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1 INTRODUCTION

Since they were introduced by Nica [9], quasi-lattice ordered groups and their
C*-algebras have generated considerable interest (see, for example, [5],[6]). The
amenability of quasi-lattice ordered groups has been a deep subject (see, for
example, [3],[4] and [7]). Quasi-lattice ordered groups are also examples of the
more recent LCM semigroups [1], [13]. Here we generalise two recent results
about the Baumslag-Solitar group.

First, Spielberg proved that the Baumslag-Solitar group is quasi-lattice ordered
[11]. The Baumslag-Solitar group is an example of an HNN extension of Z,
and hence we wondered if HNN extensions could provide new classes of quasi-
lattice ordered groups. Spielberg also showed that a groupoid associated to the
Baumslag-Solitar semigroup is amenable [11, Theorem 3.22].

1Supported by the Marsden Fund of the Royal Society of New Zealand.
2Supported by the Marsden Fund of the Royal Society of New Zealand.
3Supported by a University of Otago Publishing Bursary.
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Second, Clark, an Huef and Raeburn examined the phase-transitions of the
Toeplitz algebra of the Baumslag-Solitar group [2]. As part of their investiga-
tion they proved that the Baumslag-Solitar group is amenable as a quasi-lattice
ordered group. The standard way to prove amenability, introduced by Laca
and Raeburn [5], is to use a “controlled map”: an order-preserving homomor-
phism between quasi-lattice ordered groups. They observed that the height
map, which counts the number of times the stable letter of the HNN exten-
sion appears in a word, is almost a controlled map, and then they adapted the
standard proof in [2, Appendix A] to fit.

Our innovation in this paper is a more general definition of a controlled map.
We prove in Theorem 3.2 that if (G, P) is a quasi-lattice ordered group and
there is a controlled map p into an amenable group, and if ker y is an amenable
quasi-lattice ordered group, then (G, P) is amenable. The motivation for The-
orem 3.2 was two-fold. First, if a normal subgroup N of a group G is amenable
and G/N is amenable, then G is amenable, and second, Spielberg’s result on
amenability of groupoids [12, Proposition 9.3].

In Theorem 4.1 we give conditions under which an HNN extension of a quasi-
lattice ordered group is quasi-lattice ordered. This result allows us to construct
many new examples of quasi-lattice ordered groups. Finally, we use Theo-
rem 3.2 to prove that an HNN extension of an amenable quasi-lattice ordered
group is amenable (Theorem 5.1).

2 PRELIMINARIES

Let P be a subsemigroup of a discrete group G such that PNP~! = {e}. There
is a partial order on G defined by

r<ysazlycPsycaP

The order is left-invariant in the sense that z < y implies zz < zy for all z € G.
A partially ordered group (G, P) is quasi-lattice ordered if every finite subset
of G with a common upper bound in P has a least common upper bound in
P ]9, Definitions 2.1]. By [3, Lemma 7], (G, P) is quasi-lattice ordered if and
only if:

if x € PP~!, then there exist a pair y,v € P with # = pr~?! such that
7,8 € Pand v0~! = pv~! imply u < v and v < 6. (The pair p, v is (1)
unique.)

Let (G, P) be a quasi-lattice ordered group, and let z,y € G. If 2 and y have
a common upper bound in P, then their least common upper bound in P is
denoted x V y. We write £ V y = oo when = and y have no common upper
bound in P and x V y < oo when they have a common upper bound. An
isometric representation of P in a C*-algebra A is amap W : P — A such that
W, =1, W), is an isometry and W, W, = W, for all p,q € P. We say that W
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is covariant if

W g WA if pVvg<
W, Wi W, Wy = Pveltpve TPV 00
0 otherwise.

Equivalently, W is covariant if

W*Wq _ Wp’l(p\/q)W;*I(p\/q) if pVg<oo
P 0 otherwise.

An example of a covariant representation is T : P — B(¢?(P)) characterised
by Tpex = €py where {e; : # € P} is the orthonormal basis of point masses in
2(P).

In [9, §82.4 and 4.1] Nica examined two C*-algebras associated to (G, P). The
reduced C*-algebra C* (G, P) of (G, P) is the C*-subalgebra of B(¢?(P)) gen-
erated by {T}, : p € P}. The universal C*-algebra C*(G, P) of (G, P) is gen-
erated by a universal covariant representation wj; it is universal for covariant
representations of P in the following sense: for any covariant representation
W : P — A there exists a unital homomorphism 7y : C*(G, P) — A such that
mw (wp) = W, It follows from (2) that

C*(G, P) = span{w,w; : p,q € P}.

Nica defined (G, P) to be amenable if the homomorphism 7y : C*(G, P) —
Cr (G, P) is faithful [9, §4.2]. He identified an equivalent condition: there exists
a conditional expectation E : C*(G, P) — span{wpw, : p € P}, and (G, P)
is amenable if and only if F is faithful (that is, E(a*a) = 0 implies a*a = 0
for all @ € C*(G, P)). Laca and Raeburn took this second condition as their
definition of amenability [5, Definition 3.4].

3 ORDER-PRESERVING MAPS AND AMENABILITY

A key technique, introduced by Laca and Raeburn in [5, Proposition 6.6]%, is
the use of an order-preserving homomorphism between two quasi-lattice or-
dered groups which preserves the least upper bound structure. Crisp and Laca
called such a homomorphism a controlled map [4]. If (G,P) and (K, Q) are
quasi-lattice ordered groups, 4 : G — K is a controlled map and K is an
amenable group, then (G, P) is amenable as a quasi-lattice ordered group by
[5, Proposition 6.6]. Motivated by work in [2, Appendix A] we now give a
weaker definition for a controlled map. We then follow the program of [2] to
generalise [5, Proposition 6.6]. We state this generalisation in Theorem 3.2
below; its proof will take up the remainder of this section.

4There is an error in the statement of [5, Proposition 6.6]: the final line should read “if G
is an amenable group, then (G, P) is amenable”.
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DEFINITION 3.1. Let (G, P) and (K, Q) be quasi-lattice ordered groups. Let
it G — K be an order-preserving group homomorphism. For each k € @, let
Yk be the set of 0 € u~1(k) N P which are minimal, that is,

xEM_l(k:)ﬂPandeU:a:x.
We say u is a controlled map if it has the following properties:
1. For all z,y € P such that 2 Vy < co we have pu(z) V pu(y) = p(z V y).

2. For all k£ € @, Xi is complete in the following sense: for every = €
p~L(k) N P there exists o € X, such that o < z.

3. Forallke Q and 0,7 € ¥ we have c VT <00 =0 =T.

If i : G — K is a controlled map in the sense of [5], then it is a controlled map
in the sense of Definition 3.1.

THEOREM 3.2. Let (G, P) and (K,Q) be quasi-lattice ordered groups. Sup-
pose that p : G — K is a controlled map. If K is an amenable group and
(n=(e), u= ()N P) is an amenable quasi-lattice ordered group, then (G, P) is
amenable.

We start by showing that the kernel of a controlled map is a quasi-lattice
ordered group.

LEMMA 3.3. Let (G, P) and (K, Q) be quasi-lattice ordered groups, and suppose
that i : G — K is a controlled map. Then (n=*(e), p='(e)NP) is a quasi-lattice
ordered group.

