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ABSTRACT. Let K be a totally imaginary number field. Denote by
G (2) the Galois group of the maximal unramified pro-2 extension
of K. By using cup-products in étale cohomology of SpecOk we study
situations where G%"(2) has no quotient of cohomological dimension 2.
For example, in the family of imaginary quadratic fields K, the group
G}¥ (2) almost never has a quotient of cohomological dimension 2 and
of maximal 2-rank. We also give a relation between this question and
that of the 4-rank of the class group of K, showing in particular that
when ordered by absolute value of the discriminant, more than 99%
of imaginary quadratic fields satisfy an alternative (but equivalent)
form of the unramified Fontaine-Mazur conjecture (at p = 2).
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1 INTRODUCTION

Let K be a number field. Given a prime number p, denote by K“"(p) the max-
imal unramified pro-p extension of K; put Gi¢'(p) := Gal(K“"(p)/K). Here we
are interested in the quotients of G} (p), more precisely in their cohomolog-
ical dimension, and in the comparison to their structure with those of p-adic
analytic groups, a question which is related to the unramified Fontaine-Mazur
conjecture.
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1.1 ON THE COHOMOLOGICAL DIMENSION

Let S be a finite set of places of K. Denote by Kg(p) the maximal unramified
outside S pro-p extension of K; put Gk s = Gal(Ks(p)/K). For p = 2 and
for a real archimedean place v not in S, we assume that v splits totally in
Ks(p)/K. Hence, K*"(p) = Ky(p), G (p) = Gk 0(p), and by class field theory
the p-Sylow Clk of the class group of K is isomorphic to the abelianization of
G} (p). When S contains the set S, of all p-adic places, and when moreover
K is totally imaginary for p = 2, it has been known for a long time that the
cohomological dimension c¢d(Gk,s(p)) of the groups Gk s(p) is at most 2 (See
for example [12], [24, Chapter X, §2], etc.). In the two last decades, various
results have completed this fact.

— First, when S, C S, Schmidt in [29] completed the Galois cohomological
study of Gk s(p) at p = 2, proving in particular that if S contains a real place,
then the group Gk s(p) has some torsion (and then cd(Gk s(p)) = 00).

— A short while later, Labute in [17] made a real breakthrough by giving some
examples of pro-p groups of cohomological dimension 2 when SN.S, = (). Recall
that in this tame context, the cohomological dimension cd(Gk,s(p)) of Gk, s(p)
is always > 1 (when Gk s(p) is not trivial). Methods and ideas of Labute have
been extended by many authors: Labute-Mind¢ [18], Schmidt [28] [30], Vogel
[34], Forré [6], Gartner [9], etc. Let us give probably the most complete result
known due to Schmidt [30]: Given a finite set 1" of places of K with T'N.S, = 0,
there exist infinitely many finite sets S of places of K with T" C S and SN.S,, = 0,
such that c¢d(Gk s(p)) = 2.

In this work, when p = 2, we propose to give some families of imaginary
quadratic number fields K for which G} (2) has no quotient of cohomological
dimension 2 and large 2-rank.

The starting point comes from the fact that H2,(SpecOxk,F2) is not trivial.
Then we exploit a computation of cup-products in H3,(SpecOk, Fa) made by
Carlson and Schlank in [3], thanks to the relationship between cohomology of
number fields and étale cohomology (see the work of Mazur [23]).

We first prove that in the family of imaginary quadratic fields F~, there are
few fields K for which G} (2) has a quotient G of maximal 2-rank and of
cohomological dimension 2, in particular, such that cd(G}¥(2)) = 2. Indeed,
for X > 2 denote by

Fx ={KeF, |disck| < X},
and
Dy = {K € Fyx,GK (2) has no quotient G s.t. cd(G) =2 & doG = d2G{'(2)}.
THEOREM 1. One has:

0<1_ #D)f < C’1oglogX7
#Fx Vdiog X

where C is an absolute constant.
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Next, we extend this result by using a bilinear form that appears in the study
of the 4-rank of the class group of number fields. Let us be more precise.
Let (z;)i=1,... n be an Fa-basis of H' (G (2),F2) ~ HL, (SpecOxk, Fs), and con-
sider the n x n-square matrix Mk := (a; ;);; with coefficients in Fo, where
the a; ;’s are cup-products a;; = x; U x; U x;, thanks to the fact that here
H3,(SpecOx, F2) ~ Fy. As we will see, this is the Gram matrix of a certain
bilinear form defined, via the Artin symbol, on the Kummer radical of the 2-
elementary abelian maximal unramified extension K*"2/K of K. We also will
see that for imaginary quadratic number fields, this matrix is often of large
rank.

For a profinite group G, as usual we denote by d,G := dimg, H'(G,F,) the
p-rank of G.

We can now present the second result of our work:

THEOREM 2. Let K be a totally imaginary number field. Then the pro-2 group
G (2) has no quotient G for which cd(G) =2 and d2G > d»Clk — 41k(Mk).

Now the key fact is the following: by relating the matrix Mk to a Rédei-matrix
type, and thanks to the work of Gerth [10] and Fouvry-Kliiners [8], one can
also deduce some density information when K varies in F~. For n,d, X > 0,
denote by

]:n,X = {K S .7:);, doClg = n},

Dfﬁ( ={K € F,,.x, G¥'(2) has no quotient G s.t. cd(G) =2 & d2G > d},

and consider the limit:
D)

D@ = liminf 2%
e

In the family of imaginary quadratic fields K where the 2-rank of the class

group is equal to n, the quantity D,(ld) measures the proportion of fields K for
which G¥'(2) has no quotient G of cohomological dimension 2 and of 2-rank
d2G > d.

Then [10] allows us to obtain the following densities:

COROLLARY i. One has:

(i) DY) > 33129, DY > 99062, DI > 99999,

(i) DY > 86718, DY) > 99925, D > 1 —-5.2-10%.
Moreover, for large n, D,(12+"/2) > .99995.

To conclude, let us mention a general asymptotic estimate thanks to [8]. Put

DIl .= (K € Fx, G (2) has no quotient G s.t. cd(G) = 2 & dyG > i+

dCly
5 )
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and

] pli]
Dl .= lim inf #—)f
X —4o00 #]:X

Our work allows us to obtain:

COROLLARY ii. One has:
Pl > 28878, DM >0.99471, and DBl >1-9.7-1078.

REMARK. At this point, one should make three observations.

1) Perhaps for many K € F3 x and Fux, the pro-2 group Gi¥(2) is finite
but, by the Theorem of Golod-Shafarevich (see for example [16]), for every
K € Fn x, n>5, the pro-2 group Gi¥(2) is infinite.

2) In our work, it will appear that we have no information about the cohomo-
logical dimension of the quotients of G (2) for number fields K for which the
4-rank of the class group is large. Typically, in the estimates of Dg*) one keeps
out all the number fields having maximal 4-rank.

