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ABSTRACT. Let G be a split semisimple linear algebraic group over a
field and let X be a generic twisted flag variety of G. Extending the
Hilbert basis techniques to Laurent polynomials over integers we give
an explicit presentation of the Grothendieck ring Ko(X) in terms of
generators and relations in the case G = G*¢/usy is of Dynkin type
A or C (here G*¢ is the simply-connected cover of G); we compute
various groups of (indecomposable, semi-decomposable) cohomologi-
cal invariants of degree 3, hence, generalizing and extending previous
results in this direction.
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1 INTRODUCTION

Let G be a split semisimple linear algebraic group over a field F. Let U/G be
a classifying space of G in the sense of Totaro [I8 Rem.1.4], i.e. U is an open
G-invariant subset in some representation of G with U(F) # 0 and U — U/G
is a G-torsor. Consider the generic fiber U’ of U over U/G. It is a G-torsor over
the quotient field F’ of U/G called the versal G-torsor [4, Ch.I, §5]. We denote
by X the respective flag variety U’/B over F’, where B is a Borel subgroup
of G, and call it the wversal flag. The variety X appears in many different
contexts, e.g. related to cohomology of homogeneous G-varieties (see [6] for an
arbitrary oriented theory; Karpenko [7], [8], [9] for Chow groups; Panin [17] for
K-theory) and cohomological invariants of G (see Merkurjev [14] and [5], [15]).
It can be viewed as a generic example of the so called twisted flag variety.
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In the first part of the paper (Sections 2-4) we give an explicit presentation of
the ring Ko(X) in terms of generators modulo a finite number of relations in
cases when G = G*¢/ 5, where G*¢ is the product of simply-connected simple
groups of Dynkin types A or C and us is a central subgroup of order 2.
Observe that for simply-connected G the ring Ko(X) can be identified with
Ky(G/B) (e.g., see Panin [I7]), and by Chevalley theorems there is a surjective
characteristic map c¢: R(Ts.) — Ko(G/B) from the representation ring of the
split maximal torus 7. such that the kernel ker(c) = IY is generated by
augmented classes of fundamental representations. So, all relations in Ky (X)
correspond to W-orbits of fundamental weights.

If G is not simply-connected (as in the G*¢/us-case), then the situation changes
dramatically as by [6, Ex.5.4] we have

Ko(X) ~ R(T)/(I N R(T))

and a finite set of generators of I'¥ N R(T') is not known in general. Note that by
definition we have inclusions of abelian groups IV C IV NR(T) C I which all
coincide if taken with Q-coefficients. However, there are examples of semisimple
groups (see [I5, Ex.3.1] and [I]) where both quotients (IYY N R(T))/I"V and
I /(IY N R(T)) are non-trivial.

Our Theorem B4 provides a complete list of generators (Definition B.2) of
the ideal IYY N R(T) assuming the root system of G*¢ satisfies the generalized
flatness condition (see Definition [29]). In Section 4 we show that this condition
holds for types A and C.

In the second part of the paper we study cohomological invariants of degree 3
of G. According to Garibaldi-Merkurjev-Serre [4, p.106], a degree d cohomo-
logical invariant is a natural transformation of functors

a: H'(-,G) — HY(-,Q/Z(d - 1))

on the category of field extensions over F, where the functor H!(-,G) classi-
fies G-torsors, H(-,Q/Z(d— 1)) is the Galois cohomology. Following Merkur-
jev [I4], an invariant is called decomposable if it is given by a cup-product of
invariants of smaller degrees; the factor group of (normalized) invariants mod-
ulo decomposable is called the group of indecomposable invariants. For d = 3
the latter (denoted by Invfnd(G)) has been computed for all simple split groups
in [I4] and [2]; for some semi-simple groups of type A in [I3] and [1]; for adjoint
semisimple groups in [12].

Another key subgroup of semi-decomposable invariants introduced in [I5] con-
sists of invariants given by a cup-product of invariants up to some field exten-
sions. For d = 3 it coincides with the group of decomposable invariants for
all simple groups [I5]. It was also shown that these groups are different for
G = SO0y [I5 Ex.3.1] and for some semisimple groups of type A (see [I]).
The relationships between the subgroups IV C IV N R(T) C IV and the
groups of cohomological invariants are explained in Section

In Sections 6-11, we compute the groups of decomposable, indecomposable
and semi-decomposable invariants of degree 3 for new examples of semisimple
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groups (e.g. G*¢/ua, products of adjoint groups), hence, extending the results
of [14], [2], [d, [15], [13]; to compute semi-decomposable invariants we use the
generators of Definition We show that

e The factor group Inv?,(G) of semi-decomposable invariants of G' modulo
decomposable is nontrivial if and only if G is of classical type A, B, C, D.
Moreover, we compute both groups Inv?,(G) and Inv?, ,(G) for an arbitrary
product of simply-connected simple groups of the same Dynkin type modulo
central subgroups of order 2 (see Corollaries [6.0] 72 B2 @2 and Proposi-
tion [[T2)).

e If G is of type A, then both these groups can have an arbitrary order and
contain any direct product of cyclic p-group (see Corollary[G.6)). If G is of type B
or C, then it is always a product of cyclic groups of order 2 (see Corollaries[7.2]
[R2).

e The group Inv?,(G) is trivial for the simple group G = PGOyg, i.c., any
semi-decomposable invariant is decomposable (Corollary [T0.4]).
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2  SYZYGIES AND DIVISIBILITY FOR LAURENT POLYNOMIALS

Let A be a free abelian group of rank n with a fixed basis {1, ...,2,}. Let Rbe
one of the rings Z or Z/mZ, m > 2. Consider the group ring R[A]. It consists
of finite linear combinations } aje, a; € R, \; € A. We identify R[A] with
the Laurent polynomial ring R[zlﬂ, ooy xi via e x; and e x{l. By
a polynomial we mean always a Laurent polynomial, i.e., an element of R[A].
We denote by A; a free subgroup with the basis {z1,...,z;}, 1 <14 < n. Hence,
RI[A;] = Rz, ... 2.

[ad)

DEFINITION 2.1. Given f € R[A], we can express it uniquely as
f=fazl + fo12 V4 fx™, where f; € R[A,_1], k,m € Z, k> m.

The integer k is called the highest degree of f with respect to z,, and denoted
hdeg,, (f). The integer m is called the lowest degree of f with respect to x;,, and
denoted 1deg,, (f). The difference k — m is called the degree of f with respect
to zp, and denoted wdeg,, (f).

By definition, if wdeg,,(f) = 0, then f is a product of 2¥ and a polynomial in
LlyeoesyLpp—1-
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DEFINITION 2.2. Let f, p € R[A] and let 1deg,(f) > d for some d € Z. We
say that it is possible to perform a divison of f by p bounded by d if there exist
monomials q, r € R[A] such that

1. f=pg+r.
2. Either r =0 or (deg,,(r) > d and hdeg,, (1) < d + wdeg,, () ).
In this case q is called the quotient, and r is called the remainder.

DEFINITION 2.3. We call p € R[A] a divisor with respect to x,, if it satisfies
the following condition:
In the presentation of Definition [2.1]

p=pert + . 4 pna™, pi € R[A_1], k,mEZ, k>m,
the leading coefficient py, is a monic monomial in x1,...,Tn_1.

LEMMA 2.4. Let f, p € R[A] and let 1deg,,(f) > d for some d € Z.
If p is a divisor with respect to x,, then it is possible to perform a division of
f by p bounded by d.

Proof. We proceed by induction on hdeg, (f). If hdeg, (f) < d + wdeg, (p),
then we set ¢ = 0 and r = f.
Suppose that hdeg,, (f) > d + wdeg,,(p). Since p is a divisor, we can write it as

p=Yal +p/, where Y € R[A,_1] is a monic monomial and

p’ is either 0 or a polynomial with hdeg,, (p’) < hdeg,, (p) = k and ldeg,,(p') =
ldeg,, (p). Observe that Y is invertible in R[A,_1].

We write f as f = gz’ + f’, where m = hdeg, (f), g € R[A,—1], and f' is
either 0, or a polynomial with hdeg, (f') < m and ldeg, (f') = ldeg, (f).

Set qo = gY '™ % Then Yzkqy = ga™. If both f' and p’ are 0, then
YzF =pand gz™ = f, so pgo = f, and we are done.

Consider the polynomial f” = f' — gop’. We have hdeg,, (q0) = ldeg, (q0) =
m — k. Recall that either p’ = 0 or (hdeg,, (p') < k and ldeg,, (p) = ldeg,, (p)).
So, either gop’ = 0, or (hdeg,, (qop’) < m and ldeg,, (qop’) = m — k +1deg,,(p) =
m — wdeg, (p)).

Recall also that either f' = 0, or (hdeg, (f') < m and ldeg, (f) = ldeg,,(f)).
So, if p’ and f’ are not both 0, then hdeg,, (f") < m.

Also, if p’ and f’ are not both 0, then ldeg,, (f") > min(m—wdeg,, (p), ldeg,, (f)).
We know that m = hdeg, (f) > d + wdeg,, (p), so m — wdeg,,(p) > d. Also,
ldeg,, (f) > d. So, ldeg,,(f") > d, and we can apply the induction hypothesis.
By induction, there exist polynomials ¢; and r such that f” = pg; + r, and
(either = 0 or (1deg,,(r) > d and hdeg,, () < d + wdeg,,(p))).

Set ¢ = qo + ¢1. Then

pg+71=pgo +pa +r =Yk +p)q + "
=Yalqo+p'q0+ ' —qop' = g2)" + f = f. O
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DEFINITION 2.5. (¢f. [3, §15.5]) Given a n-tuple of polynomials § =
(q1,---,qn), a n-tuple of polynomials f = (f1,-.., fn) is called a syzygy of
‘f if Zl figi = 0.

