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INTRODUCTION

The main goal of the present paper is to establish a symplectic Ks-analogue
of Quillen’s Patching Theorem which is the key ingredient in his solution of
Serre’s problem (see [14])".

THEOREM (Quillen). Let R be a commutative ring, and P be a finitely generated
projective module over the polynomial ring Rlt1,...,t,]. Then P is extended
from R (i.e., there exists a projective R-module Q such that P = R[ty, ..., t,|®
Q) if and only if Py is extended from Ry, for every mazimal ideal m of R.

Later Suslin proved his K;-analogue of Serre’s problem with the use of a similar
statement concerning elementary matrices (see [12]).

THEOREM (Suslin). Let n > 3 and g € GL,(R][t], tR[t]). Then g € E,(R[t]) if
and only if gm € En(Rn[t]) for every mazimal ideal m of R.

Subsequently, Kj-analogues for Chevalley groups [1, 5, 13] were obtained.
Presently, Kj-analogue is known in much larger generality, namely, for isotrop-
ic reductive groups [10] and in the framework of Stepanov’s universal localisa-
tion [11]. As opposed to that, Ko-analogues are proven only for GL,, [15] and,
recently, for Chevalley groups of types E; [9] and D; [7].

The Main Theorem of the present paper is the following Ks-analogue to the
local-global principle for Sps,,.

IThe author acknowledges financial support from Russian Science Foundation grant
14-11-00297.
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654 ANDREI LAVRENOV

MAIN THEOREM. Let R be an arbitrary commutative ring (with unity), n > 3,
and g € StSp,,, (R[t], tR[t]). Then g =1 if and only if for every mazimal ideal
m of R holds gm = 1 € StSp,,,(Rm|t]). Similarly, g € StSps,, (R][t], tR[t]) lies in
the image of the natural map

StSps,,_o(R[t]) = StSpy, (R]t])

if and only if gm € Im(StSpy,,_o(Rm[t]) = StSpa, (Rw[t])) for every mazimal
ideal m of R.

The paper is organised as follows. In the first section we recall results of [6],
where a “basis-free” presentation of the symplectic Steinberg group is given.
We make an essential use of these results in the Section 4. In the next section we
show that three possible definitions of the relative symplectic Steinberg group
coincide. One of them is the “correct” definition, and the other two are used in
our proof. In the Section 3 we establish the local-global principle modulo the
main technical lemma. Finally, in the Section 4, we give a proof to this lemma,
namely, construct a symplectic analogue of the Tulenbaev map.

1. ABSOLUTE STEINBERG GROUPS

In the present paper R always denotes an arbitrary associative commutative
unital ring, R?" is the free right R-module, we number its basis as follows:
€my ooy €_1, €1, -« vy En, 0 > 3. The symplectic group Sp,,, (R) is the group
of automorphisms of R?" preserving the standard symplectic form (, ), where
(ei, e—;) =1, i > 0. We denote the elementary symplectic transvections by
Tij(a) =1+ei-a—e_j_;-a-sign(i)-sign(j), Ti—i(a)=14e;_;- a-sign(i),
where a € R, i, j € {—n, ..., =1, 1, ..., n}, i &€ {£j}, e;; is a matrix unit.
They generate the elementary symplectic group Ep,, (R).

DEFINITION. The symplectic Steinberg group StSp,,,(R) is generated by the
formal symbols X;;(a) for i # j, a € R subject to the Steinberg relations

Xij(a) = X—j~i(—a- sign(i)sign(j)), (S0)

Xij(a)Xij (b) = Xij(a +0), (S1)

[Xij(a), Xnr(b)] =1, for h & {j,—i}, k & {i,—j}, (52)

[Xij(a), X;r(b)] = Xik(ab), for i & {—j,—k}, j # —F, (S3)

[Xi—i(a), X—i;(0)] = Xi;(ab - sign(i)) X—; ;(—ab®), (S4)

[Xij(a), X;_i(b)] = X, —i(2ab - sign(i)). (S5)
There is a natural projection ¢: StSps,, (R) — Ep,, (R) sending the generators
Xij(a) to T;j(a). In other words, the Steinberg relations hold for the elementary
symplectic transvections.

To define the elementary symplectic group Ep,, (R) instead of Tj;(a) one can
use “basis-independent” ESD-transformations T (u, v, a) defined by

w = w+ u({v, w) + alu, w)) + v{u, w)
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as a set of generators. Here u, v € R*", (u, v) =0, a € R. See section 1 of [6]
for details. On the level of Steinberg groups, this idea leads to the following
presentation, inspired by van der Kallen’s paper [3]. It is the main theorem
of [6].

THEOREM. The symplectic Steinberg group StSp,,, (R) can be defined by the set
of generators

{[u, v, al ‘ u € Ep,,(R)er, v € R*", (u, v) =0, a € R}

and relations

[u, v1, a1][u, v, as] = [u, v1 + va, a1 + as + (v1, va)], (K1)
[u1, ugb, 0] = [ug, u1b, 0] for any b € R, (K2)
W, ', dlu, v, a, v, a7 = [T, V', d)u, T/, V', d')o, 6], (K3)

For the usual generators of the symplectic Steinberg group the following identi-
ties hold

Xij(a) = [ei, e—j - a-sign(—j), 0] for j # —i, X;_i(a)=[e;, 0, a],

and, moreover, ¢ sends [u, v, a] to T(u, v, a). Furthermore, the following re-
lations are automatically satisfied

[u, ua, 0] = [u, 0, 2al, (K4)
[ub, 0, a] = [u, 0, ab?], (K5)
[u+wv,0,a]l =[u, 0, alv, 0, a][v, ua, 0] for (u, v) =0. (K6)

More precisely, we need elements X (u, v, a) in StSps,, (R) defined in [6] for
arbitrary u, v € R?" with (u, v) = 0, and a € R (see the definition of X (u, 0, a)
in section 4, then the definition of X (u, v, 0) on p. 3775 and the general case
on p. 3777, or an overview in section 1). For u € Ep,, (R)e; these elements
coincide with the generators [u, v, a] above (see the last section of [6] where
the isomorphism between two presentations is described). Below we list their
properties, proven in [6].