Proof. Tt is clear that p~!(e) is a subgroup of G and that ;~*(e) N P is a unital
semigroup.
Recall from [9, Definitions 2.1] that (G, P) is quasi-lattice ordered if and only
if

1. any x € PP~! has a least upper bound in P, and

2. any x,y € P with a common upper bound have a least upper bound.

Let x € (u=t(e) N P)(u=t(e) N P)~L, say x = yz—! where y,z € p=1(e) N P.
Then € PP~1, and since G, P) is quasi-lattice ordered,  has a least upper
bound w in P. Since y is an upper bound for z in P, we have w < y, and
since p is order-preserving we have p(w) < p(y) = e. Then u(w) = e, and
w € p~t(e) N P is an upper bound for z. Let w’ be any upper bound for z in
p~t(e)N P. Then w < w' in P, and hence also in p~'(e) N P. Thus w is the
least upper bound for x in p~1(e) N P.

Next, let 2,y € u~*(e)N P, and suppose that x,y have a common upper bound
2z € u~(e)NP. Then z is a common upper bound for x,y in P, and hence 2V y
exists in P and x Vy < z. Since x,y € P, by Item 1 of Definition 3.1 we have
ulxVy) = u(z)Vu(y) =e. Hence xVy € p~1(e)N P, and it follows that x Vy
is the least upper bound for  and y in = *(e) N P. Thus (u~*(e),u~*(e) N P)
is a quasi-lattice ordered group. o
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To prove Theorem 3.2 we will show that the conditional expectation
E:C*(G, P) — span{wpw, : p € P}

is faithful. We will use the amenability of K to construct a faithful conditional
expectation U* : C*(G, P) — span{w,w; : u(p) = p(q)}, and then show that E
is faithful when restricted to range ¥#. To construct U* we follow the method
of [5, Lemma 6.5] which uses a coaction.

Let G be a discrete group and let A be a unital C*-algebra. Let

dc : C*(G) = C*(G) ®min C*(G)

be the comultiplication of G which is characterised by dg(ugy) = ug ® ug for
g € G. A coaction of G on A is a unital homomorphism ¢ : A = A ®min C*(G)
such that

(§®id)od = (id ® dg) o .

We say that ¢ is nondegenerate if 6(A)(1 @ C*(GQ)) = A @min C*(G).

LEMMA 3.4. Let (G, P) be a quasi-lattice ordered group. Suppose that there
exists a group K and a homomorphism u : G — K. Then there exists an
injective coaction

0, :C*(G,P) = C*(G,P) @min C*(K)
characterised by 6, (wp) = wp @ U,y for all p € P.

Proof. Let W : P — C*(G, P)@minC* (K) be characterised by W), = wp®@u,,(p)-
We will show that W is a covariant representation, and then take 6, := my .
Unitaries are isometries and hence W), is isometric for all p € P. Observe that
W, = w, @ Upy(e) = 1®1, and

WpWy = wpwg @ Uy p)tyu(q) = Wpg @ Up(pg) = W for all p,q € P.

Thus W is an isometric representation. To prove W is covariant, we fix z,y € P
and compute:
Wa W Wy Wy = wowgwyy @t e) U a) U (y) Ya(y)
_ wayw;\/y@l ifzVy <oo
0®1 otherwise
_ WayvyWayy © wu(wa)wZ(sz) ifxVy<oo
0 otherwise

- vayW*

xVy-*

Thus W is a covariant representation of P. By the universal property of
C*(G, P), there exists a homomorphism §, := 7y, which is characterised by
Ou(wp) = Wy = wp @ uypy. Since W, = 1® 1 it follows that d, is unital.
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To prove the comultiplication identity, we compute on generators: for p,q € P
we have

(6, @1d) 0 b,) (wpwg) = (8, @ id)(wpwy © Uy (pg—1))
= 6M(wpw;) ® id(uu(qul))
= Wpwy ® Uy (pg—1) @ Up(pg1)
= wpwy @ O (Up(pg—1))
=id® 5K(wpw; ® ’u“(qul))
— (1@ 6xc) 0 6 (wpu).
Hence (0, ® id) 0 0, = (id ® dx) 0 0,,. Thus ¢, is a coaction.
To show that ¢, is injective, let 7 : C*(G, P) — B(H) be a faithful represen-
tation. We will show that 7 can be written as a composition of 6,, and another
representation. Let € : C*(K) — C be the trivial representation on C such that

€(ug) =1 for all k € K. By the properties of the minimal tensor product (see
[10, Proposition B.13]) there exists a homomorphism

T ®e€: C*(G,P) Qmin C*(K) - B(H) ® C = B(H).

Since
(r®e)odu(wy) = (7@ e€)(wp @ uu(p)) = m(wp),

we have m = (7 ® €) 0 §,,. Now suppose that §,(a) = 0 for some a € C*(G, P).
Then 0 = (m®¢€)0d,(a) = m(a). Since 7 is faithful, a = 0. Hence ¢, is injective.
To prove that J,, is a nondegenerate coaction we must show that

5,(C*(G, P))(1 ® C*(K)) = C*(G, P) @min C*(K).

It suffices to show that we can get the spanning elements wywy ® ug, and this
is easy:

O (wpwg) (1 @ up(gp=1)k) = Wpwy @ Up(pg—1)(1 ® Upy(gp-1)k) = Wpwg @ .
Thus 6,, is nondegenerate. O

Let A be the left-regular representation of a discrete group K. There is a trace
7 on C*(K) characterised by

1 ifk=e

0 otherwise.

T(Uk) = ()‘kee | ee) = {

It is well-known that if K is an amenable group, then 7 is faithful.
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LEMMA 3.5. Let (G, P) be a quasi-lattice ordered group. Suppose that there
ezxist a group K and a homomorphism p: G — K. Let

0, : C*(G, P) = C*(G, P) ®min C*(K)
be the coaction of Lemma 3.4. Then
UH = (id®T)od,

is a conditional expectation of C*(G, P) with range span{wpw; : u(p) = 11(q)}-
If K is an amenable group, then W* is faithful.

Proof. Since id ® 7 and J, are linear and norm decreasing, so is ¥*. Since
U#(we) =1 the norm of ¥# is 1. We have
wpwy if p(p) = plq)

UH (wpwt) =< P 3
(tp q) {0 otherwise, ®)
and hence ¥#* o U# = UH, Thus U* is a conditional expectation by [14].
From (3) we see that span{w,w; : u(q) = pu(p)} C rangeW". To show the
reverse inclusion, fix b € rangeU#*, say b = U#(a) for some a € C*(G, P).
Also fix € > 0. There exists a finite subset F© C P x P such that
lla =32 (p.qer Apqwpwyll < e Since W is linear and norm-decreasing,

€> Ha— Z )\p7quw;H > H\Il“(a— Z )\p,quw;) ’

(p,q)EF (p,q)EF

= H\Il”(a) — \P“( Z )\pqupw;) H = Hbf Z /\pﬁquw;H.

(p,9)EF (p,9)EF, p(p)=n(q)

*

Thus b € span{w,w; : p(q) = p(p)}, and range U = span{wyw; : p(q) =

1(p)}-

Now suppose that K is amenable. To see that WU* is faithful, we follow the
proof of [5, Lemma 6.5]. Let a € C*(G, P) and suppose that U#(a*a) = 0. Let
f be an arbitrary state on C*(G, P). Then

0= f(V"(a"a)) = fo(id®T)od,(a"a)

=(f®T1)odu(a*a) =To(f ®id) od,(a"a).

