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Abstract. We show the existence of some non-classical cohomolog-
ical p-adic automorphic eigenforms for SL2 using endoscopy and the
geometry of eigenvarieties. These forms seem to account for some
non-automorphic members of classical global L-packets.
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1 Introduction

Let Π(θ) be an endoscopic L-packet of SL2 /Q associated to an algebraic char-
acter

θ : ResF/QGm(A)→ C∗,

where F/Q is an imaginary quadratic extension in which p splits. For a suffi-
ciently small tame levelKp ⊂ SL2(A

p
f ) an automorphic representation π ∈ Π(θ)

gives rise to a point x of critical slope on an eigenvariety of tame level Kp.
Let E(Kp,m) be such an the eigenvariety, built from the suitably localized com-

pleted cohomology groups H̃1(Kp)m as in [8]. Emerton’s eigenvariety comes
equipped with a coherent moduleM of p-adic automorphic forms of tame level
Kp. If z is a point on E(Kp,m) coming from a classical automorphic represen-
tation, the fibreMz :=Mz ⊗ k(z) contains a subspace

Mcl
z ⊂Mz

of classical automorphic forms. Our main theorem concerns the difference
between this classical subspace and the whole fibre at critical points x coming
from endoscopic L-packets as above. Under some technical assumptions on the
L-packet (see Hypothesis (⋆) in Section 6) we can prove that these spaces differ.
The main result of this paper is the following.
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Theorem (Theorem 6.5). Let Π(θ) be an endoscopic L-packet satisfying Hy-
pothesis (⋆). Then there exists a tame level Kp such that the fibre Mx at
the critical point x ∈ E(Kp,m)(Qp) contains non-classical p-adic automorphic
forms, i.e.

Mx/M
cl
x 6= 0.

Our motivation for this theorem is twofold. Firstly, we would like to understand
how endoscopy works in the setting of the p-adic Langlands programme. As a
first step we would like to know whether non automorphic members of classical
global L-or A-packets play a role in the p-adic setting. We ask the following
vague question: Let G/Q be a symplectic, orthogonal or unitary group. Let
Π be a global endoscopic cohomological L- or A-packet and let π ∈ Π be an
element such that the multiplicity m(π) in the automorphic spectrum of G is
equal to zero. Then does π occur p-adically? Is there a point on a suitable
eigenvariety and a non-classical p-adic eigenform f for the system of Hecke
eigenvalues determined by π such that f accounts for π? The non-classical
forms appearing in our theorem seem to provide a p-adic account for non-
automorphic representations in Π(θ), although we caution the reader that this
is to be understood only in a vague sense.

The second motivation to study the spaces Mx of the theorem comes from a
related result for the group GL2. There is a strong relationship between auto-
morphic representations of the groups GL2 and SL2; every member of a global
L-packet of SL2 occurs in the restriction to SL2 of an automorphic represen-
tation of GL2. In the language of modular forms, endoscopic cohomological
L-packets are those arising from modular forms with complex multiplication
by an imaginary quadratic field. Now consider points of critical slope on a
Coleman-Mazur eigencurve that come from such modular forms. These points
are interesting from a geometric point of view as the map down to weight space
ramifies there. Equivalently but more importantly for us, the corresponding
generalized eigenspace of overconvergent forms contains non-classical forms (see
Remark 6.6). Our theorem can be seen as an analogue for SL2 of this fact, with
the notable difference that our theorem concerns honest eigenspaces.

Although the situations for GL2 and SL2 are clearly related, we cannot deduce
our result from the GL2-situation. Instead we use endoscopy and geometry on
the SL2-eigencurve to prove our result. We briefly explain the strategy and the
key ideas of the proof.

Strategy: Show that a point x as in the theorem has an open affinoid neigh-
bourhood U ⊂ E(Kp,m) that contains a Zariski-dense set of classical stable
points, i.e., points arising from L-packets Π that are stable. Then compare the
dimension ofMcl

x to the dimension of the classical subspaceMcl
z of the fibre at

a stable point z and show that the rank at stable points is larger. This implies
the theorem as the fibre rank of a coherent sheaf is semi-continuous.

We briefly explain why there is more contribution from automorphic represen-
tations at stable points than at endoscopic points. For that first note that the
classical subspace Mcl

z of the fibre Mz at any classical point z of weight k
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decomposes into a direct sum

Mcl
z
∼=

⊕

π∈X(z)

m(π) Mπ ⊗H
1
rel.Lie(g, SO2(R), π∞ ⊗ Symk(C2))

indexed over a certain subset X(z) of the global L-packet Π(z) defined by the
point z. The number m(π) is the multiplicity of π in the cuspidal automorphic
spectrum and Mπ is the tensor product of a subspace of the smooth Jacquet
module JB(πp) and the spaces πKl

l , with l running through the set of primes
where Kl 6= SL2(Zl).

Crucial observation: Ignoring the spaces Mπ, the classical subspace of the
fibre at x has half as many non-zero summands as the space at a stable point
z. The reason for this is that in a stable packet all elements are automorphic,
contrary to the situation for the L-packet Π(θ). The archimedean L-packet
Π(θ)∞ = {D+

k(θ), D
−
k(θ)} is a discrete series L-packet of size two and given

τf ∈ Π(θ)f exactly one of the representations

τf ⊗D
+
k(θ), τf ⊗D

−
k(θ)

is automorphic. So if we manage to control the contributions of the terms Mπ

in a family, in other words if we can find some tame level that minimizes the
terms Mπ for π ∈ X(x) ⊂ Π(θ), then we get the estimate that we seek. This is
achieved using on the one hand the theory of newforms and conductors for SL2

as developed in [15]. The main technical result here is Proposition 6.4. The
second ingredient is a rigidity result on the behaviour of L-packets in families
(see Proposition 5.10).

In [16], we constructed non-classical points on certain eigenvarieties for a defi-
nite inner form G of SL2 using endoscopy and a p-adic version of the Labesse-
Langlands transfer [17]. We used a local L-packet of size two to change mul-
tiplicities in a global L-packet, however in [16] that auxiliary prime was non-
archimedean. In this paper we explore the fact that for the split group SL2(R)
the discrete series L-packets are of size two. The advantage of the method of
this paper is that it should work for other groups as well.

Outline of the paper. After recalling some background on the cohomology
of the symmetric space of SL2 in Section 2, we summarize results of [15] on
conductors of smooth representations of SL2(Ql). The important results are
the dimension formulas of Proposition 3.4. Section 4 is on the local symmetric
square lifting, we need Proposition 4.2 to prove the rigidity result 5.10 in the
next section. The rest of Section 5 sets up the eigenvarieties we use. We then
prove our main theorem in the last section.