LEMMA 1.1. For all u, v € R*", {(u,v) =0, a, b € R, g € StSps,,,(R) one has
qﬁ(X(u, v, a)) =T(u, v, a), (X0
9 X (u, v, a)g™" = X((g)u, 8(g)v, a), (

X (ub, 0, a) = X (u, 0, b%a), (
X(u, 0, a)X(u, 0, b) = X(u, 0, a+b), (
X(u, v, 0) = X(v, u, 0), (X4
X (ua, ub 0) = X (u, 0, 2ab), (
X(u+v,0,1)=X(u, 0, )X (v, 0, 1) X (u, v, 0), (
X(u, v, a) = X(u, v, 0)X(u, 0, a). (
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PRrOOF. For X0 see section 1 of [6], properties X1-X4 are proven in Lem-
mas 26, 29, 31, 33, 34 of [6], X6 and X7 are actually definitions (see pp. 3775
and 3777 of [6]). To get X5 use X6, then X2 and X3. O

We also need to use a few more properties of X (u, v, a) listed in Lemma 1.4
below. To prove them, we pass to another type of elements Y (u, v, a) defined
in [6]. As soon as Lemma 1.4 is proven, we do not need Y’s any more in this
paper and use only X’s.

For u € R?" having a pair of zeros in symmetric positions, i.e., such that
u; = u_; = 0 for some i, and v € R?", such that (u, v) = 0, a € R also
elements Y{;)(u, v, a) are defined. Their definition is given in three steps (see
definitions and remarks on pp. 3762, 3764 and 3766 of [6]). If, in addition, u
has another symmetric pair of zeros, i.e., u; = u_; = u; = u_; = 0 for some
i # %7, then Y(;(u, v, a) = Y(;)(u, v, a) (see Y1 below) and in this situation
we omit the index and denote this element by Y (u, v, a). We use the following
properties of these elements, proven in [6].

LEMMA 1.2. For a fized index i and any j # +i, vectorsu, v, v', w, w', q, ¢, r,

r’" s € R*™, such that u; = u_; =0, (u, v) = (u, v') =0, (w, ;) = (W', e;) =0,

v =0, =q =qi=ri =1 =1; =715 =0,q¢ = eq +eiqd
/

¢(Yiy(u, v, a)) = T(u, v, a), (Y0)
Y (u, v, a) = ) (u, v, a) if also uj =u_; =0, (Y1)
Y (es, w, a)Y (e;, w', a') =Y (e;, w+w', a+ad + (w, w')), (Y2)
Y(ei;, w, a) = X(e;, w, a), (Y3)
Yy (u, v, a) = [Y (e, u, 0), Y(e—s, v'sign(i), a)]-

Y (e;, uasign(—i), 0), (Y4)

Yy (u, v, a) = Y (u, v — ev; — e_jv_4, a — viv_;sign(i))- v3)
Y(e;, uvg, 0)Y (e—;, uv_s, 0),

X(g+d',0,a)=Y;(q,0,a)Y(d, 0, a)Y(q, qa, 0), (Y6)

Y(r, s, 0)Y(r', s, 0) =Yy (r+1', s, 0). (Y7)

PRrROOF. For YO see section 1 of [6], for Y1 and Y2 see Lemmas 20 and 9
of [6], for Y3 use Lemma 36 of [6], Y6, Lemma 1.1(X7) and Y2, Y4-Y6 are
actually definitions (pp. 3764, 3766, 3768 and remark on p. 3770 of [6]), Y7 is
Lemma 28 of [6]. O

Let us establish some further properties of Y(;(u, v, a).
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LEMMA 1.3. For an index i and any vectors u, v, w € R?™, such that u; =
u—; =0, (u, v) = (u, w) =0, elements a, b € R, one has

Y (u, v, a+b) = Y5 (u, v, a)Y; (u, 0, ), (Y8)
Yoy (u, v, a) = Y (u, v — ev; —e_jv_q, )Yy (u, ejv; +e_jv_, 0),  (Y9)
X(u+wv,0,a)=X(u, 0, a)X (v, 0, a)Y;(u, va, 0), (Y10)
Y (u, va, 0) = Y (v, ua, 0) if also v; = v_; = 0, (Y11)
Yy (u, v, a) = X(u, v, a), (Y12)
Yoy (u, v, 0)Y(iy (u, w, 0) = Y5 (u, v +w, (v, w)). (Y13)

Proor. We prove Y8 and Y9 together.
First, assume that v; = v_; = 0. In this assumption one can get Y8 repeating
the proof of Lemma 21 of [6]. Use Y2 and Y4 to decompose elements and Y3
and X1 to show, that some of them commute (instead of complicated arguments
in the original proof). Next, use this result to obtain Y9, more precisely,
repeating the proof of Lemma 22 of [6] use it instead of Lemma 21. Now, Y8
follows from Y9 in full generality. One needs that Y{;)(u, 0, b) = X (u, 0, b) by
Y6, and commutes with Y{;) (u, e;v; +e_jv_;, 0) by X1.
To obtain Y10-Y13 we also proceed in several steps.
First, consider Y10 and assume that v; = v_; = 0. Then, repeat the proof
of Lemma 23 of [6] interchanging the roles of v and v and using Y3 and X1
instead of the arguments presented there. Obviously, by X1, X (u, 0, a) and
X (v, 0, a) commute. Using this fact we get Y11. Then, we can get Y12 in the
same assumptions on v. For ¢ = 0 it follows from Y10 and X6, for the general
case use Y8 and X7.
Next, consider Y13 and assume that v; = v—; = w; = w—; = 0. By Y4, we
have

Y(u, v 4w, (v, w)) =
= [Y(eia u, 0)7 Y(efia (’U + U}) Sign(i)a <’U, w>)]Y(e*ia U<’U, w>SIgn(77’))
Now, we get
Y(e*iv (U + U}) Sign(i)v <Uv ’LU>) - Y(e*iv ’USigH(i), O)Y(e*iv U}Sign(i)a 0)
by Y2 and use an identity [a, bc] = [a, b]-[a, c]-[[c, a], b] for a = Y (e;, u, 0), b
Y(e_;, vsign(i), 0), and ¢ = Y(e_;, wsign(i), 0). As above, we have [a, b
Y(;)(u, v, 0) and [a, c] = Y(;)(u, w, 0). One can check, that
[[e, al], b] = Y (e—;, —u{w, v)sign(i), 0)

with the use of Y3, X1 and Y2.

Now, we prove Y13 for arbitrary v, w and u having two pairs of zeros, i.e.,
such that u; = u—; = 0 for j # =+i also. Decompose v = ¥ + v’, where
v’ = e;v; +e_;v_;, and similarly for w. Use Y9, then Y8, then Y6 and X1 to
change the order of factors, then Y8 again to obtain

Y (u, v+w, (v, w)) =Y (u, 0 +w, (0, )Y (u, v +w', 0, w')).
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For each factor we can use the previous steps. To reorder the factors in the re-
sult use that Y'(u, v/, 0) = X (u, v/, 0) (we already have Y12 for this situation)
and X1. Then use Y9 again.

Next, we establish Y10 in full generality. Decompose v = © + v’ as above and
use Y6 to obtain

X(u+v,0,a)=X(u+19,0,a)X(,0,a)Y, (u+7v)a,0).

