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ABSTRACT. We define and discuss lax and weighted colimits of dia-
grams in oco-categories and show that the coCartesian fibration cor-
responding to a functor is given by its lax colimit. A key ingredi-
ent, of independent interest, is a simple characterization of the free
Cartesian fibration on a functor of co-categories. As an application
of these results, we prove that 2-representable functors are preserved
under exponentiation, and also that the total space of a presentable
Cartesian fibration between is presentable, generalizing a theorem of
Makkai and Paré to the co-categories setting. Lastly, in an appendix,
we observe that pseudofunctors between (2,1)-categories give rise to
functors between oo-categories via the Duskin nerve. setting and the
Duskin nerve.
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1226 DaviD GEPNER, RUNE HAUGSENG, THOMAS NIKOLAUS

1. INTRODUCTION

In the context of ordinary category theory, Grothendieck’s theory of fibra-
tions [Gro63] can be used to give an alternative description of functors to the
category Cat of categories. This has been useful, for example, in the theory
of stacks in algebraic geometry, as the fibration setup is usually more flexible.
When working with oco-categories, however, the analogous notion of Cartesian
fibrations is far more important: since defining a functor to the oco-category
Catyo of co-categories requires specifying an infinite amount of coherence data,
it is in general not feasible to “write down” definitions of functors, so that ma-
nipulating Cartesian fibrations is often the only reasonable way to define key
functors.

For ordinary categories, the Grothendieck construction gives a simple descrip-
tion of the fibration classified by a functor F': C°? — Cat; this can also be
described formally as a certain weighted colimit, namely the lax colimit of the
functor F. For co-categories, on the other hand, the equivalence between Carte-
sian fibrations and functors has been proved by Lurie using the straightening
functor, a certain left Quillen functor between model categories. This leaves
the corresponding right adjoint, the unstraightening functor, quite inexplicit.
One of our main goals in this paper is to show that Lurie’s unstraightening
functor is a model for the oco-categorical analogue of the Grothendieck con-
struction. More precisely, we introduce oo-categorical versions of lax and oplax
limits and colimits and prove the following;:

THEOREM 1.1.

(i) Suppose F: C — Cato is a functor of oo-categories, and & — € is a
coCartesian fibration classified by F. Then & is the oplax colimit of the
functor F.

(ii) Suppose F: C°P — Catoo is a functor of co-categories, and & — € is
a Cartesian fibration classified by F. Then & is the lax colimit of the
functor F.

To prove this we make use of an explicit description of the free Cartesian fibra-
tion on an arbitary functor of oco-categories. More precisely, the co-category
Catgf)“/te of Cartesian fibrations over € is a subcategory of the slice co-category
Cate /e, and we show that the inclusion admits a left adjoint given by a simple
formula:

THEOREM 1.2. Let C be an oo-category. For p: € — C any functor of oco-

categories, let F(p) denote the map & X eq1y Al 5 el (i.e. the pullback is

along the map eat e given by evaluation at 1 € A' and the projection is
art

induced by evaluation at 0). Then F defines a functor Cat,je — Catlye,
which is left adjoint to the forgetful functor Catgz‘r/t@ — Caty/c-

In the special case where p: € — € is a Cartesian fibration and C is an co-
category equipped with a “mapping oco-category” functor MAPe: C°P x C —
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Catwo, such as is the case when € is the underlying oco-category of an (oo, 2)-
category, then it is natural to ask when p is classified by a functor of the
form MAPe(—, X): C°P — Caty, for some object X of €. We say that p is
2-representable when this is the case. As an application of our theorems, we
show that, if p: € — C is a 2-representable Cartesian fibration such that the
mapping oo-category functor MAPe is tensored and cotensored over Cate,
and D is any oco-category, then the exponential ¢: Fun(D, &) — Fun(D,C) is
itself 2-representable. This is relevant in the description of the functoriality of
twisted cohomology theories as discussed in joint work of the third author with
U. Bunke [BN14]. More precisely it describes a converse to the construction in
Section 3 and Appendix A of this paper.

The third main result of this paper provides a useful extension of the theory
of presentable co-categories in the context of Cartesian fibrations, generalizing
a theorem of Makkai and Paré [MP89] to the oo-categorical context. More
precisely, we show:

THEOREM 1.3. Suppose p: € — C is a Cartesian and coCartesian fibration
such that C is presentable, the fibres €, are presentable for all x € C, and the
classifying functor F: C°P — 62?500 preserves k-filtered limits for some regular
cardinal k. Then the co-category € is presentable, and the projection p is an
accessible functor (i.e. it preserves \-filtered colimits for some sufficiently large

cardinal ).

While the theory of accessible and presentable categories is already an impor-
tant part of ordinary category theory, when working with oo-categories the
analogous notions turn out to be indispensable. Whereas, for example, it is of-
ten possible to give an explicit construction of colimits in an ordinary category,
when working with oco-categories we often have to conclude that colimits exist
by applying general results on presentable oco-categories. Similarly, while for
ordinary categories one can frequently just write down an adjoint to a given
functor, for co-categories an appeal to the adjoint functor theorem, which is
most naturally considered in the presentable context, is often unavoidable. It
is thus very useful to know that various ways of constructing co-categories give
accessible or presentable ones; many such results are proved in [Lur09a, §5],
and our result adds to these by giving a criterion for the source of a Cartesian
fibration to be presentable.

1.1. OVERVIEW. In §2 we briefly review the definitions of twisted arrow oo-
categories and oco-categorical ends and coends, and use these to define weighted
(co)limits. Then in §3 we prove our main result for coCartesian fibrations over
a simplex, using the mapping simplex defined in [Lur09a, §3.2.2]. Before we
extend this result to general coCartesian fibrations we devote three sections to
preliminary results: in §4 we give a description of the free Cartesian fibration,
i.e. the left adjoint to the forgetful functor from Cartesian fibrations over € to
the slice co-category Cat/e; in §5 we prove that the space of natural trans-
formations between two functors is given by an end (a result first proved by
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1228 DaviD GEPNER, RUNE HAUGSENG, THOMAS NIKOLAUS

Glasman [Glal6, Proposition 2.3.]), and in §6 we prove that the straightening
equivalence extends to an equivalence of the natural enrichments in Cat., of
the two oo-categories involved. §7 then contains the proof of our main result:
Cartesian and coCartesian fibrations are given by weighted colimits of the clas-
sifying functors. In §8 we give a simple application of our results to functors
that are representable via an enrichment in Caty,, and in §9 we apply them to
identify the functor classifying a certain simple Cartesian fibration; this is a key
step in our proof in §10 that the source of a presentable fibration is presentable.
Finally, in appendix A we use Duskin’s nerve for strict (2,1)-categories to check
that the pseudonaturality of the unstraightening functors on the level of model
categories implies that they are natural on the level of co-categories.

1.2. NOTATION. Much of this paper is based on work of Lurie in [Lur09a,
Lurl4]; we have generally kept his notation and terminology. In particular, by
an oco-category we mean an (00, 1)-category or more specifically a quasicategory.
We also use the following conventions, some of which differ from those of Lurie:

e Generic categories are generally denoted by single capital bold-face letters
(A, B, C) and generic co-categories by single caligraphic letters (A, B, C).
Specific categories and oo-categories both get names in the normal text
font.

e If C is an oco-category, we write (C for the interior or underlying space of
G, i.e. the largest subspace of C that is a Kan complex.

o If f: C — D is left adjoint to a functor g: D — €, we will refer to the
adjunction as f - g.

e We write Pr¥ for the oo-category of presentable oco-categories and functors
that are left adjoints, i.e. colimit-preserving functors, and Pr for the co-
category of presentable co-categories and functors that are right adjoints,
i.e. accessible functors that preserve all small limits.

e If C and D are oco-categories, we will denote the oco-category of functors
€ — D by both Fun(€, D) and DC.

e If S is a simplicial set, we write

St : (SetX),s: = Fun(€(S)°P, Set}) : Ung

for the marked (un)straightening Quillen equivalence, as defined in
[Lur09a, §3.2].

e We write Catf;“/te for the subcategory of Cat,, e consisting of Cartesian
fibrations over €, with morphisms the functors that preserve Cartesian
edges, MapS™*t(~,—) for the mapping spaces in Catf;“/t@, and Fun@"(—,-)
for the oco-category of functors that preserve Cartesian edges, defined as a
full subcategory of the co-category Fune(—, —) of functors over €. Similarly,

we write Catig%” for the oo-category of coCartesian fibrations over €,

Mapge®*t(—, -) for the mapping spaces in Catggﬁaert, and Fun (-, -) for

the full subcategory of Fune(—,—) spanned by the functors that preserve
coCartesian edges.
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e If C is an oo-category, we write
Ste: Catggr/te = Fun(C°P, Catoo): Une

for the adjoint equivalence of oo-categories induced by the
(un)straightening Quillen equivalence via [Lur09a, Proposition 5.2.4.6].
e If S is a simplicial set, we write

St (SetX),s: = Fun(€(S),Set}) : Ung

for the coCartesian marked (un)straightening Quillen equivalence, given
by St&°°(X) 1= (Stg, (X°P))°P.
e If C is an oco-category, we write

Stg : Catgg%” = Fun(C, Cats ) : Ung

for the adjoint equivalence of oco-categories induced by the coCartesian
(un)straightening Quillen equivalence.
e If C is an oco-category, we denote the Yoneda embedding for € by

ye: C— P(C),

where P(€) is the presheaf co-category Fun(C°P, 8) with 8 the co-category
of spaces.

1.3. ACKNOWLEDGMENTS. David: Thanks to Joachim Kock for helpful dis-
cussions regarding free fibrations and lax colimits.

Rune: I thank Clark Barwick for helpful discussions of the presentability result
and Michael Shulman for telling me about [MP89, Theorem 5.3.4] in answer to
a MathOverflow question.

We thank Aaron Mazel-Gee and Omar Antolin Camarena for pointing out some
inaccuracies in the first version of this paper. We also thank an anonymous
referee for a very careful and helpful report.

2. TWISTED ARROW 00-CATEGORIES, (CO)ENDS, AND WEIGHTED
(Co)LiMITS

In this section we briefly recall the definitions of twisted arrow co-categories and
(co)ends, and then use these to give a natural definition of weighted (co)limits
in the oco-categorical setting.

DEFINITION 2.1. Let e: A — A be the functor [n] — [n] * [n]°P. The edgewise
subdivision of a simplicial set S is the composite €*S = S oe.

DEFINITION 2.2. Let € be an oo-category. The twisted arrow oco-category
Tw(C) of C is the simplicial set ¢*C. Thus in particular

Hom (A", Tw(€)) = Hom(A™ x (A™)°P, C).
The natural transformations A®, (A®)°? — A® x (A®)°P induce a projection

Tw(€) — € x CP.
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REMARK 2.3. The twisted arrow oco-category, which was originally introduced
by Joyal, has previously been extensively used by Barwick [Bar13,Barl7] and
collaborators [BGN14], and by Lurie [Lurl4, §5.2.1]. By [Lurl4, Proposition
5.2.1.3] the projection Tw(€C) — € x €°P is a right fibration; in particular,
the simplicial set Tw(C) is an co-category if € is. The functor C°P x € — 8
classified by this right fibration is the mapping space functor Mape(—,—) by
[Lurl4, Proposition 5.2.1.11].

WARNING 2.4. There are two possible conventions for defining the edgewise
subdivision (and therefore also the twisted arrow co-category); we follow that of
Lurie in [Lurl4, §5.2.1]. Alternatively, one can define the edgewise subdivision
using the functor [n] — [n]°P % [n], in which case Tw(C) — €°P x C is a left
fibration — this is the convention used in the papers of Barwick cited above.