Acknowledgements. The author would like to thank Kevin Buzzard,
Gaëtan Chenevier, Eugen Hellmann and Yichao Tian for helpful conversa-
tions, Joachim Schwermer for pointing her to the reference [20], and James
Newton and Peter Scholze for their helpful comments on an earlier draft of this
manuscript. The author was supported by the SFB/TR 45 of the DFG.
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2 Background

Let g = sl2 be the Lie-algebra of SL2(R) and define K∞ = SO2(R). Let
WC := Symk(C2) ∼= W̆C be the algebraic representation of SL2 of highest
weight k.
Below we need the following result on the relative Lie-algebra cohomology.

Lemma 2.1 ([14, Section 2.1]).

H1
rel.Lie(g,K∞,WC ⊗ π∞) =

{
C, if π∞ = D±

k+1

0, otherwise.

Here D+
k+1 and D−

k+1 denote the holomorphic and antiholomorphic discrete
series representation of weight k + 1, i.e., the infinite-dimensional constituents
of the non-unitary principal series representation Ik+1 of SL2(R) associated to
the character t 7→ tk+1(sgn(t))k of R∗, c.f. [14] Section 2.1.
For a compact open subgroup K =

∏
lKl ⊂ SL2(Af ) consider the symmetric

space

Y (K) = SL2(Q)\ SL2(A)/K SO2(R).

Let Wk denote the local system on Y (K) attached to WC and consider the
singular cohomology group

H1(K,WC) := H1(Y (K),Wk).

Recall that the parabolic cohomology1

H1
par(K,WC) := H1

par(Y (K),Wk)

is defined as the image of the natural map

H1
c (Y (K),Wk)→ H1(Y (K),Wk).

By [20, Corollary 2.3] parabolic cohomology and cuspidal cohomology agree for
the groups SL2 /Q, we have a decomposition

H1
par(K,WC) =

⊕

π adm. rep.
of SL2(A)

m(π) πK
f ⊗H

1
rel.Lie(g,K∞,WC ⊗ π∞), (1)

where m(π) is the multiplicity of π in the cuspidal automorphic spectrum.
Let S(K) be a finite set of primes such that Kl = SL2(Zl) for all l /∈ S(K).
The unramified Hecke algebra

Hur =
⊗

′
l/∈S(K)C

∞
c (SL2(Ql) // SL2(Zl))

1This is often called interior cohomology.
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acts on H1(K,WC) and H
1
par(K,WC). We recall that for a cuspidal automor-

phic representation π of SL2(A) occurring in lim
−→K′

H1(K ′,WC) with πK
f 6= 0

and unramified system of Hecke eigenvalues λ : Hur → C∗, we have an isomor-
phism

H1(K,WC)
λ ∼= H1

par(K,WC)
λ.

We also remind the reader that any cuspidal automorphic representation π
of SL2 occurs with multiplicity one in the space of automorphic forms ([19,
Theorem 4.1.1]).
For an irreducible smooth representation πp of SL2(Qp) let JB(πp) be its
Jacquet-module with respect to the upper triangular Borel B. It is a smooth
representation of the torus T ⊂ SL2(Qp) of diagonal matrices. For a character
χ : T → C∗ we consider its eigenspace JB(πp)

χ.

Lemma 2.2. Let πp ∼= Ind
SL2(Qp)
B (χ) be an irreducible unramified principal se-

ries representation. Then JB(πp)
χ is one-dimensional.

Proof. The principal series representation is irreducible, therefore χ is not a

quadratic character, i.e. χ 6= χ−1. The Jacquet-module JB(Ind
SL2(Qp)
B (χ)) is

two-dimensional and its semi-simplification as a C[T ]-module is given by

JB(Ind
SL2(Qp)
B (χ))ss ∼= δ

1/2
B χ⊕ δ

1/2
B χ−1,

where δB is the modulus character.

3 Newforms for SL2(Ql)

In Section 6 we need some of the results of [15] which we summarize here.
Let l 6= 2 be a prime number. Given an irreducible smooth representation π̃
of GL2(Ql) its restriction to SL2(Ql) breaks up into a finite direct sum of ir-
reducible smooth representations of SL2(Ql), each occurring with multiplicity
one. A local L-packet of SL2(Ql) is a finite set of irreducible smooth represen-
tations of SL2(Ql) arising in this way. They are of size 1, 2 or 4. We refer to
[13] for details.

Definition 3.1. 1. We say a local L-packet of SL2(Ql) is unramified, if

it contains a representation πl with π
SL2(Zl)
l 6= 0. Otherwise we call it

ramified.

2. A local L-packet Π of SL2(Ql) is called supercuspidal if one (equiv. all)
π ∈ Π are supercuspidal.

Remark 3.2. In an unramified local L-packet the element πl with π
SL2(Zl)
l 6= 0

is unique and we denote it by π0
l . Supercuspidal local L-packets are of cardinal-

ity two or four. As we have assumed l 6= 2, all supercuspidal representations
of GL2(Ql) can be constructed from characters χ : E∗ → C∗ of quadratic ex-
tensions E/Ql which do not factor through the norm NE

Ql
. We write π(χ) for
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this representation and refer to Chapter 39 of [3] for the construction. Let χ
denote the conjugate of χ under the non-trivial element of τ ∈ Gal(E/Ql), so
χ(x) = χ(τx). The L-packet Π(π(χ)) defined by π(χ) is of size two unless
χχ−1 is a quadratic character, when it is of size four.

For m ≥ 0 consider the compact open subgroups of SL2(Zl)

K1(m) :=

{(
a b
c d

)
∈ SL2(Zl)|c ≡ 0, d ≡ 1 mod lm

}

and K0(m) :=

{(
a b
c d

)
∈ SL2(Zl)|c ≡ 0 mod lm

}
.

The group K1(m) is normal in K0(m). For m > 0, the quotient K0(m)/K1(m)

is isomorphic to Z∗
l /(1 + lmZl). Define α :=

(
l

1

)
∈ GL2(Ql) and let

K ′
0(m) := α−1K0(m)α ⊂ SL2(Ql)

be the conjugate subgroup.
Let η : Z∗

l → C∗ be a character and let c(η) be its conductor. Then for any

m ≥ c(η), η defines a character of K0(m) via

(
a b
c d

)
7→ η(d), which we

still denote by η and similarly for K ′
0(m). Let π be an irreducible smooth

representation of SL2(Ql). Define

πK0(m)
η :=

{
v ∈ π : π

((
a b
c d

))
v = η(d)v ∀

(
a b
c d

)
∈ K0(m)

}

and π
K′

0(m)
η analogously.

