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ABSTRACT. In this paper, we consider bounded strictly pseudoconvex
domains D C C? with smooth boundary M = M? := 9D, and the
asymptotic expansion of the Bergman kernel on the diagonal

KBN%—FwBlogp,

where p > 0 is a Fefferman defining equation for D. The Ramadanov
Conjecture states that if the log term 15 vanishes to infinite order on
M, then M is locally spherical. In C2, the validity of this conjecture
is known and follows from work of Boutet de Monvel, Burns, and
Graham; indeed, it suffices that 15 = O(p?) locally on M to conclude
that M is locally spherical. On the other hand, it is also known that
the boundary values alone of the log term biyp := (¢¥5)|pr on M does
not determine the CR geometry of M locally; e.g., the vanishing of
by on an open subset of M does not imply that M is locally spherical
there. The main result in this paper, however, is that if D C C2 is
assumed to have transverse symmetry, then the global vanishing of
byp on M implies that M is locally spherical. A similar result is
proved for the Szegd kernel.
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1660 PETER EBENFELT

1. INTRODUCTION

Let D C C™ be a bounded strictly pseudoconvex domain with smooth bound-
ary OD, and assume that D is defined by p > 0, where p € C>°(D) is a defining
function for the boundary 0D, i.e., plag = 0 and dplap # 0. Fefferman pro-
posed ([Fef76], [Fef79]) investigating the biholomorphic geometry of D (e.g., the
Bergman kernel) and the CR geometry of the boundary M = M?"~! := 9D
via invariants obtained by restricting to a class of special defining functions p
normalized by J(p) = 1 + O(p™*!), where J is the complex Monge-Ampere
operator

u Uz

(1) J(u) == (~1)" det (u u) .

Fefferman showed in [Fef76] that such a smooth defining function exists, and
that it is unique mod O(p"*2). A defining function p satisfying this normaliza-
tion is called a Fefferman defining function. The work of Cheng—Yau [CY80],
combined with the subsequent work of Lee-Melrose [LM82], shows that the
Dirichlet problem

(2) Ju)=1, wu|lpy=0

has a unique non-negative solution u € C*>(D) N C"*27¢(D), which has an
asymptotic expansion of the form

(3) ur~p Y me(p" M logp)*,  m € C(D).
k=0

One observes that in the case of the unit ball D = B™ C C”, the solution
u to (2) coincides with the standard defining function p = 1 — |z|?; thus,
there is no singularity in this case and we can take n; = 0 for k¥ > 1. Graham
([Gra8Tal, [Gra87b]) showed that the boundary value problem (2) can be solved
locally (formally) near a point on M, yielding a family of formal solutions
u of the form (3) that depend on one additional parameter function (which
adds a condition on a normal derivative, to complete the Cauchy data for the
local problem (2)). Moreover, the functions 7, for k > 1, which make up
the singularity of the solution, are uniquely determined mod O(p"*!) by the
local CR geometry of the boundary M only (independent of the additional
parameter function and choice of Fefferman defining function p). In particular,
the functions by := ni|a are uniquely determined smooth functions on the
boundary M. Indeed, Graham proved that the bn; are local CR invariants of
weight (n + 1)k; (see, e.g., [Gra87a], [Gra87b] for the formal definition of this
notion; see also below). Graham also showed, on the one hand, that if bn; =0
on M, then all the functions 7, k& > 1, vanish to infinite order on M and,
hence, there is a smooth function (prn in the expansion (3)) that agrees with
the solution u to infinite order (as in the case of the unit ball B"); on the other
hand, he showed that there are strictly pseudoconvex hypersurfaces M C C"
such that bn; = 0, but M is not locally spherical (i.e., not locally equivalent to
the sphere dB™). In other words, information about the function bn; locally on
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the boundary M determines completely the singularity (mod O(p"*1)) of the
solution u near M, but does not determine the CR geometry of M. It may still
be the case, however, that information about bn; globally may determine the
CR geometry of M. The main result in this paper is a result along these lines
in C? for domains with transverse symmetry. The function bn; is sometimes
referred to as the obstruction function, and is an important invariant related
also, e.g., to the so-called Q’-curvature of M (cf., [Hir14a], [Hirl4b]).

The solution u to (2) is intimately related to the Bergman and Szegd kernels
of the domain D C C"; these are the reproducing kernels of the holomorphic
functions, respectively the boundary values of holomorphic functions, in L?(D)
and L?(M, o), where o denotes some choice of surface element on M. We recall
([Fef74], [BAMST76]) that the Bergman and Szegé kernels, Kp(Z) and Kg(Z),
of D on the diagonal have asymptotic expansions of the form

B

(@) Ko~ S viplogp. Ks~ Ztuslogp. om o5, v, vs € C=(D)

in terms of a Fefferman defining function p. To make the Szeg6 kernel Kg
biholomorphically invariant, we have chosen here the invariant surface element
on M = 99 as in [HKN93] (see also [Lee88], [Hir93]). The functions ¢p, ¢g are
determined mod O(p"*1), O(p™), respectively, and 1, 1g are determined up
to infinite order. In the special case D = B", both 15 and ¥ g vanish identically
(and ¢, ¢g are constants). The Ramadanov Conjecture [Ram81] predicts the
converse (for the Bergman kernel, although the conjecture has also been stated
for the Szegd kernel): If ¢ (or 1s) vanishes to infinite order at M, then D
is biholomorphic to the unit ball B". The conjecture is known to be true in C2
(at least if D is assumed simply connected with connected boundary) due to
the work of Graham (who attributes it to Burns) and also Boutet de Monvel,
but is still open for n > 3 (although it is known to fail in higher dimensions for
domains in general complex manifolds; see [LMZ14]; see also [EZ10], [ALZ13])
for the case of the Szegd kernel). The solution in C? hinges on the result,
proved in [Gra87b| (see also [BAMS8S]), that the asymptotic expansion of ¢ in
this case is as follows:

(5) Y = aim +a2Qp+ O(p®), ay,az € C\ {0},

where Q is E. Cartan’s 6th order (umbilical) invariant. Thus, if ¥ is O(p?),
then we may conclude that @ = 0 (by using the result of Graham that
bppn =0 = m = 0), which is well known [Car33] to imply that M is lo-
cally spherical. This proves that D is biholomorphic to B? if D is assumed
simply connected with connected boundary by the Riemann mapping theorem
of Chern—Ji [CJ96] (cf., also [NS05]). In subsequent work, Nakazawa [Nak94]
(see also Boichu—Coeuré [BC83]) proved that for complete Reinhardt domains,
it suffices to assume that ¢ g|pr = by = 0 to conclude that D is biholomorphic
to B2; the latter result is an example of a situation where global vanishing of b,
forces M to be locally spherical. Analogous results hold for the Szegé kernel,
normalized by the invariant surface element on M, in view of the expansion of
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s for n = 2 due to Hirachi-Komatsu-Nakazawa [HKN93]:

(6) 1/15 =cimp+ C2Qp2 + O(p3)7 C1,C2 € C \ {0}

The reader is also referred to subsequent work on CR invariants and the ex-
pansions of the Bergman and Szeg6 kernels by, e.g., Bailey-Eastwood—Graham
[BEGY4], Hirachi [Hir93], [Hir00], [Hir06], and others.

In this note, we shall consider the case n = 2, i.e., bounded strictly pseudocon-
vex domains D C C2. The boundary M = M3 = 9D is then a compact three
dimensional strictly pseudoconvex CR manifold. As illustrated by the result of
Graham mentioned above, the vanishing of bn; on an open subset U C M does
not imply that U is locally spherical in general. Our main result, however, is
that if D has transverse symmetry, then the vanishing of bn; globally on M
implies that M is locally spherical.

We recall that D has transverse symmetry if there is a 1-parameter family
of biholomorphisms of D such that its infinitesimal generator is transverse to
the CR tangent space on the boundary M := 0D. Examples include circular
domains, i.e., those for which Z € D if and only if the whole circle Ty :=
{eZ:t € R}, is contained in D. In particular any Reinhardt domain is
circular and, hence, has transverse symmetry. Our main result is the following:

THEOREM 1.1. Let D C C2 be a smooth bounded strictly pseudoconvex domain,
and assume further that D has transverse symmetry. Then, by =0 on M =
0D if and only if M is locally spherical. If D is simply connected and M
connected, then by = 0 on M if and only if D is biholomorphic to the unit ball
B2 C C2.

In view of the expansions (5) and (6) of the log terms in the Bergman and
Szeg6 kernels, we obtain the following direct corollaries of Theorem 1.1:

COROLLARY 1.2. Let D C C? be a smooth bounded strictly pseudoconvex do-
main, and assume further that D has transverse symmetry. Let Kp denote the
Bergman kernel of D with asymptotic expansion given by (4). Then, the log
term Yplpy = 0 on M := 9D if and only if M is locally spherical. If D is
simply connected and M connected, then |y = 0 on M if and only if D is
biholomorphic to the unit ball B?> C C2.

COROLLARY 1.3. Let D C C? be a smooth bounded strictly pseudoconvex do-
main, and assume further that D has transverse symmetry. Let Kg denote the
Szegd kernel of D, normalized by the invariant surface element on M := 0D,
with asymptotic expansion given by (4). Then, the log term s = O(p?) on
M if and only if M is locally spherical. If D is simply connected and M con-
nected, then s = O(p?) on M if and only if D is biholomorphic to the unit
ball B®> C C2.

We should briefly mention the role of the choice of surface element on M in the
Szegd kernel Kg, since Corollary 1.3 in the special case of complete circular
domains appears similar to a result in [LT04]. For each choice of contact form
0 on M, one obtains a Szegd kernel Kg corresponding to the surface element
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o[f] := 0 Adf on M. The invariant surface element ([HKN93]; see also [Lee88]
and [Hir93]) corresponds to the unique choice of § = 6y such that

1 n
(7) olbo] Adp = J(p)V/ "V, av = —5 N\ dz; A dz;.
j=1

It is shown in [HKN93] that for the invariant surface element on M in C2, it
holds that ¥g|pr = 0, where g = g“. This leads to the form of the expansion
indicated in (6). Hirachi further showed [Hir93] that in fact

(8) Ul = 5 (AR — 2Tm Ay M),

where Ay, R, Ay are the sublaplacian, the Tanaka—Webster scalar curvature,
and the Tanaka-Webster torsion, respectively, of the pseudohermitian structure
corresponding to 0 (see [Web78]). Moreover, he showed that if M has transverse
symmetry then 1/1g| v = 0 if and only if # = e/, for some pluriharmonic
function f on M.

