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Abstract. Let K be a �nite extension of Qp of degree d and OK

its ring of integers; let Cp be the ompleted algebrai losure of Qp.

The Fourier polynomials Pn : OK → Cp show that the topologial

algebra of all loally analyti distributions µ : Cla(OK,Cp) → Cp is,

by µ 7→
∑
µ(Pn)X

n
, isomorphi to that of all power series in Cp[[X ]]

that onverge on the open unit dis of Cp.

Given a real number r ≥ d, we determine the power series that orre-

spond under this isomorphism to all distributions µ : Cr(OK,Cp) →
Cp that extend to all r-times di�erentiable funtions (as arisen in the

p-adi Langlands program): A funtion f : OK → Cp is r-times dif-

ferentiable if and only if f(x) =
∑
anPn(x) with |an|n

r/d → 0 as

n→∞.
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Introduction

Let Qp denote the p-adi numbers and Zp its ring of p-adi integers; let Cp

be the ompleted algebrai losure of Qp and OCp
its ring of integers. Let

C0(Zp,Cp) be the Cp-Banah spae of ontinuous funtions f : Zp → Cp and

D0(Zp,Cp) its Cp-linear dual. Every ontinuous funtion f : Zp → OCp
an be

uniformly approximated by loally onstant funtions fn ∈ OCp
[Zp/p

nZp] for
n ∈ N; that is, fn → f as n→∞ for the supremum norm. Dually,

D0(Zp,OCp
) ∼−→ OCp

[[Zp]]

is an isomorphism of topologial OCp
-algebras, where

• the multipliation on the left-hand side is the onvolution produt, and

• the right-hand side is the ompleted group algebra lim
←−n

OCp
[Z/pnZ] with

the projetive-limit topology.

The topologial group Zp is generated by a single element, say γ = 1, yielding

the Iwasawa isomorphism of topologial OCp
algebras

OCp
[[Zp]] ∼−→ OCp

[[X ]]

de�ned by γ + 1 7→ X . The omposed isomorphism

D0(Zp,OCp
) ∼−→ OCp

[[X ]]

µ 7→ µ
(
·
0

)
+ µ

(
·
1

)
X + µ

(
·
2

)
X2 + · · ·

sends a ontinuous linear map µ : C0(Zp,OCp
) → OCp

to the power series

whose oe�ients are the values of µ on the Mahler polynomials, given by(
x
n

)
:= x(x − 1) · · · (x− n+ 1)/n!.

The Mahler polynomials

(
x
0

)
,

(
x
1

)
,

(
x
2

)
, . . . are an orthogonal basis of the Banah

spae C0(Zp,Cp); more generally, for ν in N, an orthogonal basis of all ν-times
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p-Adic Fourier Theory of Differentiable Functions 941

di�erentiable funtions: A funtion f : Zp → Cp is ν-times di�erentiable if and

only if its oe�ients (an)n∈N ful�ll |an|n
ν → 0 as n→∞.

For a real number r ≥ 0, this di�erentiability ondition on the Mahler polyno-

mial oe�ients underlaid in [BB10℄ the de�nition of a Cr-funtion f : Zp → Cp

for any r ∈ R≥0 by asking its Mahler oe�ients (an)n∈N to obey |an|n
r → 0

as n→∞.

The notion of r-fold di�erentiability on Zp for a real r ≥ 0 emerged from the p-
adi Langlands orrespondene for GL2(Qp) whih mathes unitary ontinuous

ations of GL2(Qp) on a, usually in�nite-dimensional, p-adi Banah spae V
with ontinuous ations of the absolute Galois group Gal(Qp/Q) of Qp on a 2-
dimensional p-adi vetor spae (see [Col14℄ as a starting point). Let us outline
the steps taken to onstrut this orrespondene in the prototypi rystalline

ase (f. [BB10℄):

1. The ation of GL2(Qp) on V is unitary if the norm of V is invariant under

the group ation; suh a p-adi Banah spae V is onstruted as quotient

spae of r-times di�erentiable funtions (Cr-funtions for short) on two

opies of Zp for a real number r ≥ 0.

2. The ontinuous linear forms on all Cr-funtions on Zp embed by the

Amie transform (see [Sh99℄) into the ring A(B<1) of all power series
that onverge on the open unit dis B<1 of Cp. This transforms V into a

2-dimensional module D over A(B<1) on whih a hosen pair of matries

(ϕ,Γ) in GL2(Qp) ats ommutatively.

3. This ation of (ϕ,Γ) on D is by Fontaine's Theory of (ϕ,Γ)-modules

equivalent to an ation of Gal(Qp/Qp) on a 2-dimensional p-adi vetor
spae (see [FO14℄).

If K is a �nite extension of Qp then a p-adi Langlands orrespondene for

GL2(K) yet has to be formulated. We �rst introdue r-fold di�erentiabil-

ity on the ring of integers OK of K. Reent ([Ber13℄) and upoming work

([Sh13℄) indiates that above passage from the representation of GL2(Qp) to
that of Gal(Qp/Qp) is for GL2(K) best mimiked via Lubin-Tate Theory, used

in [ST01℄ to generalize the Amie transform on Zp to the Fourier transform

on OK: it identi�es the Cp-linear dual of the C
r
-funtions f : OK → Cp with

power series that onverge on B<1 by

µ 7→ µ(P0) + µ(P1)X ++µ(P2)X
2 + · · · ,

sending a ontinuous linear map µ : Cr(OK,Cp) → Cp to the power series

whose oe�ients are the values of µ on ertain Fourier polynomials P0,

P1,. . . ((impliitly de�ned in Setion 3). We haraterize these power series and,

dually, all r-times di�erentiable funtions f : OK → Cp by their Fourier oe�-

ients :

Theorem (5.1'). Let d = [K : Qp] and r ≥ d. A funtion f : OK → Cp is

r-times di�erentiable if and only if f(x) =
∑

n∈N anPn(x) with |an|n
r/d → 0

as n→∞.
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942 Enno Nagel

Outline

In Setion 1 we de�ne r-fold di�erentiability on OK, as follows: We deompose

r = ν + ρ into an integer part ν in N and a frational part ρ in [0, 1[. Then
ν-fold di�erentiability is de�ned by iterated divided di�erenes and ρ-fold di�er-
entiability by a strengthened Hölder ontinuity ondition. A funtion is r-times

di�erentiable if its ν-th iterated divided di�erene is ρ-times di�erentiable.

In one variable, a funtion is r-times di�erentiable if and only if its Taylor

polynomial expansion onverges (Theorem 1.6).

This equivalene is in Setion 2 used to verify the Cauhy-Riemann onditions

over K: A funtion f on OK is r-times di�erentiable as funtion of one variable

in K if and only if f is r-times di�erentiable as funtion of d = [K : Qp]
variables in Qp and the derivative of f is K-linear.

In Setion 3 we review Amie's and Shneider and Teitelbaum's theories that

identify loally analyti distributions (ontinuous linear forms on all loally

analyti funtions) with power series onverging on an open unit dis. The

Amie transform gives an isomorphism T : Dla

Qp
(OK,Cp) ∼−→ A(Bd

<1) between
all loally Qp-analyti distributions on OK = Zp⊕· · ·⊕Zp and all power series

onverging on the open polydis Bd
<1.

The Cauhy-Riemann equations that ensure K-analytiity of suh a distribu-

tion ut out an analyti variety R : ÔK →֒ Bd
<1. Shneider and Teitelbaum

onstrut via Lubin-Tate's Theory of formal OK-modules an analyti isomor-

phism F : B<1 /Cp
∼−→ ÔK. This yields the ommutative diagram

Dla

Qp
(OK,Cp)

��

∼

Amie

// A(Bd
<1)

F◦R

��
Dla

K
(OK,Cp)

∼ // A(B<1)

(∗)

where F ◦R denotes the homomorphism between rings of power series indued

from R ◦ F .

In Setion 4 we study this diagram for Cr-distributions, the ontinuous linear

forms on all Cr-funtions. Let us denote by Ar
Qp

the image under the Amie

transform of the ontinuous dual Dr
Qp

(OK,Cp) of Cr(Zp ⊕ · · · ⊕ Zp,Cp). It
onsists of power series subjet to a ertain boundedness ondition. We must

ompute the pullbak Ar
K

:= F ◦R(Ar
Qp

) of Ar
Qp

under R ◦F : B<1
∼−→ ÔK →֒

Bd
<1. The restrition from all loally analyti to all Cr-distributions turns the

ommutative diagram (∗) into

Dr
Qp

(OK,Cp)

��

∼

Amie

// Ar
Qp

F◦R

��
Dr

K
(OK,Cp)

∼ // Ar
K
.

Documenta Mathematica 23 (2018) 939–967



p-Adic Fourier Theory of Differentiable Functions 943

To ompute Ar
K
we show that the oe�ient-wise boundedness ondition satis-

�ed by all power series f in Ar
Qp

is equivalent to a boundedness ondition on

the values of f on losed subvarieties whih exhaust ÔK, alled temperedness.

Temperedness translates well under the rigid isomorphism R ◦ F and allows

us to ompute Ar
K

= F ◦ R(Ar
Qp

) (where a tehnial key point is a uniform

bound on the operator norms of these rigid-analyti isomorphisms on all diss

of inreasing radii below 1 in [BK16℄).