Let ωπ denote the central character of π. Note that if η(−1) 6= ωπ(−1), then

π
K0(m)
η = 0 and π

K′
0(m)

η = 0. We remark here that the central characters of
any two elements in a local L-packet agree. This is obvious from the definition
of a local L-packet as the set of representations occurring in the restriction of
an irreducible smooth representation of GL2(Ql).
The authors of [15] define the conductor c(π) of an irreducible smooth repre-
sentation π of SL2(Ql) as

c(π) := min
η:η(−1)=ωπ(−1)

min{m ≥ 0 : πK0(m)
η 6= 0 or π

K′
0(m)

η 6= 0},

where η runs over all characters of Z∗
l with η(−1) = ωπ(−1).

Proposition 3.3 ([15, Theorem 3.4.1]). Let π be an irreducible admissible
representation of SL2(Ql). The conductor c(π) depends only on the L-packet
containing π. It agrees with the conductor c(π̃) of a minimal representation π̃
of GL2(Ql) such that π occurs in the restriction π̃|SL2(Ql).
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Here a representation π̃ of GL2(Ql) is called minimal if c(π̃ ⊗ χ) ≥ c(π̃) for all
characters χ of Q∗

l . The proposition lets us talk about the conductor of a local
L-packet Π and write c(Π) for it.

In [15], the authors study the various spaces π
K0(m)
η and π

K′
0(m)

η for π varying
in a given L-packet Π and all m ≥ c(Π). They determine the dimensions of
these spaces depending on the type of the L-packet. Contrary to the GL2(Ql)

case (see [4]), the first non-zero space π
K0(c(π))
η or π

K′
0(c(π))

η is not necessarily
always one-dimensional.
We summarize the results of [15] for supercuspidal L-packets. For that let
Π be a L-packet arising from an irreducible supercuspidal representation π̃ of
GL2(Ql). One has to distinguish between two kinds of such L-packets. The
first kind (called unramified supercuspidal L-packet in [15]) is given by repre-

sentations π̃ that are compactly induced from a representation σ̃ of Z̃GL2(Zl).

Here Z̃ denotes the center of GL2(Ql). The second kind (called ramified su-
percuspidal L-packet in [15]) is given by representations π̃ that are compactly

induced from the normalizer NGL2(Ql)Ĩ of the standard Iwahori Ĩ of GL2(Ql) of
upper triangular matrices mod l. Supercuspidal L-packets of the second kind
are always of size two, those of the first kind can be of size four, namely when
the representation σ̃ is of level one in the sense of Definition 3.3.1 in [15]. But
when this level is greater than or equal to two, the resulting L-packet is of size
two. We will avoid local packets of size four below.

Proposition 3.4. Let Π = {π1, π2} be a supercuspidal L-packet of cardinality
two with conductor c(Π). Let n be ⌊c(Π)/2⌋. Let η be a character of Z∗

l with
c(η) ≤ n. Then

1. For π ∈ Π, dim(π
K0(c(Π))
η ) ∈ {0, 1, 2}. If Π is of the first kind, we have

dim((π1)
K0(c(Π))
η ) = 0 and dim((π2)

K0(c(Π))
η ) = 2

or vice versa. If Π is of the second kind, then

dim((π1)
K0(c(Π))
η ) = dim((π2)

K0(c(Π))
η ) = 1.

In particular we always have

∑

π∈Π

dim(πK0(c(Π))
η ) = 2.

2. More generally for any m ≥ c(Π),

∑

π∈Π

dim(πK0(m)
η ) = 2(m− c(Π) + 1).

Proof. This follows from [15, Proposition 3.3.4] and [15, Proposition 3.3.8].

Documenta Mathematica 23 (2018) 383–406



390 Judith Ludwig

Note also that for a smooth irreducible representation π of SL2(Ql)

πK1(m) =
⊕

η

πK0(m)
η ,

where η runs through all characters of K0(m)/K1(m). This implies that if
πK1(m) 6= 0 for some m ≥ 0, then the conductor c(π) of π is less than or equal
to m.

4 Symmetric square lifting

We recall some background on the local symmetric square lifting as constructed
by Gelbart and Jacquet in [10]. In this section, F is a local non-archimedean
field of residue characteristic not 2, with residue field F of size q.

Lemma 4.1 ([10, Prop. 3.3]). Let σ be an irreducible admissible representation
of GL2(F ). Then there exists an irreducible admissible representation π of
GL3(F ) unique up to isomorphism, called the lift of σ, such that

1. the central character of π is trivial,

2. π is self-dual,

3. for any character χ of F ∗,

L(s, π ⊗ χ) = L(s, (σ ⊗ χ)× σ̃)/L(s, χ) and

ε(s, π ⊗ χ;ψ) = ε(s, (σ ⊗ χ)× σ̃;ψ)/ε(s, χ;ψ).

For the definition of L-and ε-factors see [11]. We give the recipe for the lift of σ.
In the following, B ⊂ GL3(F ) denotes the Borel subgroup of upper triangular
matrices, and P ⊂ GL3(F ) the parabolic subgroup of block form (2, 1).

Case (I) σ = Ind(µ1, µ2) for two characters µi : F ∗ → C∗, i = 1, 2. Write
µi = χi|.|

ti
F where |x|F = q−v(x), ti ∈ R, and χi : F ∗ → C∗ satisfies

χχ = 1. If t1 − t2 = 0, the representation

π := Ind
GL3(F )
B (µ1µ

−1
2 , 1, µ2µ

−1
1 )

is irreducible and a lift of σ. If t1 − t2 6= 0, we may assume t1 > t2.

Then the representation Ind
GL3(F )
B (µ1µ

−1
2 , 1, µ2µ

−1
1 ) admits a maximal

subrepresentation τ and the lift of σ is given by the quotient

π := Ind
GL3(F )
B (µ1µ

−1
2 , 1, µ2µ

−1
1 )/τ.

Case (II) Assume σ is a supercuspidal representation, so σ = π(χ) for some
character χ : E∗ → C∗ of a quadratic extension E/F . As before let χ
denote the conjugate of χ under the non-trivial element of τ ∈ Gal(E/F ),
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so χ(x) = χ(τx). Define µ := χχ−1 and let π(µ) be the representation of
GL2(F ) attached to µ via the Weil-representation. Then the lift of σ is
given by

π = Ind
GL3(F )
P (π(µ), ̟E/F ),

where ̟E/F : F ∗ → C∗ is the character associated to E/F by local class
field theory.

We recall that the representation π(µ) is supercuspidal if and only if µ
does not factor through the norm NE

F , i.e., if and only if χχ−1 is not a
quadratic character.

Case (III) Finally, let σ be a special representation, i.e.,

σ ∼= St⊗ χ

is a twist of the Steinberg representation of GL2(F ) by a character χ
of F ∗. Then the lift of σ is given by the Steinberg representation π of
GL3(F ). It is the square integrable component of

Ind
GL3(F )
B (| · |, 1, | · |−1).