In some situations, there may also be natural choices of surface element on M,
other than the invariant one. For instance, if D is the unit disk bundle in a
negative holomorphic line bundle L* over a Riemann surface X, then a natural
surface element is ¢ = w A dt, where —w is the Kéhler form on X obtained from
the curvature form of L* and t — (z,e/) the circle action on M := dD. The
Szegd kernel corresponding to this surface element on the disk bundle (also over
higher dimensional Kéhler manifolds) is closely related to canonical metrics
and has been considered by many authors. We mention here only [Tia90],
[Zel98], [Don01], [Don96], [Cat99], [LT04], and refer to these papers for further
references. In particular, in [LT04] the analog of Ramadanov’s Conjecture
above was considered for the Szegd kernel in a disk bundle D over the complex
projective plane P! corresponding to the surface element o[f] = w A dt. The
result in this case is that if the log term ’L/Jg vanishes on M, then w is the Fubini-
Study form on P! (up to an automorphism P! — P!), which is equivalent to the
statement that D is the blow-up of the origin in the unit ball B2 C C? (up to an
automorphism). We wish to emphasize that while a complete circular domain
in C2, a special case of the class of domains considered in the main results
in this paper, is the blow-down of a disk bundle over P!, the assumptions in
Corollary 1.3 (for this special case) and in [LT04] are different, as the Szegd
kernels are taken with respect to a priori different surface measures.

The paper is organized as follows. In Section 2 we establish a correspondence
between the obstruction function brn; and the classical invariants of E. Cartan
and Chern—Moser. In Section 3 we consider the special case of disk bundles in
(duals of) positive holomorphic line bundles. The calculations in this case are
classical, and require no prior experience with pseudohermitian geometry. In
the subsequent section, we explain how the calculation in a CR manifold with
transverse symmetry can be reduced to that in the disk bundle case. The final
section, Section 5, is then devoted to the proof of the main result, Theorem
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1.1, from which Corollaries 1.2 and 1.3 readily follow by the expansions (5) and

(6).

2. THE WEIGHT k = 3 INVARIANT

Let M = M3 be a three dimensional strictly pseudoconvex CR manifold, which
we shall always assume to be locally embeddable as a real hypersurface in C”,
for some n. Recall that a CR invariant of a positive weight x is a polynomial in
”data” associated with the CR structure that transforms under CR diffeomor-
phisms by scaling with the Jacobian of the diffeomorphism to the power 2x/3
(see, e.g., [Gra87a|, [Gra87b]). Typical "data” are the covariant derivatives of
the components of the Tanaka—Webster curvature and torsion, in which case
CR invariants are special cases of pseudohermitian invariants (see e.g., [Hir93]).
Another approach is to use the coefficients Ail in the Chern-Moser normal form
[CM74] in (local or formal) coordinates (z,w) € C:

(9) N
mw = |2+ > > Al 2" (Rew)’; A, = A}, = AL, =0,j=0,12,....

k1>2 j=1

It was shown by R. C. Graham [Gra87b| that there are no (nontrivial) CR
invariants of weight x = 1,2, and that the space of CR invariants of weight
3 and 4, respectively, is 1-dimensional and spanned by A, and |A9,]%. It
is well known that the coefficient AY,, while not a CR invariant of a positive
weight in the sense of Graham (but rather of a ” complex weight” of type (2,4)),
represents E. Cartan’s ”6th order invariant” = Q'y obtained in his solution
to the CR equivalence problem for three dimensional strictly pseudoconvex CR
manifolds [Car33]. We shall show here that the weight 3 invariants, spanned
in the Chern—Moser setup by AS,, can be also represented by a second order
covariant derivative of Cartan’s invariant (). To explain this, we recall here
E. Cartan’s solution to the equivalence problem, following the exposition of
Jacobowitz [Jac90] (but with slightly different notation).

As above, let M = M? be a 3-dimensional strictly pseudoconvex CR manifold.
There is an 8-dimensional bundle 7: B — M and an invariantly defined coframe

(10) {Q,01,01,0%,0% 0,030},

with ©, Q? real-valued, Ql:=Ql for | = 1,2, 3, such that the following structure
equations hold:

dQ =i AQ = QA (9 4+ Q)
a0t = —Q' A2 —QAQP
(11) A% = 20 A QP + i A QP — QA0
AP = — QA — P AP —QOAQ!
At =i AP — (2 + ) A QT - SQAQ — SQA QL
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where @ (Cartan’s invariant) and S are functions on B. Cartan showed that M
is spherical near a point p € M if and only if () vanishes over a neighborhood
of pin M. We may now construct new invariant functions on B by taking
”covariant” differentiations of the invariant functions @ and R with respect to
the invariant coframe (10), e.g.,

3 —
(12) dQ = Qo+ > (Qu + Q9" + Q9.