EXAMPLE 2.5. The twisted arrow category Tw([n]) of the category [n] is the
partially ordered set with objects (i,) where 0 < i < j < n and with (4,7) <
(¢, 5') if i <i' < j" <.

A natural definition of (co)ends in the co-categorical setting is then the follow-
ing.

DEFINITION 2.6. If F': € x C°P — D is a functor of co-categories, the coend of
F' is the colimit of the composite functor

Tw(C) - € x C°? — D.

Similarly, if G: C°P x € — D is a functor of co-categories, then the end of G is
the limit of the composite functor

Tw(C)? - CP x € — D.

REMARK 2.7. These oo-categorical notions of ends and coends are also dis-
cussed in [Glal6, §2]. In the context of simplicial categories, a homotopically
correct notion of coends was extensively used by Cordier and Porter [CP97];
see their paper for a discussion of the history of such definitions.

Now we can consider weighted (co)limits:

DEFINITION 2.8. Let R be a presentably symmetric monoidal co-category, i.e.
a presentable co-category equipped with a symmetric monoidal structure such
that the tensor product preserves colimits in each variable, and let M be a right
R-module in Pr¥. Then M is in particular tensored and cotensored over R, i.e.
there are functors

(@) MxR—>M,

() RP M — M,
such that for every x € R the functor —-®@x: M — M is left adjoint to (—)*. Given

functors F': € — M and W: € — R, the W -weighted colimit colimg F of F is
defined to be the coend colimry, ¢y F'(-)@W (-). Similarly, given F': € — M and

W: € — R, the W-weighted limit limg F of F is the end limrp(eyor F(—)V .
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We are interested in the case where both R and M are the co-category Cates, of
oo-categories, with the tensoring given by Cartesian product and the cotensor-
ing by Fun(—,—). In this case there are two special weights for every co-category
C: we have functors €, : € — Cats, and C_,: C°P — Caty sending z € C to
€/, and €/, respectively. Precisely, these functors are obtained by straighten-
ing the source and target projections ea' @, which are respectively Cartesian
and coCartesian. Using these functors, we can define lax and oplax (co)limits:
DEFINITION 2.9. Suppose F': € — Caty, is a functor. Then:
e The oplax colimit of F' is the colimit of F' weighted by C_/, i.e.

lim F(—) x C_,.
Sl FC) > &y

e The lax colimit of F is the colimit of F' weighted by (C°P),_, i.e.

lim F(—) x (C°P) .
colim F/(-) x (€°7) /-

e The lazx limit of F is the limit of F' weighted by €, i.e.

lim Fun(€, ,F(-)).
ram  Fan (€, ()

e The oplax limit of F is the limit of F weighted by (C°P)_,, i.e.

li F P) , F(-)).
L Fan((@?). . F())

3. COCARTESIAN FIBRATIONS OVER A SIMPLEX

In this preliminary section we study coCartesian fibrations over the simplices
A" and observe that in this case the description of a coCartesian fibration as
an oplax colimit follows easily from results of Lurie in [Lur09a, §3.2]. More
precisely, we will prove:

PRroOPOSITION 3.1. There is an equivalence

colim ¢(-) x [n] , = Un®°
colim o) x [l = U (0)

of functors Fun([n], Cate) — Catweo, natural in A°P.

To see this we first recall fron [Lur09a, §3.2] the definition and some fea-
tures of the mapping simplex of a functor ¢: [n] — Set{ and show that its
fibrant replacement is a coCartesian fibration classified the corresponding func-
tor A" — Cateo.

DEFINITION 3.2. Let ¢: [n] — SetX be a functor. The mapping simplex
M, (¢) — A™ has k-simplices given by a map o: [k] — [n] together with
a k-simplex A* — ¢(c(0)). In particular, an edge of Mj,|(¢) is given by a pair
of integers 0 < i < j < n and an edge f in ¢(i); let S be the set of edges of
M7,)(¢) where the edge f is marked. Then M [hn] (¢) is the marked simplicial set

(My)(9),S). This gives a functor M[hn]: Fun([n], SetX) — (SetX) an, pseudo-

natural in A°? (with respect to composition and pullback) — see Appendix A
for a discussion of pseudonatural transformations.
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DEFINITION 3.3. Let ¢: [n] — Seta be a functor. The relative nerve Ni,)(¢) —
A™ has k-simplices given by a map o: [k] — [n] and for every ordered subset
J C [k] with greatest element j, a map A7 — ¢(o(j)) such that for J’ C J the
diagram

AT —— ¢(a(")

||

AT —— ¢(0(j))

commutes. Given a functor ¢: [n] — Set{ we define N[J;] (#) to be the marked
simplicial set (Np,j(¢), M) where ¢ is the underlying functor [n] — Seta of ¢,
and M is the set of edges Al — Nip)¢ determined by

e a pair of integers 0 < i < j < n,

e a vertex z € ¢(i), B

e a vertex y € ¢(j) and an edge ¢(i — j)(z) — y that is marked in ¢(j).

This determines a functor NE;] : Fun([n], Set{) — (Set£), a~, pseudonatural in

A°P,

REMARK 3.4. By [Lur09a, Proposition 3.2.5.18], the functor N[Z] is a right
Quillen equivalence from the projective model structure on Fun([n],Set}) to
the coCartesian model structure on (Set}) a«. In particular, if ¢: [n] — Set{
is a functor such that ¢(i) is fibrant (i.e. is a quasicategory marked by its set
of equivalences) for every ¢, then N[;'; ] (¢) is a coCartesian fibration.

DEFINITION 3.5. There is a natural transformation v, : M[bn] =) — N[';] )
that sends a k-simplex (o: [k] — [n], AF — ¢(c(0))) in M[hn] (o) to the k-simplex
of N7 (¢) determined by the composites A7 — AF — ¢(a(0)) = ¢(o(4)).

[n]
This is clearly pseudonatural in maps in A°P, i.e. we have a pseudofunctor

A°P — Fun([1], Cat) that to [n] assigns
Vinp+ [1] x Fun([n], Setf) — (SetX)/an-

PROPOSITION 3.6. Suppose ¢: [n] — SetX is fibrant. Then the natural map
Vinl,¢ M, (¢) — N[z](gb) is a coCartesian equivalence.

Proof. Since N[J[l](gb) — A" is a coCartesian fibration by [Lur09a, Proposition
3.2.5.18], it follows from [Lur09a, Proposition 3.2.2.14] that it suffices to check
that v}, 4 is a “quasi-equivalence” in the sense of [Lur09a, Definition 3.2.2.6].
Thus we need only show that the induced map on fibres M, [hn] (¢); — N[:;] (¢):
is a categorical equivalence for all ¢ = 0,...,n. But unwinding the definitions
we see that this can be identified with the identity map ¢(i) — ¢(i) (marked
by the equivalences). O
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Let Un[J;’]CO: Fun([n],SetX) — (SetX) ,a» be the coCartesian version of the
marked unstraightening functor defined in [Lur09a, §3.2.1]. By [Lur09a, Re-
mark 3.2.5.16] there is a natural transformation A, : N[Z} — Un[J;’]CO, which is
a weak equivalence on fibrant objects by [Lur09a, Corollary 3.2.5.20]. Since
this is also pseudonatural in A°P| combining this with Proposition 3.6 we im-

mediately get:

COROLLARY 3.7. For every [n] € A°P there is a natural transformation
NSZOE M[hn](f) — Un[J;’]CO(f), and this is pseudonatural in [n] € A°P. If
#: [n] — Set} is fibrant, then the map M[hn] (¢) — Un (o) is a coCartesian

) [n]
equivalence.

It is immediate from the definition that M (¢) is the pushout

$(0)F x (AL s §(0)F x (A™)F

l l

Moreover, since all objects are cofibrant in the model structure on marked
simplicial sets and the top horizontal map is a cofibration, this is a homotopy
pushout. Combining this with Corollary 3.7, we get the following:

LEMMA 3.8. Suppose F': [n] — Cats is a functor, and that & — A™ is the cor-
responding coCartesian fibration. Let &' be the pullback of € along the inclusion
AlLont <y A Then there is a pushout square

F(0) x Albont 5 F(0) x A

[ |

g &

in Catso.

Unwinding the definition, we see that M[bn] (¢) is the colimit of the diagram
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x (A™)*

9(0)
/

¢(O) % (A{l,...,n})u

T

(1) x (Ath-mh)s
$(1) x (Atomh)s

T

$(2) x (AZomh)s

Bln — 1) x (Aln=tm

\

bl —1) x (A

J/

(n) x (A,

By Example 2.5 the category indexing this colimit is a cofinal subcategory of the
twisted arrow category Tw([n]) of [n] — this is easy to check using [Lur09a,
Corollary 4.1.3.3] since both categories are partially ordered sets. Hence we
may identify M[n} (¢) with the coend

colim (¢(—) x N[n]_/).

colim (6(-) x Nl
Moreover, since we can write this colimit as an iterated pushout along cofibra-

tions, this is a homotopy colimit. From this we can prove Proposition 3.1 using
the results of appendix A together with the following observation:

LEMMA 3.9. Let G: C — D be a right Quillen functor between model categories.
Suppose f: X — X and g: Y — Y are weak equivalences such that X and Y
are fibrant, and G(f) and G(g) are weak equivalences in D. Then if h: X —»Y
is a weak equivalence, the morphism G(h) is also a weak equivalence in D.

Proof. Choose a factorization of the composite g o h: X — Y as a trivial
cofibration i: X < X’ followed by a fibration p: X’ — Y. We then have a
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commutative diagram

x—1 4 x

\‘ q 7

y —2 v
where the dotted arrow g exists since X is fibrant and 4 is a trivial cofibration,
and all morphisms are weak equivalences by the 2-of-3 property. By assumption
G takes f and g to weak equivalences, and as G is a right Quillen functor
by Brown’s Lemma it also takes ¢ and p to weak equivalences as these are
weak equivalences between fibrant objects. By the 2-of-3 property we can then
conclude first that G(i) is a weak equivalence and then that G(h) is a weak
equivalence. O

Proof of Proposition 3.1. We will prove this by applying Proposition A.30 to
a relative Grothendieck fibration constructed in the same way as in Propo-
sition A.31. The only difference is that the mapping simplex of a functor
¢: [n] — Set} is not in general fibrant. We must therefore consider a larger
relative subcategory of (SetX) /an containing the mapping simplices of fibrant
functors whose associated co-category is still Catég?a&i.

By [Lur09a, Proposition 3.2.2.7] every mapping simplex admits a weak equiva-
lence to a fibrant object that is preserved under pullbacks along all morphisms
in A. We therefore think of M[hn] and Un?;’]co as functors from fibrant objects
in Fun([n],SetX) to objects in (SetX) A~ that admit a weak equivalence to a
fibrant object that is preserved by pullbacks — by Lemma 3.9 all weak equiva-
lences between such objects are preserved by pullbacks, so we still get functors
of relative categories.

It remains to show that inverting the weak equivalences in this subcategory
gives the same co-category as inverting the weak equivalences in the subcat-
egory of fibrant objects. This follows from [BK12, 7.5], since any fibrant re-
placement functor gives a homotopy equivalence of relative categories. ([l

4. FREE FIBRATIONS

Our goal in this section is to prove that for any co-category C, the forgetful
functor

Catggr/te — Caty /e
has a left adjoint, given by the following explicit formula:

DEFINITION 4.1. Let € be an oco-category. For p: € — € any functor of oo-
categories, let F'(p) denote the map & X1 At €19} where the pullback
is along the target fibration Al e given by evaluation at 1 € Al and
the projection F'(p) is induced by evaluation at 0. Then F' defines a functor
Catoo/e — Catoo/e.
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We will call the projection F(p): & x¢ A" 5 € the free Cartesian fibration on
p: € = € — the results of this section will justify this terminology.

