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ABSTRACT. We develop a theory of Toeplitz, and to some extent Han-
kel, operators on the kernels of powers of the boundary d-bar operator,
suggested by Boutet de Monvel and Guillemin, and on their analogues,
somewhat better from the point of view of complex analysis, defined using
instead the covariant Cauchy-Riemann operators of Peetre and the sec-
ond author. For the former, Dixmier class membership of these Hankel
operators is also discussed. Our main tool are the generalized Toeplitz
operators (with pseudodifferential symbols), in particular there appears
naturally the problem of finding parametrices of matrices of such opera-
tors in situations when the principal symbol fails to be elliptic.
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1. INTRODUCTION

Let Q be a bounded domain in C¢ and L2 () the Bergman space of all
holomorphic functions in L?(Q2). For ¢ € L*(Q), the Toeplitz operator T
with symbol ¢ is the operator on L2 _;(€2) defined by

Tof =I(¢f),  f€ Liy(),

where II : L?(Q) — L?_,(Q) is the orthogonal projection (the Bergman pro-
jection). Similarly, if © has smooth boundary 952, one has the Hardy space
H?(09) consisting of all functions in L?(9€2) (with respect to the surface
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1082 M. ENGLIS, G. ZHANG

measure on 0Jf)) whose Poisson extension into € is holomorphic, and for
¢ € L>(09) the Toeplitz operator Ty on H?(9R) is defined by

Tou=1M(¢u),  ue H*(0N),

where II : L?(092) — H?(99) is the orthogonal projection (the Szegd projec-
tion). There are also Hankel operators Hy, : LE () — L*(Q) © L} () and
Hy : H*(09Q) — L*(Q) © H?(09Q) defined as

Hyf = -1II)(¢f), Hpu= (I —1I)(¢u), respectively.

Toeplitz and Hankel operators, and their various generalizations, have been
extensively studied for the last three decades, and have turned out to play
important role in many subjects ranging from operator theory and complex
function theory to geometry and mathematical physics, see e.g. [14], [16], [19],
[18] and the references therein for a sample.

The spaces L7 (€2) on which Ty and H,, act can alternatively be characterized
as the kernel of the operator d in L? (Q), where, as usual, 0 denotes the operator
assigning to a function f on Q the (0, 1)-form

d
3f = ﬁ dEj.

J0z;
j=1 "7

For d > 1, one has a similar characterization of the Hardy space H?(9Q) as
the kernel of the operator 9y in L?(99), where for a function u on 9, dyu is
the restriction of du to the antiholomorphic complex tangent space T (9%),
consisting of all vectors X on 9f) of the form

d
0
X = ZXja_zj’ X; eC,
Jj=1
which are tangent to 0€2. Fixing a positively-signed defining function p for €,
so that p > 0 on 2 and p = 0 < |Vp| on 99, the last condition just means that
Xp =0, and T"(09) is spanned by the (linearly dependent) vector fields

(1) L : @i,@i 1<j<k<d;

so Opu = 0 means that Ljru =0 for all j, k.

A generalization of the Hardy space due to Boutet de Monvel and Guillemin
[3, §15.3] are the subspaces B, in L%(0Q), m = 1,2,..., of all functions u
annihilated by 3;”, in the sense that

LjikyLjsks - Ljuk,,u =0 forall ji,....0m,k1,... k;.
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Clearly By C By C --- C L?(99) and By = H?(99). It was shown in [3] that
microlocally, the associated “higher Szegd projectors” I, : L?(99Q) — B,, are
of the same type as II, and, hence, in this sense, so are the corresponding
Toeplitz operators Tfm su = I, (Qu) on By,.

The drawback of the spaces B,,, however, is that in spite of the microlocal
equivalence of the Szegd projectors just mentioned, they fail to be invariant
under biholomorphic maps. For instance, in the simplest possible situation
when Q = B2, the unit ball of C?, one checks easily that the function Z,
belongs to By = Ker L2, but if ¢, is the automorphism of B? interchanging
the origin with a point a € B2, then Zy 0 ¢, ¢ Ba if a # 0. (See Section 3 below
for the details.)

The aim of this paper is, firstly, to show that in spite of not being biholomor-
phically invariant, the spaces B,,, m > 1, have Toeplitz and Hankel operators
which behave very similarly as in the classical case m = 1; and secondly, to pro-
pose a different generalization, the so-called higher Cauchy-Riemann spaces C,,,
m = 1,2,..., which are well-behaved under biholomorphic maps, and study the
associated Toeplitz operators.

For the first part, we work out only the case of = B2, the unit ball in C2.
Our main result is the following.

Theorem 1. The Toeplitz operator Tf 2 on B2(0B?) is unitarily equivalent to
the operator
[Tf 0

0 Tf} + lower order term

on the direct sum H?*(0B?) @ H*(0B?).

Here the “lower order term” means a 2 x 2 matrix of generalized Toeplitz
operators of order at most f%; see again Section 3 below for more details.

As a corollary to the theorem, we also get a similar result for the product ’H%’Hg
of two Hankel operators on B(0B?), and a formula for the Dixmier trace of
(’I—[}Hg)2 that can be compared to the one for ordinary Hankel operators H}H g
from [11].

Concerning the 7second part, consider, quite generally, a Kahler metric 9k
on §, and let g¥ be the inverse matrix to 9k (so the Kahler form is given

by ngdEl A dzg). The Cauchy-Riemann operator, introduced by Peetre (cf. [8]
and [15]), is the map from functions into holomorphic vector fields on 2 given by

Df = ¢*a,f,

where we have started to employ the Einstein summation convention of sum-
ming automatically over any index that occurs twice, and also to write for
brevity 9; = 9/0%;. One can iterate this construction and set, for m =1,2,...,

m

D f = glmkmglmglm’lkm’lglnHl .. _gl1k1511f_
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It turns out that (Bmf)k’"'"k1 is symmetric in the indices ki, ..., k1 [15], and
in fact coincides with the contravariant derivative f/*m-*1 with respect to the
Hermitian connection [8]. The m-th Cauchy-Riemann space C,, is, by defini-
tion, the kernel of D"

Co :={f:D"f=00n0}.

Clearly C; comprises precisely of holomorphic functions, and is also independent
of the metric 9% For m > 1, C,,, depends on 9k (although this fact is not
reflected by the notation). Now there are various holomorphically invariant
Kahler metrics associated to a given bounded strictly pseudoconvex domain
with smooth boundary, such as the Bergman metric, the Poincare (Kéhler-
Einstein) metric, the metric coming from the invariant Szegd kernel, and so
forth. Taking any of these for g i by the very nature of their construction the
spaces Cp,, unlike B,,, will be invariant under biholomorphisms.

Choosing a (positive smooth) weight w on ©Q, let Cp, 4 := Cy, N L%(Q, w) (since
differential operators are closed, this is a closed subspace of L?(Q,w)), and
let T, f e IM(Gf), where TI™®) + L2(Q,w) — Cpnu is the or-
thogonal projection, be the associated Toeplitz operator on C,, ,, with sym-
bol ¢ € L>=(£2). (Thus 7;§m’w) again depends also on the choice of the met-
ric 9% although this is not reflected by the notation.) We will actually assume
that € is bounded, strictly pseudoconvex and with smooth boundary, that
¢ € C>=(Q) is smooth on the closure Q of Q, that the weight w is of the form

w=p", veR,
where p is a (fixed) positively-signed defining function for Q and v is large
enough; and that 9,5 1s given by a Kahler potential ¥,
95 = 9,0, 7,
where ¥ is of the form

Uy (pMlogp)n;,  m € CF(Q),
=0

with an integer M > 2; see Section 4 for the details. Note that all the metrics
9k mentioned in the penultimate paragraph are of this kind.

Theorem 2. Let 2, w and g, be as stated above. Assume that v > 1 and
that —p is strictly plurisubharmonic near 02 and |0p| = 1 on O2. Then the

Toeplitz operator 7;52’“1) is unitarily equivalent to the operator

d
2) 7;5271”) o @ Tyjo0 + lower order term
5=0

on the direct sum @9_oH?(0Q) of (d+ 1) copies of H*(09).
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Here the “lower order term” means a (d + 1) X (d + 1) matrix of sums of
generalized Toeplitz operators of orders and —% and —1, see Section 4 for the
details.

The hypothesis v > 1 is needed to have Cs ,, nontrivial: for v <1, Cy ,, contains
just the function constant zero.

For general m > 2, (2) holds too, except that the hypothesis on v becomes
v > 2m — 3 and instead of d + 1 copies of Tygq, one gets (dj'n"_ﬁl) copies (and
matrices of the corresponding size).

Our main tool are Toeplitz operators with pseudodifferential symbols, or gener-
alized Toeplitz operators, on H?(99) whose theory was worked out by Boutet
de Monvel and Guillemin in [3]. The proof of Theorem 1 follows what is now
already a more or less standard Ansatz (cf. e.g. [2] and [11]) once we identify
By explicitly by parameterizing it by two copies of H?(992). To some extent
this is also true for Theorem 2, however the main difficulty there is that we
are confronted with inverting a matrix of generalized Toeplitz operators whose
principal symbol is not invertible (i.e. the matrix is not elliptic).

The proof of Theorem 1 is presented in Section 3, after reviewing various pre-
requisites in Section 2. The proof of Theorem 2 occupies Section 4, while the
simplest case of the ball is worked out in detail in Section 5.

