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ABSTRACT. Milne’s correcting factor, which appears in the Zeta-
value at s = n of a smooth projective variety X over a finite field Fy,
is the Euler characteristic of the derived de Rham cohomology of X/Z
modulo the Hodge filtration F™. In this note, we extend this result
to arbitrary separated schemes of finite type over I, of dimension at
most d, provided resolution of singularities for schemes of dimension
at most d holds. More precisely, we show that Geisser’s generalization
of Milne’s factor, whenever it is well defined, is the Euler characteristic
of the eh-cohomology with compact support of the derived de Rham
complex relative to Z modulo F™.
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1 INTRODUCTION

For any separated scheme X of finite type over the finite field Iy, the special
values of the zeta function Z(X,t) := [] (1 — tdee(@))=1 are conjecturally
given by

reXo

. n % eh n
limy g Z(X, 1) - (L= ") = £x(Hiy (X, Z(n)), Ue) - ¢ C/F0m (1)

Here Hyy, (X, Z(n)) denotes Geisser’s "arithmetic cohomology with compact
support”, Ue is cup-product with the fundamental class e € H*(Wg,,Z) and
quh(X/ Fq,0.n) is Geisser’s generalization of Milne’s correcting factor. The fac-
tor quh(X/ F3,0.m) is well defined under the assumption that resolution of sin-
gularities for schemes of dimension < dim(X) holds. The same assumption
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1304 BAPTISTE MORIN

guaranties that, for X' smooth projective, Hy .(X,Z(n)) coincides with Weil-
étale motivic cohomology and quh(X/ F3,0.n) coincides with Milne’s correcting
factor. For arbitrary X, the definitions of Hyy, (X, Z(n)) and qxzh(X/]Fq’a")

involve eh-cohomology with compact support. For instance

X (X/Fg, Oon) i= > (1) - (n— i) - dimg, H} (Xcn, ')

i<n,jEZ

where H!(X .5, Q%) denotes eh-cohomology with compact support of the sheaf of
differentials Q. Let Sch? /F 4 be the category of separated schemes of finite type
over F, of dimension at most d. We say that R(d) holds if any X € Sch?/F,
admits resolution of singularities (see [2] Definition 2.4 for a precise statement).
T. Geisser has shown in [2] that, if R(d) holds and if the groups H{; (Y, Z(n))
are finitely generated for any smooth projective variety Y of dimension at most
d, then x¢"(X/F,, O,n) is well defined and (1) holds for any X € Sch/F,.

It was pointed out in [6] that, for X smooth projective, Milne’s correcting factor
is the (multiplicative) Euler-Poincaré characteristic of the derived de Rham co-
homology complex RI'(X zar, L 5 /F™) and that (1) can be restated in terms
of a certain fundamental line. The aim of this note is to show that this remark
applies for arbitrary separated schemes of finite type over F,. More precisely,
we denote by Shy,(Sch?/F,) the category of sheaves of sets on the category
Sch/F, endowed with the eh-topology. The resulting eh-topos Shey, (Sch?/F,)
is endowed with a structure ring ©@¢", which is defined as the eh-sheafification
of the presheaf X — Ox(X) on Sch?/F,. We denote by LQ}‘OEWZ/F” the
derived de Rham complex modulo the Hodge filtratio n F"* associated with the
morphism of ringed topoi

(Sheh(SChd/Fq>a Oeh) - (Spec(Z), OSpec(Z))

where Ogpec(z) is the usual structure sheaf on Spec(Z). Then we consider
its cohomology with compact support RT (X, LQZ‘M/Z/F"). Under the as-

sumption of Theorem 1.1(4) below, one may define the fundamental line
A(X/Z, n) = deterwyc(X, Z(n)) KRz detzRFC(Xeh, LQEE’I/Z/FH>

and its trivialization

Ax R = A(X/Z,n) ®7 R
which is induced by the acyclic complex
<+ S Hiyo(X, Zn)e =% HiL(X,2(0)s 5 -
Here the fundamental class § = Idg € H'(R,R) = "H'(Wf,,R)” is in some
sense analogous to e € H'(Wy,,Z). We denote by ¢(*(X,n) the leading coeffi-
cient in the Taylor development of ((X,s) = Z(X, ¢ *) near s = n.

DOCUMENTA MATHEMATICA 22 (2017) 1303-1321



MILNE’S CORRECTING FACTOR II 1305

THEOREM 1.1. Let X be a separated scheme of finite type over Fy and letn € Z
be an integer. Assume that X has dimension d and that R(d) holds.

