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but employing only finite-dimensional, Lie-theoretic means.

2010 Mathematics Subject Classification: Primary 14M17, 32L25;
Secondary 32L10.

Keywords and Phrases: A-connection, rational homogeneous space,
twistor space, complexification, Levi subgroup.

CONTENTS
1 INTRODUCTION
[2_ PRINCIPAL BUNDLES, CONNECTIONS AND PULLBACKS

THE UNIVERSAL PULLBACK A-CONNECTION

DOCUMENTA MATHEMATICA 23 (2018) 77-115

T

78

80

83
83
87



78 I. BiswAas AND M. L. WoNG

[4  ATIVAH SEQUENCES FOR PRINCIPAL BUNDLES 88

[5__TwisTOR spACES 100
- - - — 100

S 102

5.3 Twistor spaces for cotangent bundles of homogeneq paced . 103
wistor space and the rea d . .......... 104

‘ Relative holomorphic symplectic forma . . . . . . . . .. 104

[5.3.3  Construction of the twistor lined . . . . . . . .. .... 107

[5.3.4 Computation of normal bundles to twistor lined . . . . . 109

[5.4_Application: Purity of Hodge structures of G/I . . . . . . . . . 113
(6 ACKNOWLEDGMENTS 113

1 INTRODUCTION

Let X be a complex manifold, G a complex Lie group and ) a holomorphic
principal G-bundle over X. As is well-known, holomorphic connections on @
may be identified with holomorphic splittings of the Atiyah sequence canoni-
cally associated to Q:

0 — ad@Q — AtQ — Ox — 0;

here, ©x is the holomorphic tangent bundle to X and At(@Q is the Atiyah
bundle [Af] § 2]. It is possible that while there is no such splitting over X, upon
pullback via some holomorphic mapping f : ¥ — X, where Y is another
complex manifold, this sequence does split. In fact, a tautological construction
yields such a Y for any @, which can be briefly described as follows. Tensoring
the Atiyah exact sequence with the holomorphic cotangent bundle Qx = ©%
we get

0 — adQ@QX — AtQ@QX = Ox RNy = End(@x) — 0.

The inverse image C1(Q) = s !(Idey) C AtQ®Qx — X is the universal
space of holomorphic connections in the sense that for any open subset U C X,
the holomorphic sections of the fiber bundle C;(Q)|y over U are precisely the
holomorphic connections on Q|y. The details of this construction as well as
other related results are found in Sections 2] and In fact, since it presents
no further complication and some statements prove to be useful later, we work
with A-connections for A € C.

In Section ] we consider the case where X is a (complex) homogeneous space.
In this case, the sequences of vector bundles above all have descriptions as those
associated to canonical sequences of representations for the groups involved. Of
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BUNDLES ON G/P AND TWISTOR SPACE OF COADJOINT ORBITS 79

course, the universal pullback connection space also has such a simple descrip-
tion, which we give. Emphasis is on the case where P is a parabolic subgroup
of complex simple affine algebraic group G, so that X = G/P is a projective
rational homogeneous space. Let @ be a holomorphic C*-bundle over G/P
associated to a strictly anti-dominant character of P, so that the associated
line bundle is (very) ample. If L C P is a Levi factor, then the main result of
Section [4] shows that the above fiber bundle C1(Q) — G/P may be identi-
fied with the canonical projection G/L — G/P. In particular, G/L may be
viewed as a complexification of G/P.

We recall that a hyper-Kahler manifold is a C'*° manifold M equipped with

e integrable almost complex structures, I, J and K satisfying the quater-
nionic relation IJK = —Id, and

e a Riemannian metric g which is Kahler with respect to each of I, J and
K.

To a hyper-Kéahler manifold there is an associated twistor space, which is a
holomorphic fiber bundle

7z — P! = 52 = {(a, b, ¢) e R3 | a2+ 0242 = 1}

such that the fiber over (a, b, ¢) € S?is Y equipped with the integrable almost
complex structure al + bJ + cK. Thus, any fiber over P! may be identified
with the original C*° manifold. Furthermore, it is a fundamental theorem that
from such a fiber bundle over P!, if one also has a compatible real structure
and fiber-wise holomorphic symplectic form, one can recover the hyper-Kahler
metric on the fibers [HKLRIl Theorem 3.3].

Hyper-Kahler metrics on coadjoint orbits for semi-simple algebraic groups were
first constructed by Kronheimer [Ki] in the case of regular semi-simple orbits;
this was generalized to arbitrary orbits by Biquard [Bil]. Furthermore, Biquard
also gave a description of the twistor space in these cases, in which the general
fiber is (isomorphic to) the coadjoint orbit and the special fibers (which one
usually pictures over 0,00 € P!) are the cotangent bundles to a (partial) flag
variety [Bill [Bi2]. The technical method employed in this series of papers
is the use of Nahm’s equations, the hyper-Kéhler metric thus arising as an
infinite-dimensional hyper-Kéahler quotient.

Of course, given a semi-simple element in a semi-simple complex Lie algebra,
its (co)adjoint stabilizer is a reductive subgroup of G of full rank, hence may be
understood as a Levi factor L of some parabolic subgroup P of G; therefore the
coadjoint orbit is isomorphic to G/L. Using the constructions of Section Ml in
Section [l we are able to recover the construction of the twistor space given by
Biquard, thereby obtaining the existence of a hyper-Kéhler metric on T*(G/ P)
or, equivalently, G/L—via the fundamental theorem mentioned above—using
only the means of Lie theory.

The method we use to obtain the existence of the hyper-Kéahler metric on
T*(G/P)—namely, by constructing the twistor space directly—resembles that
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80 I. BiswAas AND M. L. WoNG

of Feix, who showed that, for a Kéhler manifold X, some neighbourhood of the
zero section in T* X always admits a hyper-Kéhler metric [Fe, Theorem A] (the
same result was obtained by Kaledin, but by different methods [Kal Theorem
1.1]). In the cases we consider, we find that the hyper-Kahler metric in fact
exists on the entirety of the cotangent bundle, which does not necessarily hold
in general (cf. [Fe, Theorem B]).

There exist some hyper-Kéhler moduli spaces, prominent among them the char-
acter variety for a compact Riemann surface, which have elementary finite-
dimensional constructions, but for which there is no known finite-dimensional
description or construction of the metric. (For the example of the character
variety just mentioned, the construction is as an affine geometric invariant the-
ory quotient, yet the hyper-Kéhler metric is by an infinite-dimensional hyper-
Kéhler quotient, via a dimensional reduction of the Yang—Mills equations [Hi,
§ 6].) The result here may be regarded as a step towards a finite-dimensional
understanding of these metrics.

2 PRINCIPAL BUNDLES, CONNECTIONS AND PULLBACKS

Let X be a connected complex manifold; its holomorphic tangent and cotangent
bundles will be denoted by ©x and x, respectively. We will write T*X :=
Tot(Qx) for the total space of Qx. Let G be a complex Lie group; its Lie
algebra will be denoted by g. Let 7 : P — X be a holomorphic principal
G-bundle over X with G acting on the right of P. The holomorphic tangent
bundle of the total space of P will be denoted by © p. The adjoint vector bundle
ad P = P x© g is the one associated to P for the adjoint action of G on g. The
pullback 7* ad P is the trivial vector bundle 0%, = Pxg — P, which, in turn,
is identified with ker(dr) by the action of G on P, where dr : Op — 7*Ox
is the differential of the projection w. Let

AtP := 0p/G = (1.0p)¢ C 7.0p
be the Atiyah bundle and
0 — adP — AtP — Ox — 0 (2.1)

the Atiyah exact sequence for P, which is the quotient by G of the exact
sequence
0 — 7*ad P = ker(dr) - 7*AtP = Op 25 105y — 0 (2.2)

on P. To describe At P in terms of local trivializations, fix a holomorphically
trivializing open cover {X,} of X, so that there exist G-equivariant holomor-
phic maps

Yo @ Py = Plx, — XoxG

over the identity map of X,. Let gog : Xop = Xo N Xg — G be the
corresponding transition functions satisfying

Po © @El(iﬂa g) = (ZC, gaﬂ(fﬂ)a) :
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BUNDLES ON G/P AND TWISTOR SPACE OF COADJOINT ORBITS 81

Then one has induced isomorphisms ¢ : At P, — O, & 08, where O, =
®Xa = ®X|XQ and Og = OXQ Xc g, for which

ba 065" (0, €) = (v, Ady,u€ + dgapgh(v) (2.3)

Let A € C. We recall that a holomorphic A-connection on P is an Ox-linear
homomorphism s : At P — ad P whose composition with the inclusion of

1)
adP — AtP =5 ad P

is simply multiplication by the scalar A on ad P; in the case A = 1 this s is
a holomorphic splitting of (Z1]), and so a holomorphic connection on P in the
usual sense. A 0-connection is a homomorphism ©x — ad P. Note that a
A-connection may equivalently be described as a G-equivariant homomorphism
5 :©p — OYf such that 501 = X -Idaq p, where ¢ is the homomorphism in
22). Such a homomorphism 3 defines a G-equivariant g-valued holomorphic
1-form on P (the group G has the adjoint action on g); it is called the 1-form
of the A-connection. The kernel of a connection 1-form ©p — (95’D is called
the horizontal distribution of the connection.