3) A part of the computation of [3] has been extended in [1] by Bleher, Chinbury,
Greenberg, Kakde, Pappas and Taylor, at all p and number fields K containing

Hp-

1.2  ON THE UNRAMIFIED FONTAINE-MAZUR CONJECTURE AT p = 2

Now we also propose to give a relation between the unramified Fontaine-Mazur
conjecture (conjecture (5b) of [5]) and the matrix Mgk defined before. More
precisely, here we are interested in uniform quotients of G{¥"(p) (see section 2.2
for definition) which are related to the unramified Fontaine-Mazur conjecture
thanks to the following equivalent version:

CONJECTURE 1.1. Ewvery uniform quotient G of Gi¥(p) s trivial.

Remark that Conjecture 1.1 can be rephrased as follows: the pro-p group
G} (p) has no uniform quotient G of dimension d for all d > 0. As we will
see, the matrix Mk dectects the 4-rank of the class group of K, and the 4-rank
is a first test for Conjecture 1.1. We also obtain:

THEOREM 3. Let K/Q be a number field.

(i) Suppose that the 4-rank of the class group of K is at most 2. Then Con-
jecture 1.1 holds for K (at p = 2).

(i7) Suppose K is totally imaginary. Then the pro-2 group G¥'(2) has no
uniform quotient of dimension d > dsClg — rk(Mk). In particular, Con-
jecture 1.1 holds (for Gi¢"(2)) when rk(Mxk) > d2Clg — 2.

Now as for the cohomological dimension, one can also deduce a general asymp-
totic estimate when K varies in the family F~ (resp. 1) of imaginary (resp.
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real) quadratic fields. For n,d, X > 0, denote by Fi := {K € F*, |disck| <
X}. Put
FM% := {K € F3, Conjecture 1.1 holds for K }

and

FMZE
FM* := liminf X
X —+4o00 #]:X

COROLLARY iii. One has

FM™ > .99471, and FM* > .99929.

This paper has five sections. In Section 2, we give the elementary tools con-
cerning the étale cohomology of number fields and p-adic analytic groups. In
section 3, we develop some basic facts about bilinear forms over Fs, specially
for the form introduced in our study (which is defined on a certain Kummer
radical). In particular, we emphasize the role played by totally isotropic sub-
spaces. Section 4 is devoted to considerations of cohomological dimension.
After proving Theorem 1 and Theorem 2 we consider a relation with a Rédei
matrix that allows us to obtain density information. In Section 5, we consider
the unramified Fontaine-Mazur conjecture at p = 2 by showing the relation
with the bilinear form studied in the previous sections. We finish this section
by giving a computational approach of this conjecture.

NOTATIONS
e Let p be a prime number and let K be a number field. Denote by

— p* = (=1)P=Y/2p when p is odd;

— Ok the ring of integers of K;

Clk the p-Sylow of the class group of Ox;
— d,Clk the p-rank of Clk: it is the dimension over IF,, of I, ® Clk;

— K""(p) the maximal pro-p extension of K unramified everywhere. Put
GK (p) := Gal(K""(p)/K).

Recall that the group G (p) is a finitely presented pro-p group (due to Koch
[16]). See also for example [24, Chapter X, §7] or [11, Appendix]. Moreover
Clk is isomorphic to the abelianization of G¥" (p). In particular it implies that
every open subgroup H of Gj¥(p) has finite abelianization: this property is
known as "FADb".

o If G is a finitely generated pro-p group, denote by
— Hl(G) = Hi(G,Fp), 1€ Zzo;
— d,G = dimp, H(G) the p-rank of G;
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— ¢d(G) the cohomological dimension of G: it is the smallest integer n > 0
such that H"*™(G) = {0},Vm > 0.
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2 GENERALITIES

2.1 CUP-PRODUCTS AND ETALE COHOMOLOGY: WHAT WE NEED

Assume K is totally imaginary when p = 2, and put Xx = SpecOk. We use the
formalism of étale cohomology H’, of the site Xk that we can find for example
in [23] (see also for example [28], [29]). The Hochschild-Serre spectral sequence
gives for every ¢ > 1 a map

a; : HY(Gi (p)) — H(Xk),

where the coefficients are in I, (meaning the constant sheaf for the étale site
Xk). Remark that oy is an isomorphism. As H), (Xgur(p)) is trivial, one obtains
the long exact sequence (see for example [24, Chapter I, Proposition 1.6.7]):

H(GK (p)) = HE (Xa) — HE(Xicur )5 ) — HA(GR (p) — HE (X
(1)
where H32,(Xy) ~ (ux,p)V, here (ux )" is the Pontryagin dual of the group of

pth-roots of unity in K.
For the two next subsections, take p = 2.

2.1.1 CUP-PRODUCTS IN H2,

Recall a result concerning cup-products in H?.

PROPOSITION 2.1. Let G be a finitely presented pro-2 group. Take v € HY(G).
Then z lifts in HY (G, Z/4Z) if and only if, st Ux = 0 € H*(G). In particular,
the cup-product H'(G) ® H(G) — H?*(G) is alternating (x Uz = 0 for all
x € HY(Q)) if and only if, G/G*[G, G] =~ (Z/4Z)", where n = daG.
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Proof. See for example [31, Chapter 1, §1.2]. O

Take z a non-trivial character of H'(G* (p)) ~ HL(Xk). Put K, =
(Kvr)ker(z) . Hence the previous proposition allows us to recover the follow-
ing corollary of Carlson and Schlank [3, Corollary 5.14]:

COROLLARY 2.2. The cup-product x Uz € H2,(Xk) is trivial if and only, the
quadratic extension K, /K embeds in an unramified degree 4 cyclic extension.

Proof. Indeed, as H*(G¥ (2)) — HZ(Xk), see (1), the cup-product z U x
vanishes in H?(G"(2)) if and only if, it vanishes in HZ(Xk). Then, apply
Proposition 2.1 to G = G (2). O
REMARK 2.3. It is not difficult to see that Corollary 2.2 allows us to obtain
the following equivalence (see [3]): x Ux = 0 € H%(Xk) if and only if, for all

h € Clk[2], h is a norm in K, /K. Here Clk[2] denotes the kernel of the map

Clx "% Cl..

2.1.2 CUP-PRODUCTS IN H3,

Take z and y two non-trivial characters of H'(G%"(p)) ~ HL,(X). By Kummer
theory, there exist ay,a, € K*/(K*)? such that K, = K(y/a;) and K, =
K(,/ay). As the extension K, /K is unramified, for every prime ideal p of Ok,

the p-valuation wvy(ay) is even, and then y/(ay) is well-defined (as an ideal of

Ok). Let us write
V(@) = [T (py)

Denote by I, the set of prime ideals p of Ok such that p is inert in K, /K (or
equivalently, I, is the set of primes of K such that the Frobenius at p generates
Gal(K,/K)). In [3, Proposition 3.3], Carlson and Schlank prove:

PROPOSITION 2.4. The cup-product tUz Uy € H2,(X) is non-zero if and only

if, Z €y, 15 odd.