Observe that syzygies form a submodule of a free module of rank n over R[A].
An element of a submodule generated by

,S’i»:(O,...,q]‘,---,_(Zi;---aO)’

where q; is at the position i and —g; is at the position j, i,j = 1,...,n and
i # 7, is called a trivial syzygy of ¢.

LEMMA 2.6. Let G = (q:), ¢; € Z[A] and let § = (), where §; € Z/dZ[A] is the
reduction modulo d, d > 2.

Iff_7 = (f]) is a trivial syzygy of @, then there exists a trivial syzygy f: (fi) of
q such that its reduction modulo d coincides with f’ , G.e., a trivial syzygy can

be always lifted to Z.

Proof. Let S;; be the reduction modulo d of S;;. We have f?’ = Z” ggjgij for
some g!; € Z/dZ[A]. Let g;; be liftings of g/; to Z[A]. Set f=3", . g;;Si;. O

DEFINITION 2.7. We say that a n-tuple of polynomials (q1, ..., qn) satisfies the
flatness condition if q; € R[A;] for each i = 1,...,n, and q; is a divisor with
respect to x;.

LEMMA 2.8. If an n-tuple of polynomials 7 satisfies the flatness condition, then
all syzygies of 7 are trivial.

Proof. First, consider the case where R is a domain (i.e., R = Z or Z/pZ with
p prime). We use induction on n. If n = 1, then the trivial syzygy 0 is the
only syzygy. Let f: (f1,-.., fn) be a syzygy of ¥ = (r1,...,7r,) with n > 2.
By Lemma 2.4 we can divide f; = r,¢g; + h; with bound d = min{ldeg,, (f;)},
where ldeg,, (h;) > d and hdeg,, (h;) < d + wdeg,,(r,) for 1 < i < n.

Since (g171,- -+, gn—1"n—-1, — Z;:ll giri) is a trivial syzygy of 7, it suffices to
show that (hq,...,hn_1, fnJrZ?:_ll gir;) is a trivial syzygy of 7. If Z;:ll hiri =

(fn+ 2?2_11 giT;)Ty is nonzero, then by taking wdeg,, of both sides, we obtain

wdeg,, () > wdeg, (X0 hyry) = wdeg((fn + 12, giri)ra) > wdeg(ry),

a contradiction. Thus, we have f, +Z?;11 g;r; = 0 and it remains to show that
h= (h1,...,hn—1,0) is a trivial syzygy of 7. Let e = d+ wdeg,,(r,,) — 1. Write
hi = higal + -+ hieat, for all 1 <i <n—1and hy = (hij,. .., hpn_1;,0) for
all d < j <e. Then, we have h = ﬁdxz +---+ ﬁexfl. By induction, all syzygies
l_ij are trivial, so is h.

Now we consider the case R = Z/mZ. We proceed by induction on the number
of prime factors in m. If m is a prime, it follows from the previous case.
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Write m = pl, [ > 1, where p is a prime. Let f: (fi) be a syzygy of 7" = (r;)
and let f = (f;) be the corresponding syzygy of ¥ = (7;) over R = Z/IZ for
1 <14 < n. By induction, we have

f = Zgijgij for some Gij € R[A] (*)
i,
Set

f’ = f, ZgijSij, where g;; is a preimage of g;; in R[A].

4,J
By (*) we have f/ = If/ for some f/' € R[A]. Sincg f"is a syzygy of 7,
we have 0 = >, flr; = 1(>, fI'r;) in R[A]. Thus, f” = (f/) is a syzygy
of 7 modulo p. By the previous case, f” Is a trivial syzygy modulo p. So
f" =32, ;935 + ph for some n-tuple of polynomials h and preimages g;;.
Then f = If" = >i;19i;Sij s a trivial syzygy of 7. O

DEFINITION 2.9. We say that a n-tuple of polynomials (qi,...,qn) satisfies a
generalized flatness condition if there exists a matriz A € GL,(R[A]) such that
the n-tuple (r1,...,7mn) = (q1,- .., qn)A satisfies the flatness condition.

LEMMA 2.10. Assume that a n-tuple of polynomials @ = (q1,...,qn) satisfies
the generalized flatness condition. Then all syzygies of ¢ are trivial.

Proof. Let A be a matrix such that "= gA satisfies the flatness condition. Let

—

f=(f1,..., fn) be a syzygy of . Then (as a product of matrices)
0=q-f'=qA-A"'f' =7 G, where §= A" f".

Hence, ¢ is a syzygy of 7 and f: Ag. By Lemma it suffices to prove that
if § = S;; is a trivial syzygy of 7, then Ag is a trivial syzygy of ¢.

Let M;;, i # j denote a matrix where all entries are zeros except 1 at the
position (7, j) and —1 at the position (j,7). The matrix M;; is skew-symmetric.
By definition, we have S;; = M;;(7)". So all trivial syzygies of 7 are linear
combinations with coefficients in R[A] of M,;7*. Similarly, all trivial syzygies
of ¢ are linear combinations of M;;q".

Then we obtain Ag = AM;;7 = AM,; A'q*. Finally, since the matrix AM;; A* is
skew-symmetric, it is a linear combination with coefficients in R[A] of matrices
M ;o for various ¢/, j'. O

3 THE GENERATORS

Consider the weight lattice A of a semisimple root system corresponding to a
group G. Let T™ be a group of characters of a split maximal torus T" of G. We
assume that T* is of index 2 in A, i.e., A/T* = Z/27Z.

Consider the Z/2Z-grading on A given by: a weight A € A has degree |A| which
is its class in the quotient A/T*. We denote by A(®) = T* the subgroup of A
of degree 0 and by A = A\ T* the subset of degree 1.
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There is an induced grading on the group ring R[A] so that R[A] = R[A©®)] @
R[AW)]. Hence, we can uniquely express any f € R[A] as a sum of its homoge-
neous components, i.e., f = f(© + f() We say that f € R[A] is homogeneous
of degree 0 or, equivalently, deg(f) = 0 (resp. f is of degree 1 or deg(f) = 1)
if f € RIA)] (resp. f € RIAM)).

Let {w1,...,w,} denote the set of fundamental weights (a Z-basis of A). Con-
sider the orbit W(w;) of the fundamental weight w; by means of the Weyl
group W. We denote by |i| the degree of w; with respect to the grading and
by |W(w;)| the number of elements in the orbit. Let

d=ged (W(wi)l) = ged (W (w:)l).
NG lil=1
We set R = Z and we denote by bar the reduction modulo d, i.e., R = Z/dZ.
We define

pw)= > € andp; = p(w) — |W(w)| € R[A].
AEW (w;)

Since the Weyl group acts trivially on A/T™*, we have deg(p(w;)) = |i|. Reducing
modulo d we obtain deg(p;) = deg(p(w;)) = |i|.
We will need the following

LEMMA 3.1. Assume that (p1,...,pn) Satisfies the generalized flatness condi-
tion with respect to some basis {x;} of A. Assume that f; € R[A],i=1,...,n
are such that deg(>", fipi) = 0.

Then there exist polynomials g1, ..., g9n € R[A] such that ), fipi = >, gipi and
ggl_‘il) =0 for each i.

Proof. Since deg(}", fipi) = 0, we have ), ﬁ(lf‘il)ﬁi = 0. Hence, by
Lemma the n-tuple (ﬁ(km)) is a trivial syzygy of (p;). By Lemma
there exists a trivial syzygy (h;), h; € R[A], of (p;) such that h; = fi(lf‘i'). Set

9i = fi — hi O
After a possible reindexing, we may assume that the first n’ fundamental
weights {w1,...,wy } have degree 1 and the remaining fundamental weights

have degree 0. For 1 <17 < n’ we set

d; = ged (sj), where s; = |W(w;)|.

i<j<n’

So we have d = dy | da | ... | dpy = snr. By a presentation of the ged, there
exist integers (denoted a; ;, 1 < i < j < n') such that

di = a;i8; + Qi it18i41 + . F Q585 + . F Qi Spr
For 1 < i < n' we set
Pi = QiiPi + Qi it1Pit1 + oo Qi P
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By definition, the coefficient of j; at 1 = € is
—Q35Si — A4 i+1Si4+1 — .- — Qi n/Sp’ = —d;.
Set p(wi) = pi +d; € RIAW].

DEFINITION 3.2. Fiz \g € AV and consider the following subsets of elements
in R[T*]:
(1) {h1; = e (Ep(wi) — 5 pwier)) | 1 < i <n!, vy =lem(si, dit1)}-

(2) {h2i = p(wi)p(wi) —ds; [1 <i<n'},

(3) {hs;=pi|n <i<n}.

REMARK 3.3. The elements hy; will be extensively used (see (Il) and ([I3)) in
the computations of the group of semi-decomposable invariants.

Let I be the augmentation ideal of R[A], that is I is the kernel of the map
R[A] — R given by e* — \. Let IV denote the ideal in R[A] generated by
elements from R[A]"Y N I. By the Chevalley theorem IV is generated by the
elements p;, 1 <i < n,ie., any f € IV can be written as f = fip1+...+ fupn
for some f; € R[A].

Our main result is the following

THEOREM 3.4. Assume that the n-tuple (p1,...,pn) satisfies the generalized
flatness condition with respect to some basis {x;} of the weight lattice A.
Then the elements hy,; of Definition[32 generate the ideal I}V NR[T*] in R[T*].

Proof. Suppose that fip1+ ...+ fnpn € R[T*] for some f; € R[A]. By Lemma
B we may assume that d | fi(lf‘il) for each 1.

To prove the theorem we modify (f1,..., fn) in several steps. At each step, we
subtract a linear combination of the elements h; ; (with coefficients in R[T*])
from fip1 4 ...+ fnpn so that the new polynomials fy,..., f/ have fewer non-
zero monomials. In the end they will all become 0, so that the original f;p1 +
...+ fnpn will be replaced by a linear combination of h; ;.