1. If X is smooth projective, the canonical map
RT(Xzar, LQ}/Z/F") — RT(Xen, LQ*Oeh/Z/F”)
18 a quasi-isomorphism.

2. The complex RFC(Xeh,LQ?Deh/Z/F”) s bounded with finite cohomology
groups.

3. We have

i * n —_1)¢ eh .
I I | HZ(XehaLQOeh/Z/F ) |( Dt — ch (X/Fq,0, )_ (2)
IEZ

4. Assume moreover that for any smooth projective variety Y of dimension
< d, the usual Weil-étale cohomology groups Hy, (Y,Z(n)) are finitely
generated for all i. Then one has

A(X/Zn) = Z-Ax (¢F(X,n)7").

In particular, Theorem 1.1(1)—(3) holds (unconditionally) for dim(X) < 2 and
Theorem 1.1(4) holds for dim(X) < 1. This note is organized as follows. We
fix some notations and definitions in Section 2. In Section 3, we give the
proof of Theorem 1.1, which is based on the following computation of the
cohomology sheaves of the complex LAg., Loen/z: we define an isomorphism
(see Proposition 3.6)
i—n n i<n
H (LAoehLOeh/Z) ~ Q(D_eh/]Fq

where Q<" := Q) for i < n and Q<" := 0 for i > n. This argument also gives
a slightly different proof of the main result of [6], see Remark 3.5.

2 PRELIMINARIES

2.1 THE DERIVED DE RHAM COMPLEX

Given a ring A and an A-module M, we denote by A4 (M) (resp. I'4(M)) the
exterior A-algebra of M (resp. the divided power algebra of M, see [1] App.
A), and by A% (M) (resp. 'y (M)) its submodule of homogeneous elements of
degree i. If (S, A) is a ringed topos and M an A-module, one defines A4 (M),
Ca(M), AY (M) and Ty (M) as above, internally in S. Then A4(M) (resp.
['4(M)) coincides with the sheafification of U — A ) (M(U)) (vesp. U —
La@w)(M(U))). We denote by LAY, the left derived functor of the (non-additive)
exterior power functor A% (see [4] 1.4.2). We often omit the subscript A and
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1306 BAPTISTE MORIN

simply write A*M, I'"M and LA*M. Let A — B be a morphism of rings in
S._ We denote by QE/A the B-module of Kihler differe ntials, we set Q%/A =
A%Q}B/A and we denote by QE?A the complex of A-modules [QB/A — QB/A —

= Q%ﬁx] put in degrees [0,n—1]. Let P4(B) be the standard simplicial free
resolution of the A-algebra B (see [4] 1.1.5.5.6), and let L 4 be the cotangent
complex ([4] IL.1). By definition Lp/4 is the complex of B-modules associated
with the simplicial B-module Q}DA(B)/A(@PA(B)B- Similarly we define LAZLp,/a
as the (actual) complex of B-modules associated with the simplicial B-module
Q%A(B)/A ®p,(B) B- The derived de Rham complex modulo F™ is defined as

the total complex (see [5] VIIL.2.1)

LQOpa/F" = Tot(Q5] 5y /a)
which we simply see in this paper as a complex of A-modules. The Hodge
filiration on LQ \/F™ satisfies gr? (LQ, /F™) ~ LAY L a[—p) for p <n
and gr (LQ*B/A/F”) = 0 otherwise. For example, if (X, Ox) is a scheme, then
Py (Ox) denotes the standard simplicial free resolution of Z — Ox in the small
Zariski topos of the scheme X, and Lx/z := Lo, /7 is the cotangent complex
associated with the morphism of schemes X — Spec(Z).
If f: 8’ — Sis a morphism of topoi, we write f~! : S — &’ for the set-theoretic
inverse image functor of f. Let f: (§’, A’) — (S, A) be a morphism of ringed
topoi, i.e. a morphism of topoi f : &’ — S together with a morphism of rings
f~'A — A’ in &'. One defines

which is a complex of f~!A-modules in &’. We denote by f* : Mod(A) —
Mod(A’) the inverse image functor for modules, i.e. f*M := f~'M ®@p-14 A’,
where Mod(A) (resp. Mod(A")) is the category of A-modules in S (resp. of
A’-modules in §).

LEMMA 2.1. Let f : 8 — S be a morphism of topoi and let A — B be
a morphism of rings in S. Then we have f~'(Pa(B)) ~ Pp-14(f"'B),

~ 1 —1 , an isomorphism o - -moautes
£ (L 0 L5 1 oaa/F" ; hism of f~'B-modul

-1 —14 ana an 1somorphism oJ COmpLETES O, - -moautes
SNy a) Qg oy and an i hism of complezes of f~'B-modul
f7 (LAz LB/A)ZLAZ,lBLfle/fflA.