In the �nal Setion 5, we onlude by Shikhof duality (f. [ST02℄) the Fourier

oe�ients of Cr-funtions to obey the onvergene ondition of Theorem 5.1'.

Acknowledgements. I am indebted to Jean-François Dat, Vytas Pa²k	unas

and Tobias Shmidt for independently bringing this problem up and giving

valuable remarks; to Pierre Colmez for orretions on an early draft; to Chris-

tian Kappen, visiting researher at the Instituto de Matemátia da UFAL, for

his ontributions towards rigid-analyti norm omparisons; to João Pedro dos

Santos for suggesting various lari�ations; to the referees for their metiulous

proofreading.

1 Approaches to fractional differentiability

We de�ne r-fold di�erentiability for a real number r ≥ 0. For this, write r =
ν + ρ ≥ 0 with ν ∈ N and ρ ∈ [0, 1[. We �rst de�ne ν-fold di�erentiability

by iterated divided di�erenes, then ρ-fold di�erentiability by a strengthened

Hölder-ontinuity ondition. Finally a funtion is r-times di�erentiable if its

ν-th iterated divided di�erene is ρ-times di�erentiable.

Iterated linear differentials

The non-Arhimedean di�erentiability ondition is more rigorous than the or-

dinary one to ompensate the absene of an analogue of the intermediate value

theorem over a non-Arhimedean �eld, due to its total disonnetedness:

Let V be a �nite-dimensionalK-vetor spae and X an open subset of V . Let E
be aK-Banah spae. The funtion f : X → E is di�erentiable at a inX if there

is a linear map A : V → E suh that for every ǫ > 0 there is a neighborhood U
around a inside X where

‖f(x+ h)− f(x)−Ah‖ ≤ ǫ‖h‖ for all x+ h, x in U.

Cν-functions for a natural number ν

The following, equivalent, di�erentiability ondition requires a hoie of o-

ordinates on V , but an be iterated, that is, applied again to the obtained

di�erential to de�ne di�erentiability of higher orders. We �x a basis e1, . . . ,ed

of V and by this basis identify V with the d-fold diret sum K⊕ · · · ⊕K. Let

X be an open subset of V .

Documenta Mathematica 23 (2018) 939–967



944 Enno Nagel

Definition. The di�erential f ]1[(x+ h, x) of f at x+ h, x in X with h ∈ K∗d

is the K-linear map A : V → E determined by

A ·hkek = f(x+h1e1+ · · ·+hk−1ek−1 +hkek)− f(x+h1e1+ · · ·+hk−1ek−1)

for all k = 1, . . . , d. The funtion f is a C1-funtion if f ]1[
extends to a ontin-

uous funtion f [1] : X ×X → HomK(V,E).

Beause X is open, X ]1[ = {(x + h, x) ∈ X2 : h ∈ K∗d} is dense inside X [1]
,

and so f [1]
is uniquely determined by f .

Starting from this de�nition, we obtain a notion of ν-fold di�erentiability for

ν ≥ 0 as follows: Let f ∈ C1(X,E) and let us regard the funtion f [1]
: Its

domain X ×X is again inluded in a �nite dimensional K-vetor spae V × V
with an ordered basis, and its odomain HomK(V,E) is again K-Banah spae.

So we an de�ne the iterated di�erential by the di�erential of f [1]
. That is, f

is twie di�erentiable if f [1]
exists and

f ]2[ = (f [1])]1[ : (X ×X)]1[ → HomK(V × V,HomK(V,E))

extends to a ontinuous funtion f [2]
on (X ×X)[1].

Definition. Let ν in N. The funtion f : X → E is a Cν+1
-funtion

• if f is a Cν -funtion, and

• if X = X [ν]
, V = V [ν]

, E = E[ν]
and f = f [ν]

then f]1[ extends to a

ontinuous funtion f[1] : X× X→ HomK(V×V,E).

Like f [1]
, also f [ν]

is uniquely determined by f .

Cρ-functions for ρ in [0, 1[

Let ρ in [0, 1[. Roughly, ρ-fold di�erentiability is striter Hölder-ontinuity. Let

X be a subset of a �nite-dimensional K-vetor spae V and let E be a non-

Arhimedean K-Banah spae.

Definition 1.1. The funtion f : X → E is Cρ at a in V if for every ε > 0,
there is a neighborhood U around a inside V suh that

‖f(x)− f(y)‖ ≤ ε · ‖x− y‖
ρ

for all x, y in X ∩ U.

The funtion f : X→ E is a Cρ-funtion if it is Cρ at every a in X.

The above ondition on a in V is nonvoid only if a is in the losure of X. This

is the ase, for example, when X is dense inside V.

The frational divided di�erene |f ]ρ[| of f is de�ned by

|f ]ρ[|(x, y) := ‖f(x)− f(y)‖/‖x− y‖
ρ

for all distint x, y in X.

The funtion f : X → E is a Cρ-funtion if and only if |f ]ρ[| extends to a

ontinuous funtion |f [ρ]| on all of X × X that vanishes on the diagonal of

X × X. Beause X is open, the domain of |f ]ρ[| is dense inside X × X and f
determines |f [ρ]| uniquely. If X is ompat, then we an endow the K-vetor

spae of Cρ-funtions by the natural norm ‖f‖Cρ := max{‖f‖sup, ‖ |f
[ρ]| ‖sup}.
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p-Adic Fourier Theory of Differentiable Functions 945

Cr-functions for r ≥ 0

Let r = ν + ρ ≥ 0 with ν ∈ N and ρ ∈ [0, 1[. We de�ne r-fold di�erentiability

of a funtion f by requiring its ν-th iterated divided di�erene f ]ν[
to be Cρ

everywhere.

Definition 1.2. Let X be an open subset of V . The funtion f : X → E is a

Cr-funtion if f is a Cν-funtion and f [ν]
is a Cρ-funtion.

Let X be ompat. Beause f [n]
for n = 0, . . . , ν and |F [ρ]| for F = f [ν]

are

uniquely determined by f , the norm ‖·‖Cr on all Cr-funtions f : X → E given

by ‖f‖Cr := max{‖f [0]‖sup, . . . , ‖f
[ν−1]‖sup, ‖f

[ν]‖Cρ} is well-de�ned.

Iterated divided differences in one variable

The preeding de�nition is well suited for oneptual questions like that about

base hange in Setion 2. For omputations, the textbook de�nition (see [Sh84,

Setion 26�.℄) is apter.

Shikhof observed that the divided di�erene f ]1[
is a symmetri funtion; as

suh, it is di�erentiable if and only if it is partially di�erentiability in its �rst

oordinate. This redues, with inreasing degree of di�erentiability ν, the ex-

ponential growth in the number of variables of f ]ν[
to a linear growth in the

number of variables of a divided di�erene f>ν<
, that we de�ne below:

Definition. Let X be a subset of K and f : X → E. For ν ∈ N put

X<ν> = X{0,...,ν}
and X>ν< = {(x0, . . . , xν) : if i 6= j then xi 6= xj}.

The ν-th divided di�erene f>ν< : X>ν< → E of a funtion f : X → E is

indutively given by f>0< := f and for n ∈ N and (x0, . . . , xν) ∈ X
>ν<

by

f>ν<(x0, . . . , xν) :=
f>ν−1<(x0, x2, . . . , xν)− f

>ν−1<(x1, x2, . . . , xν)

x0 − x1
.

The following de�nition for ρ = 0 is given in [Sh84, Setion 29℄, where integral

di�erentiability (that is, for ν in N) is de�ned. That is, a funtion f is ν times

di�erentiable if f>ν<
extends to a ontinuous funtion on X<ν>

.

Definition 1.3. Fix r = ν + ρ ∈ R≥0. Let X be a subset of K and f : X → E.

• The funtion f is Cr (or r-times di�erentiable) at a point a ∈ X if

f>ν< : X>ν< → E is Cρ at ~a = (a, . . . , a) ∈ X<ν>
.

• The funtion f is a Cr-funtion (or an r-times di�erentiable funtion) if

f is Cr at all a in X . Let Cr(X,E) denote all Cr-funtions f : X → E.

Note that this di�erentiability ondition is, even for higher orders, given point-

wise. If a is an aumulation point then the valueDνf(a) to whih f>ν<
extends

at ~a, the derivative of f at a, is uniquely determined. If f (ν)
is the ν-fold

ordinary derivative of f then ν! Dνf = f (ν)
([Sh84, Theorem 29.5℄).
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946 Enno Nagel

Let X ontain no isolated point. Then f is a Cr-funtion if and only if f>ν<

extends to a unique Cρ-funtion f<ν> : X<ν> → E ([Nag11, Proposition 2.5℄).

Every r-times di�erentiable funtion is (by [Nag11, Lemma 2.3℄) in partiular

s-times di�erentiable for every nonnegative s ≤ r. Thene, if X is ompat

without isolated points, then we an endow the K-vetor spae of Cr-funtions
with the norm

‖f‖Cr := max{‖f [0]‖sup, . . . , ‖f
[ν−1]‖sup, ‖f

[ν]‖Cρ}.

This norm is equivalent to that of De�nition 1.2 by [Nag16, Proposition A.2℄.