Suppose Y is another complex manifold and f : ¥ — X a holomorphic map.
We may pull back the Atiyah sequence (2)) along f to get an exact sequence
on Y. Also, we may pull back P along f to get a principal G-bundle f*P on
Y, which has its own Atiyah sequence; one then has a morphism between these
exact sequences

0——ad f*P —= At f*P Oy 0

lﬂ ldf (2.4)

0—— ffadP—— f*AtP—— f*Ox —— 0.

The above homomorphism 3 is constructed as follows: consider the Cartesian
diagram

rp-Ltop

Y —— X

f

associated to the above pair (P, f). This produces a commutative diagram on
the total space f*P

0—>0pp®g O-p M0y — 0

ldF ln*df (2.5)

0——=0ppRyg—=F"0p ——1II"f"Ox = ["1"O x — 0.
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82 I. BiswAas AND M. L. WoNG

Since the differential dF in (23] is G-equivariant, the diagram in (Z3]) descends
to a commutative diagram of homomorphisms on Y. This descended diagram
is the one in (24). Therefore, the diagram in (Z3) is the pullback, by the
map II, of the diagram in ([Z4]). Note that if f is a submersion, meaning df is
surjective, then ( is surjective as well. If

s: AtP — adP

is a Ad-connection on P, then (f*s)o S : At f*P — ad f*P is a A-connection
on f*P. In other words, a A-connection on P pulls back to a A-connection on
f*P.

DEFINITION 2.6. Let X, Y, Pand f : Y — X be as above, and let D be a
holomorphic A-connection on the pulled back principal bundle f*P given by a
splitting s : At f*P — ad f*P. We say that D is trivial on the fibers of f if
there is a homomorphism

st f*AtP — f*adP
such that s = s’ o 8, where § is the homomorphism in (Z4]).

It should be clarified that the above condition does not mean that D is the
pullback of a A-connection on P. More precisely, s’ need not be the pullback
of a splitting of the Atiyah exact sequence for P.

Lemma 2.7 is straightforward to prove, so we omit its proof.

LEMMA 2.7. The following are equivalent.
(a) D is trivial on the fibers of f.

(b) The connection 1-form associated to D, which is a section of Qp+p ® g,
is a section of the sub-sheaf (dF)*(F*Qp) ® g of Qp«p ® g, where (dF)*
is the dual of the homomorphism dF in (Z3]).

(¢c) The horizontal distribution for D contains the relative tangent bundle
ker(dF) C Tf*P for F.

(d) For any open cover {X,} of X with holomorphic trivializations of P|x,,
if
Do € T(f7(Xa), Qv @)

are the connection 1-forms on f~*(X,) associated to the corresponding
trivializations of f*P over {(f~1(X4)}, then

Do € T(f7H(Xa), (d)*(f*Qx) @), (2.8)
where (df)* : [*Qx — Qy is the dual of the differential of f.

(e) There exists a P trivializing open cover {X,} of X as above such that

(Z8) holds.
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3 THE UNIVERSAL PULLBACK A-CONNECTION

Let X be as before.

3.1 CONSTRUCTION OF UNIVERSAL A-CONNECTION

The following can be seen by taking Cech or Dolbeault representatives for
cohomology.

LEMMA 3.1. Let

0 —U—V -5 W —0 (3.2)

be a short exact sequence of holomorphic vector bundles over X. Let s €
HO(X, W) and Vs := o7 Y(s(X)). Then Vs — X is an affine bundle for U.
Furthermore, such bundles are classified by HY (X, U): ifa € HY (X, UWY)
is the extension class of [B.2), then Vs corresponds to (o, s) € HY(X, U),
where {,) : HY(X, UsWV)@HY(X, W) — HY(X, U) is the homomorphism
induced by the evaluation homomorphism (U@ WV)@ W — U.

Again, let P be a holomorphic principal G-bundle over X. Apply Lemma [3.1]
to the Atiyah sequence (2.0]) tensored by Qx; the last term will be O x @ Qx =
End Qx, which has a sub-bundle Ox — End Qx defined by

f — f . IdQX .

We let W := Wp be its preimage under the surjection At P®Qxy — End Qx.
Hence we get a diagram

0——=adP®Qx —=AtP®Qx 2= EndQx ——=0

I

0——=adP ®0Ox Wp Ox 0.

Now set
7Z° = Z} := Tot(Wp). (3.4)

Although the restriction of o to Wp is also denoted by o, this should not cause
any confusion.
Using the expressions in (Z.3)), there exist isomorphisms
bo : (AP R Q)|x. = (2 ®g) ®EndQ,,
where Q, := Qx|x,, such that

Pa 0 b5 () = (Adgaﬂﬁ + v(dgaﬁggé)m) ;
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84 I. BiswAas AND M. L. WoNG

where v € End Qx is applied to the Qx-factor of dgagg;é. Similarly, one has
isomorphisms for W:

St Wix, = (Qa®9) @0, (3.5)

Ga 0G5 (6) = (Adg, &+ A-dgasgrhi )

Let ¢ : Z° — X be the projection (see ([8.4))), and set Z2 := ¢~ *(X,). One
also has a projection 7° = X\ : Z° — C given by the composition

Z° = Tot(Wp) = Tot(Ox) = X xC — C.

(The reason for the notation 7° = X should be made clear through our usage
here and later in Section [Bl) For each «, write ¢, : Tot(Qq ® g) — X, for
the projection. We also obtain projection maps

Tot ((Qa ® g) ® 0) = Tot(Q ® g) x C — Tot(Q @ g) .
Combining these with the isomorphisms induced by [B.3]), we get a diagram

72 2% Tot (R ® g) ® O) — Tot(Qa @ g)

(3.6)
\ Xla /

In [36), the composition across the top will be denoted by p,. Let ¢ :
Tot(2x ® g) — X be the natural projection from the total space of Qx ® g.
There is a tautological section

a € T(Tot(2x ® ¢), ¢ (2x ®49)),
which one may of course restrict to each ¢~(X,) = Tot(2, ® g). Then set
Ag = pha €T(Z2, ¢"U ®g) C (23, Qz0 @ g). (3.7)
These satisfy
Ao = 9opAsgns — Adgas - 905 (3.8)

where g g of course means ¢*gop and A : ZS — Cis the projection described
above.

For A € C, consider the constant section A\ € HY(X, Ox) (this may be iden-
tified with A - Idg, € H°(X, EndQx) in the diagram ([3.3])). We then set

C\(P) := (=) *(\) c z°, (3.9)
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BUNDLES ON G/P AND TWISTOR SPACE OF COADJOINT ORBITS 85

where the right hand side uses the notation of Lemma Bl If P is understood
from the context, we will shorten this to C, and if A\ = 1 we shorten it further
still to C'. The natural projection

qg:C\ — X, (3.10)

which is a surjective submersion, makes C) an affine bundle over X with bundle
of translations ad P ® Q2x; in the case A = 0, one has simply Cy = Tot(ad P ®
Qx). The space Cy(P) is the base of the universal pullback \-connection on P
for the following reason.

PROPOSITION 3.11. Fiz A € C. The space q¢ : C\(P) — X s an affine
bundle over X with ad P ® Qx as its bundle of translations. The pulled back
bundle ¢* P under the map in BI0) admits a canonical A\-connection V which
is trivial on the fibers of q. Furthermore, it has the universal property that if
f Y — X is any smooth morphism such that f*P admits a A-connection D
trivial on the fibers of f, then there exists a unique morphism ¢ : Y — C)
such that

Y—w>CA

N

X
commutes and (f*P, D) = ¢*(¢*P, V).

Proof. The first statement is Lemma [B.1]

As for Z°, we write Cy o = ¢ 1(X,) N Cy. Since Cy = (7°)71(N), the
isomorphisms ¢, in (&0) restrict to isomorphisms Cra — Tot(Qy ® g) X
{A} = Tot(Q, ® g), which we also denote by pq.

