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ABSTRACT. In this paper we study the semiclassical behavior of quan-
tum states acting on the C*-algebra of canonical commutation relations,
from a general perspective. The aim is to provide a unified and flexible
approach to the semiclassical analysis of bosonic systems. We also give
a detailed overview of possible applications of this approach to math-
ematical problems of both axiomatic relativistic quantum field theories
and nonrelativistic many body systems. If the theory has infinitely many
degrees of freedom, the set of Wigner measures, i.e. the classical counter-
part of the set of quantum states, coincides with the set of all cylindrical
measures acting on the algebraic dual of the space of test functions for
the field, and this reveals a very rich semiclassical structure compared
to the finite-dimensional case. We characterize the cylindrical Wigner
measures and the a priori properties they inherit from the corresponding
quantum states.
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1 INTRODUCTION

The study of semiclassical and effective behaviors in quantum mechanical sys-
tems with many particles plays an important role in mathematical, theoretical,
and experimental physics. In particular, we may mention the recent widespread
mathematical interest in the rigorous derivation of bosonic and fermionic effec-
tive theories from many-body non-relativistic Hamiltonians [it would be too long
to provide here an extensive bibliography on the subject, the interested reader
should refer, e.g., to the reviews 16, 51, and references thereof contained]. For
relativistic and semi-relativistic (bosonic) systems, where particles may be created
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or destroyed, there are fewer results [3, 4, 10, 31-33, 48, 60] since the situation
is usually more involved (e.g., due to renormalization issues). Most of the latter
results, at least the most recent ones, make use of the semiclassical approach in the
Fock representation developed by Ammari and Nier [6, 7, 8, 9], that is also suitable
to study non-relativistic mean-field problems [see 11, 12, 64, 65, in addition to the
ones just mentioned]. This approach overcomes the limitations of other techniques,
related to the choice of (initial) quantum many-body state of the system: it is in
fact possible to study the effective behavior of a general class of quantum states,
in particular states that have no coherent semiclassical structure, or that are not
“close” to one with such structure.

The aim of this paper is to take an even more general approach, in order to com-
plete our mathematical understanding of bosonic semiclassical analysis, and to
collect our knowledge in a unified description, valid for most situations of physical
interest. To do so, we connect the algebraic formulation of quantum theories to
semiclassical analysis. This has the advantage of taking into account at the same
time all possible representations of the algebra of canonical commutation relations,
thus allowing to study the semiclassical states of any given bosonic theory with
fixed physical parameters such as mass and spin. As a consequence, we are able to
apply our results, e.g., to relativistic axiomatic field theories, for which inequiv-
alent representations of the canonical commutation relations play a crucial role,
and to thermodynamic states in quantum statistical mechanics. This and other
applications are described in detail in § 2 [see also 28, 29, 35]. This paper can thus
be seen as a continuation of the program started by Ammari and Nier, where we
combine the representation-independent algebraic framework to the powerful tools
of semiclassical analysis in a way that yields new physical applications, opening
the way to interesting future directions. Mathematically, we also provide a bridge
between noncommutative and commutative concepts, highlighting the way some
properties of objects in a commutative theory may descend directly from the prop-
erties of the corresponding objects in the deformed (noncommutative) counterpart,
when the deformation parameter converges to zero.

Throughout the paper, we may append the existential quantifier to mathe-
matical objects as a superscript, if the range of quantification is unambigu-
ous. That is, letting m,n € NN, instead of (Jz; € X;1)(Fzz € Xo)---(Fzp, €
X R(T1, .o T3 Y1, - o5 Ym) We write R(Pzy, ..., 220591, .., Ym). In particular,
the existential quantification appears as a superscript more than once only if ap-
pended to different symbols, and each time it means a distinct quantification; if an
object is bounded by an existential quantifier and appears more than once in the
same formula, the quantifier is appended to it only once, e.g., >fog = go f = id.
Even if this notation is somewhat unconventional, we think that here it helps to
lighten the notation, thus improving readability. In § 1 and 2 an extensive use
of footnotes is made, to quickly provide definitions of objects and properties that
may be unfamiliar to the reader.
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1.1 AN OVERVIEW OF WIGNER MEASURES

