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1 INTRODUCTION

Let G € GL,(C) be a finite complex reflection group and denote by A(G)
the union of all the reflecting hyperplerplanes of G, i.e. the hyperplanes in C"
fixed by some g € G, g # Id. For a general reference on complex reflection
groups, see [I8] and [23]. Since A(G) is a central hyperplane arrangement, it
has a defining equation f = 0 in C", where f is a homogeneous polynomial of
some degree d. One can associate to this setting the Milnor fiber F(G) of the
arrangement A(G). This is a smooth hypersurface in C", defined by f = 1,
and it is endowed with a monodromy morphism h : F(G) — F(G), given by
h(x1, ..oy xn) = exp(2mi/d)- (21, ..., Tn ), see [T}, 2, B, [4, 8] 0] [1T], 17, 2T}, 26] 27, [29)
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2 A. DiMCA AND G. STICLARU

for related results and to get a feeling of the problems in this very active area.
The study of the induced monodromy operator

rY(G) : HY(F(G),C) — H'(F(G),C)

is the object of the papers [22] and [9], while in the special case of real reflection
groups G, there are some additional results on the higher degree monodromy

operators
g h!(G) : H(F(G),C) — H(F(G),C)

where j > 1, see [26, 27 T1]. In general, not only these monodromy operators
are not known, but even the Betti numbers b;(F(G)) are known only in a
limited number of cases.

The complex reflection groups have been classified by Shephard and Todd, see
[28], who showed that there is an infinite series G(m, p,n) of such groups, plus
34 exceptional cases. The exceptional complex reflection groups in this classi-
fication are usually denoted by G, with 4 < j < 37. Consider the following
polynomial of degree 60 in S = C[z,y, z, ]

f=ayata® -yt = 2@t -t -2 - ) (1)

(@ =) = (z+))((z =9)* = (2 =)) (@ +9)* = (2 +)*) (@ +y)* = (2= 1)*)-
(@ =)+ (2 +))(z =9)* + (2 =) (@ +9)* + (2 +)*) (@ +y)* + (2 = 1)*)-
(@ =2+ +)") (@ =2+ (=)@ +2)* + (g +)*) (@ +2)* + (y = 1)*)-
(@ =)+ (y+2)") (@ =)+ (y—)) (@ +6)* + (y +2)*) (@ +1)* + (y = 2)*).

Then the reflection hyperplane arrangement A(G3;) consists of 60 hyperplanes
in C* and is given by f = 0, see [16]. In this note we prove the following result.

THEOREM 1.1 The monodromy operator
hl : HI(F(G31),(C) — HI(F(G31),(C)

for the exceptional complex reflection group Gs1 is the identity. In particular,

the first Betti number by (F(Gs1)) is 59.

The description of the monodromy operator h' for all the other complex re-
flection groups is given in [9], using a method which cannot be applied to the
exceptional group G = G3;1 as explained in [9, Remark 6.2]. The proof for the
case G = (31 involves a completely different approach, and this explains why
it is written down here as a separate note. Indeed, this proof is close in spirit to
our paper [14], with computer aided computations playing a key role at several
stages. Moreover, the rank of the group G3; being n = 4, we have to deal with
higher dimensional singularities and hence with a more complicated spectral
sequence than in [14], where the case of plane curves corresponding to n = 3 is
discussed, see also Remark B.] (i).
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MONODROMY OF THE EXCEPTIONAL ARRANGEMENT OF TYPE (331 3

In the second section we recall a spectral sequence approach for the computa-
tion of the monodromy of the Milnor fibers of homogeneous polynomials with
arbitrary singularities introduced in [6], and developed in [7, Chapter 6], [14],
with several key additions in the joint work of Morihiko Saito and the first au-
thor, see [13]. For simplicity, we describe the results only in the case n = 4, the
only case needed in the sequel. However, the approach presented here is very
general, and can be applied at least to all free hyperplane arrangements to get
valuable information on their first Milnor cohomology. On the other hand, the
success of our method is based on the special properties enjoyed by the mixed
Hodge structure on the first cohomology group H'(F(G),Q), see the proof of
Theorem [Z1] and hence this simple approach does not give complete results
on the higher cohomology groups H? (F(G),Q), where j > 1.

In the third section we recall basic facts on the exceptional complex reflection
group (31, in particular the construction of the basic invariants going back to
Maschke [20] and the construction of a basis of Jacobian syzygies as described
by Orlik and Terao in [23, Appendix B, pp. 280-281 and p. 285].