Proof. The identifications f~'(Pa(B)) =~ Pp-14(f~'B) and f~1(Qp,,) =~
Ql Fo1B/f1A follow from the deﬁmtlon (see [ ] 11.1.2.1.4 and [4] 11.1.1.4.1).
r(f7

Moreover we have f~1(A%(M)) ~ M) for any ring R in S and any
R-module M. The result follows easﬂy O

2.2 DERIVED DE RHAM COHOMOLOGY WITH COMPACT SUPPORT

The following definition is due to Thomas Geisser [2]. Let Sch?/F, be the
category of separated schemes of finite type over F, of dimension < d.
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DEFINITION 2.2. The eh-topology on Schd/IFq is the Grothendieck topology
generated by the following coverings:

e ctale coverings

e abstract blow-ups: If we have a cartesian square

Z/%’X/

o
1. X

where f is proper, i a closed embedding, and f induces an isomorphism

~

X' -7 — X —Z, then (X' AX,Z#X) s a covering.

We denote by PSh(Schd/Fq) the category of presheaves of sets on Schd/Fq
and by Sh.,(Sch?/F,) the topos of eh-sheaves of sets on Sch®/F,. Note that
the functor

y : Sch?/F, < PSh(Sch®/F,) — Sh,;,(Sch?/F,),

given by composing the Yoneda embedding and eh-sheafification, is not fully
faithful. Hence the eh-topology is not subcanonical. For example, if X4
denotes the maximal reduced closed subscheme of X € Sch?/F,, then the
induced map yX™d — yX is an isomorphism. If U is an object of Sch? /F,
and F an eh-sheaf on Schd/ Fy, we choose a Nagata compactification U — X
with closed complement Z — X (so that X is proper over Fy and U is open
and dense in X), and we define

RT(Uep, F) := Cone (RT(Xep, F) = RT(Zen, F)) [—1].

Here RT(X.5, F) denotes the cohomology of the slice topos She, (Sch?/F,) /yX
with coefficients in F xyX — yX. Equivalently, RT'(X.p, —) is the total derived
functor of the functor F — F(X). It can be shown that RT.(U.p, F) does not
depend on the compactification (see [2] Proposition 3.2). Then RT'.(U.p, F)
is contravariant for proper maps and covariant for open immersions. For an

open-closed decomposition (U Lxdz ), there is an exact triangle
RFC(Ueh;]:) — RPC(XG}H]:) — ch(Zeha]:) —

NOTATION 2.3. The structure ring O™ on Shey,(Sch?/F,) is the eh-sheaf as-
sociated with the presheaf of rings

R: (Sch?/F,)* — Rings

Consider the morphism of ringed topoi

w : (Sh@h(SChd/Fq)a Oeh) — (SpeC(Z)7 OSpec(Z))
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induced by the evident morphism of sites. Let
Lﬂzgeh/z/Fn = Ly, /F"

be the corresponding derived de Rham complex modulo the nth—step of the Hodge
filtration. Derived de Rham cohomology modulo F™ with compact support is
given by

X — RFC(Xeh,LQgeh/Z/F")

for X € Schd/IFq. It is covariantly functorial for open immersions and con-
travariantly functorial for proper maps.
We now explain our notation LS2F,., /z /F™. There is a unique morphism of

rings Z¢" — O°, where Z°" denotes the constant sheaf of rings associated
with Z on Sheh(Schd/Fq). Let LQ’(‘Oeh/Zeh/F" be the corresponding derived de
Rham complex modulo F™. Then we have

LQZ/F" =~ LQaeh/Zeh/Fn- (3)

Indeed, consider the structure sheaf Ogpec(z) and the constant sheaf Z over
the small Zariski topos of Spec(Z). We have Loy, /z = 0 (see [4] 11.2.3.1
and 11.2.3.6), hence Loeh/w’lospcc(z) ~ Lpenjy-1g7 = LOeh/Zeh. We obtain
LA*LOeh/Zeh ~ LA*LOeh/wf hence

L Ospec(z)

LQ*Oeh/zeh/Fn ~ Lngeh/,lp—lospec(Z)/Fn = LQ,Z}/FWJ

by the Hodge filtration. Finally, we note that Lyen /7 and LQZeh/Z/F" could
be left-unbounded (see however Corollary 3.8).
2.3 THE FUNDAMENTAL LINE

For an object C in the derived category of abelian groups such that H*(C) is
finitely generated for all i and H*(C') = 0 for almost all i, we set

det(C) = R detS V H (0.
i€z
If H'(C) is moreover finite for all i, then we call the following isomorphism
detz(C) @2 Q 3 @ det, V' (H(C) ©2Q) 5 R)dets V) (0) 5 Q
i€z i€

the canonical Q-trivialization of detz(C). In this situation, the canonical Q-
trivialization detz(C) ®z Q ~ Q identifies detz(C) with

z. (HiHﬁ'(cn“W) cQ.

i€EL
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For X € Sch?/F,, one defines [2]

RTw,(X, Z(n)) := RT(Wr,, RUo(Xz, o 0~ Z(1)))

where Fq is an algebraic closure, W, is the Weil group, p is the morphism de-
fined in Lemma 3.1, and the Z(n) on the right hand side is the motivic complex
on Smd/IFq. Assuming that RT'w,.(X,Z(n)) and RFC(Xeh)LQzth/Z/Fn) are
both well defined and perfect, the fundamental line is defined as follows:

A(X/Z, TL) = detzRFWﬁ(X, Z(n)) X7z detzRFC(Xeh, Lﬂgeh/Z/F").