The local 1-forms for the A-connection are of course the A, defined in (B7)
restricted to C) o; the fact that they yield a well-defined A-connection comes
from (B.8)), noting that now A is a fixed constant. The fact that the resulting
V is trivial on the fibers can be seen from [B.7) and from Lemma 27
Suppose now that f : ¥ — X is smooth and there is a A-connection D on
f*P trivial on the fibers. If Y,, := f~!(X,), then D has A\-connection 1-forms
D, € I'(Y,, [*Qx ® g). We then use the following.

LEMMA 3.12. Letp : E — X be a vector bundle and o € H°(Tot E, p*E)
the tautological section. If f : Y — X is any morphism and s €
HO(Y, f*E), then there exists a unique morphism 7 : Y — TotE such
that

Tot F¥
/ lp
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commutes and s = 7*(0).
Applying this, we get morphisms 7, : Y, — Tot(, ® g) and hence
Yo = p&l 0Tq : Yo — Ch o

such that

commutes. Using the fact that the D, and A, both transform as A-connection
1-forms, one then sees that ¢, = ¥ on Y,NY3 and this definesvy : ¥ — C,.
The uniqueness is clear from the uniqueness statement in Lemma [3.12] o

Of course, since Z° is the total space of a vector bundle, there is a scalar
multiplication map

Cx2z° — Z°,
for which
(- 2) = pr(2)

for all p € C, z € Z°, simply because 7° is defined as a vector bundle map,
hence linear, followed by the projection to the fiber of Ox. Of course, the map
restricts to a C* group action

C*xZ° — Z°.

If we set Z* := (7°)71(C*) then Z* is a C*-invariant open subset of Z° and
the action on Z* is free. In fact, one has an isomorphism

Z* = o xCx,
where C' = (7°)~1(1), given by
z— (7°(2) 7 2, m0(2)) (3.13)
with inverse
(y, A) — Ay
In particular, for any A, Ay € C*, one has
Cy, =2 Ch,.

The commutativity of the diagram (B.I3) below is clear from the maps just
described.
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LEMMA 3.14. One has an isomorphism
v:Z* 5 CxCx,
which makes the diagram
7* —1> (O x C~
\ lpcx (3.15)
™ AS

commute, where pcx 1s the projection onto the C* factor.

3.2 FURTHER REMARKS IN THE CASE OF C*-BUNDLES

Let P be a holomorphic principal C*-bundle on X. In this case, ad P = Ox
and hence the lower sequence of (B3] simplifies to

0—Qx — Wp — Ox — 0. (3.16)

As before, Z° := Tot(Wp) and we have a map n° : Z° — C yielding an
exact sequence

0 — (7°)"Qc — Qzo — Qzo/c — 0, (3.17)

with 7. /¢ the sheaf of differentials relative to 7°.
The local 1-forms on Z2 defined in (B71) are now scalar 1-forms and by (B.8)
they transform as

Ao = Ag — X dgapgy; (3.18)

since C* is abelian, the conjugation action is trivial. Under the epimorphism
in (3I7), we may consider the A, as relative 1-forms. If dc denotes the relative
exterior differential (thus treating functions pulled back from C under 7° as
“constant”), then applying it to both sides of ([BI8]), and noting that

dc (A ' dgaﬁgié) = A+ dgapgap N dgapgas =0

because dgaﬂg;é is a scalar valued 1-form, we obtain a well-defined relative
2-form
w® € H(Z°, Q% c)

such that
w°|zg = dcA, - (3.19)

In the case that A = 0, so that Cy = T*X, the equation ([B.I8) shows that
the A, already patch together to give a well-defined 1-form 6 on T*X. In fact,
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88 I. BiswAas AND M. L. WoNG

from their definition ([B71]) one sees that 0 is the tautological 1-form on T*X.
Hence w®|p+x = df is the standard (holomorphic) symplectic form on T*X.
Furthermore, since the A, are locally defined from the tautological sections of
T*X,, we see that w® restricted to any fiber is a holomorphic symplectic form.
Restricting to any fiber C'y, we see that

(dcAa)ley .. = d(Aalcy) -

In particular, for A\ = 1, the A,|¢ give the universal connection, and so d(A4,|c)
is the (holomorphic) curvature of the universal pullback connection.
The foregoing justifies the following proposition.

PRrROPOSITION 3.20. In the case G = C*, there exists a holomorphic relative
2-form
w® € H(Z°, Q% c)

which restricts to a holomorphic symplectic form on each fiber C and is the
standard holomorphic symplectic form on Cy = T*X and is the curvature of
the (1-)connection they define on Cy.

The following will be used later.

LEMMA 3.21. Consider the isomorphism v : Z* — C x C* of Lemma[313
in the case P is a C*-bundle. Then if p : C x C* — C is the projection,
and w{ = w°|c, then

w® =y (A-pwy) = APl (3:22)

Proof. By definition (371), (3:19), w® is locally defined as the exterior derivative
of the tautological 1-form on the cotangent bundle. Also by definition (BI3)),
7 is defined by multiplying (the fiber component) by A~! to move an arbitrary
element of Z* into C. Thus, the factor of A in ([B:22)) is there to cancel this
out. o

4  ATIYAH SEQUENCES FOR PRINCIPAL BUNDLES

The goal in this section is to show that when X is a homogeneous space, many
of the vector bundle constructions in the previous section arise from bundles
naturally associated to representations of the relevant groups. We begin with
some results holding for general homogeneous spaces and in the latter part of
the section, we will specialize to the case of (partial) flag varieties.

4.1 DESCRIPTION OF THE UNIVERSAL A-CONNECTION SPACE

Let G be a complex connected algebraic group with Lie algebra g, and let
H<A@G
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BUNDLES ON G/P AND TWISTOR SPACE OF COADJOINT ORBITS 89

be a closed connected subgroup of G with Lie algebra h; we will employ the
notation “<” to denote a subgroup. Set X := G/H. The quotient map
G — X is a holomorphic principal H-bundle; we will often write Gy when
G is considered as this principal H-bundle.

LEMMA 4.1. The Atiyah sequence for Gy is the short exact sequence of vector
bundles on X associated to the short exact sequence of H-representations

0—bh—g-5g/h—o0. (4.2)

In particular, ©x = Gg x (g/h). More generally, suppose M is another
algebraic group and T : H — M 1is a holomorphic homomorphism. Let
G™ .= Gy X™ M — X be the principal M -bundle obtained by extending the
structure group of Gy using 7. Then the Atiyah sequence of G™ is associated
to the sequence of H -representations

00— m — (gdm)/h — g/b — 0. (4.3)

Here w is an H-representation via H = M Ad, GL(m), the inclusion h —
gdm is

5 — (6) —dT(f)) ’ (44)

and the inclusion of m in (g @ m)/h is given by the natural inclusion of m in
g ®m followed by the quotient by h.

Proof. We identify O¢ = G x g via (g, &) —— dL4§ € T4G, where L,
G — G is left multiplication by ¢ € G. Then it is straightforward to check
that the trivial sub-bundle G x h — G x g on G is precisely the kernel of the
differential dnrxy : ©¢ — 7w*Ox for the projection 7x : G — X. This
inclusion corresponds precisely to the inclusion of H-representations h — g.
Hence the sequence of (trivial) vector bundles

0 — Og/x — Og — TOx — 0

on Gy corresponds precisely to the sequence (2] of H-representations, but
at the same time is the sequence (2.2) for Ggy. The Atiyah sequence for Gy
is precisely the quotient of the former by H, which is the same as the exact
sequence of vector bundles associated to ([€2]).

For the more general statement, consider the actions of H and M on G x M
defined by

(a, b) - h = (ah, 7(h)~'b) (a, b)-m = (a, bm), (4.5)

where h € H,m € M and (a, b) € G x M.
It is easy to see that these commute, so we may consider G x M as a principal
(H x M)-bundle over X. Furthermore, G™ = (G x M)/H, by definition.
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90 I. BiswAas AND M. L. WoNG

In the above, the isomorphism Gg x g/h ——+ ©x written explicitly is

[ga E] — dﬂ-(dng)v

where ¢ denotes the class &€ + b, and [g, £] the class of (g, €) € Gg x g/b
in Gg x" g/b. We have T(44)(G x M) = dLag & dRym; here we use right
invariance in the m-factor since in ([@3) we are multiplying on the left; R} :
M — M is right multiplication by b € M. So as above, since G x M is a
principal H-bundle over G7,

(G x M) x" ((gom)/h) = Og-

[a’a bv (5777)] — dp(dLafa den>a (46>

where p : G X M — G7 is the quotient by H. Again, the Atiyah sequence
arises from the inclusion of the vertical tangent bundle of G7 into the full
tangent bundle. Lifting this to G x M, this comes from the map of trivial
bundles

(G x M) xm — (G x M)x ((gom)/b) (a,b,n) —> (a, b, (O,Adbn)) .