Since K is amenable, 7 is faithful. Hence (f ® id) o §(a*a) = 0. This implies
that for all states f on C*(G, P) and states g on C*(K),

go(f®id)odu(a*a)=(f®g)od,(a*a)=0.

To see that 0,(a*a) = 0, let m; : C*(G,P) — Hy and my : C*(K) — Hs
be faithful representations. Then 7 ® mo is a faithful representation of
C*(G, P) ®min C*(K) on B(H; ® H3) by [10, Corollary B.11]. Fix unit vectors
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h € Hy, k € Ho. There exists a state fj, ® fr on C*(G, P) Qmin C*(K) defined
by

fh® fe(x) = (m @m(z)(h@k) | h® k).
Since (f ® g) o du(a*a) = 0 for all states f of C*(G, P) and g of C*(K), we
have

0=fn® fr(0u(a”a))
= (m @ m2(du(a’a))(h @ k) | h@ k)
= (m @ m2(0u(a))(h @ k) | m @ m2(6u(a))h ® k)
= |lm @ m2(8u(a))(h @ k)|

Hence m ® m2(d,(a*a)) = 0. Since m @ mo is faithful, §,(a*a)) = 0. But J,, is
injective, and hence a = 0, and ¥U* is faithful. O

Next we investigate the structure of

range U* = span{w,wy : p(p) = pu(q)}-

LEMMA 3.6. Let (G, P) and (K, Q) be quasi-lattice ordered groups, and suppose
that u: G — K is a controlled map. Let k € Q, and let F' be a finite subset of
Ek. Let

By, r = span{w,wawiw; 1 0,7 € Fya, B € pt(e) N P}.

Then By r is a closed C*-subalgebra of sSpan{wyw; : pu(p) = p(q)}-

*

Proof. 1t is straightforward to see that By,  is contained in span{wpwq cu(p) =
1(q)}. Let A =span{waw} : o, f € p~*(e) N P}. We will prove the lemma by
showing that By, p is isomorphic to

Mp(C) ® A.

By Item 3 of Definition 3.1, the elements of F' have no common upper bound
unless they are equal. So

wewr 7=
(wow? ) (Wy05) = Wor-1(rvm) W5 1) = 1 )
v v 0 otherwise.

Thus {w,w? : 0,7 € F} is a set of matrix units in the C*-algebra By r.
This gives a homomorphism 6 : Mp(C) — By p which maps the matrix units
{Eor 0,7 € F} in Mp(C) to {wow? : 0,7 € F} C By, p. It is easy to check
that the formula
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Y(D) = > w,Dw}

vEFR

gives a homomorphism ¢ : A — By, . We have

0(Eq 7 )tb(D) = wew? Y w,Dw;
yEF

= wewiw,;Dw: (wiw, =0 unless 7 =)

= w,Dw}

= (Z wy Dw?) ) wowy

vEF

= w(D)e(EU,T)-
Each M € Mp(C) is a linear combination of the E, -, and hence (D)0(M) =
O(M)y(D) for all M € Mp(C) and D € A. Since the ranges of 6 and ¢
commute, the universal property of the maximal tensor product gives a homo-

morphism 6 @max 3 of Mp(C) @max A into By p.
By [10, Theorem B.18]

Mp(C) @max A =span{E,, ® D :0,7 € F and D € A},

with no closure. So the range of 0 ®ax 1) is spanned by 0(E, ;)(D) = w, Dw?:
and hence is By, p. Thus By, r is a closed C*-subalgebra of span{wpw; cu(p) =

(@)} O

Let {e, : © € P} be the usual basis for £2(P). Let T be the covariant represen-
tation of (G, P) on ¢*(P) such that Tpe, = €, and let w7 be the corresponding
homomorphism of C*(G, P) onto C} (G, P) such that mp(wp) = T,. For k € Q
we consider the subspaces

Hy :=3pane,.: v € Xy, 2 € u~ ' (e) N P}.

LEMMA 3.7. Let (G, P) and (K, Q) be quasi-lattice ordered groups, and suppose
that u: G — K is a controlled map. Let k € Q, and let F' be a finite subset of
Yi. Then

1. Hy is invariant for wr|p, .;
2. if (ufl(e),ufl(e) N P) is amenable, then wr ()|, is isometric on By .

Proof. For Item 1, let 0,7 € F and let z,y € u~'(e) N P and let €. € Hy.
Then w,w,wyw; is a spanning element of By r. Since u(1) = k = u(y) we
have
( ) €opy-1, fy=T1Tandy <z
T (Wo Wy Wi WE ) €nyy =
e Te Ty Ttz 0 otherwise.
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If mp(wewzwyw})e,, = 0 we are done. Otherwise, to see that €,,,-1, is back
in Hy, suppose that y < z. Then y~'z € P. Since oz € u~1(k) N P we have
€(oz)(y—12) € Hi. Tt follows that Hj is invariant for 77|p, ..

For Item 2 suppose that (4~*(e),n~!(e) N P) is amenable. We will show that
7mr(+)|m, is faithful on By p. Take B = ZG,TEF we Dy rwi € By p and suppose
that 77 (B)|m, = 0. Fix 4,6 € F. Then

Timr(B)Ts = mp(w?)mr(B)rr(ws) = 77 (DA 5)-

Since Ts is an injection from H. to Hjy and mp(B)|g, = 0, it follows that
FT(B)T6|H8 = 0 ThU.S 7TT(D'y,5)|He = 0
But the restriction

(7| H.

C (n=1(e) =1 (e)nP) )l
is the Toeplitz representation of (u~!(e), u~*(e) N P), and hence is faithful
by amenability. Thus D, s = 0. Repeating the argument finitely many times
shows that all the D, . = 0 and hence that B = 0. Thus 7p(-)|g, is faithful
on By r, and therefore is isometric. O

LEMMA 3.8. Let (G, P) and (K, Q) be quasi-lattice ordered groups, and suppose
that u: G — K is a controlled map. Let

By, = span{wpw, : p(p) = plq) = k}.

Let F be the set of all finite sets F' C Xy. Then B, = UpcrBir. If
(= '(e), p=t(e) N P) is amenable, then wr(-)|m, is isometric on By.

Proof. Observe that F is a directed set partially ordered by inclusion with
E,F € F majorismajorizeded by EU F. If E C F, then By g C By r. Thus
{Bk,r : F € F} is an inductive system with limit Upc 7By, f.

For each F' € F we have By, r C By, and By, is closed. Therefore Upc By r C
Bj. To prove the reverse inclusion it suffices to show that the spanning elements
of By are in By g for some F. Fix p,q € P such that u(p) = u(q) = k and
consider wywy. By Item 2 of Definition 3.1, the set ¥j of minimal elements
is complete, and there exists o,7 € X such that ¢ < p and 7 < ¢q. Hence
there exists x,y € P such that p = ox and ¢ = 7y. Thus wyw; = wezwy, =
We (wew))wi and wyw) € C*(u='(e), = (e) N P). Since {o,7} € F we have
wpwy € By (5,7} Thus By C Upe By, r, and equality follows.