As already introduced above, we write simply 9;, 9; for 9/9z; and 0/0%;,
respectively. Throughout the paper, abusing the notation slightly, we will also
denote the restriction ¢|aq of a function ¢ € C*>(Q) to 9N just again by ¢.

2. BACKGROUND

2.1 Pseudodifferential operators. Throughout the rest of this paper, €2 will
be a bounded strictly pseudoconvex domain in C¢, d > 1, with smooth (= C*°)
boundary, and p a positively signed defining function for 2, i.e. p € C>®(Q),
p>0o0nQ, and p=0 < |Vp| on 9. Denote by 7 the restriction to 9 of the
I-form Im(—38p) = (Op — p)/2i. The strict pseudoconvexity of  guarantees
that the half-line bundle

D= {(2,6) € T*(0Q) : € = tna,t > 0}

is a symplectic submanifold of the cotangent bundle 7*(9).

By a classical (or polyhomogeneous) pseudodifferential operator (¢»do for short)
P on 092 of order m we will mean a 1bdo whose total symbol in any local coordi-
nate chart has an asymptotic expansion p(z, §) ~ Z;io Pm—j(z, &), where pp,_;
is C* in z, & and positively homogeneous of degree m — j in £ for || > 1. Here

m can be any real number, and “~” means that the difference p — Z?;& Dm—j

should belong to the Hormander class S™ %, for each k = 0,1,2,.... The func-
tion p,(x, ) is called the (leading or principal) symbol of P, denoted o, (P)
(or just o(P) if the order m is clear from the context), and the set of all ¢do’s
of order m will be denoted by ¥". Operators in ﬂmeR U™ are the smoothing
operators, i.e. those with C'>° Schwartz kernel; and we will write P ~ @ if
P — @ is smoothing.

”
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1086 M. ENGLIS, G. ZHANG

Unless explicitly stated otherwise, all ¥’do’s henceforth will be classical. In Sec-

tion 4, we will also need ¥do’s with symbols whose degrees of homogeneity go

down by % instead of 1; for the purposes of this paper, we will call these demi-

classical 1do’s. In other words, a demi-classical ¥»do of order m is the sum of
1

a classical ¥do of order m and a classical 1do of order m — 3.

2.2 Generalized Toeplitz operators. For @) € U™ the generalized Toeplitz
operator (or gTo for short) Tq is defined as

TQ = HQ|H2(6Q).
Alternatively, one can view Ty as the operator
Ty =1IQII

on all of L2(992). In both cases, Tg is a densely defined operator (its domain
contains the Sobolev space W™ (91Q)), and extends to a continuous map from
the Sobolev space W*(0€2) into W)™ (092), for any s € R.

Generalized Toeplitz operators are known to enjoy the following properties.

(P1) They form an algebra, i.e. TpTg = Tx for some 1do R.

(P2) In fact, for any T there exists a ¢do P of the same order as @ such
that Tp = Ty and PII = IIP,

(P3) If P,Q are of the same order and Tp = T, then o(P) and 0(Q) coincide
on the half-line bundle Y. One can thus define unambiguously the order
of T as ord(Tg) := inf{ord(P) : Tp = T}, and the (principal) symbol
o(Tg) = o(Q)|x if ord(Q) = ord(Ty). (The symbol is undefined if
ord(Tg) = —00.)

(P4) ord(TpTg) = ord(Tp) + ord(Ty), o(TrTg) = o(Tp)o(Tg), and
o([Tp,Tg)) = o(Tp),0(Tg)}s where {-,-}5 denotes the Poisson
bracket on X.

(P5) If ord(Tg) < 0, then Tg is bounded on L?(99Q); if ord(Tg) < 0, it is
even compact.

(P6) If @ € ¥™ and 0,,(Q)|s = 0, then there exists P € "~ ! with Tp =
Tg. If Tg ~ 0, then there exists P ~ 0 such that Tp = T.

(P7) One says that Tg is elliptic if 0(Tg) does not vanish. Then Ty has a
parametrix, i.e. there exists a gTo Tp, with ord(Tp) = —ord(Tg) and
O'(Tp) = O'(TQ)_l, such that TpT ~ ToTp ~ IHQ(BQ)-

(P8) If an elliptic gTo Tp is in addition positive self-adjoint as an operator
on H?(09Q), then its complex power T3, z € C, defined using the spec-
tral theorem, is again a gTo, of order z ord(Tp) and with symbol equal
to o(Tp)?; in particular, the inverse T 1 and the positive square roots

T;,/Q, T;l/Q are gTo’s.

We refer to the book [3], especially its Appendix, and to the paper [2] for the
proofs and for additional information on generalized Toeplitz operators.
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In addition to classical 1do’s and gTo’s, we will also need the more general
class Wi, of log-classical (or log-polyhomogeneous) 1do’s and gTo’s, whose
total symbol in any local coordinate chart satisfies

k—1
— me_j(x,f) e Smkte We>0,k=0,1,2,...,
§=0

where p,,—; are of the form

(3) Pin—j(@,€) = me ik (@, F)IE™ I (log [€])*

for || > 2, for some (finite) integers k;. Such do’s arise naturally as log-
arithms of complex powers of elliptic classical ¥do’s, and similarly for the
corresponding gTo’s. The properties (P1)—(P8) above remain in force for log-
classical gTo’s, except in (P7), (P8) and the first part of (P5) one must assume
that kg = 0 (i.e. that the principal symbol is log-free). The reader is referred
e.g. to [10], and the references therein, for the details.

Again, in Section 4 we will also need the demi-classical analogues of log-pluri-
homogeneous ©¥do’s and gTo’s, i.e. with symbols whose degrees of homogeneity
go down by % instead of 1; everything above extends also to this case.

2.3 Boutet de Monvel calculus. Let K denote the Poisson extension oper-
ator, i.e. K solves the Dirichlet problem

(4) AKu=0on Q, Kulgg=u.

(Thus K acts from functions on 9§ into functions on . Here A is the ordinary
Laplacian.) By the standard elliptic regularity theory [13], K is continuous
from W*(9Q) into W”%(Q), for any real s; in particular, it is continuous
from L?(0€) into L?(2), and thus has a continuous Hilbert space adjoint K* :
L2(Q2) — L*(9€). The composition
K'K=:A
is known to be a positive selfadjoint elliptic ¥»do on 9f2 of order —1. We have
by definition AT'K*K = I12(pq); comparing this with (4) we see that the
restriction
Y= AilK*h{anK

is the operator of “taking the boundary values” of a harmonic function. The op-
erators

Ay = K*uwK,

with w a smooth function on ©, are governed by a calculus developed by Boutet
de Monvel in [1]. For typographical reasons, we will often write Aw] instead
of A,. It was shown that for w of the form

w = p°g, geEC™®(Q), s> —1,
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Afw] is a ¥do on 9N of order —s — 1, with principal symbol

(5) o (8 (2,€) = %gm

More generally, A[gp®(log p)¥] is a log-classical 1»do on 92 whose leading symbol
p—s—1(x, &) has the form (3) with ko = k; see e.g. [12].

2.4 The Levi form. We denote by 7" = T"(92) C T(99) ® C the antiholo-
morphic complex tangent space to 09, i.e. elements of T, x € 01, are vec-
tors X = Z Jaz , X; € C, such that Xp = 0. (This notation follows
[4, p. 141].) The holomorph1e complex tangent space 7' is defined similarly,

and the whole complex tangent space T (9€2) ® C is spanned by 7', 7" and
the vector

(the “complex normal” direction).
The boundary d-bar operator 9, : C®(9Q) — C*°(9Q — T"*) is defined as
the restriction

gbf = df'T”a

or, more precisely, 9, f = d f |77+ for any smooth extension f of f to a neigh-
bourhood of 92 in C? (the right-hand side is independent of the choice of such
extension). Recall that the Levi form is the Hermitian form on 7' defined by

9% L) )
—X; Y if X = X, —., Y = Y.—.
Z 0z;0Z), k ! Z 70z’ Z k 0z,
7,k=1 7j=1 k=1

The strong pseudoconvexity implies that L’ is positive definite. Similarly one
has the positive-definite Levi form L” on 7" defined by

L'(X,Y) Z azkaz '?k if X = ZXJ 7, , Y = ZYk 5%

7,k=1

In terms of the complex conjugation X + X given by X 6Z =X, 6Z , mapping
T’ onto 7" and vice versa, the two forms are related by

L'(X,Y)=L'(Y,X) VX, YeT"

By the usual formalism, L” induces a positive definite Hermitian form (or, per-
haps more appropriately, a positive definite Hermitian bivector) on the dual
space T"* of T"; we denote it by £. Namely, for a € T"* let Z!! € T" be
defined by

L'(X,Z")=a(X) VXeT
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(This is possible, and Z! is unique, owing to the non-degeneracy of L”. Note
that a — Z! is conjugate-linear.) Then

L, B) = L"(25, Z3) = o(Z5) = B(Z]).

