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ABSTRACT. We introduce coherent cohomology theories h and prove
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nilpotence principle holds for projective homogeneous varieties in the
category of h-motives. Examples of such theories are algebraic cobor-
dism and its descendants the free theories.
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1 INTRODUCTION

Let X be a smooth projective quadric of dimension n over a field F' of char-
acteristic # 2. In [13] Rost showed that a correspondence o € CH, (X X X)
which is rationally equivalent to zero over a field extension E of F' is nilpotent.
A (purely) algebraic consequence of this principle is that given a correspon-
dence 7 of degree 0 on X, which becomes idempotent over an algebraic closure
of F, then 7 corresponds to a direct summand of the (Chow-)motive of X.
This implies in particular that there are no phantom direct summands, i.e. non
trivial summands disappearing over an algebraic closure. Therefore getting a
complete decomposition of the (Chow-)motive of a projective quadric is equiv-
alent to finding a complete orthogonal set of rational, i.e. defined over the base
field, idempotent correspondences. Using this Rost gave in loc.cit. a decompo-
sition of the Chow motive of a norm quadric which plays a crucial role in the
proof of the Milnor conjecture by Voevodsky [20].
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1636 STEFAN GILLE AND ALEXANDER VISHIK

It is conjectured that Rost nilpotence holds for all smooth projective varieties
and so for all objects in the category of Chow motives with integral coefficients.
This has been verified for projective homogeneous varieties by Chernousov,
Merkurjev and the first author in [4] and with a different proof by Brosnan [2],
for surfaces over fields of characteristic zero by the first author [7, 8], and
for smooth projective varieties whose motive is generically split by Zainoulline
and the second author [19]. Beside these examples and some trivial cases this
conjecture is wide open.

The usefulness of the nilpotence principle is not limited to the proof of the Mil-
nor conjecture. It implies uniqueness results, i.e. analogs of the Krull-Schmidt
theorem, for the decomposition of motives, see for instance [3], and more-
over some of the recent advances in the algebraic theory of quadratic forms
rely on it. A refinement of these 'geometric’ methods for more sophisticated
cohomology theories than Chow theory should lead to further insights, but re-
quires the verification of the Rost nilpotence principle for quadrics and — more
general — for projective homogeneous varieties for such theories. We prove
here this principle for free theories and projective homogeneous varieties, see
Corollary 4.5. Moreover, we outline the general context where the nilpotence
principle holds. It is the context of the in Definitions 2.4 and 2.6 introduced
(generically) constant coherent theories. Such a theory describes an environ-
ment where a cohomology functor is defined not just for varieties of finite type
over the ground field, but also for varieties over every finitely generated exten-
sion of it, and moreover, these functors fit nicely with each other for different
extensions. A large supply of such theories are the so called free theories, i.e.
theories h, which arise from algebraic cobordism by change of the group law:
h,(X)=h,(F)®LQ(X), where L is the Lazard ring (cobordism of the point),
Q. denotes algebraic cobordism of Levine-Morel, and h, (F') is the cohomology
of the point, see Corollary 2.13. But the class of coherent theories is much
bigger. In Example 4.6 we provide a construction which permits to produce
such theories with very flexible properties.

On our way we demonstrate also the failure of various aspects of the nilpotence
principle outside the coherent environment. This in particular shows that Rost
nilpotence is not just a formal consequence of the axioms of oriented theories
- see Remark 4.3 and Example 4.8.

The content of the paper is as follows. In the first section we introduce coherent
extended oriented cohomology theories. We show then that algebraic cobordism
and its near relatives, the free theories, are examples of such theories. In
Section 3 we recall following Manin [12] the definition of h-motives, where h
is an oriented cohomology theory. The proof of the Rost nilpotence principle
for projective homogenous varieties in the category of h-motives, where h is
a coherent extended oriented cohomology theory, is given in the last section.
Here we give also counter examples to this principle for arbitrary oriented
cohomology theories.
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2 COHERENT THEORIES

2.1 NOTATIONS AND CONVENTIONS

Throughout this article fields are assumed to be of characteristic zero.

For a field F' we denote by Smp the category of smooth quasi-projective
schemes over Spec(F'), and by JRings* the category of Z-graded commutative
rings.

Given a field k& we denote by Fields, the category of finitely generated field
extensions of k.

If X is a scheme over a field F and L O F' is a field extension we set X, :=
L xp X. The function field of an integral F-scheme X is denoted by F(X).

2.2  ORIENTED COHOMOLOGY- AND BOREL-MOORE HOMOLOGY THEORIES

We follow the definitions and conventions in the book [10] on algebraic cobor-
dism by Levine and Morel, i.e. an oriented cohomology theory over the field F
is a functor

bh* : Smp°? — Rings®

with additional structure of push-forward maps f. : h*(X) — h*™(Y) along
projective morphisms f : X — Y of (constant) relative codimension d subject
to several axioms including a projective bundle theorem, see [10, Def 1.1.2].

As usual we denote the pull-back h*(f) by f* for a morphism f: X — Y
in Smp.

If X € Smp with connected components X, ..., X; one sets

l
h(X) = @hdimxﬁ*(Xi).
i=1
The assignment X — h,(X) defines then a Borel-Moore homology theory
on Smp in the sense of [10, Def. 5.1.3], and by [10, Prop. 5.2.1]
h, +— h*

e

is a one-to-one correspondence between oriented cohomology- and oriented
Borel-Moore homology theories on Smp.
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Given an oriented Borel-Moore homology theory h, on F' we can extend it to
schemes of finite type over F' by setting:

h,(Y) := colimy_y h,(V),

where the limit runs over projective morphisms V' — Y with V' € Smp with
push-forward maps as transition maps.