=1

An easy calculation, differentiating the structure equation for dQ3, reveals that
S=Qu,

and hence repeated covariant differentiation of ) will yield all invariant func-
tions. We claim that Q.11 is a CR invariant of weight k = 3. We will first
need to explain how a choice of contact form 6 near a point p € M leads to
a a polynomial expression in the Chern-Moser normal form coefficients in (9).
In order to carry this out, we shall compute Q.11 in a special local coordinate
system on B, following the book by Jacobowitz [Jac90]. Let 6 be a contact
form on M, z = (2,t) € U C C xR a local chart on M = M3 such that {6, 0'},
with 8! := dz, defines the CR structure on M. We shall normalize the choice
of contact form 6 so that the Levi form of M with respect to ' = dz is one,
ie.,

(13) do = i0' A O" + b0 AO* + D0 A O,

for some function b = b(x) on M. As in [Jac90], we may then choose coordinates
(x,\,pt,p) €U x Cx C x R on 7~ }(U) C B such that

Q= |\?0

Q' = \(0" + pb)

2 _ dA 1 1

0 = =+ 40" + BO' + CO

03 = % (du—i—le + B +F9)

. . o
O = e (dp+ %(udﬂ—ﬂdu) +HO' + HO' +G9) )

where A, B,C, D, E, F,G, H are functions in x, A, u, p explicitly computed in
[Jac90]. To compute (.11, we shall only require the expressions for A, B, E,
which we reproduce here

(15) A= —(b+2ifi), B=—ip, E=—ub—ip).

Next, we recall from [Jac90] that in the coordinates (x, A, i, p),
T

(16) Q: ﬁa T:T(.’L').
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We let Ly be the (1,0) vector field and 7" the transversal vector field in U C M
such that the frame {T, L1, L1} is dual to the coframe {6, 6*,0} and compute

dX dX 1
(17) dQ7»< 325~ 551 )FAAB(L1r9 + Lir 0" + Tr0)
and obtain, using (14),

Ql _ 791 Ql _
.02 S 2 . . 1
(18) dQ = Ve < rQ* +rA 3 3rQ2° + 3rB X + Lyr )\) mod 2, Q.

Consequently, by using also (15), we conclude

1 1
(19) Qa1 = DE ——(Lir +r(=b+in)) = D8 ——(Lir — rb+irfi).
We differentiate again and obtain
. d\ d\ ir
(20) dQ.1 = (Lir —rb+irp) (—2)\3)\3 — 3)\2)\4) + DT dpi
1 o ]
+ W(L%T — Ly(rb) +iLyr )0 mod 6,0

Using again (14), we obtain

Ql _ _Ql
(21) dQ. = {Qﬁr 7%4—Wu)(—292+2AT;——392+BBi;)

1
AZ)3
- _Ot Ol -
+ir ()\QB - ET) + (L3r — Ly(rb) + iLlrﬂ)T} mod Q, Q.
Thus, we obtain

(22) Q.1 = —==(L3r — Ly(rb) +iLyr i+ (Lyr — rb+irfi)(2A+3B) —irE).

1
A3N3
Applying again (15), we find that

(23) (Lyr — b +irf)(2A 4 3B) — irE = —2(Lyr)b + 2rb® — i(Ly7)ji,

and hence we obtain from (22)

(24) Q1= (L3r — 3(Lir)b+r(20> — L1b)) .

1
33
We note in particular that ().1; is of the form

s(x)

(25) Q 11 = |A|6 )

where, in the special fiber coordinates (\, i, p) corresponding to the choice of
{0,0} above,

(26) s(x) = L3r(x) — 3(Lyr(x))b(z) 4+ r(2)(2b(x)? — Lib(x)).
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Now, we note that if (z,w) € C? are formal Chern-Moser coordinates for M
centered at p = (0,0) so that M is formally given by an equation of the form
(9), which we write temporarily as

(27) Imw = ®(z,2,Rew), ®(z,7,1):= |z + Z ZAilzkéltj,

ki>2 j=1
then we may choose x = (z,t) with ¢ := Rew as local coordinates, and we may
use the contact form (cf. [BER99))

o @ o @, \ ' ® D,
2%) =t L= dt —i—2—dz +i——dz
(28) (8z1+i<1>t 8211‘@) ( T, T, Z)

in the calculations carried out above. We obtain an evaluation of ;11 on the
contact form 6 in (28) by evaluating (24) at A = 1; we denote this evaluation
by Q.11[0]. We now note that by the form of ®(z, z, ) given by (27),

o @ o @,
(29) <&1+i@t%1—z’q>t)

=1
(2,t)=(0,0)
and, hence, it follows from (24) that (.11[0], evaluated at p = (0,0), is a

polynomial in the Chern—Moser coefficients Ail. In fact, our main result in
this section is the following;:

3

THEOREM 2.1. There is a universal constant ¢ # 0, such that
(30) Q0] = cAl,,

where 0 is given by (28) and (27), and AY, is the z4z* coefficient in the Chern—
Moser normal form (9).

Proof. To prove Theorem 2.1, we shall show that @Q.;; is a (nontrivial) CR
invariant of weight 3. In view of Theorem 2.1 in [Gra87b], which states that
the space of CR invariants of weight 3 is 1-dimensional and spanned by AY,, we
can then conclude that there exists a constant ¢ such that (30) holds. To prove
that ¢ # 0, it suffices to show that Q.11 is not zero for some CR manifold M.
We shall in fact show (Corollary 3.3 below) that for unit circle bundles M over
compact Riemann surfaces, the identity @).11 = O characterizes those that are
locally spherical. Since there clearly are such M (these include all boundaries
of complete circular domains) that are not locally spherical, we deduce that
c#0.