These objects are related to the symplectic structure of X as follows. Note that

d 9%p
dn = —i0dp = —i » dzi A dZ
n tdop zkl:1 92107, 2k N\ Az,

hence o L

(X' + XY +Y") =il (X', Y7) — il (Y', X7)
for all X' Y’ € 7/ and X", Y"” € T". It follows that dn is a non-degenerate
skew-symmetric bilinear form on 7’ + 7”. Let us define E- € T/ + 7" by

dn(X,Er)=dn(X,E) vYXeT +T"

(again, this is possible and unambiguous by virtue of the non-degeneracy of dn
on 7'+ T"), and set

E—-Er FE-Er
n(E) illml?
The vector field F is usually called the Reeb vector field, and is defined by
the conditions n(E ) =1, ig, dn = 0.
For f,g € C*°(09), if we denote by f, g also the corresponding functions on the

half-line bundle ¥ constant on each fiber, then one has the following formula
for their Poisson bracket:

L(Dvf,059) — L(Dg, 0 f)
t 9

EJ_::

(6) %{f,g}z:: £ =tn,, t>0.

In particular, the right-hand side gives the symbol o_1 ([T, T,]) of the com-
mutator of two Toeplitz operators, by the property (P4). One can also show
that

(7) 0 1(Trg = TsTy) = $L£(Dbg, b ).

More generally, identifying — once for all — the half-line bundle 3 with 9 x
R via the map (x,tn,) — (,t), let F, G be the functions on ¥ given by

F(x,t)=t""f(z), G(x,t)=t""g(z).
Then the Poisson bracket of F' and G is given by
®) {FGlp=t"Fm"" (iﬁ(gbf, Ovg) — iL(Dvg, Opf) + mgELf — kaJ_g)-

See [11, Corollary 8] for (6) and (8), from which (7) follows in the same way as
in the proof of Theorem 9 there.

DOCUMENTA MATHEMATICA 22 (2017) 1081-1116



1090 M. ENGLIS, G. ZHANG

2.5 Dixmier trace. Recall that if A is a compact operator acting on a Hilbert
space then its sequence of singular values {s;(A)}32, is the sequence of eigen-
values of |A| = (A*A)Y? arranged in nonincreasing order. In particular if
A > 0 this will also be the sequence of eigenvalues of A in nonincreasing order.
For 0 < p < 0o we say that A is in the Schatten ideal S, if {s;(A)} € IP(Zxo).
If A > 0is in Sy, the trace class, then A has a finite trace and, in fact,
tr(4) = >_, s;(A). If however we only know that

5;(A) = O(;~") or that

k
Si(A) == Zsj(A) = O(log(1 + k))

then A may have infinite trace. However in this case we may still try to
compute its Dixmier trace, tr,(A). Informally tr,(A) = limg @Sk (A) and
this will actually be true in the cases of interest to us. We begin with the
definition. Select a continuous positive linear functional w on [*°(Zs() and
denote its value on a = (a1,as,...) by limy(ar). We require of this choice
that lim,, (ar) = lim ay, if the latter exists. We require further that w be scale
invariant; a technical requirement that is fundamental for the theory but will
not be of further concern to us.

Let SP™™ he the class of all compact operators A which satisfy

SiA) \
(m)ez.

With the norm defined as the [*-norm of the left-hand side, SP™*™ becomes
a Banach space. For a positive operator A € SP™™ we define the Dixmier

trace of A, tr, A, as tr, A = limw(%); tr,, is then extended by linearity

to all of SP™™  Although this definition does depend on w, the operators A
we consider are measurable, that is, the value of tr,, A is independent of the
particular choice of w. We refer to [7] for details and for discussion of the role
of these functionals.

It is a result of Connes [6] that if @ is a ¥»do on a compact manifold M of real
dimension n and ord(Q) = —n, then Q € SP™™ and

1
Q) = m | 7@

(Here T*(M); denotes the unit sphere bundle in the cotangent bundle 7*(M),
and the integral is taken with respect to a measure induced by any Riemannian
metric on M; since o(Q) is homogeneous of degree —n, the value of the integral
is independent of the choice of such metric.) It was shown in [11] that for
Toeplitz operators T on 99, the “right” order for Tg to belong to SP™™m ig
not —dimg 9Q = —(2d — 1), but rather —dimc Q2 = —d. Namely, if T is a
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generalized Toeplitz operator on H?(9Q) of order —d, then T € SP™m T ig
measurable, and

1

T = g /m o_a(T)(x,na) n A (dn)*.

See Theorem 3 in [11].

3. OPERATORS ON B,

In this section we consider Toeplitz and Hankel operators on the Boutet de
Monvel-Guillemin spaces B,, associated to “higher Szego projectors”. We deal
in detail with the case m = 2 on the unit ball B? of C2, and at the end discuss
what happens for m > 2 and general domains.

Let thus 2 = B?, with the usual defining function p(z) = 1 — |2|?. The anti-
holomorphic complex tangent space 7" is then one-dimensional, spanned by
the single vector field

7 = L12 = 2’132 — 2251 on 8B2

Its adjoint with respect to the inner product in L?(9B?) equals (by Stokes’ the-
orem)
7 =790 — Z210s.

The spaces B,,, m = 1,2, ..., are given simply by
B = L*(B%) NKerZ".
As already noted, B; = H?(0B?) = H?. Let
HZ :={f € H” : (0) = 0},

where, abusing notation slightly, we denote by f also the holomorphic extension
of f € H? into B2,

Proposition 3. Fvery function in By can uniquely be written in the form
[+ Zg, with f € H? and g € H?.

Proof. By a simple computation
(9) ZZ(=02) = (m+ )= = R(=25),

where R := 2101 + 2202 is the holomorphic radial derivative. Letting S :
228 s 228 /(m+n) stand for the inverse of R on HZ, we thus have ZZSh =
h for all h € HOQ. Also, by direct check, Z201S and Z102S are both bounded
from HZ into L?(0B?), hence so is ZS. Now if u € Ba, then Zu =: h must be
a function in H?. By Stokes’ theorem,

h(0) :éBthéW?u:]gBﬂ(ﬁ) =0,
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so in fact h € HZ. Hence Z(u — ZSh) = 0, so u — ZSh is holomorphic and
belongs to L?(0B?), i.e. u — ZSh € H?. Taking f = u — ZSh, g = Sh thus
yields the desired decomposition.

Uniqueness is immediate from the fact that Z(f + Zg) = ZZg = Rg together
with the injectivity of R on HZ. O

The last proof actually shows that
A:fegm f+Zg, feH? geHZ,

is a densely defined closed operator mapping its domain H? & SH{ bijectively
onto Bs. By abstract operator theory, we have the polar decomposition

A=U(AA)',

where U = A(A*A)~1/2 is a partial isometry with initial space Ran A* =
(Ker A)* = H? @ HZ and final space Ran A = Bo; that is, U is a unitary map
of H? ® H onto By, and UU* = Il is the orthogonal projection of L?(9B?)
onto Bs.

For f € L®(6B?), the Toeplitz operator TfZ — which, throughout this section,
we will abbreviate just to 7y — can thus be written as

Tr=UU"fUU",
and is therefore unitarily equivalent to the operator
U* fU = (A*A)_l/QA*fA(A*A)_l/Q
on H? ® HZ. Denote by IIp = II — (-,1)1 the orthogonal projection of H>

onto HZ; note that II — Iy is a smoothing operator (its Schwartz kernel equals
constant 1). The complex normal vector field

E =
j

2
(70; — 29;)

=1

is tangential to 9B? and E|pz = —R, i.e. Tg = —R. It follows that R is

an elliptic gTo of order 1 with principal symbol |£|/|n.|; and, hence, also its

parametrix ITpSTy is a gTo, of order —1 and with principal symbol |n.|/|¢].

Consequently (see Proposition 16 in [9] for detailed argument), the square root

R =TS Y2 : 2728 — { m 4 m) 7 0e e, m+n >0,

0, m=n=20,

is a gTo of order —% with symbol |n,|/2/|¢[*/2.
After these preliminaries, we are ready for the main result of this section.
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Theorem 4. For f € C*(0B?),

cerr— | T TyzR

(10) U*fU = [RTEf RTEfZR] .

Here the off-diagonal entries are of order —%, while RTEfZR — T% is of or-
Ty 0

der —1; consequently, Ty = U* fU = { 0 T

] + A where A is a 2 X 2 matrix

of gTo’s of orders at most —%.

Here and below, Tz, stands for the operator u IIZ(fu), ie. f is to be
understood as a multiplier; we will write T@f) for the operator T, with the

function g = Zf (i.e. u s I(uZf)).

Proof. Writing f @ g € H?> @ H? as the column vector [‘ch}’ we have A =
[1,7], so
A A — I Hze | _ (1 0
| gzl TgZZI1| |0 TIgRIIg |’
since ZZ = R while ZTI = TIZ = 0. Tt follows that (A*A)~/2 = [é %}.

Next,
eoa | T [Ty I1f Z11,
AJA= [Hoi] 1,21 = [Hoﬁfﬂ HOZfZHO} ’

and so

T TizR
* _ * A\—1/2 gx « A\—1/2 _ | 4f trziv
U*fU = (A*A) A*fA(ATA) = [RTEf RTEfZR] ,

proving (10). _

We have Ty = T(Ef) +T7 = T(Ef), since ZII = 0; similarly

(11) Tyz =Tzp = Tizp) = —Tizp)

since I1Z = 0. Thus T7f and Tz are gTo’s of order 0, hence TfZR and RTEf
are indeed of order f%. Finally, by the Leibniz rule and (11),

(12) 177 =Tz, +Tzpyz = TR =Tz = —T5Te — T 47y

is a gTo of order 1, so that RTffZR is of order 0, with principal symbol
o(R)?o(~Tg)o(Ty) = o(Ty). Thus RTy,;,R — Ty is of order —1, and the
second part of the theorem follows. [

Clearly, the second part of the last theorem is precisely the statement of The-
orem 1 from the Introduction.