Wigner semiclassical measures are a powerful tool in the effective or asymptotic
description of quantum systems [see, e.g., 27, 37, 45, 55, 66, 74, 83, and references
thereof contained]. The standard Wigner measures are Radon measures on the
cotangent bundle T*Y (phase space) of a finite dimensional real vector space X.
They are the abelian counterpart of quantum states that are normal with respect to
the irreducible representation of the corresponding Heisenberg group H(T*X). The
semiclassical measures are naturally introduced in relation to pseudodifferential
(Weyl) calculus. In fact, let h > 0 be the semiclassical parameter. Then for
any bounded family of vectors (up)o<h<h, C L?(%), hg € R*, there exists a
subsequence (up;)jen, h; — 0, and a finite Radon measure 4 on T* such that
for any a € Cg°(T*X)

Jim (w09 (@)un )z = [ al2)du(e) 1)

*3

Op% (a) denotes the h-dependent Weyl quantization of the symbol a. The phys-

ical interpretation of Eq. (1) is straightforward: as quantum states are non-
commutative probabilities on which it is possible to evaluate quantum observables,
classical states are classical probabilities on which it is possible to evaluate phase
space functions (classical observables). In addition, the quantum expectation of
a quantized classical observable converges in the classical limit to the classical
expectation, with respect to the semiclassical measure, of the same observable.
To study the semiclassical behavior of many-body quantum systems, Heisenberg
groups associated to infinite dimensional symplectic spaces play a crucial role,
since they encode the group form of the canonical commutation relations. Pseu-
dodifferential calculus for infinite dimensional symplectic phase spaces (X,¢) is
notoriously difficult, due to the lack of a locally finite and translation-invariant
measure. In addition, the Weyl C*-algebra associated to (X,¢) has uncountably
many inequivalent irreducible representations. Nonetheless, as we will explain be-
low, it is possible to use the finite-dimensional pseudodifferential calculus (quan-
tizing the so-called cylindrical symbols) to obtain a semiclassical characterization
of states in quantum field theory. In addition, a formula analogous to Eq. (1)
holds for all smooth cylindrical symbols, and it can be adapted to suitable non-
cylindrical and possibly non-smooth symbols as well [see 35, for additional details].
There have been attempts to construct directly a pseudodifferential calculus for
symbols that are not cylindrical, if (X,¢) originates from a complex separable
Hilbert space and the Weyl C*-algebra is represented on the Fock vacuum (Fock
representation). Among these attempts, let us mention the Weyl calculus in ab-
stract Wiener spaces [13-15]; the Wick quantization of polynomial symbols [6, 17],
and the inductive approach adopted by Krée and Raczka [59].

In the Fock representation, the introduction of semiclassical Wigner measures as
mean field or semiclassical counterparts of bosonic quantum many-body states is
due to Ammari and Nier [6]. Analogous measures also appear in the formulation
of the bosonic quantum de Finetti Theorem [61] (see [1 1, Proposition 3.2] for a link
between the two points of view). We further develop the notion of Wigner measures
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introducing cylindrical Wigner measures. The additional adjective “cylindrical”
is due to the fact that in general the classical counterpart of bosonic quantum
states are not Radon measures on the space of classical fields, but rather cylin-
drical measures, i.e. finitely additive measures on the algebra of cylinders. The
linear space of cylindrical measures includes the space of Radon measures, and the
inclusion is often strict for infinite dimensional spaces. We also make precise in
which sense quantum states converge to cylindrical measures in the semiclassical
limit A — 0, introducing two suitable topologies. More precisely, even if a priori
quantum states and cylindrical measures may appear as different types of objects,
they are both isomorphic to objects of the same type, and a notion of vicinity
can therefore be introduced. We dedicate the rest of § 1 to the motivation of the
basic ideas behind cylindrical Wigner measures, and the introduction of our main
results. To improve readability, the results are stated in a simplified form, more
complete statements and proofs can be found in § 3 to 6; § 2 is devoted to physi-
cal applications of the main results, and it is divided in two main subsections: in
§ 2.1 we describe applications to many-body quantum theories and non-relativistic
quantum field theories, in § 2.2 we describe applications to relativistic quantum
field theories.

1.2 SEMICLASSICAL QUANTUM STATES

It is well known that, from an algebraic point of view, a quantum state is a positive
and norm one functional on the algebra of observables. We relax the normalization
assumption, so throughout this paper a quantum state is a positive functional on
the C*-algebra of quantum observables. We also adopt the terminology normal-
ized quantum state and compler quantum state to denote a normalized positive
functional and a complex functional respectively.