Step 1. By definition we have for 1 <i <n/

ha,i = p(wi)p(w1) — ds; = p(wi)(p1 + d1) — ds;
= p(w;)(ar1,1p1 +a12p2 + ...+ a1 pn +d) —ds;
= al,lp(wi)pl + ...+ (aup(wi) + d)pl + ...+ al,n’p(wi)pn’-

Since |i| =1, d | fi(o). Consider the difference

Fiov+ o4 fopn = Fapr+ o+ fapn — 31 ha s (*)

Collecting the coefficients we obtain
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o fi=f;forall j>n
o /19 =f forall j <n' and j#1i,

° fi/(o) =0.

Hence, applying (*) for each i, 1 < i < n’ we obtain new coefficients (f1, ..., f})
such that f”) = 0 for all j </ and f} = f; for all j > . (Observe that f/"

for 7 < n’ does not necessarily coincides with f;l).)
Step 2. We have for n’ <i<n

plwi)hs; = plwi)pi = (a1,1p1 +a12p2 + ...+ G pnr +d)ps
= (a11p:)p1 + -+ (@10 pi) prv + dps.

Since |i| =0, d | fi(l). Consider the difference
Fipr ot fopn = fipr oot fapn — L1 plwr)ha,i. (%)
Collecting the coefficients we obtain
o fi=f;forall j >n'"andj#i,
o /1 =F" forall j <n'.
o fiV =0

Hence, applying (**) for each i, n’ < i < n we obtain new coefficients
(f1,-.., fl) such that f]/-(l) =0 for all j > n' and f]/-(o) =0 for all j <n'.
Step 3. As a result of step 2, we have f; € R[T™*] for all i > n/. Subtracting

fipr+ ..o+ fopn — Z fihs

i>n'

we may assume that f; = 0 for all « > n/.

Step 4. Fixi,1 <i <n'/. If i > 1 we assume in addition that f; =...= f;_1 =
0. So, we have fip; + ...+ fupw € R[T*], where fi” =0 for all i < j <n' by
previous steps. Hence, we can express it as

fipit. .+ frpn = fi(l)p(wi)qL. . .+f7(l})p(wn/)f (sifi(l)Jr. . .+sn/f7(l})) € R[T7].
Since deg(p(w;)) =1 for i < j <n/, we obtain

Sifi(l) = _Si‘f‘lfi(Jlr)l — ... — Sn/ff;)
The right hand side of this equation is divisible by r;, hence, % | fi(l).
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By definition, we have

T
i1

hii = e (Zp(wi) = g5 A(wi1)) = € (5pi — g5 pirn)

= 6/\0(;—%1‘ - #il(ai-i-l,i-i-lpi-i-l + Qit1i+20i42 + oo Gik1,0Pnr))
Consider the difference
(1) —
fi/pi +...+ f;z’pn’ = fipi + ...+ forpn — f«_zfz( )e /\Ohl,i- (***)

Collecting the coefficients we obtain f/ = 0 while keeping f;(o) = f;o) = 0 for
all i < j < n'. Hence, applying (***) inductively starting with ¢ = 1, we obtain
that f; =0forall 1 <i<n' O

4 THE GENERALIZED FLATNESS CONDITION

In the present section we prove that the n-tuple of W-orbits (p1,...,pn) in
R[A] satisfies the generalized flatness condition when A is a weight lattice for
a semi-simple root system of type A and C. Observe that it is enough to prove
the generalized flatness condition for each simple component.

4.1 TYPE A

Let A = Z"*! with a standard basis €1,...,ent1. The weight lattice of type
A is then given by A = /~\/(el + ...+ ent1). We denote the class of e; in A
by &;. The basis of A is given by the fundamental weights w; = €1 + ... + &;,
i=1,...,n. The Weyl group (the symmetric group S,+1) acts by permutations
of {e1,...,ens1}. Let z; = e¥ in Z[A] and let y; = e® in Z[A].
Consider the induced map ¢: Z[A] — Z[A] given by ¢(y1) = 1, ¢(y;) = e =
zix;_ll, 1<i<nand ¢(ynsr1) = z,,*. The image of the elementary symmetric
function o; = 0;(y1, . .., Yn+1) gives the W-orbit p(w;).
Let g; be (the complete sum symmetric function) the sum of all monomials of
total degree ¢ in variables y1,...,yn4+2—;. We have the following analogue of
the Newton relation (see [I6], Relation (2)]) for i >0
i
> 195w, Yny2—3)0i (W1, Yng1—5) =0 (here g =00 =1) (1)
j=0

which implies that the ideal I, = (01,...,0n+1) In Z[y1,...,Yns+1] coincides
with the ideal I; = (g1,...,gn+1). Consider the involution 7 of Z[y1, ..., Yn+1)
given by y; — 1 —y;. We get

(01 =81, 0n41 = Snt1) = 7(Lo) = 7(Ig) = (91, -, In+1),
where s; = 0;(1,...,1) = [W(w;)| and g; is the (non-homogeneous) polynomial
in variables y1, ..., yn+2—; of degree i such that its coefficient at yfwgﬂ- is £1.

Taking its images in Z[A] we obtain
(pla e apn) = ¢(T(IG')) = ¢(T(Ig)) = (Tl, e arn-‘rl)a
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where p; = p(w;) — s; and 7; = ¢(Gnr2—i). We claim that 7,41 can be written
as a linear combination of r1,...,7,. Indeed, taking the sum of relations (IJ)

for all 7 we obtain
n+1 n+1l—1

1= (g J[ A=)

i=0 j=1

After applying 7 we obtain 1 = Z?:Ol GiY1 - - - Yn+1—i. Since yi...Yn+1 = 1,
after taking its image in Z[A] we obtain the desired linear combination.

4.2 TvypE C

Consider the weight lattice A of type C. It is generated by the standard vectors
{e1,..., ey} with fundamental weights w; = e; + ...+ e;. The Weyl group W
acts on the standard vectors by permutations and changing signs. Consider the
embedding ¢: Z[yi, ..., yn] — Z[A] given by ¢(y;) = e® + e~ ¢. The image of
the elementary symmetric function o; = 0;(y1, . . ., yn) gives the W-orbit p(w;).
As in type A let g; be the sum of all monomials of total degree i in vari-
ables y1,...,Ynt1—i- Then (o1,...,00) = (g1,...,9s) asideals in Z[yy, ..., yn)]-
Applying the involution 7 we obtain (p1,...,pn) = (r1,...,7), where p; =
p(wi) — 8iy ri = ¢(7(gn4+1—i) and s; = [W(w;)|. The n-tuple (r1,...,r,) sat-
isfies the flatness condition and there is an invertible transformation matrix
between p; and r;.

5 CHARACTERS AND INVARIANTS

In the present section we introduce some notation and recall basic definitions
for the group of characters, characteristic classes and invariants which will be
used in the subsequent sections. We follow [14], [I5] and [1].

5.1 CHARACTERS.

Let H and H' be simply connected simple split groups of the same Dynkin
type D over a field F. Assume that there is a central diagonal subgroup py in
H x H'. The quotient G = (H x H')/u will be called a group of index k of
type D.

We denote by T, the split maximal torus of H x H’, by T the split maximal
torus of G and by T,4 the split maximal torus of the product of the adjoint
forms Huq x H! ;. Then there is an exact sequence for the groups of characters

0—-T")T ;=T /Toh; —Z/kZ — 0

C

which can be used to describe T*. Indeed, the quotient 17, /T, is the group of
characters of the center Z(G) and the map Ty, /T, — Z/kZ is induced by the
diagonal embedding p, — Z(G). Moreover, T7, /T, is the product of groups

of characters of the centers of H and H’, hence,

T;c/T;d = Aw/AT @ A{UJ/A’IF - Z//{ZZ,

DOCUMENTA MATHEMATICA 22 (2017) 1117-1148



1128 S. BAEK, R. DEvYATOV, K. ZAINOULLINE

is given by taking the sum, where A,, (resp. A!)) is the weight lattice and A,
(resp. Al) is the root lattice of H (resp. of H').

5.2 INVARIANT FORMS.

Let W = Wy x Wy be the Weyl group of H x H'. It naturally acts on
T = Ay @ A),. Consider the group of W-invariant quadratic forms. It is a
direct sum of cyclic groups

SHTL)Y = 82 (M) @S2V = Zq @ L4,

where ¢ and ¢’ are generators given by normalized Killing forms. So any form
¢ € S*2(T:)W can be written uniquely as ¢ = dq + d'q/, d,d’ € Z. The list of
Killing forms for all types can be found in [14] §4].

Let {w;} and {w}} denote the fundamental weights of H and H’, i.e., the Z-
bases of A,, and Al,. Choose a Z-basis {x;} of T*. Expressing each w; and
w} in terms of x;’s and substituting into ¢ allows us to explicitly describe the
subgroup

Q(G) = s*(T")" = S*(T™) N S*(T7,)".

5.3 CHARACTERISTIC MAP

Consider the group ring Z[T..] that is the representation ring R(Ts.) of Tse.
Each element of Z[T] can be written as a finite linear combination Y, a;e*,
a; € Z, \; € TZ,. Fix a basis of T, consisting of fundamental weights {w;} and

{wj}. Following [14, §3c] and [5] we define a Z[W]-module homomorphism
cat ZITL] — S=2(T3,) — S*(T%,)

by sending 1+ 1, e™*# 5 1 —w; and e*i > 1+ w; +w? (resp. for w}) and then
taking the degree 2 homogeneous component.

Let I . denote the augmentation ideal in Z[T], i.e., the kernel of the trace
map Z[T%] — Z, e + 1. Then the image c2(I3.) = 0, so ¢z can be restricted
to I2,[5].