Finally, suppose that (u~!(e), n~!(e) N P) is amenable. Then 77 (-)|m, is iso-
metric on By p for all ' € F by Item 2 of Lemma 3.7. Since 7 is isometric
on every By, r, its extension to the closure is also isometric. O

Let Z be the set of all finite sets I C @ that are closed under V in the sense
that s,t € I and sVt < oo implies that sVt € I.
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LEMMA 3.9. Let (G, P) and (K, Q) be quasi-lattice ordered groups, and suppose
that 1 : G — K is a controlled map. For each I € T let

Cr = span{wpwy : p(p) = p(q) € I}.

Then Cr is a C*-subalgebra of span{wyw; : pu(p) = p(q)}, Cr = span{ By, : k €
1} and span{upus  p(p) = u(a)} = UrezCr.

Proof. Fix I € Z. To see that C; is a C'*-subalgebra, it suffices to show that
span{w,w; : p(p) = p(q) € I} is a*-subalgebra. It’s clearly closed under taking
adjoints. Let p,q,r,s € P such that u(p) = p(q) € I and pu(r) = p(s) € 1.
Then

« .
Wyg—1(qumWr 1 ifqgVr<oo
wpw*wrw;« { g~ (qVr)Ysr—1(qvr)

1 0 otherwise.

*

If wpwyw,w; = 0 we are done. So suppose that wywjw,wg # 0. Then ¢V r <
oo. Since p is a controlled map and p(p) = p(q), by Item 1 of Definition 3.1,

u(pg~ gV r)) =gV r) = pulg) vV u(r).

Similarly, u(sr=(q VvV 1)) = p(g) V u(r). Since I is closed under V we have
p(q) V pu(r) € I, and hence wyw,w,w; € span{wpwy : u(p) = p(g) € I}. It
follows that Ct is a C*-subalgebra.

For each k € I, we have By, C Cf, and so span{By, : k € I} C Cy. To show
the reverse inclusion observe that for w,w; € Cr we have wywy € By, p). Since
the finite span of closed subalgebras is closed, span{w,w; : u(p) = p(q) € I} C

span{ By, : k € I'}. Thus C; =span{By, : k € I}. O

PROPOSITION 3.10. Let (G, P) and (K, Q) be quasi-lattice ordered groups, and
suppose that p @ G — K is a controlled map. If (M_l(e),u_l(e) N P) is
amenable, then Tr is faithful on span{w,w; : u(p) = p(q)}-

Proof. By Lemma 3.9, span{w,w; : u(p) = pu(q)} = UrezCr. Thus it suffices
to show that 7 is isometric on each C;. Fix I € Z. Suppose that 7 (R) =0
for some R € C. Then there exist Ry € By such that R = Zkel Ry, and then
Zke[ WT(Rk) = 0.

We claim that if & £ j, then w7 (By)|z, = 0 (it then follows that 7 (Ry)|n, =
0). To prove the claim, it suffices to show that 77 (w};)e,. = 0 for all ¢ €
p~ Y (k)N P and e,. € Hy,. We have

€ if g <~z

q 1z

; z = 1] z =
mr(wg)ey ¢ {0 otherwise.
But ¢ < vz implies & = pu(q) < w(yz) = p(y) = j. So k £ j implies
mr(w) ey, = 0. Hence mr(By)|n; =0 if k £ j as claimed.
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Let [ be a minimal element of I in the sense that x <[ implies x = [. Then for
k € I, we have k £ [ unless k = [. Now

0= ZWT(RIC”HL =7 (Ry)|m,-
kel

Since (u~'(e),u '(e) N P) is amenable, 7r(-)|p, is isometric on B; by
Lemma 3.8. Thus R; = 0.

Let I3 be a minimal element of I\{l}. Then we can repeat the above argument
to get Ry, = 0. Since I is finite, we can continue to conclude that R =0. O

We can now prove Theorem 3.2

Proof of Theorem 3.2. Suppose that K is an amenable group. To see (G, P) is
amenable, we will show that the conditional expectation

E: C*(G, P) — span{wpw, : p € P}

is faithful. Let U* be the conditional expectation of Lemma 3.5. We have

B0 (wyw})) = {‘I’(wpwff) if p(p) = p(q)

0 otherwise
B wpw; ifp=gq

0 otherwise
= \Il(wpw;),

and hence £ = F o U¥.

Since K is an amenable group, U* is faithful by Lemma 3.5. Let P, € B(¢*(P))
be the orthogonal projection onto span{e,}. It is straightforward to show that
the diagonal map A : B(¢%(P)) — B({*(P)) given by

A(T) =Y P.TP.

z€eP

is a conditional expectation such that A o mp = 7y o F and is faithful.

Now suppose that R € C*(G, P) and E(R*R) = 0. Then E(V*(R*R)) =0
and so mp o E(P#(R*R)) = 0. This gives A o mp(U#(R*R)) = 0. Since A
is faithful, it follows that mp(¥#(R*R)) = 0. Since (p~'(e),p"'(e) N P) is
amenable, Lemma 3.10 implies that 77 is faithful on span{w,w; : u(p) =
p(q)} = range ¥#. Thus U#(R*R) = 0, and then R = 0 since ¥# is faithful.

Hence F is faithful and (G, P) is amenable. O

4 QUASI-LATTICE ORDERED HNN EXTENSIONS

Let G be a group, let A and B be subgroups of G, and let ¢ : A — B be an
isomorphism. The group with presentation

G* = (G,t |t at = ¢(a),a € A)
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is the HNN extension of G with respect to A, B and ¢. For every HNN exten-
sion G* the height map is the homomorphism 0 : G* — Z such that 6(g) = 0
for all g € G and 6(t) = 1.

EXAMPLE. Let ¢,d € Z \ {0}. The Baumslag-Solitar group
BS(c,d) = (x,t | t71a%t = 2) = (x,t | ta® = 2%)

is an HNN extension of Z with respect to A = dZ, B = c¢Z and ¢ : A — B given
by ¢(dn) = cn for all n € Z. Then Z* satisfies the relation t~1dt = ¢(d) = c.
Let BS(c,d)™ be the subsemigroup of BS(c, d) generated by z and ¢. Spielberg
showed in [11, Theorem 2.11] that (BS(c, d), BS(c, d)™) is quasi-lattice ordered
for all ¢, d > 0; he also proved in [11, Lemma 2.12] that (BS(c, —d), BS(c, —d)™)
is not quasi-lattice ordered unless ¢ = 1.

To work with an HNN extension we use a normal form for its elements from [8,
Theorem 2.1]. We choose X to be a complete set of left coset representatives
for G/A, that is, A # 2’ A for x # 2’ € X. Similarly, choose a complete set Y
of left coset representatives for G/B. Then a (right) normal form relative to
X andY of g € G is a product

g = 9ot g1t ... gn—11" g
where:
1. g, is an arbitrary element of G.
2. If ¢, = 1, then ¢g;_1 is an element of X
3. If ¢, = —1, then g;—1 is an element of Y.

By [8, Theorem 2.1], for every choice of complete left coset representatives X
and Y, each g € G* has a unique normal form.

Our goal is to generalise the properties of the Baumslag-Solitar group with
¢, d > 0 to construct quasi-lattice ordered HNN extensions of other quasi-lattice
ordered groups.