The algebra of bosonic quantum observables B} should embed the h-dependent
Weyl C*-algebra Wy, (X, ) for some real symplectic space’ (X,¢) € Sympp, and
should thus depend on the semiclassical parameter h. The Weyl C*-algebra
Wn(X,c) is defined as the smallest C*-algebra containing the Weyl operators

{Wh(:c),z e X }, i.e. the elements indexed by X satisfying the following three
properties:

Wh(z) #0 (Vz € X) (i)
Wh(—x) = Wp(z)* (Vz € X) (i)
Wi (@) Wi (y) = =M@ (1 + y) (VryeX) (i)

Let us emphasize that the dependence on the semiclassical parameter is given by
the phase e=<(®¥) in Eq. (iii), and that it physically corresponds to the fact
that the commutator between the canonical observables is of order h. Hence our
analysis will apply to any such situation, and h may be in turn interpreted as a scale
parameter, as an analogous of Planck’s constant, or as a quantity proportional to

IThroughout the paper, we write categories in boldface. Let C be a category, by a slight abuse
of notation we write C' € C for an object C of the category (in some cases, to avoid confusion,
we explicitly write C € Obj(C)). Morphism are denoted by ¢ € Morph(C).
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the inverse of the number of particles; for convenience, however, we always refer to
the regime h — 0 as the semiclassical regime. We are interested in characterizing
the semiclassical behavior of families of quantum states” (wp)ne(o,1) C (Br)y

with Wy, (X, <) 3 B;. In order to converge to a cylindrical Wigner measure, a
family of quantum states should at least satisfy two properties: being uniformly
bounded in norm with respect to h, and being a family of regular quantum states.
A state wy € (By)!, is regular iff for any x € X, the R-action

RaA— wh(Wh()\x)) eC
is a continuous map. Therefore, we make the following definition.

DEFINITION 1.1 (Semiclassical quantum states). A (family of) quantum state(s)
(Wh)herco,1) C (Br)y is semiclassical iff zero is adherent to I, and

o supwy(Wi(0)) < oo )
hel

e wp is regular (Vhel).

REMARK 1.2. All the definitions and results given in § 1.2 to 1.7 could be repro-
duced, mutatis mutandis, substituting Weyl C*-algebras with the corresponding
Resolvent algebras [20], and the Fourier transform of a cylindrical measure with
the Stieltjes transform. The resolvent algebra may be more convenient than the
Weyl C*-algebra to study dynamical interacting theories; however since there is a
(purity preserving) bijection from the regular states of one algebra to the regular
states of the other [20], for semiclassical purposes it is sufficient to focus on one of
the two.

From Definition 1.1, it follows that a very large class of quantum states admits
a semiclassical description (e.g., any family of normalized regular quantum states
is semiclassical by Definition 1.1). In fact, the starting point of our analysis is
to prove the following result. Let us denote by X% the algebraic dual X* of X
endowed with the weak o(X*, X) topology.

THEOREM 1.3. There exists a topology P on the (disjoint) union of the set of all
regular quantum states on By, , h € (0,1), and of the set of all cylindrical measures
on X% such that any semiclassical quantum state (wp)ner s relatively compact.
In addition, every B-cluster point of wy, as h — 0 is a cylindrical measure on X%,
called a cylindrical Wigner measure of wy,.

REMARK 1.4. A semiclassical quantum state w;, has at least one cluster point,
but it can have (infinitely) many cluster points, depending on which filter (or
generalized sequence) converging to zero is taken as I. Although it is possible to
construct semiclassical quantum states with different cluster points, such examples

2The range of the semiclassical parameter is chosen to be (0, 1), however 1 could be replaced
with any strictly positive number. In addition, since states are elements of the continuous dual
of the Banach space B}, we can without loss of generality suppose that 9B, is *-isomorphic to
Wh (X7 §)-
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seem rather artificial and we could not think of a physically relevant example. One
can therefore make the simplifying assumption that I is chosen to be a filter on
(0,1) converging to zero, and on which wj, converges.

REMARK 1.5. A family of normalized quantum states (wp)ners is not semiclassical
if the states are not regular on some filter F' C I (equivalently, on some generalized
sequence) converging to 0. In this case it is not, in general, possible to accurately
approximate such states with a cylindrical probability (for small h). This is not
completely unexpected, since non-regular states are associated with inherently
quantum physical phenomena [see, e.g., 1].