In the following we counsider theories with localization sequence (these corre-
spond to oriented cohomology theories of [17, Def. 2.1]). More precisely, we say
an oriented Borel-Moore homology theory h,, or equivalently the respective
oriented cohomology theory h*, over I has the localization property if given a
smooth quasi-projective F-scheme X and a closed F-embedding j : Z — X
with the open complement i : U — X then there is an exact sequence

b, (Z) 25 b, (X) -5 b, (U) = 0. (LOC)

By [17, Sect. 2.2] the same property will hold for any quasi-projective scheme
X over the base field F'.

Examples of such theories are Chow groups, algebraic cobordism, and
Grothendieck’s Ky (in the latter example we ignore by some abuse of nota-
tion the grading).

An immediate consequence of the localization property is the following useful
lemma.

2.3 LEMMA

Let h, be an oriented Borel-Moore homology theory over the field F with local-
ization property. Assume we have a projective morphism w: X — Y between
finite type F-schemes, whose restriction to 7= (U) is an isomorphism for some
open set U CY. Leti: Z:=Y \U < Y be the closed complement. Then

To + iy 0 b (X) ®h,(Z) — h(Y)
18 surjective.

One of the points we would like to stress in our article is that the Rost Nilpo-
tence result can’t be proven using only varieties of finite type over the ground
field k (as various counter-examples provided below demonstrate). One has
to work over various (finitely generated) extensions of k as well. And the co-
homology theory should be ”adjusted” for such a context. It should have a
strong property of coherence, which assures that not only h is functorial with
respect to field extensions, but also that, for any finitely generated field exten-
sions E/F/k, the restriction of h to E-varieties can be reconstructed out of its
values on F-varieties.
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2.4  DEFINITION

An extended oriented cohomology theory over the field k is a family of oriented
cohomology theories with localization property

hi : Smp — Rings™, F € Fieldsy,

with the following additional data:

Given F € Fields;, and a smooth morphism p : ¥ — X in Smp with X
integral then there is a homomorphism of rings

9
by (V) —5 hip ) (F(X) xx Y).

(The map 6y, x might be interpreted as pull-back along the upper row in the
cartesian square
F(X)xxY —=Y

b

SpeCF(X) ﬁX s

where ¢ : Spec F(X) — X is the generic point of X.)
These data are subject to the following four axioms:

(ECO) 0x/spec F is the identity map for all F' € Fields), and all X € Smp.

Given a commutative diagram

in Smp with X integral for some finitely generated field extension F' of k we
denote by f : F(X) xx Y1 — F(X) xx Ys2 the induced morphism on the
generic fibers. Then:

(EC1) For any morpism f we have
9Y1/Xof* = f*09Y2/X;
(EC2) If f is projective of constant relative dimension
f ofy,/x = Oy,/x © fe-
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1640 STEFAN GILLE AND ALEXANDER VISHIK

(EC3) Given a diagram of cartesian squares

T%F(X) ><XZ—>ZL
Spec F(Y) —=F(X)xx Y ——=Y

b

Spec F(X) —— X

with XY integral and p,o morphisms in Smp for some F € Fieldsy
(note that F(Y) and the function field of F(X) xx Y coincide). Then in
this situation the following holds:

O(F(x)xx2))(F(xX)xxY) ©0z/x =0z/v : hp(Z) — h?(y)(g)-

2.5 THE GROUP hp(Y/X)

Let h™ be an extended oriented cohomology theory over the field & and F a
finitely generated field extension of k.

For a smooth morphism Y — X in Smp with X integral we set
h*F(Y/X) = COhInUHX h}(U Xx Y) s

where the colimit runs over all open subschemes U of X.

Let U C X be an open subscheme. Then we have a homomorphism
Ovsxy/x @ hp(U xxY) — b (Y),

where we used that ¥ := F(X) xx Y = F(X) xx (U xx Y). By axiom (EC1)
we have Oy, x = 0y cy/x ©q", where ¢ : U xx Y — Y is the projection, and
more generally

9U><XY/X = 9V><XY/X o (’L X ldy)*

if i : V — U is another open subscheme of X contained in U. Hence we have
a canonical map

¢y/x + hp(Y/X) — b (Y).
2.6 DEFINITION

An extended oriented cohomology theory over k is called coherent if the map
¢y, x is an isomorphism for all smooth F-morphisms ¥ — X and all F' €
Fieldsy,.
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2.7 EXAMPLES

(i) Let ©* be algebraic cobordism as defined by Levine and Morel [10], p :
Y — X a morphism in Smp with X integral for some I’ € Fieldsy. Set
E:=F(X)and Y := E xx Y. Given a cobordism cycle

lg: W—Y, Ly,...,L,]
over Y, see [10, Def. 2.16] for the definition, then the pull-back
[SpecExx W — Y, piy(L1), ..., 05y (Lr) ],

where pw : Spec E xx W — W is the projection, is a cobordism cycle
over Y. It is straightforward to check that this induces a homomorphism
Oy x : (YY) — Q*(Y). We will show below, see Corollary 2.10, that
this map obeys the axioms (EC1)-(EC3), and so algebraic cobordism is
an extended oriented cohomology theory over all fields of characteristic 0.
In Theorem 2.11 we prove then that algebraic cobordism is also coherent.

(ii) From the fact that algebraic cobordism is an extended oriented cohomol-
ogy theory it follows also that Chow groups with rational or algebraic
equivalence and arbitrary coefficients, and also Grothendieck’s K are
extended oriented cohomology theories. Note that this can be seen di-
rectly as well and is also true over fields of positive characteristic. All of

these theories, except for CHZlg, are coherent by Corollary 2.13.