Recall that Wy, ~ Z with generator given by the Frobenius F'. Consider the
map f : Wg, — Wr, := R satisfying f(F)) = log(q), and define § = Idg €
H*(R,R). Then §*0 € H'(Wr,,R) maps the Frobenius F' € Wg, to log(q) € R,
whereas e € H*(Wyg,,R) maps the Frobenius F to 1 € R. We have

Ry o(X, Z(n))x = RU(We,, RU.(Xg, 0™ Z(n))2).
So cup-product with the class {*0 € H*(Ws,,R) defines a map

Hiy (X, Z(n)e —% Hyf L(X, Z(n))=
which differs from

Hiy (X, Z(n))z =% HifH(X, Z(n)x
by the factor log(q). The complex

D Hy (X, Z(0)r S HEN(X Z(n)e S -

is acyclic [2] hence gives a trivialization
Ax R AN detRRFW7C(X,Z(n))R = A(X/Z,?’L) ®7 R.

where the second isomorphism is induced by the canonical Q-
trivialization of detzRI'c(Xcn, LQ,., /Z/F ™), whose existence requires that
RT (X, Lﬂgeh/Z/F") is bounded with finite cohomology groups.

3 PROOF OF THEOREM 1.1

We denote by Sm¢ /F, the full subcategory of Sch /F, consisting of smooth
F4-schemes. We endow Sm? /Fq with the Zariski topology and we denote by
Shyza,(Sm?/F,) the corresponding topos.

Recall the following description of the topos Shza,.(Sm?/F,) (see [3] IV.4.10.6).
A sheaf F on ShZar(Smd/Fq) can be seen as a family of sheaves Fx on the
small Zariski topos Xz, for any X € Smd/IFq together with transition maps
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af : f[7'Fx — Fy for any map f : Y — X satisfying afoy = ay 0 g7 ay
and such that oy is an isomorphism whenever f is an open immersion. A
morphism F — G in Shy,,(Sm?/F,) is a given by a family of morphisms
Fx — Gx compatible with the transition maps. For any X € Smd/Fq, the
functor
resy : Shza(Sm?/F)) — Xz,
F — Fx ’

mapping the big Zariski sheaf F to its restriction Fx to the small Zariski site
of X, commutes with arbitrary small limits and colimits. It is therefore the
inverse image of a morphism of topoi

5x : Xzar — Shza,(Sm?/F,)/X — Shyza,(Sm?/F,).
In fact the morphism X 74, — ShZM(Smd/IFq)/X is a section of the morphism
Shza, (Sm?/F,)/ X ~ Shze(Sm?/F,)/X) — Xzar (4)

which is induced by the evident morphism of sites. The same description of
abelian sheaves on Shyz,,(Sm?/F,) is valid. We denote by O the canonical
structure ring on Shz,,(Sm?/F,), i.e. O(X) := Ox(X) for any X € Sm?/F,.
We have resx (0) = Ox where Ox denotes the usual structure sheaf on the
smooth scheme X. As above, a complex of O-modules F can be seen as family
of complexes of Ox-modules Fx in the small Zariski topos X z,, together with
transition maps of complexes of Oy-modules ay : f*Fx := f~1Fy ®f-10x
Oy — Fy for any map f:Y — X satisfying afoq = a4 0 g*ay, and such that
oy is an isomorphism whenever f is an open immer sion.

We denote by R(d) the condition given in ([2] Definition 2.4). The morphism
p of the next lemma was defined in ([2] Lemma 2.5), see also ([7] Proposition
5.11).

LEMMA 3.1. Assume that R(d) holds. Then we have a composite morphism of
topos
p : Shen(Sch?/F,) = Sh.;,(Sm?/F,) — Shz,,(Sm?/F,)

where the first morphism is an equivalence. Moreover we have
p O ~ 0%, (5)

Proof. We consider the topology on Sm* /Fq induced by the eh-topology on
Sch?/F, (see [3] TIL.3), and we define Sh.,(Sm®/F,) as the topos of sheaves
on this site. It follows from R(d) and ([2] Lemma 2.2.b) that Sm?/F, is a
topologically generating full subcategory of Sch? /Fq with respect to the eh-
topology. By ([3] II1.4.1), the first morphism is an equivalence. The inclusion
functor (Sm?/F,, Zar) — (Sch/F,, eh) is continuous, i.e. if F is an eh-sheaf
on Sch?/F, then its restriction to Sm?/F, is a Zariski sheaf. In other words,
the induced eh-topology on Smd/Fq is stronger than the Zariski topology;
hence the second morphism is well defined.
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et u : m — Sc e the inclusion functor, and let
L Sm?/F, Sch?/F, be the inclusion f d let f