1.3 CYLINDRICAL MEASURES

In order to understand Theorem 1.3 and the following results, it is important to
review some properties of cylindrical measures, a concept the reader may not be
completely familiar with. Let A € Set be a set, and let A C R4 be a subset of all
the real-valued functions on A. Let us denote by C’(A,fl) the initial o-algebra on
A with respect to A, i.e., the smallest o-algebra of A that makes all functions in
A measurable. Equivalently, if A is a vector space then C'(A,A) is the o-algebra
generated by the algebra C(A, A) of cylinders, where a cylinder is defined as

Cala--woén;Bhn-,Bn = {a € AVl <js<n, aj(a) € Bj} )

where n € N, a; € A and B; € Borel(R) for any 1 < j <n. Let us recall that if
A is a vector space with a basis A of finite cardinality (finite-dimensional space),

then C(A,A) = C(A,A) = C(A,A).

DEFINITION 1.6 (Cylindrical measure). Let A € Set, A C R4 a vector space.
A finitely additive measure M on C(A,A) is a cylindrical measure iff it is finite
and its restriction to every o-algebra C(A,F) = C(A,TF), with F C A a finite
dimensional subspace, is countably additive. Let us denote by Mcyi(A, A) the set
of all cylindrical measures.

It is clear that any (Radon) finite measure p on the measurable space (A, C (A, .A))
is a cylindrical measure, but the converse is not true in general (since there may be
cylindrical measures that fail to be countably additive on C'((4,.A)). If A € TVSg
is a real topological vector space and A = A’ is its continuous dual, then the
cylindrical measures can be equivalently defined as projective families of Borel
measures (La, To,w)a>wer(A), Where F'(A) is the set of o(A, A)-closed subspaces
of A with finite codimension, ug is a Borel measure on A/®, and 7p,v : A/P
A/ is the map obtained from the identity map passing to the quotients, that acts
on measures in a projective way pushing them forward: pue = 7oy « pw. This is
due to the fact that the polar of a finite dimensional subspace of A’ is isomorphic
to a weakly closed subspace of A of finite codimension, and all weakly closed finite
codimensional subspaces are polars of some finite dimensional subspace of A’.

For the purpose of semiclassical analysis, cylindrical measures are identified by the
vector space A, rather than by the space A on which they act upon, and there
is a good extent of arbitrariness in choosing the latter. In other words, there are
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(infinitely) many classical effective theories corresponding to a given algebra of

bosonic observables (Wh(X ,S) 3 %h)h o The arbitrariness is given by the
€(0,1

fact that A can be any set such that X is linearly embedded in R4. In fact, if we
denote by ex : X L% R4 the linear embedding, then we can actually interpret
the cluster points of Theorem 1.3 as cylindrical measures on A, with respect to
the o-algebra C (A, ex(X )) However, all such spaces of cylindrical measures are
isomorphic to one another, and in turn isomorphic to the space of cylindrical
measures on the topological vector space® X%. This yields the following result.

PROPOSITION 1.7. The semiclassical description of bosonic quantum systems, in
terms of classical cylindrical probabilities and observables, always exists and it is
unique up to isomorphisms.

The isomorphisms among classical theories are given by Bochner’s theorem®

e'g" ) ) ]'

[see,

THEOREM 1.8 (Bochner). The Fourier transform is a bijection of the set of cylin-
drical measures on A, with respect to A, onto the set of functions g from A to C
such that:

° Z @ng(aj —ap) >0 (V& finite set, V(Cj)jES cC, V(aj)jeg C A)
J,kEF

° g’iT continuous (V.’f c A, T finite dimensional)

1.4 THE TOPOLOGIES OF SEMICLASSICAL CONVERGENCE

Now that we have introduced cylindrical Wigner measures, as cluster points of
semiclassical quantum states, it is important to investigate the topology P of
convergence. As we will see, such topology has a natural physical interpretation,
but it is at times not convenient to work with. We therefore introduce another
topology for testing semiclassical convergence of quantum states, denoted by ¥,
that is more convenient for the explicit characterization of Wigner measures.

The topology ‘B is a (Hausdorff) weak topology, where the convergence is tested
with smooth cylindrical functions. In other words, a generalized sequence

B
e 2 M = (ra)acrixs)

3Let us remark that the continuous dual of X% is isomorphic to X, thus the set of cylindrical
measures on X% is exactly Mcy1(X*, X) (where X is identified with (X%)).

4 Applied to our context, Bochner’s theorem is reformulated as the fact that the set of functions
of positive type on the phase space X, continuous when restricted to any finite dimensional
subspace of X, is isomorphic to the set of cylindrical measures on A with respect to ex (X) (and
such set of functions clearly does not depend on A). This is why all the semiclassical descriptions
are isomorphic, and why only X plays a role in their identification.
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if and only if all the following expectations converge:

o (003 0) i s 520
)
= [ @@= [ s

where ® € F(X%), ® C X is its finite dimensional polar®, f : X% — C is a
smooth cylindrical function® with base function fo € C§°(X%/®), and Opzﬁ (f)

its Weyl quantization.