For the first factor we can already use Y10, and for the last one we can already
use Y13. Reordering factors by X1 we get

X(u+v,0,a)=X(u,0, a)Yy(u, va, 0)Y (v, ua, 0)X (v, 0, a)

with the use of Y6. Decompose u = @ + ', where v’ = e;ju; + e_ju_;, then
decompose Y (v, ua, 0) by Y9, apply Y11 to each factor and use Y7 to get

Y (v, ua, 0) =Y (v, da, 0)Y (', v'a, 0) =
=Y, (@, v'a, 0)Yyy (v, v'a, 0) = Y (u, v'a, 0).
Now, we are done by Y9. Proceeding as above, we get Y12 in full generality.
Finally, consider Y13. As above, decompose v = ¢ +v' and w = w + w’, and
get
}/(z) (’U,, v+ w, <’U, w>) = }/(z) (ua U+ ﬁ)a <177 ﬁ)>)}/(l) (’U,, v + wlv <’Ul, w/>)

For the first factor Y13 holds by previous steps, for the second one use Y5,
then Y8 and Y2. Then change the order of factors. To interchange positions
of Y(e;, uw;, 0) and Y(e_;, uv_;, 0) we need to plug in an extra commutator
equal to

Yi5) (—uw;, —uv_;sign(i), 0) = X (u, 0, 2w;v_; sign(i))
by Y12 and X5. With the use of Y5 and Y8 one gets

Yoy (u, v + ', (v, w')) = Y (u, v, 0)Y(5)(u, w', 0).
It remains to change the order of factors and use Y9. 0

In the following lemma we collect some new relations among X’s which we need
in the sequel.

LEMMA 1.4. Consider u, v, w € R*", a, b € R, such that {u, v) = (u, w) = 0.
Assume either that u; = u—_; = 0 or that v; = v—; = w; = w—; = 0. Then one
has

X(u+wvr, 0,a) = X(u, 0, a)X (v, 0, r*a) X (u, vra, 0), (X8)
X (u, va, 0) = X (v, ua, 0), (X9)
X(u, v, )X (u, w, b) = X(u, v+ w, a+b+ (v, w)). (X10)

PRrROOF. First, assume u; = u_; = 0. Then X8 follows from Y10, X2 and
Y12. Denote v’ = eju; + e_ju_; and v' = e;v; + e_;v_; for some j # i and
decompose u =@ + ', v =0 +v'. Then

X (u, va, 0) = Y (u, va, 0)Y (@, v'a, 0)Y (u', v'a, 0)
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by Y9 and Y7. Now apply Y11 twice to each factor
X (u, va, 0) = Yy (ua, 0, 0)Y (ta, v', 0)Y (u'a, v', 0).

Next, X10 for a = b = 0 follows from Y12 and Y13, and the general case from
Y8, X7 and X3.
Now, consider the second case v; = v_; = w; = w_; = 0. For X8 use the
previous step (X8 and X9). It remains to prove X10. Assume a = b = 0 (the
case of arbitrary a and b may be treated as in the previous step). Denote
v = eu; + e_ju_; and &4 = u — u (previously we took +j-th components
instead). Using X4, Y12 and Y9 we get

X (u, v, 0) = X (u, v, 0)X (v, v, 0)
and similarly for w. Using X1 and the previous case (X10) we can compute

(X (', v, 0), X(a, w, 0)] = X (& u'(v, w), 0).

Thus, reordering factors and using previous case we get

X (u, v, 0)X (u, w, 0) =
= X(u, v+w, (v, w)X W, v+w, (v, w)X(a, v (v, w), 0).
Now, we can finish the proof with the use of X7, X1, X4, Y12, Y9 and Y6. [

At the end of this section we establish one more relation automatically satisfied
by the generators [u, v, a] from Another presentation. We need it later to get
a map from the relative symplectic Steinberg group to the absolute one. First,
observe that for v € R?" such that v_; = 0 (equiv., (v, e1) = 0) holds

X(ey +or, 0, a) = X(e1, 0, a)X (v, 0, r%a) X (e1, vra, 0)
by X8. Next, take g € StSp,,(R) and denote u = ¢(g)e; and w = ¢(g)v.
Conjugate the above identity by g and use X1 to get

X(u+wr, 0, a) = X(u, 0, a)X (w, 0, r*a) X (u, wra, 0).

The above identity holds for any u € Ep,,, (R)e; and w orthogonal to it. Finally,
take (u, w) € Epy,, (R)(e1, e2). Then u+ wr also lies in Ep,,,(R)e; and we can
replace X’s above by the generators from the Another presentation.

LEMMA 1.5. For (u, w) € Ep,,, (R)(e1, €2) and a, r € R the following identity
holds

[u+wr, 0, a] = [u, 0, a][w, 0, ar®][u, war, 0]. (K7)

2. RELATIVE STEINBERG GROUPS

In the present section we give three definitions of a relative symplectic Steinberg
group.

For our purposes we can concentrate on splitting ideals I < R, i.e., those ideals
for which the natural projection p: R — R/I splits. Obviously, tR[t] < R[t] is
a splitting ideal.
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We show that for splitting ideals all three definitions of relative symplectic
Steinberg group coincide.

The correct approach to relative Steinberg groups is described in [4,8,9]. But
for splitting ideals we can define it in the following naive way. Afterwards, we
show that (for splitting ideals) it coincides with the usual one.

DEFINITION. Let I < R be a splitting ideal. Define the relative symplectic
Steinberg group StSp,,, (R, I) = Ker (p*: StSp,,, (R) — StSpy, (R/1)).

Obviously, Ker(p,) coincides with the normal subgroup of StSp,,, (R) generated
by {X;;(a) | a € I'}. This is tantamount to saying that applying p* is the same
as forcing an additional relation X;;(a) =1, a € I, in StSpy, (R).

The next definition is a symplectic version of the Keune-Loday presentation in
the linear case (see [4,8]). It is a relative version of the definition via Steinberg
relations.

For a group G acting on a group H on the left, we will denote the image of
h € H under the homomorphism corresponding to the element g € G by 9h,
the element 9h - h=! by [g, h] and the element h - 9h=1 by [h, g].

DEFINITION. Let the Keune-Loday relative symplectic Steinberg group
StSps"(R, I) be a group with the action of the (absolute) Steinberg group
StSpy;(R) defined by the set of relative generators Y;;(a),i # j, a € I, subject
to the relations

=

(KLO)
(KL1)
(KL2)
(KL3)
(@) =Yi;(ra-sign(i))Y_; ; (—ra?), (KL4)
(KL5)
[Xi;(r), Yj,—i(a)] = Xi —i(2ra - sign(i)), (KL6)
e (X0 (8)) =1 (Yo (8)). (KL7)
In other words, we consider a free group generated by symbols (g, ) = 9z
where ¢ is from the absolute Steinberg group and x is from the set of relative
generators, StSpy;(R) naturally acts on this free group via f(g, 2) = (fg, x)
and then we define the relative symplectic Steinberg group as the quotient of

the above free group modulo equivariant normal subgroup generated by KLO-
KL7.