Using the standard relation

(13) /H}Hg =Trg = Ti Ty

one can also get information about the “higher Hankel” operators H; = 7—[;2) :
u— (I —T)(fu), u € Ba.
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Theorem 5. For f,g € C*(0B?),

(14)
U*’H%’HgU =
Tyy — TyTy — TrzR*T, (Troz — TyToz — TyzR*Tz, 1) R
R(Tz;, — T7,Ty — Tz;,%T7,) BRIz, — T7;Toz — Tz, °T7,,)R
— _3
Here the orders of the entries are at most { 3 i], with
-3 -

O—*l(R(Tfng - TZngZ - T?fZRQTEgz)R) = *Q(Zf)(79)-

Proof. The formula (14) follows directly from (10) and (13). In the upper
left corner, o(Tyy) = fg = o(TyTy), so Tyy — TyTy is of order —1, and so is
TfZRQTEg since Tz and TZq are of order 0 by (11) while R is of order —%.
In the bottom right corner 7%, , has order 1 and symbol fg/o(R)? by (12), and
so does TZfZR2T7gZ (for the same reason); so their difference is of order 0,
while Tz, and Ty are also of order 0 by (11); so the whole entry has the

same order as R?, i.e. —1. Finally, in the upper right corner, 0(Tygz) =
—Z(fg) and o(TTyz) = —f(Zg) by (11), so 0(Tyez — TyTez) = —(Z[)g;

while U(TfZR2TZgz) = —(Zf)o(R)? U(?W = j(Zf)g as well, all these gTo’s
being of order 0. Hence Tyq7z — TyTyz — TfZRQngZ is of order at most —1,
and the whole entry is of order at most —1 + ord(R) = —3.

We claim that o1 (Tyg—TyTy—TyzR*Tz,) = 0, so the upper left corner in (14)
is in fact of order —2 (at most). Note first of all that L”(Z, Z) = 1, whence by a

short computation Zgbg = —(Z9)Z and L"(0pf,0g) = —(Zf)(Zg). Therefore
by (7),
(15) o (Tyy ~TyTy) =~ (ZN(Zg), €=,
Consequently,
0-1(Tyg = TyTy — Tz R*Tz,)
=o0_1(Try —TsT, + T(Zf)R?T@g)) by (11)
=—3(Zf)(Zg) + (Zf)o-1(R*)(Zg) by (15)
1

=0 since o(R?) = 7

proving the claim.
It remains to compute the principal symbol of the bottom right corner in (14).
Now by (11) and (12) again

TEfgz - TEngZ - T?fZRQTEgZ
=T top- 719+ TanTze — T_so-2n BTy (17
= ~T19Te — T2 5)g+(20)Zo)+(Z ) (29)+1(7Z9) T Lz L (29)
—T1eR*Tys — TypR*T 47,0 — T(ZZ)R*Tys — T 471 BT 17,
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The last summand is of order —1, while ~TypR? = —~T;TpR? = TfRR? =
Ty —T¢(TT—Tly) ~ T}, and similarly oo(—R*T,5) = oo(~TysR?) = 0o(T,) = g.
Thus

00(Tzs4z = Tz5Toz — TZfZRQTZqz)
= 00(~Trer — TreR*Typ) — (Zf)(Zg)
= 0-1(Tyg + TseR*Ty)o1 (~Tr) — (Zf)(Zg)
=0-1(Ttg = T§Ty)o1(~Tr) — (Zf)(Zg)

- DI, zpzg w9

=—2(21)(Z9),
completing the proof. [
Corollary 6. For f,g € C*(0B?), (H%HQ)Q € SPxm s measurable, and

trw(H§Hg)2 = 4trw(H%Hg)2 = 2/6B2(Zf)2(79)2 de,

where d& stands for the normalized surface measure on 0B2.
Proof. Immediate from the last theorem and Theorem 11 in [11]. O

Remark. By a similar computation as above, one can show that the principal
symbol of the upper right corner in (14) is

o_3/2((Ttgz — TfTyz — Tz R*T7,,)R) = (2% [)(Zg).

We have not tried to compute o_o(Try — TfT, — TfZRQTzq), which is proba-
bly going to be more tricky (but is of no relevance from the point of view of
e.g. Corollary 6). O

The last theorem and corollary extend also to the spaces B,,(0B2) = Ker Z' N
L?(0B?) for m > 2. Indeed, generalizing (9), one has

m

Z"Z" =mR(R—1)...(R—m+1),
and as before one concludes that
By =H?+ZHi + Z*Hoo+ -+ + Z™ ' Hs,
where we denoted Hg; := {f € H? : 9°f(0) = 0 V|a| < j}; and following the
same argument as in the proof of Theorem 5, one gets a unitary equivalence of
the Toeplitz operator Tf’" on B,, to a certain m x m matrix of gTo’s on H2.

We are leaving the details to the interested reader.
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As already mentioned, what we perceive as the main drawback of the spaces
B,, — despite their similarity to the ordinary H? from the “microlocal” point
of view — is that they fail to be invariant under biholomorphic equivalence.
In fact, assume that ¢ = (é1,#2) is a biholomorphic automorphism of B2.
Then by the chain rule

Z(fod) = (xf)o - Zox.
k=

1
Since 0 = Z1 = Z (19, + ¢p2dy) = p1Z2¢, + ¢p2Z¢,, we see that

Z(foo)=ay-(Zf)o o,

Z¢, _ Zdy

$2 1

where ay = — . Hence

Z(fod)=Zlag- (Zf)odl=as-(Z f)od+ Zay- (Zf)o é.

Consequently, f € B, = f o¢ € By would mean that 7a¢ (Zf)ogp =0

Vf € Ba, so— taking f so that Z f are e.g. the coordinate functions — Zag = 0,
whence 7251 = 7252 = 0. The last condition is easily seen to be fulfilled only
if ¢ is an affine map, showing that By o ¢ ¢ Bs for other ¢.

Yet another drawback of the spaces B,, is their dependence on the — in some
sense arbitrary — choice of the special vector fields Lz, 1 < j <k <d, in (1)
(reducing to just Lis = Z for d = 2). Namely, the “natural” definition would
rather be

B ={uecL?09):X;...X,nu=0
for any C* sections X1, ..., X,, of T"(09Q)},

ie. X1...X,,u = 0 for any m-tuple of anti-holomorphic complex tangen-

tial vector fields X1,...,X,, on 0f2. However, unfortunately, one has B,, =
H?(09) for all m > 1. In fact, e.g. for Q = B? and m = 2 again, the condition
f € By means that

ZaZf=0  Yae C®0),

or (7&)(7f)+a72f = 0 for all a. Taking a = 1 gives 72f =0,s0(Za)(Zf) =0
for all a; and taking a = Zz;, so that Za = Rz; = z;, then yields z;Z f = 0 Vj.
Thus Zf =0 and f € H?(0B?), as claimed.

We therefore proceed to describe a different variant of the spaces B,,, which
does not suffer from the above deficiencies.
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4. TOEPLITZ OPERATORS ON C,,

Throughout this section, we assume that €2 is a bounded strictly pseudocon-
vex domain in C% d > 1, with smooth boundary 02. We fix once for all a
positively-signed defining function p for 2, i.e. p € C°°(Q) satisfies p > 0 on
and p =0 < |Vp| on 9. Assume that  is equipped with a Kéhler metric

gj% = 6j5k\11,

where VU is a real-valued strictly-plurisubharmonic function (Kéhler potential)
on 2, which we assume to be of the form

— ,
(16) Vrlog + > (pM log p)in;
=0

with an integer M > 2 and n; € C°°(Q). Here “~” is to be understood in the
sense of “resolution of singularities”, i.e. it means that the difference ¥ —log % —

Z;V:_ll should belong to CMY=1(Q)) and vanish on 9 to order M N — 1. Tt is
known that e.g. the Bergman metric on ( is of this form (with M = d+1), as is
the “Szegd metric” corresponding to W(z) = 1 log Kg,(z, z) where Kg, is the
invariantly defined Szego kernel on Q (then M = d), and likewise the Poincare
metric (i.e. the Kéhler-Einstein metric) on Q corresponding to ¥ = log% with
u the solution of the Monge-Ampere equation (then M = d + 1 again); see for
instance the survey [5] and the references therein. Finally, we equip 2 with the
weight
w = p", veR,

where v will be sufficiently large as precised further below.
As described in the introduction, we then have the kernels of powers of the
Cauchy-Riemann operator

Co:={fonQ: D"f=0}
and the associated “higher Cauchy-Riemann spaces”
Crw :=Cm N LQ(Q, w),
with their Toeplitz and Hankel operators
T vu s I (Gu), HY swes (T =T (), € Cony

where ¢ € L>®(Q) and TI(™®) : L2(Q,w) — Cpn.4 is the orthogonal projection.
We will usually write just 7y, H instead of ’7;57"’“1), Hfz)m’w) if there is no danger
of confusion.

Clearly 74 and H4 have the usual properties of Toeplitz and Hankel operators,
namely they depend linearly on ¢, 71 = I, 7 = Ty, and ||Ts|| < ||¢]lco and
similarly for 4 (by Cauchy-Schwarz).