From the physical standpoint, the average of a cylindrical function with respect
to a cylindrical Wigner measure is the number that approximates semiclassically
the expectation on the quantum state of the quantization of the aforementioned
function. This is a good starting point, in order to have a useful effective theory
with some predictive power. It is, however, not easy to characterize the cylindrical
Wigner measure explicitly using 93-convergence. Ideally, one would like to test with
the canonical quantum observables to characterize the measure. A convenient way
to do that is using Weyl operators. The generating functional of a quantum state
wn, € (By), is defined as the numerical function characterizing the expectation of
Weyl operators on the state:

X3z G, (@) =wy(Wi(z) € C. (3)

The map wp, — Gy, is the noncommutative Fourier transform. The name is due
to the fact that for reqular states a noncommutative version of Bochner’s theorem

holds [77].

THEOREM 1.9 (Noncommutative Bochner). The noncommutative Fourier trans-
form is a bijection of the set of regular quantum states on Wp(X,<) onto the set
of functions Gy, from X to C such that:

. Z CrCiGn(x; — ap)e™@inen) >0 (VS finite set, V((;)jez C C ,
JkET
V(@j)jes C X )
° 9h|y continuous (VY C X ,Y finite dimensional)
Noncommutative and commutative Fourier transforms provide therefore another
way to treat quantum states and cylindrical Wigner measures on the same grounds,

as complex-valued functions on X that are continuous on any finite-dimensional
subspace. The (Hausdorfl) topology ¥ is thus defined to be the preimage of the

5The polar of a closed subspace of X% with finite codimension is a finite-dimensional subspace
of X that is isomorphic to the dual of X% /® [see, e.g., 21].

6A function f : X% — Cis a smooth cylindrical function iff there exists a ® € F(X%) (the
cylinder base) and a smooth function fe € C§°(X% /®) such that for any z € X%, f(z) =
fo(nez), where 1 : X% — X% /® is the canonical projection. In other words, the function f is
determined only by finitely many degrees of freedom.
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topology of pointwise convergence on the complex-valued functions on X. In other
words,

T
Whg hB——>>O M = (ho)ser(xy) (4)

if and only if the corresponding generating functional 9whﬂ converges pointwise

to M as hg — 0. This convergence provides a useful way to characterize the
Wigner measure, since the generating functional can be often explicitly computed,
and thus its limit as well, and the Fourier transform characterizes a cylindrical
measure uniquely.

The topologies ¥ and ¥ are not comparable, so it may happen that a semiclassical
quantum state converges to a cylindrical measure in ¥, but not in B, or that it
converges to two different measures in the two topologies. However, the topology
B is the physically relevant one, since it guarantees the convergence of the expec-
tation of quantum (cylindrical) observables. Therefore, we are only interested in
semiclassical quantum states that converge either only in 3, or in both ¥ and T
to the same limit. We therefore make use of the join topology BV T, i.e., the
coarsest topology that is finer than both 3 and . Not all semiclassical quantum
states have limit in the BV ¥ topology, but statements can be formulated that are
equivalent to such convergence; they are presented in the theorem below. Let us
denote by 1,0 € C5°(X%/®) an approximate identity.

THEOREM 1.10. Let wy, be a semiclassical quantum state on By, such that

B
wp — M = (Ho)ver(xy) -

Then the following statements are equivalent:

;o (@
lim lim wy, (Wi (z) = Opl (Poe0 €¥*0)) =0 (v € F(X}), Vo € 9°); (i

e—0h—0

. . h 3 . % .
Jim lim w, (1~ Op)} (Pye.0)) =0 (Vo € F(XK));s (i
}1LI_>H10wh (Wh(O)) = M(XX) . (1V

We call a PB-convergent semiclassical quantum state that satisfies Eqs. (i) to (iv)
a semiclassical quantum state with no loss of mass.