(The Ad, arises because we use dRj for the m-factor.) Since this commutes
with the H-action, it descends to the quotient G xm — Ogr = (Gx M) xH

((g@m)/b)

(la, b, m) — [a. b, (0, Adyn)]
using the isomorphism ([@.6]).
By definition, AtG™ = O¢g-/M and we have an isomorphism Og-/M —
Gu x" ((g@m)/h)

[0, 0. €] — [a. € Adm)|
with inverse

0. @0 — [a. e, Em)] -

Now, adG™ = (G™ x m)/M = Gpg x" m, and the map adGT — AtG"
under the above isomorphism is

a7 — |a, 0m)] .
which is clearly associated to the map of H-representations

m +— (g O m)/b. O
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Let G, H, 7 : H — M be as above and let P := Gy (M). We may now give
a description of the base of the universal pullback A-connection of P in terms
of the representations of H. We simply parallel the construction of (33 by
tensoring ([E3) with (g/h)V to obtain the top row of

0 — Hom(g/h, m) — Hom (g/h, (g & m)/h) —— End g/h — 0

H |

0 —— Hom(g/h, m v C 0,
(4.7)

where o : (gpm)/h — g/b is the projection; in the bottom row, to is defined
as the H-sub-representation

= {v € Hom (g/h, (gdm)/h) | cov e C-Idg/y}

of Hom (g/b, (g®m)/h). Therefore, in our case, the vector bundle Wp in (B3)
is the vector bundle G x w over G/H associated to tv. For A € C, we also
define the subset

ay := {v € Hom (g/h, (g&m)/h) | cov = Idgp} (4.8)

of . This is an affine H-space modelled on the H-module Hom(g/h, m) invari-
ant under the H-action on Hom (g/b, (g ® m)/b). The following is clear from
the construction just given and the definition ([3.9)).

PROPOSITION 4.9. In the situation where X = G/H and P = Gy (M), the
base of universal pullback A-connection is

C)\(P) =G XH

For simplicity of notation, we will assume A = 1, and therefore describe the
universal pullback connection for P = Gy (M). We set a := a;. One will
observe that this “factor” of a is precisely what is required to split the appro-
priate sequence to obtain a connection trivial on the fibers. We may think of
G x a as the total space of an H-bundle over G x a. Recall that the Atiyah
sequence for Gy (M) over G/ H was given by (&3)). Pulling this back to G x a,
we get the sequence

— (Gxa)xTm — (Gxa)xT (gom)/h — (G xa)xTg/h — 0,

which in our situation is precisely the lower sequence of ([24) (for us, f is the
projection G x a — G/H). This has a tautological splitting ¢ : (G x a) x
g/bh — (G x a) x (g ®m)/h, coming from the factor of a given by

9, v, §+b] — [g, v, v(E+ )] . (4.10)

The fact that this gives a splitting comes from the definition of a in (£.8]). Then
it is clear from Definition that this yields a connection trivial on the fibers
of G x#a — G/H.
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4.2 PULLBACKS OF HOMOGENEOUS SPACES

Let G, H, 7 : H — M and P := Gg(M) be as above and suppose now
that K < H is a closed subgroup; as before, “<” denotes a subgroup. We
let Y := G/K, so that there is a smooth (i.e., submersive) map f : ¥V =
G/K — X = G/H.

LEMMA 4.11. The pulled back principal H-bundle f*Gy may be canonically
identified with the principal H-bundle Gx(H) := Gk x¥ H on'Y obtained by
extending the structure group of the principal K-bundle G using the inclusion
of K in H.

Proof. We note that the principal H-bundle G (H) is the quotient of G x H
where two elements (g1, h1), (g2, ha) € G x H are identified if there is some
k € K suchthat go = g1k and ho = k~'h;. The principal H-bundle f*G g is
the subset of (G/K) x G consisting of all (¢’K, g) such that ¢'H = gH. Define
the map

®: GxH — (G/K) %G, (g, h) — (9K, gh).

Clearly, ®(G x H) is contained in the above subset f*Gy C (G/K) x G. For
any k € K,

D(gk, k~'h) = (gk, gkk™'h) = (gk, gh) = ®(g, h),
that is, ® is K-invariant. Hence ® descends to a map of total spaces
d: Gg(H) — f*Gy

which intertwines the H-actions on Gk (H) and f*Gp. Consequently, d is an
isomorphism of principal H-bundles. O

COROLLARY 4.12. The composition K < H —s M allows us to form the
associated principal M -bundle Gx (M) over' Y. Then one has a canonical iden-
tification

[ (Ga(M)) = Gr(M).

In particular, if v is an H-representation, and hence a K -representation, and
if V:= Gg xH v is the associated vector bundle on X, then

[V =2 G xKv,

with the right side being the vector bundle over Y associated to v as a K-
representation.

With this, taking the principal M-bundle Gy (M) over X, and using Lemma
M1 and Corollary 12 it is not hard to see that the diagram (2Z4)) is that
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of vector bundles over Y = G/K associated to the following diagram of K-
representations

0—m——(gdm)/t ——=g/t——=0

T

0——m——=(gdm)/h——g/h —=0.

Now, suppose that the bottom row of ([@I3) splits as a sequence of K-modules,
i.e., there is a K-equivariant ¢ : g/h — (g @ m)/h such that c o ¢ =
Idg/p. This in turn yields a splitting of the bottom row of (Z4) and hence
a connection on G (M) = f*(Gy(M)) which is trivial on the fibers of f.
Applying Proposition 311 we get the following.

PROPOSITION 4.14. If the bottom row of (@I3) splits as a sequence of K-
modules, then there is a canonical morphism

Y = G/K — C(Gu(M)) = Gxa.

Using the description of Proposition[.9, the map G/K — G xH a is explicitly
described by

9K — g, ¢]. (4.15)

(One may note that ¢ being K -equivariant means k - o = ¢ for all k € K and
hence the right hand side is independent of the choice of coset representative. )

Proof. 1t is relatively straightforward to check that this map has the property
that the pullback of (I0) yields the splitting ¢, and so it must be this map
by the uniqueness in Proposition B.111 O

COROLLARY 4.16. Assume that G is a connected complex affine algebraic group,
H < G a closed subgroup of G and K < H a reductive subgroup. Then for
any morphism of affine algebraic groups T : H — M, there is a canonical
morphism

G/K — C(Gu(M)) .
Proof. Since K is reductive, any short exact sequence of K-modules splits.
Hence it follows from Proposition [£14 O
4.3 UNIVERSAL CONNECTION FOR BUNDLES ON FLAG VARIETIES

Let G be a complex simple simply connected group, and let P < G be a
parabolic subgroup of G. Let x : P — C* be a character. The unipotent
radical of P will be denoted by U. Let L < P be a Levi subgroup, meaning
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the composition L — P — P/U is an isomorphism. We have the Levi fac-
torization P = U x L. Since U admits no non-trivial characters, the characters
of P and L are identified.

The Lie algebras of P, U and L will be denoted by p, u and [ respectively. We
have p = u @ [ (this is a direct sum of vector spaces, not Lie algebras, since
in general [ normalizes, but does not centralize, u). The homomorphism of Lie
algebras dy : p — C vanishes on [[, []+u; note that this sum is in fact direct.
Let & be the root system for g with respect to which P is a standard parabolic
(i.e., with respect to a maximal torus T of a Borel subgroup B < G and with
P > B). Then this comes with a choice of positive roots ®F,. We assume that
L is chosen so that ®j, is a sub-root system of ®4. Then if we take ¥ C <I>E
to be the subset of roots whose root spaces appear in u, we have

dg = O, UT LT,

where ¥~ := —W. We will let u_ be the sum of the root spaces for a« € U~
then we have a decomposition

g=u_oldug,

where u; = u, and we will often use the subscript + when we speak about
both u = u; and u_. Observe then that p_ := [+ u_ is also a sub-algebra of
g and its corresponding subgroup P-_ is the opposite parabolic to P.