Recall now (e.g., [Gra87b], [Hir93]) that a pseudohermitian invariant () (com-
puted as a polynomial in covariant derivatives of the curvature and torsion of
the pseudohermitian structure given by a contact form 6, or as a polynomial
in the Chern-Moser coefficients Aj,) is a CR invariant of weight « if for any
other contact form 6 = e“f, u € C=(M), we have

1(0) = e "1(6).
Since Q11 is an invariant function on the bundle B of the form (25), it is

clear, by taking |A|> = €%, that Q.11 is a CR invariant of weight k = 3. As
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mentioned above, it follows from Corollary 3.3 that this invariant is nontrivial.
This completes the proof of Theorem Thm-wt3. 0

We may also reformulate the result of the discussion above as follows:

THEOREM 2.2. The invariant function Q.11 is a nontrivial CR invariant of
weight Kk = 3.

3. CIRCLE BUNDLES OVER RIEMANN SURFACES

Let X be a Riemann surface (complex manifold of dimension 1) and 7: L — X
a positive holomorphic line bundle, with (-,-) a positively curved metric on L,
and endow X with the Kihler metric ds? induced by the curvature of L. Let
L* be the dual line bundle, equipped with the dual metric, and D the unit
disk bundle in L*. Tt is well known that D is a strictly pseudoconvex domain.
We shall mainly be interested in its boundary M := 9D, the unit circle bundle
in L*, which is then a strictly pseudoconvex, three dimensional CR manifold
given by
M = {(z,0*) € L*: |¢*]2 = 1}.

If sop: U C X — L is a nonvanishing local holomorphic section, then in the
induced local trivialization L*|yy 2 U x C with coordinates (z,7) € U x C, the
three dimensional CR manifold M is given by

(31) I7I2h(z,2)"! =1,

where h(z, Z) = |so|?. The assumption that the curvature of L is positive means
that

(32) i0 := —i0dlogh > 0.

If we use polar coordinates 7 = re’ in the fibers and (z,t) € C x R as local
coordinates on M, then

(33) é:dtJr%.(aloghfélogh)

is a contact form on M that is compatible with the CR structure, and
(34) dh = %(5@ logh — ddlog h) = —iddlog h.

We shall use the notation

(35) D = %, A:=4DD,

so that

dd = —iDDloghdz Ndz = ia~'dz A dz
where a = a(z, 2) is the function

—1
(36) a:=(—DDlogh)™' = (iAlog h) > 0.
Thus, with

(37) 0:=ab,0" :=dz
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we have

i d
(38) A9 =i Aot — 9N 22,
a
In other words, we can use = (z,t) and the forms in (37) to set up Cartan’s
bundle B as described in the previous section. In this case, the function b = b(z)

in (13) is independent of the circle coordinate ¢, and
(39) b=0b(z,2) = —Daj/a=—Dloga(z,z) = Dlog (—DD]logh).

Next, recall the invariant function @ (Cartan’s tensor) in (16). The direct
computation in [Jac90] shows that (see pp. 126 and 140 in [Jac90]), in the
chosen coordinate system x = (z,t), the function r = r(z) in (16) is a function
of z alone, explicitly computed from the function b = b(z, 2) in (39). In fact, r
is obtained by applying a third order differential operator to b (see [Jac90], eq.
(47) on p. 126):

1 . - - N o
(40) r= 6(D?Db —3bDDb + 2b*Db — DbDBb).

Recall that the Riemann surface X is calibrated by the positive holomorphic
line bundle L, i.e., equipped with the Kahler metric induced by the curvature
of metric (-,-) on L. In the local chart = (z,¢) in U C X, we then have

ds®> = €*?|dz|?, 2¢ :=log(—DDlogh) = —loga.
We shall denote by K the Gauss curvature of ds?,
(41) K = —e 2?A¢p = —4e72?DD¢.

For a smooth, real-valued function f, we shall denote by f.., f.z, f.2 = f..z,
.oy fiorze, ete., the repeated covariant derivatives with respect to z (in the
(1,0) direction) and z (in the (1,0) direction) in the unitary coframe e®dz; i.e.,
since the (dual) connection form in this case equals —(0 — 0)¢ (e.g., [GH94],
p. 77), we have f., = e"?Df, f. = e ?Df and inductively
f-zk,%lz = ei(ﬁ(Df'zkil + (l - k)(D¢)fzk21) = e(kilil)(ﬁD(e(lik)d)f'zkEl)
(42) ) - - ’
f;zkélé = €_¢(Df;zk21 + (k - l)(D¢)f,zkEl) = e(l_k_1)¢D(e(k_l)¢f;zkEl)

THEOREM 3.1. The invariant functions Q) and Q11 are related to the Gauss
curvature K of (X, ds?) via:

€4¢ Kgg €6¢ KEEZZ
4 = T Quy = e
(43) @ 2 e @ 12 AP

Proof. The first identity in (62) was already observed in [ED], Proposition 4.1
(but note that in that paper the complex conjugate of @) was considered). The
proof is a direct computation of Kz, using the expressions

K = —4¢72*DD¢, K.z = D(e”?(e"?DK)) = e **(D*K — 2(D$)DK),
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and comparing the result with (40), recalling that b = 2D¢. To obtain the
second identity in (62), we recall that @.;; is of the form (25), where s in this
case is a function of z alone, s = s(z, Z), given by (26), which becomes

(44) s = D?r — 3(Dr)b+ r(2b* — Db).
We also have
K5, = €_2¢D(e¢(6_3¢D(62¢K;52)))
= e 2’D(e " D(e* K 2)).
By the first identity in (62), we have
Kz = —12e7*r

(45)

and, hence, by (45)
1

(46) 75[(;2222 = 672¢D(672¢D(62¢(674¢7’))) = 672¢D(672¢D(672¢T))
By expanding this, comparing with (44) and recalling b = 2D¢, we conclude
that the second identity in (62) holds. O

Remark 3.2. We note that there is a similar local divergence form in general
for s(z) in (26) provided we can find a function u such that b = Lyu. It can be
verified by direct calculation that

(47) s=e*"Li(e "“Ly(e "r)).