1.5 THE SET OF ALL CYLINDRICAL WIGNER MEASURES

It is important to characterize the set of all possible semiclassical configurations of
a given system. By Theorem 1.3 and Proposition 1.7, we know that all semiclassi-
cal configurations can be equivalently described as cylindrical measures acting on
measurable or topological vector spaces. With cylindrical measures, however, it
is only possible to integrate cylindrical functions. On the other hand, cylindrical
measures can also be seen as Borel Radon measures, but usually on a “big” topo-
logical space. If we take the prototypical example of phase space in nonrelativistic
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quantum field theory, (FFL*(R%),Im(-, - )2)7, the cylindrical measures associated
to it are Radon measures only when acting on the weak Hausdorff completion of
L?*(R%) (i.e., on the completion of L? endowed with the o(L?, L?) topology). In
addition, it is well known that there are true cylindrical measures on L?, such as
the Gaussian measure, that are concentrated outside of L? when considered as
Radon measures [see, e.g., the construction of abstract Wiener spaces, 52]. One
may therefore hope that the set of cylindrical Wigner measures is contained strictly
in the set of cylindrical measures, and that it coincides with the space of Radon
measures on some topological vector space with nice properties. However, this
is not the case: every cylindrical measure is the Wigner measure of at least one
semiclassical quantum state.

THEOREM 1.11. The set of all cluster points, in the P V T topology, of semiclas-
sical quantum states on (Bp)pe,1) coincides with the cone My (X™*, X) of all

cylindrical measures on X% (or on any other set A for which X = RA).

This result is, in our opinion, quite interesting. It shows that cylindrical mea-
sures are indeed the states that emerge from a bosonic field theory in its classical
approximation. This perhaps suggests that a classical field theory well-suited for
quantization should either take into account such cylindrical structure, or that
it should be set in a topological space where all cylindrical Wigner measures are
Radon measures.

1.6 MAPS, CONVOLUTIONS, PRODUCTS ON CYLINDRICAL WIGNER MEASURES

Now that we know what is the classical counterpart of a regular (bosonic) state, we
would like to characterize which structures and properties of quantum states are in-
herited by the corresponding classical states. First of all, let us consider the action
of central group-homomorphisms between Heisenberg groups, acting on the cor-
responding Weyl C*-algebras as *-homomorphisms mapping Weyl operators into
Weyl operators. A map of such type, from the Heisenberg group H(X, ) to H(Y, 7),
is induced by a symplectic map s : X =Y, 7(s(z), s(2')) = ¢(z,2’) (Vz,2’ € X).
In turn, s induces the desired *-homomorphism between Weyl C*-algebras pre-
serving Weyl operators:

sy Wi(X,¢) — Wi(Y,7) ; (5)
Wi(z) +——  Wi(s(z))

that can be extended to a *~homomorphism from %, to €, whenever Wy (X <) ik

By, and Wy, (Y, 7) & ¢),. As we discuss in § 1.7, these are the natural morphisms
among quantum bosonic theories, induced by the (Segal) quantization functor.
The map s;, of quantum observables induces, by duality, a positivity preserving
continuous linear map on quantum states, the transposed map:

“sp 0 (€n)y — (Br) -

"FF denotes the forgetful functor from complex to real vector spaces. In other words, FFL?2
is the vector space that has the same elements as L?, but only multiplication by real scalars
is allowed (therefore its basis is “doubled”); FFL? is a real separable Hilbert space with scalar
product Re(-, )2, and a symplectic space with symplectic form Im(-, - )a.
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On the other hand, at the classical level, the map s : X — Y induces by duality a
continuous linear map between Yy and X%:

b5 Yy — X%,

that acts on cylindrical measures pushing them forward®: given a cylindrical mea-
sure My on Yy, then My := ts, My is a cylindrical measure on X%. It is therefore
natural to ask whether *s;, converges in some sense to 's. The answer is positive
when the quantum map acts on semiclassical quantum states converging in the
BV T topology:

vT VT . .
Why qs_) M = tshﬂwhﬂ q3_> s M (thﬂ S (Chﬂ)ﬁr semiclassical
hg*}O h[-;A)O (6)

quantum state) .

As it will be outlined in § 2.2, such result is important to study the semiclassical
behavior of symmetry transformations of relativistic bosonic fields.