Observe that the filtration by powers of the ideal I,. can be viewed as a
~-filtration on Ko(BT); its image in Ky(G/B) via the characteristic map
c: Z[TY] — Ko(G/B) gives the Grothendieck v-filtration on Ko(G/B) (e.g.,
see [19]).

5.4 INVARIANTS

Given A € T™ denote by p(A) = X, ey €, where W(A) is the W-orbit of A.
If restricted to invariants, the map co defines a group homomorphism

ca: ZIT W — S2(TH)W

with image generated by forms co(p())) = 7%Z>(EW(/\) x? for all X\ € T*
[14, §3c]. It was shown in [14] that the image c2(Z[T*]") can be identified
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with the group of degree 3 decomposable invariants Dec(G) and the quo-
tient Q(G)/ Dec(G) with the group of indecomposable invariants denoted by
Inv? ,(G). By definition for any two semisimple groups G, Go we have

Q(G1 x G2) = Q(G1) x Q(G2) and Dec(G; x G2) = Dec(G1) x Dec(Gz). (2)

Let IY denote an ideal in Z[T},] generated by W-invariants from the aug-
mentation ideal Is., namely, IV = (I,. N Z[T:]"). The main result of [15]
says that the image c2(Z[T*] N IY) in S2(T*)V coincides with the subgroup
of semi-decomposable invariants Sdec(G) and that Dec(H) = Sdec(H) if H is
a simple group. Observe that we have

Dec(G) C Sdec(G) C Q(G). (3)

We denote by Inv?,(G) the quotient Sdec(G)/ Dec(G).

6 TYPE A

In the present section we consider semisimple groups of type A. The following
lemma gives a simple geometric proof for the coincidence between the normal-
ized invariants and semi-decomposable invariants (c.f. [I]):

LEMMA 6.1. Let G = (]2, SLy,)/py, m,ni,k > 2, where p ~ py is a
diagonal (central) subgroup. Then, Q(G) = Sdec(G), i.e., each degree 3 inde-
composable invariant of G is semi-decomposable.

Proof. We follow arguments used in [T, §5]. Assume
p={, . Am) Epp, XXy (A= =0 =1 0 = =0

is the diagonal subgroup. The corresponding versal flag variety X over the
function field F’ of the classifying space of G can be replaced by the product of
Severi-Brauer varieties SB(A;) X - - - X SB(A,,,), where A; are central simple F’-
algebras of degree n; for 1 <1 < m such that k[A;] =0 and [41] = -+ = [4An]
in the Brauer group Br(F”). Let B be the common underlying division algebra
of Ay,..., A, such that the index and the exponent of B are all equal to
k. Then, we obtain CH?(X)iors = CH?(SB(B))iors. By [10, Cor.4] we have
CH?*(SB(B))tors = 0, thus by the main theorem of [I5] Q(G) coincides with
Sdec(G). O

REMARK 6.2. Using arguments in [1] one can compute the quotient
Inv?nd(G) = Q(G)/ SdeC(G) = CH2 (X)tors

for an arbitrary semisimple group G of type A. For instance, when m = 2, the
same arquments in the proof work if we replace the diagonal subgroup p =~ py
by a central subgroup po X 1 C p, X p, or 1 X py S py, Xy, .
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The following proposition deals with groups of p-primary index for any prime p,
which in turn computes the p-primary component of Invi, ;((SLy, x SLy,) /)
for any diagonal (central) subgroup p.

PROPOSITION 6.3. Let G = (SLy, x SLy,)/p, m,n > 2, where g =~ p s a
p-primary diagonal (central) subgroup. Then,

Q(G) ={dg+d'q | (52)(md + nd') = 0 mod 2k}

and

kZq ® kZq' if p# 2 or p=2,min{va(m),v2(n)} > va(k),
Dec(G) >~  kZ(q — ¢') @ kZ(qg+ ') if p=2,v2(m) = va2(n) = v2 (),

kZq @® 2kZq if p=2,v2(m) > va(k) = va(n),

where q (resp. ¢') is the normalized Killing form of SL,, (resp. SLy).

Proof. Let G = (SLy, x SLy,)/p., m,n,k > 2, k| ged(m,n), where p, is a
diagonal subgroup. Then, by 5.1l the character group of the split maximal
torus T' of G is given by

k—1
Zia;+sk = 0 mod k}. (4)

i=1

m—k n—k
m—1 n—1 k k—1 k
* / / .
T ={ E aiw; + E a;w; | E E iQitrk + E
i=1 j=1 s=0

r=0 =1
Following [5.2 the group of W-invariant quadratic forms S2(T%)" is generated
by the normalized Killing forms

m—1 m—2 n—1 n—2

_ 2 d r_ 2 ’o
q= w; — wiw;+1 and ¢ = wj — WiWj41-

i=1 i=1 j=1 j=1
Consider the Z-basis {x1,...,&m-1,2],...,2,_1} of the character group T*
given by

A ! ’ -] ! !
Titrk = Witrk + Wn_1, Thtrk = Whtrk a0 Tigop = Wigsk T iWn_1, Thisk = Whtsk

where 1 <i<k—1,0<r < mTfk, 0<s< ”Tfk (for convenience, we set

zj =2 =0forany j >n—1orj>m—1). In this basis a form ¢ € S2(T )W

can be written as

b= (%W)ngl T+, dd €T

where v is a quadratic form with integer coefficients. Hence, we obtain
Q(G) ={dg+d'q | (52)(md + nd') = 0 mod 2k}. (5)

From now on we assume that & is p-primary. We claim that Dec(G) C kZq ®
kZq' . To show this we extend the arguments in [4, p.136]. We use the standard
presentation of the root system of type A, namely, that A,, (resp. Al)) consists
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of vectors in the standard basis {ei,..,en} (resp. {e],..,e),}) whose sum of
coordinates is zero.

Choose a character y € T*. Assume x has [ (resp. ) distinct coordinates in
some order by > --- > b (resp. b}y > ... > b},) which repeat rq,..,7; (resp.
51, S17) times with respect to the basis {e;} (resp. {€}}). Then, for the orbit
p(x) of x under the action of W we obtain

e2(p(0)) = sy - [rb] - g+ ik - [s,b] -, where (6)

14 14
[r,b] = L= ?L' Zn Zn i)7), s, 0] = S(ﬁfi);, (> sib?) = O sib)?)
i=1 =1

Observe that by (@) we have > r;b; + 3 s;b; = 0 mod k. Let ¢ = min{v,(r;)}

and d = min{v,(s;)}. If vy(k) < d, then v,(k) < v,(>_rib;). So we obtain
vp(k) < vp(ged(m,d  rib;)). Hence, by [, p.137, Lemma 11.4] the coefficient
[r, b] is divisible by k. Similarly, if vo(k) < ¢, then [s, b'] is divisible by k. Hence,
we may assume that ¢, d < v,(k). By [, p.137, Lemma 11.3], we have

Up(él,"—'sl/,) > vp(k) —d >0 and vy (=) > vy(k) —c >0,

ryl-- T'

which implies that

vp(ged(m, Zﬁbz‘)) > d and v, (ged(n, Z si0%)) > c.

Therefore, again by [4], p.137, Lemma 11.4] we see that each coefficient of ¢ and
¢’ in (@) is divisible by k, which proves the claim.
Finally, we compute the group Dec(G) case by case. As

ca(p(kwn)) = —k?q, c2(p(2w1 — wo)) = —2mg (7)
and similarly, ca(p(kw!)) = —k2¢/, ca(p(2w] — wh)) = —2mgq’, we have
gcd(2, p)lg € Dec(G) if up(m) = v,(K) ®)
and similarly, ged(2,p)kq’ € Dec(G) if v,(n) = v, (k). Moreover, we get
ex(plen)) = (KK')q with ged(¥,p) = 1if vp(m) > (k) 9)

and similarly, ca(p(wg)) = (kk")q with ged(k”, p) = 1 if v,(n) > v, (k) (see also
[2, Thm.4.1]). Thus if p # 2, then by (@) and (@) we obtain

ged(k? kk')q = kq € Dec(G), ged(k?, kk")q = kq' € Dec(G).

Therefore, by () and the claim above, Dec(G) = kZq ® kZq' if p # 2.

Now assume that p = 2. If va(m) > va(k) and va(n) > v2(k), then by (@), (@)
and the claim above, we have Dec(G) = kZq & kZq'.

If va(m) = va(n) = va2(k), then ca(p(wi/2 +wy 5)) = —kq— kg’ mod 2k. Hence,
by @), k(¢ — ¢'), k(¢ + ¢') € Dec(G). Since Dec(SL,, /p;) = 2kq if va(m) =
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va(k), and Dec(SL,, /p;,) = 2kq’ if va(n) = va(k) ([2, Thm.4.1]), it follows from
the claim above that Dec(G) = kZ(q — ¢') ® kZ(q + ¢').

Similarly, if ve(m) > va(k) = v2(n), then by (@) and (@) we have kq € Dec(G).
Since Dec(SLy, /) = 2kq’, we get kq', k(¢ £ ¢') & Dec(G). Therefore, by the
claim we obtain Dec(G) = kZq & 2kZq’. O

REMARK 6.4. This proposition and its proof generalize [I4, Theorem 4.4] and
[2, Theorem 4.1] for split simple groups G' = SLy, /1, of type A.
Indeed, following the proof of Proposition[6.3 one can easily check that Q(G') =
Q(G)|ar=0. For instance, in order to obtain Q(PGL,,) we simply set d =0
and k =m in (3), then we get Q(PGL,,) = 2gcd(2,m)Zq [1]], Theorem 4.4].
Similarly, we can obtain Dec(PGL,,) in the same way.
To compute the indecomposable groups for G' = SLa, [y, we set d = 0,
k = 2. Then it follows by Proposition [6.3 that Q(G’) = {dq|md = 0 mod 4}
and
Dec(c) = {QZq z:f va(m) > 0,
4Zq  if v2(m) = 0.