Shen(Sch?/F,) = Sh.y,(Sm?/F,) be the induced equivalence. We have a com-
mutative square (see [3] II1.1.3)

Shen(Sch? /F,) <— Sh.,(Sm?/F,)

PSh(Sch?/F,) <—~— PSh(Sm?/F,)

where the vertical arrows are the associated sheaf functors. Let F €
PSh(Sch?/F,) be a presheaf of sets and let u* be the right adjoint of wj.
The adjunction morphism wu*F — F is ”bicouvrant” (see [3] II1.4.1.1) hence
a(wu*F) = a(F) is an isomorphism (see [3] I1.5.3). Since the square above is
commutative, we obtain

froa™ ou*(F) ~aouou(F)~a(F).

So we have an isomorphism of left exact functors f~! o a® o u* ~ a, hence a
similar isomorphism of functors between the categories of ring objects. Let R
(resp. ©) be the presheaf of rings on Sch?/F, (resp. on Sm?/F,) mapping X
to Ox(X). By definition we have O = u*R, 0" = a(R) and g0 = a*™(0),
where g : Shey, (Sm?/F,) — Shz,,(Sm?/F,) is the morphism of topoi defined
above. We obtain

pHO) = f og  (0) = f oa™(0) = f o a™ o' (R) = a(R) =: O°M.
O
We may therefore promote p into a morphism of ringed topoi
p: (Shen(Sch?/Fy), 0°") — (Shzq,(Sm?/F,), ).

For any X € Sm? /Fq, we shall also consider the morphism of ringed topoi
obtained by localisation over X:

px ¢ (Shen(Sch?/Fy), 0°") /yX — (Shza,(Sm?/F,), 0)/X.

We denote by Z the constant sheaf on either Shyz,,.(Sm¢?/F,) or Sh.,(Sch®/F,),
and we apply the constructions of Section 2.1 to the unique morphism of rings
Z — O° (respectively Z — O) in the topos Shep,(Sch?/F,) (respectively in
the topos Shz,,(Sm?/F,)); see (3) and its proof.

LEMMA 3.2. Assume R(d). We have
Lo/ F" = p7 (L% 2/ ™) (6)
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and the complex of abelian sheaves LQ}‘D/Z/F” on Shza,.(Sm?/F,) is given by
the complexes of abelian sheaves on X zq4;

resy (LQ?D/Z/FTI) = L%/ F" := Tot(Q5(0 ) /2) (™)

and obvious transition maps. Similarly, we have an isomorphism of complezxes
of O -modules

LApenLoenyz ~ p~' (LA Lo z) (8)

and the complex of O-modules LA%LO/Z is given by the complexes of Ox-
modules

resx (LApLojz) = Lo Lxjz := Tot(Qp, 0, y/z @r0x) Ox)  (9)
and obvious transition maps. Finally, we have an isomorphism of O°"-modules
Qoensz = p~ oz (10)

and the O-module QEQ/Z is given by the Ox-modules

resx (QZ(Q/Z) = Q;{/Z (11)
and obvious transition maps.

Proof. The complex LQ}/Z/F" = Tot(QfDZ”(OX)/Z) is functorial on the nose in

X e Smd/IFq. Indeed, given a map f : Y — X, there is a canonical morphism
of complexes of abelian sheaves

FHLY )/ F* =~ L1 g/ F™ = LYy )/ F™, (12)

where the first map is supplied by Lemma 2.1 and the second map is in-
duced by the structural morphism f~'Ox — Oy. The map fflLQ}/Z/F” —

LY, /2 /F™ is an isomorphism of complexes of abelian sheaves if f:Y — X is
an open immersion. Similarly, the map f induces a morphism of complexes of
Oy -modules

f*LAIbXLX/Z ~ LAiffl(DXLf*IOX/Z ®f*1(9x Oy — LA%QYLO}//Z (13)

which is an isomorphism of complexes if f is an open immersion. We apply
Lemma 2.1 to the morphism of topoi

5x : Xzar — Shza, (Sm?/F,)
and we observe that the transition maps

flresy (LG 7/ F™) — resy (LG 7/ F™)
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and
frresx(LApLoz/F™) — resy (LA Lo 7/ F™)

can be identified with (12) and (13) respectively. This yields (7) and (9). We
obtain (6) and (8) by applying Lemma 2.1 to the morphism

p: Shep,(Sch?/F,) — Shyza,(Sm?/F,)
since we have O°" ~ p~1O by (5). The proof of (10) and (11) is similar. O

For a complex C of sheaves of modules on some topos, we denote by H*(C) its
i-th cohomology sheaf.