The product of (cylindrical) measures is related to statistical independence of
classical systems. A system of classical bosonic fields (or particles) composed of
two subsystems can be modeled by a topological vector space W = V; x V5 that
is product of two spaces Vi, V5 € TVSg, each one describing a subsystem. The
state of the system is given in statistical mechanics by a (cylindrical) measure M
on W. If such measure can be written as the (tensor) product’ M = M; ® Ms
of a measure on V; and one on V5, then the two subsystems are independent.
This is due to the fact that in such case an event in one of the two subsystems
would not affect the outcome of events in the other. At the quantum level, a
bosonic composite system is described by the tensor product of two C*-algebras
B, ®q €, where the index a stands for a suitable choice of cross norm for the

product algebra, and W, (X, <) <5 B, Wy, (Y, 7) > €, (from which it follows that

3
Wi(X @Y, cdT) Y B, ®aCh). If a quantum state &, on Bj, ®, €}, is of the form
& = wh ® wp, with wy, € (By)!, and @), € (¢€;,)", then the two subsystems are
statistically independent. The lack of statistical independence in quantum systems
is often called quantum entanglement. The following proposition is a well-known
physical fact about entanglement, that we can rigorously prove in our framework.

PROPOSITION 1.12. Entanglement can at most be destroyed by the classical limit.

8The push-forward of a cylindrical measure M = (ug)gpc F(v) by a weakly continuous linear
function u : V. — W on a topological vector space V is defined as follows. For any & € F (W),
let w=1(Z) € F(V); and let ug : V/u~1(E) — W/Z be the linear application obtained from u
passing to the quotients. Then u+« M = (uz « Mufl(E))EeF(W).

9Let V7 and Vs be topological vector spaces. The (tensor) product M1 ® M2 of two cylindrical
measures M7 on Vi and M2 on Vs is the cylindrical measure on Vi X Vo defined as follows.
M ® My = (“Vl/‘l’l ®“V2/<1>2)cl>leF(V1),<I>2€F(V2)’ where KV j@y ® Hvy /@y 1S the usual product
measure on the finite dimensional space (Vi/®1) x (Va/®P2) =2 Vi x Vo /P x ®3. The family
(le /o, ®“V2/‘1>2)<I>1€F(V1),<I>2€F(V2) is projective, and the set of subspaces of the form ®; x &9
is cofinal with the set of all weakly closed subspaces of finite codimension. Therefore M1 ® Ma
defines a cylindrical measure on Vi X Va.
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The proof, whose details are given in § 2.2.3, consists of two parts. The first is
to construct an entangled semiclassical quantum state whose limit is a product
cylindrical measure, and thus statistically independent. This can be easily done,
e.g., using an entangled “perturbation” of order h of a non-entangled state. The
second part consists in proving that all possible cylindrical Wigner measures of
a semiclassical quantum state wy ® wy, are of the form My ® My, with Mx a
cylindrical measure on X% and My a cylindrical measure on Yy .

Another useful notion in classical probability is that of convolution of (cylindrical)
measures'’. Signed or complex cylindrical measures are an algebra, if we use the
convolution as product. The Fourier transform on cylindrical measures behaves
as the usual Fourier transform with respect to convolution (and is thus an algebra
homomorphism from the algebra of signed/complex cylindrical measures to the
algebra of complex-valued functions):

(My @ Ma) () = Ny ()N () .

This suggests an analogous definition of quantum (noncommutative) convolution,
that would make the complex quantum states an algebra (and the noncommutative
Fourier transform an algebra homomorphism). Let wy, wp € Wi(X, <), and define
the action wy, x @y on Weyl operators by

(wh * wh) (Wh(ac)) = Wh (Wh(x))wh (Wh(ac)) .
This action is extended by linearity to finite combinations
(wh * @) (Z CjWh(%)) = Gilwn x@n) (Whlz;))
JET JETF

and hence to a (complex) state on W, (X, ). Semiclassically, we have the following
result:

PVET PVE PVT
Why — My, Why — M, = Why * Why — My ® M, .
hg—)O hg—>0 hg—>0

1.7 CATEGORICAL INTERPRETATION

The framework of cylindrical Wigner measures admits an elegant reformulation in
the language of category theory. Such reformulation is well-adapted to algebraic
formulations of relativistic quantum field theory, such as the Locally Covariant
Quantum Field Theory, and thus we present it here. Some results of semiclassical
analysis in LCQFT are given in § 2.

Let Sympp be the category of real symplectic spaces, i.e., the category with
objects the real symplectic vector spaces, and morphisms the linear symplectic
maps; and let C*alg be the category of C*-algebras, i.e., the category with C*-
algebras as objects and *-homomorphisms as morphisms.

10The convolution M7 ® My of two cylindrical measures M7 and M2 on V € TVSy, is again a
cylindrical measure on V', defined as follows. It is the pushforward of the product M ® M2 by the
addition map + : VxV — V defined by (v,w) > v+w. In other words, M1 ®Ms = + « M1 ® Mo.