This fact is used in the next section.

We may now prove the following result, which has been alluded to above.

COROLLARY 3.3. Let X be a compact Riemann surface, (L,h) — X a holo-
morphic line bundle with positively curved metric h = (-,-), and D the unit disk
bundle in the dual line bundle (L*,h=') — X. Then CR invariant function
Q.11 vanishes on the unit circle bundle M = 0D if and only if M is locally
spherical.

Proof. By Theorem 3.1, ),11 vanishes on M if and only if K,55,. = 0 on X.
Calabi proved ([Cal82], Lemma on p. 273) that this implies (and of course

follows from) K.zz = 0 on M, which implies (and follows from), again by
Theorem 3.1, that Cartan’s 6th order invariant ) vanishes on M. The latter
is well known to be equivalent to M being locally spherical. ]

4. CR MANIFOLDS WITH TRANSVERSE SYMMETRY

Let M = M? be a three dimensional, strictly pseudoconvex CR manifold with
transverse symmetry. In other words, there is a smooth real vector field T° on
M such that
(a) T° is an infinitesimal CR automorphism, i.e., generates locally a 1-
parameter family of CR automorphisms of M; and
(b) T? is transverse to the complex tangent space H,, := Re TT}’OM at every
point p € M.
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It is well known (see [BER99]) that (a) is equivalent to T having the property
that [T, L1] is a (1, 0)-vector field for every (1,0)-vector field L;. In particular,
T9 is the Reeb vector field for a uniquely determined contact form 6, i.e., there
is a contact form 6y such that

(48) (00, T°) =1, T°.dfy = 0.

Indeed, it was proved in [BRT85] that near a point p € M, one can find local
coordinates z = (z,t) € C x R, vanishing at p, and a local (1,0)-vector field L
spanning T9M near p such that

0] o 0 0
o YT ez o
for some smooth function f near p = (0,0) such that f(p) = 0 and f is a
function of z alone, f = f(z,z). Thus, we have

(50) dfo = (Df — Df)dz A dz.

(49) T° = 0o = dt + fdz + fdz,

The strict pseudoconvexity implies that the purely imaginary function D f—D f
is nonzero. By replacing T° by —T70 if necessary, we may assume that we have

(51) Df — Df =ie??,

where ¢ = ¢(z, Z) is a smooth real-valued function. Thus, we may rewrite (50)
as

(52) diy = ie*?0' AO', 0" = dz.

The contact form 6y defines a pseudohermitian structure [Web78] on M and
(0o, 01,6") is a local admissible coframe in this pseudohermitian structure; the
reader is referred to [Web78] and [Lee88] for basic facts regarding pseudo-
hermitian structures. The fact that the Reeb vector field is an infinitesimal
automorphism implies that the torsion 7 = 410! vanishes, and thus the con-
nection form w ! is identified via the structure equation for df! and symmetry
requirement following from (52), respectively,

(53) d91 = w11 A 91, W1 + Wi = dhli)

where 0! = dz, wi; = Wiy and we use the Levi form hyj := €?? to raise and
lower indices. Since df* = d*z = 0 and

(54) dhi1 = d(e?*?) = e??(2D¢ dz + 2D¢ d7)

we conclude then from (53) that

(55) wit = hyqwr' = 2e**Dg 0",
or equivalently

(56) wi' =2D¢dz = 2D¢ 6.

The following proposition is then a direct consequence of the structure equation

for dwy!:
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PROPOSITION 4.1. The pseudohermitian scalar curvature R := Ri'1' of 0y is
given by

(57) R = —2¢"2DD¢.

To be able to compare with the computations in Section 2, we renormalize
6 := e2%0, so that (13) holds (still with ! = dz) with

(58) b=2D¢, b=Db(z,2).

We observe at this point that we have an identity for b = b(z, z) of the same
form as in Section 3 with 2¢ in (58) playing the role of —loga in (39). Next, in
order to compare with the computations in Section 3, we change the admissible
coframe for the pseudohermitian structure of 6y by 6! := e®dz = e?0!. This
normalizes the Levi form in this structure to h;; = 1. To compute the connec-
tion form ;' with respect to this coframe, we must consider the equations

(59) dot =dp AL =P NG, @y + o7 =0,
which is easily seen to have the implication
(60) it = —(0p — Bg) = e ?(DpO' — DB ")

Next, we note that the dual (1,0) vector field L corresponding to 61 equals
e~?L;. Thus, for any function f that is independent of ¢, i.e., f = f(z,2), we
have L; f = e ?Df. We therefore observe that covariant differentiation of such
f with respect to the Tanaka—Webster connection in the coframe él, in the the
pseudohermitian structure of 8y is the same as covariant differentiation of f =
f(z,2) on the Riemann surface X with coordinate z and metric ds? = €2?|dz|?
as in Section 3; E.g., if f = f(z,2) is a function on M near p = (0,0), then

(61) fa=Lif=e?Df, fa1=e(D*f-2(D¢)Df), ....