Hence, we obtain [2, Theorem 4.1], that is

(Z/2Z)q  if v2(m) > 2,

0 otherwise.

Invs.g (G') ~ {

Finally observe that together with Lemmal6.1], properties @) and (@) it com-
putes the group Inv>,(G"), where G" = (SLam /tt9) X SLa,, n,m > 1.

The following corollary generalizes [I5, Example 3.1] to groups of type A (see
also [1]). Slmllarly, by using Lemma [6.1] and Proposition[6.3] one can compute
both groups Inv? ,(G) and Inv?,(G) for any p-primary diagonal subgroup g,

COROLLARY 6.5. Let G = ([[;~, SLoy,)/to, n; > 1, where py is the diagonal
subgroup. Then

(Z.)27)%™ if n; =0 mod 4 Vi,

Invi,(G) = Inve,4(G) =
nvsa(G) = nvina(G) {(Z/2Z)€Bm1 otherwise.

Proof. Let G = (SLgy, x SLa,,)/pty. Then, it follows from Proposition [6.3] that

(Z)2Z)q & (Z/2Z)d m =n =0 mod 4,
3 (z/272)q m =0,n=2mod 4 or m =0 mod 4,n is odd,
Invy,q(G) ~
(Z/27)(q — q') m =n = 2 mod 4 or both m,n are odd,
(Z/2Z)(q — 2¢") m = 2 mod 4, n is odd.
Hence, the result follows by Lemma Applying the same arguments for
three and more groups completes the proof. o

In the following we show that the both indecomposable group Inv;, ,(G) and
the semi-decomposable group Inv?;(G) can have an arbitrary order (c.f. [I]).
In particular, the order can be arbitrarily large.
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COROLLARY 6.6. For an arbitrary integer k > 2 there exists a semisimple group
G of type A such that

|Inv?nd(G)| = |IHV§d(G)| = k.

Moreover, for any homocyclic p-group C' there exists a semisimple group H of
type A such that Invi, ,(H) = Inv2,(H) = C.

Proof. Let p" (r > 1) be a prime factor of k and let n = ged(2,p)p”. We
denote G[p"] = (SLy, x SL,,)/p,-, where p,. is the diagonal subgroup. By
Proposition [6.3] we have

v}, (Glp']) = Tnviy(Glp') = Z/p"Z.

Set G = (SLged(2,k)k X SLged(2,kyk)/ - Then, the same argument as in [I5,
§3b] shows that Invy,,(G[p"]) is a p-primary component of Inv?, ,(G) and the
first statement follows from Lemma [6.1]

Let C = (Z/p"Z)®™ be a homocyclic p-group of rank m for some prime p.
It suffices to consider the case m > 2. Let H = (SL,)™/u,-, where n =

ged(2, p)p*” and - is the diagonal subgroup. Then, the arguments used in
the proof of Proposition yield

QG) = {D_digs | (n/p") 3 di = 0 mod ged(2,p)p"},

i=1

where ¢; is the corresponding normalized Killing form of SL,,. Similarly, we
have Dec(G) = @, p"Zg;. Then the second statement follows by Remark [G.21
O

7 TyprPE B

In the present section we show that any semi-decomposable invariant of
semisimple groups of type B is decomposable, except in the case of a prod-
uct of groups of type Ba = Cs modulo the diagonal subgroup p,. We first
consider the index 2 case.

PROPOSITION 7.1. Let G = (Spiny,, ., x Spiny, ,)/t,, m,n > 2, where p,
is the diagonal subgroup. Then, we have Invi, ,(G) = Z/27 and

7/27 =n=2
Invd,(G) = A2 Ym=n=2,
0 otherwise,

i.e., each semi-decomposable invariant is decomposable unless m =n = 2.

Proof. Following [5.1] the character group of the split maximal torus T of G is
given by

m n
! ’ !
T ={ E a;w; + E ajw; | am = a; mod 2}.
i=1 i=1
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Following 5.2 the group S%(T%,)W is generated by the normalized Killing forms

m—1 n—1

/ 12 r 7 12 ! /
E — wiwit1) + 202, — Wm—1wm, ¢ = E (wi” — wiwit1) + 2wy — Wiy 1 Wiy -
=1 i=1

Choose a Z-basis {w1, . . ., Wm—1,W], - . . ,Wm—1, V1, V] } of T* where v; = wy,+w),
and v} = wy, — w),. For any ¢ € S%(T*)W there exist d,d’ € Z such that
¢ = dq + d'q’, thus in this basis we have

¢=5(d+d)f +07) +¢
for some quadratic form v with integer coefficients. Hence, we obtain
QG)={dg+dq|d+d =0mod 2} =Z(qg— ¢ ) ®Z(qg+ q). (10)

We claim that Dec(G) = 2Zq®27Zq’. The result for the group of indecomposable
invariants then follows immediately. To prove the claim, since ¢ = %(Z;Zl )
and ¢ = %(27:1 e?) in terms of the standard basis of T7, = Z™ ® Z", we
conclude that ca(p(w1)) = 2¢ and ca2(p(w])) = 2¢' are contained in Dec(G).
On the other hand, as Dec(G) is generated by c2(p(X)) for all A € T* and the
Weyl group of G contains normal subgroups (Z/2Z)™ and (Z/2Z)™ generated
by sign switching, we see that the coefficient at each e; in the expansion of
ca(p(N)) is divisible by 2 (c.f. [, Lemma 14.2]).

We now compute the group Sdec(G). Assume that m = n = 2. Consider the
element

y=e22 € Z[T*| NIV with z = p(wa) — plws), (11)
where p(w;) denotes the augmented orbit p(w;) — |W (w;)|. As (e*2 —1)z € I3

we see that ca2(y) = c2(z). Since ca(p(w2)) = ¢ and c2(p(wh)) = ¢', we conclude
that ¢ — ¢’ € Sdec(G). Therefore, Inv?,(G) = Z/27Z.

Assume that m,n > 3. We will show that ¢ — ¢’ which is a generator of
Inv? ,(G) does not belong to Sdec(G). Let x € Z[T*]NIY. Similar to [I5} §3c]

nd
z = Z(di +8i)p(wi) + Z(dj +35)p(w))

write
for some d;, d; € Z and 6;,8] € Ls.. As c2(I3,) = 0, we have

Zd,@ (ws)) +Zd ica(

On the other hand, we have

c2(p(wi)) = 2miq and ca(p(w))) = 2mjq’

forall 1 <i<mand 1 < j < n and for some mi,m} € Z. Hence, ca(x)
0 mod 2, thus ¢ — ¢’ & Sdec(G). Similarly, if m = 2 and n > 3, then cy(7)

(dy + d2)q mod 2, thus g — ¢’ & Sdec(G), which completes the proof.

Il
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The previous proposition yields the following. Combining these results we
obtain both indecomposable and semi-decomposable subgroups for an arbitrary
split semisimple group of type B modulo central subgroups us.

COROLLARY 7.2. (1) Let G =[[;~, SOy, +1, n; > 2. Then,
Invi,4(G) = Inv3,4(G) = 0.

(2) Let G = ([I;~, Sping,. 41)/Ho, n; > 2, m > 2, where p, is the diagonal
subgroup. Then,

Inv, . (G) = (Z/22)%™ " and Inv3,(G) = (Z/22)%* !,

where k is the number of n;’s such that n; = 2.
(3) Let G = (I[;Z, Spiny,,, 1) x (I, SO2n;41), ni,nj > 2. Then,

v, (G) = (Z/22)%% and Invi,(G) =0,
where k is the number of n;’s such that n; > 3.

Proof. (1) We set d = 0 in (I0). Then, we obtain Q(SOgzp+1) = 2Zq ([14]
84b]). It immediately follows from the proof of Proposition [7I] that we also
have Dec(SOg,+1) = 27Zq.

(2) This follows by the same argument as in Proposition [{]

(3) As Dec(Spiny,, ) = Sdec(Spiny,, ;) for any n > 2, the same argument as
in (1) shows that Sdec(G) = Dec(G). By [4, Theorem 13.4], Q(Spiny, ) =
2 Dec(Spin,,, ) for any n > 3 and Inv},,(Spin;) = 0, thus the same argument
as in (1) proves the result for the indecomposable group. o

8 TypE C

In the present section we compute the groups of indecomposable and semi-
decomposable invariants for semisimple groups of type C. In particular, we
show that for groups G = ([[\~, SPay,)/ s, where m > 2, n; # 0 mod 4 for all
t=1,...,m, and p, is the diagonal subgroup, any indecomposable invariant
is semi-decomposable.

We consider the index 2 case, which generalizes the example [I5, Example 3.1]
(the case n = m = 1) to groups of type C.

PROPOSITION 8.1. Let G = (SPay, X SPay,)/ g, m,n > 1 where py is the
diagonal subgroup. Then, we have

Z/22®Z/2Z  if m =n = 0mod 4,

Invi,a(G) =
nVina(C) {Z/2Z otherwise,

and
2/2Z ifm=n=0orm%0%nmod 4,
0 otherwise.

Inv?,(G) = {

In particular, if both n and m are not divisible by 4, then each indecomposable
mvariant 1s semi-decomposable.
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Proof. Let {e1, - ,em, €}, , e} beastandard basis of T, = Z"™@Z". Then
T™* consists of all linear combinations of standard basis elements with even sums
. . . S , .

of coefficients. Consider the Z-basis {x1,...,2Zm,x},..., 2} of T* given by
_ / !/ / . /
Tr1=e+e€,x; =€ —€, T =€ —€,T

o /A
jfelfejv Za]7>15

The standard basis can be expressed in terms of this basis over QQ as

/

_ o 1 ’ r 1 /
e; = e1 — x;, €; = e} — 1}, where e; = 5(x1 +)) and €] = 5(x1 — 27).