In the fourth section we describe the algorithm used to determine the mon-
odromy operator h! : H(F(Gs1),C) — H'(F(Gs1),C). For this we need a
careful study of the second cohomology group of the Koszul complex of the
partial derivatives fy, fy, f. and f; of the polynomial f of degree 60 given in[l
At several points, this study is done by using the software SINGULAR [5]. To
get an idea why computations via SINGULAR are necessary, let us remark that
each of the sequences of three homogeneous polynomials in S which are shown
to be regular sequences in Proposition ] consists of polynomials of degrees
28,12 and 16 respectively, and having 136,24 and respectively 45 monomials
occurring with non zero (and, in fact, quite complicated rational) coefficients.
And the final step in the proof is Lemma [£.8 where a homogeneous system
of 19600 linear equations in 1424 indeterminates is shown to admit only the
trivial solution. The corresponding codes are available at
http://math.unice.fr/~dimca/singular.htmll

We would like to thank the referee for his useful suggestions.

2 A SPECTRAL SEQUENCE FOR THE MILNOR MONODROMY

Let S = Clz,y, 2,t] and let f € S be a homogeneous polynomial of degree d
without multiple factors. Consider the global Milnor fiber F' of the polynomial
f defined by f(x,y,2,t) =1 in C*, with monodromy action h: F — F,

h(z,y,2,t) = exp(2mi/d) - (v,y, z,1).

Let Q7 denote the graded S-module of (polynomial) differential j-forms on C*,
for 0 < j < 4. The complex K} = (Q*,dfA) is nothing else but the Koszul
complex in S of the partial derivatives f., fy, f. and f; of the polynomial
f. The general theory says that there is a spectral sequence FE.(f), whose
first term F;(f) is computable in terms of the homogeneous components of
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4 A. DiMCA AND G. STICLARU

the cohomology of the Koszul complex K and whose limit E(f) gives us the
action of monodromy operator on the graded pieces of H*(F, C) with respect to
a certain pole order filtration P, see for details [6], [7, Chapter 6], [13], [24] [25].
More precisely, for any integer k € [1, d], there is a spectral sequence

BN (f)e = HT K, 2)

converging to

B (f)e = GrpH*(F,C)y, (3)

where A = exp(—2mik/d) and H5!(F, C), denotes the associated eigenspace of
the monodromy operator. Moreover, the differential d; in this spectral sequence
is induced by the exterior differentiation of forms, i.e. dy : [w] — [d(w)]. We
have the following.

THEOREM 2.1 Let D : f =0 be a reduced degree d surface in P2, and let
A =exp(—2mik/d) # 1,
with k € (0,d) an integer. Then H(F,C)x = 0 if and only if
By (f)e = By (fliw =0,
where k' =d — k.

PrOOF. Note that on the cohomology group H'(F,C).;, which is by defini-
tion the direct sum of eigenspaces of h' corresponding to eigenvalues # 1, one
has P? = 0, F! € P! and F* = P° = H!(F,C)1, where F'! denotes the Hodge
filtration, see [13]. Let now A be an eigenvalue of the monodromy operator.
The fact that H'(F,C), is a pure Hodge structure of weight 1, see [3], [12],
implies that either HL0(F,C)y # 0 or H>(F,C), # 0. In the first case we get
GrpH'(F,C)x # 0, while in the second case we get H(F, C)y # 0 and hence
GrpH'(F,C)x # 0. The result follows now from the fact that H'(Kj) = 0
since f is a reduced polynomial. Indeed, it is known that the smallest j with
HI (K7) # 0 is precisely the codimension of the singular locus Dy;ng of D in

P3, see [I5, Theorems A.2.38 and A.2.48]. This implies that Ef’t(f)k = 0 for
s+t =0, and hence

By (f)e = EX°(f)x
for any k € (0,d). This ends the proof of this result.
To check the condition E21’0 (f)x = 0 in practice, we proceed as follows. Con-
sider a 2-form
w = Z aijdzi A dSCj S Q2, (4)
1<i<j<4

where a;; € Sx—2 and we use the convention z = x1, y = T2, 2 = 3, t = 4.
We have the following two obvious results.
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MONODROMY OF THE EXCEPTIONAL ARRANGEMENT OF TYPE (331 5

LEMMA 2.2 A differential 2-form w € Q? given by the equation () satisfies
df ANw =0 if and only if the following four equations in S hold.