By construction the lifts of σ and any twist σ ⊗ χ agree. Therefore we get an
induced map

{L-packets of SL2(F )} → {irred. smooth representations of GL3(F )}

Π(σ) 7→ π,

that sends the L-packet Π(σ) defined by a representation σ of GL2(F ) to the
lift π of σ.
Recall from Remark 3.2 that the L-packet Π(σ) defined by a supercuspidal
representation σ ∼= π(χ) is of size two unless χχ−1 is a quadratic character, in
which case it is of size four.

Proposition 4.2. Let σ and σ′ be irreducible admissible representations of
GL2(F ) and assume σ = π(χ) is supercuspidal and comes from a character χ
such that χχ−1 is not quadratic. Assume the lifts π of σ and π′ of σ′ are in the
same Bernstein component. Then σ′ is supercuspidal and defines an L-packet
of SL2(F ) which is of size two.

Proof. By the previous discussion we see that π is given by

Ind
GL3(F )
P (π(µ), ̟E/F ) for a supercuspidal representation π(µ). As the

parabolic P of block form (2, 1) and the Borel subgroup B are not conjugate,
the representation π′ has to be of the form

π′ ∼= Ind
GL3(F )
P (π(µ′), ̟E′/F )

for a supercuspidal representation π(µ′) which satisfies π(µ) ∼= π(µ′) ⊗ η for
some unramified character η of F ∗. By the above description of the lifts we see
that this is only possible if σ′ = π(χ′) is also supercuspidal and χ′ is such that
χ′χ′−1 is not quadratic.
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5 Eigenvarieties a la Emerton

Let E/Qp be a finite extension with ring of integers O and residue field Fq.

Fix an embedding E →֒ Qp as well as an isomorphism ι : Qp
∼
→ C. The main

reference for this section is [8].
Fix a tame level, i.e., a compact open subgroup

Kp =
∏

l

Kl ⊂ SL2(A
p
f )

and let S(Kp) be the minimal set of primes l, such that Kl = SL2(Zl) for all
l /∈ S(Kp), l 6= p.
We write H(Kp) := C∞

c (SL2(A
p
f )//K

p) for the prime to p Hecke algebra over E
of levelKp, where the symbol //means left-and right invariance. It decomposes

H(Kp) ∼= H(Kp)ram ⊗E H(K
p)ur,

where
H(Kp)ur =

⊗
′
l/∈S(Kp)∪{p}C

∞
c (SL2(Ql) // SL2(Zl))

and H(Kp)ram = C∞
c (SL2(AS(Kp)) // KS).

For R equal to either O,O/̟sO for some s > 0 or to E and i ≥ 0, define

Hi(Kp, R) := lim
−→
Kp

Hi(Y (KpK
p), R),

where the direct limit runs over all compact open subgroups Kp ⊂ SL2(Qp)
and as above

Y (KpK
p) = SL2(Q)\ SL2(A)/KpK

pSO2(R)

is the symmetric space of level KpK
p. Recall that the completed cohomology

of tame level Kp is defined as

H̃i(Kp,O) := lim
←−
s

Hi(Kp,O/̟sO) = lim
←−
s

lim
−→
Kp

Hi(Y (KpK
p),O/̟sO).

Then
H̃i(Kp) := H̃i(Kp,O)⊗O E

is an E-Banach space equipped with an action ofH(Kp) as well as an admissible
continuous action of the locally analytic group SL2(Qp) in the sense of [6].
Taking the limit

H̃i := lim
−→

H̃i(Kp),

we get a locally convex topological E-vector space together with an admissible
continuous action of SL2(Af ). We recover the previous space by taking Kp-
fixed vectors:

(H̃i)K
p

= H̃i(Kp).
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The only interesting cohomology index for the group SL2 /Q is i = 1. As
for Kp small enough the Y (KpK

p) are connected open Riemann surfaces, the
cohomology groups Hi(Kp, R) vanish for all i ≥ 2. Furthermore H0(Kp, R) ∼=
R. For any inclusion Kp ⊂ K ′

p of compact open subgroups of SL2(Qp), the
transition maps

H0(Y (K ′
pK

p), R) ∼= R→ H0(Y (KpK
p), R) ∼= R

are the identity, therefore
H̃0(Kp,O) ∼= O.

Furthermore both H̃0(Kp,O) and H̃1(Kp,O) agree with the p-adic completions

Ĥi(Kp,O) := lim
←−
s

Hi(Kp,O)/̟s,

and are O-torsion free.
The abstract “unramified” Hecke algebra over O, i.e., the polynomial algebra

H := O[tl : l /∈ S(K
p) ∪ {p}]

acts on the spaces H1(Y (KpK
p),O).

Let H̃(Kp) be the image of H in the endomorphism ring of H1(Y (KpK
p),O),

equipped with its p-adic topology. The inverse limit

H̃ := lim
←−
Kp

H̃(Kp),

equipped with the projective limit topology is a semi-local and noetherian ring,
in particular, it has only finitely many maximal ideals. It acts faithfully on
H̃1(Kp,O) and we have decompositions

H̃1(Kp,O) =
⊕

m∈MaxSpec(H̃)

H̃1(Kp,O)m (2)

and
H̃1(Kp) =

⊕

m

H̃1(Kp)m

where in the last line

H̃1(Kp)m := H̃1(Kp,O)m ⊗O E.

The eigenvarieties we are working with are defined relative to the so called
weight space: Let T ⊂ SL2(Qp) be the diagonal torus and let T̂ be the weight
space as in [6, Section 6.4]. This is the rigid analytic space over E that
parametrizes the locally Qp-analytic characters of the group T , i.e., for any
affinoid E-algebra A we have

T̂ (A) = Homla(T (Qp), A
∗).
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Emerton’s eigenvarieties p-adically interpolate systems of Hecke eigenvalues
coming from cohomological automorphic representations.
Let W = Symk(E2) be the algebraic representation over E of SL2 of highest
weight k. Note that W is self-dual. Define

H1(Kp,W ) = lim
−→
Kp

H1(Y (KpK
p),W),

where W is the local system on Y (KpK
p) attached to W . Let

H1(W ) = lim
−→
Kf

H1(Y (Kf),W),

where the direct limit runs over all compact open subgroups Kf ⊂ SL2(Af ).
Let πf be an irreducible SL2(Af )-representation appearing as a subquotient
of H1(W ) ⊗E Qp and such that πp embeds into the parabolic induction