2.8 REMARK

Not all extended oriented cohomology theories are coherent. An example is
provided by CH, 4+ Indeed, consider the smooth projection C'x €' — C, where
C'is an elliptic curve over k. Then in CHy,; (C' x C) the class of the diagonal
[A] is not equal to the linear combination of [C' x p] and [p x C], for a k-rational
point p, since it is not so even modulo homological equivalence. Hence, from
the localization sequence (and the fact that classes of all rational points on C
are equivalent modulo algebraic equivalence) we obtain that the restriction of

[A] to (CH, )k (CxC/C) is different from that of [C' X p]. On the other hand,

alg

the restriction of these two classes to (CHZlg) (Ci(cy) are just classes of

k(C)
two rational points which are equal. Hence, the map ¢cxc/c is not injective.

But below we will show that all the theories obtained from 2* by change of
coefficients (the so-called free theories) are coherent.
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2.9 LEMMA

Let h* := Q* be algebraic cobordism and let F be a field. Assume we have a

commutative diagram
Y S X
N
U

in Smp with U integral and px,py smooth. Denote by X and Y the generic
fiber of px and py, respectively, and let f : Y — X be the morphism induced
by f. Then we have:

(i) F(0x0(0) = Oy (£(0)) for all o € 0°(X);
(i) if f is projective, then ﬁ(@y/U('y)) = Ox/u(f«(7)) for ally € Q*(Y); and

(ZZZ) ex/U(Oé . ,3) = ex/U(Oé) . ex/U(ﬂ) fOT all Oé,ﬂ S Q*(X),

Proof. We recall first that given a closed regular embedding j : V < W in Smp
for some field F' then Q*(W) is generated by cobordism cycles [h : Z — W]
with h transversal to j, see Levine and Morel [10, Prop. 3.3.1]. The image of
such a cycle under j* is then just a pull-back of cycles. In fact, since V, W
are smooth over F' the fiber product Z xy V is regular and so is smooth, as
char F = 0. Hence we can apply [10, Cor. 6.5.5] and get

Ji(h:Z—W]) =N :ZxyV—V],

where 1’ is the projection. This implies (i) if f is a regular embedding.

For the general case of (i) observe that f factors as Y BN 'Y rY - X

and so, since X and Y are smooth, into a composition of a regular embedding
and a smooth morphism. This reduces the proof to the case of a smooth equi-
dimensional morphism of constant relative dimension, where it follows from the
definition of the pull-back in this case, see [10, Sect. 2.1].

(ii) is an immediate consequence of the definition of the push-forward of cobor-
dism cycles along projective maps.

Finally we prove (iii). Denote by Ax/y : X — X xy X and Ax/p : X —
X Xp X the respective diagonal maps. Consider Ay, as a U-morphism and
denote AX/U the induced map between the generic fibers. Now F(U) xy (X Xy
X) is naturally isomorphic to the fiber product of X = F(U) xy X with itself
over F(U), and under this identification A x/u corresponds to the diagonal

map A X — X X p(u) X. Hence by (ii) we have

X/F(U)

*

GX/UOA}/U:A)’Z/F(U)OHXXUX/U' (1)
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By definition of the product in algebraic cobordism we have

a-f = A;{/F(O‘ x B)

and
Ox/u(a)-Oxu(B) = A}/F(U) (Ox/u () x Ox/0(8)) -

Hence by (1) it remains to show

Oxxux/0 (0% u (@ x B)) = Oxyu(a) x 0x/u(B) (2)
for all a, B € Q*(X), where §x 1/ is the regular immersion X xy X — X xpX.

If p: U — U is an open embedding and x : X' := U’ xy X — X the
projection then we have

*

5;{’/U’O(XXX)* = (XXpX)*O5;</U and  Ox ., x/v :9X’><U/X’/U’O(Xxpx)

Thus to prove (2) we can replace U by an open subscheme of U.

After these reductions and remarks we can finish the proof of (iii). We can
assume that « is represented by [v : V — X] and 8 by [w : W — X] for
some V,W € Smp. The generic fiber F(U) xy W is (as localization of a regular
scheme) also regular and therefore smooth over F(U) since (by our general
assumption) char F' = 0. Therefore replacing U by an open subscheme we can
assume that the composition of morphisms W — X PX, U is smooth. Then
VxpW — X xpX is transversal to the regular embedding dx /iy : X Xy X —
X xp X and V xy W is smooth over F. Hence by [10, Cor. 6.5.5] the pull-back
5}/[](04 x () is represented by the cartesian product [V xy W — X xy X], and
so we have Ox ., x/u (5;(/[](04 x B)) = Ox () x Ox 7 (8). From this the claim
follows. ]

2.10 COROLLARY

Algebraic cobordism (of Levine and Morel) is an extended oriented cohomology
theory.

Proof. The axiom (ECO0) is obvious, and by Lemma 2.9 above 6y, x is a homo-
morphism of rings satisfying also (EC1) and (EC2).

For (EC3): It is enough to check this on ’standard’ cobordism cycles [w :
W — X], where it is straightforward and amounts to the identification of two
different ways to express the generic fiber of a map to a fibration. |

For the proof of the following theorem we use the generators and relations of
algebraic cobordism.
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2.11 THEOREM

Algebraic cobordism is a coherent theory.

Proof. Let F be a field of characteristic zero, and Y -5 X be a smooth
morphism in Smp with X integral, F = F(X) and Y the generic fiber. Let
O5(Y/X) = colimpy_, x Q*(Y xx U) over all open subschemes of X and

py/x  Qp(V/X) — Qp(Y)

be the canonical map. We need to show that ¢y, x is an isomorphism.
Combining the definitions of * from [10] and [11] we have an exact sequence:

R+(Q) = 2.(Q) = 2(Q) — 0.