EXAMPLE 4.2. The free Cartesian fibration on the identity € — € is the source
fibration F': GA" — €, given by evaluation at 0 € Al

cart

LEMMA 4.3. The functor F' factors through the subcategory Catoo/@ — Catoo/e-

Proof. By [Lur09a, Corollary 2.4.7.12] the projection F(p) — € is a Cartesian
fibration for any p: € — C, and a morphism in F(p) is Cartesian if and only
if its image in € is an equivalence. It is thus clear that for any map ¢: € - F
in Cato, /e, the induced map F(¢) preserves Cartesian morphisms, since the
diagram

€ xelCA — 5 F xeCA

|

E—————= 7

commutes. O

REMARK 4.4. If p: &€ — @ is a functor, the objects of F(p) can be identified
with pairs (e, ¢: ¢ — p(e)) where e € € and ¢ is a morphism in €. Similarly, a
morphism in F(p) can be identified with the data of a morphism «a: e/ — e in
€ and a commutative diagram

¢ ——ple’)

|

¢ — p(e).

If (e, ) is an object in F(p) and @: ¢’ — ¢ is a morphism in €, the Cartesian
morphism over 1 with target (e, ¢) is the obvious morphism from (e, ¢)).

THEOREM 4.5. Let € be an oo-category. The functor F': Caty /e — Catgg% 1

left adjoint to the forgetful functor U : Catfgr/te — Catg/c-

REMARK 4.6. Analogues of this result in the setting of ordinary categories (as
well as enriched and internal variants) can be found in [Str80] and [Web07].

Composition with the degeneracy so: Al — A induces a functor € — C&'
(which sends an object of € to the constant functor A' — € with that value).
Since the composition of this with both of the evaluation maps eA L eis
the identity, this induces a natural map &€ — & Xg¢ eA" over G, i.e. a natural
transformation

n:id = UF
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of functors Caty, /e — Cato/e. We will show that this is a unit transformation
in the sense of [Lur09a, Definition 5.2.2.7], i.e. that it induces an equivalence

Mapg™*(F(€),F) — Mape(UF(€), U(F)) — Mape(€, U(9))
for all &€ — € in Caty /e and F — € in Catggr/te.
We first check this for the objects of Cat, e with source A% and A!, which (in

a weak sense) generate Cat., /e under colimits. If a map A® — € corresponds to
the object x € €, then its image under F' is the projection €,, — C. (Strictly
speaking, the image is the “alternative overcategory” €/* in the notation of
[Lur09a, §4.2.1], but this is naturally weakly equivalent to €/, by [Lur09a,
Proposition 4.2.1.5].) Thus in this case we need to show the following:

LEMMA 4.7.
i) For every x € C, the map MapS®™*(€,,, &) — Mape({z}, &) ~ 1&, is an
c / c
equivalence.
(i) More generally, for any X € Catoo, the map

Mapg™*(€,, x X, &) — Mape({z} x X, &) ~ Map(X, €,)

is an equivalence.

Proof. The inclusion of the co-category of right fibrations over € into Catggr/te

has a right adjoint, which sends a Cartesian fibration p: € — € to its restric-
tion to the subcategory E.ar¢ of €& where the morphisms are the p-Cartesian

morphisms. The map Mapga“(e/l, &) — (&, thus factors as

Map(@jart(e/l, 8) = Mape(e/m, 8cart) — Lng

where Mape(C/z, Ecart) is the mapping space in the oo-category of right fi-

brations over €, which is modelled by the contravariant model structure on

(Seta)/e constructed in [Lur09a, §2.1.4].

By [Lur09a, Proposition 4.4.4.5], the inclusion {2} — €/, is a trivial cofibration

in this model category. Since this is a simplicial model category by [Lur09a,

Proposition 2.1.4.8], it follows immediately that we have an equivalence
Mape(e/am Ecart) = Mape ({7}, Ecart)-

This proves (i). To prove (ii) we simply observe that since the model category
is simplicial, the product {z} x K — €/, x K is also a trivial cofibration for
any simplicial set K. O

For the case of maps A! — @, the key observation is:

PROPOSITION 4.8. If Al — @ corresponds to a map f: x — y in C, then the
diagram

C/p — €y x Al

C/y — €A xg Al
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is a pushout square in Catggr/te, where the top map is induced by the inclusion

{0} — AL

Proof. Since colimits in Catf;“/te ~ Fun(C°P, Cat,) are detected fibrewise, it
suffices to show that for every ¢ € €, the diagram on fibres is a pushout in
Catoo. This diagram can be identified with

Mape(c, 7) — Mape(c, z) x Al

| |

Mape(c,y) —— €./ xe Al

This is a pushout by Lemma 3.8, since €., xe¢ A — Al is the left fibra-
tion corresponding to the map of spaces Mape(c, ) — Mape(c,y) induced by
composition with f. O

COROLLARY 4.9. For every map o: A' — C and every Cartesian fibration
& — C, the map

5 MapS™ (@2 xe AL, &) — Mape (A, €)
is an equivalence.

Proof. By Proposition 4.8, if the map o corresponds to a morphism f: z — y
in €, we have a pullback square

Mapg™ (4" xe Al,€) —— MapG™™(€,, €)

Mapg™* (€, x A, &) —— Mapg™*(C,, £).

The map 7} fits in an obvious map of commutative squares from this to the
square

MapG(A17 8) E— Map@({y}a 8)

|

Mape ({2} x Al, &) —— Mape({z}, &),

where the right vertical map is given by composition with Cartesian morphims
over f. Since & — C is a Cartesian fibration, this is also a pullback square (this
amounts to saying morphisms in € over f are equivalent to composites of a
morphism in &, with a Cartesian morphism over f). But now, by Lemma 4.7,
we have a natural transformation of pullback squares that’s an equivalence ev-
erywhere except the top left corner, so the map in that corner is an equivalence
too. ([l

DOCUMENTA MATHEMATICA 22 (2017) 1225-1266



LAX COLIMITS AND FREE FIBRATIONS IN co-CATEGORIES 1239

To complete the proof, we now only need to observe that F' preserves colimits:
LEMMA 4.10. F preserves colimits.

Proof. Colimits in Catggr/te are detected fibrewise, so we need to show that for
every € C, the functor C,, xe (-): Caty /e — Cats preserves colimits. But
€., — Cis a flat fibration by [Lurl4, Example B.3.11], so pullback along it
preserves colimits as a functor Cat,, /e — Caty/e, , (since on the level of model
categories the pullback functor is a left Quillen functor by [Lurl4, Corollary
B.3.15]), and the forgetful functor Cat..je,, — Cateo also preserves colimits.

]

Proof of Theorem 4.5. By Lemma 4.10 the source and target of the natural
map

Mapg™ (F(€), F) — Mape(€, U(9))
both take colimits in € to limits of spaces. Since Cat, is a localization of
P(A), every object of Caty e is canonically the colimit of a diagram consisting
of objects of the form A™ — €, so it suffices to show that the map is an
equivalence for such objects. But A™ can in turn be identified with the colimit

AlTIpo - - - ITx0 AL, so it suffices to check that the map is an equivalence when
& = A% and A'. Thus the result follows from Lemma 4.7 and Corollary 4.9. [

PROPOSITION 4.11.
(i) Suppose X — S is a map of co-categories and K is an oo-category. Then
there is a natural equivalence F(K x X) ~ K x F(X).
(i) The unit map X — F(X) induces an equivalence of co-categories
Fun@*(F(X),Y) = Fung(X,Y).

Proof. (i) is immediate from the definition of F. Then (ii) follows from the
natural equivalence

Map (K, Fung(A, B)) ~ Mapg(K x A, B) ~ Map@**(F(K x A), B)
~ Map@" (K x F(A), B) ~ Map(K, Fun&"*(F(A), B)).

O

5. NATURAL TRANSFORMATIONS AS AN END

It is a familiar result from ordinary category theory that for two functors
F,G: C — D the set of natural transformations from F to G can be iden-
tified with the end of the functor C°? x C — Set that sends (C,C’) to
Homp (F(C),G(C")). Our goal in this section is to prove the analogous re-
sult for oco-categories:
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PRrROPOSITION 5.1. Let F,G: C — D be two functors of co-categories. Then the
space Mappyy e, 0y (F, G) of natural transformations from F' to G is naturally
equivalent to the end of the functor

eop x @ LG, qpop y p Mo, o

A proof of this is also given in [Glal6, Proposition 2.3]; we include a slightly
different proof for completeness.

LEMMA 5.2. Suppose i: Co — C s a fully faithful functor of oco-categories.
Then for any oo-category X the functor Fun(X, Cy) — Fun(X, C) is also fully
faithful.

Proof. A functor G: A — B is fully faithful if and only if the commutative
square of spaces

Map(Al, A) —— Map(A'l, B)

]

A2 ——— 5 BX2

is Cartesian. Thus, we must show that for any X, the square

Map(A! x X, Cp) —— Map(A! x X, €)

| |

Map(X, Cp)*? ———— Map(X, C)*?

is Cartesian. But this is equivalent to the commutative square of co-categories

1 1
ea' — e

||

ey? —— €2

being Cartesian. By [Lur09a, Corollary 2.4.7.11] the vertical maps in this
diagram are bifibrations in the sense of [Lur09a, Definition 2.4.7.2], so by
[Lur09a, Propositions 2.4.7.6 and 2.4.7.7] to prove that this square is Carte-
sian it suffices to show that for all x,y € Cy the induced map on fibres
(GOAI)(Ly) — (GAl)(m’iy) is an equivalence. But this can be identified with
the map Mape (z,y) — Mape(iz,iy), which is an equivalence as i is by as-
sumption fully faithful. O

Proof of Proposition 5.1. By [Lur09a, Corollary 3.3.3.4], we can identify the
limit of the functor

b Tw(@)® = € x ¢ LD, pov  p Morn, g
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with the space of sections of the corresponding left fibration. By [Lurl4, Propo-
sition 5.2.1.11], the left fibration classified by Mapy, is the projection
Tw(D)°P — D x D, so the left fibration classified by ¢ is the pullback of
this along Tw(€)°P — €°P x € — D°P x D. Thus the space of sections is
equivalent to the space of commutative diagrams

Tw(€)°P — Tw(D)oP

|

@P x € — DO x D,

i.e. the space of maps from Tw(C) to the pullback of Tw(D) in the co-category
of left fibrations over C°? x C. Using the “straightening” equivalence between
this co-category and that of functors C°P x € — 8§ we can identify our limit with
the space of maps from ye to F* o yp o G in Fun(€°P x €, 8) ~ Fun(C, P(C)).
Since F* has a left adjoint Fj, we have an equivalence

Mappyn(e,p(e)) (Ye, F yp 0 G) = Mappy, e »(n)) (Fiye, yp o G).