KL7

There is an obvious equivariant mapping from StSph”(R, I) to StSp,,(R)
sending Y;;(a) to X;;(a), and its image is the normal subgroup generated by
{X;j(a) | a € I}, i.e., coincides with Ker (StSp,,, (R) — StSpy,, (R/I)).

LEMMA 2.1. Let I < R be a splitting ideal. Then the natural map
v: StSpy"(R, I) — StSpy,(R)

DOCUMENTA MATHEMATICA 23 (2018) 653-675



A LocAL-GLOBAL PRINCIPLE FOR SYMPLECTIC Ks 661

is injective. In other words, StSpy“(R, I) = StSpy (R, I).

The proof is actually the same as in the linear case (see [4, 8] and [9] for the
simply-laced case).

PROOF. Denote by p: R — R/I the natural projection and by o: R/I — R
its splitting. Then StSp,,(R/I) acts on StSpy“(R, I) via o* and one can
consider the semi-direct product StSph“(R, I) X StSpy,(R/I) which maps to
StSpy;(R) via e X o*

StSps; (R, I) X StSpy;(R/I) — StSpy(R),  (x, y) = () - 0™ (y).
We construct an inverse map
: StSpy(R) — StSpy (R, I) X StSpy (R/ 1),

sending
Xij(r) = (Yii(r — op(r)), Xi5(p(r))).

Obviously, the fact that ¢ X\ ¢* is an isomorphism implies that ¢ is injective.
To check that v is well-defined one has to verify relations S0-S5 for the images
of the generators. Consider, say, S4. We will show that the images of

Xiyfi(a)X,iyj (b)Xiﬁ,i(fa) and Xij (ab . sign(i))X,jﬂj(—abz)X,iﬁj (b)

under v coincide. Indeed,

6 (Ximi@) X1 (0) X —i(~0)) =
= (Yi,_i(a — op(a)) Xo=1PY (b — op(b))-
. Xi,fi(UP(a))X—i,j(UP(b))Yiyii(,a + Up(a)),
Xi—ip(a) Xi = (p(6)) Xi —s(~p(a))).
Rewriting
X—i,j(dp(b))yiﬁi(,a +opla)) =
= Yi—i(~a + op(a)[Yii(a — op(a), X_i;(0p(b))]
we get with the use of KL7
b (X mi(@) Xy (D)X i(—a)) =
— (R OV 6 - 0p(8)Yiila — rpla)), Xois(op(B],

Xi-i(p() Xi—(p(0) Xi—i(=p(a)) ).
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and finally
¥ (Xii(@) X iy ()X i(—0)) =

= (Yij((ab — ap(ab) - sign(i))
Yoo (b — op(B)Y-;(~ab® +20p(ab)b — ap(ab?)).

Xij(op(ab) - sign(i)) X, (~op(ab)) X 5 (op(b)) ).
On the other hand,

v (Xij (ab- sign(i)) X ;(—ab*) X ; (b)) B

= (Yij((ab — op(ab)) - sign(i)
Yo j(—ab? + op(ab?)) - Ko TSmOy (b~ gp(b)),

Xij(oplab) - sign(i)) X4 (~op(ab)) X—i,;(0p(b)) ).

Other relations are similar and much less tedious.

Obviously, ¢t X ¢* o1 = 1 and it only remains to show that 1 is surjective. All
elements of types (1, X;;(s)) and (Y;;(a), 1) lie in the image of v, and then
elements of type (*X»+(MY;;(a), 1) lie as well. O

In the proof of the local-global principle we also need another presentation
for the relative Steinberg group. It is inspired by the definition of the relative
linear Steinberg groups given by Tulenbaev.

DEFINITION. Let the Tulenbaev relative symplectic Steinberg group
StSpgn (R, I) be the group defined by the set of generators

{[u, v, a, b] € Ep,,,(R)e; x R*™ x I x I'| {u, v) = 0}
subject to the relations
[u, vr, a, b] = [u, v, ra, b] Vr € R, (TO)
[u, v, a, b][u, w, a, ¢|] = [u, v, a, b+ c+ a®{v, w)], (T1)
[, v, a, O][u, v, b, 0] = [u, v, a+b, 0], (T2)
[u, u, a, 0] = [u, 0, 0, 2a], (T3)
[u, v, a, 0] = [v, u, a, 0] V(u, v) € Ep,, (R)(e1, e2), (T4)
[u+vr, 0,0, a] = [u, 0,0, a][v,0, 0, ar?][u, v, ar, 0]
Vre R Y (u,v) € Ep,,(R)(e1, e2),
[, v, d, V][u, v, a, b[u,v', a’, V]! =

T6
= [T, v'ad', V) u, T(, v'a, b )v, a, b]. (T6)

There is a natural map x: StSpy, (R, I) — StSp,,, (R) sending [u, v, a, b] to
[, va, b] (here we need the relation K7 established in the previous section).
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Its image is contained in Ker (StSp,, (R) — StSp,,(R/I)) and contains all
elements of the form 9X;;(a) = [¢(g)es, ¢(g)e—; asign(—j), 0] and 9X; _;(a) =
[#(g9)ei, 0, a] for a € I, and thus actually coincides with this kernel.

Any triple (u, v, a) € V X V X R defines a homomorphism

Quva: StSpa, (R, I) — StSpy, (R, )

sending a generator [u/, V', a’, V'] to [T (u, v, a)u’, T'(u, v, a)v’, a’, b']. To show
that o,y,q is well-defined we have to check that TO-T6 hold for the images of
the generators, but that is straightforward. Next, there exists a well-defined
homomorphism

StSpy(R) — Aut (StSp3; (R, 1))

sending X (u, v, a) t0 Qu .4, i-€., the absolute Steinberg group acts on the
Tulenbaev group. Obviously, we need to verify that K1-K3 hold for oy, 4,4, but
that is also straightforward.

LEMMA 2.2. Let I < R be a splitting ideal. Then
StSpay (R, I) = StSpy (R, I) = StSpy, (R, I).

PROOF. We identify StSpy,; (R, I) with StSph"(R, I) and construct a map
inverse to k. With this end define
Yij(a) = [ei, e—j, asign(—j), 0] and Y ;(a) = [e;, 0, 0, a]
inside StSpy; (R, I). These elements satisfy relations KLO-KL7. KLO-KL2 and
KL7 are obvious. Consider, say, KL4.