Here Z,(Q) is a free abelian group generated by isomorphism classes of cobor-
dism cycles [v : V. — @, L1, ..., L], where v is projective, V is smooth, and
Ly,..., L, are (non-ordered) line bundles on V, see [10, Def 2.1.6].

The relations R.(Q) form a free abelian group which splits as a direct sum

R* (Q) — RfeCt fan) RE’Lm fan) RiWPR .
The three groups on the right hand side and their maps to Z,(Q) are given by:

(Rell) RP™(Q) is the free abelian group generated by isomorphism classes of
cobordism cycles [v: V — Q, Ly, ..., L] with r > dim V with the obvious
map to Z.(Q).

(Rel2) R7et(Q) is the free abelian group generated by the isomorphism classes

of pairs [Z cvy Q,L1,...,L,] of a cobordism cycle plus a smooth
divisor on V. Such a pair is mapped to the difference

V5Q,Ly,....Le,O2)] - 2 Q,i*Ly,...,i"L,]

in Z,(Q).

(Rel3) Finally, RMPE is the free abelian group generated by the isomorphism
classes of multiple point relations [w : W — Q x P*, My, ..., M,], where
w is projective, W is smooth, Wy = w=1(Q x 0) and W; = w=1(Q x 1)
are divisors with strict normal crossings on W, see [10, Def 3.1.4]), and
M, ..., M are line bundles on W.

Such an element is mapped to w.([Wo — W, My,..., M — [W; —
W, Ma, ..., M), where [W; — W] is the combinatorial divisor class, see
[10, Def 3.15], and where we lift the coefficients of the universal formal
group law to cobordism cycles from Z, (Spec(k)).
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Recall here, that if D = 2211 n; - D; is a divisor with strict normal crossing
on W, with L; = O(D;) and dy : Dy = NjesD; — W for J C {1,...,m}, the
faces of our divisor, we can write down the formal sum

[1] Frur4+F ... +F [nm] 7 Um  as Z u’- F‘?l ..... nm(m’ oo Um)
Jc{1,....m}
where
F}n ..... nm(ub._.’um) € Llug, ..., um]]

are some power series with L-coefficients, which can be chosen canonically.
Then the combinatorial divisor class [D — W] is just the sum

S s Dy W R (L] L)
Jc{1,....m}

where L] = d%L;. Here we ignore all the terms of degree > dim W (these
are covered by RP"™) and so, it is a finite sum. Note, that RMPF contains
the geometric cobordism relations, cf. [10, Def 2.3.2], as well as double point
relations, see [11], and so, the (FGL) relations of [10].

Finally, the map Z,(Q) — Q.(Q) is given by
[v:V —=Q,L1,..., L] — vi(ci(Ly) - ... c1(Ly)).

It follows from [10, Thm 2.3.13] that in RP™™ we can take any number N >
dim V instead of dim V' (modifying accordingly the interpretation of RM ),

We have a commutative diagram with exact rows:

R.(Y) ZY)—— = QFY)——0

PY/X Yy, x T‘PY/X

colim R, (Y x x U) —= colim Z,(Y xx U) —= QI (Y/X) —— 0,
U—X U—X

where in the definition of RP"(Y) we swap dim V by dim V + dim X.

We show now that py,x is onto and vy, x is an isomorphism, from which it
follows that ¢y, x is an isomorphism too, hence finishing the proof.

We start showing 1y, x is onto. In fact, if we have a projective map v : VoY
in Smp, we can always extend it to some projective map v : V' — Y. Moreover,
using the resolution of singularities, we can make V' smooth. Also, any line
bundle can be extended from V' to V. This shows that ¢y, x is surjective.

If two maps v : V. — Y xx U and v' : V! = Y xx U’ are isomorphic over
the generic fiber Y, then this isomorphism is actually defined over some open
neighborhood U” € U N U’ of the Spec(E). And if two line bundles L and

DOCUMENTA MATHEMATICA 23 (2018) 1635-1657



1646 STEFAN GILLE AND ALEXANDER VISHIK

L' on V are isomorphic when restricted to ‘7, then these differ in the Picard
group by a class of a line bundle coming from U (since V is obtained from V'
by removing preimages of some divisors from U). So, these become isomorphic
over the preimage of some neighborhood of Spec(£). Hence, the map ¢y, x is
injective, and so an isomorphism.

By the same arguments, the modified relations 7@?””(}7) are covered by
RDim(Y).

If we have some projective map v : V — Y with the smooth divisor Z C \7, as
above, using the results of Hironaka [9], we can extend ¥ to a projective map
v:V =Y from a smooth V, and can extend Z to a smooth divisor Z on V.
Also, we can extend any line bundle from V' to V. Hence, the map py,x is
surjective on Rt

If we have some multiple point relation w : W =Y x P!, then we can extend @
to a projective map w : W — Y x P, Using the results of Hironaka [9] we can
resolve the singularities of W without changing the generic fiber of w (since the
singularities are outside this fiber) and then further resolve the pre-images of
Y x 0 and Y x 1 to make divisors with strict normal crossings of these. Thus,

the relations RY7H(Y) are covered by py,x. O

2.12 FREE THEORIES

Any formal group law F over a ring R (possibly graded) is induced from the
universal one (L, Fy) via the unique homomorphism of rings L. — R and
one can assign to it a theory

X — hp(X) == R@p Q.(X).

Such a theory is called free (see [10, Rem 2.4.14]) and it inherits from algebraic
cobordism all basic properties of an oriented cohomology theory. Examples of
free theories are cobordism itself with arbitrary coefficients, Chow groups with
rational equivalence and arbitrary coefficients, Ky, and Morava K-theories.
The latter are defined and investigated for instance in Sechin [14, 15].