But by [Lur09a, Proposition 5.2.6.3] the functor Fiye is equivalent to yp o F,
and so the limit is equivalent to Mapg,,(e,p(p)) (YD © F,yp o G). The Yoneda
embedding yp is fully faithful by [Lur09a, Proposition 5.1.3.1], so Lemma 5.2
implies that the functor Fun(€, D) — Fun(C, P(D)) given by composition with
yp is fully faithful, hence we have an equivalence

Mappyn(e,p(n)) (Ve © Fyyp o G) ~ Mappy, e n)(F, G),
which completes the proof. O

6. ENHANCED MAPPING FUNCTORS

The Yoneda embedding for co-categories, constructed in [Lur09a, Proposition
5.1.3.1] or [Lurl4, Proposition 5.2.1.11], gives for any co-category € a mapping
space functor Mape: C°P x € — 8. In some cases, this is the underlying functor
to spaces of an interesting functor C°? x € — Caty, — in particular, this is the
case if € is the underlying oo-category of an (oo, 2)-category. For a definition
and a comparison of different models of (oo, 2)-categories see [Lur09b].

DEFINITION 6.1. A mapping oco-category functor for an oo-category C is a
functor

MAPe: €% x € — Catso
together with an equivalence from the composite CP x € — Cats, — 8 to the
mapping space functor Mape.

LEMMA 6.2. Suppose € is an (00, 2)-category with underlying oo-category C'.
Then €' has a mapping co-category functor that sends (C, D) to the co-category
of maps from C to D in C.
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Proof. This follows from the same argument as in [Lur09a, §5.1.3], using the
model of (oo, 2)-categories as categories enriched in marked simplicial sets, cf.
[Lur09b]. O

EXAMPLE 6.3. The oo-category Cat., of oco-categories has a mapping oo-
category functor

MAPcat,, = Fun,
defined using the construction of Cat., as the coherent nerve of the simplicial
category of quasicategories.

LEMMA 6.4. Suppose C is an co-category with a mapping co-category functor
MAPe. Then for any co-category D the functor co-category CP has a mapping
oo-category functor MAPe» given by the composite

(@) x €2 — Fun(D x D, € x €) — Fun(Tw(D)°?, Catos) = Catoo,
where the second functor is given by composition with the projection

Tw(D)°? — D x D and MAPe.

Proof. We must show that the underlying functor to spaces ¢ o MAPen is
equivalent to Mape». Since ¢ preserves limits (being a right adjoint), this
follows immediately from Proposition 5.1. ]

DEFINITION 6.5. Suppose € is an oo-category with a mapping oo-category
functor MAPe. We say that C is tensored over Caty, if for every C' € € the
functor MAPe(C,—) has a left adjoint — ® C': Cate, — C; in this case these
adjoints determine an essentially unique functor ®: Caty, x € — C.

EXAMPLE 6.6. The oo-category Cate is obviously tensored over Cat, via the
Cartesian product x: Caty, X Cate, — Cateo.

LEMMA 6.7. Suppose C is an oco-category with a mapping co-category MAPe
that is tensored over Cato,. Then for any oco-category D, the mapping oo-
category functor for CP defined in Lemma 6.4 is also tensored over Catss, via
the composite

Catoo x CP — Cat? x €P ~ (Cato, x €)P — €P

where the first functor is given by composition with the functor D — *x and the
last by composition with the tensor functor for C.

Proof. We must show that for every functor F': D — C there is a natural
equivalence

Mapeo (X ® F,G) ~ Mapc,;__ (X, MAPe» (F,G)).
By Proposition 5.1 and the definition of ® for @®, there is a natural equivalence
Mapes (X0 F,G) = lim  Mape(X® F(-),G()).
Now using that C is tensored over Cat,, this is naturally equivalent to
li M X,MAPe(F(-),G(-))).
QJim  Mapcy, (X MAPe(F(), G()))
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Moving the limit inside, this is

MapCatoo (x’ Twl%gl)op MAPe (F(f)a G(f)))’

which is Mapc,; (X, MAPe» (F,G)) by definition. O

EXAMPLE 6.8. For any oo-category D, the oo-category Catg is tensored over
Catoo: X ® F' is the functor D — X x F(D).

In the case where C is the oo-category Cat,, of co-categories, Lemma 6.4 gives
a mapping oo-category functor

Nathop = MAPFun(‘Dop7CatOO)

for Fun(D°P, Caty, ), for any oco-category D. However, using the equivalence
Fun(D°P, Cate,) ~ Catfgr/tg we can construct another such functor: the space
of maps from € to &' in Catggr/t(D is the underlying co-groupoid of the oco-category
Fun$3* (€, &), the full subcategory of Funqg (€, &) spanned by the functors that
preserve Cartesian morphisms. We will now prove that these two functors are

equivalent:
PROPOSITION 6.9. For every oco-category C there is a natural equivalence
Funi**(€, €') ~ Nateos (Steé, Stel’).

Proof. By the Yoneda Lemma it suffices to show that there are natural equiv-
alences

Mapc,, (X, Fung"™* (€, &’)) ~ Mapc,,__ (X, Nateor (Ste&, Stel’)).

cart

It is easy to see that Mapc, (X, Fung™ (€,€’)) is naturally equivalent
to Mapcatcar/te(x x &,&") — these correspond to the same components of

Mapcy; (X, Fune(€, €)). The equivalence Ste preserves products, so this is
equivalent to the mapping space

MapFun(eopycatw)(Ste(DC X G) X Steé, Stegl).

But the projection X x € — € corresponds to the constant functor ¢*X: C°P —
* — Cato, with value C (since the Cartesian fibration classified by this com-
posite is precisely the pullback of X — % along € — *). Thus there is a natural
equivalence

Mapcg,_ (X, Fung"*(€, ")) ~ Mapppn(eor,Cat.) (€7 X X Steé, Ste€’).

But by Lemma 6.7, the oco-category Fun(C°P, Cato,) is tensored over Cato, and
this is naturally equivalent to Mapc,;_ (X, Nateor (Ste&, Ste€’)), as required.
O
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7. CARTESIAN AND COCARTESIAN FIBRATIONS AS WEIGHTED COLIMITS

In ordinary category theory it is a familiar fact that the Grothendieck fibration
classified by a functor F': C°? — Cat can be identified with the lax colimit
of F, and the Grothendieck opfibration classified by a functor F': C — Cat
with the oplax colimit of F'. In this section we will show that Cartesian and
coCartesian fibrations admit analogous descriptions.

It is immediate from our formula for the free Cartesian fibration that the sec-
tions of a Cartesian fibration are given by the oplax limit of the corresponding
functor:

PROPOSITION 7.1. The oo-category of sections of the Cartesian fibration clas-
sified by F' is given by the oplax limit of F. In other words, there is a natural
equivalence

Fune (€, Une(F)) ~ - li(rél)op Fun(C_,, F'(-))

of functors Fun(C°P, Caty,) — Cateo-
Proof. By Theorem 4.5 and Proposition 6.9 we have natural equivalences

Fune(€, Une(F)) ~ Fund*(F(€), Une(F)) ~

~ Nateop(e,/, F) ~ Tv}zi(%l)op Fun(G,/, F(*))D

DEFINITION 7.2. Let F': € — Cats be a functor, and let § — C be its associ-
ated coCartesian fibration. Given an oco-category X, write <I)§ for the simplicial
set over € with the universal property

Hom(K x¢ F,X) = Home(K, ®F).
By [Lur09a, Corollary 3.2.2.13] the projection ®4 — € is a Cartesian fibration.
PROPOSITION 7.3. The Cartesian fibration ®§ — € corresponds to the functor
Fun(F(-),X): CP — Cate.

Proof. We first consider the case where € is a simplex A™. By Proposition 3.1
there are natural equivalences

colim ¢(-) x [n]_, = Un¢®
TW([n])¢( ) x [n], i (9)

for any ¢: [n] — Cate, natural in A°?. Thus by Proposition 7.1 there are
natural equivalences

Funan (A", @g)c) ~ Fun(Unpy(¢), X) ~ - l(i[n}) Fun([n]_/, Fun(é(-), X))

~ Funa» (A", Unpy, (Fun(¢(-), X))).

Since this equivalence is natural in A°®? and Cat., is a localization of the
presheaf oo-category P(A), we get by the Yoneda lemma a natural equivalence

% =~ Unfay* (Fun(g(-), X))).
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Since Cat, is an accessible localization of P(A), any co-category € is naturally
equivalent to the colimit of the diagram A(/)Ié — Caty e — Cato. Now given
F: € — Caty, we have, since pullback along a Cartesian fibration preserves
colimits,

Ung"™ (Fun(F(-),X))) ~ colim Unj,j(Fun(Fo(-), X)) ~ colim ol ~ oL,

G’GA?% G’GA?%

which completes the proof. O

THEOREM 7.4. The coCartesian fibration classified by a functor F': € — Cateo
is given by the oplax colimit of F'. In other words, there is a natural equivalence

Ung(F) ~ %(3}%?)1 F(-)xC
of functors Fun(C, Cats,) — Cateo.

Proof. Let F': € — Caty, be a functor. Then by Proposition 7.3, we have a
natural equivalence

Fun(Une(F), X) ~ Fune (€, ®%).

By Proposition 7.1 we have a natural equivalence between the right-hand side
and

Tvil(réﬁop Fun(C_,, Fun(F(-), X)) ~ Fun((%?}%g)l F(-) x €, f)C)

By the Yoneda lemma, it follows that Une(F) is naturally equivalent to
COhmTW(@) F(*) X G,/ g

COROLLARY 7.5. Any co-category C is the oplax colimit of the constant functor
C — Catyo with value *.

Proof. The identity C — C is the coCartesian fibration classified by this functor.
O

COROLLARY 7.6. The Cartesian fibration classified by a functor F: C°P —
Cateo is given by the lax colimit of F. In other words, there is a natural

equivalence
Une(F) ~ Tc“(])(lél(r)rg) F(-)xC/

of functors Fun(C°P, Cate) — Cateo.

Proof. We have a natural equivalence Une(F') ~ Ungep (F°P)°P. Since (—)°P is
an automorphism of Cat., it preserves colimits, so by Theorem 7.4 we have

op
Une(F) ~ (ch?(légg) F(-)°P x (Gop)/> ~ chi)(légg)F(f) x €. O

Similarly, dualizing Proposition 7.1 gives:
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COROLLARY 7.7. The co-category of sections of the coCartesian fibration clas-
sified by F' is given by the lax limit of F'. In other words, there is a natural
equivalence

Fune(C, Ung (F)) ~ T“l/i(%op Fun(C,_, F(-))

of functors Fun(@, Cate,) — Cateo.

8. 2-REPRESENTABLE FUNCTORS

Suppose € is an oo-category equipped with a mapping oo-category functor
MAPe: C°P x C — Cato. We say a functor F': C°P — Caty is 2-representable
by C € € if F is equivalent to MAPe(—, C). Similarly, we say a Cartesian
fibration p: € — € is 2-representable by C if p is classified by the functor
MAPe(—, C). Our goal in this section is to prove that if a Cartesian fibration
p: € — € is 2-representable then, under mild hypotheses, the same is true
for the induced map €2 — € for any oco-category D. We begin by giving a
somewhat unwieldy description of the functor classifying such fibrations for an
arbitrary Cartesian fibration p:

PROPOSITION 8.1. Suppose p: € — C is a Cartesian fibration corresponding to
a functor F': C°P — Cato,. Then for any co-category D the functor P — CP

giwen by composition with p is a Cartesian fibration classified by a functor
Fp: (CP)°P — Caty, that sends a functor ¢: D — € to

li Fun(D_,, F -)).
i, D P o 60)

Proof. The induced functor €P — CP is a Cartesian fibration by [Lur09a,
Proposition 3.1.2.1]. For f: K x D — € we have a natural equivalence

Funes (K, &Py ~ Fune(K x D, &) ~ Fungxn (K x D, f*€).
But then by Proposition 7.1 we have a natural equivalence

Fungyp (K x D, f*€) ~ N (Il(irxnrD)op Fun((K x D)_;, F o f(-)),

and then as Tw preserves products (being a right adjoint) we can rewrite this
as

lim Fun(K_;, lim Fun(D_,, Fo f(-)))~ lim Fun(K_,, Fpo f(-)),

Tw(K)op Tw(D)opr Tw(K)op
which we can identify, using Proposition 7.1, with
Fung (K, f*Uneo (Fp)) =~ Funeo (K, Uneo (Fp)).