We wish to consider the situation of the preceding subsections in the case
H=Pand M =C*, 7 =x : P — C* a character of P. In this case, the
spaces to and a have the explicit descriptions

= {v € Hom (g/p, (a®C)/p) | cov e C-Idyp}
a = {v € Hom(g/p, (9 C)/p) | cov =1Idg/p} Cto

where o is the natural projection in ([@I3]), and (@71 becomes

0 — Hom(g/p, C) — Hom (g/p, (3 & C)/p) ——= Endg/p —=0

H . )

0 — Hom(g/p, C fo C 0.
(4.17)

Furthermore, Proposition then tells us that the base of the universal con-
nection for Gp(C*) = Gp xX C* is

G x* a.
On the other hand, we may consider the pullback of Gp(C*) to G/L via the
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projection G/L — G/P. In our situation, (£I3]) becomes

0—C—— (g C)/l ——=g/l——=0

N

0—=C——= (g2 C)/p—=9/p—0,

with the associated diagram of vector bundles over G/L being (Z4). As L is
reductive, Corollary [4.16] gives a canonical morphism

G/L — Cp(C*) = G x"a. (4.19)

ProPOSITION 4.20. In the case that the character x : P — C* is anti-
dominant (see the definition below), the morphism (EI9) is an isomorphism.
Hence G/L may be identified with the base of the universal pullback connection
for Gp(C*), with the pullback connection arising from the L-splitting of the

bottom row of ([EIF]).

Proposition [£.20] will be proved towards the end of this section.

REMARK 4.21. Although Proposition [4.20/says that the base space of universal
connection is independent of x, the curvature of the universal connection, which
is a symplectic form on G/L, depends on Y.

DEFINITION 4.22. We say that a character x € X*(T) is strictly anti-dominant
for P if it is anti-dominant in the sense that

(x,a") <0

for all a € @E with the inequality being strict for all & € W. Of course, one
only requires these inequalities to hold for simple roots in the respective sets.

To prove Proposition .20, we first make more explicit the splitting of the
bottom sequence in (£I8]) which gives rise to the morphism (£I9), and then
look at the action of U on this splitting and on a. The simplest way to describe
the L-splitting of [@I8) is by the map r : (g C)/p — C:

(& ¢)+p — dx(E) +c, (4.23)

where we write & = & + €'+ ¢~ with € € uy, €' € I It is clear that this
L-equivariant, as the L-action on C on both sides is the adjoint action which
must be trivial. Of course, the induced splitting of the top row of (@8], which
yields the Atiyah sequence of the pullback bundle, has the same expression:

(€,¢) + 1 — dx(&") +ec. (4.24)

We would like to view the splitting as a map vy : g/p — (g & C)/p, so as
to view it as an element of a. To do this, we choose a basis as follows. For
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a_ € VU, choose a root vector f, in the corresponding root space go. Then
{fotacw- is a basis for g/p = u_ (the bar indicates residue modulo p). One
can then verify that

v : g/p — (g C)/p fo = (fa,0). (4.25)
gives the other realization of splitting (£23)); of course, 1y € a.
LEMMA 4.26.

(a) The element vy in [E28) satisfies £-vy = vy for every £ € L, i.e., for all
I €a/p.

vo(l-f) = £-wo(f).

(b) Assuming that x is strictly anti-dominant for P, given v € a, there exists
a unique uw € U such that u-vy = v.

Proof. The statement of (a) holds simply because (23] is L-equivariant and
hence 1 arises from that map.

For the proof of (b) we need to introduce some further notation. For a € &,
choose root vectors e, € ga, fa € g-a: we will set hy = [eqn, fo]. Then,
upon scaling one of e, or fu, (€q, ha, fo) would form an sly-triple, but as it
is, this need not necessarily be the case. What is important is that with the
assumption on Y,

We 1= dx(ha) # 0. (4.27)
For i € Z, we set
gi:zzgaai#o gO::ta
ht a=1

where of course, if o € ®, then ht @ = —ht(—«). We will denote by m the
height of the highest (positive) root. Our argument will be by induction on the
heights of the roots.

Let

E = Z Calo EU

acV¥

with ¢, € C. Let u := exp E; recall that exp : u — U is an isomorphism.
We let

E; = Z Coo

ht a=1
be the g;-component of E, so that
m
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Fix a € ¥ of height . Then we have an expression

1
Aduflfoz = Adexp(*E)foz = fa - [Ea foz] + Q[Ea [Eafa]] -
which we may write as
Ady-1fo = fat+ Y, FYy,
i=—(r—1)

where F; € g; is the g;-component of Ad,-1. For example,

1
Y _(r—1y) = —[E1, fo [~y = — B2, fo] + §[E1, [E1, fall-
In fact, it is not hard to see that

F(S,O:_[ETafa]+Ca(fa;E1;---,Er—1) (428)

for some t-valued function (, of f,, F1,...,Er_1.
Given an arbitrary v : g/p — (g ® C)/p such that cov = Idg/,, we wish to
show that we can choose E (i.e., the ¢,) uniquely so that

u-vy = V.
In terms of the basis {f,}acw of g/p, v takes the form

V(?a) - (fa,za)

for some z, € C.
Now, since U < ker x and g, C [I, [] for all « € @, one finds that dy vanishes

on g, for a € &, U T and hence we obtain the relation in (g & C)/p

(€,0) = (¢, —dx(Q)) = (0,0),

for ¢ € go, a € CIDE, which we will use repeatedly in what follows.
We observe that, modulo p,

-1
A, e =Tt Y Pl

i=—(r—1)
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SO

-1

(w-10)(fo) = Aduro (Ady—1 fo) = Aduro [ fo + > T,
i=—(r—1)

—1 m
= Ady | fo+ Z Fiil = (Adu <Adu1fa - ZF;‘1> ,0>
i=—(r—1) =0

= <fa — €XPad E (ZF;Z) 70> :
i=0

Now, we observe that

€XPad B <ZF£Z> € @ Jo
i=1

+
aedy,

so this simplifies to

1
(fa - eXpadEFg,Ovo) = (fa - Fgf,o - [EaF&L,O] - E[E’ [EvF;f,o]] - 70)

= (fa*F;L,()vO) = (fa+[ET7fa] 7§a(faaE17---7Er71)70)a

using ([A2]) at the end. Now, if ht 3 =7 = hta, but 8 # «, then 8 — a € ®¢,
s0 [eg, fo] = 0 and therefore

[ETv f(l] = Z Cﬁ[eﬁa fa] = coha -
ht B=r

Thus

3

(’LL : VO)(T&) = (fa +Cllha 7<a(f047E17" 'aETfl);O)

In the case that hta = 1, i.e., « is a simple root in ¥, {, = 0 and

(u-10)(fo) = (fa + caha,0) = (fa,cadx(ha)) = (fa)Cawa)

and using ([£27]), we can uniquely solve the equation waco = 24 for cq.
By induction on hto = r, we may assume that all cg are determined for
ht 8 < r, and hence eq,...,e,_1 are determined. Then

(u : VO)(?&) = (fOU WaCo + dX(Ca(foz; E17 ERR) ET—l)))

and again we can solve

Wea Co +dX(Coz(fouE17 e '7ET—1)) = Ra

uniquely for cq. O
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REMARK 4.29. In the proof of Lemma £26(b), we took an arbitrary element
v with the property that

v(fa) = (fasza)-

We may rewrite v = vy +  with ¢ € (g/p)¥ such that

@(704) = Za -

In Section B3] it will be necessary for us to understand what happens when
we multiply ¢ by a scalar pu. At the beginning of the induction, we needed to
solve the equation wyco, = 2z, for c,. Replacing ¢ by py means replacing z,
with pz, and hence our new solution would be pc, instead of c,.

Inductively, one wanted to solve the equation

WaCa + dX(Ca(faaEla .. '7E’l"*1)) = Za;

where «a is a root of height 7. Replacing ¢ by u¢, since the expressions preceding
(#28)) involve commutators of root vectors for roots of height < r, one sees
that

dx(Ca(fa, By ..o Er_1))

will be a non-constant polynomial in p, with coefficients depending on the cg
previously found. But then, the equation above shows that the same will be
true for c,.

Proof of Proposition .20, The morphism G/L — G x! a is given in ([&IH)
as

gL — [g, o] - (4.30)
The inverse G x¥ a — G/L is given by

9, V] — gul,
where u € U is (the unique) such that u - vyp = v (this is the statement of
Lemma [£26(b)). It is straightforward to check that this is indeed well-defined

and gives the inverse. o

We now record a computational result that will be used in the construction of
the twistor lines in Section

LEMMA 4.31. The action of the Lie algebra u on vq is given by
€a Vo = Sa€a
for some non-zero constants s, € C*.
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Proof. Observe that

(ea v0)(f5) = €a-10(Fp) — volleas fo]) = (lea: f5],0) — vo(lea, fo]) - (4.32)

We consider cases. If @« = 3, [eq, fa] = ha € t and so then the second term
vanishes and the first is

(ha,0) = (0,dx(ha)) = dx(ha)fa(Fa)-

If 8—ac¢ @g, then [eq, f3] = Napfs—a for some constant Nog, so the two
terms in (£32) cancel each other out. Finally, if 3 —a ¢ ®F, then [eq, f5] =0,
so both terms in (£32) are zero. O

5 TWISTOR SPACES

5.1 REAL STRUCTURES ON COMPLEXIFICATIONS OF (PARTIAL) FLAG VARI-
ETIES

We will use the notation set at the beginning of Section[£3] The real structure
for our twistor space will come from a compact real form on the Lie algebra of
G, so therefore we will record some notation and facts that we will need. Let
dTtg : ¢ — g be a compact real form of g; this will integrate to a conjugate
linear involution 7¢ : G — G, which is a morphism of the underlying real
algebraic groups, with the property that

K:={xeG | rgx) =z}

is a maximal compact subgroup of GG; we will write ¢ for the Lie algebra of K.
Since any two compact real forms are related by a conjugation, and the same
is true of maximal tori, we may in fact take the compact real form drg to be
compatible with the root system in the sense that

dra (ga) =0-a

for all @ € g (see, e.g., [He, Chapter III, proof of Theorem 6.3]). Therefore,
for positive roots o € CIDE, we may choose root vectors

€a € ga faEQfa

so that

drg(eq) = fa drc(fo) = eq.