Since all our structural maps in 2, are L-linear, it follows that a free theory h
is an extended oriented cohomology theory. And since colimits commute with
tensor products we obtain:

2.13 COROLLARY

Free theories are coherent.

2.14 BASE CHANGE

Let h* be an extended oriented cohomology theory over the field k.
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Given L D F in §ieldsy there exists a smooth integral F-scheme U, such that
L =F(U). Let ¢ : Spec L = Spec F(U) — U be the embedding of the generic
point.

Let now X € Smp. We have a smooth morphism U xp X — U, and we will
denote the corresponding map 60y x,u by

(e xidx)" @ (U xp X) — hifdimU(XF(U)) =0 qimo(XL)-

Composing it with the map 7*, where 7 : U xp X — X is the projection we
obtain the base change homomorphism:

h,(X) — h,(X1), a — ap,

which we denote by resy /. This homomorphism does not depend on the choice
of the model U. In fact, if U’ is another model then U’ is birational to U, and so
by (EC1) we are reduced to show that if j : U’ < U is an open subscheme then
Ouxx/u = Ourxxjur o (j xidx)*. This can be seen as follows: Applying (EC3)
to the sequence of morphisms

UxpX 20 LU,

where p is the projection, and taking (ECO0) into account we obtain 0y x /=
9U’><X/U' From this equality we get 9U><X/U = 9U’><X/U/ o (] X ldx>* by (ECI)

From the fact that 6x .,y and 7* are ring homomorphisms and from (EC1)
and (EC2) we get:

2.15 LEMMA

Let h, be a coherent extended oriented cohomology theory over a field k, F €
Fieldsy, X and 'Y smooth F-schemes, and L = F(U) 2 F a field extension,
where U is a smooth and integral F-scheme. Denote by v the inclusion of
the generic point of U into U. Let further f,g :' Y — X be a morphism,
respectively, projective morphism in Smp.

Then:

(i) (txidx)*(a-f) = (txidx)*(a) - (¢t xidx)*(B) for all a, 8 € h, (U x X).
(i1) ffo(txidy)* = (¢ xidy)* o (idy x f)*.
(111) gr«o (¢ X idy)* = (¢ x idx)* o (idy X g)x-

(“}) (Oé ﬁ)L =oar 'BL for all aaﬁ € h*(X)
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3 h-MOTIVES

3.1 h-CORRESPONDENCES OF DEGREE 0.

The following definitions and assertions are an adaption of Manin’s [12] for
Chow groups, see also Fulton [6, Chap. 16] or Elman, Karpenko and Merkur-
jev [5, Chap. XII]. We recall them here for the sake of completeness.

Let h, be an oriented Borel-Moore homology theory over a field k£ and X,Y
smooth projective k-schemes. Denote Xi,...,X; the connected components
of X. An h-correspondence between X and Y is an element of h, (X X Y),
and an h-correspondence of degree 0 between X and Y is an element

1
a € @hdimxi(Xi xxY) Ch (X xzxY).
i=1
We indicate the latter situation by a: X ~~» Y.

The composition of two correspondences o : X ~~» Y and 8:Y ~» Z is defined
for connected smooth and projective schemes X and Y as follows:

Boa = pxz«(pky(a) Pyz(B) + X ~ Z,

where - denotes the product in h, (X XY X, Z) and pxy, py z, and px z denote
the indicated projections from X XY X Z to X xx Y, Y X Z, and X xi Z,
respectively. This composition extends then linearly to non connected schemes.
It is associative with the image of the 1 € h, (X) under the push-forward along
the diagonal embedding X — X xj; X acting as identity.

We denote the set of h-correspondences X ~» Y of degree 0 by Homy (X, Y )y,
respectively by Endg(X), if X =Y.

Given an h-correspondence « : X ~~ X of degree 0, where X is a smooth and
projective k-scheme, it acts on h,(X) by

a.(y) = aony.

3.2 h-MOTIVES

These are constructed completely analogous as the category of (effective) Chow
motives as outlined in Manin [12].

One observers first, see loc.cit. , that the category whose objects are the
smooth projective k-schemes and whose groups of morphisms are given by
Homy (X,Y)), is an additive category, called the category of h-correspondences
of degree 0. The idempotent completion of this category, see e.g. [5, Sect. 64],
is the category of h-motives over k, which we will denote by 9oty (k).

If h, = CH, this is the well known category of effective Chow motives €Choto(k).
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In this category the projective line decomposes into two summands, one iso-
morphic to the motive of the point Spec k, which is denoted by Zj,, and the
other summand is called the Tate- or Lefschetz motive and denoted by Zj; {1}.

The cartesian product induces a ’tensor’ product on the motives. In particular
we have the (positive) Tate twists

Zy{r} = Z,{1}®" and X{r} = Ly{r} @ X

for a smooth and projective k-scheme X and r > 0 an integer.

3.3 THE ROST NILPOTENCE PRINCIPLE

Let now h, be an extended oriented cohomology theory. By some abuse of
notation we suppress the lower supscript in h,  and write h, instead.

We say that a smooth projective variety X over the field k satisfies the Rost
nilpotence principle for the theory h, if for all field extensions F' O k the kernel
of the base change map

resp/k - Endk(X)b — EndF(F Xk X)bv o — af
consists of nilpotent correspondences, i.e. correspondences «, such that a° N =
0 for some natural number V.

In the article [18] of Yagita and the second named author it is shown that a
decomposition in the category of Chow motives implies a decomposition in the
category of {-motives and so also in the category of h-motives for all oriented
cohomology theories h, by the universality of algebraic cobordism, see [10,
Chap. 7]. This is a consequence of the fact that the kernel of the canonical
homomorphism Q,(X) — CH,(X) consists of nilpotent elements.