The group S?(T7,)" is generated by ¢ = Y., e? and ¢/ = =30 e/?. Therefore,

for any ¢ € S?(T%)W there exist d,d’ € Z such that ¢ = dq+ d'q’ =

d( (z1+ ) +Z%m1+x1 -)2)+d/(ix1—m1 +Z%x1—m1 —x;)Q)A

i>1 j>1

The form ¢ has integer coefficients at xlzl, ;T J, 2, x ’ , 4,7 > 1 and it has

19

coefficient 1 (dm + d'n) at 2} and at z/?. Hence,
Q(G) ={dq+d'q |dm + d'n=0mod 4}. (12)

Consider the subgroup Dec(G) of decomposable invariants of G. As in the
proof of [4, Lemma 14.2], since the Weyl group of G contains normal sub-
groups (Z/2Z)™ and (Z/27Z)"™ generated by sign switching, we conclude that
the coefficient at each e; in the expansion of ¢, is divisible by 2, hence,
Dec(G) C 2Zq @ 2Zq'. Since ca(p(2e1)) = 4q and c2(p(2e])) = 4¢’, we have
47.q ® 4Zq' C Dec(Q).

Assume n = m = 0mod 2. Since ca(p(x2)) = 2(m — 1)g and co(p(25)
2(n—1)q’, we obtain Dec(G) = 2Zq®2Zq" and Q(G) = {dg+d'q’ | dg +d’
0 mod 2}. Hence,

(Z)2Z)q & (Z/2Z)q" if n=m =0 mod 4,
7/27 it m = d4
v, (G) (z/ )q, if m =0 # n mod 4,
(Z/27)q if m £ 0 =n mod 4,
(Z/2Z)(q+q) if m £ 0 £ n mod 4.

Assume both n and m are odd. If n = —m mod 4, then Q(G) = {dg + d'¢’ |
d = d mod 4} ~ Z/4Z(q + ¢'). Since co(p(z1)) = 2nqg + 2mq’, Dec(G) =
27(q + q') @ 2Z(q — ¢') and, therefore, Inv}, ,(G) ~ (Z/2Z)(q + ¢'). Similarly,
if n = m mod 4, then Invmd(G) ~ (Z/2Z)(q — ¢).

Finally, assume n is odd and m is even. If m = 0 mod 4, then Q(G) = Zq®4ZLq .
Since ca(p(22)) = 2(m—1)q, Dec(G) = 2ZqBAZq , hence, Inv’ ,(G) ~ (Z/27)q
If m # 0 mod 4, then d’ is even and

ind

Q(G) ={dg+dq | d+ % =0mod 2} = {(0,0),(2,0),(1,2),(-1,2)},

Where (J J) denotes dq + d’q’ modulo 4. Since Dec(G) = 2Zq + 4Zq', we have
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As for semi-decomposable invariants, consider the element (cf. with hy,; of
Definition [3.2])

£ = gcd(?n,n)ﬁ(wl) - gcd?n,n)ﬁ(wll)‘ (13)

By definition, we have y = ez € Z[T*] N I and we obtain

e2(y) = ea((L+ (e = 1))2) = e2(2) = gl d — 7oty

where the second equality holds since (e¢* — 1)z € I3,. The element ca(y) €
Sdec(G) coincides with the generator of Inv?, ,(G) = Z/2Z except if n = m =
0 mod 4. So Inv?,(G) = Tnv?} ,(G) = Z/27Z except if n = m = 0 mod 4.
Assume that m = n = 0 mod 4. Then {q,¢'} are generators of the group of
indecomposable invariants. Consider an arbitrary element = € Z[T*|NIY and
the ring homomorphism

¢: ZITZ] — ZITL T = Z[t]/(t* — 2t)

given by ¢(1—e~%edd) = $(1—e~Woda) = t and p(1—e~Weven) = (1—e Weven) =
0. Write

z = (di+06:)p(ws) + > (di +0)pw;), di,d} €L, 6;,06; € L.
j=1

Since ker ¢ D Z[T*] N I, we obtain

sc

0=¢(x)=> 2 <T> (di+2s)t+ » 2 (’;) (d; + 25)t.

odd i odd j

Observe that if 2" | m and 7 is odd, then 2" | (7). Dividing by the 2-primary
part 27 of the greatest common divisor of all the coefficients we obtain

(m/2""Ydy + (n/2""1)d} = 0 mod 2,

where 2"~ = g.c.d.(va(n),v2(m)) is the g.c.d. of the 2-primary parts. There-
fore,
{dl +di =0mod 2 if va(m) = va(n) (14)
d1 = 0 mod 2 if va(m) < v2(n).

We then have
o s i—1 [ ™M — 1 ) " j—1 n—1 N
ca(z) = (;:1:2 <i_1>dl)q"’(1§_£2 <j_1>dJ)Q-

So ca(x) = d1q + d} ¢’ mod Dec(G), where d; and d} satisfy (I4).

Since

ea(y) = g+ ¢ mod Dec(G)  if va(n) = va(m)
2= ¢’ mod Dec(G) if v2(m) < v2(n)
we conclude that co(y) is also a generator of Inv?,(G) ~ Z/2Z. O
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We now present a generalization of the previous proposition, which in turn
determine both indecomposable and semi-decomposable subgroups for an ar-
bitrary split semisimple group of type C modulo central subgroups .

COROLLARY 8.2. (1) Let G = [[;~, PGSps,,,,, m,n; > 1. Then,
Inv},4(G) ~ (2/22)%*,

where k is the number of n;’s which are divisible by 4, and Sdec(G) = Dec(G),
i.e., each semi-decomposable invariant is decomposable.

(2) Let G = ([1;~, SPan,)/py, m,n; > 1, where p, is the diagonal subgroup.
Then,

(Z)27)%™ if ¥n; = 0 mod 4,

Inv},a(G) =
nVina(C) {(Z/2Z)®m1 otherwise,

and
(Z/2Z)®™="  if¥n; =0 or Vn; # 0 mod 4,

Inviy(G) =
nvsa(G) {(Z/2Z)€Bm2 otherwise.

(3) Let G = ([I1~, PGSpa,,) x ([T1, SPau), ni,nl > 1. Then,
v, (G) = (Z/22)%% and Sdec(G) = Dec(G),
where k is the number of n;’s which are divisible by 4.

Proof. (1) Let G = PGSp,,, and G = PGSp,,,, m,n > 1. It suffices to
consider the case G = G; X G2 since the same arguments can be easily adapted
to prove the case of three and more groups. We simply set d’ = 0 (resp. d = 0)
in[[2 Then, we have Q(G1) = 4/ ged(4, m)Zq (resp. Q(G2) = 4/ ged(4,n)Zq').
Similarly, by the proof of Proposition [81] we get Dec(G1) = 4/ ged(2,m)Zq
(resp. Dec(G2) = 4/ ged(2,n)Zq’) ([T4, §4b)). By @) the answer for Inv} ,(G)
then follows.

As for semi-decomposable invariants, by @) and Dec(G) = Q(G) for n #
0 mod 4, it suffices to consider the case n = m = 0 mod 4. We follow arguments
used in [I5] §3c].

Let € Z[T*] N I be an arbitrary element. Write

T = Z(dz + 8i)p(wsi) + Z(d; + 0%)p(w})

for some d;, d;- € 7Z and 0;, 5} € I;.. Consider the ring homomorphism induced
by the quotient map T2, — T /T*

C

¢: LTs] — 2Ty,

C

JT7] = ZlA /M) @ ZIN, /AL = ZI /(2 — 20,07 — 20
It is given by
P(1 —eWedd) =1¢ (1 — e‘wédd) =t and ¢(1 — e “ever) = (1 — e_‘”éve") = 0.
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Since x € Z[T*], ¢(x) = 0. Moreover, we have ¢(I;.) = (¢,t') and ¢(p(w;)) =
[W(ws)| - t, p(p(w))) = |W(w})| - . Combining these facts we obtain

m

O—Z(d + ¢(6:) +Zd’+¢5’ o(p(w}))

= [W(w)|- d+st+st)t+Z|W - (d + oyt + 5t
odd i odd j

for some s;, si,7;,7; € Z. Since |W(w;)| = 2¢(™), collecting the coefficients at
t and ¢/, we get

dy + 251 = dy + 2r}) = 0mod 2.
Hence, both dy and d} are even.
We now compute ca(z). Since c2(I2,) = 0 and ea(p(w;)) = 2071(7 ) g, we
obtain

ZdCQ (wi) +Zd02 —23q+2rq, for some r, s € Z.

Therefore, Sdec(G1) C 2Zq = Dec(G;) and Sdec(G2) C 2Zq" = Dec(G3).

(2) This immediately follows from the same argument as in Proposition 811
(3) As Dec(SPsy,) = Sdec(SPs,) = Q(SPy,) for any n > 1 ([4, Theorem
14.3]), the same argument as in (1) shows that Sdec(G) = Dec(G) and the
result for the indecomposable subgroup. O

9 TypeE D

In this section we calculate the groups of indecomposable and semi-
decomposable invariants for an arbitrary product of simply-connected simple
groups of type D modulo the (diagonal) central subgroups. We first consider
the groups of index 2 and 4.