Let (G, P) be a quasi-lattice ordered group. Let G* be the HNN extension of
G with respect to subgroups A and B with an isomorphism ¢ : A — B. Let P*
be the subsemigroup of G* generated by P and ¢. In general, (G*, P*) is not a
quasi-lattice ordered group. For example, if ¢ > 1, then (BS(c, —d), BS(c, —d)™)
is not quasi-lattice ordered by [11, Lemma 2.12]. We need some conditions on
our subgroups A and B and on the isomorphism ¢ which ensure that (G*, P*)
is quasi-lattice ordered.

There are two reasons why (BS(c,d),BS(c,d)") is easy to work with. The
first is that there are natural choices of coset representatives: {0,...,d — 1}
for A = dZ and {0,...,c— 1} for B = ¢Z. The second is that the subgroup
isomorphism ¢ : md — mc takes positive elements to positive elements. In
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particular, using this choice of representatives, every element w € BS(c,d)™
has a unique normal form

w=xMotx™t. . gy

where 0 < m; < d for i < n and m,, € N. This choice of coset representatives
is associated to the division algorithm on N: for every n € N we can uniquely
write n = md +r forsomem e Nand 0 <r <d— 1.

In general, for G* we would like a natural choice of coset representatives for
G/A and G/B so that every element of P* has a unique normal form that is a
sequence of elements in P and t.

THEOREM 4.1. Let (G, P) be a quasi-lattice ordered group with subgroups A
and B. Suppose that:

1. There is an isomorphism ¢ : A — B such that (AN P)= BN P.

2. Every left coset gA € G/A such that gAN P # () has a smallest represen-
tative in P, that is, there exists p € P such that ¢ € gANP = p < q.

3. For everyx,y € B,xVy<oo=xVyeB.

Let G* = (G,t | t7tat = ¢(a),a € A) be the HNN extension of G and let P*
be the subsemigroup of G* generated by {P,t}. Then (G*, P*) is quasi-lattice
ordered.

Before we can prove Theorem 4.1, we need to prove two lemmas. The first
shows that elements of P* are guaranteed to have normal forms made up of
elements of P and t if and only if Item 2 of Theorem 4.1 holds. The second is
a technical lemma which we will use several times in Theorem 4.1 and in later
proofs.

LEMMA 4.2. Suppose that (G, P) is a quasi-lattice ordered group with subgroups
A and B. Suppose that ¢ : A — B is a group isomorphism such that p(ANP) =
BN P. Let G* = (G,t | t7lat = ¢(a),a € A) be the corresponding HNN
extension of G and let P* be the subsemigroup of G* generated by PU{t}. Let

Ly:={peP:qepAnP=p<q}.
The following two statements are equivalent:

1. Fvery left coset gA € G/A such that gAN P # 0 has a smallest coset
representative p € P;

2. There exists a complete set X of left coset representatives such that L4 C
X and every a € P* has normal form

o = potpit...pn_1tp, where p; € Ly for all0<i<n, p, € P. (4)

DOCUMENTA MATHEMATICA 23 (2018) 327-351



HNN EXTENSIONS OF QUASI-LATTICE ORDERED GROUPS 341

Proof. Assume Item 1. Choose a complete set X of coset representatives for
G/A which contains L4. Let o € P*. If §(«) = 0 then o € P, and « has form
(4) trivially.

We proceed by induction on 6(«) > 1. Suppose that §(a) = 1. We may write
o = qotqy for some qg,q1 € P. Then ggAN P # 0, and there exists pg € L4
such that pgA = qoA and pg < qo. Thuspglqo € PN A. Hence qo = poa for
some a € AN P. Thus a has normal form

a = poatqr = potP(a)q:.

Since ¢(AN P) = BN P we have ¢(a) € P and so X satisfies Item 2.
Suppose that all a with 1 < 6(a) < k have normal form (4). Consider a with
O(a) = k + 1. We write

o = thqlt. .. tqquk+1.

By assumption, we can write the first 2k + 2 terms of « in normal form

potpit. .. pr—1trk

where p; € La for 0 < i < k and r, € P. There exists pr € L4 such that

reA = ppA and pg < ri. As above, we can write 1 = pga for some a € AN P.
Then

a = potprt ... tretqry1
= potpit...tpratqi+1
= potpit ... tprtd(a)qrs-

We set pr+1 = é(a)qe+1, which is in P because ¢(a) is. Then a =
potpit...tpgtpr+1 has form (4). By induction, every « has normal form (4).
This implies Item 2.

For Item 2 = ITtem 1, we argue by contradiction: we will assume Item 2 holds
but Item 1 doesn’t. Let X be a set of coset representatives satisfying Item 2,
and suppose that there exists a coset gA such that gA N P # () which has no
smallest coset representative in P.

Let £ € X be the coset representative of gA in X. First, suppose that = € P.
Then p is not smallest, and there exists ¢ € gANP with 2 £ q. Thusz~'q & P.
Consider gt € P* in normal form:

qt = zx~tqt = atd(xzq). (5)

(Since ¢ € gAN P and p € L, we have ¢ ¢ L4. Thus the normal form for
qt must be ztp(xz~1q).) Since (AN P) = BN P and 27 1q ¢ P, we have
¢(x71q) € P, which contradicts that the right-hand-side of (5) is in normal
form.

Second, assume that x ¢ P. By assumption gAN P # (). Let ¢ € gAN P.
Then the right-hand-side of (5) is again the normal form for g¢. Either z < ¢
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or x £ q. Suppose that z < ¢q. Then ¢~ 'z € P and ¢(x~'q) € P. Then (5)
implies that ©* € L4, that is * € P, a contradiction. Finally, suppose that
x £ q. Then x71¢ ¢ P implies that ¢(z~1q) ¢ P, again contradicting the
normal form for ¢t. Thus Item 2 = Ttem 1. O

LEMMA 4.3. Let (G, P) be a quasi-lattice ordered group and let B be a subgroup
of G. Suppose that for every x,y € B, xVy < oo = xzVy € B. Then for all
x € BNPP™, there exist p1,v € BN P such that x = pv~—' and for allp,q € P
with pg~' = x we have u < p and v < q.

The lemma says that if z € PP~1 N B, then the minimal elements of (1) must

also be contained in B. In particular, if ¢ : A — B is an isomorphism such
that (AN P) = BN P, then ¢~'(z) € PP~L.

Proof of Lemma 4.5. Fix x € BN PP, Say x = st~ ! with s,t € P. Then
z7ls e Pand z < s. Also e < s, and so x Ve < co. Since e,z € B we get,
rVe € B. Let y = xVeand v = 7 (xVe). Then upv=! = ave(a~ (xVe))™! =
x.

Fix p,q € P such that 2 = pg~t. Then 27 !p = (pg~!)"'p = ¢, and so = < p.
Therefore y = zVe < p. Now u~'p € P, and then v~ 1¢ = p~'p € P gives
v<gq. o

1

We can now prove Theorem 4.1. Its proof is based on [11, Theorem 2.11], and
our presentation is helped by Emily Irwin’s treatment of [11, Theorem 2.11] in
her University of Otago Honours thesis.

Proof of Theorem 4.1. Fix x € P*P*~!. We shall prove that there exist p,v €
P* with z = pv~! such that whenever v0=! = x we have u < v and v < § (see
Equation 1).