Taylor Polynomials

We give a di�erentiability ondition of only two arguments by Taylor polyno-

mials (whereas that by iterated linear di�erentials respetively iterated divided

di�erenes have an exponential respetively linear growth in the number of

variables for inreasing degree of di�erentiability ν).
Let V be a normed K-vetor spae. Let Symn

K
(V,E) be all ontinuous sym-

metri K-multilinear maps M : V × · · · × V → E of n variables. These form a

non-Arhimedean K-Banah spae by the operator norm

‖M‖ = sup{‖M(x)‖ : x ∈ V n
with ‖x‖ ≤ 1}

whih is the supremum of M on the unit ball of V × · · · × V with respet to

the produt norm ‖v1, . . . , vn‖ = max{‖v1‖, . . . , ‖vn‖}.

Definition

The following de�nition generalizes that of onefold di�erentiability at the be-

ginning of Setion 1 to a higher di�erentiability degree r ≥ 0.

Definition 1.4. Let X be an open subset of V . The funtion f : X → E is

a Cr
T

-funtion if there are funtions Dnf : X → Symn(V,E) for n = 0, 1, . . . , ν
and R

vf : X ×X → E suh that

f(x+ h) =
∑

n=0,...,ν

Dnf(x)(h, . . . , h) + R

νf(x+ h, x)

and for every a in X and ε > 0, there is a neighborhood U around a inside X
suh that

‖Rνf(x+ h, x)‖ ≤ ε‖h‖
r

for all x+ h, x in U .

The norm

Let Cr
T

(X,E) be the K-vetor spae of all Cr
T

funtions f : X → E. By [Nag16,

Corollary 2.5℄ the funtions D0f,D1f, . . . ,Dνf are uniquely determined and

di�erentiable of degree r, r − 1, . . . , ρ. Hene
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p-Adic Fourier Theory of Differentiable Functions 947

1. in partiular, the funtions D0f,D1f, . . . ,Dνf are ontinuous, and

2. the remainder R

νf of the Taylor polynomial up to degree ν onverges as

in De�nition 1.4 if and only if the funtion ∆rf , de�ned by

∆rf(x, y) = ‖Rνf(x, y)‖/‖x− y‖
r

for all distint x, y in X,

extends to a ontinuous funtion |∆rf | : X ×X → R≥0 that vanishes on

the diagonal.

Thus if X is a ompat open subset of V then there is a well-de�ned norm ‖·‖Cr
T

on Cr
T

(X,E) given by ‖f‖Cr
T

:= max{‖D0f‖sup, . . . , ‖D
νf‖sup}∪{‖ |∆

rf | ‖sup}.

Necessity

Every r-times di�erentiable funtion an be loally approximated by its Taylor

polynomial expansion up to degree ν:

Proposition 1.5 ([Nag16, Corollary 3.6℄). We have Cr(X,E) ⊆ Cr
T

(X,E) and
if X is a ompat open subset of V then the inlusion Cr(X,E) →֒ Cr

T

(X,E) is
a monomorphism of normed vetor spaes.

Sufficiency in one variable

For a funtion f of one variable (and also of many variables in Qp by [Nag16,

Setion 3℄) the onvergene ondition on the rest term of its Taylor polynomial

of degree ν is su�ient for the r-fold di�erentiability of f .

Theorem 1.6 ([Nag11, Lemma 2.27, Corollary 2.25 and 2.32℄). Let X be an

open subset of E and f : X → E. Then f : X → E is a Cr-funtion if and only

if there are funtions D0f,D1f, . . . ,Dνf : X → E and R

νf : X ×X → E suh

that

f(x+ y) = D0f(x) + D1f(x)y + · · ·+Dνf(x)yν + R

νf(x+ y, x)

and for every a in X and ε > 0 exists a neighborhood U around a inside X
where

|Rνf(x+ y, x)| ≤ ε|y|
r

for all x+ y, x ∈ Uε.

Remark. De Ieso de�nes in [DI13℄ an r-times di�erentiable funtion over the

unit ball of a �nite extension F of Qp via a Taylor polynomial expansion by

the �eld embeddings of F into its normal losure. His normed spae of Cr-
funtions equals by [Nag16, Theorem 4.7℄ that of CrQp

-funtions as de�ned next

(in Setion 2).
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948 Enno Nagel

2 Cauchy-Riemann equations

The di�erentiability ondition on a funtion f depends on the �eld of de�nition

K of the vetor spae that embraes its domain and odomain. The bigger

the base �eld K, the more restritive the ondition on the derivative of f to

ommute with the salar multipliation in K, and so the more restritive the

di�erentiability ondition on f . To emphasize this dependeny on the base �eld

K, let a Cr
K
-funtion for r ≥ 1 denote an r-times di�erentiable funtion whose

domain and odomain have �eld of de�nition K.

Let L be a non-Arhimedean �eld and K a �nite extension of L. Let X be

an open subset of K, let E be a Banah spae over K and f : X → E. We

show that if f is a Cr
L
-funtion and additionally all its di�erentials ommute

with the salar multipliation in K then f is a Cr
K
-funtion (in analogy to R

and its unique algebrai extension C where these additional onditions on the

di�erentials are alled the Cauhy-Riemann onditions).

Let V be a K-vetor spae. We embed K into the L-vetor spae EndL(V ) of
all L-linear endomorphisms over V by λ 7→ λ·. An L-multilinear map Φ: V ×
· · · × V → E is K-multilinear if Φ(. . . , λ·, . . .) = λ · Φ for every λ ∈ K. Let

Multn
L
(V,E) denote all L-multilinear maps of n variables in V that take values

in E.

Proposition 2.1. Let f : X → E be a Cr
L
-funtion. If for every x in X the

maps D1f(x), . . . ,Dνf(x) are K-multilinear, then f is a Cr
K
-funtion.

Proof: Let us assume f ∈ Cr
L
(X,E) and Dnf(x) ∈Multn

K
(K,E) for n = 0,. . . ,ν.

By Proposition 1.5

f(x+ h) =
∑

i=0,...,ν

Dif(x)(h, . . . , h) + R

νf(x+ h, x) for all x+ h, x ∈ X,

suh that for every a ∈ X and ε > 0 there is a neighborhood U around a where

|Rνf(x+ h, x)| ≤ ε|h|
r

for all x, y ∈ U.

Let us write h ∈ K as h = h1e1 + · · ·+ hded with {e1 = 1, e2, . . . , ed} a basis of
the L-vetor spae K. For i = 0, . . . , ν, by K-multilinearity of Dif ,

Dif(x)(h, . . . , h) =
∑

j1,...,ji∈{1,...,d}

Dif(x)(1, . . . , 1)hj1 · · ·hji · ej1 · · · eji

= Dif(x)(1, . . . , 1)(h1e1 + · · ·+ hded)
i

Putting Di
K
f(x) = Dif(x)(1, . . . , 1), we therefore onlude that there are fun-

tions D0
K
f, . . . ,Dν

K
f : X → E and R

νf : X ×X → E suh that

f(x+ h) =
∑

i=0,...,ν

Di
K
f(x)hi + R

νf(x+ h, x) for all x+ h, x ∈ X,
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and for every a ∈ X and ε > 0 exists a neighborhood U around a inside X
where

|Rνf(x+ h, x)| ≤ ε|h|
r

for all x+ h, x ∈ U.

This onvergene ondition on the remainder of the Taylor expansion of f up

to degree ν is by Theorem 1.6 above equivalent to f ∈ Cr
K
(X,E). �

Lemma 2.2. Let f : X → L be a Cr
L
-funtion. Given x in X, if D1f(x) is

K-linear, then D2f(x), . . . ,Dνf(x) are K-multilinear.

Proof: Let λ in K. We assume that λ · D1f(x) = D1f(x) ◦ λ where on the

right-hand side we regard λ as L-linear endomorphism over K.

Let n = 2, . . . , ν. Beause Dnf(x) ∈ Multn
L
(K,E) is symmetri, it su�es to

show that Dnf(x) is K-linear in the last argument, that is,

Dnf(x)(. . . , λ·) = λ ·Dnf(x).

By our assumption D1f : X → HomL(K,E) and by K-linearity of the di�eren-

tial D1 : C1(X,E)→ C0(X,HomL(K,E))

Dnf(x)(·, . . . , ·, λ·) = Dn−1(D1f(λ·))(x)

= (Dn−1(λ ·D1f))(x) = λ ·Dn−1(D1f)(x) = λ ·Dnf(x).�

Corollary 2.3. Let f ∈ Cr
L
(X,E) and D1f(x) ∈ HomK(K,E) for all x ∈ X.

Then f ∈ Cr
K
(X,E).

Proof: By Proposition 2.1 and Lemma 2.2. �

3 The Fourier basis

Let us �rst explain the Amie transform on Zp, followed by the Fourier trans-

form as its analogue on a �nite extension O of Zp.

The Amice transform

Let C0(Zp,OCp
) denote all ontinuous funtions f : Zp → OCp

and

let D0(Zp,OCp
) be its topologial dual of all ontinuous linear maps

µ : C0(Zp,OCp
)→ OCp

.

Every ontinuous funtion f : Zp → OCp
is uniformly approximated by loally

onstant funtions fn in OCp
[Z/pnZ]; dually, the natural map

D0(Zp,OCp
) ∼−→ OCp

[[Zp]]

is an isomorphism of topologial OCp
-algebras, where

• the left-hand side is equipped with the onvolution produt and the topol-

ogy of point-wise onvergene, and
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• the right-hand side is the ompleted group algebra lim
←−
OCp

[Z/pnZ] with
the projetive-limit topology.