Ind
SL2(Qp)
B (χ) from the Borel subgroup B of upper triangular matrices and

for some smooth Qp-valued character χ of T . Assume πKp

f 6= 0. Since πf is

irreducible the spherical Hecke algebra H(Kp)ur acts on πp
f via a Qp-valued

character λ. Let ψW denote the highest weight character of W regarded as a
character of T . The pair (χψW , λ) then defines a point of the locally ringed
space T̂ × SpecH(Kp)ur. Following Emerton we call such a point a classical
point. This is justified as the representation πf giving rise to such a point is
the finite part of an automorphic representation π of SL2. We remark at this
point that as we only work with algebraic automorphic representation the finite
part πf of such a representation can always be defined over Q and in fact over
a number field.
In [8], Emerton constructs an eigenvariety of tame level Kp for the H(Kp) ×

SL2(Qp) module H̃1(Kp). We can apply his construction to any of spaces

H̃1(Kp)m

occurring in the decomposition (2) above. The outcome of his construction
is a possibly non-reduced eigenvariety E1(Kp,m) equipped with a coherent
sheaf M1 of H(Kp)ram-modules. We pass to the reduced space E(Kp,m) :=
E1(Kp,m)red and letM be the pullback ofM1 to E(Kp,m). Emerton’s con-
struction furthermore provides us with an injective map of locally ringed spaces

E(Kp,m)→ T̂ × SpecH(Kp)ur.

Theorem 5.1 ([8], [12]). The eigenvariety E(Kp,m) is a reduced rigid analytic
space which has the following properties.

1. Projection onto the first factor induces a finite map E(Kp,m)→ T̂ .

2. If (φ, λ) is a point on E(Kp,m) such that φ is locally algebraic and of
non-critical slope (in the sense of [7, Definition 4.4.3]), then (φ, λ) is a
classical point.
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3. The coherent sheaf M of H(Kp)ram-modules over E(Kp,m) satisfies the
following property. For any classical point (χψW , λ) ∈ E(Kp,m) of non-
critical slope, the fibre of M over the point (χψW , λ) is isomorphic as
a H(Kp)ram-module to the dual of the (χ, λ)-eigenspace of the Jacquet
module of the smooth representation H1(Kp,W ).

Proof. This follows from Theorem 0.7 of [8]. The SL2(Af )-equivariant edge
map

H1(W )⊗E W → H̃1
W−lalg

from [8] Corollary 2.2.18 and Remark 2.2.19 is an isomorphism by [12].

For a classical point z = (χψW , λ) ∈ E(Kp,m)(Qp) coming from a cuspidal
automorphic representation π(z) define the classical subspace

Mcl
z := Hom(JB(H

1(Kp,W ))(χ,λ), k(z)) ⊂Mz.

By the results recalled in Section 2 we have

JB(H
1(Kp,W ))(χ,λ) ⊗k(z),ι C

∼= JB(lim−→
Kp

H1(KpK
p,W )λ)χ ⊗k(z),ι C

∼= JB(lim−→
Kp

H1
par(KpK

p,W )λ)χ ⊗k(z),ι C

∼=
⊕

π adm. rep.:
πl

∼=π(z)l
∀l/∈S(Kp)∪{p}

m(π)(πS(Kp))
Kram

⊗ JB(πp)
χ ⊗H1

rel.Lie(g,K∞,WC ⊗ π∞).

In the last line we have abused notation, e.g., as we have written χ instead
of ι ◦ χ. We will continue to suppress it from the notation when we change
coefficients from Qp to C using the isomorphism ι as it will always be clear
from the context.

In the next section we work with certain direct summands of the sheafM. For
that first note the following easy lemma.

Lemma 5.2. Let M be a coherent H(Kp)ram-module on a rigid space X. Let
e ∈ H(Kp)ram be an idempotent. Then eM is coherent.

Proof. As e is an idempotent we haveM∼= eM⊕ (1 − e)M, and direct sum-
mands of coherent sheaves are coherent.

The idempotents we use arise as follows. The subgroups K1(ml) and K0(ml)
of SL2(Zl) were defined in Section 3 for any integer ml ≥ 0. Recall that any
character

ηl : Z
∗
l /(1 + lmlZl)→ Q

∗

p
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defines a character of K0(ml), by

ηl

((
a b
c d

))
= ηl(d).

Now letKp ⊂ SL2(A
p
f ) be a tame level such thatKl = K1(ml) for all l ∈ S(K

p).
Choose characters ηl as above and let

η :=
∏

l∈S(Kp)

ηl :
∏

l

K0(ml)→ Q
∗

p

be their product. Then if E ⊂ Qp contains the values of η, there exists an
idempotent eη in H(Kp)ram associated with the representation η of Kram

0 :=∏
l∈S(Kp)K0(ml). Concretely we choose the Haar measure on SL2(AS(Kp))

such that µl(K0(ml)) = 1 for all l ∈ S(Kp). Then let eη : SL2(AS(Kp)) → E
be defined as

eη(g) =

{
η−1(g), if g ∈ Kram

0

0, otherwise.

One easily checks that this defines an idempotent and that for two distinct
characters η 6= η′ the resulting idempotents are orthogonal. For any smooth
representation π of SL2(AS(Kp)) with coefficients in Qp, eη is the projection

onto the space π
Kram

0
η .

In the next section we need some extra properties that the eigenvarieties
E(Kp,m) satisfy, at least when the maximal ideal m is suitably chosen. In
the rest of this section we will explain and verify these properties.
Recall that a rigid space X/ Sp(E) is called nested if it has an admissible cover
by open affinoid subspaces {Xi}i≥0 such that Xi ⊂ Xi+1 for all i ≥ 0 and the
natural E-linear map O(Xi+1)→ O(Xi) is compact.

Lemma 5.3. The eigenvariety E(Kp,m) is nested. In particular,

O(E(Kp,m))0 := {f ∈ O(E(Kp,m)) : |f(x)| ≤ 1 ∀x ∈ E(Kp,m)}

is compact.

Proof. The space T̂ ∼= Homla(T (Zp),Gm)× Gm is a product of nested spaces,

therefore nested. The map E(Kp) → T̂ is finite. By [2, Lemma 7.2.11] this
implies that E(Kp) is also nested. As E(Kp) is reduced this implies the com-
pactness assertion, again by [2, Lemma 7.2.11].

Definition 5.4. Define the ideal m0 to be the kernel of the map

H→ Fq

that sends tl to l
2 + l.
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Remark 5.5. This ideal comes from the fact that tl ∈ H acts on H0(Kp,O) ∼=
O by x 7→ (l2 + l)x, in particular

H0(Kp,O)m = 0,

for all m ∈ MaxSpec(H),m 6= m0.

For an open subgroup H ⊂ SL2(Qp) let Cla(H,E) denote the locally analytic
E-valued functions on H .