Py,i€le
REMARK 2.5. The condition of Proposition 2.4 is equivalent to the triviality of

K. /K
the Artin symbol ( e/ ) .
ay)

2.2  UNIFORM PRO-p GROUPS: WHAT WE NEED
2.2.1
Let us recall the p-central descending series (G;); of a pro-p group G:
G1 =G, Gi1 =GP[G;,G], i > 1.
Let us give the definition of a uniform pro-p group (see for example [4, Chapter

4, §4.1]).
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DEFINITION 2.6. Let G be a finitely generated pro-p group. We say that G is
uniform if:

(i) [G,G] C G*, and
(Z’L) fOTi Z 1, [Gi+1 : Gz] = [GQ : G]

REMARK 2.7. For a uniform group G, the p-rank of G coincides with the di-
mension of G (as p-adic manifold). See [/, Chapter 4 and 8].

The uniform pro-p groups play a central role in the study of analytic pro-p
groups, indeed:

THEOREM 2.8 (Lazard [19]). Let G be a profinite group. Then G is p-adic
analytic i.e. G embeds as a closed subgroup of Gl,,(Zy,) for some positive integer
m, if and only if, G contains an open uniform subgroup H.

For different equivalent definitions of p-adic analytic groups, see [4, Interlude
A]. See also [22].

2.2.2 COHOMOLOGY

Recall by Lazard [19] (see also [33] for an alternative proof):

THEOREM 2.9 (Lazard). Let G be a uniform pro-p group (of dimension d > 0).
Then for all i > 1, one has:

%

HY(G) ~ \(H(G)),

where here the exterior product is induced by the cup-product.
As consequence, one has immediately:

COROLLARY 2.10. Let G be a uniform pro-2 group of dimension d. Then for
all z € HY(Q), one has x Uz =0 € H*(Q). In particular, G* — (Z/4Z)%.

Proof. By Theorem 2.9, the cup-product form on H!(G) is alternating, then
apply Proposition 2.1. O

REMARK 2.11. For p > 2, Theorem 2.9 is an equivalence: a pro-p group G
is uniform if and only if, for i > 1, H(G) ~ \'(HY(G). (See [33, Corollary
5.1.7].)

Let us mention another consequence useful in our context:

COROLLARY 2.12. Let G be a FAb uniform pro-p group of dimension d > 0.
Then d > 3.
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Proof. This is well-known. Let G be a uniform pro-p group of dimension d.

If dimG = 1, then G ~ Z, (G is pro-p free) and, if dimG = 2, then by
Theorem 2.9, H?(G) ~ F, and then, by taking homology long exact sequence
of the exact sequence 1 — Z,, — Z, — F, — 1, one gets

oo — Hy(G,F,) — G — Q% — G%/p — 1

and then d,(G®[p]) < 1, and G — Z,. Hence, if we assume moreover that G
is FAb, then dim G should be at least 3. O

2.2.3 FILTRATIONS

Let us start with a finitely generated pro-p group G with its p-central descend-
ing series (G;);. Usually one has [G;, G;] C G;1;, but when p = 2 and when G
is uniform, let us give a refinement of this inclusion. To do this, we need the
following result (see [4, Chapter 3, Theorem 3.6]):

k

PROPOSITION 2.13. When G is uniform, one has for i,k > 1, Gi1p = GY .

Here as usual, for a pro-p group G, we note by GP" the subgroup of G generated
by the p*-powers. One can now deduce the following:

COROLLARY 2.14. Let G be an uniform pro-2 group. Then, for all i,7 > 1,
one has: [Gi, Gj] C Giqjy1.

Proof. We prove it by induction. When i = j = 1, [G,G] € G* = G3, and
the statement holds. Suppose now that [G;, G;] C Giyj4+1, and let us look at
[Git+1, G;]. Let us apply Hall’s formula:

[zy, 2] =y~ [, 2lyla, 2] [z, 2y, 2] = [y, [2, 2]~ V[, 2]y, 2],

to note that [zy, z] € Git,4+2 when [z, 2] and [y, 2] are in G;4j4+2. Moreover,
for z € G; and z € G;, one has [z, [z, 2] '] € Goitj4+1 and [z, 2]* € Giyj42, by
hypothesis. As [2?, 2] = [z, [z, 2] !][x, z]?, one obtains [z?, 2] € G4 +2 when
z € G; and z € Gj. One conludes thanks to the fact that G;41 = G2. O

In [14], the authors show that when G is uniform of dimension d then

Gi/G’i’l [Gy, Gi] ~ (Z/p'Z)?. In fact, for p = 2, one can say a little bit more:

PROPOSITION 2.15. Let G be an uniform pro-2 group of dimension d. Then
fori>1, one has
git1

Gi/G} (G, Gy] = (z/2"H).
When ¢ = 1, it is an alternative proof to Corollary 2.10.

Proof. Let S = {g1, -+ ,94} be a set of generators of G. Then the elements
g?hl, j =1,---,d, generate the uniform group G;. Let g € S and suppose

that (g2 )% € [Gi,Gi]. As [Gi,Gi] C Gaiy1 by Corollary 2.14, one gets
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92%71 € Ggi+1. Now let us recall that z — 227" induces an isomorphism ¢;

between G/Gg and Ga;/Gait1 (see [4, Chapter 4, §4.1]). But as ¢;(g) = 0, one
has g = 0 which is a contraction. Hence, for j = 1,--- ,d, the element g?li1 is
of order at least 2¢*1 in G;/[G;, G;]. O

3 BILINEAR FORM OVER THE 2-ELEMENTARY MAXIMAL UNRAMIFIED EX-
TENSION

3.1 BILINEAR FORMS OVER [y

Let B be a bilinear form over an Fa-vector space V of finite dimension. Denote
by n the dimension of V and by rk(B) the rank of 5.

DEFINITION 3.1. Given a bilinear form B, one defines the index v(B) of B by
v(B) = 1{Vng)\(/{dnnVV, B(W,W) = 0}.

One has:
PROPOSITION 3.2. The index v(B) of a bilinear form B is at most n — 3rk(B).

Proof. Let W be a totally isotropic subspace of V of dimension i. Let us
complete a basis of W to a basis B of V. It is then easy to see that the Gram
matrix of B in B is of rank at most 2n — 2i. o

This bound is in a certain sense optimal as we can achieve it in the symmetric
case.

DEFINITION 3.3. (i) Given a € Fy. The bilinear form H(a) with matric
( ;L (1) 1s called a metabolic plane.

(1) A symmetric bilinear form (V,B) is called alternating if B(x,z) =0 for all
x € V. Otherwise B is called nonalternating.