This result can be applied to projective homogeneous varieties over semisimple
linear algebraic groups. Recall here that given such an algebraic group G then
a G-variety X is called projective homogeneous if G acts transitively on X and
the stabilizer of every point of X is a parabolic subgroup of G.

Now by the main result of [4], see also Brosnan [2], an isotropic projective ho-
mogeneous variety for a semisimple linear algebraic group decomposes in the
category of Chow motives into Tate twists of other projective homogeneous va-
rieties. This implies by the remarks above the following decomposition theorem
for h,-motives of such varieties.

3.4 THEOREM

Let h, be any oriented cohomology theory (in the sense of [10, Def. 1.1.2]), k a
field, and X an isotropic projective homogeneous k-variety for a semisimple lin-
ear algebraic group G over the field k. Then there exist projective homogeneous
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k-varieties Y1,...,Y;, 1 > 2, and integers n; > 0, 1 <1 <, such that
l
X ~ @Yz{nz}
i=1
m Dﬁoth(k).

3.5 REMARK

The arguments of Yagita and the second author in [18] also show that if Rost
nilpotence holds for a smooth projective variety X in the category of Chow
motives then X satisfies this principle in the category of {2-motives as well.

4 PROOF OF THE ROST NILPOTENCE PRINCIPLE FOR GENERICALLY CON-
STANT COHERENT THEORIES AND PROJECTIVE HOMOGENEOUS VARIETIES

Most proofs of the Rost nilpotence principle for a variety in the category of
Chow motives use a lemma proven by Rost [13, Prop. 1], which we call the
Rost lemma. (An exception is the argument of the second author for projective
quadrics in [16, Lem. 3.10].) We prove here the analog of this lemma for a
coherent theory h, following Brosnan’s [1] arguments for h, = CH,. However
there are some subtle technical difficulites, which are addressed by the following
lemma. We overcome them using resolutions of singularities, i.e. by taking
advantage of our assumption that the base field k has characteristic 0.

4.1 LEMMA

Let h, be a coherent theory over the field k and X, W be smooth schemes over k
with X projective. Assume W is integral with generic point w. Denote by ¢
the inclusion of the generic point Speck(w) — W. Let o € Endi(X)n and
v € h,(W x X) for some i € Z. If

() « (¢ x idx)*(7)) = 0

then there exists a closed subscheme j : Z < W, which is # W, such that a..(7)
is in the image of

(G xidx)s : b(Z x X) — h,(W x X).
Proof. We give a comprehensive proof indicating all properties of coherent
theories which we use.
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We show first

W)« (0 X 1dx)* (7)) = (¢ xidx) (o (y)) - (3)

To prove this equation we use the following two commutative diagrams, where
we have set X = x:

X xX (4)
/ X
k(w) x X <2 k(w) x X x X — WxXxX
LX1AdX x X
qul lplZ
k(w) x X — W x X
tXid x
and
k(w) x X x X — 299X gy X« X (5)
qml lpls
k(w) x X — WxX
tXidx

where p;; and ¢;; denote the projections to the respective ij-components.

We compute now:
A (w) * ((L X ldX)*(FY))

= Q13*(04k(w) “qia((1 idX)*(’Y))) by def.
= q13+((t x idxxx)*(p*(a)) - (o x idxxx)*(p}2(7))) by def., Diag. (4),
and Lem. 2.15 (ii)
= 13+ ((L X idx xx)* (p*(e) -p*fz(v))) by Lem. 2.15 (i)
= (e xidx)* (pla*(p*(a) -pi‘z(v))) by Diag. (5)
and Lem. 2.15 (i)

= (v x idx)* (ax(7)) by definition.

Equation (3) implies the lemma: since h, is coherent, h, (k(w) x X) is iso-
morphic to the direct limit of all h, (U x X), where U runs through the open
subschemes of W. Hence the assumption a(y) . ((¢ xidx)*(y)) = 0 and (3) im-
ply the existence of an open U C W, such that a.(y)|uxx =0. Let j : Z — W
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be the closed complement of U. We have Z # W, and by the localization se-
quence

h(Z x X) P h (W % X) — b(U x X) — 0

there exists ¢ € h;(Z x X), such that a.(y) = (j x idx).(6). We are done. O

4.2 THE ROST LEMMA FOR COHERENT THEORIES

Let h, be a coherent theory over the field k, X,Y smooth and projective k-
scheme, and o € Endg(X)y. If

Wy « (B (X)) = 0
for ally €Y then

(ao(l-i-dimY))*(h*(Y XkX)) = 0.

Proof. Let n =dimY.

We define a filtration on h, (Y x; X) as follows. Let § C h,(Y x; X) for all
0 <1 < n be the subgroup generated by all images

Gy xidx)s : b (V xp X) — h (Y x; X),

where jy : V — Y is a closed k-subscheme of Y of dimension < [, equivalently
we can take only the images with V' a closed integral k-subscheme.

We have
h (Y X)) =30 2Fn-1--- 2% 2350 2 F-1:= {0},

and so it is enough to show that «.(F;) C F—1 for all -1 <! < n:=dimY.
We verify this by induction on [. The induction beginning | = —1 is clear, so
let I > 0.

Let for this a € § C h, (Y xx X) be equal to (jy X idx)«(b), where
(v xidx)« : b, (Vx X) — h, (Y x X),

and jy : V <= Y is a closed embedding of a subscheme of dimension < [. We
have to show a.(a) € F;—1, and can assume for this that V is a closed integral
subscheme.