Lemma 5.6. Let m ∈ MaxSpec(H),m 6= m0 be a maximal ideal with

H̃1(Kp,O)m 6= 0. There is a compact open subgroup H ⊂ SL2(Qp) such that

(H̃1(Kp,O)m)la
∼
→ Cla(H,E)r,

for some r ≥ 1 as representations of H.

Proof. This is proved as in [9]. We have Ĥ1(Kp,O) ∼= H̃1(Kp,O), and

Ĥ1(Kp,O)m/̟
sĤ1(Kp,O)m ∼= H1(Kp,O/̟sO)m.

By the proof of Corollary 5.3.19 in [9] it suffices to show that we can find an
open subgroup H such that H1(Kp,O/̟sO)m is injective for all s ≥ 1. This
last claim can be proved in the same way as Proposition 5.3.15 in [9]. Our
assumption m 6= m0 implies that all the relevant H0-terms vanish.

Lemma 5.7. Let m 6= m0 be a maximal ideal in H as above. The eigenvariety
E(Kp,m) is equidimensional of dimension one. It contains a Zariski-dense set
of classical points, which accumulates at any of its points.

Proof. Define T̂0 := Homla(T (Zp),Gm), 2 then T̂ ∼= T̂0×E Gm. Write T̂0 as an
increasing union of affinoid opens Sp(An), n ≥ 0.
Lemma 5.6 allows us to apply the results from the proof of Proposition 4.2.36
in [7]. In particular, we get that locally over Sp(An) ⊂ T̂0, there is a finite map

E(Kp,m)n → Zn

from the eigenvariety E(Kp,m)n := E(Kp,m) ×T̂0
Sp(An) to the spectral va-

riety Zn →֒ Gm ×E Sp(An) attached to the operator up :=
(
p

p−1

)
∈ T (Qp)

which acts compactly on the respective Banach space. We refer to the proof
of Corollary 4.1 in [18], where a similar argument is explained nicely in the
context of GL2. In fact reinterpreting all the GL2-specific notation occurring
there in terms of SL2 and replacing the representation V by H̃1(Kp)m, every-
thing goes through. In particular, for every point on E(Kp,m) we may find an

arbitrary small open affinoid neighbourhood U and an open subspace V ⊂ T̂0
such that the map

U → V

2This is the weight space considered in the work of Coleman and Buzzard.
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obtained as the restriction of E(Kp,m) → T̂0 to U , is finite and surjective
when restricted to each irreducible component. We may therefore deduce the
Zariski-density and accumulation property as in [5, Section 6] from the fact

that the classical weights {k ≥ 2} ⊂ T̂0 are Zariski-dense and accumulation in

weight space T̂0.

From Theorem 5.1 above we get a morphism ψ : H(Kp)ur → O(E(Kp,m)).
Abbreviate S := S(Kp). Let tl ∈ H(K

p)ur be the characteristic function on
the double coset

SL2(Ẑ
S)

(
l 0
0 l−1

)
SL2(Ẑ

S),

where
(
l
l−1

)
is understood to be the matrix in SL2(Ẑ

S) =
∏

q/∈S SL2(Zq) which

is equal to 1 for all q 6= l and equal to
(
l
l−1

)
at l.

Lemma 5.8. Let E(Kp,m) be the eigenvariety of tame level Kp. Let GQ,S be
the Galois group of a maximal extension of Q unramified outside S. There
exists a three dimensional pseudorepresentation

T : GQ,S → O(E(Kp,m))

such that T (Frobl) = ψ
(
1
l (tl + 1)

)
, for all l /∈ S.

Proof. We follow the strategy of Proposition 7.1.1 in [5]. The fact that

ψ

(
1

l
(tl + 1)

)
∈ O(E(Kp,m))0

comes from the definition of the action of H(Kp)ur on H̃1(Kp)m via corre-
spondences. Then Lemma 5.7 implies that we may apply [5, Prop.7.1.1] to the
Zariski-dense subset of classical points and the three-dimensional pseudorepre-
sentations that are described in the proof of Lemma 2.2 of [16].

Lemma 5.9. Let T be a pseudorepresentation on E(Kp,m). Then for l ∈ S,
T |Il is constant on connected components of E(Kp,m).

Proof. [2] Lemma 7.8.17.

Proposition 5.10. Let x ∈ E(Kp,m)(Qp) be a classical point and choose an
automorphic representation πx which gives rise to x. Assume for some l 6= p,
πx,l is supercuspidal and that the L-packet of πx,l contains exactly two elements.
Let y ∈ E(Kp,m)(Qp) be another classical point which is on the same connected
component as x. Then any automorphic representation πy giving rise to y has
the property that πy,l is supercuspidal, and the L-packet containing πy,l is again
of size two.
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Proof. Choose lifts π̃x and π̃y to GL2 that are unramified at all places not in S.
Then Tx is the trace of the representation τx := Sym2(ρ(π̃x)) ⊗ det(ρ(π̃x))

−1,
where ρ(π̃x) is the 2-dimensional Galois representation associated to π̃x by
Deligne and similarly for y. As Tx|Il = Ty|Il , the lifts rec−1(τx,l) of π̃x,l and
rec−1(τy,l) of π̃y,l to GL3(Ql) are in the same Bernstein component and we can
apply Proposition 4.2 to get the result.

6 Existence of non-classical p-adic automorphic forms

Let p ≥ 7 be a prime. Let Π(θ) be an endoscopic L-packet attached to an
algebraic character

θ : ResF/QGm(A)→ C∗

of the adelic points of the elliptic endoscopic group ResF/QGm, where F/Q is
an imaginary quadratic field in which p splits. Let S be the set of finite primes
l, where Π(θ)l is ramified. We say that Π(θ) satisfies Hypothesis (⋆) if

1. Π(θ)p is a singleton consisting of a SL2(Zp)-unramified representation,

2. for all l ∈ S, Π(θ)l is a supercuspidal L-packet of size two,

3. 2 /∈ S and

4. Π(θ)∞ = {D±
k+1} is a discrete series L-packet of weight k + 1 ≥ 1.

We refer the reader to [16, Lemma 4.1] for the construction of examples of such
L-packets.

Lemma 6.1. Let τf ∈ Π(θ)f be any element. Then exactly one of the represen-
tations τf ⊗D

+
k+1 and τf ⊗D

−
k+1 is automorphic.

Proof. This follows from the multiplicity formulae in [13]; more precisely we
are in the situation of Proposition 6.7 in loc.cit.

Let cl := c(Π(θ)l) be the conductor of the local L-packet Π(θ)l as in Section 3.
From now on we fix the tame level to be

Kp :=
∏

l∈S

K1(cl)×
∏

l/∈S∪{p}

SL2(Zl) ⊂ SL2(A
p
f ).