Recall the Witt decomposition Theorem for symmetric bilinear forms over Fy
(see for example [15, Chapter I, §2, Remark 5 of Theorem 1]).

THEOREM 3.4. Let (V,B) be a symmetric bilinear form of dimension n over
Fy. Denote by r the rank of B. Write r = 2ro+ 9, with 6 =0 or 1, and ro € N.

(1) If B is nonalternating, then (V,B) is isometric to

0 5 n—r r n—r

—_—
H(1)L--- LHA) L (1) L)L+ 1(0) ~ (1)L L(1) L{0)L---L{0);

(1i) If B is alternating, then B is isometric to

o n—r

H(0)L--- LH(0) L(0)L---1(0).
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Moreover, v(B) =n—r+ro=n—1r9 — 9.

When (V, B) is not necessary symmetric, let us introduce the symmetrization
B%Y™ of B by

B (x,y) = B(x,y) + B(y,z), Y,y € V.
One has:

COROLLARY 3.5. Let (V,B) be a bilinear form of dimension n over Fy. Then

V(B) > n — | k(™) — | Srk(B)]

In particular, v(B) > min{n — 3rk(B), (n — rk(B)}.

Proof. 1t is easy. Let us start with a maximal totally isotropic subspace W
of (V,B%¥™). Then Bjw is symmetric: indeed, for any two z,y € W, we get
0= B¥Y"(z,y) = B(x,y) + B(y, z), and then B(z,y) = B(y,z) (recall that V is
defined over Fy). Hence by Theorem 3.4, Bjw has a totally isotropic subspace
of dimension v(Bjw) = dim W — | 31k(Bjw)]. As dim W = n— [31k(B¥™)] (by
Theorem 3.4), one obtains the first assertion. For the second one, it is enough
to note that rk(B8%™) < max{2rk(B),n}. O

3.2 BILINEAR FORM AND KUMMER RADICAL

Let us start with a number field K. Denote by n the 2-rank of G¥"(2), in other
words, n = dyClk.

Let V = (a1, - ,a,)(K*)? € KX/(K*)? be the Kummer radical of the 2-
elementary abelian maximal unramified extension K“"2/K. Then V is an Fa-
vector space of dimension n. For a € V, denote K, := K(y/a), and a(a) :=
V/(a) € Ok (see section 2.1.2). We can now introduce the bilinear form By
that plays a central role in our work.

DEFINITION 3.6. For a,b eV, put:

Bk(a,b) = (ié?) -ﬁ/\/ﬁe Fy,

where here we use the additive notation.

Of course, we have:
LEMMA 3.7. The application Bk : V x V — Fq is a bilinear form on V.

Proof. The linearity on the right comes from the linearity of the Artin symbol.
Let us show that By is linear on the left. Take a; # as € V, and let p be a
prime ideal of Ok. Let us remark the following:
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e If p splits in K,, /K and in K,, /K, then p splits in K,, 4, /K;
e If p is inert in K,, /K and in K,, /K, then p splits in K, q,/K;
e If p is inert in K,, /K but splits in K,, /K, then p is inert in K, 4, /K.

Hence for each case one has (KalapZ/K> = (Ka;/K> + <I%;#), and we

conclude by using again the linearity of the Artin symbol.

The bilinear form Bk is not necessarily symmetric, but we will give later some
situations where By is symmetric.

REMARK 3.8. Assume K is totally imaginary. If we denote by x; a generator
of H'(Gal(K(y/a;)/K)), then the Gram matriz of the bilinear form By in the
basis {a1(K*)2, -+, an(K*)?} is ezactly the matriz (x; Uz; Ux;); ; of the cup-
products in H32,(SpecOk). See Proposition 2.4 and Remark 2.5. Hence the
bilinear form By coincides with the bilinear form Bg on HL,(SpecOxk) defined
by B (z,y) =rUzUy € H3(SpecOxk).

Recall that the right-radical (resp. left-radical) Rad, (resp. Rad;) of a bilinear
form B on V is the subspace defined by: Rad, := {x € V, B(V,z) = 0}
(resp. Rad; := {z € V, B(z,V) = 0}. Of course one always has dimB =
rk(B) + dim(Rad,) = rk(B) + dim(Rad;). And, remark moreover that the
restriction of B at Rad, (resp. Rad;) produces a totally isotropic subspace
of V.

Let us come back to the bilinear form Bk on the Kummer radical of K*™2 /K,

and let us give now three types of totally isotropic subspaces W that may
appear.

PROPOSITION 3.9. Let W := (g1, ,&,.)(KX)? C V be an Fay-subspace of di-
mension v, generated by some units £; € Op. Then W C Rad,., and thus
(V, Bk) contains W as a totally isotropic subspace of dimension r.

Proof. Indeed, here a(e;) = Ok fori=1,--- ,r. n

ProrosITION 3.10. Let K = k(\/E) be a quadratic extension. Suppose that there
exist ai,--- ,a, € k such that the extensions k(\/a;)/k are independent and
unramified everywhere. Suppose moreover that b ¢ {(a1,--- ,a,)(k*)?. Then
W = (a1, -+, a,)(K*)? is a totally isotropic subspace of dimension r.

Proof. Let p C O be a prime ideal of Ok. It is sufficient to prove that

(Kai /K
b

o If p is inert in K/k, then as K(y/a;)/K is unramified at p, p must split in

K(y/a;)/K and then <Ka’#) is trivial.

is trivial. Let us study all the possibilities.

K, /K
B
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K, /K K, /K
o If p = PP1Po splits, then obviously ( i/ ):( i/ ), and then

B B2
K, /K
(Z—/) is trivial. o
p
ProrosiTioN 3.11. Suppose K is totally imaginary. Let W =
{ay,--+,a.)(K*)2 C V be a subspace of V such that each quadratic ez-

tension K(y/a;)/K, i = 1,---,r, embeds in an unramified degree 4 cyclic
extension. Then W C Rad;.

Proof. Denote by x; a generator of H'(Gal(K,,/K)). By Proposition 2.2, we
get z; Uz; =0 € HZ(GY(2)), and then Bxk(a;, V) = 0 by Remark 3.8. O

It is then natural to define the index of K as follows:
DEFINITION 3.12. The index v(K) of K is the index of the bilinear form Bxg.

Of course, if the form Bk is non-degenerate, one has: v(K) < %dgClK. Thus
one says that Clk is non-degenerate if the form Bk is non-degenerate.