[[Xi,—i(r)a Y—*i,j (b)] =
= [67]', T(ei, 0, 7’)671', bé‘,j, 0][€,j, €4, b€7]‘, 0]71 =
= [e_;, eire;, be_j, —rb?] =
= [S,j, e;req, bE,j, O][G,j, 0, bE,j, 7Tb2] =
=Y (rbe;) - Y

_j,j(_TbQ);

One can check other relations similarly. For KL5 use T5 and for KL6
use T3. Thus, we have a map 6: StSph“(R, I) — StSpa,(R, I) preserv-
ing the action. Obviously, Kk = 1 thus 6 is injective. It remains to show
that it is also surjective. First, observe that [e1, v, a,b] = [e1,0,0,b —
a? Y vpv_i][1le1, ek, vka, 0] lie in the image of 6 (here vy is a k-th coordi-
nate of v; we use that v_y = 0 and T3). Thus, all generators [u, v, a, b] lie in
the image of 0, since it preserves the action. O

In the sequel for splitting ideals we do not distinguish the relative Steinberg
groups defined in this section.
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3. LOCAL-GLOBAL PRINCIPLE

In this section we prove the Main Theorem.

Fix a non-nilpotent element a € R. Let \,: R — R, be a principal localisation
of R in a.

For any x € RJt] consider the evaluation map ev,: R[t] — RJ[t], which is the
only R-algebra homomorphism sending ¢ to x. For p € R[t] denote its image
under ev, by p(z), e.g., p = p(t). Similarly, for g € StSp,,, (R[t]) denote its
image under ev’ by g(x). We claim the following,.

LEMMA 3.1. Consider g(t) € StSp,,, (R[t], tR[t]) such that
Au(g(t)) =1 € StSpy, (Ra[t]).
Then there exists an N € N such that g(a™Nt) = 1. Similarly, assume that
A (9(t)) € Tm(StSpy,_o(Ralt]) — StSpa, (Ralt])).
Then there exists an N € N such that
9(a™t) € T StSpay,_»(RI[t], tR[t]) — StSpy, (R[], tR[1])).

Now, we define the symplectic analogue of the Tulenbaev map and use it to
prove Lemma 3.1

DEFINITION. Denote B = R X tR,[t] the ring with component-wise addition
and multiplication given by

(r, £)- (s, 9) = (rs, Xa(r)g + fAa(s) + f9)-

One may think of elements of B as polynomials in ¢ with the constant term
from R and all other coefficients from R,.

Consider a direct system of rings

eVat

Rlt] Rlt]

i.e., (Si, ¥ij)o<i<j, where S; = R[t] and 9;;: t — a’~%t. It induces a direct
system of Steinberg groups. The following facts are left to the reader.
LEMMA 3.2. A system of maps p;: S; — B sending
p(t) = (p(0), A3(p)(a™t) — X5 (p)(0))

induces

a) an isomorphism

hﬂSl l)B;
b) an isomorphism

Indeed, a Steinberg group functor commutes with directed limits.
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Now, we claim that the composition of ¢f with the inclusion

i StSpy, (R[t], tR[H])—= StSpy, (R[f]) —2= StSp,, (B)

factors through the localisation in a. More generally, the following statement
holds.

LEMMA 3.3 (Tulenbaev map). Let B be a ring, a € B, and I < B be an
ideal such that for any x € I there exists a unique y € I such that ya = x
(equivalently, a localisation map Ag: I — I, = I ®p R, is an isomorphism,).
Then, there exists a map

T: Stspgn(Baa Ia) — StSan(B)

making the diagram

StSps, (B, I) —————— StSp,,(B)

_7
Azl P Azl

StSps, (Ba, Ia/) ——— StSpy,(Ba)

commutative. Moreover, for
9 € Im(StSpy,,_o(Ra[t], tRa[t]) = StSpy,, (Ba, 1a))

one has T(g) € Im( StSp,,,_5(B) — StSp,y, (B)).

The next section is devoted to the proof of Lemma 3.3. Now, we deduce
Lemma 3.1 from it.

PrOOF OF LEMMA 3.1. Apply Lemma 3.3 fora € R C B, B= RX tR,][t]
as above, I = tR,[t] < B. Consider the following commutative diagram.

StSpy,, (R[], tR[t])C StSpy, (R[t])
X
Al StSp,, (B I\
Stsp2n ( Stsp2n

Take g(t) € StSp,, (R[], tR[t]) such that \:(g(t)) = 1. Then
©o(g(t)) = (T o X;)(g(t) =1

as well, i.e., g(¢t) becomes trivial in the limit. But it can only happen if
Yo.n(9(t)) = 1 for some N (use the construction of direct limit as disjoint
union modulo an equivalence relation). The proof of the second statement is
similar. O
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For the next lemma the proof of Lemma 16 of [9] works verbatim. There are
two references in that proof: instead of Lemma 8 of [9] use Lemma 2.2, and
instead of Lemma 15 of [9] use Lemma 3.1. The second statement is not proven
in [9], but the proofs of both statements are the same.

LEMMA 3.4. Consider a, b € R generating R as an ideal, Ra + Rb = R.
Assume that for g € StSp, (R[t],tR[t]) one has Mi(g) = Ai(g) =1 . Then
g = 1. Similarly, assume that X:(g) € StSpy,_o(Ra[t],tRa[t]) and Xj(g) €
StSpa,_a(Rolt] tRu[H]). Then g € $tSpa,_o(RIE]. (RI1):

Now, the Main Theorem also follows. For the first statement the proof of
Theorem 2 of [9] can be repeated verbatim. The only reference in that proof
is Lemma 16 of [9], which should be replaced by Lemma 3.4. For the second
statement the same proof works.

4. TULENBAEV MAP

This section is devoted to the construction of the map
T: StSp,, (Ba, 1a) — StSp,, (B)

from Lemma 3.3. As there, let B be a ring, a € B a non-nilpotent element,
I < B, such that for any « € I there exists a unique y € I such that ya = z.
We denote such a y by 2. Elements % are also well-defined. The localisation
map Aq: I — I, is an isomorphism and we identify I and I,.

To define the map T we need to find elements Z(u, v, b, ¢) € StSp,,,(B) for
any u € Ep,,,(Ba)e1, v € B2, (u,v) = 0, and b, ¢ € I subject to relations

a

T0-T6. We start with the following definition.