Let 7 : W — V be a projective birational k-morphism with W smooth projec-
tive and integral, which exists since k has characteristic 0 by Hironaka [9]. By
Lemma 2.3 there exists then ¢ € h, (W xj X), a closed subscheme j : V' < V|
and b € h, (V' x; X), such that

b = (mxidx).«(c) + (j x idx) ().
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Hence

a = (E X ldx)*(C) + (jv/ X idx)*(bl),
where € = jy om and jys = jy o j. Note now that dim V'’ < dimV <[ since V
is irreducible, and so we have that (jv/ x idx )*(b’) € §;_1, which by induction
implies

a( (v x idx). (b)) S Fi-2 S i1
Hence it is enough to show that o ((¢ X idx).(c)) is in F—1.

It follows from the standard compatibilities of pull backs and push forwards
that the diagram

(EXidx)*

b, (W x; X) L, (Y x; X)

is commutative. Hence av (e x idx)«(c)) = (£ X idx )« (v (c)).
Let v, w be the generic points of V and W, respectively. We have k(v) = k(w)
and so by our assumption

ak(w)*((L X ldX)*(C)) = 07

where ¢ : Spec k(w) < W is the embedding of the generic point. Therefore by
Lemma 4.1 there exists a closed embedding ¢ : Z — W with Z # W and so
dim Z < dim W <[, such that a,(c) is in the image of

(qxidx)* : h*(Z XkX) — h*(W XkX).

Then o, ((e x idx)«(c)) is in the image of (p x idx )., wherep=e0¢: Z =Y.
And hence it is in the image of (jz X idx)«, where Z is the reduced image of
p and j : Z — Y is the respective closed embedding. Since dim Z < [, this
element belongs to §;—1. ]

4.3 REMARK

For non-coherent theories, the Rost Lemma is in general wrong. Here is an
example. Let h, be CH}, , and X = Y be an elliptic curve C. Let a =
[A] = [C x p] = [p x C], where A is the diagonal and p is some k-rational point
on C. Then, for any L/k, CHy;,(X1) =Z-1®Z- [p], and so ar,(h,(XL)) =
0. At the same time, o is a projector a°? = . Hence, for any natural N,

a®N(h, (Y x X)) # 0, since a # 0.

Using the decomposition from Theorem 3.4 the Rost lemma for h, implies the
Rost nilpotence principle for projective homogeneous varieties and generically
constant coherent theories. The proof is word by word the same as [4, Proof
of Thm. 8.2] (only replacing CH,. by h,). However to indicate where we need
that the product in a coherent theory is compatible with base change we give
the details.
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4.4 COROLLARY

Let X be a projective homogeneous variety for a semisimple linear algebraic
group. Then X satisfies the Rost nilpotence principle for every generically
constant coherent theory h, .

Proof. If X is split then it is a cellular variety and so by [18, Cor. 2.9] a direct
sum of twists of Tate motives. Since h, is generically constant, h, (k) — h, (L)
is an isomorphism for all field extensions L D k, and so Rost nilpotence holds
trivially in this case.

If X is not split then it still has a decomposition as in Theorem 3.4:
l
X ~ @Yz{nz}
i=1

for projective homogeneous varieties Y; and integers n; > 0 (it certainly has
such a decomposition with { =1 and ¥; = X, ny = 0). We prove now by down
going induction on the number of components [ that there exists an integer m >
0 which only depends on the dimension of the projective homogenous variety
and on the number [, such that a°™ = 0 if « is in the kernel of

Endk(X)h — EndL (XL)Q

for some field extension L DO k. As the number of possible components is
bounded by the number of Tate motives appearing in a decomposition over the
algebraic closure of k, we have the base of induction.

Let o € Endg(X)y, such that ap = 0 for some field extension L of k. If y is
a point of Y; then Y; is isotropic over k(y) and so by Theorem 3.4 the motive
Y k() {ni} is a direct sum of at least two Tate twisted motives of projective
homogenous varieties over k(y). Hence over k(y) the motive of X decom-
poses in more than [ summands and so by induction we have az(”; = 0 for an
integer m > 1 which depends only on the number of components of the decom-
position of X over k(y) and the dimension of X. As the number of possible

components is bounded we can choose m, such that ak@) =0forally €Y;
and all 1 <7 <.

By Lemma 2.15 (iv) we have
0 = apgy = (@)

and so (a°™)(y) *(h* (Xk(y))) =0forally€Y; and all 1 <¢ <. By the Rost
lemma this implies

(@0 (MY (Homy (Yi{n:}, X)y) = 0

for all 1 <4 < [. Let ¢t be the maximum of the dimensions of the Y;. Then
since the motive of X is equal the direct sum of the motives Y;{n;}’s in the
category of h-motives we get a°” (1+t) = 0. We are done. O
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From [10, Cor. 4.4.3] we know that free theories are generically constant and
from Corollary 2.13 these are also coherent. Hence, we obtain:

4.5 COROLLARY

Let X be a projective homogeneous variety for a semisimple linear algebraic
group over a field. Then X satisfies the Rost nilpotence principle for every free
theory h, .

Note that not all generically constant coherent theories are free (= of rational
type [17]). Here is a large supply of examples.

4.6 EXAMPLE

Let A* be a generically constant coherent theory over k, and {(Qx, ax)}ren a
collection of smooth projective varieties @ defined over k (!) with some classes
ay € A*(Q»). In other words, we have a collection of A*-correspondences
px : Qx ~ Spec(k). Suppose that the map px. : A (Qxr) — A (F) sending
v to w5 (v - ay) is zero, for any field extension F'/k, where 7y is the projection
Qa,r — Spec F. For any F/k, and any smooth variety X/F we have natural
projections:

T ™2
Qr<—QrXxpX—X

Now, in A*(X) we can mod-out the images of the maps from py . : A*(Qxr XF
X) — A*(X) sending u to (m2)«(u - 7} (ax)). It is not difficult to check that
the resulting theory A* is coherent and generically constant. As long as not all
ay’s are zero, it will not be free, since it has the same coefficient ring as A*,
but the natural projection A* — A* has a non-trivial kernel, and so, there is a
non-trivial kernel of the projection A*(k) ®p, Q* — A*.