To finish this part, let us give the relation with the 4-rank Rk 4 of the class
group Clk defined as follows: Rk 4 := dimp, Clk[4]/Clk[2], where Clk[m] =
{c € Clk, ¢™ = 1}. One has immediately:

PROPOSITION 3.13. Let K be a totally imaginary number field. Then Rk 4 <
dQClK — I‘k(BK)

Proof. Indeed, the subspace of characters of H'(G¥ (2)) corresponding to the
unramified degree 4 cyclic extensions of K is a subspace of the left-radical of
Bk (see Proposition 3.11), and then Rk 4 < dimRad;. To conclude, use the
fact that n = doClg = dim Rad; + rk(Bxk). O

REMARK 3.14. Of course, Proposition 3.13 can be made more precise in many
cases. Typically, in the quadratic case thanks to the Rédei matriz (see Section
4.8.4). See also the generalization of Yue [36].

4  ON THE COHOMOLOGICAL DIMENSION

4.1 A FIRST OBSERVATION

For basic facts concerning the cohomological dimension of a pro-p group we
refer for example to [24, Chapter III].
Before developing a general setting, let us start with the following observation.

Let O}X(w(p) be the group generated by the units of the ring of integers of

all subextensions F/K of K*"(p)/K. Let us recall the following result due to
Wingberg [35, Theorem 1.1] (see also [24, Chapter VIII, §8, Corollary 8.8.3]):
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THEOREM 4.1 (Wingberg). There are canonical isomorphims:

H (G (p), Ogtur(,y) = H* (G (p), Z)",

K7 (p)

foralli € Z.

Hence, the exact sequence 0 — Z/pZ—Q/Z -+ Q/Z — 0 allows us to
obtain:

H3(G%T(p))FP) —> ﬁO(GK(p)?O;éuT(p)) i> IA{O(GK(p)) O]?éur(p))

By using the isomorphism H°(Gk(p), Okur () = 1im Og /Np/(Of ), where F
F
runs through the finite extensions of K in K*"(p), we then have

H3(Gk(p),Fp) — (E@Oé/NF/K(O;))[p]' (2)

Take now p = 2. Thanks to (2), we note that if —1 is not a universal norm
(of a unit) in K¥(2)/K, then H3(G,Fy) # {0}, showing that cd(G¥"(2)) # 2.
This condition about —1 is sometimes not so difficult to test, indeed:

PROPOSITION 4.2. Let K be an imaginary quadratic field such that the discrim-
inant disck of K is divisible by at least three odd primes p;, with p; = 3(mod 4),
i=1,2,3. Then cd(G{'(2)) # 2.

Proof. Put L = K(\/p1pz2) and K; = Q(y/p1p2). Then the biquadratic field L
is an unramified extension of K. As the extension L/K; is ramified at the odd
prime p3, the fundamental unit of K; is also the fundamental unit of Of. As
Nk, /gg = +1, one concludes that —1 is not an universel norm in K*"(2)/K. O

4.2 GENERAL STATEMENT

The strategy here is more or less the one used in [3] to disprove the existence
of unramified embeddings. Here we apply their idea to disprove the apparence
of quotients of G}{"(2) of cohomological dimension 2 in a more systematic way,
by using the bilinear form By.

From now on we assume that K is totally imaginary (and that p = 2).
Suppose given G a quotient of G¥"(2). Then one has H'(G) — H'(G¥(2)).
Now take z,y € HY(G¥(2)) coming from H!(G). Then, the cup-product
rUzUy € H3(GY¥(2)) comes from H3(G) by the inflation map. Now, one may
use the computation of Carlson-Schlank : if Uz Uy is non-zero in H3,(Xk),
then H3(G) # 0, and then G is not of cohomological dimension 2.

REMARK 4.3. If we want x Ux Uy # 0, then we need the cup-product x U x
non-trivial in H2,(Xx), which is equivalent to the condition that K, /K can not
be embedded in an unramified degree 4 cyclic extension of K.

Let us recall Theorem 2 (we use the notations of Section 3):
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THEOREM 4.4. Let K/Q be a totally imaginary number field. Then G (2)
has no quotient G of cohomological dimension 2 and of 2-rank doG > v(K).
In particular, G (2) has no quotient G of cohomological dimension 2 and of
2-rank doG > doClg — %I‘k(BK)

Proof. Let G be a non-trivial uniform quotient of G¥"(2) of dimension d > 0.
Let W be the Kummer radical of H!(G)V; here W is a subspace of the Kummer
radical V of K¥"2/K. As d > v(K), the space W is not totally isotropic. Then,
one can find 7,y € H(G) ¢ H'(Xk) such that r Uz Uy € H2(Xk) is not
zero (by Proposition 2.4). See also Remark 3.8. And thanks to the stategy
developed just before, we are done for the first part ot the theorem. For the
second part, one has just to note that in this case v(K) < doClk — 31k(Bk) by
Proposition 3.2. o

COROLLARY 4.5. If Clk is non-degenerate, then Gi{(2) has no quotient G of
cohomological dimension 2 and of 2-rank doG > %dQCIK.

Proof. In this case, rk(Bk) = d2Clk O

4.3 THE IMAGINARY QUADRATIC CASE - DENSITY ESTIMATIONS
4.3.1 A FIRST DENSITY ESTIMATE

Let us give now a density estimate for imaginary quadratic fields. Recall that
we denote by F~ the set of imaginary quadratic fields and by Fy := {K €
F~, |disck| < X}. Put also

Dy = {K € Fx, G (2) has no quotient G s.t. doG = d2G¥ (2) & ¢d(G) = 2}.

THEOREM 4.6 (Theorem 1). One has:

0<1-— #D)_( < C,1oglog;X7
#HFy Vdog X

where C is an absolute constant.

Proof. The proof is based on the two following things: (i) on an analytic esti-
mate; (i7) on our strategy and on a computation of [3]. Let us start the analytic
tools. For X > 2, denote by

T = {K € Fx, 3 odd primes p # q, pqldiscx, (P_) Y
q

Remark at this point that

{K € Fy, 3 odd primes p # g,

= 3 (mod 4), pg|disck } C Ty ;

Q

p=4q
indeed, by Legendre formula, (p_) ( ) = —1. Denote by £ the comple-
q

= |

ment of Ty in Fy.
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PROPOSITION 4.7. The set £ is of zero density. More precisely, one has

loglog X )
ViegX /°
Proof. Note by &; x the set of square-free integers n < X, having exactly ¢

prime factors = 3 (mod 4), and put Ex = &, x U1, x. Clearly, #E¢ = O(#Ex).
We will use the following:

HET = O(X

LEMMA 4.8. Uniformly for X > 2, one has

#Eox = o(\/%).