In the context of bounded symmetric domains, the next assertion is proved as
Proposition 2.4 in Shimura [17].
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Proposition 7. One has f € Cy if and only if f can be written in the form
(17) f=hrou +h

where h*, k = 1,...,d, and h are holomorphic functions; the representation
(17) is unique.
More generally, f € Cy, if and only if f can be written in the form

m—1
f = Z hkl"'kj\lfkl - \I/kj,
j=0

with RF-ki 1<k <... < k; <d, holomorphic on Q; and this representation
18 UNIQUE.

Here we have introduced the shorthand
\I/k = 8k\11,

and also started using the (Einstein) summation convention of automatically
summing over any index that appears twice in the formula.

Proof. For m = 2, we have by the definition of D
D(hF W) = g8 (W) = g™ hF(@10y) = g™ hF g, = ST RF = b

since h* are holomorphic. Thus indeed D (h¥Wy) = 0, and since Dh = 0, any f
of the form (17) belongs to C2. Conversely, given f € Co, we must have D f = h*
for some h* € Ker D i.e. for some holomorphic functions ¥, k = 1,...,d, on Q.
Then by the above computation, D(f — h*¥;) = 0, i.e. h := f — h*¥y is a
holomorphic function, so f is of the form (17). Finally, if f is of the form (17)
and f =0, then h¥ = Df =0, hence h = f = 0, proving uniqueness.

The proof for general m is the same. O

Note as a corollary that if f € C, and g is holomorphic, then gf € C,,.
It follows, in particular, that for g holomorphic, the Toeplitz operator 7, is
just the operator of “multiplication by ¢”, and in fact
(18)

ToTg =Tog, TgTe =T, Hg=0, for g holomorphic and any ¢.

As in Section 3, our strategy now will be to transfer the Toeplitz operators Ty
to (the direct sum of copies of) the Hardy space. To avoid too many indices,

we will again deal only with the case m = 2. Let & : (@;l:l H?(09Q)) @
H?(02) — L?(Q,w) be the operator defined by

d
(19) R[ZJ] =3 W;Ku; + Ku
=1
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where K is the Poisson extension operator from §2.3. Take again the polar
decomposition of &,
k=U(k"r)/?,

where U is a partial isometry with initial space Ranx* = (Kerk): =
0+ = @™'H%(0N) and final space Rank, i.e. U is a unitary operator
from @®?t1H2(9Q) onto Ca, by the last proposition. Also, U*U = I on
QT H?(0Q) while UU* = TI(>%) | the projection onto Cy.. The Toeplitz
operator Ty = UU*$|ran vu~ is therefore unitarily equivalent to the operator

(20) U*oU = (k*r) "V 2% pr(k* k) 712
on the direct sum @41 H?(9Q) of d + 1 copies of H2(9Q).
Lemma 8. Let v > 1. Writing as in (19) the elements of ®**1H2(9R) as

colummn vectors {ij} = [uy, ua, . .., ug, u)t, we have
(21) K ok = [TA[‘I’W“"I’H Tampu)
Thgwy;] N

(So here the right-hand side is a (d + 1) x (d + 1) matrix of g¢To’s on H?(99),
with j =1,...,d the column index and k =1, ...,d the row index.)

Proof. For any u,v € C2%(Q), we have
<¢Ku, K’U>L2(Q w) <’LU¢KU K’U>L2(Q)

= (K"woKu, v) 12 (50)

= (Alpw]u, U>L2(aQ)

= (TA[gw]Us V) 52 (59) 5

and similarly for U¢w¥;, Upow and ¢w¥; in the place of ¢w. By (19),

the claim follows. O

For brevity, let us denote the collection of all functions in C*°(£2) of the form

> o mi(p™ log p)’ asin (16) by A (thus ¥ — log% € Aur), and also denote

pj = 0jp.

By the Leibniz rule, we have p¥; € pj+pAp—1 C Ap. From the facts reviewed

in §2.3, we thus conclude that for ¢ € C°°(Q), Alpw¥;] = Ajpp” 1 (p¥;)] is an

operator in \Illo , with log terms appearing only at orders —v — M and lower

(in particular, there is no log term in the leading symbol), and with principal

symbol o_, (A[pw¥;]) = % Similarly for the other entries in (21),

(v —1)|n|"2p,op;
2/¢|v—1 ’

L)l ' ppo
21¢|~ ’

o—v-1(Alpw]) =

01— (A[Trpw;]) =

T+ Dinl"¢
20¢|+t

o-v (A[Trou]) =
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In particular, for ¢ = 1, the operator x*x has for its entries gTo’s of orders
[1_1/1/ 7}7? 1}, with leading symbol o1_, (k*k) = % [pkopj 8}
This is obviously not elliptic, so it is not clear at first whether (k*k)~1,
not to say (k*x)~'/2, are given by generalized Toeplitz operators. Our next
task is to show that in fact they are; the main role in this result is played by
the “sub-principal” order terms of k*k.

Denote by QQ = [ij]ikzl the d x d matrix of gTo’s

L -1
(22) Qrj = Trrg,wv,] — T Tajw) TA[ww,)

(where as before j is the column index and & the row index). Since Ty, is
elliptic of order —v — 1, it follows from the formulas for symbols above that
Qr; are gTo’s of order 1 — v (for v > 1), with principal symbols

010 @Qu) = 1 (AT — T e)o (Awd])

o—y—1(Afw]) b
v —1Dn"—2_
23 - )
( ) 2I/|§|V71 PrPj
Denote
1
(24) ij = ij — ;TﬁkTA[p“*Z]Tp]‘-

In view of (23) and (5), we have 01_,(Z;) = 0, so in fact Zy; is a gTo of order
at most —v.

In addition to our positively signed defining function p, we will also use the
negatively signed defining function r := —p, and denote again by

rji=0r = —p;, Tpi= O = — s TR = 0;0kr = —0;Op

its partial derivatives as indicated.

Proposition 9. Assume that v > 1. Then there exists a function ¢ € C*(09)
such that, using again the identification (x,tn,) € ¥ =2 90 x R4 3 (x,t),

(25) o—v(Zyj) =
7 (Tagpr—1y) .,z 5 Lyl s 1
1 (rﬁ + 7TE£(61,TJ‘, abm) + 7rj£(0bm, Ory) + crzrj).

Proof. Denote, quite generally, for ¢, € C*(99Q),

1 _
-1 .
(26) O'_V(TA[ap,,,gw] — TA[Ep“*I]TA[p“]TA[nylw] — ;TgTA[pu—ﬂTw) = Q(¢, ’L/J)
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Again, first of all, by the same computation as in (23), we see that the operator
on the left-hand side of (26) is a gTo of order 1 — v with oy, vanishing, hence,
indeed, is in fact a gTo of order —v, so the o_, in (26) makes sense.

Next, from the relation (Tap,ju,v) = [ wuvdz, u,v € H?(0), and the fact
that T is just the operator of “multiplication by f” when f is holomorphic,
we have

(27) Tatwf) = Tapw) Ty Tagw) = T5TA[w)]

for holomorphic f, g and arbitrary w. For our bilinear form @ from (26), this
means that

Q@ vf) =gQ(¢,4)f  for f,g holomorphic.

Since, by general theory, Q(¢, ) depends only on finitely many derivatives of ¢
and ¢ (see the bottom of p. 616 in [11] for the detailed argument), it is therefore
enough to evaluate Q(¢, 1) for ¢ = f and ¢ = g with f, g holomorphic. In that
case we have, using (27) again,

1
— —1
Q(f, g) = O’_V(TA[fpV72§] — TA[fpvfl]TA[pU]TA[pvflg] - ;TfTA[pvfz]Tg)

_ 1
= O’_I,(TgT[l,,Q]Tf — T[yfl]TfT[l,]lT§T[ufl] - ;TfT[V,Q]Tg),

where, for typographical reasons, we have started writing just [v] for A[pY].
Abusing notation slightly, we will also write {-,-} for 1{-,-}5, so that (P4)
reads simply o([Tp,Tg]) = {c(Tp),0(Tq)}. Then

0y (TgT—2 Ty — T§Th—\T5) = {g,[v = 2]} f + [v = 2{7, f} + {lv — 2], f17,
where we started denoting by [v] also the symbol of T,;. Similarly,
oy 1 (T Ty =TT 1}) {v =1, 1},
oy 1(TgTy ) = Ty T5) = {5, [v — 1]},
and, consequently,
QUf.9) ={g,lv—2}f+v—2{g, f} +{lv - 2], f}g

- - U - -

_ 1
+ oy (TfT[V,Q]Tg - TfT[l,,l]T[V]lT[V,”Tg — ;TfT[U,Q]Tg).

f

The last summand equals just fQ(1,1)g. Since [v] = 2F|7(71|/tt<1*)1 by (5), we have
[v—1]

o= L. By the Leibniz rule for the Poisson bracket

{g,ab} = af{g, b} + {g, a}b,
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we have {g,t"} = vt*~1{g,t}, and so, using again (5),

T(v—1),_ t'=v

G.lv—2} = —5—13. - )
B %“ —rg s g ﬁ},
5{5’ -1} = ;a ()t {g,t} + FQ(Z) (g, |_717|},
whence
-2 - m - =

Similarly for the corresponding brackets with f. Finally by (6), when either f
or g is holomorphic, we have

{9, f} = %5(51)?, O f).