Ri) azafy —aoaf: +azsfi =0

(R1)

(R2) a34fac - a14fz + algft =0
(R3) agafe —arafy +aiafr =0
(R4) ag3fy —aisfy +araf. =0

LEMMA 2.3 A differential 2-form w € Q2 given by the equation () satisfies
dw = 0 if and only if the following four equations in S hold.

FE1 ag3, — Q24, + as4, = 0.

(E1)

(E2) ay3, — a14, +ass, =0.
(E3) a1z, — aia, + az, = 0.
(E4)

FE4) a1z, — a3, +az, =0.

3 ON THE EXCEPTIONAL COMPLEX REFLECTION GROUP (31

The exceptional complex reflection group Gs; has order 46080, and rank 4,
hence it acts naturally on C*. Its basic invariants fi, f2, f3 and f4, of degree
8,12,20 and 24 respectively, can be constructed as follows, see [20]. Let

a =zt +yt42t4tt, b= 22?4222, ¢ = 2222 HyPR, d = 2?2+ yPR2, e = ayet.
()

We define
Ai=a+6(-b—c—d), As=a+6(-b+c+d), As=a+6(b—c+d), (6)

Ay=a+6(b+c—d), A5 = —2a — 24e, Ag = —2a + 24e.
Let s; be the i-th symmetric function in the variables A;, such that

H (u+ A;) = Z sju’d,

i=1,6 j=0,6

in the polynomial ring S[u], with sy = 1. Define the following homogeneous
polynomials in S

1 1 1
Fs = —§52 Fio = —15 Fao = 1255 (7)
and note that sy, = 9FZ. Define new polynomials as in [23], p. 285, by the

following

1

2655313001 5 (f1); (8)

fi=Fg, fo="Fia, f3=Fn, fa=
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6 A. DiMCA AND G. STICLARU

where Hess(f1) is the determinant of the Hessian matrix H(f1) of f.
Moreover, as any reflection hyperplane arrangement, A(Gs1) is a free arrange-
ment, see [23, Theorem 6.60], [30]. This means that the graded S-module of
Jacobian syzygies for f, namely

AR(f) = {r = (r1,72,7r3,m2) € S* ¢ rifo +1r2fy +r3fe +rafr =0},

which is the same as the S-module of derivations killing f, is free of rank 3.
A Dbasis for this module can be computed starting from the basic invariants
f1, f2, f3, f1 as follows, see |23, Theorem 6.53 and Appendix B, pp. 280-281
and p. 285]. Let A(f1) be the adjoint of the Hessian matrix H(f;), namely a
matrix such that

A(f1)H(f1) = H(f1)A(f1) = Hess(f1)1a,

with I the unit matrix of order 4. This matrix is, up to the factor Hess(f1),
the inverse matrix of H(f1). Let J(f) be the 4 x 4 matrix having on the j-th
column the first order partial derivatives of f; with respect to z,y,z and t.
Define a new 4 x 4 matrix C, as described in [23] Appendix B, p. 284] for the
last six exceptional groups. For the group Gj;, the matrix C has the first, the
third and the fourth rows the same as the unit matrix I, and the second row
is given by

1 1

0) f4a _gfla_ﬁan (9)

see [23 Appendix B, p. 285]. Then we set B = A(f1)J(f)C and it follows
from [23] Theorem 6.53] that the first column in B is a multiple of the Euler
derivation. Let b1; be the entry of this matrix B situated on the first row
and the first column, set g = by;/x and let D = g~ !B, a new matrix with
entries in the polynomial ring S. The first column D[1] in the matrix D, which
is a normalized version of B, is now given by z,y, z,t, and the corresponding
derivation of the polynomial ring S, denoted again by D[1], is precisely the
Euler derivation. In particular, one has D[1]f = 60f. Note that the other
columns DJj] of the matrix D, for j = 2, 3,4, satisfy similar relations D[j]f =
g;f for some homogeneous polynomials g; € S, for j = 2,3,4. Define a new
matrix F, whose columns FE[j] are given by the following relations.

E[j] = DJj] - ¢ DI, (10)

for j = 1,2,3,4, where we set g; = 0. It follows that E[j]f =0 for j = 2,3,4,

hence we have obtained 3 syzygies for f. Moreover, a direct computation using
Singular shows that

det E = —486 f (11)

and hence, in view of Saito’s Criterion [23, Theorem 4.19], f is free with ex-
ponents 1,13,17,29. In other words, the columns E[j] for j = 2,3,4 give a
basis for the free S-module AR(f). Note that deg E[2] = 29, deg E[3] = 13 and
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MONODROMY OF THE EXCEPTIONAL ARRANGEMENT OF TYPE (331 7

deg E[4] = 17. The set of these degrees, to which we must add 1, the degree
of the Euler derivation, correspond to the coexponents of Gs; as listed in [23]
Table B.1., p. 287]. The entries of the matix E are too complicated to display
here, see Remark [£.2]

Finally we discuss the monodromy operator

h': HY(F(G31),C) — HY(F(G31),C).