Here is the simplest such example. Take A* = CH* and a single elliptic curve
C over k with a = [p1] — [po], where pg, p1 are two distinct k-rational points on

C. Then the resulting theory A* will be a constant coherent theory in-between
CH* and CH,

alg*

4.7 FAILURE OF THE ROST NILPOTENCE PRINCIPLE FOR NON-COHERENT
THEORIES

For non-coherent theories it does not make much sense to speak about Rost
nilpotence principle. If the theory is non-constant, counterexamples are obvi-
ous: just take A7 = CH", and A% = CH* /2, for any non-trivial extension F/k.
But even for constant ones we have:

4.8 EXAMPLE

Let C be some elliptic curve over k, and p a k-rational point on it. Take
Bj = CH" /2. Consider the B*-correspondence p : C' x C' ~» Spec(k) given by
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the class o = [A] — [C' x p] — [p x C]. Notice, that it has the property, that, for
all F'/k, the map p, : CH*((C x C)p)/2 — CH"(F)/2 is zero.

For a non-trivial extension F/k, and smooth X/F let us take Bj(X) to be
the quotient of CH*(X)/2 modulo the image of p, : CH*(C' x C x X)/2 —
CH*(X)/2. Then B* will be an extended constant oriented cohomology theory,
and we have a B*-correspondence « : C' ~» C which vanishes over all non-trivial
field extensions by construction. At the same time, « itself is a projector. This
projector is clearly non-trivial, since the motive of an elliptic curve (even with
Z/2-coefficients) is not a direct sum of two Tate-motives. Hence, the Rost
nilpotence principle fails for the theory B*.

REFERENCES

[1] P. Brosnan, A short proof of Rost nilpotence via refined correspon-
dences, Doc. Math. 8 (2003), 69-78.

[2] P. Brosnan, On motivic decompositions arising from the method of
Bialynicki-Birula, Invent. Math. 161 (2005), 91-111.

[3] V. Chernousov, A. Merkurjev, Motivic decomposition of projective
homogeneous varieties and the Krull-Schmidt theorem, Transform.
Groups 11 (2006), 371-386.

[4] V. Chernousov, S. Gille, A. Merkurjev, Motivic decomposition
of isotropic projective homogeneous varieties, Duke Math. J. 126
(2005), 137-159.

[5] R. Elman, N. Karpenko, A. Merkurjev, The algebraic and geo-
metric theory of quadratic forms, American Mathematical Society,
Providence, RI, 2008.

[6] W. Fulton, Intersection theory, Springer-Verlag, Berlin, 1984.

[7] S. Gille, The Rost nilpotence theorem for geometrically rational
surfaces, Invent. Math. 181 (2010), 1-19.

[8] S. Gille, On Chow motives of surfaces, J. reine angew. Math. 686
(2014), 149-166.

[9] H. Hironaka, Resolution of singularities of an algebraic variety over
a field of characteristic zero. LII, Ann. of Math. (2) 79 (1964), 109-
203; ibid. (2) 79 (1964), 205-326.

[10] M. Levine, F. Morel, Algebraic Cobordism, Springer-Verlag, Berlin,
2007.

[11] M. Levine, R. Pandharipande, Algebraic cobordism revisited, In-
vent. Math. 176 (2009), 63-130.

DOCUMENTA MATHEMATICA 23 (2018) 1635-1657



[12]

[13]

[14]

[15]

[18]

[19]

RosST NILPOTENCE AND FREE THEORIES 1657

Y. Manin, Correspondences, motifs and monodial transformations,
(in Russian), Mat. Sb. (N. S.) 77 (1968), 475-507.

M. Rost, The motive of a Pfister form, Preprint 1998, available at
www.math.uni-bielefeld.de/"rost/data/motive.pdf.

P. Sechin, Chern Classes from Algebraic Morava K-Theories to
Chow Groups, Int. Math. Res. Not. 2018, no. 15, 4675-4721.

P. Sechin, Chern classes from Morava K-theories to p™-typical
oriented theories, Preprint 2018; avaible at
arxiv.org/abs/1805.09050.

A. Vishik, Integral Motives of Quadrics, MPIM-preprint, 1998
(13), 1-82; available at www.mpim-bonn.mpg.de/node/263.

A. Vishik, Stable and Unstable Operations in Algebraic
Cobordism, Ann. Sci. de 'Ecole Norm. Sup., to appear; available
at: arxiv.org/abs/1209.5793.

A. Vishik, N. Yagita, Algebraic cobordisms of a Pfister quadric, J.
London Math. Soc. 76 (2007), 586—-604.

A. Vishik, K. Zainoulline, Motivic splitting lemma, Doc. Math. 13
(2008), 81-96.

[20] V. Voevodsky, Motivic cohomology with Z/2-coefficients, Publ.
Math. Inst. Hautes Etudes Sci. 98 (2003), 59-104.

Stefan Gille Alexander Vishik
Department of Mathematical and School of Mathematical Sciences
Statistical Sciences University of Nottingham
University of Alberta Nottingham NG7 2RD
Edmonton T6G 2G1 United Kingdom
Canada alexander.vishik@
gille@Qualberta.ca nottingham.ac.uk

DOCUMENTA MATHEMATICA 23 (2018) 1635-1657



1658

DOCUMENTA MATHEMATICA 23 (2018)