Choose o, 8 € P* such that x = a3~!. By Items 1-2, Lemma 4.2 applies. Thus
there exists a complete set X of left coset representatives of G/A that contains

Ly:={peP:qepAnP=p<q},
and we can write a and S in unique normal form:
a = potprt ... tpmir where p; € Ly and r € P;

B = qotqit...tqnts where ¢; € L4 and s € P.

Now z = a8~ is equal to
aB™! = potpit .. tpptrs Tt gt gy

First we look for initial cancellations in the middle of a3~ if rs~! € B, then
we can replace trs~1t~1 with ¢=(rs~1). By Item 3, Lemma 4.3 applies and
there exist by, by € PN B such that rs~! = blbgl. Then

¢ (rsTh) =7 M (baby ') = ¢ (br)o (b2) T
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Since ¢(AN P) = BN P we have ¢~ 1(b1)¢p~(ba)~t € PP~. Then

r=aft =potpit...tpmd H(b)d H(be) Trg Lt gt (6)

We can repeat this process until there are no more cancellations available in
the middle, and so we assume this is the case for the expression (6). This gives
the following cases:

(a) there are no more ¢t and no more ¢,

)
b) there are no more ¢t~1,
(c) there are no more t,

)

there are ¢ and t~!, and then the term with t to the left and t~! to its

3

(d
right is not in B.

In each case, we will write down our candidates for p and v and prove that
they are the required minimums.

(a) Suppose that after initial cancellations, there are no more ¢ and no more
t~!. Then o~ ! = Dody s already in normal form. By Equation 1 there exist
o,7 € P such that poqgl = o7~ ! and for all ¢,d € P such that cd~! = o7}
we have 0 < ¢ and 7 < d. So we write x = o7~ ! and choose as our candidates
p=ocand v =r.

Let 7,6 € P* such that x = v6~%. Let § be the height map. Then 6(z) = 0
and hence 6(y) = 6(5). We will prove that u < and v < ¢ by induction on
().

For 0() =0 we have 7,0 € P ,and then y=oc <vyand v=7<4. Let k >0
and suppose that for all v,§ € P* such that 6(y) = 0(6) = k and x = 75!
we have 1 < v and v < §. Now consider 7,8 € P* such that £ = v6~! and
O(y) = 0(8) = k+ 1. We write v = mot...mgtmgy1 and § = not ... ngtng
in normal form where m;,n; € L4 for 0 < i < k and my41,ng+1 € P. Next we
reduce x = y6~! towards normal form. We have

z=~0"t=mgt.. .mktmkﬂn;ilt_lnk .. .tngl.
Since z has a unique normal form with no ¢ or t~!, there must be some cancel-
lation. Since the m;,n; € L4 for 0 < ¢ < k, the cancellation must occur across
-1 -1 -1 ,-1 1 -1
ME4+1Mg 1. SO Mip1ny € B and tmypang 17 = ¢ (mk+1nk+1), and

-1

U =mot. . tmp(tmugngt gt tng

=0

=mot... tmkqﬁ_l(mkﬂn,;il)nkt_l . tna1

By Item 3, Lemma 4.3 applies, and there exists b,,,b, € B N P such that
man;il = byb, ! and by, < mpy1 and by, < ngyq. Then

x =mot...tmrd " (b ) (b, Dnat ™t tngt
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Since (AN P) = BN P we have my11¢~ (b)), nry16~1(bn) € P. But now we
have v = mot ...tmr¢d "1 (by) and &' = not ... tngp~1(b,) such that v/(§')~t =
x and 0(y) = 0(8’) = k. By our induction hypothesis we have p < 4’ and v < §'.
To show that p < v we compute:

¥ =mot...tTmrtmgy1
= mot ... tmutby,b, tmy
=mot ...tmpd~ (b )t 'myy1  (veplacing tb,, with ¢~ (b,,)t)
= /th, gy
Since b,'mi1 € P we have th,'my1 € P*. Now (v/)71y € P* and v/ < 7.

Since p < «' this gives p < «y. Similarly, § = §'th; 'np41 and so v < §. By
induction, for all v, € P* such that = y6~! we have u <~ and v < 6.

(b) Suppose that after the initial cancellations there are no more t=1 left. Then
we have z in normal form:

z=af ! =potpit.. tpm_n_1trs "

where m > n. By Equation 1 there exist o,7 € P such that whenever rs~! =

r'(s")71 = o077, we have 0 < 1" and 7 < s’. So
z = potpit.. . tpm_n_1toT L. (7)
Our candidates are
w=potpit... tpym—n—1tc and v =r.

Fix v, € P* such that x = y6~'. Say v = motmy ...tm; and § = ngtny ...n;
in normal form. Then

-1

Y0~ = motmg .. .tminj_lt_l .ot Ing.

Since 0(vd~1) = O(ur=1) = m — n we get
i=60(y)=00)+m—n

and hence 7 > m —n. It follows from the uniqueness of normal form that there
exists 7/ € P* such that

Y6t = potpit .. tpm_n_1ty 0.

Thus potpit...tpm—n_1t < 7. Equation 7 gives (potpit...tpm—n—1t) ‘o =
o™t Since (potpit...tpm—_n_1t)"1y and & are both in P* and since
(potpit ... tpm—n_1t) " tyd~1 = o771, we can apply case (a) above with ' = o
and v/ = 7 to see that ¢ < (potpit...tpm_n_1t) 1y and 7 < §. Hence

= potpit... tpm—_n_1tc <y and v < § as required.

DOCUMENTA MATHEMATICA 23 (2018) 327-351



HNN EXTENSIONS OF QUASI-LATTICE ORDERED GROUPS 345

(c) Suppose that after the cancellations, there are no more ¢ left. Then

T = rs_lt_lq;im_lt_l e 1f_1qa1

for some 7, s € P. Consider
-1 _ —1
x " =qotqrt... . tGn—m—1tsr .

By Equation 1 there exist 0,7 € P such that whenever 7/, s’ € P such that
rst=1'(s')"t = o771, we have 0 <1’ and 7 < s'. Let

pw=o0 and v =qotqit...tqn—m—11t7.

By case (b), they have the property that 2= = vu~! and that for all v, € P*
such that 7! = §y~! we have u < v and v < §. Taking inverses, © = uv~—!
and for all 7,6 € P* such that x = v§~! we have u < v and v < 4.

(d) Suppose that after the initial cancellations there are both ¢ and ¢t=1 left.
Then the term with ¢ to the left and ¢t~! to its right is not in B. There exist
k <m and [l < n such that

x = potpit...tpptrs™ it g Tt gt

By Equation 1 there exist 0,7 € P such that whenever 7/, s’ € P such that
rs~t =1/(s')71 = o771, we have 0 < 1’ and 7 < s'. Our candidates for p,v
are

w=potpit...tpxtoc and v = qotqit...tqitT.

Fix 7,6 € P* such that + = vd~!. By the argument used in case (b),
there exists 7/ € P* such that y6~! = potpit...tpt7'6~!. Hence ' =
(potpit...tpjt)~1y € P* and potpit...tpjt <.