To compute this operator, we can take a general hyperplane section V(Gsy) :
g = 0 of the projective surface D : f = 0. Indeed, the first Milnor monodromy
for g and f coincide, see [7, Theorem 4.1.24]. Table C.12 in [23] shows that
the corresponding curve V(G3;1) in P2 has degree d = 60, 360 double points,
320 triple points and 30 points of multiplicity 6, corresponding to the isotropy
group G(4,2,2). It follows that h' can have only eigenvalues of order 1,2,3
and 6, since any eigenvalue of k! has to be a root of at least one of the local
Alexander polynomials associated to the singularities of V(Gsy), see [19], [7,
Corollary 6.3.29]. The eigenvalues of order 2 and 3 are excluded by the results
n [22]. To prove Theorem [[] it remains to exclude the eigenvalues of order

6, and to do this, we apply Theorem 21l for d = 60 and & = 10 or k = 50.
Note that for k = 10 we have E;°(f)10 = H?(KF)10 = 0. Indeed, by the above
computations one has AR(f)s = 0 as all the generating syzygies E[j] have
degree > 13, and then Lemma implies that HQ(KJ”Z)lo = 0. Therefore it

remains to show that Egl’o(f)5o = 0, and this is done in the next section.

REMARK 3.1 (i) In principle one can try to compute h* by applying the ap-
proach described in [T])] to the curve V(Gs1) : g = 0 defined above. However,
this curve is no longer free, and it seems to us better from the computational
point of view to work with the free surface D, having mon isolated singulari-
ties, than to work with the non free curve V(Gsy) with isolated singularities.
This is due to the existence of the nice procedure to compute a basis for AR(f)
described above.

(ii)) A computation of h' using the curve V(Gs1) : g = 0 defined above can
be found in [1]. The main techniques there are some subtle vanishing results
for the cohomology of perverse sheaves on affine varieties, coupled again with
computer aided computation via Singular needed to show that some surfaces are
affine.

(i1i) One can avoid using the results in [22] and exclude the eigenvalues of or-
der 2 and 3 by the same approach as we use in the case of eigenvalues of order
6. These computations correspond to k € {20,30,40}. The cases k € {20, 30}
are trivial, since by an obvious modification of Theorem [{.7 below, one has
H?*(K7)r = 0 in such situations. The case k = 40 can be settled by fol-
lowing the algorithm described below: with the notation of Theorem [[.7 we
have in this case deg A} = 8 and AL, = A5 =0, i.e. much simpler computa-
tions give the result. The corresponding Singular code g3lcubic is available at
http: //math. unice. fr/ ~dimca/singular. html.
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4 THE ALGORITHM

In this section we assume that the coefficients a;; of the differential 2-form
w € 02 given by the equation (@) are homogeneous polynomials in S of degree
48, which corresponds to degw = 50.

We denote the columns of the matrix E above as follows: E[2] =
(m1,n1,p1,q1), E[3] = (m2,n2,p2,¢2), E[4] = (m3,n3,p3,¢3). All the poly-
nomials m; are divisible by z (since f,, f. and f; are clearly divisible by x and
fz is not) and we set m; = xzm/ for i = 1,2,3. Similarly one has n; = ynl,
p; = zp} and ¢; = tq; for i = 1,2,3.

PROPOSITION 4.1 Each of the four sequences (mfj,mb,mj), (nf,nb,nj),
(P, Db, p5) and (¢4, b, q5) is a regular sequence in S.

ProoF.  To show that (m],mb, mf) is a regular sequence, it is enough to
check that the dimension of the corresponding zero set in C* is the expected
one, i.e.

dim V (mf, mh,ms) = 1.

And this can be checked by Singular.