We also fix a coefficient field E/Qp big enough to contain the values of all
characters η occurring below. For the main theorem it suffices that E contains
the (l − 1)th roots of unity for all l ∈ S.
Furthermore we fix τf ∈ Π(θ)f such that (τpf )

Kp

6= 0. Let

τ ′ ∈ {τf ⊗D
+
k+1, τf ⊗D

−
k+1} (3)

be the unique representation with m(τ ′) = 1. Then τ ′ gives rise to a maximal
ideal m ⊂ H as follows: Let τ̃ ′ be a lift of τ ′ to GL2(A) which is unramified
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at all l /∈ S. Attached to τ̃ ′ there is a two dimensional Galois representation
ρ : GQ,S → GL2(Qp) constructed by Deligne. Let ρ be the reduction of ρ
mod p. Define m to be the kernel of the map

H→ Fp, tl + 1 7→ l
tr2(ρ(Frobl))

det(ρ(Frobl))
.

Lemma 6.2. The ideal m is not equal to m0.

Proof. The representation ρ is induced from a character of GF . Therefore the
trace of ρ vanishes for all primes l that are inert in F , which is of density 1/2.
On the other hand the density of primes l such that l2 + l + 1 = 0 mod p is
2/(p− 1) < 1/2, as p ≥ 7. The claim follows.

Let z = (χψW , λ) ∈ E(Kp,m)(Qp) be any classical point coming from an auto-
morphic representation π. We denote by Π(z) the global L-packet containing
π. Note that this is well-defined as λ determines a unique representation πl of
SL2(Ql) at all places l /∈ S and for SL2 this is enough to determine the global
L-packet.

Definition 6.3. Let z be a classical point on E(Kp,m). We say z is stable if
the L-packet Π(z) defined by z is a stable L-packet. Otherwise we call the point
an endoscopic point.

The representation τ ′ from (3) above gives rise to two distinct points x, y ∈
E(Kp,m)(Qp), one of which, say x, is of critical slope whereas the point y is
of non-critical slope in the sense of [7, Def.4.4.3]. One verifies this easily using
[7, Lemma 4.4.1], a calculation like in Lemma 3.3 of [16] and the fact that

τp ∼= Ind
SL2(Qp)
B (θwθ

−1
w ), where w and w denote the two places in F above p.

We say that a global L-packet Π has property P(S) if

• the local L-packet Πl is unramified for all l /∈ S,

• the local L-packet Πl is supercuspidal of size two for all l ∈ S.

By Lemma 5.10 any classical point z ∈ E(Kp,m) on the same connected com-
ponent as x has property P(S).
For a L-packet Π we let ωΠS

:
∏

l∈S Z(SL2(Ql)) → {±1} be the product of
the central characters of the representations πl ∈ Πl for l ∈ S. The following
proposition is the key calculation for our main theorem. Define c :=

∏
l∈S cl, ,

where cl := c(Π(θ)l) as before and let K0(c) :=
∏

l∈S K0(cl).

Proposition 6.4. 1. Let z ∈ E(Kp,m)(Qp) be a stable point on the same
connected component as the point x. Let Π(z) be its associated L-packet.

Let η =
∏
ηl :

∏
l∈S Z∗

l → Q
∗

p be a character such that c(ηl) ≤ c(Π(z)l)
for all l ∈ S. Then if η(−1) = ωΠ(z)S (−1) we have

dimk(z) eηM
cl
z ≥ 2(

∏

l∈S

2(cl − c(Π(z)l) + 1)).

Otherwise eηM
cl
z = 0.
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2. Let η =
∏
ηl :

∏
Z∗
l → Q

∗

p be a character such that c(ηl) ≤ cl for all
l ∈ S. Then

dimk(x) eηM
cl
x = 2#S

if η(−1) = ωΠ(θ)S(−1). Otherwise eηM
cl
x = 0.

Proof. Given any classical point z ∈ E(Kp,m)(Qp) there is by definition an

automorphic representation π = ⊗πl ∈ Π(z) with (πp
f )

Kp

6= 0, and so for all

l ∈ S, there exists η′l such that (πl)
K0(cl)
η′
l

6= 0. Therefore c(Π(z)l) ≤ cl. First

note that for W = Symk(E2), we have

JB(H
1
par(K

p,W ))⊗E,ι C

= JB


lim
−→
Kp

⊕

π adm. rep.
of SL2(A)

m(π)π
KpKp

f ⊗H1
rel.Lie(g,K∞,WC ⊗ π∞)




=
⊕

π adm. rep

m(π)(πp
f )

Kp

⊗ JB(πp)⊗H
1
rel.Lie(g,K∞,WC ⊗ π∞).

By Lemma 2.1 above, the term

H1
rel.Lie(g,K∞,WC ⊗ π∞)

is non-zero if and only if π∞ = D±
k+1 and in this case it is isomorphic to C.

Therefore for any classical point z = (χψW , λ) ∈ E(Kp,m)(Qp) we have

JB(H
1(Kp,W ))(χ,λ) ⊗k(z),ι C =

⊕

π adm. rep.

π∞=D±
k+1

πS∪{p}∼=πλ

m(π)(πS)
Kram

⊗ JB(πp)
ι(χ),

where k(z) is the residue field at z and πλ is the representation of SL2(A
S∪{p}
f )

determined by ι ◦ λ. Here and below we write ι(χ) for the composition ι ◦ χ.
We see that the direct sum runs over a subset of the global L-packet Π(z)
determined by z, namely over

X(z) := {π ∈ Π(z)|πl = π0
l for all l /∈ S ∪ {p}}.

Here π0
l denotes the unique member of Π(z)l, which has a fixed vector under

SL2(Zl). The following observation is crucial: If z is a stable point then any
π ∈ X(z) is an automorphic representation, whereas for the point x the number
of automorphic representations in X(x) is #X(x)/2.