LEMMA 3.3. Let X be a smooth separated scheme of finite type over F,. Then
there is a canonical isomorphism of sheaves of Ox-modules

HI(LA" L z[—n]) =~ Qg

where Qé(g/%q = Qix/]ﬁ‘q for 0 <i<n and Q}S/%q = 0 otherwise. Moreover, for

f:Y = X a morphism in Smd/Fq, the square of Oy -modules

FrHU(LAMLxjz]-n)) —— f*QTh

|

HI(LA™ Ly jz[—n]) —— Q55

commutes, where the left vertical map is induced by (13) and the right vertical
map 1is the evident one.

Proof. Let X be a scheme in Sm? /F,. We have an exact triangle in the derived
category D(Ox) of Ox-modules (see [6] for details):

Ox[l] — LX/Z — Q%(/]Fq (JE)( Ox[Q]

Let U C X be an affine open subscheme. Then wy € Ext?gU (Qzlj/]an Oy)=0
and there is a unique isomorphism

ay - LU/Z ;) OU[l] S¥) Qllj/]Fq
in the derived category D(Op) of Opy-modules, such that H~(ay)
H  (Lyjz) ~ Oy and H'(ay) : HY(Lyjz) ~ Qﬁ(/Fq are the isomorphisms
given by the triangle above. Indeed, the canonical map
Homp (o) (Luyz, Ov[l] ® Qg )
— HomOU (H_I(LU/Z)a OU) S2) HomOU (HO (LU/Z)’ QlU/]Fq)

DOCUMENTA MATHEMATICA 22 (2017) 1303-1321



1314 BAPTISTE MORIN

is an isomorphism, as it follows from the spectral sequence

H Ext?(H" (Ly/z), H*(Ov[1] © Qpjp,)) =
nez

= H"*“(RHom(Lyz, Ou[1] ® Qg )

and from the fact higher Ext’s vanish since U is affine and Q3 JF, is locally
free of finite rank. Then «y is functorial in the open affine subscheme U, in
the sense that, if V' C U is the inclusion of an open affine subscheme V', then

ay | V = ay by uniqueness of ay. We obtain the following isomorphism in
D(Ov) (see [6] for details):

LA"Ly
" 0
LA™ ([Oy = Qe 1)

12

"0y ® A'Qp . = IOy @ AQY . - 5 T00y @ A"QY, 5 1[n]

12

where the differential maps are all trivial. This yields a canonical isomorphism
of Oy-modules
ay : H' (LA™ Lxz[-n]) | U = H (LA™ Ly jz[—n]) ~ """ Op @0,

for any i € Z, where I'" 'Oy := 0 for n —i < 0 and Qg/Fq = 0 for i < 0.
Moreover, the isomorphisms ay are compatible with the restriction maps given
by inclusions of affine open subsets V' C U, in the sense that (ay) | V = ay.
Covering X by open affine subschemes U (recall that X is separated so that
the intersection of two affine open subschemes is affine), the identifications ay
therefore give an isomorphism of sheaves of Ox-modules

H'(LA" Ly /z[—n]) ~T" ' Ox ®0x Vy/z, -

For n—i > 0, the O x-module I~ ¢Oy is free of rank one with generator 7, _;(1)
where 1 € Ox is the unit section and y,—; : Ox — I'""*Ox the canonical map.
So we obtain an isomorphism

H(LA" Ly jz[—n]) = T" "' Ox ©o, Ve, = U - (14)
We now check that the isomorphism (14) is functorial in X € Sm?/F,. Let Y

and X be schemes in Sm? /Fqandlet f:Y — X be an arbitrary map. There
is a morphism of exact triangles (see [4] I1.2.1.5)

Lf*Ox[1] ——= Lf*Lx/; —=Lf Q%(/]Fq —— Lf*Ox|[2]
Oy (1] Ly Q5 /p, ~— Oy[2]
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Suppose first that X and Y are affine. Then wxy = 0 and wy = 0, and the
square

~

Lf*LX/ZLm [*Ox[1] @ f*Qﬁg/]Fq

| |

Lyjz —— = Oy (1] & Oy,

commutes in D(Oy ), since a morphism Lf*Lx,; — Oy[1] ® Q%,/]Fq is deter-
mined by the morphisms it induces on cohomology (as for ax above). Hence
the bottom square in the following diagram

* n ~ * n 0 0 n
Lf*LA"Lx/5 ~— [*[[%, Ox @ AS, O jp, — - = L0, Ox @ AD, Qs 111]

Ol

n * ~ n * * 0, * n *
LALf*Lxjz = [T, f*Ox @ A, f*Q s, % - B TS, ffOx ® Ab,, [ e, |[n]

|

LA"Ly; —————> "0y @ Q5 = -+ S0y @ O}z 0]

commutes as well (see [4] 1.4.3.1.3). Here the top left vertical map is induced
by the derived version Lf*LA —— LAZ  Lf* of the natural transformation
J*AG, — Ap, f*, and the top right vertical map is induced by f*AZ('QX —
Alby f*and f *1"?9;1 — F’é;i f*. It follows that the upper square in the previous
diagram commutes. Since the cohomology sheaves of LA"Lx 7 are flat Ox-
modules, we have the isomorphism

f*HY(LA™Lx/z[—n]) = H'(Lf*LA™Lx,7[—n]).
We obtain the following commutative square of Oy-modules