Of course, we will have chosen the parabolic subgroup P < G to be a standard
parabolic for this root system, and we choose a Levi subgroup L < P whose
Lie algebra [ is a sum of root spaces. Then [ will be drg-invariant and hence L
is Tg-invariant.
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Let F := PN K. Since unipotent groups have no non-trivial compact sub-
groups, U N K = {e}, and so F' < L and hence

F=LNK. (5.1)
In fact, F' will be a maximal compact subgroup of L and one has
X =G/P = K/F.
Furthermore, for any P-variety T, we have an identification
GxPT=KxI'T. (5.2)

We will make use of some further properties of 7¢ later in Section that
we record here for convenience. One is that it commutes with the exponential
map: for £ € g, one has

e (exp(§)) = exp (dra(€)) .- (5.3)

This follows simply because 7¢ is a homomorphism of the underlying real Lie
groups. The second fact is the following: if ¥ : L — C* is a character, then
dx : | — C satisfies

dx(dra(€)) = —dx(§). (5.4)

This can be justified as follows. Since K < G is compact, x(K) must be a
compact subgroup of C*, so x(K) < S'. As the Lie algebra of S*is /—1R C
C, if we write g = €@ /—1¥, then dy(¢) C /—1R; since dx is C-linear, we
have dx(v/—1¢) C R. Now, if ¢ = A+ /—1B € g, with A, B € ¢, we have

—dx(A+V-1B) = —(dx(4) + vV=1dx(B)) = dx(A) — vV~1dx(B)

= dx(A—+/—=1B) = dxodrg(A++v—1B).

Using the notation of Section B}, and in view of Proposition [£20, let C' :=
G/L.

PROPOSITION 5.5. One has an inclusion ¢ : X — C as a totally real sub-
manifold. The real structure T¢ descends to one ¢ : C — C for which
X = «(X) = C7° is the set of the fized points of T¢.

Proof. From (B.J), the inclusion K < G induces an injective map ¢ : X —»
C. Since K is compact, the image is closed and the fact that it is a totally real
immersion can be checked infinitesimally at the level of Lie algebras.

The real structure 7« : C — C is induced from 7¢ : G — G, namely,
To(gL) = 71¢(g)L. Tt is well-defined precisely because 7¢ is a group homo-
morphism and L is 7g-invariant.

Since 7¢ fixes K point-wise, it follows immediately that 7¢ fixes «(X) point-
wise. Note that 7¢ acts on g/¢ as multiplication by —1. This implies that
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t(X) is a connected component of the fixed point locus C"¢. For g € G, if
g = kexp(v/—1v) is the Cartan decomposition, where &k € K and v € &, then
7¢(g9) = kexp(—+v/—1v). Therefore, if 7¢(g) = g¥, where £ € L, then

{ = exp(—2v/—1v). (5.6)

Since the Cartan decomposition of L is the restriction of the Cartan decompo-
sition of G to L, from (&8 it follows that v € [, and hence exp(v/—1v) € L.
From this it follows that C7¢ C «(X). Hence we have C7¢ = ((X). O

REMARK 5.7. C is a good complexification of X in the sense of [Tol p. 69].

5.2 GENERALITIES FOR CONSTRUCTION OF TWISTOR SPACES

There are some general remarks in [Si, § 4] which indicate how to construct a
twistor space for a hyper-Kahler metric.

Suppose we are given a complex manifold Z° with a surjective submersion
7° 1 Z° — C;weset ZX := (7°)71(CX). Suppose further that we are given
an anti-holomorphic involution 7° : Z* — Z* such that

gx _T°_ gx

commutes, where ¢° : C* — C* is

—1

o°(\) = —A
Let Z° := Z° x {i} for i = 0, 1 and set Z := (Z25][Z;)/ ~, where

[z, ~ [t°(2), 1 =] for z € Z. Verification of the following statements
is a straightforward exercise.

LEMMA 5.9.

(a) Z is Hausdorff and hence a complex manifold. There is a surjective sub-
mersion ™ : Z — P and an anti-holomorphic involution 7 : 7 — Z

such that
17 o0

commutes, where o : P — P! is the antipodal map.

DOCUMENTA MATHEMATICA 23 (2018) 77-115



BUNDLES ON G/P AND TWISTOR SPACE OF COADJOINT ORBITS 103

(b) Suppose further that we are given a section n° : C — Z° of n°, i.e.,
m° on° = Idc, and such that

gx T gx

UOT TUO

C* —=C*

commutes. Then there is a well-defined section nn : P* — Z such that
72z

nT Tn (5.11)

]Pal _U> Pl
commutes.

5.3 TWISTOR SPACES FOR COTANGENT BUNDLES OF HOMOGENEOUS SPACES

We take up again the notation of Section 3] and let X be the homogeneous
space G/P. We choose a strictly anti-dominant character x of P, for which
there is an associated C*-bundle, which puts us in the situation of Section
B2 (Note that this is also equivalent to choosing a (very) ample line bundle
on X, and thus fixing a Kéhler structure on X.) The extension (BI0) is
given by the sequence of vector bundles associated to the lower sequence of
P-representations in ([@IT). Furthermore, the total space Z° = Tot(Wp) (see
(BI6) has the description

Z° = GpxFrw. (5.12)

THEOREM 5.13. In this situation, Z° gives one patch of the twistor space for
a hyper-Kdhler metric on T*X (or equivalently, on the universal connection
space for the frame bundle of the ample line bundle chosen, which may be
identified with G/L by Proposition [{.20). Furthermore, it is clear from the
above description that Z° is algebraic.

REMARK 5.14. It is known that if X is a K&hler manifold, then there is a
neighbourhood of the zero section in 7% X on which there exists a hyper-Kahler
metric [Fe, Theorem A], [Kal, Theorem 1.1]. In our situation, where X = G/P
as above, the above states that the hyper-K&hler metric in fact exists on the
entirety of the cotangent bundle, which does not necessarily hold in general
(cf. [Fel Theorem B]).

We note that the proof of Theorem (I3 involves applying the fundamental
theorem [HKLR| Theorem 3.3] characterizing twistor spaces for hyper-Kéhler
metrics. We state it here so that, in terms of proof, what is required of us is
clear.
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THEOREM 5.15. Let Z be a complexr manifold of dimension 2n+ 1 with a map
7 : Z — P! making it into a holomorphic fiber bundle. We further assume
that

(a) Z admits a real structure T : Z — Z inducing the antipodal map on
Pl .

K

b) m admits a family of holomorphic sections sg : P* — Z, often referred
B
to as twistor lines, each with normal bundle Op: (1)®2";

c) there exists relative symplectic form w € T'(Z,90% 1) @ 7*Op1(2), which
Z/P
s compatible with T in the sense that T w = w.

Then Z is in fact the twistor space for a hyper-Kdhler metric on any of the
fibers of .

The rest of Section 5.3 will be spent exhibiting these properties and therefore
providing a proof of Theorem [B.13]

5.3.1 TWISTOR SPACE AND THE REAL STRUCTURE

Of course, we want to apply the construction in Section [£.2]to build the twistor
space. We use the description of Z° as in (BI2). Explicitly, one has the
submersion 7° : Z° — C given by

7° = GpxFrw — GpxPC — C

To construct a holomorphic submersion 7 : Z — P! using the results of
Section [5.2] we need to construct an anti-holomorphic involution 7° : Z* —
Z*. For this, we use the isomorphism v : ZX —% C x C* of Lemma [B.14 and
the existence of a real structure 7¢ on

C = (r°)"'(1) 2 G/L.
Recall that the isomorphism is given in Proposition [4.201and the the real struc-
ture by Proposition 5.5l Precisely, we set

o

7° =y lo(rg x 0°) 0. (5.16)

The fact that (B.8) commutes then comes from the fact that (3I5) does. This
together with Lemma yields the space Z together with the real structure
over the antipodal map on P'.