Now applying the Yoneda Lemma completes the proof. O
DEFINITION 8.2. Suppose € is an oo-category equipped with a mapping oo-
category functor. We say that C is cotensored over Cat if for every C' € € the
functor MAP¢(—, C): € — Cat®® has a right adjoint C): Cat?® — €; in this
case these adjoints determine an essentially unique functor (-)): Cat? x € —

C. If € is also tensored over Cat,, being cotensored is equivalent to the functor
~® X having a right adjoint (-)* for all co-categories X.

DOCUMENTA MATHEMATICA 22 (2017) 1225-1266



LAX COLIMITS AND FREE FIBRATIONS IN co-CATEGORIES 1247

COROLLARY 8.3. Let C be an co-category equipped with a mapping co-category
functor MAPe that is tensored and cotensored over Cato,, and suppose p: € —
C is a Cartesian fibration that is 2-representable by C € C. Then for any
oo-category D the fibration P — CP is 2-representable by the functor CP /.

Proof. By Proposition 8.1 this fibration corresponds to the functor sending
¢:D—Cto

lim Fun(D_,, F o ¢(~
v Fun(Do, o 6(),

where F' is the functor corresponding to p. If F'is 2-representable by C| this
is equivalent to

. o ~ : o ‘D,/
Twlégl)opFun(ﬂ/,MAPe(aﬁ( ),C) —Tv}%gl)op MAPe(¢(-), C™ /),

which is MAP g (¢, CP-/) by definition of the mapping co-category of €. [
9. SOME CARTESIAN FIBRATIONS IDENTIFIED

In this section we will use our results so far to explicitly identify the Cartesian
fibrations classified by certain classes of functors. This is the key input needed
to prove our presentability result in the next section. We start with some
notation:

DEFINITION 9.1. If p: € — B is a functor of co-categories, we denote by €7
the pushout

B HSx{l} & x Al,
and by €5, the pushout

B HSX{O} & x Al.

WARNING 9.2. The notations €% and €3, are somewhat abusive, as these sim-
plicial sets depend on the functor p rather than just on & and B. Moreover, if
B = AY then the definition does not reduce to €> and &< but rather the “al-
ternative joins” €o A% and Ao € in the notation of [Lur09a, §4.2.1]. However,
these are weakly equivalent to the usual joins by [Lur09a, Proposition 4.2.1.2].

REMARK 9.3. Observe that (£%)°P ~ (€°P)5., and (E3)°P =~ (E°P)50p.
We then have the following simple observation:

LEMMA 9.4. Given a functor p: € — B, write i: B — €3 and j: B — £ for
the inclusions in the pushout diagrams defining €3, and €%, respectively. Then
for any oco-category D, we have:
(i) The functor
i*: Fun(&3, D) — Fun(B, D)
given by composition with i is a Cartesian fibration classified by the func-
tor Fun(B, D)°P — Cato, that sends F' to Fun(&, D) pop) -
(i) The functor
j*: Fun(&%, D) — Fun(B, D)
giwen by composition with j is a coCartesian fibration classified by the
functor Fun(B, D) — Cate, that sends I to Fun(€, D) /pop-
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Proof. We will prove (i); the proof of (ii) is similar. By the definition of £3, we
have a pullback square

Fun(€3, D) — Fun(€ x Al, D)

Fun(B,D) ———— Fun(€, D)
p k)

where the right vertical map can be identified with the evaluation-at-0 functor
Fun(€, 'D)Al — Fun(€, D)

This is the Cartesian fibration classified by the undercategory functor
Fun(€, D))/, hence the pullback i* is the Cartesian fibration classified by
the composite functor Fun(&, D))/ O

REMARK 9.5. If D has pushouts, then i* is also a coCartesian fibration, with
coCartesian morphisms given by taking pushouts. Similarly, if D has pullbacks
then j* is also a Cartesian fibration, with Cartesian morphisms given by taking
pullbacks.

In particular, given a map p: &€ — B we see that P(E3,) — P(B) is a coCartesian
and Cartesian fibration (recall that P(€) = Fun(C°P,8) denotes the presheaf
oo-category). The corresponding functors are given on objects by P(€)/p- (),
with functoriality determined by composition and pullbacks, respectively. Our
next goal is to give an alternative description of this functor:

ProprosITION 9.6. Let p: € — B be a functor of oco-categories, and let
Jj: B — &% be the obvious inclusion. Then the functor j*: P(EF) — P(B) is a
Cartesian fibration corresponding to the functor P(B)°P ~ RFib(B)°? — Cate
that sends a right fibration Y — B to P(Y x5 &).

To prove this, we need to identify the functor P(€) - ) with the functor P(~x g
&) under the equivalence P(B) ~ RFib(B), for which we use the following
observation:

PROPOSITION 9.7. Suppose p: KX — C is a right fibration of co-categories. Then
the functor

pr: RFib(X) — RFib(€C),
given by composition with p is an equivalence. Moreover, this equivalence is
natural in p € RFib(C) (with respect to composition with maps f: K — L over
C, and also with respect to pullbacks along such maps).

Proof. The functor py is described by the left Quillen functor py: Seta, % —
(Setase)/p given by composition with p, where Seta /5 is equipped with the
contravariant model structure of [Lur09a, §2.1.4] and (Seta ¢) /, With the model
structure induced from the contravariant model structure on Seta e. It there-
fore suffices to show that py is a left Quillen equivalence. The functor p; is
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obviously an equivalence of underlying categories, and we claim it is actually
an equivalence of model categories. The cofibrations clearly correspond under
p1, being the monomorphisms of underlying simplicial sets in both cases, so by
[Joy08, Proposition E.1.10] it suffices to show the fibrant objects are the same.
In Seta /5 these are the right fibrations X — X by [Lur09a, Corollary 2.2.3.12],
while in (Setae)/p they are the diagrams

x—T %
\%
C

where f is a fibration in Seta /e. But as p is a right fibration, this is equivalent
to f being a right fibration by [Lur09a, Corollary 2.2.3.14]. |

COROLLARY 9.8. Suppose p: X — C is a right fibration, corresponding to a
functor F': C — 8. Then the functor pi: P(X) — P(C),r given by left Kan
extension along p°P is an equivalence, natural in p € RFib(C) (with respect to
left Kan extensions along maps f: KX — L over € and composition with the
associated natural transformation, as well as with respect to composition with
f and pullback along the natural transformation).

Proof. This follows from combining Proposition 9.7 with the naturality of the
straightening equivalence between right fibrations and functors, which can be
proved by the same argument as in the proof of Corollary A.32. g

Proof of Proposition 9.6. This follows from combining Lemma 9.4 with Corol-
lary 9.8, since under the equivalence between presheaves and right fibrations
the functor p*: P(B) — P(&) corresponds to pullback along p.

|

COROLLARY 9.9.

(i) Let p: € — B be a Cartesian fibration classified by a functor F: BP —
Cateo, and write j for the inclusion B — E35. Then the functor
5 P(ES) — P(B) is a Cartesian fibration classified by the functor
RFib(B)°P — Cats that sends Y — B to Fungoen (Y°P, ®L), where f —
BOP is the Cartesian fibration classified by the functor PoF: B — Catyo.

(ii) Let p: € — B be a coCartesian fibration classified by a functor
F: B — Cate, and write j for the inclusion B — EF. Then the
functor j*: P(E%) — P(B) is a Cartesian fibration classified by the
functor RFib(B)°? — Cate, that sends Y — B to Fungop(‘g}"p,(f)g),
where E)g — B°P 4s the coCartesian fibration classified by the functor
PoF: B? — Cateo.

Proof. Combine Proposition 9.6 with Proposition 7.3 and its dual. (|
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Our next observation lets us identify several interesting functors with full sub-
functors of the functor Funges ((—)°P, ®%), which will allow us to identify the
corresponding Cartesian fibrations with full subcategories of P(E3,).

LEMMA 9.10. Suppose F': B°P — Caty, is a functor of oo-categories corre-
sponding to the Cartesian fibration p: € — B and the coCartesian fibration
q: F — BP. Let F: P(B)°P — Catoo be the unique limit-preserving functor
extending F'. Then:

(i) The functor Fung**(B,_, &): B°P — Cato is equivalent to F.
(ii) The functor Fung™*(~, &): RFib(B) — Catoo corresponds to F under the
equivalence RFib(B) ~ P(B).
(iii) The functor Fungsi™ ((BP)_,, F): BP — Cato, is equivalent to F.
(iv) The functor Fun$SSt ((9)°P, F): RFib(B) — Catue corresponds to F un-
der the equivalence RFib(B) ~ P(B).

Proof. We will prove (i) and (ii); the proofs of (iii) and (iv) are essentially
the same. To prove (i), observe that the straightening equivalence between
Cartesian fibrations and functors to Cate, gives us a natural equivalence

Mapc,_ (€, Fun%a”(B/,, €)) ~ Mapi*(€ x B, €)
= 1\/Ia“pFun(’B°F’,Catm)(e XYz (7)7 F)
= Ma‘pFun(’BOP,Catw)(y'B (7)’ Fe)

Now the Yoneda Lemma implies that this is naturally equivalent to +F¢(~) ~
Mapcy,. (C, F(-)), and so we must have Fun™(B,_, &) ~ F. This proves (i).
To prove (ii), we first observe that the functor Funf*(~, £) preserves limits,

since for any oco-category C we have

Mapg,,, (€, Fung™ (-, €)) ~ Map5™ (€ x B) x5 (-),€)
and the Cartesian product in Catﬁz‘r/tg preserves colimits in each variable. More-
over, it follows from (i) that this functor extends F', since the right fibration

B, — B corresponds to the presheaf ys(b) under the equivalence between
RFib(B) and P(B). O

DEFINITION 9.11. Suppose F: B — Caty is a functor. Then we write
PF: B°? — Caty for the composite of F°P with P: Cat?l — Cats, and
let PF: P(B)°P — Catoo, be the unique limit-preserving functor extending PF.

PRrROPOSITION 9.12. Let F': B — Catoo be a functor, with p: € — B an asso-
ciated coCartesian fibration. We define P (E5) to be the full subcategory
of P(EF) spanned by those presheaves ¢: (€F)P — 8 such that for every co-
Cartesian morphism a: e — aye in & over a: b — b in B, the commutative
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square

o(ane, 1) X0 e, 1)

|

is a pullback square. Then the restricted projection P (EL) — P(B) is a
Cartesian fibration classified by the functor PF.

Proof. Combining Lemma 9.10 with (the dual of) Proposition 7.3, we may
identify PF with the functor Fun$psa™((-)°P, &)g ). This is a natural full sub-
category of Fungos ((—)°P, CT)g ), the functor classified by the Cartesian fibration
P(E5) — P(B) by Proposition 9.6. It follows that PF is classified by the pro-
jection to P(B) of the full subcategory of P(€3,) spanned by those presheaves
that correspond to objects of Funfyse™((~)°P, CT)g ) under the identification of
the fibres with Fungos ((-)°P, ®£).