Consider /6! = o7 1t 1q, "t 1 ...t71qy!. Here 7/,d € P* and there are no
t in /671 after cancellation. Applying case (c) with p/ = o and v/ = v to get
=0 <~"and v = v <§. Then p = potpit...tp;to < potpit...tp;ty =
5. O

Theorem 4.1 gives new examples of quasi-lattice ordered HNN extensions.

EXAMPLE 4.4. We can now use Theorem 4.1 to show that the Baumslag-
Solitar group (BS(c,d), BS(c,d)™) with ¢,d > 0 is quasi-lattice ordered. Since
(Z,N) is totally ordered it is quasi-lattice ordered. Let A = {dm : m € Z}
and B = {cm : m € Z}. Every element n € N has a unique decomposition
n = r 4+ md where m € N and r € {0,1,...,d — 1}. The remainder r is a
choice of coset representative n + A = r+ A. For all n’ € (n+ A) NN we
have n’ = r + md + kd where k € Z and m + k > 0. Thus » < n’. Hence
every coset of Z/A has nontrivial intersection with N, and has a smallest coset
representative in N. Since B is totally ordered it is closed under taking least
upper bounds. Define ¢ : A — B by ¢(dm) = ecm. Then ¢(ANN) = BNN.
So Theorem 4.1 applies and gives that (Z*,N*) is quasi-lattice ordered.
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EXAMPLE 4.5. We can generalise the previous example to (Z?,N?), which is
quasi-lattice ordered by [9, Example 2.3(2)]. Fix a,b,c,d € N\ {0}. Then
A = {(am,bn) : m,n € Z} and B = {(em,dn) : m,n € Z} are subgroups of
N2, Let ¢ : A — B be defined by ¢((am,bn)) = (cm,dn). This ¢ satisfies
#(ANN?) = BNN2 For all (m,n) € N2, the division algorithm on N gives a
unique decomposition

(m,n) = (r1,72) + (ja, kb)

for j,k € Nand r; € {0,...a — 1}, 7o € {0,...,b— 1}. Thus (r;,7r2) is a
minimal left coset representative of (m,n) + A. For all (m,n), (p,q) € B, we
have

(m’ n) N (pa q) = (max{m,p, 0}’ maX{n’ q, 0})

and hence (m,n) V (p,q) € B. So B is closed under V. By Theorem 4.1,
(Z2*,N?*) is a quasi-lattice ordered group with presentation

7% = (Z* U {t} | (am,bn)t = t(cm, dn)).
It is straightforward to extend this construction to (Z™,N").

EXAMPLE 4.6. Consider the free group Fy on 2 generators {a, b} and let F3 be
the subsemigroup generated by e, a and b. The pair (F2,F5) is quasi-lattice
ordered by [9, Example 2.3(4)]. Let A = {a" : n € Z}, B = {b" : n € Z}
and ¢ : A — B defined by ¢(a”) = b". Every x € F; can be written as a
product of y € F3 which does not end in a followed by a” for some n > 0.
Then y € vA. Every z € yANTFJ begins with the word y which is in FJ. Tt
follows that y < z. Thus A has minimal left coset representatives in IF;L Since
B is totally ordered, it is trivially closed under V. It follows from Theorem 4.1
that (F5,F5*) is a quasi-lattice ordered group with presentation

Fi = ({a,b,t} | at = tb).

EXAMPLE 4.7. Building on (F2, FJ) again, fix s,u € N\ {0}, and let A = {a™* :
m € Z}y, B={b"™ :m € Z}and ¢ : A — B be ¢(a™*) = b™". Then B is
totally ordered and hence is closed under V. To see that A has smallest coset
representatives, we observe that every x € FJ is a product of a y € FJ that
does not end in a followed by a™ for some n € N. We write n = r + js for some
j€Nandre {0,1,...,s — 1}. We choose ya” as our coset representative.
Then for all z € ya” ANTFJ we have ya” < z. It follows from Theorem 4.1 that
(F5,F5*) is a quasi-lattice ordered group with presentation

F: = ({a,b,t} | a*t = tb*).

Taking u = s = 1 gives Example 4.6.
Replacing B by B’ = {a™"* : m € Z} gives a quasi-lattice ordered group
(F3,F5*) with presentation

F5 = ({a,b,t} | a’t = ta™).
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In the next two examples we show that it is easy to find subgroups which do
not have minimal left coset representatives.

ExAMPLE 4.8. Consider the group
G=2Z(V2)={m+nV2:mnecZ}

with subsemigroup Z(v/2)™ = Z(v/2)N[0, 00). Let A = Z(2+/2). We claim there
are no smallest coset representatives for G/A in Z(1/2)*. Suppose, aiming for
a contradiction, that there exists some coset representative p € Z(\/i)*‘ such
that

g€ p+ Z(Qﬁ)] N Z(\/ﬁ)Jr =p<gq.

Recall that Z(2v/2) is dense in R.> Thus there exists some a € Z(2v/2) N (0, p).
Thus p — a € [p+ Z(2v2)| N Z(+/2)*. But p — a < p, giving a contradiction.

ExXAMPLE 4.9. Consider (Z%,N?), and let A be the subgroup generated by
{(1,2),(2,1)}. Consider the coset

(1,0) + A = (0,1) + A.

Since (1,0) and (0, 1) have no nonzero lower bound, there can be no choice of
smallest coset representative.

5 AMENABILITY OF (G*, P*)

In this section we prove the following theorem.

THEOREM 5.1. Let (G, P) be a quasi-lattice ordered group with subgroups A and
B. Suppose that ¢ : A — B is an isomorphism which satisfies the hypotheses
of Theorem 4.1. Let (G*, P*) be the corresponding HNN extension. If (G, P)
is amenable, then (G*, P*) is amenable.

To prove the theorem we will show that the height map 6 : G* — Z is a
controlled map, that (=1(e),0~1(e) N P*) is amenable, and then apply Theo-
rem 3.2. To prove that (§71(e),0~!(e) N P*) is amenable, we start by investi-
gating order-preserving isomorphisms between the semigroups of quasi-lattice
ordered groups.

The following lemma is well-known, and is straightforward to prove.

LEMMA 5.2. Let (G, P) and (K,Q) be quasi-lattice ordered groups. Suppose
that there is a semigroup isomorphism ¢ : P — Q. Then ¢ is order-preserving.
In particular, for x,y € P, xVy < oo if and only if ¢(x) V ¢(y) < oco. If
xVy < oo then ¢p(zVy)=o(z)V P(y).

5To see denseness observe that 0 < (=2 4+ 2v/2) < 1 and (=2 + 2v/2)" € Z(v/2) for all

n € N. Thus for every open interval (u,v) there exists n such that (=2 4 2v/2)" < v — u.
Hence there exists k € Z such that k(—2 4+ 2v/2)" € (u,v).
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PROPOSITION 5.3. Let (G, P) and (K, Q) be quasi-lattice ordered groups. Let
{vp : p € P} and {wq : ¢ € Q} be the generating elements of C*(G, P) and
C*(K, Q), respectively. Suppose that there is a semigroup isomorphism ¢ : P —
Q.
1. There exists an isomorphism w4 : C*(G,P) — C*(K,Q) such that
T (Up) = Wo(p)-
2. (G, P) is amenable if and only if (K, Q) is amenable.