The topologial group Zp is generated by a single element, say γ = 1, yielding

the Iwasawa isomorphism of topologial algebras

OCp
[[Zp]] ∼−→ OCp

[[X ]]

de�ned by γ 7→ 1 +X . The omposed isomorphism

D0(Zp,OCp
) ∼−→ OCp

[[X ]]

µ 7→ µ
(
·
0

)
+ µ

(
·
1

)
X + µ

(
·
2

)
X2 + · · ·

sends a ontinuous linear map µ : C0(Zp,OCp
)→ OCp

to the power series whose

oe�ients are its values µ(
(
·
0

)
), µ(

(
·
1

)
), . . . on the Mahler polynomials, given by(

x
n

)
:= x(x − 1) · · · (x− n+ 1)/n!.

We apply this isomorphism to all loally analyti funtions, that is, funtions

that are loally given by a onvergent power series (of, possibly, many variables):

Let K be a �nite extension of Qp of degree d and O its ring of integers. Let

ClaQp
(O,Cp) be the Fréhet spae of all Qp-loally analyti funtions f : O →

Cp, that is, funtions that are loally given by a onvergent power series of

d variables on an open subset of O = Zp ⊕ · · · ⊕ Zp. The multivariate Amie

transform ([Ami64, Corollaire 10.3.(a)℄) is the isomorphism of topologial Cp-

algebras

T : Dla

Qp
(O,Cp) ∼−→ A(Bd

<1)

µ 7→
∑
µ
(
·
n

)
Xn

between all ontinuous linear maps µ : ClaQp
(O,Cp) → Cp and all power series

of d variables over Cp that onverge on the open unit dis Bd
<1 of C

d
p; here and

heneforth for x = (x1, . . . , xd) and n = (n1, . . . , nd) we denote

(
x

n

)
:=

(
x1

n1

)
· · ·

(
xd

nd

)
and x

n := xn1 · · ·xnd .

To onlude, by evaluation on the Mahler polynomials, the ontinuous linear

forms

• on C0(Zp,Cp) orrespond to all power series that are bounded, and

• on Cla(Zp,Cp) orrespond to all power series that onverge on B<1.

The Fourier transform

Let K be a �nite extension of Qp of degree d and O its ring of integers. The

Fourier polynomials P0, P1, . . . parallel the Mahler polynomials

(
·
0

)
,
(
·
1

)
, . . . by
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the Fourier isomorphism of topologial algebras Dla

K
(O,Cp) ∼−→ A(B<1) be-

tween all distributions, ontinuous linear maps µ : Cla(O,Cp) → Cp on all lo-

ally analyti funtions f : O → Cp, and all power series that onverge on the

open unit dis B<1 of Cp. Let

I = kerDla

Qp
(O,Cp)→ D

la

K
(O,Cp)

be the kernel of the ontinuous linear map that restrits a distribution from

all Qp-loally analyti to all K-loally analyti funtions f : O → Cp. Let J :=
T (I) be its image under the Amie transform. By the Hahn-Banah Theorem

([PGS10, Theorem 4.2.4℄) the indued quotient map of the Amie transform

T : Dla

K
(O,Cp) ∼−→ A(Bd

<1)/J

is an isomorphism. The main result Theorem 3.6 of [ST01℄ establishes the

rigid-analyti Shneider-Teitelbaum isomorphism F : B<1 → Ô between a�-

noid algebras

F : A(Bd
<1)/J

∼−→ A(B<1)

(where in op. it. (F,F) is denoted by (κ, κ∗)). The Fourier transform F ◦ T
is obtained by omposing the Amie transform with the Shneider-Teitelbaum

isomorphism, yielding the isomorphism of topologial Cp-algebras

Dla

K
(O,Cp) ∼−→ A(B<1)

µ 7→
∑
µ(Pn)X

n

given by evaluation on the Fourier polynomials P0, P1, . . . (denoted by P0(Ω·),
P1(Ω·) in [ST01℄). To de�ne P0, P1, . . .,

1. we parametrize the set Ô of all loally K-analyti haraters κ : O → C∗
p

by the open unit dis B<1, and

2. obtain by restrition from Cla(O,Cp) onto Ô (and this parametrization)

an injetive map

Dla

K
(O,Cp)→ { all f : B<1 → Cp},

whose image is by the Amie transform shown to onsist of all analyti

funtions on B<1.

The character variety

We will desribe the Shneider-Teitelbaum isomorphism, point-wise, as rigid-

analyti map between the variety Ô of all K-analyti haraters and the open

unit dis B<1 obtained from Lubin-Tate Theory. Via the Amie transform, it

will impliitly de�ne the Fourier polynomials P0, P1, P2 . . .
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Let Ẑd
p be the set of all Qp-analyti haraters χ : Z

d
p → C∗

p parametrized by

Bd
<1

∼−→ Ẑd
p

z 7→ χz := [x 7→ (1 + z)x :=
∑(

x

n

)
zn]

(see [Sh99, Setion 2℄). We have T (µ)(z) = µ(χz)

Let Ô be the set of all K-analyti haraters κ : O → C∗
p. We will de�ne an

analogous rigid-analyti parametrization

F : B<1
∼−→ Ô

z 7→ κz : O → C∗
p

so that F ◦ T (µ)(z) = µ(κz). This harater κz will be de�ned as omposition

of an orbit map on a formal group with a translated group homomorphism.

Formal O-modules

A formal group G is a ommutative one-dimensional formal group law over O,
that is, a power series G(X,Y ) in O[[X,Y ]] suh that

• (assoiativity) G(X,G(Y, Z)) = G(G(X,Y ), Z),

• (ommutativity) G(X,Y ) = G(Y,X), and

• (identity element) G(X,Y ) ≡ X + Y+ summands of higher degree.

An endomorphism of a formal group G is a power series g(X) in O[[X ]] suh
that

g(G(X,Y )) = G(g(X), g(Y )).

A formal O-module is a formal group G together with a ring homomorphism

O → End(G).
Let G

m

and G
a

be the multipliative and additive formal group (over Z) given

by the group laws G(X,Y ) = XY +X + Y and G(X,Y ) = X + Y . Let us add
a subsript (suh as OCp

, Qp or Cp) to indiate the base extension of a formal

group (to OCp
,Qp or Cp).

Every formal group G is by its logarithm logG : GQ
∼−→ G

a

|Q isomorphi to the

additive formal group overQ. Let exp: G
a

|Q→ Gm |Q be the exponential map.

(See [Lan78, Chapter 8℄ for the de�nition of either map and a more thorough

disussion of formal groups, in partiular formal O-modules.)

Let T ′(G) = Hom(GOCp
,G

m

|OCp
) be all formal group homomorphisms between

GOCp
and G

m

|OCp
. Every t′ : GOCp

→ G
m

|OCp
in T ′(G) deomposes over Cp as

t′ : GCp

logG
−→ G

a

|Cp
Ω′·
−→ G

a

|Cp
exp
−→ G

m

|Cp (3.1)

for some Ω′
in OCp

. Consequently T ′(G) is a free OCp
-module of rank one.
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To every uniformizer π in O orresponds (after base extension to the ompletion

of the maximally unrami�ed extension of O) a (unique) formal O-module Gπ
([LT65℄). For example, p in Zp orresponds to G

m

.

Let us heneforth �x a uniformizer π in O, the formal O-module G that or-

responds to π and a generator t′0 of T ′(G) (and its orresponding salar Ω in

OCp
).

Orbits under formal group actions

We now reall how B<1 parametrizes all loallyK-analyti C∗
p-valued haraters

on O ([ST01, Setion 3℄): The power series over O that de�nes a formal group

law (suh as G or G
m

) onverges on B<1 and turns B<1 into a group that we

denote by the formal group law (suh as G or G
m

). Given a in O, let [a] in
End(G) be the formal O-ation of a on G.
We attah to z ∈ G = B<1 its orbit map oz : O → G given by a 7→ [a]z. Then

O
oz→ G

t′0→ G
m

·+1
→ C∗

p

a 7→ [a]z 7→ t′0([a]z) 7→ t′0([a]z) + 1

is a loally K-analyti harater κz : O → C∗
p (where · + 1 translates between

the neutral elements 0 and 1 of G
m

and C∗
p). The obtained map

F : B<1
∼−→ Ô

z 7→ κz

is a bijetion between B<1 and the set Ô of all K-analyti haraters on O with

values in Cp ([ST01, Proposition 3.1℄).

We reall that Ô is ut out of Ẑd
p by the Cauhy-Riemann equations ([ST01,

Lemma 1.1℄) and is the rigid-analyti subvariety of Bd
<1 of vanishing ideal J ;

the Shneider-Teitelbaum isomorphism is a rigid-analyti group homomorphism

between G and Ô.

The Fourier basis

Expressed in power series, Equation (3.1) says

ft′
0
(Z) = exp(Ω logG(Z)) (3.2)

where ft′
0
(Z) is the formal power series that de�nes t′0. Let Pm(Y ) in K[Y ]

(denoted by Pn(Ω·) in [ST01℄) be the polynomial de�ned by the formal power

series expansion

exp(Y logG(Z)) =
∑

Pn(Y )Zn.

Let f(X) =
∑

n≥0 anX
n
in A(B<1) and let µ : Cla(O,Cp) → Cp be its image

under F ◦ T . Then µ(Pn) = 1/n!(dnf/ dXn)(0) = an ([ST01, Lemma 4.6.9℄).
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4 Differentiability as boundedness over the open unit disc

Let us �x a real number r ≥ 0. In this Setion 4 we haraterize the Cr-
distributions, that is, the ontinuous linear maps µ : Cr(O,Cp) → Cp, by a

bound on their values on the Fourier polynomials P0, P1, . . .