Proof. Indeed, every integer n € & x is a sum of two squares. A famous
result of Landau (see for example [21, Chapter 7, Theorem 7.28]) states that

the number of integers n < X which are sum of two squares is asymptotic to
X

V1og X

We want to prove the bound

! , for some absolute positive C’. O

loglog X )
Vlog X

uniformly for X > 2, as a consequence of Lemma 4.8. Since we are searching
an upper bound, we may suppose that X = 27, where x > 1 is an integer. We
start from the decomposion formula

Six = O(X (3)

#517)( = Z #507)(/17 +O(7T(X))
T

Put Y = 2% with ¢t =1,2,--- ,k — 1 and split the above formula as
#ax =3 Y #oxp+0(its). (4)
s s /P gX

lo
t Y/2<p<Y

We deduce from Lemma 4.8 that, uniformly for /2 < p <Y and Y = 2¢, and
0 <t <k —1, we have the bound

X
& =0(F—=
# 0,X/p (Y /H_t)7
and by Tchebychev’s bound we deduce
X
g & =0(——).
# 0,X/p (t n— 1 t)

Y/2<p<Y
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Inserting this into (4), we obtain

#EHx=0(X >

1<t<w—1 tvk—t

To evaluate the sum over ¢, we split it according to 1 < ¢t < k/logk and
k/logk <t <k — 1 leading to

1 B 1 1 logk 1
2w R L it L)

1<t<k— 1<t<k 1<u<k

which gives (3), since k = O(log X). This completes the proof of Proposi-
tion 4.7. (]

Now let us give the tool from étale cohomology.

LEMMA 4.9. Let K/Q be an imaginary quadratic field. Suppose that there exist
two distinct odd prime numbers p and q such that pq|disck and <p_*> =—1.
Then there exist x,y € H(G¥'(2)) such that t Uz Uy #0 € H3(G£’”(2)).

Proof. Take K, = K(v/p*) and K, = K(y/¢*). Then, by Proposition 2.4,
the cup-product z Uz Uy € H3,(X) is not trivial, and then non-trivial in
H? (G (2)). O

We now finish the proof of Theorem 4.6. Take K € 7, and let us consider
a quotient G¥'(2) — G such that H'(G¥'(2)) ~ H'(G). But by Lemma 4.9,
there exists z,y € H*(Gk(2)) such that x Uz Uy # 0 € H3(Xk), and then
not trivial in H?(Gi"(2)) and finally not trivial in H3(G). Hence, Ty C DY,
and #Fy — #Dy < E; to conclude, let us recall the well-known estimate:

3
#Fx = X+ O(VX). O
Now, we would like to extend this density estimate.

4.3.2 'THE CONTEXT

Let us consider an imaginary quadratic field K = Q(\/ﬁ), D € Zp square-
free. Let p1,- -+ ,pr+1 be the odd prime numbers dividing D (we assume D #
—1,-2). Let us write the discriminant disck of K as: disck = p§ - p1 - Pjy1,
where p§ € {1, —4,£8}. Denote by n the 2-rank of Clk:

— if 2 is unramified in K/Q, é.e. p§ =1, thenn =k and V =< pf,--- ,p; >
(K*)? C K* is the Kummer radical of K“"?/K;

— is 2 is ramified in K/Q, t.e. pj = —4 or £8, then n =k +1 and V =<
pie e Ph > (KX)? € K* is the Kummer radical of K“™? /K.
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We denote by F = {p7,---,p}} the Fay-basis of V', where here n = k or k + 1.

LEMMA 4.10. (i) For p* # ¢* € F, one has: Bk(p*,q*) = 0 if and only if,

p

L)
q
(¢4) For p|D, put D, := D/p*. Then for p* € F, one has:
* ok D
Bk (p*,p*) := <—p
p
Proof. Obvious. O

Hence the matrix of the bilinear form Bk in the basis F is a square n X n

Rédei-matrix type Mk = (m;,;), ;, where
(&) if i # J,
mij = s
Pi e
(—) ifi=y
pi

Here as usual, one uses the additive notation (the 1’s are replaced by 0’s and
the —1’s by 1’s).

EXAMPLE 4.11. Take K = Q(v/—4-3-5-7-13). This quadratic field has a
root discriminant |disck|'/? ~ 73.89, and the 2-rank of Gk (2) is actually 4 but
we don’t know if G{'(2) is finite or not; see the recent works of Boston and

Wang [2]. Take F = {—3,—5,—7,—13}. Then the Gram matriz of Bk in F is:

Mk =

SO
— = =
— = =
O = = O

Hence rk(Bk) = 3 and v(K) < 4—3 = 2.5. By Theorem 5.1, one concludes that
G (2) has no quotient G of cohomological dimension 2 and 2-rank doG > 3.
By Corollay 3.5, remark that here one has v(K) = 2.

4.3.3 SYMMETRIC BILINEAR FORMS. EXAMPLES

Let us conserve the context of the previous section 4.3.2. Then, thanks to the
quadratic reciprocity law, one gets:

PROPOSITION 4.12. The bilinear form Bk : V x V. — Fq is symmetric, if and
only if, there is at most one prime p = 3( mod 4) dividing D.

Proof. Obvious. O
Let us give some examples.

EXAMPLE 4.13. Take k + 1 prime numbers p1,--- , px+1, such that

DOCUMENTA MATHEMATICA 23 (2018) 1263-1290



UNRAMIFIED 2-EXTENSIONS OF A NUMBER FIELD 1281
e p; =---pp = 1(mod 4) and pr4+1 = 3(mod 4);

o forl<i<j<k, <&) —1;
p;j
L4 fOTi:lv"' aka < bi ) =1
Prk+1
Put K = Q(v/=p1 - Dk+1). In this case the matriz of the bilinear form Bk in
the basis (p;)1<k is the identity matriz of dimension k x k and, v(K) = | £].
Hence, G¥(2) has no quotient G of cohomological dimension 2 and of 2-rank

doG > &)+ 1.

EXAMPLE 4.14. Take 2m + 1 prime numbers p1,--- , pam+1, such that
e Py =Py = 1(mod 4) and pam41 = 3(mod 4);
(Pl) _ (Ps) _ _ (P2m—1> _ .
o () =(Z2)=-.. = (2221 ) = —1;
D2 D4 Pom

o for the other indices 1 < ¢ < j < 2m, (&) =1;

o fori=1,--- 2m, (L) =-1

P2m+1
Put K = Q(/—p1- DPam+1). In this case the bilinear form Bk is non-
m

——
degenerate and alternating, then isometric to H(0)L --- LH(0). Hence, v(K) =
m, and G¥(2) has no quotient of cohomological dimension 2 and of 2-rank at
least m + 1.

4.3.4 RELATION WITH THE 4-RANK OF THE CLASS GROUP

The study of the 4-rank of the class group of quadratic number fields started
with the work of Rédei [26] (see also [27]). Since, then many authors have
contribued to its extensions, generalizations and applications. Let us cite an
article of Lemmermeyer [20] where one can find a large literature about the
question. See also a paper of Stevenhagen [32], and the work of Gerth [10] and
Fouvry-Kliners [8] concerning the density question.