With this observation, combined with Proposition 4.1 and the calculations
yielding Theorem 3.1, we conclude that the following holds:

THEOREM 4.2. The invariant functions Q@ and Q.11 are related to the pseudo-
hermitian scalar curvature R of M given by 6y via:

4 - 6 -
el? R;u e5¢ R;1111

(62) QZ—? SVCh Qi1 =——

5. PROOF OF MAIN RESULT

In this section, we shall prove the result stated in the introduction.

Proof of Theorem 1.1. It suffices to show that bn; = 0 on M implies that M
is locally spherical, since the converse is clear, and moreover, if D is simply
connected and M connected, it follows from the Riemann mapping theorem of
Chern—Ji [CJ96] that D is biholomorphic to the unit ball B2. Thus, to complete
the proof of Theorem 1.1 it suffices to show that M is locally spherical, provided
b = 0 on M. Graham [Gra87b] showed that the space of CR invariants of
weight 3 is one dimensional, spanned by A},, and in particular bn; = 4A49,.
Thus, if by = 0 on M, then it follows from Theorem 2.1 that Q.11 also vanishes
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on M. By Theorem 4.2, we then conclude that R.1717 = R;iiii =0on M. We
shall need the analog of Calabi’s result used in the proof of Corollary 3.3:

PROPOSITION 5.1. If f is a smooth function on a compact strictly pseudoconvex
CR manifold M = M3, and f;Iill =0, then f11 =0.

Proof. This is a simple integration by parts argument, using the divergence
lemma (a.k.a. Stokes Theorem) in [Lee88]:

(63) |fﬁ|29/\d9:/ fﬁf;w@/\dt? 7/ fﬁif;i@/\de
" M M
= / fi fOAdO =0,
M
which proves the proposition. .

Proposition 5.1 with f = R now completes the proof of Theorem 1.1, in view
of the first identity in (62) of Theorem 4.2. O

REFERENCES

[ALZ13] Claudio Arezzo, Andrea Loi, and Fabio Zuddas. Szegé kernel, regular
quantizations and spherical CR~structures. Math. Z., 275(3-4):1207—
1216, 2013.

[BC83] D. Boichu and G. Ceeuré. Sur le noyau de Bergman des domaines de
Reinhardt. Invent. Math., 72(1):131-152, 1983.

[BAMS88] L. Boutet de Monvel. Le noyau de Bergman en dimension 2. In
Séminaire sur les Equations aux Dérivées Partielles 19871988, pages
Exp. No. XXII, 13. Ecole Polytech., Palaiseau, 1988.

[BAMS76] L. Boutet de Monvel and J. Sjostrand. Sur la singularité des noyaux
de Bergman et de Szeg6. In Journées: E’quations auxr Dérivées Par-
tielles de Rennes (1975), pages 123-164. Astérisque, No. 34-35. Soc.
Math. France, Paris, 1976.

[BEG94] Toby N. Bailey, Michael G. Eastwood, and C. Robin Graham. In-
variant theory for conformal and CR geometry. Ann. of Math. (2),
139(3):491-552, 1994.

[BER99] M. Salah Baouendi, Peter Ebenfelt, and Linda Preiss Rothschild.
Real submanifolds in complex space and their mappings, volume 47 of
Princeton Mathematical Series. Princeton University Press, Prince-
ton, NJ, 1999.

[BRT85] M. S. Baouendi, Linda Preiss Rothschild, and F. Treves. CR struc-
tures with group action and extendability of CR functions. Invent.
Math., 82(2):359-396, 1985.

[Cal82] Eugenio Calabi. Extremal Kéhler metrics. In Seminar on Differen-
tial Geometry, volume 102 of Ann. of Math. Stud., pages 259-290.
Princeton Univ. Press, Princeton, N.J., 1982.

DOCUMENTA MATHEMATICA 23 (2018) 1659-1676



1674

[Car33]

[Cat99)

[CJI6]
[CM74]

[CY80]

[Don96]

[Don01]

[ED]

[EZ10]

[Fef74]

[Fef76]

[Fef79)

[GH94]

[Gra87a)

[Gra87b]

[Hir93]

PETER EBENFELT

Elie Cartan. Sur la géométrie pseudo-conforme des hypersurfaces de
Pespace de deux variables complexes. Ann. Mat. Pura Appl., 11(1):17-
90, 1933.

David Catlin. The Bergman kernel and a theorem of Tian. In Analy-
sis and geometry in several complex variables (Katata, 1997), Trends
Math., pages 1-23. Birkh&user Boston, Boston, MA, 1999.
Shiing-Shen Chern and Shanyu Ji. On the Riemann mapping theorem.
Ann. of Math. (2), 144(2):421-439, 1996.

S. S. Chern and J. K. Moser. Real hypersurfaces in complex manifolds.
Acta Math., 133:219-271, 1974.

Shiu Yuen Cheng and Shing Tung Yau. On the existence of a complete
Kahler metric on noncompact complex manifolds and the regularity of
Fefferman’s equation. Comm. Pure Appl. Math., 33(4):507-544, 1980.
S. K. Donaldson. Symplectic submanifolds and almost-complex geom-
etry. J. Differential Geom., 44(4):666-705, 1996.