Strategy

Cauchy-Riemann equations

Let L = Qp (and K as before a �nite extension of L). If f is an r-times

di�erentiable funtion over L, then f is r-times di�erentiable overK if and only

if f satis�es the Cauhy-Riemann equations (by Corollary 2.3) and likewise if f
is a loally analyti funtion (by [ST01, Lemma 1.1℄). We obtain a ommutative

diagram of restrition maps

Dla

L
(O,Cp) // Dla

K
(O,Cp)

Dr
L
(O,Cp)

OO

// Dr
K
(O,Cp).

OO

(4.1)

where we laim that

(i) the arrows pointing upwards are injetions, and

(ii) those pointing rightwards surjetions (whih indue isometries for the

quotient norms).

Ad (i): The set of all loally polynomial (in partiular all loally analyti) fun-

tions is by [Nag11, Proposition 3.30℄ dense inside Cr(O,Cp); dually, the
restrition map

Dr(O,Cp)→ D
la(O,Cp)

µ 7→ µ
↾Cla(O,Cp)

over all ontinuous linear maps µ : Cr(O,Cp)→ Cp is injetive. Beause

this holds for Cr-funtions over an arbitrary non-Arhimedean �eld, suh

as L or K, and of an arbitrary number of variables, suh as [K : L], we
obtain injetivity of both, left and right, arrows.

Ad (ii): This follows from the Hahn-Banah Theorem for non-Arhimedean loally

onvex vetor spaes of ountable type ([PGS10, Theorem 4.2.4℄).

The Amice transform

The Amie transform T turns the ommutative diagram (4.1) between distri-

bution spaes into one between spaes of formal power series subjet to ertain
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onvergene onditions:

A(Bd
<1) // A(Bd

<1)/J

Ar
L

OO

// Ar
L
/J ∩ Ar

L
,

OO

where J = T (I) is the image of the ideal generated by the Cauhy-Riemann

equations and Ar
L
= Dr

L
(O,Cp).

The Schneider-Teitelbaum isomorphism

The main result Theorem 3.6 of [ST01℄ is a rigid-analyti isomorphism, the

Shneider-Teitelbaum isomorphism,

(F,F) : (B<1,A(B<1)) ∼−→ (Ô,A(Bd
<1)/J)

between the variety Ô of all K-analyti haraters and the open unit dis B<1.

We put

Ar
K

:= F(Ar
L
/J ∩ Ar

L
).

The Cr-functions under the Fourier transform

The following ommutative diagram reollets all homomorphisms that have

�gured in our above disussion:

Dla

K

∼ // Dla

L
/I

∼ // A(Bd
<1)/J

∼ // A(B<1)

Dla

L

^^❂
❂
❂
❂
❂
❂
❂

;;✈✈✈✈✈✈✈✈✈
∼ // A(Bd

<1)

99sssssssss

Dr
K

∼ //

OO

Dr
L
/I ∩ Dr

L

OO

∼ // Ar
L
/J ∩ Ar

L

OO

∼ // Ar
K

OO

Dr
L

OO

__❄
❄
❄
❄
❄
❄
❄

::✉✉✉✉✉✉✉✉✉
∼ // Ar

L

99rrrrrrrrrrr

OO

Our aim is to desribe Dr
K
(O,Cp), all ontinuous linear maps µ : Cr(O,Cp)→

Cp, by their values µ(P0), µ(P1), . . . on the Fourier polynomials. These values

are the oe�ients of the power series in Ar
K
, the image of Dr

K
(O,Cp) under

the isomorphism given by the bottom rear arrows.

To prove

Ar
K

=

{
∑

n∈N

anX
n : {|an|/n

r/d} is bounded

}
(4.2)
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(that is, Corollary 4.8), we take three steps, eah arried out in its proper

subsetion:

1. Beause above diagram ommutes, Ar
K

is the image of Ar
L

under the

epimorphism

A(Bd
<1) ։ A(B

d
<1)/J = A(Ô) ∼−→ A(B<1).

Given a power series in A(Bd
<1), show that it is in Ar

L
if and only if it is

tempered, that is, its values over Bd
<1 are bounded in a presribed manner.

2. Apply the Shneider-Teitelbaum isomorphism F : Ô ∼−→ B<1 to this tem-

peredness ondition that singles out Ar
L
/J ∩ Ar

L
from A(Bd

<1)/J .

3. Show that the (temperedness) ondition on the values over B<1 ob-

tained under the Shneider-Teitelbaum isomorphism is equivalent to the

oe�ient-wise boundedness ondition (4.2).

Differentiability as analytical temperedness

We desribe the power series in Ar
L
/J∩Ar

L
by a bound on their values on larger

and larger losed diss inside the open unit dis. For this we �rst desribe the

distributions in Dr
K
(O,Cp) by their values on loally analyti funtions, and

afterwards apply the Amie transform.

For a sub�eld F of Cp let v : F
∗ → Q be the additive valuation standardized by

v(p) = 1, and |x| = p−v(x)
for x in F∗

. A ball of radius δ > 0 of F is a subset

of F eah two of whose elements x and y ful�ll |x− y| ≤ δ.

Definition. For a �eld F in-between L and K and n in N, put

Cn−an

F
(O,Cp) :=

{all f : O → Cp that are F-analyti on every ball of radius p−n}

These n-analyti funtions form a Cp-Banah spae for the natural norm that

restrits to the analyti norm on every neighborhood of radius p−n
. Let

Dn−an

F
(O,Cp) := {all ontinuous Cp-linear µ : C

n−an

F
(O,Cp)→ Cp}

be its ontinuous dual. These n-analyti distributions form a Cp-Banah spae

for the operator norm.

Given a �eld F in-between L and K (suh as L or K), a natural number n
and an ideal I of Dla

F
(O,Cp) (suh as that generated by the Cauhy-Riemann

equations), we will denote the ideal of Dn−an

F
(O,Cp) that is generated by the

image of I under Dla

F
(O,Cp)→ D

n−an

F
(O,Cp) likewise by I.

The Amie transform turns the n-analyti distributions into formal power series

that onverge on a losed dis of radius ρ < 1:
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Definition. Let Bd
≤ρ be the losed polydis of radius ρ > 0 of Cd

p. Put

A(Bd
≤ρ) := {all power series over Cp of d variables that onverge on Bd

≤ρ}.

Then A(Bd
≤ρ) is a Cp-Banah algebra for the norm ‖·‖ρ de�ned by

‖
∑

i∈Nd

aiX
i1
1 · · ·X

id
d ‖ρ := sup{|ai|ρ

i1+···+id : i ∈ Nd}.

Given d in N, a radius δ > 0 and an ideal J of A(Bd
<1) (suh as that generated

by the Cauhy-Riemann equations), we will denote the ideal of A(Bd
≤δ) that is

generated by the image of J under A(Bd
<1)→ A(B

d
≤δ) likewise by J .

For an a�noid algebra A, let A◦
be its losed unit ball under the Gauss residue

norm; that is, if A = T/J is the quotient of the Tate algebra T by the ideal J
then

A◦ := {all a ∈ A suh that for every ε > 0

there is t in a+ J with ‖t‖ ≤ 1 + ε}

Fix one for all a sequene λ1, λ2, . . . in Cp suh that {[v(λ1)+ · · ·+ v(λh)]/rh :
h ∈ N} is bounded. (For example, if r in Q then, for some λ in Cp with v(λ) = r,
�x the onstant sequene λ, λ, . . .) Then for a sequene of inreasing radii (δh)
below 1 and d in N, let

· · · → A(Bd
≤δh+1

)→ A(Bd
≤δh)→ · · · → A(B

d
≤δ1)

be the transition maps de�ned by f 7→ λh · f|Bd
≤δh

for every h in N.

Proposition 4.1 (Temperedness under the Amie Transform). Let (ρh) be

the sequene of inreasing radii below 1 de�ned by ρ0 := p−1/(p−1) < 1 and

ρh := ρ1/p
h(p−1)

. Then the natural map

Ar
L
/J ∩ Ar

L
∼−→ lim
←−
h∈N

(A(Bd
≤ρh

)/J)◦ ⊗OCp
Cp (4.3)

is an isomorphism of Cp-Banah spaes.

Proof: The map (4.3) is on the very right of the ommutative diagram

lim
←−

(Dn−an

K
)◦ ⊗ Cp

// lim
←−

(Dn−an

L
/I)◦ ⊗ Cp

// lim
←−

(A(Bd
≤ρn

)/J)◦ ⊗ Cp

Dr
K

//

OO

Dr
L
/I ∩ Dr

L

OO

// Ar
L
/J ∩ Ar

L

(4.3)

OO

where
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• in the left-hand retangle both arrows pointing rightwards are the natural

quotient isomorphisms,

• in the right-hand retangle those are given by the Amie transform, and

• all arrows pointing upwards are given by the natural inlusion maps.

To prove that (4.3) is an isomorphism, it su�es by ommutativity of the

diagram to prove that all other arrows in the ommutative diagram given by

the right-hand retangle are isomorphisms:

1. The bottom-right arrow Dr
L
/I ∩Dr

L
→ Ar

L
/J ∩Ar

L
is an isomorphism as

quotient map of the Amie isomorphism (and beause Ar
K
is by de�nition

the image of Dr
L
under the Amie isomorphism).