REMARK 4.2 The four sequences (mf,mb,m4), (nf,nb,ns), (p},ps ps) and
(4,5, q%) of polynomials in S are listed in the print out of a Singular code
here.

http://math. unice. fr/ ~dimca/singular. html

Note that the relation R; in Lemma is a syzygy in AR(f) having the first
component zero. Hence there are polynomials P, @, R in S such that

Ry = PE[2] + QE[3] + RE[4]
and Pmy + Qmo + Rms = 0. By dividing the last relation by z, we get
Pmf 4+ Qm4 + Rmi = 0. (12)

By Proposition [} it follows that (P, @, R) must be an S-linear combination of
Koszul relations for the regular sequence (m/,m4, m%). Consider the following
syzygies in AR(f).

Ty = m4yE[4] —m5E[3], To = my E[4] — m5E[2], T = m{E[3] — m4E[2]. (13)
More precisely, one has
Ty = (0,y(many — miny), 2(mapy — maps), t(mags — miqs))

and similar formulas for 75 and T5. One has deg Th = 29, deg Ts = 45, degT3 =
41. Tt follows that there are homogeneous polynomials A;, Ao, A3 in S with
deg A1 =19, deg As = 3, deg A3 = 7 such that

R1 = A1T1 + A2T2 + A3T3. (14)
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To express Ry as a combination of simpler syzygies, we have to consider for the
same reason as above the syzygies in AR(f) given by

Uy = nhE[4] — nE[3], Uy = n| E[4] — n5E[2], Us = n|E[3] —nyE[2]. (15)
More precisely, one has
Uy = (—z(miyn — mgns), 0, z(nops — ngph), t(nags — ngs))

and similar formulas for Us and Us. One has degU; = 29, degUs; = 45,
degUs = 41. It follows that there are homogeneous polynomials B;, B2, B3
with deg A; = deg B;, such that

Ry = B1U; + BoUs + B3Us. (16)

However, the coefficient of f, in the relation R; coincides with the coefficient
of f, in the relation Ry, hence we have

yAi(mong —many) +yAs(ming — myny) + yAs(myng —mony) =
= —xBy(mhnly — minh) — xBa(m)ns — min}) — xBs(minhy — mbhn).
In other words,
(yA1 + 2B1)(myng — miny) + (yAz + 2By)(ming — mgny)+  (17)

+(yAs + xBs)(myny — myn)) = 0,

i.e. a syzygy for the 2-minors M N;; in the 2 x 3 matrix M N having the first
row (mf,mb, m4) and the second row (n},nb, nj).

REMARK 4.3 The relation (Ry) implies that asy is divisible by g = zy(z* —y*),
since both f, and f; are divisible by g, but not f, or fy as they have no multiple
factors. A direct computation by Singular shows that all the minors M N;; are
also divisible by gy = x* — y*. Therefore, when we want to determine ass as
an S-linear combination of M N;j, we can simplify by go.

By the above remark, we can consider new polynomials MN;; = (mjn/ —
mjn;)/go for 1 <4 < j <3 and hence the equation ([7) can be written as

LEMMA 4.4 The minimal degree syzygy 11 M Njq +roM N{5+r3sMN{y, =0 has
multidegree (degr1,degry, degrs) = (24, 8,12).

PRrROOF. Direct computation by Singular.
It follows that yA; +xB1 = yAs +xBs = yAs+xBs = 0, in other words, there
are homogeneous polynomials A}, A5, A, such that A; = zA} and B, = —yA,
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10 A. DiMCA AND G. STICLARU

for ¢+ = 1,2,3. Consider now the third syzygy Rs, having the third coordinate
trivial. We define new syzygies in AR(f) by

Vi =poEd] - p3E[3], Vo = p1E[4] — p3E[2], V3 = piE[3] - prE[2].  (19)
More precisely, one has
Vi = (—a(myps — miph), —y(naps — naph), 0,1(phas — p3as))

and similar formulas for V5 and V3. One has deg V1 = 29, deg Vo = 45, deg V3 =
41. It follows that there are homogeneous polynomials C;, Cs, Cs with deg A; =
deg C}, such that

Rs = C1Vh + CoVa + C3Vs. (20)

However, the coefficient of f, in Ry coincides with the opposite of the coefficient
of f, in R3, hence we have

z A1 (maypy — miph) + 2 A2 (mips — mipy) + 2 Az(myph — mop)) =
xC1(myps — miph) + 2C2(mipy — mipy) + xCs(myph — mop) ).
In other words,
(2A1 — 2C1)(maps — miph) + (2A2 — 2Co)(mypsy — mip) )+ (21)
+(243 — 2C3)(mipy — mayp)) = 0,

i.e. a syzygy for the 2-minors M F;; in the matrix M P having the first row
(m}, mb, ms) and the second row (p, ph, p5)-

LEMMA 4.5 1. The minors (M Pag, M P13, M Py5) are all divisible by x* — 2.