S. K. Donaldson. Scalar curvature and projective embeddings. 1. J.
Differential Geom., 59(3):479-522, 2001.

Peter Ebenfelt and Ngoc Son Duong. Umbilical points on
three dimensional strictly pseudoconvex CR manifolds. I. Man-
ifolds with U(1)-action. Math. Ann., 368(1-2):537-516, 2017,
http://front.math.ucdavis.edu/1508.02612.

Miroslav Englis and Genkai Zhang. Ramadanov conjecture and
line bundles over compact Hermitian symmetric spaces. Math. Z.,
264(4):901-912, 2010.

Charles Fefferman. The Bergman kernel and biholomorphic mappings
of pseudoconvex domains. Invent. Math., 26:1-65, 1974.

Charles L. Fefferman. Monge-Ampeére equations, the Bergman ker-
nel, and geometry of pseudoconvex domains. Ann. of Math. (2),
103(2):395-416, 1976.

Charles Fefferman. Parabolic invariant theory in complex analysis.
Adv. in Math., 31(2):131-262, 1979.

Phillip Griffiths and Joseph Harris. Principles of algebraic geometry.
Wiley Classics Library. John Wiley & Sons, Inc., New York, 1994.
Reprint of the 1978 original.

C. Robin Graham. Higher asymptotics of the complex Monge-Ampere
equation. Compositio Math., 64(2):133-155, 1987.

C. Robin Graham. Scalar boundary invariants and the Bergman ker-
nel. In Complex analysis, II (College Park, Md., 1985-86), volume
1276 of Lecture Notes in Math., pages 108—-135. Springer, Berlin, 1987.
Kengo Hirachi. Scalar pseudo-Hermitian invariants and the Szeg6 ker-
nel on three-dimensional CR manifolds. In Complex geometry (Osaka,
1990), volume 143 of Lecture Notes in Pure and Appl. Math., pages
67-76. Dekker, New York, 1993.

DOCUMENTA MATHEMATICA 23 (2018) 1659-1676



[Hir00]

[Hir06]

[Hirl4a)

[Hir14b]

[HKN93]

[Jac90]

[Lee88]
[LM8&2]

[LMZ14]

[LT04]

[Nak94]

[NSO05]

[Ram81]
[Tia90]
[Web78]

[Zel98]

THE Loc TERM IN THE BERGMAN AND SzZEGO KERNELS 1675

Kengo Hirachi. Construction of boundary invariants and the logarith-
mic singularity of the Bergman kernel. Ann. of Math. (2), 151(1):151—
191, 2000.

Kengo Hirachi. Logarithmic singularity of the Szeg6 kernel and a
global invariant of strictly pseudoconvex domains. Ann. of Math. (2),
163(2):499-515, 2006.

Kengo Hirachi. ¢ and @-prime curvature in CR geometry. In
Proceedings of the ICM, Seoul 2014, vol. III, pages 257-277.
http://arxiv.org/abs/1405.2164, 2014.

Kengo Hirachi. Q-prime curvature on CR manifolds. Differential
Geom. Appl., 33(suppl.):213-245, 2014.

Kengo Hirachi, Gen Komatsu, and Noriyuki Nakazawa. Two
methods of determining local invariants in the Szegd kernel. In
Complex geometry (Osaka, 1990), volume 143 of Lecture Notes in
Pure and Appl. Math., pages 77-96. Dekker, New York, 1993.
Howard Jacobowitz. An introduction to CR structures, volume 32 of
Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 1990.

John M. Lee. Pseudo-Einstein structures on CR manifolds. Amer. J.
Math., 110(1):157-178, 1988.

John M. Lee and Richard Melrose. Boundary behaviour of the
complex Monge-Ampere equation. Acta Math., 148:159-192, 1982.
Andrea Loi, Roberto Mossa, and Fabio Zuddas. The log-term of the
disc bundle over a homogeneous hodge manifold.
http://arxiv.org/abs/1402.2089, 2014.

Zhiqin Lu and Gang Tian. The log term of the Szeg6 kernel. Duke
Math. J., 125(2):351-387, 2004.

Noriyuki Nakazawa. Asymptotic expansion of the Bergman kernel
for strictly pseudoconvex complete Reinhardt domains in C2. Osaka
J. Math., 31(2):291-329, 1994.

S. Yu. Nemirovskii and R. G. Shafikov. Uniformization of strictly
pseudoconvex domains. I and II. Izv. Ross. Akad. Nauk Ser. Mat.,
69(6):115-130, 131-138, 2005.

I. P. Ramadanov. A characterization of the balls in C™ by means of
the Bergman kernel. C. R. Acad. Bulgare Sci., 34(7):927-929, 1981.
Gang Tian. On a set of polarized Kéahler metrics on algebraic
manifolds. J. Differential Geom., 32(1):99-130, 1990.

S. M. Webster. Pseudo-Hermitian structures on a real hypersurface.
J. Differential Geom., 13(1):25-41, 1978.

Steve Zelditch. Szeg6 kernels and a theorem of Tian. Internat. Math.
Res. Notices, (6):317-331, 1998.

DOCUMENTA MATHEMATICA 23 (2018) 1659-1676



1676 PETER EBENFELT

Peter Ebenfelt

Department of Mathematics
University of California at Irvine
Irvine, CA 92697-3875

USA

pebenfel@math.ucsd.edu

DOCUMENTA MATHEMATICA 23 (2018) 1659-1676