Let us conserve the context and the notations of the section 4.3.2: here K =
Q(v/D) is an imaginary quadratic field of discrimant disck, D € Z.o square-
free. Denote by {q1, - qn+1} the set of prime numbers that ramify in K/Q;
d2Clg = n. Here we can take ¢; = p; for 1 <i <n, and ¢, = px41 or ¢, = 2
following the ramification at 2. Then, consider the Rédei matrix My = (m; ;)i ;
of size (n 4+ 1) x (n + 1) with coefficients in Fy, where

(q—i) if i #
R d;
m;j =
’ (D_q) if § = 4.
qi
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It is not difficult to see that the sum of the rows is zero, hence the rank of Mj
is smaller than n.

THEOREM 4.15 (Rédei). Let K be an imaginary quadratic number field. Then
RK,4 == dQClK - I‘k(M%)

REMARK 4.16. The strategy of Rédei is to construct for every couple (D1, D2)
"of second kind', a degree 4 cyclic unramified extension of K. Here to be of
second kind means that disck = D1Ds, where D; are fundamental discrimi-

nants such that (%) = (%) = 1, for every prime p;|D;, i = 1,2. And
clearly, this condition corresponds exactly to the existence of orthogonal sub-
spaces W; of the Kummer radical V, i = 1,2, generated by the p}, for all p;|D;:
By (W1, Ws) = Bx(W2, W1) = {0}. Such orthogonal subspaces allow us to con-
struct totally isotropic subspaces. And then, the larger the 4-rank of Clk, the

larger v(K) must be (as noted by Proposition 3.2 and 3.13).

Consider now the matrix M{; obtained from Mj, after deleting the last row.
Remark here that Mk (which is the Gram matrix of Bk) is a submatrix of the
Rédei matrix Mj;:

My = [ | Mg

Hence,
rk(Bk) + 1 > tk(M) = rk(Mg) > rk(Bx).

Remark that in example 4.11, tk(Bk) = 3 and rk(Mj) = 4. But sometimes
one has rk(Mj ) = rk(By), as for example:

(A): when: pg =1 (the set of primes p; = 3(mod 4) is odd);
(B): or, when By is non-degenerate.

For situation (A), it suffices to note that the sum of the columns is zero (thanks
to the properties of the Legendre symbol).

4.3.5

From now on we follow the work of Gerth [10]. Recall that we denote by F~
the set of imaginary quadratic number fields, and for 0 < r <n and X > 0,

Fx = {KeF, |discx| < X},
Frx ={K€Fx, d2Clx =n}, Furx={KE€Fux, Rka=r}.

Denote also
Ax = {K € Fy, satisfying (A)},

An,X = {K c Ax, doClg = TL}, An,r,X = {K c An,X7 RK,4 = 7’}.
One has the following density theorem due to Gerth:
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Anr ]:nr
THEOREM 4.17 (Gerth [10]). The limits lim Burxl g ji Fnrx]
X —o0 |An,X| X —o00 |fn,X|

and are equal. Denote by d,, , this quantity. Then d,, can be estimated and,

2
27 TS, (1 —27F
door i= lim d, , = ,szl( — )
noo [T 0 —27%)

Recall also the following quantities introduced at the beginning of our work:

exist

fog( ={K € Fp,,x, G¢'(2) has no quotient G s.t. cd(G) =2 & d2(G) > d},

and consider the limit:
D)

DD = lim inf ~—2X
e

After combining all our observations, we obtain (see also Corollary i):
COROLLARY 4.18. For 2 < d <n, one has
DD > dpo+dpy + -+ dnodn—1-
In particular:
(i) D > 33129, DY > 99062, D) > .99999;
(i) D > 86718, D) > 99925, DI >1-52-1078;
Moreover, for large n, D7(12+"/2) >.99995.

Proof. As noted by Gerth in [10], the dominating set in the density compu-
tation is the set A, x of imaginary quadratric number fields K = (@(\/5)
satisfying (A). But for K in A, x, one has rk(Bk) = rk(Mk) = n — Rk 4.
Hence for K € A,, x -, by Proposition 3.2

1 1
V(K) <n-— 5(717 RK,4) = §(R+RK74).

Hence G}¢(2) has no quotient G of cohomological dimension 2 and 2-rank d
when Ry 4 < 2d — n. In particular, when 2d —n > 1, one has

Dy(ld) > dn,O + dn,l +--+ dn,Qd—n—l-
Now one uses the estimates of Gerth in [10], to obtain:

(i) D > ds o ~ 33129, DY > ds o + ds 1 + dso ~ 99062, D > ds o +
ds.1 +ds2 + ds 3z + ds.a ~ 99999,

(ii) DS > deo + des ~ 86718, DY) > dgo + ds1 + ds2 + des ~ 99925,
DY >1—dggr1-52-1078,
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For the last point, remark that p2+n/2) > dp,0+ dn,1 + dn2, and use the fact
that lim d,,, = doo,r- O
n— oo

In the spirit of the Cohen-Lenstra heuristics, the work of Gerth has been im-
proved by Fouvry-Kliiners [7], [8]. This work allows us to give a more general
density estimation as announced in the Introduction. Recall

d>Clk
2 }

D[;(] :={K € Fx, Gi{'(2) has no quotient G s.t. cd(G) =2 & d2G > i+
and

) pld
D .= lim inf #* X
X —+oo #]:X

Our work allows us to obtain (see Corollary ii):

COROLLARY 4.19. For i > 1, one has:
DU > doo+daot+ -+ doo2ia
In particular,
Dl > 28878, DB > 99471, and DB >1-9.7-1075.

Proof. By Fouvry-Kliiners [8], the density of imaginary quadratic fields for
which Rk 4 = r, is equal to duo . Recall that for K € F~, one has rk(Bk) >
rk(Mj) — 1. Then thanks to Proposition 3.2 and Theorem 4.15, we get

1
2
Putting this fact together with Theorem 4.4, we obtain that G} (2) has no
quotient G of cohomological dimension 2 and 2-rank doG > %dg CIK+%+%RK74.
Then for i > 1, the proportion of the fields K in Dl is at least the proportion

of K € F~ for which Rk 4 < 2¢ — 1, hence at least doo,0 + doo,1 + * + + doo,2i—2
by [8]. To conclude:

1 1
v(K) < §d201}< + -+ §RK,4-

DU > d o~ .28878
D > doo o+ doo,1 + doo 2 & 99471
DB > doo g+ doot + dooz + doo3 + dooa = 1—9.7-1075,

5 ON UNRAMIFIED 2-ADIC ANALYTIC EXTENSIONS

5.1 GENERAL RESULT

The unramified Fontaine-Mazur at p = 2 has a first evidence just by looking at
the 2-part of the class group and the matrix of the bilinear form Bgk. Indeed,
one has very easily:
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THEOREM 5.1 (Theorem 3). Let K/Q be a number field.

(i) Suppose that the 4-rank of the class group of K is at most 2. Then Con-
jecture 1.1 holds for K (at p =2).