Putting everything together, we thus arrive at

(28) Q(f,9) =
1l (3,9, 0 g L@y, 8,F) + L(Dg,0uf
[u—2]f” (069, Ob7,7) + 975 E b7y Obf) + L(Ob7, bf)+f§Q(1,1),
and so
(29) Q(d,9) =

L@, Do) + L L(Do7y, 960) + L(Dot), Do)
t
Now o_,(Zk;) = Q(Py, pj)- We claim that

[v—2] +YQ(1,1),

(30) L(Opp;j, Oppr) = riEtariTg

with some ¢ € C°°(99Q). To see this, assume we are at a point of 92 where
e.g. r1 # 0, so that

r; — N
Rj::é?j——Jal, Rkizak——kal, j=2,...,d,
T1 TT
form a basis for 77 and 7", respectively. By a simple computation,

L'(By, Rn) = Ry — %RIJT =:lip.
T
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Let /™% be the inverse matrix of {7 (which is positive definite by the strict
pseudoconvexity). Thus (employing the summation convention)

(31) (F" Ryry = 67 + LM Ryry.
1

Remembering the definition of the dual Levi form, we have L£(dpp;, Oppr) =
8bp]( ) = Xp; where X € T" is characterized by L”(Rn,X) = Oppr(Rn) =
Rypy for all n =2, ..., d. Writing temporarily X = ZJ c]R this yields, since

L"(R,,R;) = L'(Rj, Ry) = Ujm,
Ciljm = Rppr,

or, using (31),
__ m T Tk jamT
Cm =L""Rypp = —0""Ryrp = =03 — —L"" Ry
1
Hence, using (31) one more time,

L@pj,Bupr) = enBonpy = (OF" + "0 Ry Ron;
1

= Bary + E(Ryrp) (07 + 2 2O Rym)
T

— T
= (Rirj + T_iRjTT) o ngn(R 1) (Bmr1)
1

riry

%" mn
=Rt —7,];7; [T (Ryry) (Bmr) = 7]

with

(32) q:= [f’""(R 1) (Rmr1) = o1l

mry

(on the piece of 02 where 1 # 0; note that ¢ is real-valued). Thus (30) holds.

Inserting (30) into (29), noting that 272 = L=l we finally get
(33)
0—v(Zk;) = QP> ;)
=1/ _Inl In|
e ( c(abrj,ab| |) 40 c(ab| - Bore) + 7 +qrﬁ)

+ TjTEQ(l, 1),

completing the proof of the proposition (with ¢ = ¢ 4 = ]Q(l 1). O
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Throughout the rest of this section, we will assume that on 9
(34) [rﬁ]‘ik:l is positive definite, and |n| = 1.

Such defining functions exist in abundance: indeed, it is standard that there
exists a (negatively signed) defining function 7’ for Q such that ' is strictly
plurisubharmonic, i.e. [T;E]‘j,k:l is positive definite, on Q. If g € C*°(Q) and

r =r'g, then on 9
nl* = rurg = lgl*rirg,

and

[ ! + ,/+/ — ! + @@a_rl
TR T IR T IR TR = I Bn © an )

(where 0/9n stands for the normal derivative; note that the tangential deriva-
tives of 7’ vanish). Thus taking any positive g with

g= (7’;67"%)71/2 and o 0

on 00 produces an r satisfying (34).
Corollary 10. Assume that (34) holds. Then

U*V(ij) = [Z —1

j (rjE+CTjTE)7 (RS COO(aQ)

Proof. If |n| = 1, then a,ﬁ =0. O

Proposition 11. Assume that v > 1 and r satisfies (34). Then
(i) the inverse of the d x d matriz of gTo’s @ = [ij];-lﬁkzl is given by
S = [Sjm]?,m:17 where Sjm are gTo’s of order v;
(i) the inverse of the (d+1) x (d+1) matriz of gTo’s k*k is a matriz all of
whose entries are gTo’s of order v, except the bottom right entry which
is a positive selfadjoint elliptic gTo of order v + 1.

Proof. Denote, for brevity, R; := T,, and R = %T[l,,g] + ﬁTC[V,”, with
the ¢ from (25). By the last proposition and its corollary, Yi; := Qu; —

RIRR; is a gTo of order —v with o_,(Yy;) = [Z:i] 7% Since the matrix
[Tﬁ]?,kﬂ is positive definite by hypothesis, there exists a matrix Sy of (fi-
nite rank) smoothing operators such that [Yi;] := [Vi;] + S is positive self-
adjoint on ®?H?(09). (Sketch of proof: looking at the symbols shows that
(v = D[] = 102 [T V21 + KT, V2102 with K of order —1, ie. K
is a compact selfadjoint operator. Thus K has at most finitely many eigen-
values, each of finite multiplicity, in the interval (—oo, f%); the correspond-
ing spectral projection P_, _ 1 is thus a finite rank smoothing operator.
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Take Sy := P~ )KP o 1, (a finite rank smoothing operator too, with
I+ K+5> %I) and S; := /2 [T, ,]1/250[TTj%]1/2T1’/721] (a finite rank

e [v—1]" 7% [

smoothing operator, with [Y3;] 4+ S; > %ﬁTﬁfu [TTJE]T[}/f” > 0).) Conse-
quently, by the (matrix variant of the) property (P8) in §2.2, the powers Y*
of Y = [ij]‘j,k:l, with any z € C, are gTo’s, with entries of order —zv; in par-
ticular, the inverse Y ! =W, W = (Wim|5n=1, is matrix of gTo’s, and so are
the square roots Y'/2 and W1/2 = y—1/2,

For the matrix Q = [Qx;] above, we can then write, in the obvious block matrix
notation (R is to be viewed as a row vector)

(35) Q=Y +R'RR—S1 =Y (I+2Rz—S)Y'? z:=RWY2,

with So = W1/28;W1/2 smoothing. Recall from (21) that

T\io T\ A B
36 e = | LA ww] Aqu _ [ ] _
(36) [ Tarww;)  Tafw) ¢ D

Note that D = Tj,}, as well as all of £*r, are positive selfadjoint, so have an
(unbounded) inverse. Using the decomposition

o (38T Bt )

we thus see that A — BD™'C = @ must also be positive selfadjoint. Hence,
by (35), so must be (I + 2*Rz — S).
The operator

H:=zz" =RWR"

is an elliptic gTo on H?(9Q) of order v, with o, (H) = [[rz]/2[r7][> > 0.
Being of the form zz*, it is also automatically nonnegative; by a similar argu-
ment as above, it follows that the projection Hy onto Ker H is a finite rank
smoothing operator, and H + Hy is a positive selfadjoint elliptic gTo of or-
der v; hence H'/? = (H + Hy)"/? — Hy =: h is a gTo (of order ¥), and so is
h_ = (H + Hy)~'/? — Hy (of order —%), with hh_ = h_h = I — Hy. Taking
polar decomposition of z*, we obtain

z*=Vh

with some V a column matrix of gTo’s of order 0 and a partial isometry from
H?(0Q) into @2H?(0Q), with V*V = I — Hy, and z*Rz = V*hRhV. Again,

the operator I + hRh is a selfadjoint gTo of order 1 with symbol al(hf%h) =
[”—;2]01, (H) > 0, so there exists a finite rank smoothing operator S3 such that
I +hRh + S3 > 0; and by (P8), (I + hRh + S3)~'/? is an elliptic gTo of
order f%. Set

b:=h% —h_(I+hRh+S3)"?h_,
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this is an elliptic demi-classical gTo of order —v (the first summand is elliptic

of order —v, the second summand is of order —v — %), and

X" :=1—VhbhV*
=1 —V(I — Hy)[I — (I +hRh+ S3)~Y?(I — Ho)V*,

which differs by a finite-rank smoothing operator from
I—V[I —(I+hRh+83)" Y4 V* = (I -VV*)+ V(I + hRh+ S3)~/2V*.

The last operator is selfadjoint, equals I on Ker V*, while on (Ker V*)+ = RanV
it is unitarily equivalent to V*V(I+hRh+S3)~/2V*V, which differs by a finite-
rank smoothing operator from (I 4 hRh+S3)~/2, an elliptic gTo of order —%.
It follows one more time that there exists a finite-rank smoothing operator Sy
such that

X =X"+84=1—VhbhV* + S,

is a matrix of demi-classical gTo’s of order 0 which is also positive selfadjoint
as an operator on ®¢H?2(912). Now
X" ~ (I — VhbhV*)?
= I+ Vh(—2b+ bhV*Vhb)hV*
~ I+ Vh(—2b+ bh*b)hV*
= I+ V[(I — hbh)* — I|V*
~ T+ V[(I+hRh+ S3)~' — 1IIV*,

=G

and so

X(I+2*Rz — S2) = X"*(I + VARhV* — Sy)
~ (I +VGV*)(I + VhRhV*)
=1+ V(G + hRh + GV*VhRh)V*
~ I +V(G+ hRh + GhRh)V*
=T+ V[(I +G)(I +hRh) — I|V*
~ T+ V[T +G)(I+hRh+S3)— IV =1.
Consequently,
X?(I 4+ 2*Rz — Sy) =T+ Ss

with some smoothing operator S5. Since we have managed that both terms on
the left-hand side are positive, hence invertible, so must be the right-hand side,
thus (I 4+ S5)~! is a gTo, and

(I+85) ' X?(I+2"Rz— Ss) =1,
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i.e. (I +85)7' X" is a left inverse of (I + 2*Rz — Ss). Taking adjoints, we see
that X'?(I + S5)~! is a right inverse, hence

(38) S = (I+85) 7' X"? = X"+ S5)~*

is the two-sided inverse for (I + 2*Rz — Sa); thus finally by (35),
S:=Ww2swi/?

is the inverse of @, proving part (i).