DEFINITION. For u, v1,...,vx € B?" such that (u, v;) = 0 for all k define
Z(u; v1,...,on) = X(u,v1,0)...X(u, vy, 0) - X(u, 0, _Z<U“ V).
i<j
LEMMA 4.1. Consider u, v, w € B*", (u, v) = (u, w) = 0. Suppose that w has
a pair of zero coordinates, i.e., w; = w—_; = 0 for some i. Then
[X(u, v, 0), X (u, w, 0)] = X(u, 0, 2(v, w)).
PROOF. Use Lemma 1.1 (X1) to compute the conjugate and decompose
the result by Lemma 1.1 (X6)
X(u’U’O)X(’U,, w, 0) —
= X(u, 0, - 1) X (w + u{v, w), 0, =1) X (w + u(l + (v, w)), 0, 1),

then decompose the first and the third factors by Lemma 1.4 (X8). Next,
change the order of factors and then simplify the product using Lemmas 1.1
and 1.4. As a result, we have

X(wv, 0 X (u, w, 0) = X (u, 0, 2(v, w)) X (w, u, 0).
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For the following corollary use that the symmetric group is generated by fun-
damental transpositions.

COROLLARY 4.1.1. Take u and vy,...,vy € B?" such that (u, vy) = 0 and
each vk has a pair of zero coordinates. Then for any permutation o € Sy we
have

Z(u; 01, UN) = Z(U; Vg(1)y -+ -5 Vo (N))-

DEFINITION. For u, vq,...,vy € B?" such that (u, vy) = 0 and each vy has a
symmetric pair of zero coordinates we denote

Z(u; {vk t1<u<n) = Z(u; v1,...,0N).

Observe also that the following easy fact holds (use Lemma 1.1 (X2) and Lem-
ma 1.4 (X9).

LEMMA 4.2. For u, v1,...,vn € B* such that (u, vy) = 0 and each vy has a
pair of zero coordinates, r € B, one has

Z(urs {veh1<k<n) = Z(u; {roehr<r<n)-
The following result is well-known (see [2, 5]).

LEMMA 4.3 (Symplectic Suslin’s Lemma). For w, u, v € B?" such that
(w, u) = A € B, (u, v) =0 denote
vij = vj; = (esu—jsign(j) — eju—;sign(i))(viw; — vjw;)
for any distinct —n < i,j < n. Then one has vij = vy, (u, v;j) =0, and
Z’Uij = vA.
i<j
Compare the next result with Lemma 1.4 (X10): we do not need that v; =
v_; = 0, but we assume that (v, w) = 0.

LEMMA 4.4. Take u, v, w € B*" such that (u, v) = (u, w) = (v, w) =0 and
w; =w—_; = 0. Then

X(u, v+ w, 0) = X(u, v, 0)X (u, w, 0).
PRrROOF. By Lemma 1.1 (X6) we have
X(u,v+w,0)=X(u, 0, -1)X(v+w, 0, -1)X(u+v+w, 0, 1).

Decompose the second and the third factors by Lemma 1.4 (X8). We get a
factor X (w, u + v, 0), and decompose it by Lemma 1.4 (X10). Vectors u, v,
w are orthogonal, thus all factors commute. Simplify the product by Lem-
ma 1.4 (X10) and get the claim with the use of Lemma 1.1 (X6). O

LEMMA 4.5. Take w, u, v € B®™ such that (w, u) = A and (u, v) = 0. Assume
in addition that v has a symmetric pair of zero coordinates. Then

X (u, vA, 0) = Z(u, {vij}i<s)-
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PROOF. Say, v1 =v_1 =0. Then v; 1 = 0. Decompose

vA = ZUU = Z vo1:+ Z V1,i+ Z Vij

i<j i#+1 i#+1 Q£+l
—_——— ——
P q r

with the use of Suslin’s Lemma (Lemma 4.3). Obviously,
pP—1 = ( Z /U_l’i)fl = (Zvi‘j)fl = ’U_1A =0
i#£+1 i<
and similarly ¢y = v1A = 0. Also, p1 = ¢-1 = r—1 = r = 0. Thus, by
Lemma 1.4 (X10) we get
X(u, vA, 0) = X(u, p+ g+, 0) =
= X(’U,, D, O)X(uv q, O)X(uv T, O)X(uv 07 7<pa Q> - <pa 7’> - <Qa T>>

For 1 < i < n denote z; = v_1; +v_1,—;. Then (z;, z;) = 0 for 7 # j, each z;
has a pair of zero coordinates and Y ., z; = p. By Lemma 4.4 we get

X (u, p, 0) = HX(u, zi, 0).
i=2
Next, observe that v_;; and v_;,_; have a common symmetric pair of zero
coordinates. Thus, by Lemma 1.4 (X10), one has
X(’LL, Ziy O) = X(U, V_1,i, O)X(U, U1,i, O)X(U, 0) _<’U—1,ia Ul,i>)a

so that

X(u, p, 0) = Z(u; {v_1,i}izt1)
Similarly, X (u, ¢, 0) = Z(u; {v1,;}iz+1) and by Lemma 1.4 (X10),

X(u, 7, 0) = Z(u; {vij}ijze1)
what finishes the proof. O

LEMMA 4.6. Take w, u, v € B*", (w, u) = A and (u,v) = 0. Consider

z', . .aN € B?" such that each x* has a pair of zero coordinates, (u, $k> =0,

and Zivd x¥ =vA. Then one has
Z(u; {a" AYLy) = Z(us {vijAYicy).

PROOF. Since (u, zF) = 0 consider zf; = (2*)¥ from Suslin’s Lemma
(Lemma 4.3) and use Lemma 4.5 to get

X (u, zF A, 0) = Z(u, {xf]}K])
Then,
Z(u; {2 AYL)) = Z(u, {2} }r,i<j)-
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On the other hand, for fixed ¢ and j all zfj are scalar multiples of the same
vector having a pair of zero coordinates and

N N N
foj = (e;u—;sign(j) — eju_; sign(i))((zgcf)wj - (fo)wz) = v;; A.
k=1 k

-1 k=1
Thus,

17

N
X(u, vi;4, 0) = H X (u, z¥;, 0)
k=1

by Lemma 1.4 (X10) and
Z(u; {vijAYics) = Z(u, {x}; }h,i<j)-

DEFINITION. Take u, v € B*" such that (u, v) = 0 and denote by

the ideal generated by entries of u. Then for an A € I(u) take any w € B?"®
such that (w, u) = A and denote

ZA(u, v) = Z(u; {v}jA}Kj).

By the previous lemma, this element does not depend on the choice of w. The
projection of Z4(u, v) to the elementary group is

H(Z4 (u, v)) = T(u, vA%, 0).
We start to prove properties of the elements Z4 (u, v).