Documenta Mathematica 23 (2018) 383–406



402 Judith Ludwig

Now let η be as in the statement of the proposition and let z = (χψW , λ) ∈
E(Kp,m) be a stable point on the connected component of x. Then

dimk(z) eηM
cl
z = dimk(z) eη Hom(JB(H

1(Kp,W ))(χ,λ), k(z))

=
∑

π∈X(z)

m(π) dimC

(
ι(eη)

(
(πram)K

ram

⊗ JB(πp)
ι(χ)
))

=
∑

π∈X(z)

dimC

((
ι(eη)(πram)K

ram
)
⊗ JB(πp)

ι(χ)
)

=
∑

π∈X(z)

(
∏

l∈S

dimC(πl)
K0(cl)
ι(ηl)

)
dimC JB(πp)

ι(χ),

where in the second to last line we have used that any element π ∈ X(z) is
automorphic. Define

X(z)+ = {π ∈ X(z) : π∞ = D+
k+1}

and X(z)− = {π ∈ X(z) : π∞ = D−
k+1}. Then

dimk(z) eηM
cl
z

=
∑

π∈X(z)+

(
∏

l∈S

dimC(πl)
K0(cl)
ι(ηl)

)
dimC JB(πp)

ι(χ)

+
∑

π∈X(z)−

(
∏

l∈S

dimC(πl)
K0(cl)
ι(ηl)

)
dimC JB(πp)

ι(χ)

≥ 2(
∏

l∈S

2(cl − c(Π(z)l) + 1)) ≥ 2#S+1.

where in the last line we have used Proposition 3.4. Furthermore the second
to last inequality comes from the fact that Π(z)p might be of size two.
We now calculate the corresponding space at the point x = (χ(x)ψW (x), λ(x)) ∈

E(Kp,m)(Qp). Let X(x)aut ⊂ X(x) be the subset of automorphic representa-
tions. The key point in the following is that X(x)aut 6= X(x). We have

dimk(x) eηM
cl
x = dimC

(
eηJB(H

1(Kp,W (x)))(χ(x),λ(x)) ⊗k(x) C

)

=
∑

π∈X(x)

m(π) dimC

((
ι(eη)(πram)K

ram
)
⊗ JB(πp)

ι(χ(x))
)
.

By our assumptions the L-packet Π(θ)p = {π(θ)p} is a singleton and by Lemma
2.2

dimC JB(π(θ)p)
ι(χ(x)) = 1.
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Therefore

dim eηM
cl
x =

∑

π∈X(x)aut

∏

l∈S

dim(πl)
K0(cl)
ι(ηl)

=
∏

l∈S

∑

πl∈Πl

dim(πl)
K0(cl)
ι(ηl)

=
∏

l∈S

2 = 2#S.

Theorem 6.5. Let Π(θ) be an endoscopic L-packet of SL2(A) satisfying Hy-
pothesis (⋆). Let τf ∈ Π(θ)f be such that τK

p

f 6= 0 and let x be the point on
E(Kp,m) of critical slope defined by the automorphic representation τ ′ ∈ Π(θ)
with τ ′f = τf . Then there exist non-zero non-classical forms in Mx, i.e.,

Mx/M
cl
x 6= 0.

Proof. Fix an affinoid open neighbourhood U of x, such that U contains a
Zariski-dense set Z of classical points. Such a neighbourhood exists by Lemma
5.7, whose proof also provides us with the compact operator up. After possibly
shrinking U we may assume that the slope of up is constant on U . By an
argument as in the proof of [16, Theorem 4.3] we may assume that Π(z) is
stable for all z ∈ Z, z 6= x.
Let X be the set of characters

∏

l∈S

Hom(Z∗
l /(1 + lZl),Q

∗

p)
∼=
∏

l∈S

F∗
l .

As before we view η ∈ X as a character of the group K0(c). Define

M′ :=
⊕

η∈X

eηM.

By Lemma 5.2 this is a coherent sheaf on E(Kp,m) and a direct summand of
M. For any classical point z ∈ E(Kp,m)(Qp), let

(M′
z)

cl :=Mcl
z ∩M

′
z =

⊕

η∈X

eηM
cl
z .

To prove the theorem it suffices to show that there exist non-classical forms in
M′

x.
Given any character

µ : ZS :=
∏

l∈S

Z(SL2(Ql))→ Q
∗

p

there are exactly n :=
∏

l∈S(l − 1)/2 elements η ∈ X such that η|ZS
= µ.
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Therefore by Proposition 6.4 we have

dimk(x)(M
′
x)

cl = n2#S.

On the other hand let z ∈ Z be a stable point in U , then Proposition 6.4
implies that

dimk(z)(M
′
z)

cl ≥ n2#S+1.

As Z is Zariski-dense in U andM′ is coherent, the semi-continuity of the fibre
rank implies that

dimk(x)M
′
x ≥ n2

#S+1.

Therefore

M′
x/(M

′
x)

cl 6= 0.

Remark 6.6. 1. There is an analogous situation on the Coleman-Mazur
eigencurve: For a modular eigenform f ∈ Sk(Γ1(N)) of weight k ≥ 2
with complex multiplication by F , the generalized eigenspace

M†
k(Γ1(N) ∩ Γ0(p))(xcrit)

of overconvergent modular forms contains a non-classical form. For de-
tails see Proposition 2.11 and 2.13 in [1]. Note however that it is nec-
essary to pass to the generalized eigenspace to see non-classical forms,
the corresponding eigenspace consists only of classical forms. For the
group SL2 our theorem shows that non-classical forms occur already in
the eigenspace.

2. One cannot hope for an analogue of the above theorem at the other re-
finement: The point y is of non-critical slope and thereforeMcl

y =My.

3. In the proof of the theorem above we used that there is a Zariski-dense set
of stable points around the endoscopic point x. We want to briefly explain
what happens for a point close to x which comes from an endoscopic
packet Π with p inert in the corresponding imaginary quadratic field. We
also assume that we keep (2) to (4) in Hypothesis (⋆) and that Πp is
unramified. Now as p is inert, the L-packet Πp is of size two and consists

of the constituents of Ind
SL2(Qp)
B (χ) for a quadratic character χ. Then

for any choice of πp
f we have four elements in Π that agree with πp

f at
all places different from p and ∞, and two of them are automorphic.
Both automorphic representations give rise to the same point xinert on
the eigenvariety and it is non-critical. Note also that χ = χ−1 and so
from the proof of Lemma 2.2 we can directly see that the dimension of
the classical subspace (M′

xinert
)cl is at least n2#S+1.
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Let f ∈ Mx be a non-classical form as provided by the theorem. It would be
interesting to understand the relationship between f and the packet Π(θ) in a
more concrete way.

Furthermore, using the canonical lifting ϕ : JB(H̃
1(Kp,W )la)→ H̃1(Kp,W )la

constructed in Section (3.4.8) of [7] we get a vector ϕ(f) in the SL2(Qp)-

representation H̃1(Kp,W )la. The representation 〈SL2(Qp)ϕ(f)〉 generated by
this vector is of interest in the context of the p-adic local Langlands programme
for SL2(Qp). It would be interesting to describe this representation explicitly.
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11(4):471–542, 1978.

Documenta Mathematica 23 (2018) 383–406

http://www.math.uchicago.edu/~emerton/pdffiles/analytic.pdf
http://www.math.uchicago.edu/~emerton/pdffiles/lg.pdf


406 Judith Ludwig
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