Note that although X’ is only demi-classical, the operator G' above, and thus

also X2, is classical, hence so are also S’ and S.
For (ii), recall from (37) that

=L % AL

_ Q—l _Q—IBD—I
~ =D cQ™' D '4+DlcQ'BD'|"

Thus the matrix of gTo’s

_ -1
[ 5 SBD } (note that C' = B*)

-D7'CcS D'+ D 'CSBD!

is the inverse for k*k.
Now D~1CS is a gTo of order (v + 1) + (—v) + v = v + 1, with symbol

041(D7ICS) = 0yt (DTEOW 2 X2 W/2)
= 0‘V+1(D_l)U,V/Q(Cwl/QXI)O'U/Q(X/W1/2),

with

o2 (CWY2X') = 0_,(C)a, /2 (W) (X')

[v—1R -0, 0(W"?)oo(I — VhbhV*)
= [v — 1oy a(2)o0(I — VhbhV?)
(39) = [v —1]o,/2(hV*)oo(I — VhbAV)
[v —1]oy 2(h)oo(V* = V*VhbhV™)
= [v —1]o,j2(h)oo((I — hbh)V™) (since V*V ~ 1)
= [v — 1o, /2(h)oo(I — hbh)oo (V")
=0,

since I — bhb ~ (I + hRh + S3)~1/2 is of order —3. Thus D~1CS is in fact of
order v, and similarly for SBD~!, while D~*CSBD~! = (D~1CS)Q(SBD™1)
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has order v + (1 —v) + v = v + 1, same as D~!. Consequently, (k*x)~! is a

(d+1) x (d+ 1) matrix of gTo’s with orders {Z
Finally, as C' = B*,

y _l:_ 1} , as asserted.
o,41(D"'+ D 'CSBD™)
— UV—‘,—I(D_l 4 D_10W1/2XI2W1/2C*D_1)
= o’VJrl(D_l) + |O’V+1(D_l)O'_V/g_l/g(CW1/2X/)|2 > 0,
showing the ellipticity of the bottom right corner and thus completing the proof
of part (ii). O

Proposition 12. Under the same hypothesis as in Proposition 11, there exists
an isometry V on @ H?(0Q) such that V(k*k)™/? is a (d + 1) x (d + 1)
matriz of demi-classical gTo’s.

Proof. Keeping the notations from the previous proof, we have from the com-
mutativity of the two factors on the right-hand side of (38) that I + S5 is
positive and

S = (I+85) 7 /2X"(I + 85)7/2

Thus the operator
X o= X'(I + 85)~ /2w

satisfies
XX =W'PIWw2 =5 ="

Finally, with the notation (37), set

X -XBD!
(40) Z = |:0 D71/2 :|
Then
) X+ 0 X -XBD!
ZE= [chX* Dl/Q} {0 D™L/? ]
_ S ~SBD™!
" |-D7'CS D'+ D7'CSBD!

is precisely the matrix of (k*x)~! from the preceding proposition. Taking polar
decomposition, it follows that Z = V(k*s)~/? with V a partial isometry
with initial space Ran(k*k)=1/2 = (Ker(s*k)~Y/?)+ = 0%, ie. an isometry
on ®*1H2(0Q). O

We pause to note what are the orders of the entries in Z: while those of X
have orders %, the bottom right entry is a positive selfadjoint elliptic gTo of

order “E with symbol [v]71/2. For XBD~! = (D~'CX*)*, a brute count
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gives order £ + 1; however, D~!CX* ~ D™!'CW'/2X’ and we have seen in
39) that o_,, 5 (CW12X’) = 0 so that CW'/2X" is actually of order —% — 1;

/ 27 2
thus X BD~! is actually of order £ + 1, i.e. the same as D~1/2,

Proof of Theorem 2. We have seen in (20) that the Toeplitz operator 74 on Ca 4

is unitarily equivalent to (k*k)~'/2k*pr(k*x) =2 on @1 H?(9Q). By the last

proposition, the latter is in turn equivalent to (modulo smoothing operators)
V*ZK*OrZ*V =2 Zr*prZ*

with Z from (40). Writing now (21) as k*¢k = [é‘b
¢
we have by (40) (noting again that B* = C)

v ae [X —XBD'][4s By X 0
ZRGRE _[o D1/ H% D¢][—D10X* Dl/Q}

Byl . .
de (similarly to (36))

which equals

X(A¢ - BD710¢ - B¢D710+ 1 —1/2
+BD'D,D-1C)X* X(By —BD™'Dy)D

D=Y%(Cy — DyD™'0) D=Y2D,D~1/?
However, from (21) we see that 0(As) = ¢o(A), so Ag = Ty A + A}, with A)
of order 1 less than A i.e. —v; and similarly By = BTy + B(;, Cy = TyC + C,
and Dy = DTy + Dj. It follows that

D71/2D¢D71/2 — D1/2T¢D71/2 + D71/2D%D71/2
=Ty + ([D'V?,T,]D~/? + D-'2Dy,D~1/?),

where the term in the parentheses is of order —1. Next,

Ry:= X(By — BD 'Dy)D~1/?

= X[(BT, + B},) — BD (DT, + D,,)| D~/

(41) = X(B), - BD™'D,]D"'/2,

which is of order —3; similarly for D=Y/2(C, — DyD~1C)X* = R%. Finally,

X(Ay —BD 'Cy — B4D™'C+BD 'DyD~'C)X*
= X[(TyA+ Al) - BD"H(TyC + C}) — (BT, + B,,)D~'C
+BD™Y(DTy + D) D~ C]X*
= X[(TyA+ A}) — BD"(T4C + C}) — ByD~'C + BD™'D, D' C] X"
= X[TyA+ Ay — [BD™',T4)C — T,BD™'C — BD™'C}
- B,D~'C +BD™'D,D"'C|X*
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= X[Ty(A - BD7'C)+
Ay —[BD™',T4)C — BD™'C}, — ByD~'C' + BD~'D,,D~'C]X*

— W/
*‘WKP

= X[T5Q + W) X*

= [X, T5lQX* + Ty[X, QX" + TyQX* X + X W, X*
(42)

=Ty + [X, Ty]QX" + Ty[X, QX"+ XWX,

since QX*X = I by the construction of X. The last line is a d x d matrix of
gTo’s of order 0, and their symbols — M (¢) = [My; ((b)]?’k:l, say — depend
linearly on derivatives of ¢ of at most first order, i.e. are of the form

My (¢) = arjd + Li;o

with some ax; € C*°(9Q) and smooth vector-fields Ly; (not necessarily tan-
gential) on 9. We thus conclude that

0

(43) To = Zr*prZ* = [TI%W”
®

} + lower order term,

where the “lower order term” is a matrix of gTo’s of order —%. Now, first of all,
71 = I, which implies that ax; = dx;1. Secondly, remembering that, by (18),
Tor = T4 Ty for f holomorphic, we see that for all such f,

(@1 + Lo)(fI+ Lf) = of I + L(¢ ),

or, using the Leibniz rule, (L¢)(Lf) = 0. Taking ¢ = f shows that Lf = 0 for
all holomorphic f. Since T} = ’7?5, we similarly get Lg=0 for all holomorphic g.
Thus L contains neither holomorphic nor anti-holomorphic derivatives, i.e. L =
0. This completes the proof. O

Remark. An alternative proof of L. = 0 can be given by brute force computation
from (42) using (39). O

Remark. We have been somewhat silent about the log terms in the various
1do’s and gTo’s, so here we spell them out: clearly R, ¢ and R; contain no
log terms, while Qr; € Ul~¥ have log terms starting at order 1 — v — M

log

(i.e. at distance M from the leading order). The operators Yy; € W, 7 have
log terms starting at distance M — 1 from the leading order already (since
they were basically fabricated from Qy; by cancelling the leading order term);
and similarly for W, z, H, S, b, X and Z, as well as for the right-hand side

of (43). O

Remark. It should be noted that, in general, even if a Toeplitz operator Ty
is positive selfadjoint on H?(9Q) — hence, having an inverse there with the
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same properties — then this inverse need not be a gTo in general (i.e. if Ty
is not in addition elliptic); hence, in particular, the effort needed for proving
Proposition 11. An example is ¢ = |21/ on the unit ball in C¢, d > 1:
its inverse would have to be of order 0 with symbol 1/|z1]?, but T} /|, 2 is not a
well defined operator. Note that, in fact, for the ball the entries in the matrix
(36) for k*k are precisely of the above type: for instance, the (1,1)-entry in (36)
is then T%, T}, 9 T%, , hence with symbol [ — 2]|z1|? of the kind as above. It is
noteworthy that although each entry is non-manageable in this way, the entire
matrix £*k is nonetheless invertible as a gTo by Proposition 11. Similar remarks
apply to the square root T(;/ ? and Proposition 12 (see also the remark at the
very end of the next section). O

Remark. Note that the only place where (34) was used was in the proof of
Proposition 11, to ensure the existence of powers of [Yj;]. One can get this even
if the second part of (34), i.e. |n| = 1, is dropped, as soon as v is sufficiently

large: namely, thanks to the factors of ‘—Z‘ in (33), the matrix

LI _—
{TjE + 7 (Tgﬁ(alﬂ"j, abm) + Tjﬁ(abm, aka)):|

will be positive whenever [TjE] is and v gets large enough, because the second

summand becomes negligible compared to [r jE]' We are not sure what happens

when (34) is dropped completely (i.e. if r is not strictly-PSH near 992), though

we expect that at least Theorem 2 will still remain in force. [J

Remark. We have left aside the case of dimension d = 1. In that case, many
things simplify considerably: namely, the operator Q = A — BD~'C in (37)
is then an elliptic positive selfadjoint gTo, so it follows immediately that so is
also its inverse Q! and inverse square root Q/2 = X the constructions in
the proofs of Propositions 11 and 12 are thus not needed, while the statements
of these two propositions remain in force, and so does that of Theorem 2. [

Remark. We pause to remark that the function ¢ from (32) occurs on at least
one more interesting occasion. Namely, denote by £ the holomorphic vector
field on 9N given by

1
Ef==-E.f for holomorphic f,
)
where F| is the Reeb vector field from §2.4; in other words, by (8),
Ef={t,f} for holomorphic f.