By [Lur09a, Corollary 3.2.2.13], the coCartesian edges of &)g are those that
correspond to functors Al xgop E°P — § that take Cartesian edges of E°P
to equivalences in 8. Thus if ¥ — B°P is a coCartesian fibration, a functor
¥F— &)g over B°P preserves coCartesian morphisms precisely if the classifying
functor F x pop EP — 8 takes morphisms of the form (¢, €) with ¢ coCartesian
in F and e Cartesian in E°P to equivalences in 8.

If Y — B is a right fibration, this means that Fungyse"* (YoP, &)g ) corresponds to
the full subcategory of P(Y x5 €) spanned by the presheaves (Y x5 £)°P — §
that take morphisms of the form (7, €) with e coCartesian in € to equivalences
in 8.

Suppose ¢: B°P — § is the presheaf classified by Y — B. Then unwinding the
equivalence

?(8%)¢ ~ ?(8)/p*¢ ~ RF1b(8)/pHé ~ RF1b(8 X B y) ~ ?(8 XpB %),
we see that the presheaf U on € x5 Y classified by W: P — § over p”* ¢ assigns
to (e,y) € Ex3Y the fibre ¥(e), of the map ¥(e) — ¢(pe) at y. Thus (&, n) is
an equivalence for every coCartesian morphism @: e — aye in € if and only if for

every y € ¢(p(cue)) the map on fibres ¥(aie), — W(e)g(a)(e) is an equivalence.
This is equivalent to the commutative square

U(ae) — Y(e)

| |

p(pane) —— ¢(pe)
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being Cartesian. Thus Fungys™* (YoP, CT)g ) corresponds to the full subcategory
Ppeocart (g9, of P(E3,)e, which completes the proof. O

DEFINITION 9.13. Let K be a collection of small simplicial sets. We write CatX
for the subcategory of Cat,, with objects the small co-categories that admit K-
indexed colimits for all K € K and morphisms the functors that preserve these.
Given € € CatX we let Py (C) denote the full subcategory of P(€) spanned by
those presheaves C°P — § that take K-indexed colimits in € to limits for all

K € K. This defines a functor Py : (Cat™ )P — Catoo.

EXAMPLE 9.14. Let X (k) be the collection of all k-small simplicial sets. In
this case we write Cat”, for CatX(") and P, for Px(x). For € € Catl, the
oo-category P,;(C) is equivalent to Ind, € by [Lur09a, Corollary 5.3.5.4].

DEFINITION 9.15. Suppose X is a collection of small simplicial sets and F': B —
Catgg is a functor of co-categories. Then we write Py F': BP — 63?500 for the
composite of F°P with Py : (Catﬁ)"p — 62;500, and let fP/g<77: P(B)°P — (/3a\too
be the unique limit-preserving functor extending Px F'.

PROPOSITION 9.16. Let X be a collection of small simplicial sets and let
F:B— Catg be a functor, withp: &€ — B an associated coCartesian fibration.
We define PREA(ET,) to be the full subcategory of P (E5,) spanned by those
presheaves ¢: (E5)°P — 8 such that for every colimit diagram q: K* — &, (for
any b € B), the composite

(K)P — (E5)P — (E)P — 8
is a limit diagram. Then the restricted projection PR (E) — P(B) is a

Cartesian fibration associated to the functor fP/gc\F

Proof. Since Py F(b) is a natural full subcategory of PF(b), we may identify
the coCartesian fibration classified by PxF with the projection to B°P of a
full subcategory ®L(X) of ®L. By Lemma 9.10 we may then identify the
functor P F with FunSpsa™®((—)°P, (55 (X)), which is a natural full subcategory
of Fungs™*((-)°P, ®L). By Proposition 9.12 we may therefore identify the
Cartesian fibration classified by P« F with the projection to P(B) of a full
subcategory of Peocart(g1 ).

It thus remains to identify those presheaves on €3 that correspond to objects

of the co-category FunSose™((~)°P, (55 (X)) under the identification of the fi-
bres with Funges ((—)°P, ®L). If Y — B is a right fibration, it is clear that

Funges (Y°P, 55(9()) corresponds to the full subcategory of P(Y x5 €) spanned
by the presheaves (Y x5 £)°P — § such that for every y € Y over b € B, the
restriction ({y} x5 &)°P >~ 7P — § preserves K-indexed limits for all K € X.
Suppose ¢: B°P — § is the presheaf classified by Y — B. Then unwinding the
equivalence

?(8%)¢ ~ T(E)/p*¢ ~ RFlb(S)/p*lé ~ RFlb(S X B y) ~ ?(8 Xp %),

DOCUMENTA MATHEMATICA 22 (2017) 1225-1266



LAX COLIMITS AND FREE FIBRATIONS IN co-CATEGORIES 1253

we see that these presheaves on & x5 Y correspond to presheaves U: E°P — §
over p*¢ such that for every b € B, the restriction

& = 8 /()

has the property that for every y € ¢(b), the composite with the map 8,4y — 8
given by pullback along {y} — ¢(b) takes K-indexed colimits to limits for all
KeX.

Now recall that the oo-category 8,4 is equivalent to Fun(¢(b),§), with pull-
back to {y} corresponding to evaluation at y, and that limits in functor cate-
gories are computed pointwise. Thus we may identify our full subcategory with
that of presheaves ¥ such that for every b € B, the restriction

& = 8/6(0)
takes K-indexed colimits to limits in 8 /4)-
For any oo-category € and z € C, a diagram K< — €/, is a limit diagram if
and only if the associated diagram K< — C is a limit diagram. Therefore,

the full subcategory of Pt(€5,) we have identified is precisely PR (E3),
which completes the proof. (|

COROLLARY 9.17. Suppose F': B — Catl is a functor, withp: € — B an asso-
ciated coCartesian fibration. Let Ind, F: P(B)°P — Catoo be the unique limit-
preserving functor extending Ind, oF°P: B°P — 62;500. Then the restricted
projection PR (ER) 1= PRINUES) — P(B) is a Cartesian fibration classi-
fied by the functor EIHKF.

10. PRESENTABLE FIBRATIONS ARE PRESENTABLE

In ordinary category theory, an accessible fibration is a Grothendieck fibration
p: E — C such that C is an accessible category, the corresponding functor
F: C° — Cat factors through the category of accessible categories and acces-
sible functors, and F' preserves k-filtered limits for x sufficiently large.

In [MP89], Makkai and Paré prove that if p is an accessible fibration, then its
source E is also an accessible category, and p is an accessible functor. The goal
of this section is to prove an oco-categorical variant of this result. As it makes
the proof much clearer we will, however, restrict ourselves to considering only
presentable fibrations of co-categories, defined as follows:

DEFINITION 10.1. A presentable fibration is a Cartesian fibration p: € — B
such that B is a presentable co-category, the corresponding functor F': B°P —
62;500 factors through the co-category Pr® of presentable co-categories and
right adjoints, and F' preserves s-filtered limits for x sufficiently large.

REMARK 10.2. Suppose p: € — B is a presentable fibration. Since the mor-
phisms of B are all mapped to right adjoints under the associated functor, it
follows that p is also a coCartesian fibration.

The goal of this section is then to prove the following:
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THEOREM 10.3. Let p: € — B be a presentable fibration. Then & is a pre-
sentable co-category.

As in Makkai and Paré’s proof of [MP89, Theorem 5.3.4], we will prove this by
explicitly describing the total space of the presentable fibration classified by a
special class of functors as an accessible localization of a presheaf co-category.
To state this result we first recall some notation from [Lur09a, §5.5.7]:

DEFINITION 10.4. Suppose k is a regular cardinal. As before, let Catl be
the category of small co-categories that have all k-small colimits, and functors
that preserve these. Then Ind, gives a functor from Cat°P to the co-category
Pr? of k-presentable co-categories and limit-preserving functors that preserve
k-filtered colimits. Using the equivalence Pr™ ~ (Prf*)°P we may equivalently
regard this as a functor IndY: Cat® — Pr-, where Prl is the oo-category
of k-presentable co-categories and colimit-preserving functors that preserve k-
compact objects.

The key step in the proof of Theorem 10.3 can then be stated as follows:

PROPOSITION 10.5. Suppose F': B — Catl is a functor of co-categories with
associated coCartesian fibration p: € — B. Let q: N P(B) be a Cartesian
fibration classified by the unique limit-preserving functor EHKF: P(B)°P — PrI,j
extending Ind,, o F°P: B°P — PrS. Then the oo-category € is an accessible co-
category, and q is an accessible functor.

We will prove Proposition 10.5 using Corollary 9.17 together with the following
simple observation:

LEMMA 10.6. Suppose C is a small co-category, and let S = {p,: K. — C}
be a small set of diagrams in C. Then the full subcategory of P(C) spanned by
presheaves that take the diagrams in S to limit diagrams in 8 is accessible, and
the inclusion of this into P(C) is an accessible functor.

Proof. Let ye: € — P(€) denote the Yoneda embedding. A presheaf F': €°P —
S takes poP to a limit diagram if and only if it is local with respect to the map
of presheaves
colim(ye © Plk..) — ye(o0),

where oo denotes the cone point. Thus if S’ is the set of these morphisms for
D, € S, the subcategory in question is precisely the full subcategory of S’-
local objects. (This observation can also be found e.g. in the proof of [Lur09a,
Proposition 5.3.6.2].) Since S, and hence S’, is by assumption a small set, it
follows that this subcategory is an accessible localization of P(€). In particular,
it is itself accessible and the inclusion into P(C€) is an accessible functor. O

Proof of Proposition 10.5. By Proposition 9.17 the Cartesian fibration e =
P(B) can be identified with the restriction to the full subcategory P t(€5,)
of the functor j*: P(€}) — P(B) induced by composition with the inclusion
Jj: B —= &5

DOCUMENTA MATHEMATICA 22 (2017) 1225-1266



LAX COLIMITS AND FREE FIBRATIONS IN co-CATEGORIES 1255

The oo-category Pt (€3 ) is by definition the full subcategory of P(E€F,)
spanned by presheaves that take two classes of diagrams to limit diagrams
in 8§ — one indexed by coCartesian morphisms in €, which form a set, and one
indexed by k-small colimit diagrams in the fibres of p; these do not form a set,
but we can equivalently consider only pushout squares and coproducts indexed
by k-small sets, which do form a set. It then follows from Lemma 10.6 that
Peocart(g31) is accessible and the inclusion P (£ ) — P(EF) is an acces-
sible functor. The functor j*: P(E5) — P(B) preserves colimits, since these
are computed pointwise, and so the composite Pt (€5 ) — P(B) is also an
accessible functor. O

To complete the proof of Theorem 10.3 we now just need an easy Lemma;:

LEMMA 10.7. Suppose w: &€ — B is a coCartesian fibration such that both B and
the fibres &y, for all b € B admit small colimits, and the functors fi: €y — Ep
preserve colimits for all morphisms f: b — b in B. Then & admits small
colimits.