5.3.2 RELATIVE HOLOMORPHIC SYMPLECTIC FORM
Proposition 20 gives us a form w°® € T'(Z°, Q2Z°/(C)' As Z is constructed from

glueing Z° to Z° via 7°, we would like to see that @w° € F(Eo, Q%o /C) patches

with w® to give a well-defined section of Q% /p ® Opt (2). Recall that we had
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written w§ € I'(C, Q%) for the restriction of w® to C' in Lemma BZT} suppose
for the moment that

Towy = —Wy. (5.17)

We had written p : C' x C* — C for the projection. In the following, we
will use Lemma [3.2T] which states that

w® = 7" (Ap*w?)
as well as the definition (5.I6) of 7° and (B.I7):
()@ = (Yo (1c x 0°) o)y (Wp*w?) = 7" (1 x 0°)" (Ap'TY)
_ ,y*()\—lp*w;) —_ )\—2wo ,
noting that in the second to last equality, there are cancelling minus signs, one
from (B.I7) and the other from the fact that (0°)*A = —A71. Since A=2 is the

transition function for O(2), it follows that w® and @° patch together to give
a well-defined w € T'(Z, QQZ/IP,1 ® O(2)). Furthermore, the definition of the real

structure 7 : Z — Z is given in the patches by the identity map Z° — 70,
and so it is tautological from our definition that

T'w =,

which is the compatibility condition with respect to 7.

Proof of (&I7). We proceed as follows. By Proposition B20, the form w9 is
the curvature form of the canonical connection, obtained via Proposition B.11]
on the pullback @ of the C*-bundle on G/P to G/L (via the natural projection
G/L — G/P). Note that by Corollary[L.12] we know that @ is the C*-bundle
G xLX C* over G/L associated to the character y : L — C*.

We will compute the connection 1-form 6 of this connection (since @ is a C*-
bundle, this is a scalar 1-form) associated to a section of @ over a certain Zariski
open set A C G/L. We then show that

750 = —0 (5.18)

on AN7c(A). This implies (5I7) holds on AN 7c(A): as there one has

Tew) = 7500 = 15d = dri0 = —df = —00 = —00 = — .
Thus, the difference 75wi — w7 is a global section of a locally free sheaf which is
supported on a proper Zariski closed subset, hence it must vanish everywhere.
It remains to us to specify A, the section of @ over A, compute 6 and prove
(EI8)). However, we first record the description of the tangent bundle ©¢ of Q
given by Lemma [£1] as

Og = (GxC*) x (g C)/1) /L. (5.19)
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We will also recall that the connection on @ is the splitting of its Atiyah
sequence, which arises from the L-splitting of the top sequence of ([{I8). Then
using (£24), the connection 1-form ¢’ : ©g — C can be explicitly written

[z, a, (€ ) +1] — dx(£) +ec, (5.20)

where ¢! is the l-component of ¢ under the decomposition g =uy © @ u_.
The open set A C G/L will be the preimage of the open cell U_P C G/P in
the Bruhat decomposition of G/ P, under the projection G/L — G/P; since
P = U;L, we see that A := U_UyL C G/L is open. We will work with the
section s : A — @ of Q over A given by

(u, v) — [uv, 1] € G xBXC*.

We will take 6 as the connection 1-form over A for the connection described
above with respect to the section s, i.e., 8 = s*¢’. In order to compute 6, we
will specify coordinates on A. Fix an ordering of the roots in W. Then we take
coordinates x,, on U_, y, on Uy, a € ¥ as follows. One may write

U_ = H exp(za fo) Uy = H exp(Yaca)
aevw ac¥

and with this, the coordinate tangent vector J;, is given by

d

de

1 exp(zafo) | exp ((za +)fa) | [ exn(esss)

e=0 B<a B>a

We will write the product as u,(€). A similar expression holds for d,,.
Now, since the expression in (5.19) uses left-invariance to identify tangent vec-
tors with elements in the Lie algebra, we take

d
Xo = —
de

70(uv)71ua(e)v;

note that X, will depend on u, v. We have uq,(€)v = uvexp(eX,) and so

ds(0z,) = [uvexp(eXy),1] = [uv, 1, (X4, 0) + 1]

e=0

d
de
with the latter the class modulo L in the realization (5.19). Then under (5.20),
the value of 6 can now be computed as

e(ama) = dX(X‘ ) :

If we do a similar calculation for 9,_, then
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Yo i=—|  (w)luvg(e) = —| v tva(e) € ug,
e=0

since v, v4(€) € Uy, hence Y, = Y, and from (5.20) it follows that

0(0y,.) = 0.
Therefore, we obtain
0 =Y dx(X})dxo . (5.21)
acV¥

One may remark that the coordinates x4, y, are “close” to being Darboux co-
ordinates, so that the 1-form should take a form similar to that of the canonical
1-form on the cotangent bundle; this accords with the description in Section
0.2

Now we will prove (B.I8). Since 6 is a holomorphic 1-form, and 7¢ is anti-
holomorphic, it follows that the pullback 756 is anti-holomorphic and therefore
is of the form

60 = aadTo + bady, ,

for some functions a,, by. Now,
dsodrc(0y,) = [ta(uw), 1, (drg(Ya),0), +I]

and so

760(05,) = dx(dra(Ya)')
but since d7g(Yy,) € u_, this vanishes, hence all b, = 0. Similarly,

760(05,) = dx(d16(Xa)") = dx(dro(X5)) = —dx(XL),

with the second equality coming from the fact that drg preserves [ and the
third from (E4]). Comparing with (521)), we see that (5.I8) is proved. O
5.3.3 CONSTRUCTION OF THE TWISTOR LINES

The twistor lines, that is the sections sz : P! — Z, are described as follows.
Observe that the map vy : g/p — (g ® C)/p defined in [@25]) defines an
L-splitting (but not a P-splitting!) of the lower sequence of P-representations
in ([@I7): such a splitting is given by C — to simply taking

1 +— 1g.
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The fact that this gives a morphism of L-modules is given by Lemma (£26])(a),
which says that L acts trivially on vg.

We begin, of course, by defining the twistor lines, and then the next task will be
to compute their normal bundles. Since the underlying hyper-Kéhler manifold
is T* X, for each point 8 := [g, ] € G xF (g/p)¥ = T*X, we wish to construct
a (real) section sg : P! — Z. We note that by (5.2), we may assume that
g = k € K. Of course, we will use the standard charts Uy, U; on P!, say with
A a coordinate on Uy and p = A~! a coordinate on U;. We consider the section
over Uy given by

A— [k, g+ ] € Z°. (5.22)

We wish to see that this extends to a holomorphic section sg. Since Z is
constructed by glueing Z° to Z° via 7°, defined in (BI6]), we would like to look
at the image of (5.22) under 7° and verify that it extends to a holomorphic
section over all of P!. Recall that Proposition gave us isomorphisms

C=G/L=Gx"a,
with the second map given by (£30)
gL — [gv VO] .

From Proposition E.E(b), the real structure 7¢ under the identification C' =
G/L, is

Te(9L) = 1a(9)L.
Therefore, identifying C = G x* a, we can describe the real structure 7¢ as

follows: given [g, v] € C, we take u € U to be the unique element so that
v =u-1vy (Lemma[26(b)) and then

7c(lg, v]) = 7c(lg, u-w]) = 7c(lgu, vo]) = [r(9)7(w), vo].
Using this, under 7°, (5.22)) maps to

[ka )‘VO + 90] ’L> ([ka Vo +/Mp]’)‘) = ([ka u(u’(p) : VO]a)‘) = ([ku(:ua(p)a VO]a)‘)

To X0

9" (e (i, ) ol —T1) " [k (ulps ), —Tivo] -

(5.23)
Here we have taken u = u(u, ¢) € U so that
u(p, @) vy = vo + .
As in the proof of Lemma [£.26(b), we may write
u(p, ) =exp (E(n,9)) E=> Eij(ne) Ej= Y calt,p)ea. (5.24)
j=1 ht a=j
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By Remark [£29] the ¢, (i, ) are non-constant polynomials in . Then using
3D, we have

76 (u(p, ) = exp (F (1, ¢))
where F(Ii, p) = dra(E(u, )); explicitly,

F = ZFj(ﬁ,go) Fii= > calp9)fa (5.25)

ht a=j

and these are polynomial functions in . Rewriting (5.23]), we find
7° ([kv >‘V0 + 90]) = [k exp (F(ﬁa 50))5 7ﬁl/0} 3

and recalling that we are using the conjugate complex structure on 70, then
the right side is a holomorphic section over U;. Thus, we have a well-defined

sg i P — Z. (5.26)

5.3.4 COMPUTATION OF NORMAL BUNDLES TO TWISTOR LINES

We now wish to show that the normal bundles to the sections sg in (5.20)
are isomorphic to Opi(1)?", where n := dimG/P = |¥|. We first begin by
describing the tangent spaces at points of Z° which is itself a quotient of G x tv.
Let (g,v) € G x 1 be a representative of [g, v] € G x 1w = Z°. The tangent
space can be identified

Tig)(Gxw) =T,GoT,0 = gdo
using left translation in the g-factor in the last equality. Therefore, we have
the description of the tangent space

Tig)2° = Tig)(G x" 10) = (g © ) /p,

where we include dp : p — g @ to (say, if we let p denote the action of P on
G X w) via the infinitesimal action:

§r— (&, & v).
It is not hard to see that
gow = (u_®0)Ddp(p) ® (08 (uy ®10))

where we identify uy = (g/p)" via the Killing form.