2. The top-right arrow lim
←−
Dn−an

L
(O,Cp)/I → lim

←−
A(Bd

≤ρn
)/J◦ ⊗ Cp is an

isomorphism by [Nag15, Lemma 7.1℄, whih is a suitably formulated ver-

sion of the (multivariate) Amie Theorem.

3. It rests to show that the middle arrow

Dr
L
(O,Cp)/I ∩ D

r
L
(O,Cp)→ lim

←−
(Dn−an

L
(O,Cp)/I)

◦ ⊗ Cp

is an isomorphism. For this it su�es by ommutativity of the diagram

to prove that all other arrows in the ommutative diagram given by the

left-hand retangle are isomorphisms:

3.1. The top-left arrow lim
←−
Dn−an

K
(O,Cp) → lim

←−
Dn−an

L
(O,Cp)/I is

an isomorphism beause all Dn−an

K
(O,Cp) → Dn−an

L
(O,Cp)/I

are isometri isomorphisms by the ultrametri Hahn-Banah theo-

rem [PGS10, Theorem 4.2.4℄ for normed spaes of ountable type;

and

3.2. the bottom-left arrow Dr
K
(O,Cp) → D

r
L
(O,Cp)/I ∩ D

r
L
(O,Cp) is

likewise an isomorphism by the ultra-metri Hahn-Banah Theorem.

3.3. The left arrow Dr
K
(O,Cp) → lim

←−
Dn−an

K
(O,Cp)

◦ ⊗ Cp is an isomor-

phism by [Nag15, Corollary 6.1℄, whih expresses the Cr-norm by

the loally analyti ones. �

Temperedness under the Schneider-Teitelbaum isomorphism

We transfer by the Shneider-Teitelbaum isomorphism the isomorphism (4.3)

from Ar
L
/J ∩ Ar

L
in Proposition 4.1 to Ar

K
. In oordinates, the Shneider-

Teitelbaum isomorphism F : B<1 → Ô (inside (1, . . . , 1) + Bd
<1) is given by

z 7→ (1 + fe1t′0(z), . . . , 1 + fedt′0(z)),

where
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• e1, . . . , ed is a basis of OK over Zp,

• t′0 is the generator of the O-module Hom(GOCp
,G

m

|OCp
) �xed in Se-

tion 3, and

• ft′ for t
′
in Hom(GOCp

,G
m

|OCp
) denotes its de�ning power series (as in

(3.2)).

The restritions Fh of F onto losed diss of ertain radii ζh < 1, to be spei�ed
below, are given by the same power series.

Lemma 4.2. Fix two sequenes (σh) and (ςh) of inreasing radii below 1 given

by

• σ0 := p−1/(p−1)−1/e
and σh := σ

1/ph

0 ,

• ς0 := p−q/e(q−1)
and ςh := ς

1/pdh

0

and let (Fh) with
Fh : A(B

d
≤σh

)/J ∼−→ A(B≤ςh)

be the ompatible family of isomorphisms between a�noid algebras given

by [ST01, Theorem 3.6℄. Then the natural map

Ar
K

∼−→ lim
←−
h∈N

Fh(A(B
d
≤σh

)/J)◦ ⊗OCp
Cp.

is an isomorphism of Cp-Banah spaes.

Proof: Let (ρh) be the sequene of inreasing radii below 1 given by ρ0 :=

p−1/(p−1)
and ρh := ρ1/p

h(p−1)
. By Proposition 4.1 the natural map

Ar
L
/J ∩ Ar

L
∼−→ lim
←−
h∈N

(A(Bd
≤ρh

)/J)◦ ⊗OCp
Cp.

is an isomorphism of Cp-Banah spaes. If δ′0 and δ′′0 are two positive numbers

< 1 then the sequenes (δ′h) and (δ′′h) given by δh := δ
1/ph

0 are o�nal. This

onlusion applies in partiular to δ′0 := ρ0 and δ′′0 := σ0. Thus

lim
←−
h∈N

(A(Bd
≤ρh

)/J)◦ ⊗OCp
Cp

∼−→ lim
←−
h∈N

(A(Bd
≤σh

)/J)◦ ⊗OCp
Cp.

We apply the ompatible sequene of Shneider-Teitelbaum isomorphisms (Fh)
to the ompatible sequene of maps that indues this isomorphism of projetive

limits. Beause the transition maps are in partiular injetive, we onlude by

left exatness of the projetive-limit funtor

Ar
K

= F(Ar
L
/J ∩Ar

L
) ∼−→ lim

←−
h∈N

Fh(A(B
d
≤σh

)/J)◦ ⊗OCp
Cp.

�
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We �x one for all the sequene of inreasing radii (σh) below 1 given

by σ0 := p−1/(p−1)−1/e
and σh := σ

1/ph

0 . To make the inverse limit

lim
←−
Fh(A(B

d
≤σh

)/J)◦ ⊗OCp
Cp expliit, we de�ne two OCp

-Banah modules Ah

and Ch, that is, losed unit balls of Cp-Banah spaes, suh that

Ah →֒ Fh(A(B
d
≤σh

)/J)◦ →֒ Ch. (4.4)

Lemma 4.3 (De�nition of Ch in (4.4)). Let (σh)h∈N and (ςh)h∈N be the se-

quenes of inreasing radii de�ned in Lemma 4.2. Then the isomorphism of

a�noid algebras

Fh : A(B
d
≤σh

)/J ∼−→ A(B≤ςh)

de�ned in [ST01, Theorem 3.6℄ restrits to a monomorphism of OCp
-Banah

modules

Fh : (A(B
d
≤σh

)/J)◦ →֒ A(B≤ςh)
◦.

Proof: Let f̄ in A(Bd
≤σh

)/J . Beause

1. by the maximum priniple on the losed unit dis, the supremum norm

is equal to the Gauss norm,

2. every isomorphism of a�noid algebras is an isometry of Banah spaes

for the a�noid supremum norms, and

3. the supremum norm is bounded above by the Gauss residue norm,

we obtain

‖Fh(f̄)‖ςh = ‖Fh(f̄)‖ςh,sup = ‖f̄‖σh,sup
≤ ‖f̄‖σh

,

and onlude the laimed inlusion of unit balls. �

Lemma 4.4 (De�nition of Ah in (4.4)). Let (ρh)h∈N and (ςh)h∈N be the se-

quenes of radii de�ned in Proposition 4.1 and Lemma 4.2. Put

A′(B≤ςh) := {all f in Cp[[X ]] suh that

f =
∑

aiX
i
and |ai|iς

i
h → 0 as i→∞}

together with its natural norm

‖
∑

i∈N

aiX
i‖

′
ςh

:= sup{|ai|iς
i
h : i ∈ N}.

Then A′(B≤ςh) is a Cp-Banah spae and the sequene of inverses of the rigid-

analyti isomorphisms F0, F1, . . . given in [ST01, Theorem 3.6℄ indues a se-

quene of monomorphisms of OCp
-Banah modules

F−1
h : A′(B≤ςh)

◦ →֒ (A(Bd
≤ρh

)/J)◦

with operator norm at most ch := c0p
−h

(where c0 := |γ̄(0)|pp/(p−1)+1/(e(q−1))

and the onstant γ̄(0) is de�ned in [BK16, Setion 1℄).
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Proof: Let T h
L
: Dh−an

L
(Zp,Cp) →֒ A(B≤ρh

) for h ∈ N be the ompatible family

of Amie transforms. Beause im T h
L
⊇ A(B≤ρh+1

), there is an inverse map

A(B≤ρh+1
) →֒ Dh−an

L
(Zp,Cp)

of uniform operator norm C = pp/(p−1)
independent of h (see [Nag15, Lemma

3.2℄); aordingly there are maps T h
K

: Dh−an

K
(O,Cp) →֒ A(B≤ρh

)/J together

with their inverses. By [BK16, Corollary 4.4℄ the map

(F ◦ T h
K
)−1 : A′(B≤ςh) →֒ Dh−an

K
(O,Cp) (∗)

is a monomorphism of Cp-Banah spaes with operator norm at most c = c0p
−h

where c0 as de�ned above (and F = Fi for su�iently small i).
Let us show that the Amie transform

T h
K
: Dh−an

K
(O,Cp) →֒ A(B

d
≤ρh

)/J (∗∗)

is norm-noninreasing. First the map

T h
L
: Dh−an

L
(Zp,Cp) →֒ A(B≤ρh

).

is norm-noninreasing: On the right-hand side, by the maximum priniple,

the supremum norm is equal to the Gauss norm. The harater χz : x 7→
xz =

∑
n∈N z

n
(
x
n

)
is h-analyti if z is in B≤ρh

. Thene the restrition from

all h-analyti funtions to all h-analyti haraters is injetive and norm-

noninreasing. By the ultrametri Hahn-Banah Theorem ([PGS10, Theorem

4.2.4℄), the surjetion Dh−an

L
(O,Cp) ։ D

h−an

K
(O,Cp) indues an isometry for

the quotient-norm on the right-hand side. Let I be its kernel. We onlude that

T h
K

deomposes into the two norm-noninreasing monomorphisms

Dh−an

K
(O,Cp) ∼−→ Dh−an

L
(O,Cp)/I →֒ A(B

d
≤ρh

)/J.