PROPOSITION 9.1. Let G = (Spiny,,, x Spin,,,)/w®, where m,n >4 and m+n
is even, and p is a diagonal subgroup of G. Then

LZIAZ  if po py,
LZ[2L  if p po,

Z[2L  if p py,

Inv?nd(G) = ;
0 if o py.

and  Tnvi,(G) = {

Proof. Observe that there is a unique diagonal subgroup g ~ p, in the case
where m and n are odd and there are two different diagonal subgroups p ~ p,
. C p? if both m and n are odd and p C pj otherwise. First, assume that
=~ py. Then, by Bl the character group of the split maximal torus T of G is
given by

m—1 n—1

m n 2
{ Zaiwi + Zaéwg ‘ Am—1+ 3am + 2 Z A2i—1 = 3a'n_1 +a§L +2 Z algj_l mod 4}.

i=1 j=1 i=1 j=1

(15)
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Write Y7 ajwi + 307 ajw; = 0% biei+Y 7, bie} in terms of the standard
basis vectors {e1, - ,em, €}, - el } of T =7Z™ @& Z™. Then, the relation in

(I3 is equivalent to

m—3 n—3

2 2
2(bm-2+bm—14+bm + Z bai—1 —bai) = 2(by,_g+bp,_1 — b, + Z b2j—1—ba;) mod 4.
i=1 =1
(16)
Using ([I8) we choose the following basis {x1,...,Zm,x],..., 2} of T*:
T2i—1 = Wai—1 + 2wy, Tak = Wak, Tm—1 = Wm—1 + Wy, Tm = W + 3wp, (17)
Thj_1 = waj_1 + W, Thy = Wy, Tpo1 =wp_1 +wy, Tp = 4w,
for 1<i<(m—1)/2,1<k<(m—-3)/21<j<(n-1)/2and1 <1<

(n—3)/2.
Let ¢ be a quadratic form on (7)) with integer coefficients. As the group
S2(T:)W is generated by the normalized Killing forms

m m—2 m
2 2
q:= E w; — 2 E WiWit1 — 2Wm—2wWm = ( E €;)/2,
i=1 i=1 i=1
n n—2 n

! 12 / / / / 12
¢ =) wi—2 E WiWjt1 — 2Wn_owy, = (> €57)/2,
=1 j=1 j=1

from the equation ¢ = dq + d'q’ we get
¢ = (mEr)al? +,
where 9 is a quadratic form on (7)) with integer coefficients. Therefore,
Q(G) ={dg+d'q | md+nd = 0mod 8}. (18)

We show that Dec(G) = 4Z(q — ¢') + 4Z(q + ¢'). First, by (IH) we see that all
elements ca(p(2w1)) = —8¢q, ca(p(2w])) = =8¢, ca(p(w1 + w))) = —4dng — 4mq’
are contained in Dec(G), thus 4(¢—¢’),4(¢+¢’) € Dec(G). On the other hand,
since Dec(G) is generated by ca2(p())) for all A € T* and W contains normal
subgroups (Z/27Z)™~! and (Z/2Z)"~!, we see that the coefficient at each e; in
the expansion of c3(p(N)) is divisible by 2, thus, Dec(G) C 4Zq ® 4Zq' (note
that by ([I8) 4q,4q" ¢ Dec(G)). Hence,

Invs,4(G) = Z/AZ(

/
z=atmm 4~ w=atmm 4 )-

Now we show that Sdec(G) = 2Z( gt 4 — gea(mm @ )- First of all, as

c2(p(wi)) = 2miq and c2(p(w))) = 2miq’ (19)
foralll <i<mand1 < j < n and for some m;, m} € Z, by the same argument
as in the proof of Proposition [[.1] we obtain sedtm 4~ gedlmm) q ¢ Sdec(G).
On the other hand, consider an element

Z= gcd(?n,n)ﬁ(wl) - gcd(iln,n)ﬁ(wll)'
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Then, by ([[6) we obtain y := ez € Z[T*] NI . Therefore, as in the proof of
Proposition B.I} we have ¢2(y) = 2(geqpmmy? — zeapmm ?) € Sdec(G). Hence,
the result for Inv?,(G) follows.

Now we assume that g ~ g, so that u C p2 if m and n are odd and p C p3
otherwise. In both cases, the corresponding character group of T is given by

m n
T = {Zaiwi JFZGQWQ ‘ Am-1+ am = as,_q + a, mod 2}.

i=1 j=1
By applying the same argument in the above p ~ p, case, we obtain
Q(G) ={dg+d'q'|d+ d =0 mod 2}.

Since c2(p(w1)) = —2q and ca2(p(w))) = —2¢’, we have 2¢q,2¢’ € Dec(G). More-
over, by (1), we get ¢ — ¢’ € Sdec(G), thus Sdec(G) = Dec(G) = 2Zq ® 2Z¢’
and Inv? ,(G) = Z/2Z(q — ¢). O

We obtain the following generalization of the previous proposition. Together
with Remark @3] they determine the groups of indecomposable and semi-
decomposable invariants for an arbitrary product of simply-connected simple
groups of type D modulo the central subgroups p,.

COROLLARY 9.2. Let G = (]}~ Spiny, )/p, n; >4, m > 1, where either all
n; are even or odd, and w is a diagonal subgroup. Then,

Inv?nd (G) =

m—1 . ~
{(Z/m TH= B 1)

(Z22)"Yif ey,
(Z/22)" " if p g,

0 if g py.

Proof. By the same argument as in Proposition @Il we obtain

{Zz1 diq; | Znidi = 0 mod 8} if o~ py,

G) =
(@) {{2121 digq; | Y. d; =0 mod 2} if o~ p,,

where q1,...,qy are the corresponding normalized Killing forms of Spin,,, .
Similarly,

12 AZ(q1 — qi 47 if p~
Dec(G) = 6952 (1 — ¢;) ®4Z(q1 + q2) 1 Wy,
691':1 224 if g~ o,

thus, the factor groups follow. Following Proposition @01l we see that

Sdec(G)/ Dec(G) = @Z/QZ(gcd(zym)ql — gcd(zll,ni)%’)
i=2

if p~p, and g1 — ¢; & Sdec(G) for all 2 < i < m if p ~ p,, which completes
the proof. O
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REMARK 9.3. (1) Let G' = G % (Hzl Spin,,,/ ), where G is the group from
Corollary [22.  Then, similar to the proof of ?roposition [91 one can show
that Tnv®,(G") = Inv3,(G). Moreover, by [fl Theorem 15.4] Invi ,(G') =
Invi,,(G) @ (Z/2Z)%™ .

(2) Let G' = G % (H:il Spiny,,s ), where G is either SOxy, or HSpin,,,,. If
G = SOgqy,, then by [4, §15] Dec(G) = Dec(Spiny,, ), thus Dec(G’) = Sdec(G").
Similarly, if G = HSpin,,,, then it follows from [2, §5] and [15, §3d] that
Dec(G') = Sdec(G"). One can also easily compute the indecomposable groups.

10 THE PGOg-CASE

In the present section we use the techniques developed in section B to give a
direct proof of the main result of [I5, Appendix].

In this section, G = PGOg that is an adjoint group of Dynkin type D4. The
weight lattice of type D4 can be constructed as follows. We first take a Q-
vector space with basis ej,...,e4. Then A has the following Z-basis consisting
of fundamental weights:

wi=e1, wa=e1+e2, wg=(e1+e2+e3—es1)/2, was=(e1+e2+e3+eq)/2.

So the coordinates of elements of A are either all integers or half-integers.
The group T™* consists of all points such that all coordinates are integers, and
the sum of coordinates is divisible by 2. We have A/T* = Z/27 © Z/2Z
with elements 0 = (0,0), &1 = (0,1), @3 = (1,0), @ws = (1,1). The quotient
map A — A/T* induces a grading on A and, hence, on Z[A]. We denote
by A0 AOD A0 AL the respective homogeneous components. Each
polynomial f € Z[A] can be split into a sum of its homogeneous components,
which we will denote by f(»7). Denote the orbits in Z[A] by p(w1),.. ., p(ws)
and the augmented orbits by p1, ..., ps as in section

LEMMA 10.1. Let f1,..., fa € Z[A] be such that fip1 + ...+ faps € Z[T*].
Then, for each element i € A/T* except for i = (0,1) the sum of coefficients of

fl(i) is even.
Proof. Consider a subgroup
N = {x1e1 + xoes + x363 + T4e4 € T* | T2 + 73 + 74 and 1 is even}.

We have A/A = 7Z/27 @ Z/4Z with a generator @, of order 2 and w4 of order
4.

Set R = Z/4Z. Consider a natural map Z[A] — R[A/A’] given by f — f.
Since A’ C T*, R[A/A'] is also a A/T*-graded algebra, and this map preserves
the grading. By definition, the sum of coefficients of f modulo 4 is the sum of
coefficients of f. So, it is sufficient to prove that for each element ¢ € A/T*

except for ¢ = (0, 1), the sum of coefficients of fl(z) = fl(z) is even.
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Since py = 2e® + 2%, pp = p3 = pa = 0 in R[A/AN'] and fipy + ...+ faps €
R[T*/N\], we obtain that fip1 € R[T*/A’]. Since p; € Z[AOV], for each
i€ AN/T*, i#0, we have

0=(fip)? = fi~OVp, = 2ee (1 4 eerven) fii O,

Therefore, for each j € A/T*, j # (0, 1), all coefficients of (1 + eel+62)f1(]) are
divisible by 2.

Observe that the classes of 0 and of we in A/A’ are all elements of A/A’ that
belong to T*/A’. So, if A € A/A', and f € R[A/A’], then the coefficient of
(1+ec1e2) f at e is the sum of coefficients of f in front of e’ for all N € A/A/
such that A = X mod T™* (there are exactly two such X, one of them is A, the
other is A 4+ e1 4+ e3). If f is a homogeneous polynomial of degree j € A/T*,
and A € A/A’ is mapped to j by the natural projection A/A" — A/T*, then
the coefficient of (1 + e¢1+e2)f in front of e* is the sum of all coefficients of f.
Therefore, the sum of all coefficients of fl(J ) is divisible by 2 for each j € A/T™*,

j#(0,1). O

LEMMA 10.2. Let f1,..., fa € Z[A] be such that fip1 + ...+ faps € Z[T*].
Then,

(1) for each element i € A/T* except for i = (1,0) the sum of coefficients of
féi) is even;

(2) for each element i € A/T* except for i = (1,1) the sum of coefficients of
f) 1S even.