FHULA" Ly z[-n]) == f*(T"10x @0y Q5 )

| |

H'(LA" Ly z[-n]) ———T"""Oy Qoy, U5

where X and Y are affine schemes in Smd/IFq. Let f:Y — X be a map
between arbitrary X, Y in Sm? /Fq. Covering Y and X by affine open sub-
schemes (compatibly with f) we see that the previous square commutes for ar-
bitrary X and Y. The result follows because the identification of O x-modules
F?Q;iOx ~ (Ox is functorial in X. Indeed, the map f*(F’é;iOX) — F?Q;i@y
maps yn—i(1) to itself.
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REMARK 3.4. An isomorphism of the form
n 0, 1 0 0 n
LA"Lxz ~[Ox = Qx/p, — = Qxr 0]

is false in general, e.g. take n =1 and X such that ax # 0 (i.e. such that X
has mno lifting over Z/p*Z,).

REMARK 3.5. In order to prove the main result of [6], one may use Lemma 3.3
above instead of ([6] Lemma 2).

PROPOSITION 3.6. Assume R(d). There is a canonical isomorphism of sheaves
of O -modules . _
H'(LA"Loen jz[—n]) ~ Q50

Oeh/]Fq
where Qig%f/F = szeh/F for0<i<n and Qig%f/F = 0 otherwise.
q q q

Proof. We first work in the ringed topos (Shz,,(Sm®/F,), ©). By exactness of
resx, Lemma 3.2(9) and Lemma 3.3, we have

resx (H'(LA"Lo/z[-n])) =~ H'(resx(LA" Lo z[—n]))
~ H'(LA"Lx,z[-n]))
~ Qisn

X/Fq

for any X in Smd/Fq. Moreover, for a morphism f:Y — X in Smd/Fq, the
transition map

ag: f*resX(’Hi(LA"L@/Z[fn])) — res;/(’Hi(LA”Lo/Z[fn]))
may be identified with the canonical map (see Lemma 3.2)
PR (LA"Lx/z[—n]) — H'(LA" Ly z]—n))
which in turn may be identified with the canonical map
*)Ii<n i<n
P, — O,

by Lemma 3.3. In view of (11), we obtain an isomorphism

H'(LA"Loszl-n]) ~ Q5 (15)
of O-modules in the topos Shz,,(Sm®/F,). By Lemma 3.2 (8) and by exactness
of p~1, we have

H (LA™ Loenz) ~ H'(p~"LA"Lojz) ~ p~ " H'(LA" Lo 7). (16)

By (16), (15) and (10), we obtain

H' (LA™ Loenjz[—n]) = p™"H (LA™ Lozl -n]) =~ p ' Q5 e~ QG0 -
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REMARK 3.7. One may think of trying to prove Proposition 3.6 more directly
using the exact triangle

h 1 W eh
O [1] = Loen 7 — Qoen g, — O° 2],
which is the image by p~' of the exact triangle
O] = Loz — Qo r, = 0O[2]

in the derived category of O-modules on ShZaT(Smd/Fq). A direct computation
of LA™ Loen 7, as in (14) would not work since the extension w is non-trivial
by Remark 3.4 and Lemma 3.2.

The following corollary follows immediately from Proposition 3.6.

COROLLARY 3.8. If R(d) holds then LAY,., Loenz is concentrated in degrees
[—p,0] and Lﬂgeh/Z/F" is concentrated in degrees [0,n — 1].

COROLLARY 3.9. Let X be a smooth projective scheme over Fy of dimension d
and let n € Z be an integer. If R(d) holds then the canonical maps

RT(X zar, LAY, Lx/z) = RT(Xen, LAY, Loen /)

and
RT(X zar, LQ}/Z/F”) — RT(Xcp, LQgeh/Z/F”)

are quasi-isomorphisms.

Proof. The morphism of ringed topoi
(Shen (Sch /), O%) /y(X) 22 (Shzar(Sm? /F,), 0)/X 5 (X, 0x). (17)
induces a morphism of (derived Hodge to de Rham) spectral sequences from
EY? = HY (X 247, LAP<"Lx/7) = H"*"(X z4,, L%/ F™) (18)
to
"EPY = HY(Xcp, LAP<"Loen j7) = HPT(Xep, LQgen )7/ F™). (19)

Here the convergent spectral sequences (18) and (19) are obtained (using Corol-
lary 3.8) as spectral sequences for the hypercohomology of filtered bounded
below complexes. One is therefore reduced to showing that the maps

HYXzar, LAPLx/z) — HY(Xen, LAY Lpen /7)

are isomorphisms. By Lemma 3.3, Proposition 3.6 and Corollary 3.8, the mor-
phism (17) induces a morphism of hypercohomology spectral sequences from
EQJ =H (XZar; Qg(/%q) — H +i (XZah LApLX/Z[fp])
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to
"By = H' (Xen, Q50 ) = H™ (Xen, LA Loen j[—p)).

