank d — g + 1 with ¢;(E;) = [Wy—;(Cy)], i = 1,2,
0 < j < g—1,in the group of cycles on A modulo numerical equivalence. Since
¢ is an isomorphism of projective bundles, it follows that there exists a line
bundle L on A such that F; = Fy ® L. _

Let 0, = [W,_1(C})], so by Poincaré’s formula [W,_;(C;)] = 67/4!, i = 1,2,
i <j<g-—1. Lemma below implies that 87" = 6" in the group of
cycles modulo numerical equivalence on A. Since 6/ = g!, this implies that
01 - [C2] = g. By Matsusaka’s criterion [Mat], it follows that W,_1(C1) is a
theta divisor for Cy, which by Torelli’'s theorem implies that C7 = Cs.

If d =29 —2 and g > 2, then we can still apply the previous argument. In
this case we also have that Sym?(C;) = P(E;), i = 1,2 but E; is a coherent
sheaf which is not locally free. However on the complement of some point of
A it does become locally free and the previous formula for the Chern classes
remains valid.

The above argument clearly does not suffice if g = 2. To handle this case we
shall use some properties of Picard bundles for which we refer the reader to
[Mul]. Suppose that d > 2 and C;, i = 1,2 are two non-isomorphic curves of
genus 2 with Sym? C; 2 Sym® Cy. Using the same argument (and notation) as
the g > 2 case, it follows that there exist embeddings of C;, i = 1,2, in A and
a line bundle L on A such that B} = F, ® L and L®4"1 = O(C; — Cy) (we
identify C;, i = 1,2 with their images).

For i > 1, let G; denote the i-th Picard sheaf associated to Ca, so that P(G;) &
Sym’(Cs). (G; is the sheaf denoted by Fy_; in [Mu] and Gg = E,). There is
an exact sequence ([Mul, p. 172]):

0204 —G —-Gi—1—0 (A1)

for all ¢ > 1. We will use this exact sequence and induction on ¢ to compute the
cohomology of sheaves of the form F; ® P = Fy ® L ® P, where P € Pic?(A).
Consider first the cohomology of GG, which is the pushforward of a line bundle
of degree 1 on a translate of C5. Since we have assumed that Cy 2 Cs, it follows
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that Cy - Cy > 2. Since C? = C3 = 2, deg(L|c,) = (C1 — Ca) - C2/(d — 1) > 0.
By Riemann-Roch it follows that h/(A4,G; ® L ® P), j = 1,2 is independent
of P, except possibly for one P if deg(L|c,) = 1, and h?*(4,G1 ® L ® P) =0
since (37 is supported on a curve.

Now O - Co > 2 also implies that ¢;(L)? < 0. By the index theorem, it follows
that h%(A,L ® P) = h*(A,L ® P) = 0 and h'(A, L ® P) is independent of P.
Therefore by tensoring the exact sequence (A with L ® P and considering
the long exact sequence of cohomology, we obtain an exact sequence

0— H(A,G®L®P)— H(AG_1®L®P)— H(A L®P)
— HY(A,G;® L® P) - H'(A,Gi-1® Lo P) -0 (A.2)

and isomorphisms H2(A4,G; @ L® P) — H*(A,G;_1 ® L® P) for alli > 1. By
induction, it follows that H?(A,G; ® L ® P) =0 for all i > 0. Since the Euler
characteristic of G; ® L® P is independent of P, the above exact sequence (A.2))
along with induction shows that for all i > 0 and j = 0,1,2, W/ (G; ® L ® P) is
independent of P, except for possibly one P. In particular, this holds for i = d
hence h’(A, E; ® P) is independent of P except again for possibly one P. We
obtain a contradiction by using the computation of the cohomology of Picard
sheaves in Proposition 4.4 of [Mul: This implies that h'(A, By ® P) is one or
zero depending on whether the point in A corresponding to P does or does not
lie on a certain curve (which is a translate of Cy). O

LEMMA A.2. Let X be an algebraic variety of dimension g > 3 and let E;,
i =1,2 be vector bundles on X of rank r. Suppose c1(E;) = 0;, ¢;(E;) = 67 /!
fori=1,2andj=2,3(j=2ifg=3), and E1 = E5® L for some line bundle
L on X. Then 6! 793 forallj>1(j=21ifg=3).

Proof. Since E1 2 Ea®L, ¢1(E1) = ¢1(F2)+rei (L), hence ¢1 (L) = (61 —63)/r.
For a vector bundle E of rank r and a line bundle L on any variety, we have
the following formula for the Chern polynomial ([Ful], page 55):

(E® L) = Ztkct ci(E).

Letting F = E1, E® L = E», and expanding out the terms of degree 2 and 3,
one easily sees that 6] = ) for j = 2 and also for j = 3 if g > 3. (Note that
this only requires knowledge of ¢;(E;) for j =1,2,3.) Since any integer n > 1
can be written as n = 2a + 3b with a,b € N, the lemma follows. ]

REMARK A.3. Using Theorem [[I] one sees that Theorem [A.1] holds over all
perfect fields k (of characteristic > 2) if d > 2g — 2: For projective varieties
X,Y over a field let Isom(X,Y") denote the scheme of isomorphisms. For any
d > 0, there is a natural map

Isom(Cy, Cy) — Isom(Sym? Cy, Sym? Cy)
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of finite schemes over k which one sees is a bijection on geometric points by
combining Theorem [T and Theorem A1l If k is perfectl] this implies that the
map on k-rational points is also a bijection.
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