Proof. (1) Consider an automorphism % of A (induced by an outer automor-
phism of PGOg) that interchanges w; and w3 and keeps wo and w, invariant.
It preserves T*. So, it also acts on A/T* = Z/2 & Z/2 by interchanging (0,1)
and (1,0) (and keeping (0,0) and (1,1)).

By definition ¢ maps the graded components of a polynomial f € Z[T*] to
graded components of 1(f), more precisely, 1(f*) = ¥(f)¥®. In particular,
(YO =p(fH0).

Since 1 interchanges p; and p3, and keeps ps and ps unchanged,

Y(fipr + .-+ fapa) = (f1)ps + Y(f2)p2 + U (f3)p1 + ¥ (fa)pa.

Finally, observe that the sum of coefficients of ¢)(f) is the same as the sum of
coefficients of f. We then apply Lemma [I0.T}

(2) The proof is completely similar to the proof of the previous case, the only
difference is that now 1 should interchange w; and wy and keep ws and wg
unchanged. O

PROPOSITION 10.3. Let fi,..., f1 € Z[A] be such that fip1+...+ faps € Z[T*].
Then the sum of all coefficients of f; is even fori=1,3,4.
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Proof. Set w(,1) = w1, w(1,0) = w3, w1,1) = w4, and w(g9) = w2. Then the
class of w; j) in A/T™ is precisely (4, 7). B
Set R = Z/16Z and consider the natural map Z[A] — R[A/T*] given by f — f.
Since fip1+. ..+ faps € Z[T*], p; = 8e¥i—8,i =1,3,4 and ps = 24e¥2—24 = 0,

f1p1 + f3p3 + fapa is a constant in R[A/T*].

For i = 1,3,4 and (j,k) € A/T*, denote by cl(j’k) the sum of coefficients of
fi(j’k) modulo 16. Then fi(j’k) = cz(-j’k)m. By Lemma [I0.1] and [[0.2] all
Z(-j’k) are even, except for, possibly, cgo’l), cgl’o) 511’1). Observe
that if cz(-j’k) is even, then cgj’k)mﬁi =0 in R[A/T*] since p; is divisible by
8. Therefore, both expressions

numbers ¢ , and ¢

(1,0) (1,1)

AVempy + Ve ps + "V emip,  and

8050’1)671 + 80%1’0)673 + 804(11’1)674 + 8(0&0’1) + cgl’o) + cfll’l))

are constants in R[A/T™].

(0,1)  (1,0) (1,1)

So, the coefficients ¢ ,c3, and ¢y are even which means that for all
i=1,3,4and (j, k) € A/T™, cl(]’k) is even. But then the sum of all coefficients
of f; is even for ¢ =1, 3,4. O

We now give a direct proof of the result obtained in [I5] Appendix] using a
computer algorithm

COROLLARY 10.4. If G = PGOsg, then any semi-decomposable invariant of G
18 decomposable.

Proof. Let x € Z[T*] N 1Y . Similar to [I5, §3c] we write

4
T = Z(dz + 0;)p(w;) for some d; € Z, §; € I,

i=1

Then ca(z) = Zle d;ca(p;). By Proposition we have di = d3 = dy =
0 mod 2. Since c2(p;) = 2q for i = 1,3,4 and co(p2) = 12¢ by [15, §3d], we
obtain that ca(x) € 4Zq = Dec(G). O

11 TypeE E

We now treat the exceptional cases. In the following we show that any semi-
decomposable invariant is decomposable for semisimple groups of type Fg and
Er.

LEMMA 11.1. Let G be a split semisimple group of type Eg or E;. Then,
Sdec(G) = Dec(G), i.e., each semi-decomposable invariant is decomposable.
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Proof. We denote by Eg¢? (resp. FE29) a split simple adjoint group of type Eg
(resp. E7) and by E§° (resp. EZ£°) a split simple simply connected group of
type Es (resp. E7). We first consider the case where G is a semisimple group
of type Eg, i.e., G = (E x -+ x E§®)/p (n copies of EE¢) for some central
subgroup p. Let g1, -+ , g, be the corresponding normalized Killing forms for
each copy of E§¢ in G. Since Dec(Eg®) = Dec(E$?) = 6q; by [14, §4b], we
have Dec(E§¢ x -+ x E§¢) = Dec(E§? x -+ x E§?) = 6Zq1 & -+ & 6Zqy,. As
Dec(E¢? x Eg?) C Dec(G) C Dec(E§¢ x E§°), we conclude that Dec(G) =
6Zq1 @ -+ D 6Zgy.

Now we show Sdec(G) C Dec(G). Similar to the proof of Proposition [T1] we
consider an arbitrary element = € I'V:

6
Z dij + 0i5)p(wij)

1:=1

n

j:
for some d;; € Z and §;; € I, where {wi;, ..., we;} is the fundamental weights
of each copy of E§¢. Since ca(I2,) = 0, we obtain

n 6
=3 dijea(plwig))- (20)

j=1i=1
By [11, §2], each element cp(p(w;;)) in (20) iz contained in 6Zg;. Hence,

Sdec(G) C Dec(G), so the equality holds.

Let G = (E5° x --- x E£°)/p (n copies of E5°) for some central subgroup p.
Then, the same argument together with Dec(Es®) = Dec(E§?) = 12¢; ([14]
§4b]) shows that Dec(G) = Sdec(G) = 12Z¢; & - - - & 12Zqgy,. O

We determine the indecomposable groups for an arbitrary product of split
simply-connected simple groups of type Eg (resp. FE7) modulo the diagonal

subgroups pg (resp. ps).
PROPOSITION 11.2. (1) Let G = (E§° X - -+ x E§°) /g with n (> 2) copies of a
split simple simply connected group E§¢ of type Eg and the diagonal subgroup
ps. Then

v} ,(G) = Z/27. ® (Z/6Z)°" " and Sdec(G) = Dec(G).

(2) Let G = (B3¢ x -+ - x ES%) /e with n (> 2) copies of a split simple simply
connected group E3¢ of type E; and the diagonal subgroup py. Then

Inv? ,(G) = Z/3Z @ (Z/12Z)*" " and Sdec(G) = Dec(G).

Proof. By Lemma [I1.1] it suffices to compute the indecomposable groups.
(1) Assume that n = 2. Then, by 51l the character group of the split maximal
torus 1" of G is given by

6 6
T :{Zaiwi+2aéw£|a1+ag +as + a5 = as + as + as + ag mod 3}. (21)

i=1 i=1
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Choose a basis {z1,...x¢,2,..., 25} of ) as follows
’ ’ ! ’
T1 = w1 + wg, T2 = w2, T3 = W3 + 2wg, Ta = W4, Ts = Ws + Wg, Te = W + 2w,
/ / / ! ! / / / / ! ! / ! / /
T1 = wi + we, Ty = Wy, Tz = W3 + 2w, Ty = W4, Ts = Ws + We, T = 3Ws-

Let ¢ be a quadratic form on z;, =} over Z. Since the group S?(T% )W is

generated by the normalized Killing forms

2 2 2 2 2 2
q:= W] — wiws + w5 — Waw4 + W3 — wawa + Wi — wWaws + w5 — wsws + wg  and

¢ =W — wiws 4wy — wiw) + wy — wiw + Wi — wiws + Wi — wiwg + wg
(22)
from the equation ¢ = dg + d'q’, we obtain
¢ = (L) + 0,
where v is a quadratic form with integer coeflicients. Therefore,
Q(G) ={dg+d'q'|d+ d =0 mod 3}. (23)
Therefore, by ([23]) and the proof of the previous lemma, we obtain
Inv} 4 (G) = Z/2Z(3q + 3¢') ® Z/6Z(q + 2¢').
For n > 3, the same argument shows that
Q(G) ={dig+ - dngn| Zdi = 0 mod 3},
i=1
where qi,...,q, are the corresponding normalized Killing forms. Hence, the

result for the indecomposable group follows from Lemma [IT1]
(2) Assume that n = 2. Then, by 5] the character group of the split maximal
torus 1" of G is given by

7 7
T :{Za¢w¢+2a;w,{|a2+a5+a7Ea'2+a'5+a'7 mod 2}.

i=1 =1
Since the group S?(T%,)" is generated by the normalized Killing forms
q:= g6 — wewr + w? and q/ = g5 — wewy + w/72,
where ¢¢ and ¢f are the normalized Killing forms of Fg in (22)), the same
argument as in (1) shows

Q(G) ={dg+d'q |d+d = 0mod 4}.

Hence, by Lemma ITIInv}, ,(G) = Z/3Z(4q¢") ® Z./12Z(q — ¢'). For n > 3, the
same argument shows that Q(G) = {d1g+- - dyqs | >, d; = 0 mod 4}, where
q1,- - -, qn are the corresponding normalized Killing forms, which comptues the
indecomposable group together with Lemma [IT.1] O
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REMARK 11.3. (1) Let G = (B34 x - - -x E§?)x (B¢ % - - - x E§¢), n(> 0) copies of
E24 and m(> 0) copies of E¢. It follows by @), (Z3) and the proof of Lemma
I11 that Inv? ,(G) = (Z/27)®" & (Z/6Z)®™. Similarly, for the same group G
replacing Eg by Er, we have v ,(G) = (Z/32)%" @ (Z/12Z)®™.

(2) Note that the center ps X ps of E§¢ X EEC contains two nontrivial (# pug X 1,
1 % pg) central subgroups which is isomorphic to ps: a diagonal subgroup and
a non-diagonal subgroup. Assume that p is non-diagonal. Then, the character

group of T becomes

6 6
T = {ZaiwiJrZa;wZ’- lay + al + a5 + ag = a] + as + a5 + ag mod 3}.
i=1 i=1

In this case, we have the same Q(G) as in (23), thus have the same indecom-

posable group.
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