One is therefore reduced to showing that the map

Hi(XZara ij/]pq) — Hi(Xeh; Qggeh/]pq)

is an isomorphism for any i, j. Assuming R(d), this follows from ([2] Theorem
4.7) since ngeh/]}?q ~ plegO/Fq. O
Recall from the introduction that one defines
XX [Fg, Oin) = Y (1) - (n = i) - dimz, H (Xen, Qpen sz, )-
i<n,j€Z

COROLLARY 3.10. Let X be a separated scheme of finite type over Fy of di-
mension d and let n € Z be an integer. If R(d) holds then the complex
RT.(Xep, Lﬂz‘geh/Z/F") is bounded with finite cohomology groups, and we have

} i eh
H | HZ(XEha LQZ)eh/Z/Fn) |(71) = ch (X/]quoyn)_
1€

Proof. We consider the convergent spectral sequences

HY(Xeny LAP<" Loen ) = HP(Xen, L%un 1/ F™) (20)
and . . . .
Hi(Xen, Qﬁ;ﬁﬂpq) = H " (Xen, LAP Loen j7[—p)). (21)

In view of Corollary 3.8 and the isomorphism (see [2] Remark before Lemma
3.5)
RT.(X.p,—) ~ RHom(ZS, (X), —)

(20) and (21) may be obtained as spectral sequences for the hypercohomol-
ogy of filtered bounded below complexes. The complex R (X, ngeh /]Fq) ~
RT(Xep, plezQ /Fq) is bounded with finite cohomology groups by ([2] Corol-
lary 4.8). In view of (20) and (21), the complexes RI'c(Xcpn, LA?Loen 7/ F™)
and RT.(X.p, LQ}‘DM/Z/F”) are also bounded with finite cohomology groups.

By ([6] Lemma 1), the spectral sequences (20) and (21) give isomorphisms

det RTo(Xens Lo 1/ F™) (22)

~ (=1)*P P

AN ®detZ RT(Xeh, LAP Loen z) (23)
p<n

s Q) detz BT o(Xen, LA” Loen 5[ ) (24)
p<n

N Cyitd .

SadN ® ®det(z b H)(Xen, Qoen p,) (25)
p<n \i<p,j
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such that the square of isomorphisms

* n —1)ttJ j 7
(detz RUe(Xen, Len 5/ F ))@ o (@ ® ey, et HI (X U )

A \

Q Q

Q

commutes, where the top horizontal map is induced by (25), and the vertical
isomorphisms are the canonical trivializations (see Section 2.3). The result
follows:

-1
Z- (H | Ho(Xen, LQGen /) F™) I(_”i>

<Y/
— (detZRFC(Xeh, L%en /F”))

1yi+d . .
V| @ & dett T HI(Xen, Vpen,)

p<ni<p,j

_ 7. X (X/FeOm)

Recall from Section 2.3 the definitions of A(X/Z,n) and Ax.

COROLLARY 3.11. Let X be a separated scheme of finite type over Fy of di-
mension d and let n € Z be an integer. Assume that for any smooth projective
variety Y of dimension < d the Weil-étale cohomology groups Hyy, (Y, Z(n)) are
finitely generated for all i. If R(d) holds, then one has

AX/Z,n) = Z-Ax (¢(X,n)7h).

Proof. All the schemes we consider in this proof are in Sch? /F4. For an open-

closed decomposition (U EN 'y ), we have exact triangles
RT.(Uep, Lﬂgeh/Z/F") — RT.(Xep, LQgeh/Z/F") — RT(Zeh, LQgeh/Z/F”)

and
RTw..(U,Z(n)) = RTw,.(X,Z(n)) = RT'w..(Z,Z(n)). (26)

Moreover, the triangle (26) is compatible (in the obvious sense) with Uf. This
gives an isomorphism

A(X)Z,n) ~ AU/Z,n) @z A(Z/Z,n) (27)
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such that the square of isomorphisms

R 1 R

‘/)\X ‘/)\U®AZ
AX/Z,n)e EE e A(U/Z,0) ©r A(Z)Z,0)x

commutes. Similarly, one has

It follows that if the result is true for two out of the three schemes (X, U, Z) then
it is true for the third. Moreover, the result is true for X smooth projective by
[6], Corollary 3.9 and ([2] Theorem 4.3). Tt follows for arbitrary X € Sch?/F,
by ([2] Lemma 2.7). O
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