�

Corollary 4.5 (Temperedness under the Fourier Transform). Let (ςh)h∈N be

the sequene of radii de�ned in Lemma 4.2. The natural maps

lim
←−
h

p−hA′(B≤ςh)
◦ ⊗OCp

Cp →֒ Ar
K
→֒ lim
←−
h

A(B≤ςh)
◦ ⊗OCp

Cp (4.5)

are monomorphisms of Cp-Banah spaes.

Proof: The natural map

Ar
K

∼−→ lim
←−
h∈N

Fh(A(B
d
≤σh

)/J)◦ ⊗OCp
Cp.

is by Lemma 4.2 an isomorphism of Cp-Banah spaes. We use it to prove that:
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• The left-hand map in (4.5) is a monomorphism: By Lemma 4.4, if λ0 in

Cp satis�es v(λ0) = v(γ̄(0))+p/(p−1)+1/e(q−1) then the natural map

λ0 · p
−hA′(B≤ςh)

◦ →֒ Fh(A(B
d
≤ρh

)/J)◦

is a monomorphism of OCp
-Banah modules. Thus if h0 in N satis�es

σ0 ≤ ρh0
then the natural map

λ0 · p
−(h+h0)A′(B≤ςh+h0

)◦ →֒ Fh(A(B
d
≤ρh+h0

)/J)◦ →֒ Fh(A(B
d
≤σh

)/J)◦.

is a monomorphism of OCp
-Banah modules; thus, as projetive limit of

all these maps running over h in N, the left-hand map in (4.5) is by

o�nality a monomorphism as well.

• The right-hand map in (4.5) is a monomorphism: By Lemma 4.3 the

natural map

Fh(A(B
d
≤σh

)/J)◦ →֒ A(B≤ςh)
◦.

is a monomorphism; thus, as projetive limit of all these maps running

over h in N, the left-hand map in (4.5) is a monomorphism as well. �

Temperedness as coefficient-wise convergence

We show that the temperedness ondition of Corollary 4.5 on a power series

f in Ar
K

that bounds the values of f on the open unit dis is equivalent to a

ondition that bounds the oe�ients of f .
An unbounded norm on a vetor spae V is a map ‖·‖ : V → R≥0 ∪ {∞}
that satis�es all axioms of a norm (with the onventions for every c ≥ 0 that

∞ ≥ c, ∞ + c = ∞ + c = ∞ and c · ∞ = ∞ · c = ∞ if c 6= 0, respetively
0 · ∞ = ∞ · 0 = 0). Every unbounded norm restrits to a norm over its set of

bounded elements given by {v ∈ V : ‖v‖ <∞}. Two unbounded norms ‖·‖′ and
‖·‖

′′
on V are equivalent if they have the same set of bounded elements V bd

and equivalent restrited norms on V bd

.

Lemma 4.6 (Adaption of [Col03, Lemme V.3.19℄). For ρ < 1 and s ≥ 0, let
‖·‖ρ,s be the unbounded norm on Cp[[X ]] given by

‖
∑

k∈N

akX
k‖ρ,s := sup{|a0|} ∪ {|ak|ρ

k/ks : k = 1, 2, . . .}.

Let (ρn) be the sequene of inreasing radii below 1 given by ρn = ρ1/p
n

< 1.
Then the unbounded norms

‖f‖′ = sup{p−nr‖f‖ρn,s
: n ∈ N}

and

‖f‖
′′
= sup{|a0|} ∪ {|ak|/k

r+s : k = 1, 2, . . .}

on Cp[[X ]] are equivalent.
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Proof: Let us �x f =
∑
akX

k
. We show that there is C > 1, independent of

f , suh that

‖f‖′′ ≤ C · ‖f‖′ (∗)

Put v′ := ‖f‖
′
= sup{p−nr‖f‖ρn,s

: n ∈ N}. For every k and n,

|ak|ρ
k
n/k

s ≤ v′pnr.

This inequality is in partiular true for n = ⌊logp k⌋ where logp · := log ·/ log p.
Beause n ≤ logp k

|ak| ≤ v
′pnrksρ−k

n ≤ v′kr+sp−k logp ρn .

By de�nition of ρn and beause logp k − 1 ≤ n,

− logp ρn = logp(1/ρ)/p
n ≤ logp(1/ρ)/p

logp k−1.

Together

|ak| ≤ v
′kr+splogp(1/ρ)(k/p

logp k−1) ≤ v′kr+s(1/ρ)p.

We onlude that if C := (1/ρ)p then (∗) holds.

Conversely we show that there is C > 1, independent of f , suh that

‖f‖′ ≤ C · ‖f‖′′. (∗∗)

Let u > 0 and 0 < a < 1. The funtion x 7→ xuax on R>0 has its maximum

at −u/ log a with value e−u(−u/ loga)u (and if u = 0 then at 0 with value 1).
Hene, if u = r and a = ρn then

‖f‖ρn,s
= sup{|a0|} ∪ {|ak|ρ

k
n/k

s : k = 1, 2, . . .}

≤ sup
(
{|a0|} ∪ {|ak|/k

r+s : k = 1, 2, . . .}
)
e−r(−r/ log ρn)

r

= ‖f‖
′′
pnr [r/ (e log 1/ρ)]

r

where the last equality holds by de�nition of ‖·‖
′′
and ρn.

We onlude that, putting C := [r/ (e log 1/ρ)]
r
,we have p−nr‖f‖ρn,s

≤ C ·‖f‖
′′

for every n in N. Therefore (∗∗) holds. �

Let heneforth r ≥ d. For suh r ≥ d, we ompute the middle term of the

inlusion hain (4.5) in Corollary 4.5:

Lemma 4.7. Let ‖·‖ be the unbounded norm on Cp[[X ]] de�ned by

‖
∑

k∈N

akX
k‖ := sup{|a0|} ∪ {|ak|/k

r/d : k = 1, 2, . . .}.

If r ≥ d, then, in the notation of Corollary 4.5,

lim
←−
h

p−hA′(B≤ςh)
◦⊗OCp

Cp = {f ∈ Cp[[X ]] : ‖f‖ <∞} = lim
←−
h

A(B≤ςh)
◦⊗OCp

Cp.
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Proof: We have to show that the unbounded norms ‖·‖
′
and ‖·‖

′′
on Cp[[X ]]

given by

‖f‖′ = sup{p−n(r−1)‖f‖ςn,1 : n ∈ N} and ‖f‖′′ = sup{p−nr‖f‖ςn : n ∈ N}

are equivalent to ‖·‖. Let r ≥ 0 and s ∈ R. For r′ := r/d and ς ′h := ς
1/ph

0 ,

{p−hr‖·‖ςh,s : h ∈ N} = {p−hdr′‖·‖ς′
hd

,s : h ∈ N} = {p−hr′‖·‖ς′h ,s : h ∈ dN}.

Therefore, beause ‖·‖ς′h ,s is monotone in h, the unbounded norms

sup{p−hr‖·‖ςh,s : h ∈ N} and sup{p−hr′‖·‖ς′h ,s : h ∈ N}.

are equivalent. We onlude that

• ‖·‖′ is equivalent to ‖·‖ by Lemma 4.6 for ς0, r/d− 1 and s = 1, and

• ‖·‖
′′
is equivalent to ‖·‖ by Lemma 4.6 for ς0, r/d and s = 0. �

Reall the Fourier transform F ◦ T de�ned in Setion 3, the isomorphism of

topologial Cp-algebras given by omposition of the (quotient map of the) Am-

ie transform T and the Shneider-Teitelbaum isomorphism F , given by

F ◦ T : Dla

K
(O,Cp) ∼−→ A(B<1)

µ 7→ µ(P0) + µ(P1)X + µ(P2)X
2 + · · ·

where P0, P1, . . . are the Fourier polynomials (denoted by P0(Ω·), P1(Ω·),
. . . in [ST01℄).

Corollary 4.8. If r ≥ d, then the map

Dr
K
(O,Cp) ∼−→ {all

∑
anX

n
in Cp[[X ]] with {|an|/n

r/d} bounded }

µ 7→ µ(P0) + µ(P1)X + µ(P2)X
2 + · · ·

is an isomorphism of Cp-Banah spaes (where the right-hand side is equipped

with its natural norm ‖
∑

n∈N anX
n‖ := max{|a0|}∪{|an|/n

r/d : n = 1, 2, . . .}).

Proof: The map is by [ST01, Lemma 4.6.9℄ the restrition of the isomorphism

of Cp-Fréhet algebras

Dla

K
(O,Cp) ∼−→ A(B<1)

to Dr
K
(O,Cp). Its image is Ar

K
and by Lemma 4.7 the Cp-Banah spae Ar

K
is

equal to the right-hand side. �

Remark 4.9. This isomorphism holds by [ST01, Corollary 3.7 �.℄ over every

omplete sub�eld E of Cp that inludes K and ontains the transendent num-

ber Ω (of Equation (3.1)). If E does not neessarily ontain Ω then, by the

desent ondition of [ST01, Corollary 3.8℄, still Dr
K
(O,E) is given by

Dr
K
(O,E) ∼−→{all

∑
anX

n
in Cp[[X ]] with {|an|/n

r/d} bounded

and σ(an) = τ(σ)n · an for all n ∈ N and σ ∈ GE}
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where GE = Gal(Ē/E) is the absolute Galois group of E and τ : GE → O
∗
is

the harater that de�nes the Galois ation on Hom(G,Gm) ∼= O.