Proof. For 1, define T¢ : P — C*(K,Q) by Ti‘f’ = Wg(p). It is straightforward
to show that T is a covariant representation of P. Take 74 := mps. Then
g+ C*(G,P) — C*(K,Q) satisfies m4(vp) = we(py, and is an isomorphism
with inverse my—1.

For 2, let Eg and Ep be the conditional expectations on C*(K, Q) and
C* (G, P), respectively. It is straightforward to check that Ep = w(;l oEgomg.
Suppose that (K, Q) is amenable, that is, Eq is faithful. Let @ > 0 such that
Ep(a) =0. Then mg(a) > 0, and

0= Ep(a) = ﬂ;l oEgomg(a) = 0= Egomg(a) = 0=me(a)

because Eq is faithful. Since 7y is faithful, @ = 0. Now Ep is faithful, and
hence (G, P) is amenable. Symmetry gives the other direction. o

Next we need some lemmas which will be used to show that the height map 6
is a controlled map. In particular we need to identify the minimal elements of
Definition 3.1. If x € P* has normal form

T = potpit...Pn—1tPn
we call potpit...pn_1t the stem of x and write
stem(x) = potpit...pn_1t.
The set of stems is our candidate for the minimal elements.

LEMMA 5.4. Let (G, P) be a quasi-lattice ordered group with subgroups A and
B. Suppose that ¢ : A — B is an isomorphism which satisfies the hypotheses
of Theorem 4.1. Let p,q € P. Then p and q have a common upper bound in
P* if and only if p and q have a common upper bound in P.

Proof. First suppose that p and ¢ have a common upper bound r € P. Then
r € P* and so 7 is a common upper bound for p and ¢ in P*.

Second, suppose that p and ¢ have a common upper bound € P*. If §(x) = 0,
then 2 € P and we are done. Suppose, aiming for a contradiction, that 8(x) = k
for some k > 1, and that p, ¢ have no common upper bound y with 6(y) < k.
Observe that p~'z,¢ 'z € P*, and that 0(p~'z) = 6(x) = 0(¢~'z) = k. The
hypothesis of Theorem 4.1 ensure that Lemma 4.2 applies, and we can write
p~ 'z and ¢!z in their normal forms
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1

p~ 'z =potpit...pr—1tpr and ¢!

T = qolqit. .. qr—1tqk,
where p;,q; € L for ¢ < k and py, g, € P. Consider

1 1

plg=p (g e) "t = potprt .. pr—1tprgy gt ot g

Since p~lz(¢7'z)™! = p~lq and p~lq is in normal form we must have some
cancellation. Since the first k terms are already in normal form, pkqgl € B.
By Lemma 4.3, there exist bi1,b0 € B N P such that b1 < pg, bo < g and
b1b2_1 = pqu_l. Then

plg=p  w(g 2) " = pot .. pe_it(pray T g T g !

=pot...pe—1t(biby Nt gt .t gyt
=pot...pe—1¢ H(b)tt o (ba) Pty Lt gyt
= pot .. .pk,1¢71(b1)¢71(b2)71qgj1 . .tilqo_l.

Rearranging gives

p(pot ... tpp—16" (1)) = q(qotaqrt .. . tqp_16~*(b2)) € P*.

Therefore y = p(potpit . ..pr—1¢~(b1)) is a common upper bound for p and ¢
in P* and 6(y) = k — 1, giving us the contradiction we sought. Therefore p
and ¢ have a common upper bound y with 6(y) = 0, and hence they have a
common upper bound in P. O

The statement of Lemma 5.5 is adapted from [2, Lemma 3.4].

LEMMA 5.5. Suppose that ¢ : A — B is an isomorphism which satisfies the
hypotheses of Theorem 4.1. Let x,y € P* such that x Vy < oco. Write

x = stem(x)p and y = stem(y)q where p,q € P.

1. If 0(z) = 0(y), then stem(x) = stem(y) and pV q < oo. In particular,
xVy=stem(z)(pVq) and 8(z Vy) =0(z) = 0(y).

2. If0(x) < 0(y), then there exists r € P such that xVy = yr and O(xVy) =
0(y).

In particular, 0(x V y) = max{6(z),0(y)}.

Proof. For 1, suppose that 6(z) = 0(y). We know that x < zVyand y < zVy.
Thus, by the uniqueness of normal forms, stem(z) = stem(y). Now by left
invariance of the partial order we see that

p = stem(z) 'z < stem(z) '(zVy) and
q = stem(z) 'y < stem(z) " (z V y).
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Therefore p and ¢ have a common left upper bound in P* and hence, by
Lemma 5.4, they have a common left upper bound in P and p V ¢ exists in
P. By left invariance x V y = stem(z)p V ¢q. Further, 8(z V y) = 0(x) = 6(y).
For 2, suppose that 6(z) < §(y). Since x < xVy we have 2~ (zVy) € P*. We
can write 27! (2Vy) = 7yu for some u € P and 7,7 € P* with 0(7) = 0(y)—0(z)
and 0(vy) =0(zVy) —0(y). Then x Vy = z7yu.

Now we have z7 < z V y and 0(z7) = 0(z) + (6(y) — 0(x)) = 0(y). Write
a1 = stem(z7)w for some w € P. Therefore 7 Vy < oo and 0(z7) = 0(y) so
we can apply Item 1 to see that stem(x7) = stem(y) and z7Vy = stem(y)(¢Vw).
Now z V y < stem(y)(q V w). Therefore there exists some r € P such that
x Vy = stem(y)qr = yr. Then 0(z Vy) = 0(y).

By Items 1 and 2 we see that

_Jo(z) ifo(x)
9(,7:\/y)—{9(y) if 6(x) <

Thus 0(x V y) = max{6(z),0(y)}. O

Proof of Theorem 5.1. We will use Theorem 3.2; to do so we need to show
that the height map 0 : (G*, P*) — (Z,N) is a controlled map in the sense of
Definition 3.1, and that (671(e),0~1(e) N P*) is amenable.

To see that 6 is order-preserving, let z,y € P* such that x <y. Then 7!y €
P* and 0(z71y) > 0. So 0 < O(xz~'y) = —0(z) + O(y) and hence (x) < O(y).
By Lemma 5.5, if x Vy < oo, then 0(x V y) = max{6(z),0(y)} = 0(z) V 0(y).
For every k € N, ¥, is complete: if z € 071(k) N P*, then stem(x) € 3y
and x = stem(x)p for some p € P. Hence stem(z) < z. By the uniqueness
of normal forms, if 0,7 € ¥ and ¢ V7 < oo then ¢ = 7. Therefore 6 is a
controlled map into the amenable group Z.

Suppose that (G, P) is amenable. Then 6~1(0) N P* is the set of elements
of P* with height 0, and hence they all have normal form pg for some py €
P. Thus 671(0) N P* is isomorphic to P. Since (G, P) is amenable, so is
(6=1(0),671(0) N P*) by Lemma 5.3. Since (Z,N) is amenable, it now follows
from Theorem 3.2 that (G*, P*) is an amenable quasi-lattice ordered group. O

EXAMPLE 5.6. Since (Z2,N?) and (F2,FJ) are amenable quasi-lattice ordered
groups [9, §5.1], Theorem 5.1 implies that the HNN extensions (Z%**, N?*) and
(F5,F5*) in Examples 4.5-4.7 are amenable quasi-lattice ordered groups.
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