Proof. The coCartesian fibration 7 satisfies the conditions of [Lur09a, Corollary
4.3.1.11] for all small simplicial sets K, and so in every diagram

KLM‘Z

a
’
’
™
’
s
s

KDTVB

Gl

N

there exists a lift p that is a 7w-colimit of p. Given a diagram p: K — & we can
apply this with ¢ a colimit of m o p to get a colimit p: K* — & of p. 0

Proof of Theorem 10.3. It follows from Lemma 10.7 that & has small colimits.
It thus remains to prove that € is accessible and p is an accessible functor.
Let F: B°P — @coo be a functor corresponding to p. Choose a regular car-
dinal k so that B is x-presentable and F' preserves x-filtered limits. Since B
is k-presentable, B ~ Ind, B" is the full subcategory of P(B") spanned by
the presheaves that preserve s-small limits. Let F: P(B)°P — Catoo be the
unique limit-preserving functor extending F'|g~.cp; then F is equivalent to the
restriction of F' to Ind, B*. If p: I P(B*) is a Cartesian fibration classified
by F we therefore have a pullback square

DOCUMENTA MATHEMATICA 22 (2017) 1225-1266



1256 DaviD GEPNER, RUNE HAUGSENG, THOMAS NIKOLAUS

where the bottom map preserves k-filtered colimits, so by [Lur09a, Proposition
5.4.6.6] it suffices to show that € is accessible and p is an accessible functor.

Since B* is a small co-category, we can choose a cardinal A such that F|gr.op
factors through the oco-category Pri? of A-presentable oo-categories and right
adjoints that preserve A-filtered colimits. By [Lur09a, Proposition 5.5.7.2] we
can equivalently think of this, via the equivalence Pri* ~ (PrL)Op, as a functor
from B to the co-category Pri* of A-presentable co-categories and functors
that preserve colimits and A-compact objects. Taking A-compact objects de-
fines a functor (-)*: Pr™* — Cat),. Then, defining Fy: (B*) — Cats to be
(FP|3x)*, we see that F ~ Indy Fy, and so € is accessible and 7 is an accessible
functor by Proposition 10.5. O

APPENDIX A. PSEUDOFUNCTORS AND THE NATURALITY OF
UNSTRAIGHTENING

At several points in this paper we will need to know that the unstraightening
functors Fun(C°P, Cato,) — Catgir/te (and a number of similar constructions)
are natural as we vary the oco-category C. The obvious way to prove this
is to consider the naturality of the unstraightening Ung: Fun(¢(9), SetX) —
(SetX) /s as we vary the simplicial set S. However, since pullbacks are only
determined up to canonical isomorphism, these functors are not natural “on
the nose”, but only up to natural isomorphism — i.e. they are only pseudo-
natural. In the body of the paper we have swept such issues under the rug,
but in this appendix we indulge ourselves in a bit of 2-category theory to
prove that pseudo-naturality on the level of model categories does indeed give
naturality on the level of co-categories. We begin by reviewing Duskin’s nerve
of bicategories [Dus02] and its basic properties. However, we will only need to
consider the case of strict 2- and (2,1)-categories:

DEFINITION A.1. A strict 2-category is a category enriched in Cat, and a strict
(2,1)-category is a category enriched in Gpd. We write Cats for the category
of strict 2-categories and Cat (s 1) for the category of strict (2,1)-categories.

DEFINITION A.2. Suppose C and D are strict 2-categories. A normal oplazx
functor F: C — D consists of the following data:
(a) for each object z € C, an object F(z) € D,
(b) for each 1-morphism f: 2 — y in C, a 1-morphism F(f): F(z) = F(y),
(¢) for each 2-morphism ¢: f = g in C(z,y), a 2-morphism F(¢): F(f) =
F(g) in D(F(z), F(y)),
(d) for each pair of composable 1-morphisms f: x — y, g:y — 2z in C, a
2-morphism ny,g: F(go f) = F(g) o F(f),
such that:
(i) for every object x € C, the 1-morphism F'(id,) = idp(y),
(ii) for every 1-morphism f: z — y in C, the 2-morphism F(idy) = idp(y),
(iii) for composable 2-morphisms ¢: f = g, : ¢ = h in C(z,y), we have
F(yo¢)=F(y)oF(¢),

DOCUMENTA MATHEMATICA 22 (2017) 1225-1266



LAX COLIMITS AND FREE FIBRATIONS IN co-CATEGORIES 1257

(iv) for every morphism f: x — y, the morphisms niq,,r and 7yiq,: F'(f) —
F(f) are both idpy),

(v) if ¢: f = f’ is a 2-morphism in C(z,y) and ¥: g = ¢’ is a 2-morphism
in C(y, z), then the diagram

Flgo f) —2> F(g) o F(f)

F(d)ocb)L LF(w)OF(@

Flg' o f') 7= F(g') o F(f)

19’

commutes,
(vi) for composable triples of 1-morphisms f: & — y, g: y — 2, h: z = w,
the diagram

Nf,hg

F(hogo f) ———— F(hog)o F(f)

Ngf,h g,h ©

F(
g.h 0 id
F(h)o F(go f) ——— F(h) o F(g) o F(f))
idonysg

cominutes.

We say a normal oplax functor F' from C to D is a normal pseudofunctor if the
2-morphisms 7¢ 4, are all isomorphisms. In particular, if the 2-category C is a
(2,1)-category, all normal oplax functors C — D are normal pseudofunctors.

REMARK A.3. In 2-category theory one typically considers the more general
notions of (not necessarily normal) oplax functors and pseudofunctors, which
do not satisfy F(id,) = id F(z) but instead include the data of natural maps
F(id;) — idp(y) (which are isomorphisms for pseudofunctors). We only con-
sider the normal versions because, as we will see below, these correspond to
maps of simplicial sets between the nerves of strict 2- and (2,1)-categories.

Before we recall the definition of the nerve of a strict 2-category, we first review
the definition of nerves for ordinary categories and simplicial categories:

DEFINITION A.4. Let N: Cat — Seta be the usual nerve of categories, i.e.
if C is a category then NCj, is the set Hom([k], C) where [k] is the category
corresponding to the partially ordered set {0,...,k}.

REMARK A.5. Since Cat has colimits, the functor N has a left adjoint

C: Seto — Cat, which is the unique colimit-preserving functor such that
C(A") = [n].

LEMMA A.6. The functor C: Seta — Cat takes inner anodyne morphisms to
isomorphisms.
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Proof. Let 20 denote the class of monomorphisms of simplicial sets that are
taken to isomorphisms by C. To see that 20 contains the inner anodyne mor-
phisms we apply [JT07, Lemma 3.5], which says that 20 contains the inner
anodyne maps if

(i) 20 is weakly saturated, i.e. it contains the isomorphisms and is closed un-
der composition, transfinite composition, cobase change, and codomain
retracts,

(ii) 20 has the right cancellation property, i.e. it if fg and g are in 20 then f
is in 20,

(iii) 2 contains the inclusions Sp" < A" where Sp" denotes the n-spine,
i.e. the simplicial set A1 T 1y -+ Il qgno1y AfP—10Y

Here conditions (i) and (ii) follow immediately from the definition of 20, as

the functor C preserves colimits. It remains to prove (iii), i.e. to show that

C(Sp™) — C(A™) is an isomorphism. Since C preserves colimits, this is the
map of categories

[1] jqp - - - gy [1] = [n].

But the category [n] is the free category on the graph with vertices 0,...,n
and edges ¢ — (¢ + 1), which obviously decomposes as a colimit in this way,
and the free category functor on graphs preserves colimits. O

PROPOSITION A.7. The functor C: Seta — Cat preserves products.

Proof. Since C preserves colimits and the Cartesian products in Cat and Seta
both commute with colimits in each variable, it suffices to check that the nat-
ural map C(A™ x A™) — C(A™) x C(A™) is an isomorphism for all n,m.
Since products of inner anodyne maps are inner anodyne by [Lur09a, Corollary
2.3.2.4], the inclusion Sp™ x Sp™ — A™ x A™ is inner anodyne. Thus in the
diagram

C(Sp" x Sp™) —— C(Sp™) x C(Sp™)

| |

C(A™ x A™) —— C(A™) x C(A™)
the vertical maps are isomorphisms by Lemma A.6. It hence suffices to prove
that the upper horizontal map is an isomorphism. Since C preserves colimits
and the Cartesian products preserve colimits in each variable, in the commu-

tative diagram

C(A! x Sp™) He(aoxspm) C(Sp™ x Sp™) ———— C(Sp™*™' x Sp™)

| !

C(AL) x C($p™) Toan xcspm) CSP™) x C(Sp™) — C(Sp™1) x C(Sp™)
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C(A' xSp™) 1T C(Sp" x Sp™) ———— C(Sp" ™! x Sp™)
C(A°xSp™)

| J

C(AY) x C(Sp™ I C(Sp™) x C(Sp™) —— C(Sp™*™") x C(Sp™

(A%) (p)C(AO)XC(Spm)(p) (Sp™) (Sp™™") x C(Sp™)
the vertical morphisms are isomorphisms. By inducting on n and m this implies
that the map in question is an isomorphism for all n and m provided

C(A™ x A™) = C(A™) x C(A™)
is an isomorphism when n and m are both either 0 or 1. The cases where n or
m is 0 are trivial, so it only remains to show that C(A! x Al) — [1] x [1] is
an isomorphism. The simplicial set A x Al is the pushout A® ITx 0.2y A2, so
this amounts to showing that the analogous functor [2] IIjy; [2] — [1] x [1] is an
isomorphism, or equivalently that for any category C, the square

Hom([1] x [1],C) —— Hom([2], C)

L |

Hom([2],C) ——— Hom([1], C)

is Cartesian. But this claim is equivalent to the statement that a commutative
square in C is the same as two compatible commutative triangles, which is
obvious. 0

DEFINITION A.8. The functor N preserves products, being a right adjoint, and
so induces a functor N, : Cate — Cata, given by applying N on the mapping
spaces; this has a left adjoint C,: Cata — Caty given by composition with C,
since C preserves products by Proposition A.7.

We now briefly recall the definition of the coherent nerve functor from simplicial
categories to simplicial sets, following [Lur09a, §1.1.5]:

DEFINITION A.9. Let P;; be the partially ordered set of subsets of {i,i +
1,...,j} containing i and j. Then €(A™) denotes the simplicial category with
objects 0,...,n and
o 0, i> ]
C(A™)(4,4) = :
NP; ;, otherwise

Composition of morphisms is induced by union of the subsets in the F; ;’s.
REMARK A.10. The simplicial set NP; ; is isomorphic to (A')*U=i=1) for j > 4.

DEFINITION A.11. The coherent nerve is the functor 91: Cata — Seta defined
by

NC;, = Hom(¢(AF), C).
This has a left adjoint €: Setpo — Cata, which is the unique colimit-preserving
functor extending the cosimplicial simplicial category €(A®).
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DEFINITION A.12. Let N5: Cato — Seta denote the composite

Caty 5 Cata 2 Seta.

This functor has a left adjoint Ca, which is the composite
Seta > Cata — Cato.

REMARK A.13. It is clear from the definitions given in [Dus02, §§6.1-6.7] that
the functor Ny as we have defined it is simply the restriction of Duskin’s nerve
for bicategories to strict 2-categories. (This nerve also implicitly appeared
earlier in [Str87].)

REMARK A.14. We can describe the strict 2-category C2(A™) as follows: its
objects are 0, ..., n. For i > j, the category Ca(A™)(i,5) is empty, and for
j > i it is the partially ordered set P;; (which is isomorphic to [1]*U=*=1 if
j >1i). We can thus describe the low-dimensional simplices of the nerve NoC
of a strict 2-category C as follows:

e The 0-simplices are the objects of C.
e The 1-simplices are the 1-morphisms of C.
e A 2-simplex in N, C is given by objects zg, 21, x2, 1-morphisms fo1: g —
X1, f122 Tr1 — T2, fog: To — T2, and a 2—morphism ¢012: fog = f12 o fOl-
A 3-simplex is given by

- objects o, xL1,x2,T3,

— l-morphisms f;;: x; — x; for 0 <7 < j <3,

— 2-morphisms ¢o12: foz = f120 fo1, 123 f13 = f230 f12, Po23: fos =

faz o foo and ¢g13: fo3 = fi3 o fo1, such that the square

[
fos L fiz o fo1

d’OQBL L(z}lgg oid

faz 0 foo.—— faz o fiz 0 fo1
id o ¢o12

commutes.