5 Dualizing

For s ≥ 0 put 

s
0(N,Cp) := {(an)n∈N : |an|n

s → 0}. It is a Cp-Banah spae for

the natural norm ‖(an)‖ = max{|an|n
s : n ∈ N}.

Theorem 5.1. Let P0, P1, . . . denote the Fourier polynomials. If r ≥ d, then
the map



r/d(N,Cp) ∼−→ Cr
K
(O,Cp)

(an) 7→
∑

n∈N

anPn.

is an isomorphism of topologial K-vetor spaes.

Proof: For s ≥ 0, let sb(N,Cp) = HomCp
(s(N,Cp),Cp) be the ontinuous dual

of 

s
0(N,Cp); it is expliitly given by



s
b(N,Cp) = {(an)n∈N : {|an|/n

s : n ∈ N} bounded }

with its natural supremum norm. As topologialK-vetor spae Ar
K
is idential

to 

r/d
b (N,Cp).

Consider the homomorphism of topologial K-vetor spaes given by

φ : 

r/d
0 (N,Cp)→ C

r
K
(O,Cp)

(an)n∈N 7→
∑

anPn.

It is well-de�ned, that is,

∑
anPn onverges in Cr

K
(O,Cp), beause by [Sh02,

Lemma 9.9℄ for every n in N the norm ‖·‖Cr is equivalent to its double dual

norm whose values on P0, P1, . . . are given by Corollary 4.8; for this, note that

the homomorphism

ψ : Dr
K
(O,Cp) → 

r/d
0 (N,Cp)

µ 7→ µ ◦ φ.

dual to φ sends µ to the sequene µ(P0), µ(P1), . . . That is, ψ is the isomor-

phism given in Corollary 4.8. This isomorphism holds for the strong topology

of uniform onvergene; onsequently, for the bounded weak topology.

We onlude by Shikhof duality ([ST02, Theorem 1.2℄) that φ is an isomor-

phism of topologial K-vetor spaes. In partiular f in Cr
K
(O,Cp) if and only

if f(x) =
∑

n∈N anPn(x) for all x ∈ OF with |an|n
r/d → 0 as n→∞. �

Remark (dual to Remark 4.9). This isomorphism holds for every omplete sub-

�eld E of Cp that inludes K and ontains Ω. If E does not neessarily ontain
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Ω then Cr
K
(O,E) is given by all funtions f : O → Cp of the form

f(x) =
∑

n∈N

anPn(x) with |an|n
r/d → 0 as n→∞

suh that σ(an) = τ(σ)n · an for all n ∈ N and σ ∈ Gal(Ē/E).

References

[Ami64℄ Y. Amie, Interpolation p-adique, Bull. So. Math. Frane 92 (1964),

117�180. MR 0188199.

[BB10℄ L. Berger and C. Breuil, Sur quelques représentations potentiellement

ristallines de GL2(Qp), Astérisque 330 (2010), 155�211.

[Ber13℄ L. Berger, Multivariable Lubin-Tate (ϕ,Γ)-modules and �ltered ϕ-
modules, Math. Res. Lett. 20 (2013), no. 3, 409�428. MR 3162836.

DOI 10.4310/MRL.2013.v20.n3.a1.

[BK16℄ K. Bannai and S. Kobayashi, Integral strutures on p-adi Fourier

theory, Ann. Inst. Fourier (Grenoble) 66 (2016), no. 2, 521�550.

MR 3477883. Confer

http://aif.edram.org/item?id=AIF_2016__66_2_521_0.

[Col03℄ P. Colmez, Arithmétique de la fontion zêta, La fontion zêta, Ed. É.

Polyteh., Palaiseau, 2003, pp. 37�164.

[Col14℄ , Le programme de Langlands p-adique, European Congress of

Mathematis Kraków, 2�7 July, 2012, 2014, pp. 259�284.

[DI13℄ M. De Ieso, Espaes de fontions de lasse Cr
sur OF , Indag. Math.

(N.S.) 24 (2013), no. 3, 530�556. MR 3064559.

DOI 10.1016/j.indag.2013.02.006.

[FO14℄ J. Fontaine and Y. Ouyang, Theory of p-adi Galois representations,

Springer Verlag, 2014, Preprint.

[Lan78℄ S. Lang, Cylotomi �elds, Springer-Verlag, New York-Heidelberg,

1978, Graduate Texts in Mathematis, Vol. 59. MR 0485768.

[LT65℄ J. Lubin and J. Tate, Formal omplex multipliation in loal �elds,

Ann. of Math. (2) 81 (1965), 380�387. MR 0172878.

[Nag11℄ E. Nagel, Frational non-Arhimedean di�erentiability, Univ. Mün-

ster, Mathematish-Naturwissenshaftlihe Fakultät (Diss.), 2011. zb-

MATH 1223.26011. Confer

http://nbn-resolving.de/urn:nbn:de:hbz:6-75409405856.

Documenta Mathematica 23 (2018) 939–967

http://www.ams.org/mathscinet-getitem?mr=0188199
http://www.ams.org/mathscinet-getitem?mr=3162836
http://dx.doi.org/10.4310/MRL.2013.v20.n3.a1
http://www.ams.org/mathscinet-getitem?mr=3477883
http://aif.cedram.org/item?id=AIF_2016__66_2_521_0
http://www.ams.org/mathscinet-getitem?mr=3064559
http://dx.doi.org/10.1016/j.indag.2013.02.006
http://www.ams.org/mathscinet-getitem?mr=0485768
http://www.ams.org/mathscinet-getitem?mr=0172878
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1223.26011
http://nbn-resolving.de/urn:nbn:de:hbz:6-75409405856


p-Adic Fourier Theory of Differentiable Functions 967

[Nag15℄ , Frational p-adi di�erentiability under the Amie trans-

form, Trends in number theory, Contemp. Math., vol. 649, Amer.

Math. So., Providene, RI, 2015, pp. 185�201. MR 3415273.

DOI 10.1090/onm/649/13026. Confer

http://www.math.jussieu.fr/�nagel/publiations/AmieTransform.pdf.

[Nag16℄ , p-adi Taylor polynomials, Indag. Math. (N.S.) 27 (2016),

no. 3, 643�669.MR 3505986. DOI 10.1016/j.indag.2015.12.003. Confer

http://www.sienediret.om/siene/artile/pii/S0019357715001275 .

[PGS10℄ C. Perez-Garia and W. H. Shikhof, Loally onvex spaes over non-

Arhimedean valued �elds, Cambridge Studies in Advaned Math-

ematis, vol. 119, Cambridge University Press, Cambridge, 2010.

MR 2598517. DOI 10.1017/CBO9780511729959.

[Sh84℄ W. H. Shikhof, Ultrametri alulus, Cambridge Studies in Advaned

Mathematis, vol. 4, Cambridge University Press, Cambridge, 1984,

An introdution to p-adi analysis. MR 791759.

[Sh99℄ P. Shneider, p-adi Representation Theory, November 1999, Britton

Letures at MMaster University. Confer

http://wwwmath.uni-muenster.de/u/pshnei/publ/letnotes/hamilton.dvi.

[Sh02℄ , Nonarhimedean funtional analysis, Springer Monographs

in Mathematis, Springer-Verlag, Berlin, 2002. MR 1869547.

DOI 10.1007/978-3-662-04728-6.

[Sh13℄ P. Shneider, Rigid harater groups, Lubin-Tate theory, and (ϕ,Γ)-
modules, September 2013, Conférene de mi-parours du programme

ANR. Confer https://www.youtube.om/wath?v=i10mEfjfMU4.

[ST01℄ P. Shneider and J. Teitelbaum, p-adi Fourier theory, Do. Math. 6

(2001), 447�481 (eletroni). MR 1871671.

[ST02℄ , Banah spae representations and Iwasawa theory, Israel J.

Math. 127 (2002), 359�380. MR 1900706. DOI 10.1007/BF02784538.

Enno Nagel

Instituto de Matemátia

Universidade Federal de Alagoas

Campus A. C. Simões

Av. Lourival Melo Mota

Cidade Universitaria

57072-970 - Maeió, AL

Brazil

enno.nagel�uni-muenster.de

Documenta Mathematica 23 (2018) 939–967

http://www.ams.org/mathscinet-getitem?mr=3415273
http://dx.doi.org/10.1090/conm/649/13026
http://www.math.jussieu.fr/~nagel/publications/AmiceTransform.pdf
http://www.ams.org/mathscinet-getitem?mr=3505986
http://dx.doi.org/10.1016/j.indag.2015.12.003
http://www.sciencedirect.com/science/article/pii/S0019357715001275
http://www.ams.org/mathscinet-getitem?mr=2598517
http://dx.doi.org/10.1017/CBO9780511729959
http://www.ams.org/mathscinet-getitem?mr=791759
http://wwwmath.uni-muenster.de/u/pschnei/publ/lectnotes/hamilton.dvi
http://www.ams.org/mathscinet-getitem?mr=1869547
http://dx.doi.org/10.1007/978-3-662-04728-6
https://www.youtube.com/watch?v=i10mEfjfMU4
http://www.ams.org/mathscinet-getitem?mr=1871671
http://www.ams.org/mathscinet-getitem?mr=1900706
http://dx.doi.org/10.1007/BF02784538


968

Documenta Mathematica 23 (2018)