LEMMA 4.7. Take u, v € B?" such that (u,v) = 0, A € I(u) and g €
StSp,,, (B). Then

924 (u, v)g~ = Z((g)u, ¢(g)v).
REMARK. Take w such that (w, u) = A. Then, (¢(g)w, ¢(g)u) = (w, u) = A
as well, so that A € I(¢(g)u) and the right hand side is well-defined.

PrOOF. We may assume that g = X;;(b). Obviously,
9 X (u, vn A, 0)g~" = X(¢(9)u, p(g)vnrA, 0)

and
=Y (oA, v A) = =Y (B(g)vnrA, ¢(g)vsiA),
so that,
92" (u, v)g™" = Z(d(g)u; {d(g)vnrA}n<r).

For n > 4 each T;;(b)vni still has at least one pair of zero coordinates what
finishes the proof for this case by Lemma 4.6.

Now, consider the case of n = 3. For j = —i any T;;(b)vp still has a pair of
zero coordinates. Now, assume j # +i. If h, k & {j, —i}, then ¢(g)vne = vnk.
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If {h,k} = {j, —i} we also get that T;;(b)vni has a pair of zero coordinates.
Thus, we may assume that h € {j, —i}, say, h = —i, and k & {£i, +5}.
Set

U, —; = exu; sign(—i) — e_;u_g sign(k),
then vg,—; = ug,—;(vkw—_; — v_;w). One has

T;i(b)u = u + e;u;b — e_ju_; bsign(ij),

T (b)uk,—i = wp,—i + e—ju_g bsign(ijk).
Direct computation shows that

(T35 (D)u, up,—; — exu; bsign(i)) = 0.
Set
q = Uk,—; — epu; bsign(i) and r = epu; bsign(i) + e_ju_y bsign(ijk).

One has T;;(b)ug,—; = ¢ + r, so that r is also orthogonal to T;;(b)u. Both ¢
and r have a pair of zero coordinates and, moreover, they are orthogonal. Set
¢ = (vpw—; — v_;wy), then by Lemma 4.4

X (Ti(b)u, Ty (b)vg,—i A, 0) = X (T35 (b)u, gcA, 0)X (T35 (b)u, rcA, 0).
Finally, the claim follows from Lemma 4.6. U
The next lemma follows from Lemma 4.6.

LEMMA 4.8. Take u, v, w € B*" such that (u, v) = (u, w) = 0, A € I(u).
Then
ZA(u, v) 24 (u, w) = Z*(u, v+ w) X (u, 0, (v, w) - AY).
COROLLARY 4.8.1. For u, v, {u, v) =0, A € I(u) one has
ZM(u, 0) =1,
ZA(u, v) 7t = Z4(u, —v).

LEMMA 4.9. Take u, v € B?*" such that (u, v) = 0, A € I(u) NI(v), b € B.
Assume that there exist p, ¢ € B?™ such that

(u, p) = (u, ¢) = (v, p) = (v, 9) = 0,
and (p, ¢) = A. Then one has
ZMu, vb- A%) = Z4(v, ub - A%).

PROOF. Denote g = Z4(u, pb) and h = Z4(v, ¢). Compute the commu-
tator in two ways

I =g hgl

Recall that ¢(Z*(u, pb)) = T'(u, pbA?, 0) and use Lemmas 4.7 and 4.8 to get
Ih-h=t = Z4v, ¢ + ubA®) Z4 (v, —q) = Z (v, ubA?).

Similarly, g - "g=! = Z4(u, vbA?). O
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LEMMA 4.10. Consider w, u € B>, b € B, denote A = (w, u). Assume that
there exist z, v € B*™ such that (z, v) = A and

(u, v) = (u, z) = (w, v) = (w, z) = 0.
Then one has
ZA (u, ubA®) = X (u, 0, 2bA°).
PROOF. Set g = Z4(u, 2b), h = Z4(u, v) and compute [g, h] in two ways.
On the one hand,
Ih - b7t = Z4(u, v + ubA®) ZA (u, —v) = Z(u, ubA®)
by Lemma 4.7. On the other hand,

gh-g~'h™t =
= Z(u, 2b+v)X (u, 0, bA®) Z* (u, —2b — v) X (u, 0, bA®) =
= X (u, 0, 20A°)
by Lemma 4.8. g

LEMMA 4.11. Consider u, v € B**, A € I(u) N I(v), b, c € B. Assume that
there exist w, z, x, y € B*, such that

(w, u) = (z,v) = (z, y) = A
and pairs (w, u), (z, v) and (x, y) are mutually orthogonal. Then one has
X (u+ b, 0, cA™) = X (u, 0, cAM)X (v, 0, b?cA™) Z4 (u, vbcA®).
ProOF. First, use Lemma 4.8
ZA(u+ vb, £A3) Z (u + vb, ycA?) =
= Z(u+ b, (z +yc)A®) X (u 4 vb, 0, cAY),
We want to show that
ZA(u+ vb, 2A3) = Z4(z, (u+ vb)A?).
With this end, use Lemma 4.9 with p = 2z — wb and ¢ = v. Next, decompose
ZA(x, (u+vb)A%) = ZA(x, uA®) Z (z, vbA®)
by Lemma 4.8 and use Lemma 4.9 with p = z and ¢ = v to show that
ZA(x, ud®) = Z4(u, zA®)
and with p = w, ¢ = u to get that
ZA(z, vbA®) = Z4 (v, zbA3).
Similarly, one shows that
ZA(u + vb, yecA®) = Z4(u, yecA®) Z4 (v, ybcA®)
and

ZA(u 4 vb, —(z + yc)A?) = Z4(u, —(x 4 yc)A*) Z2 (v, —(x + yc)bA?).
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Decompose also

ZA(u, —(z 4+ yc)A%) = Z4(u, —ycA®) ZA(u, —xA®) X (u, 0, cAY),

ZA (v, —(x + yc)bA?) = Z4(v, —ybcA*) Z4 (v, —xbA®) X (v, 0, b?cAMY)
by Lemma 4.8. Now, we can express X (u + vb, 0, cA!) in terms of these
ten elements. Most of the factors will cancel, but we will need to interchange

positions of Z4(u, zA%) and Z4 (v, ybcA?), thus we obtain their commutator
as an extra factor

[ZA(u, £A®), ZA (v, ybcA®)| = Z4 (u, vbecA®).

Now, we focus on the case A = a”.

DEFINITION. Take b € I and u, v € B?", such that a” € I(u) for some N € N,
(u, v) = 0. Then set

Z(u, v, b) = Z(“N)(u, UQQLN).

This element does not depend on the choice of N. Take w € B2?" such that

(w, uy = a, then (wa™, u) = a™ M and by the very definition

( a2( b )(waM) (wa™) b w M b

U N+ M) = Uy T2t Via Y (N

ij
so that

GN+M b
2" (v ) =

w b aN b
=2 {(”Z‘J‘W)WM}M) = 2" (u, v—35 ).
Observe that (b(Z(u, v, b)) = T(u, vb, 0).