DEFINITION A.15. Let A<y denote the full subcategory of A spanned by the
objects [n] for n < k. The restriction sk : Seta — Fun(A%Z,, Set) has a right
adjoint -

cosky : Fun(AZ,, Set) — Seta.
We say a simplicial set X is k-coskeletal if it is in the image of the functor
cosky. Equivalently, X is k-coskeletal if every map OA™ — X extends to a
unique n-simplex A™ — X when n > k.

PROPOSITION A.16. For every strict 2-category C, the simplicial set NoC is
3-coskeletal.

REMARK A.17. A more general version of this result in the setting of bicate-
gories appears in [Dus02].
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Proof. We must show that every map AF — N,C extends to a unique map
from AF if k > 3. Equivalently, we must show that given a map €(0A*) — N, C
it has a unique extension to €(AF) for k& > 3. We can describe the simplicial
category €(0AF) and its map to €(AF) as follows:

e the objects of €(OAF) are 0,.. .k,
e the maps €(9AF)(i, j) — €(AF)(i, ) are isomorphisms except when i = 0
and j =k,
e the simplicial set €(9A¥)(0,k) is the boundary of the (k — 1)-cube
C(AF)(0,k) = (A)* (=1,
Thus extending a map F: €(0AF) — N, C to ¢(AF) amounts to extending the
map
E(0AF)(0,k) — NC(F(0), F(k))
to €(A¥)(0, k). But the inclusion €(0A*)(0, k) — €(A¥)(0,k) is a composition
of pushouts of inner horn inclusions and the inclusion OA*~1 — A*=1 and if

)

k — 1 > 2 the nerve of a category has unique extensions along these. 0

THEOREM A.18 (Duskin, Bullejos—Faro-Blanco). Suppose C and D are strict
2-categories. Then the maps of simplicial sets NoC — NoD can be identified
with the normal oplazx functors C — D.

REMARK A.19. The more general version of this result for bicategories appears
to be an unpublished result of Duskin; for 2-categories it is proved by Bullejos,
Faro, and Blanco as [BFBO05, Proposition 4.3]. We do not include a complete
proof here, but we will now briefly indicate how a map of nerves gives rise
to a normal oplax functor. By Proposition A.16, a map NoC — NyD can
be identified with a map F': sksNoC — sksNoD. Using Remark A.14 we can
identify this with the data of a normal oplax functor as given in Definition A.2:

e The 0-simplices of NoC are the objects of C, so F' assigns an object F(c) €
D to every ¢ € C, which gives (a)

e The 1-simplices of N3 C are the 1-morphisms in C, with sources and targets
given by the face maps [0] — [1], so F' assigns a 1-morphism F(f): F(x) —
F(y) to every 1-morphism f: z — y in C, which gives (b).

e Moreover, identity 1-morphisms correspond to degenerate edges in NoC,
so since these are preserved by any map of simplicial sets we get F(id,) =
idF(m), i.e. (1)

e The 2-simplices of NoC are given by three 1-morphisms f: x -y, g: y —
z, h: z = w (corresponding to the three face maps), and a 2-morphism
¢: h = go f. In particular:

— Considering 2-simplices where the second edge is degenerate, which
correspond to 2-morphisms in C, we see that F' assigns a 2-morphism
F(¢): F(h) = F(g) to every ¢: h = g in C, which gives (c).

— Considering 2-simplices where the 2-morphism ¢ is the identity, we see
(as this condition is not preserved by F') that F assigns a 2-morphism
F(gof)= F(g)oF(f) to all composable pairs of 1-morphisms, which
gives (d).
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e Since F preserves degenerate 2-simplices, which correspond to identity
2-morphisms of the form foid = f and ido f = f, we get (ii) and (iv).
e The 3-simplices of NoC are given by
— objects xg, x1, T2, T3,
— l-morphisms f;;: z; = z; for 0 <i < j <3,
— 2-morphisms ¢o12: foz = f120 fo1, 123 f13 = f230 f12, Po23: foz =
fo3 o foo and ¢o13: fos = fis o fo1, such that the square

?013
fo3 — f1z o for

¢023L L(f)lgg oid

faz © foo, —— faz 0 fi20 for
id o ¢po12
commutes.
In particular, we have:
= If w1 = 2o = @3, fi2 = f13 = fo3 = idy,, and ¢123 = idig,, then
this says ¢g13 = @012 © Pp23, and since F preserves identities this gives
(iii).
— In the case where the 2-morphisms are all identities, we get (vi).
— To get (v), we consider the 3-simplices where f12 = id, ¢pe3 = id, and
¢013 is the composite of ¢012 and ¢123.

DEFINITION A.20. The inclusion Gpd — Cat of the category of groupoids
preserves products, and so induces a functor Cat(;;) — Catz; we write Ny 1)
for the composite

Cat(gﬁl) — Catsy g Seta.

COROLLARY A.21. If C and D are strict (2,1)-categories, then a morphism of

simplicial sets N3 1)C — N2 1yD can be identified with a normal pseudofunctor
C —D.

DEFINITION A.22. Recall that a relative category is a category C equipped with
a subcategory W containing all isomorphisms; see [BK12] for a more extensive
discussion. A functor of relative categories f: (C,W) — (C',W’) is a functor
f: C — C’ that takes W into W’. We write RelCat(y 1) for the strict (2,1)-
category of relative categories, functors of relative categories, and all natural
isomorphisms between these.

We now want to prove that a normal pseudofunctor to RelCat s, ;) determines
a map of co-categories to Cato, via the following construction:

DEFINITION A.23. If (C,W) is a relative category, let L(C,W) € Setf
be the marked simplicial set (NC,NWj). This defines a simplicial functor
N.RelCat(y 1) — SetX.

DEFINITION A.24. If (C, W) is a relative category, we write C[W ~!] for the oo-
category obtained by taking a fibrant replacement of the marked simplicial set
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L(C,W). More generally, if C is a strict (2,1)-category and W is a collection of
1-morphisms in C, we write C[W ~1] for the oo-category obtained by fibrantly
replacing the marked simplicial set (N3 1)C, W).

LEMMA A.25. Let C be a strict (2,1)-category, and let F' be a normal pseud-
ofunctor F': C — RelCat (g 1). If W is a collection of 1-morphisms in C such
that F takes the morphisms in W to weak equivalences of relative categories,
then F determines a functor of oo-categories C[W 1] — Cato,, which sends
x € C to E,[W, 1] where F(z) = (E,, Wy).

x

Proof. By Proposition A.21 the normal pseudofunctor F' corresponds to a map
of simplicial sets N3 1)C — N2 1)RelCat (3 ;). Composing this with the map
MN(L): Nig,yRelCat (g 1y — MSet we get a map Ni1C — MNSet . We may
regard this as a map of marked (large) simplicial sets

(Ni2,1C, W) — (MSet X, W),

where W’ is the collection of marked equivalences in Set{. Now invoking
[Lurl4, Theorem 1.3.4.20] we conclude that Cate, is a fibrant replacement
for the marked simplicial set (MSetX, W’), so this map corresponds to a map
C[W~1] — Caty in the co-category 62;500 underlying the model category of
(large) marked simplicial sets. O

We will now make use of Grothendieck’s description of pseudofunctors to the
(2,1)-category of categories to get a way of constructing pseudofunctors to
RelCat(g,l):

THEOREM A.26 (Grothendieck [Gro63]). Let C be a category. Then pseud-
ofunctors from C°P to the strict 2-category CAT correspond to Grothendieck
fibrations over C.

REMARK A.27. Let us briefly recall how a pseudofunctor is constructed from
a Grothendieck fibration, as this is the part of Grothendieck’s theorem we will
actually use. A cleavage of a Grothendieck fibration p: E — B is the choice,
for each (e € E, f: b — p(e)), of a single Cartesian morphism over f with
target e; cleavages always exist, by the axiom of choice. Given a choice of
cleavage of p, we define the pseudofunctor C°? — CAT by assigning the fibre
E, to each b € B, and for each f: b — b’ the functor f* assigns to e € E; the
source of the Cartesian morphism over f with target e in the cleavage. Clearly,
this pseudofunctor will be normal precisely when the cleavage is normal in the
sense that the Cartesian morphisms over the identities in B are all chosen to be
identities in E. Every Grothendieck fibration obviously has a normal cleavage,
so from any Grothendieck fibration we can construct a normal pseudofunctor.

DEFINITION A.28. A relative Grothendieck fibration is a Grothendieck fibration
p: E — C together with a subcategory W of E containing all the p-Cartesian
morphisms. In particular, the restricted projection W — C is also a Cartesian
fibration. Moreover, for every 2 € C the fibres (E,, W) are relative categories,
and the functor f* induced by each f in C is a functor of relative categories.
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If (C,U) is a relative category, we say that the relative Grothendieck fibra-
tion is compatible with U if this functor f*: (E,, W,) — (E,, W,,) is a weak
equivalence of relative categories for every f: p — ¢ in U.

The following is then an obvious consequence of Theorem A.26:

LEMMA A.29. Relative Grothendieck fibrations over a category C correspond
to normal pseudofunctors C°P — RelCats, ).

PROPOSITION A.30. Let (E, W) be a relative Grothendieck fibration over C
compatible with a collection U of morphisms in C. Then this induces a functor
of co-categories

C[UYP — Cateo
that sends p € C to E,[W .

Proof. Combine Lemmas A.29 and A.25. 0

All the maps whose naturality we are interested in can easily be constructed
as relative Grothendieck fibrations. We will explicitly describe this in the case
of the unstraightening equivalence, and leave the other cases to the reader.

PROPOSITION A.31. The unstraightening functors
Ung : Funa (€(S)°P, Set £ ) — (SetX)?g

define a relative Grothendieck fibration over Seta x Al compatible with the
categorical equivalences in Seta .

Proof. Let E be the category whose objects are triples (i, 5, X) where ¢ = 0 or
1, S € Seta, and X is a fibrant map Y — S¥ in Setf if i = 0 and a fibrant
simplicial functor €(S)°P — Set{ if 4 = 1; the morphisms (4,5, X) — (5, 7,Y)
consist of a morphism ¢ — j in [1], a morphism f: S — T in Seta, and the
following data:

e ifi=j=1, X:¢€(S) — Setf and Y: €(T) — Set}, a simplicial natural

transformation X — €(f) oY,
o ifi=5=0,Xis EF— SandY is F — T, a commutative square

E——F

| |

St —— Tt

; +
in Set,
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eifi=1and j =0, Y is a functor €(S)°® — Set{ and X is £ — T, a
commutative square

Ung(X) ——

N+—

T
s

_—

Composition is defined in the obvious way, using the natural maps of
[Lur09a, Proposition 3.2.1.4]. We claim that the projection E — Al x Seta is
a Grothendieck fibration. It suffices to check that Cartesian morphisms exist
for morphisms of the form (id;, f) and (0 — 1,idg), which is clear. a

COROLLARY A.32. There is a functor of co-categories Cat2> — Fun(Al, (/kL\too)
that sends C to the unstraightening equivalence

[BK12]
[Bar13]
[Bar17]
[BGN14]
[BFBOS)
[BN14]
[CP97]
[Dus02]

[Glal6]

[Gro63|

[JTO7]

[Joy08]

Fun(€°P, Cateo) — Catggr/te .
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