(it) Suppose K is totally imaginary. Then G (2) has no uniform quotient of
dimension d > doClg — tk(Bk). In particular, Conjecture 1.1 holds for
K (and p = 2) when rk(Bk) > d2Clg — 2.

Proof. (i) Let G be a non-trivial uniform quotient of G} (2) of dimension d.
By class field theory, the group G is FAb, and then by Corollary 2.12 the
dimension of G must verify d > 3. Then by Proposition 2.15, G* —» (Z/4Z)3,
which implies Rk 4 > 3.

(1) If G is a uniform quotient of G¥"(2) of dimension d then Rk 4 > d, but by
Proposition 3.13, Rk 4 < d2Clg — rk(Bk). For the second part, recall that as
G must be FAb then d > 3. O

REMARK 5.2. One of the main draw backs of the bilinear form By is the appear-
ance of totally isotropic subspaces (following Proposition 3.9 and Proposition
3.10). Here is a situation where such phenomena do not occur. Take a CM-
extension K/k such that

(1) the 2-rank of the class group of k in the narrow sense is odd and px 2 =

{£1},
(i1) the extension K/k is unramified at every prime p|2.

Then there is no totally isotropic subspaces coming from units (see Proposition
3.9).

As consequence of Theorem 5.1, one can give some density estimates following
the work of Fouvry-Klueners. Recall also the following quantities introduced
at the beginning of our work: for n,d, X > 0, denote by

Fx = {K e F*, |disck| < X},

FM3 := {K € F3, Conjecture 1.1 holds for K},

and put
FM%
FM* := liminf X
X—+o0 #]:X
This work allows us to give a more general density estimation as announced in
the Introduction.

COROLLARY 5.3. One has
FM™ > dooo + doo,1 + doo 2 & 99471, and FMT > .99929.

Proof. Tt is a consequence of Theorem 5.1, and the work of Fouvry-Klueners [8].
See also [10] for the computation of the densities. O
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5.2 CLIMBING IN G}{'(2)

Suppose that G (2) has a non-trivial uniform quotient G of dimension d > 1.
Let L/K be the subextension of K*"(2)/K with Galois group G. Consider the
p-central decending series (G;); of G, and for ¢ > 1, denote by K; the fixed field
by the group G;. Hence, Ky C K*¢. By Proposition 2.15,

LEMMA 5.4. One has: Clg, — (Z/8Z)<.

In particular, the 8-rank Rk, g of Clk, should be at least d. In fact, one can say
a little bit more. Indeed, by Chebotarev’s density theorem there exist prime
ideals py,- -+, pa of Ok such that the Frobenius g; of p; (with an obvious abuse
of notation) in L/K generate G. As G is uniform, the clements g2 ... g2
generate the subgroups Gy, for all ¢+ > 1. For ¢ = 1,--- ,d, let us choose now
P, C Ok, a prime ideal of Ky above p;,. Then, as p; does not totally split
in Ko/K, and thanks to the property of the global Frobenius, we get that the
Frobenius of the primes 9B; in L/Ks (or a Gal(K3/K)-conjugate of it) is equal
to g?. These Frobenius elements generate the Galois group Gal(L/Ks) which
is of p-rank d, and in particular, the class of °B3; in Clk, is of order at least 8 by
Lemma 5.4. This observation is then a new obstruction to test Conjecture 1.1.
Let us explain it with an example.

EXAMPLE 5.5. Take K = Q(v/—2-31-41-113). Here Clg ~ (Z/AZ)3. The
2-class group Clk of K is generated by the classes of the prime ideals pog,
Pso3, and pa11: by Burnside’s lemma the Frobenius of these elements generate
G¥(2) (and then every 2-adic analytic quotient of G} (2)). Note that here
Ky = K(v/=31,v41,V/113), and Clg, ~ (Z/16Z)3 x (Z/8Z)? x Z.] AT x (7. 27.)*.
One can also verify that, in Clk,, the class of Pag is of order 16, the class of
Vsoz is of order 16, and the class of P11 is of order 4. Hence, thanks to the
prime number 211, Conjecture 1.1 holds for K.

To finish, let us look at the family of imaginary quadratic fields K for which
Clk ~ (Z/AZ)3. For X > 0, denote by

Ny = {K € Fx,Clk ~ (Z/AZ)*}.

By a result of Koch (see Hajir [13]), one knows that for each K € N, the
pro-2 group G}(2) is infinite. Let us see the different tests for Conjecture 1.1.
Denote by F the unramified 2-elementary maximal extension of K.

(i) First, let us see the criteria concerning the 8-rank of Clp. When
X = 25-10% we find #Nx = 459, and 7 number fields in Nx are
such that Rps < 2 (in fact = 2), where Rpgs denotes the 8-rank
of the class group of F. Here is the list of these fields: |disck| €
{9384952, 11577476, 13478584, 14524408, 17765944, 20167563, 21799304 }.
Then, for these number fields, Conjecture 1.1 holds.

(7) Now we will test the condition implying the Frobenius. First, remark that
one should exclude quickly some number fields. Let us be more precise. Take a
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set of generators {Hy,- -, H,} of Clg[4]. One can assume that fori =1,--- s,
the elements H; are not in (Clg)?, and for i = s+1,--- ,r, the elements H; are
in (Clg)2. Fori=1,---,7, put h; = Np/kH;. Let us make an easy observation:

PROPOSITION 5.6. Suppose that there exists a prime ideal p € Ok such that
clk(p) € Clk — (Clk)? and clp(B) € Clp[4], where Blp, B C Or. Then there
exists ig € {1,- -+, s} such that h;, # 1.

Proof. Tt is a consequence of the fact that Np,xClp = (Clk ). O

Hence, the criteria above the Frobenius will give nothing when the elements
hi,--- , hs are all trivial in Clg. And this condition is very easy to test thanks
to GP-Pari. As before, take X = 25-10°; in Nx, we find 37 number fields (out
of 459), for which we are guaranteed that the criteria with the Frobenius will
give nothing at the stage F.

For the rest, take X = 107; one has |[Nx| = 120. Now, we use the strategy
developped before. For every class h of Clk/ leo take a prime ideal p C Ok
that corresponds to h (typically the prime having the smallest norm). Then,
we look at the order the Frobenius of |p in Clp. If this order is less than 4,
then Conjecture 1.1 holds. For 86 of these number fields, the computations
finish, and for 10 of these fields, the strategy concerning the Frobenius holds;
here is the list of these fields (with the prime):

(1148984, p211), (1316755, P109), (1466643, p1721), (1934859, p127),

(1972191, p197), (2585464, p43), (3388855, p151), (4200655, p1303),
(7089476, pys3), (8139027, p1181)-
REMARK 5.7. It woud be interesting to develop in a systematic way the test im-

plying the Frobenius elements. For example, by studying the action of Gal(F/K)
on Clg.
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