Therefore, for any point [g,v] € Z°, the tangent space Tj,,)Z° is spanned by
the images of u_ &0 and 0@ (uy B1vp). Taking up the notation of (the end of)
Section .3} one can take a frame of T}, ,)Z° by

fullo. ) = & lgesplefa)v) € ¥ llg.v) = - lgten)
eq(lg,v]) := % _O[g,VJrﬂfa], acVU (5.27)
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To prove that the normal bundles to the twistor lines are of the appropriate
form, we will use induction arguments similar to those of the proof of Lemma
Let us choose a “decreasing” ordering of the roots a € ¥, such that oy
is the highest root and ht a; > ht «; implies ¢ < j. We will shorten

€i = Cq; Ji = fa

and let e;, f; be the corresponding vector fields as in (5.27).
We recall that the normal bundle Ny, corresponding to a section sg : P* — Z
is defined by the exact sequence

0 — Op1 — Ozlpp — N, — 0,

where by restriction, we mean the pullback along sg. From the expression of
the section in (522), and the vector fields defined in (B.27)), it is clear that, in
these local expressions, the inclusion ©p1 < © z|p: is given by the inclusion of
the vector field vy. Therefore, N, is spanned by the e, [p1, fo|p1.
We now want to fix frames for N 5 over each of Uy and U; and compute the
transition function. Over Uy, we will fix the frame pq,...,pa, by

pi(N)=e(\), 1<i<n  pupi(A) =fpa(N), 1<i<m
over Uj, we reverse the order, setting qi,...,qs, to be
qi(p) =fi(g), 1<i<n An+i(p) == eny1-i(R), 1<i<n.

We want to apply the following to the above frames to achieve our desired
conclusion.

LEMMA 5.28. Let Uy, Uy be the standard open covering of P* with u a coordinate
on Uy. Let M be a rank m vector bundle over P! with frames sy, ..., Sy, on U
and ti,...,tm over Uy. Suppose that the transition function (i.e., the matrix
whose columns are the coordinate vectors of the s; with respect to the t;) with
respect to these frames is of the form

rip gia(p) gi3(w) o grm—1(n)  gim(p)
0 xop  ga3(p) - g2,m71(,u) gom (1)
0 0 x3p 0 g3m—1(l)  gzm(p)
0 0 0 e Tpeaft Gm—1,m(p)
| O 0 0 e 0 Tl ]

where the x; are non-zero constants and the g;;(p) € pClu). Then M =
Op1 (1)™.

We therefore compute the change of frame matrix.
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Fix ¢ € [1,n] and suppose ht ; = j (the reader should keep in mind here that
1 is the index for the root, while j and ¢ will be indices for the height of a; and
other roots). Then

pPi(\) = ei([k, Ao + ¢])

d d
= — [k, Avg + @ + ee;) s — ([k,vo + ulp + €ei)], A) .
de|._, de|._,

To continue, we need to find u(u, ¢, €) as in (524]) so that
u(p, ¢, €) - o = vo + plp + eei).

Such will be of the form

u(p, @, €) = exp (E(u, ¢, €)).

But if ht a; = j, then following the induction procedure in the proof of Lemma
— %
A28 since f, = t;e; for some non-zero t; € C*, we see that we will get

Eo(p, ,€) = Eo(p, ), <] Ej(u, . €) = Ej(1, ) + eptie;
and E;(u, ,€) depends on € for £ > j. Thus,

pi(A\) Ly % ([k,exp (E(u, go,e)) . VO} ,)\)

e=0

= — » ([keXp (E(/L,(‘D,G)),VO] ’)\)

([kexp (F(p,¢,€)), v0] ,—7)

e=0
-1 (
- d_ [k exXp (F(,LL, 12 6))5 7ﬁl/0} .

e=0

Here,
Fu,p.€) = Y Fi(p,.¢)
=1
with
Fo(p, 0,€) = Fo(p,p), 1<0<j Fi(p, ¢, €) = Fj(p, p) + efit; fi

Folp, p,€) = Fo(p, ) + €iiFy, j<L<m

where the Fy(u, @) are as in (5.25]) and the F, e ge¢ are sums of root vectors of
weight £. The factor of & preceding Fy follows from the same reasoning as in
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Remark It follows that

kexp (F(u,))exp | i | Tifi+ > Fo | | . —vo
>3

) 2
Di -

e=0

=71 [ tiqi () + > ti(wa ()

j<i

for some functions ¢;(u). This shows that the first n sections of the frame give
upper triangular transition functions.
Now, we also have

d
Pn+z‘(>\> = fn+17i([k,/\z/0 +gp]) — &

[kexp(efnti—i), Avo + ¢
e=0

N

([kexp(efry1—i),vo + pp], A)

de|._,

d
del . ([k exp(efny1—i), ulp, ©) - vol, A)

([k eXp(efnJrl*i)u(:u‘v 90)’ VO]? >‘)

q
de e=0

7o X0 d

2| (kexpleentii)ra(u), vol, —H)

e=0

= 2 ([kTG(U) exp(eAd, (u)-1€n+1-4), V0], *ﬁ) :
e=0

Since 7g(u) € U_, we will get

Adrg(wy-1€nt1—i = €nt1-i+ Z €; +}~L+Zf;a

j>n+1—1 7

with €; € gq,, h € [ and E € g_a,; With a; € ¥. Since exp(eh) € L and L
stabilizes vy, the above can be written

Pnti(A) —
d = ~ —
o kta(u) exp (erj) vexp [ e | ent1—i + Z €; ‘vl ,—n
€le=o i>n+l—i
—
d ~ o~
e k7a(u) exp (GZ fj) y —HVo — €L | Sp1—iCny1—i T+ Z s5€; ;
€le=0 I j>n+1—i
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using Lemma 31, where s,41-; = Sa,,, , and the §; are some constants
depending on the other sg. This last is

—sni1-ifient1-i([kra(w), —mm]) =& > tie;([kra(u), —Tvo])+
j>n+1—1

But this is of the form

—siiln+i () + 7Y t(Ea; (),

j<n+1

for some functions t;(u). We can therefore apply the lemma above to conclude
that the normal bundles are indeed Op:(1)®2".

5.4 APPLICATION: PURITY OF HODGE STRUCTURES OF G/L

We rely on the following statement found at [HLR] Appendix B, Theorem B.1].

THEOREM 5.29. Let X be a smooth complex algebraic variety and f : X — C
a smooth algebraic morphism, i.e., a surjective submersion. Suppose that X
admits a C*-action and that f is equivariant with respect to a positive power
of the standard C*-action on C. We further assume that the fized point set
XC s complete and that for all x € X, limy_,o A - = exists. Then the mized
Hodge structures on all of the fibers are in fact pure and all isomorphic.

COROLLARY 5.30. The Hodge structure on the quotient G/L is pure.

REMARK 5.31. This is a consequence of the more general statement [HLR
Proposition 2.2.6]. We observe that the construction of Section .3l gives an
algebraic family over C whose fiber over 0 is the cotangent bundle of a partial
flag variety for a reductive group G and whose generic fiber is a coadjoint orbit
for G. Of interest would be to generalize this question in the following way.
Let R be a truncated polynomial ring, say R = C[t]/(t™) for some m € N.
Then G ®c R is a group over R and we may consider the Weil restriction G
back to C: this is an algebraic group over C with Gr(C) = G(R). Coadjoint
orbits for this group Gg are the building blocks for certain moduli spaces of
meromorphic connections (with irregular singularities) over the projective line.
It is conjectured that these moduli spaces have pure cohomology [HWW]|; a
result similar to Corollary .30 would perhaps be a step towards a proof.
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