Below we list the properties of our new elements Z(u, v, b). They follow directly
from the definition and Lemmas 4.7—4.11.

LEMMA 4.12. Take u, v, v' € B*" such that a™ € I(u) for some N € N,
(u, vy =(u, vy =0,b, cel, re B, ge StSp,,(B). Then one has

¢(Z(u, v, b)) = T(u, vb, 0), (Z0
Z(u, vr, b) = Z(u, v, rb), (Z1
Z(u, v, b)Z(u, v, b) = Z(u, v+, b)X (u, 0, b*(v, v')), (72
(
(

~_— ~— —

Z(u, v, b)Z(u, v, ¢) = Z(u, v, b+ ¢), 73
9Z(u, v, b)g™" = Z(d(g)u, ¢(g)v, b). Z4

Assume that there also exist w, = € B® such that holds (w, u) = (z, v) = a®¥
and pairs (w, u), (z, v) are orthogonal. Then one also has

Z(u, u, b) = X (u, 0, 2b). (Z5)

—_— —
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If in addition there exist x, y € B®" such that {x, y) = a’¥ and the pair (z, y)
is orthogonal to pairs (w, u) and (z, v), then

Z(u, v, b) = Z(v, u, b), (Z6)
X (u+wr, 0,b) = X(u, 0, b)X (v, 0, br*) Z(u, v, br). (Z7)
We need yet another property of Z(u, v, b).

LEMMA 4.13. For u, v € B>, b € I, M, N € N, such that a € I(u),
(u, v) =0, holds
Z(ua™, v, b) = Z(u, v, a™b).

PROOF. Firstly, we clarify the notations. Take w € B?" such that (w, u) =
a”, then (w, ua) = a™ M. Denote u;; = e;u_;sign(j) — eju_;sign(i), then
(uaM);; = wui;a™. Denote as usually v;; = u;j(v;w; — vjw;). Then in the
definition of ;

N+M
Za (UGZM, ’Um)
M)

we actually use (ua™);; - (viw; — vjw;) = vijaM. Thus, we have

aN+M b
Z(uaM, v, b) =7 (UCLM’ UW) =
b
B M M N+M
= 2w { (o0 Sazzr) ™} )

Now use Lemma 4.2 and get

Z(UaM; {(”ij(ﬂLN)“N}m) B Z(U; {(Uij%)alv}

) = Z(u, v, a™b).

i<

O

Finally, introduce yet another notation.

DEFINITION. For u, v € B?", such that a” € I(u) for some N € N, (u, v) = 0,
b, c € I denote
Z(u, v, b, ¢) = Z(u, v, b)X(u, 0, ¢).

At this point, we are ready to construct Tulenbaev map
T: StSpa,, (Ba, I) — StSp,,, (B).
ProoOF oF LEMMA 3.3. For each quadruple
(u, v, b, ¢) € (Ep%(Ba)el) X B2 x I x [
we assoclate an element in StSp,,(B). We proceed as follows. First, if

u = Mey, denote w = —Me_1, then (w, u) = 1. Next, w, u, v € B, thus there
exists an N € N such that the entries of wa®, ua®™, va’ do not have denom-
inators, i.e., lie in the image of the localisation homomorphism A\,: B — B,.

Then for each of these elements take their preimages and get vectors w, ,
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o € B®. Since (i, 9) localises to zero and (w, @) localises to a?, there exist
M € N such that (@, 9a™) = 0 and (wa™, @) = a®* T, Then the element
b c

Z(U, ’UGI\/I, W’ a2—N)
in StSp,,(B) is defined. Using Lemma 1.1(X2), Lemma 4.12(Z1) and Lem-
ma 4.13 one can show that this element does not depend on the above choices.
Thus, we have a well-defined set-theoretic map from the set of generators of
StSpay, (Ba, I) to StSpy, (B).
Next, we need to show that the images of (u, v, b, ¢) under this map satisfy
relations TO-T6. This is a straightforward consequence of Lemmas 1.1 and
4.12 and the fact that the above map is well-defined. The only trick one should
use to get T3-T5 is the following. For u = Me;, where M € Ep,,(B,), one
can take w = —Me_1, v = Me_o, 2z = Mey and use their lifts to deduce T3
from Lemma 4.12(Z5). Similarly, one can use (es, e_3) for T4 and T5.
Now, we have to show that the diagram

StSps, (B, I) ———— StSp,,,(B)

o

StSps, (Ba, In) ———— StSps,,(Ba)

is commutative. Start with the upper triangle. Lemma 4.12(Z7) and Lem-
ma 1.4 (X8) imply that for v with a pair of symmetric zeros holds Z(u, v, b, ¢) =
X (u, vb, ¢). Next, take X (u, v, b, ¢) € StSp,, (B, I) and take g € StSp,,,(B)
such that ¢(g)u = e1. Then & sends it to X (u, vb, ¢) and T o XX to

b c
Z(Aa(U)aN, Aa()a M, o a2—N)

Now, conjugate both elements by g and use the previous observation to show
that they coincide. The lower triangle can be treated similarly.
Finally, we show that T maps

9 € T ( $t8D2,_5(Bas L) = StSpy, (Ba, 1))

to the element of Im(StSp2n_2(B) — StSpQH(B)). For n = 2 there exist no

obvious analogue of the Tulenbaev map, so that for n = 3 we argue as follows
(for n > 3 this argument works as well). We can assume that g = X (u, v, b, ¢)
for v and v such that u, = u_, = v, = v_, = 0. Then, consider lifts %, v
of ua™ and va®. Their £n-th coordinates localise to zeros, thus increasing N
we may assume that they actually are zeros. Thus, it remains to show that
for u and v such that u, = u_, = v, = v—,, = 0 one has Z(u, v, b, ¢) €
Im StSp,,,_o(B). As above, in this situation Z(u, v, b, ¢) = X (u, vb, ¢). By
Lemma 1.1(X6), we only need to consider X (u, 0, ¢) with u, = u_, = 0.
With the use of Lemma 1.2 (Y3-Y6) we reduce it to the case X (e;, v, ¢) with
1 # +n, v, = v_, = 0. To conclude the proof, decompose this element by

DOCUMENTA MATHEMATICA 23 (2018) 653-675



A LocAL-GLOBAL PRINCIPLE FOR SYMPLECTIC Ks 675

Lemma 1.4 (X10) as a product of usual elementary generators of Steinberg

group
X(ei, v, ¢) = X(e;, 0, ¢ — kav_k) HX(@Z-, ek, 0).
Al of them lie in Tm StSp,,,_5(B). O
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