2. Set MP]; = MP;;/(z* — z%). Then the minimal degree syzygy involving
(M Pjs, M P{5, MP],) has multidegree (24,8,12).

PrOOF. Direct computation by Singular.
It follows as above that one has C; = zA] for i = 1,2,3. Consider now the last
syzygy R4, having the fourth coordinate trivial. We define the syzygies

Wi = gy E[4] — q3E[3], Wa = qE[4] — 3E[2], W3 = ¢{E[3] — ¢z E[2].  (22)
More precisely, one has
Wi = (—a(mhas — misqs), —y(nads — n5a3), —2(phas — P3da), 0)

and similar formulas for Wy and W3. One has degW; = 29, deg Wy = 45,
deg W3 = 41. It follows that there are homogeneous polynomials D;, Do, D3
with deg A; = deg D;, such that

Ry = D\Wi + DyWs + D3Ws. (23)
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Moreover, the coefficient of f; in Ry coincides with the coefficient of f, in Rs,
hence we have

tA1(mhgs — migy) +tAz(mygy — miq)) + tAz(migy — mhqy) =
—xD1(mbgy — miqy) — xDa(my gy — miqy) — xDs(m) gy — mag).
In other words,
(tA1 + 2D1)(mhqs — maqy) + (tA2 + xDa)(mygs — maq))+ (24)

+(tAs + xDs)(my gy —maqp) = 0,

i.e. a syzygy for the 2-minors M@Q);; in the matrix M@ having the first row
(m},mb, ms) and the second row (¢}, g5, q4)-

LEMMA 4.6 1. The minors (MQas, MQ13, MQ12) are all divisible by the
polynomial x* — t*.

2. Set MQj; = MQ;;/(x* —t*). Then the minimal degree syzygy involving
(MQhs, MQ5, MQ'5) has multidegree (24,8,12).

PRrROOF. Direct computation by Singular.
It follows as above that one has D; = —tA] for ¢ = 1,2,3. This proves the
following result.

THEOREM 4.7 A differential 2-form w of degree 50 given by the equation ()

satisfies df Aw = 0 if and only if there are homogeneous polynomials A} € Sig,
A, €Sy and Ay € Se such that

Rl = SC(AllTl + A/QTQ + Ang), RQ == 7y(A/1U1 + A/QUQ + AgUg),
Ry = 2(A\Vi + Ao + ALV3), Ry = —t(A\Wy + ALW, + ALW3).

ProoF. One should check that any a;; which occurs in two distinct relations
Ry and Ry gets the same values by this construction. As an illustration, let’s
check this for ajo. In the syzygy Rs, the polynomial a12 occurs on the last
coordinate, hence its value is

2 A [t(pygs — pags)] + 2A5[t(PY g5 — P3dh)] + zA5[—t(phqy — P1g5)]-

In the syzygy R4, the polynomial a;5 occurs on the third coordinate, hence its
value is

—t Al [—2(phas — p3ay)] — tAS[—2(Pi a5 — P5qh)] — tAS[z(phay — P1a5)),

hence exactly the same value as above. This proves our claim.
The above formulas show that we have the equalities

i) a1 = Zt(AﬁPQ/% + AI2PQI13 + Aélelz);
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i) ags = 2t(A} M Qo3 + AyM Q13 + Az MQhy),
i) a13 = —yt(A1NQy; + ALNQis + A3NQy).

The polynomials A} are unique, since the minimal degree syzygy involving say
(PQbs, PQY5, PQ,) has multidegree (24,8, 12) by Lemma [0l It follows that

dim H2(K})s0 = dim Sis + dim S5 + dim Sg = 1330 + 10 + 84 = 1424.

A differential form w € H*(K})s0 will survive to give an element in Ey°(f)s0
if and only if it satisfies the equations (E;) for ¢ = 1,2,3,4 in Lemma Any
such equation (E;) is in fact a system of 19600 = dim Sy7 linear equations in
the 1424 indeterminates given by the coefficients of the polynomials A}, A}
and Af. Our proof is completed by the following result.

LEMMA 4.8 The system of linear equations corresponding to the equation (Ey)
in LemmalZ:3 has only the trivial solution. In particular one has Egl’o(f)50 =0.

PRrROOF. Direct, rather lengthy, computation by Singular. The corresponding
code ¢g31 is available at http://math.unice.fr/~dimca/singular.html
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