(This operator makes appearance e.g. when one computes the symbol of oper-
ators like the B(;, D;s in the proof of Theorem 2.) Then one can show that

Ery = —qrg, k=1,...,d.
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The function ¢ seems to be an interesting object from the point of view of
complex geometry of strictly pseudoconvex domains, and even more so its nor-
malized version |n|g which does not depend on the choice of the defining func-
tion r. O

Finally, it should be clear how to proceed for analogues of Theorem 2 for the
spaces Cy, . with general m > 2.

5. THE CASE OF THE BALL

In this final section, we work out the situation from Theorem 2, i.e. the Toeplitz
operators on Ca ,,, more explicitly for the unit ball O = B9 of C¢ with the
standard weights w = p”, p(z) = 1 — |z|2. (Note that this defining function
satisfies the hypothesis (34).) In particular, we show that in this case the inverse
square root (k*r)~1/? is itself a gTo (so the isometry V' in Proposition 12 is
not needed). We are unable to prove whether this is also the case for general
strictly pseudoconvex domains €2 and their defining functions from Section 4.
For multiindices a and (, the familiar formula for integration over the unit
sphere

2115, 50!
44 2%, 2P) g :/ 29%P do(z) = =20
( ) < >H (6B%) B ( ) F(d+|0[|)
(where do stands for the surface measure on 9B?) implies
a!éagﬂd
45 / p(2) 2°FP dz = ——2—
(45) Bd (2) (¥ + Dagal

Here (v)g :=v(r+1)...(v+k—1) is the Pochhammer symbol. It follows that
B
a _ a B Z
Tappr2® = ) (Tapp®, 2°) N

B
= Z (/Bd P’ 297 dz) 7F(;iﬂtﬁ|'ﬂ|) 2P by (44)
5 !

_ _TPld+]a])
2V + 1) ay|al

Similarly, we compute how the operators in the matrix (36) act on the ba-
sis {z%}:

(46) by (45).

(a + ek)!6a+ek B-i-e'ﬂ-d F(d + |ﬂ|)
T 25 u—ZE.Zai , . Zﬁ
Alzi,p¥—2%;] ; v — Dagjal+1 27md 3!
_ (aj + 0)T(d + |af)
2(v = Ddt|al+1
ol{d+]al-1)

ATEL—€E
Z+k j’

TArpr-23.12" = @€
Alpr=2z;)2 2(V)dt o o
TA s Za — ajF(d + |Oé| + l)za—i-ek
[zkp” 2] 2(1)dt ol 11 )
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where e, = (0,...,0,1,0,...,0) with 1 at k-th position. It follows that

a; I'(d + |af)

Za-i—ek—ej
14 2(V)d+|a\

-1 a
Tateerr -2 Tp o Talpr—2z,)2" =

and so ij = TA[kau72Ej] — TA[kaufﬂT[;[;,,]TA[pufzgj] satisfies

o F(d+ |Oé|) Qi +5kj _ %
2(V) a4 L v—1 v

ZaJrekfej .

ijz

[e3

On the other hand, T, 2* ~¢, whence

— aj 2
T d+|a|-1

i I'(d -1
TszA[pV*Z]TZjZa _ @ ( + |a| ) ZoHrek*ej-
d+ ol =12(v = 1)ayja-1

Thus for the operator Z; = Qr; — %Tsz[,,_Q}ng from (24) we get

ijzoz — F(d+ |Oé|) |: 6kj _ 2v—1 aj _ aj :| Za-i—ek—ej.
2W)arjal =1 vw—Dd+]al—1 (d+a|—1)
Consequently,

Okj

where the operator

o 2v—1 1 Nd+ ol +1)
D:z%— z
=1 " dt ol 20asam
satisfies
2v—1 1 2v—1 1
b=y Te-u =T + 7T = oo =3y T 710
Thus, in full accordance with Proposition 9,
(Z)) [v—1] v —1 [ 17
_(Zys) = P — v— 2k
7 k3 v—1 " viv—1) AL
Indeed, TE= 0k, while, by a routine computation, ¢ = —1 and
(5 T2 = Ty Ty To-1)2”
. F(d+|0¢|) |:l/71 1 B (V+1)d+|a‘ Lo
2 v (v —1)gqal (V)?lﬂa‘
10(d 1
IR DGR ) IO PR
v 2(1/)d+|a‘ v
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50 Q(la 1) = U—V(VTAT[V72] - T[Vfl]T[;]lT[Vfl]) = _[U—;l] and

v—1 2v—1

e= QL) +a= 2

We also pause to note that the Reeb vector field is given simply by E

%E = 1(z,0; — 2;0;), and € = z;0; is just the holomorphic radial derivative.

%

Furthermore, IIF = E1l and T = —€.

GTo’s that are invariant under the action of the unitary group U (d) of rotations

of BY are precisely the diagonal operators

(47) Ts: 2%+ 8)q2%

on H%(0BY), with eigenvalue sequence s = (sj)?°, possessing an asymptotic

expansion
oo
Sk ~ ch(k +1)md as k — +o0,
§=0
with some ¢; € C, j = 0,1,2,..., where m is the order of Ty and oy, (Ts)

cot™; alternatively, Ts ~ -7 ¢;(I + &)™ /. One has

(48) T.T, =T, Ts,

where Ty is again a rotation-invariant gTo with eigenvalue sequence s,

Sk+1, 1.e. 8 = S*s where S* is the “backward shift” operator on sequences;

alternatively, Ty = 2221 15, 1T, .
In particular, this applies to T},) = T, where, by (46),

T(d+k) o
(49) S = (7) o
2(v + 1)a+k/ k=0
and so
1 5kj 1
Qrj = Zij + ST Ty Tz, = - = Tiw-q) + 1., (Ty—9 — D)Tx,
1 12 1/2
= T2 O T+ T, TT5) T2,
with
(50)  s=@—1)(S"sp-1) " (58p-2 — oDy S—1] T 7r150)

(the multiplication and inverse of sequences being understood pointwise;
note that any two operators of the form (47) commute). From the simple

formula

(51)  (opjd + T2, AT%,)(0jml + T.;BT%,,) = SgmI + 1., (A + B+ AB)T%,,
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(because 2?21 T, = T,y = Th = I) we thus see that the matrix
Q= [ij]?,kzl has the inverse S = [Sjm];'l,mzl given by the gTo’s
-1/2 -1/2
(52) Sjm = (v = VI, 2] (0jmI = To, TuT5, )T, 2
where @ = s/(1+ s) (i.e. zx = si/(1 + s) for all k); furthermore, S = X*X
for X = [Xjm]9,,—, where
1/2
X = (=12l = T:,T,T=,)T,,
with yp = 1 — (1 —23)Y/2 =1 — (14 s)~*/? (note that, by a direct check from
(50) and (49), sx > 0 for all k). This offers explicit expressions for the various
operators constructed in Propositions 11 and 12.
One can even do a little better and show that the positive square root S'/2 of
the matrix S is a matrix of gTo’s. Namely, using again (48) we can rewrite
(41) as
Sim = (v = V)(m Tty = T, TwTz,,)

where w = (S*s[,_y)) " '2. By (48) and the same computation as in (51),

(0kjTa — T, ToTx,) (SjmTa — Tey ToT%,,) = SmTa — Toy To(s-a)p—b2 15, -

Thus taking a = 5;7/12] and b = S*a — 1/(S*a)? — w we see that the ma-
trix of gTo’s T = (v — 1)1/2[5jmT[;i/1? — T.,TyT%,]},,—, satisfies T2 = S.

(Note that (S*a)? —w = (S*sp,_q) "' /(1 + s) is a sequence with positive el-
ements; similarly one checks from 7 = (v — 1)/ QT[;i/ﬁ [0jm — T, Tchm]T[;i/;]l
with ¢ = (S*s,_1))"/?b=1— (14 s)~/? € (0,1) that T is positive selfadjoint
as an operator on ©?H?(0BY).)

Remark. In general, it is not true that if 7" is a positive selfadjoint gTo (not nec-
essarily elliptic), then its positive square root T'/? is also a gTo. A counterex-
ample is furnished by T = 15, T., = Tj,,]2 on H*(0B?), d > 1. Namely,
if T'/2 =: Tp, then Tp has to be of order 0 with oo(P)? = |21|?, which has no
solutions in C*(9€). O
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