DOCUMENTA MATHEMATICA 23 (2018) 1677-1756



CYLINDRICAL WIGNER MEASURES 1689

DEFINITION 1.13 (Segal bosonic quantization). Let h € (0,1). The functor
Wy, : Sympy — C*alg
that associates:
e to each symplectic space (X, <) the Weyl C*-algebra Wy, (X, <),

e to each linear symplectomorphism s: (X,s) — (Y, 1) the associated Weyl-
operator-preserving *-homomorphism Wy,(s) := s, defined by Eq. (5) ,

is called Segal bosonic quantization.

The Segal quantization associates to each classical phase space the correspond-
ing algebra of observables generated by the canonical commutation relations, and
to linear maps between symplectic spaces the corresponding *-homomorphism
of observables, that maps Weyl operators into Weyl operators'!. Now, let
BanCone be the category with objects the pointed and generating cones in
real Banach spaces, and with morphisms the linear continuous cone preserving
maps between underlying Banach spaces. Hence the contravariant duality functor
D4 : C*alg — BanCone associates to each C*-algebra the corresponding cone
of quantum states (positive linear functionals), and to *-homomorphisms their
transposed maps. It follows that

Sk =Dy oWy, : Sympp — BanCone

is the (contravariant) functor of bosonic quantum states, associating to each clas-
sical phase space the corresponding quantum states in the algebra of canonical
commutation relations.

The classical limit of the functor of bosonic quantum states is the functor of
cylindrical Wigner measures, defined as follows. Let CylM be the category that
has as objects the sets of cylindrical measures, and as morphisms the compatible
maps'2.

DEFINITION 1.14 (Functor of cylindrical Wigner measures). A contravariant func-
tor
So : Sympp — CylM

is a functor of cylindrical Wigner measures iff '*:
So(X,¢) = Meyi (P4, ex (X)) , X 5 RA (V(X.<) € Sympg) (1)

ey (s(z)) = ex(z) o So(s) (V:c € X, Vs € Morph(Sympg) , i)
s:(X,¢)— (Y,T))

"' The Segal functor should not be confused with the second quantization functor [70], that
could be considered as a special case of the former.

2A map f: A — B, A, B € Set is compatible with the sets of cylindrical measures Mcy1 (A, A)
and M1 (B, B), A C RA,B C RE, iff for any 8 € B, Bo f € A. In that case, it is possible to
define the pushforward f . M € Mcy1(B,B) for any M € Mcy1(A, A), and therefore f induces a
homomorphism between sets of cylindrical measures (again denoted by f).

13With a slight abuse of notation, we use the quantifier V for categories that are not small.
The corresponding statements should be intended in the appropriate sense.
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Definition 1.14 takes into account the fact that it is possible to equivalently describe
Wigner measures as cylindrical measures in different spaces, as discussed in § 1.3.
However, the semiclassical description always exists and it is essentially unique,
as stated in Proposition 1.7. In the categorical setting, such statement takes the
following form.

PROPOSITION 1.15. The functor of cylindrical Wigner measures always exists. If
Sp and Ty are two functors of cylindrical Wigner measures, then there exists a

natural isomorphism v : Sy — T.

Proof. The existence is guaranteed by the fact that it is possible to choose, for all
(X,s) € Sympp, A = X%, identifying X with (X% )’. This choice satisfies (i). The
transformed symplectic morphisms are also easily defined as So(s) = s, satisfying
(ii). Uniqueness is proved as follows. Let Sg and Ty be two functors of cylindrical
Wigner measures. Let us show that there is a natural isomorphism v : Sg — Ty.
Let (X,¢) € Sympy. Define the component vy : So(X,s) — To(X,<) in the
following way. By definition of classical functor, So(X,¢) = Mcyl(A, ex(X )) and

To(X,<) = Meyi (B, fx (X)) with X &5 R4 and X X RpB. By Bochner’s theorem,
Theorem 1.8, the Fourier transform induces an isomorphism
Vx : Mcyl(A7 eX(X)) - Mcyl(Bv fX(X)) .

The commutativity of the diagram

So S
So(X,6) L so(v, )

"Xl ”Yl

To(s
To(X, <) <20 To(y, )

follows since by (ii) of Definition 1.14, ey (s(z)) = ex(x) o So(s) and fy (s(z))
fx(x)oTo(s).

|

All the results of § 1.2 to 1.6 can conveniently be reinterpreted as a “semiclassical
convergence” of Sy, to Sg, as h — 0.

THEOREM-DEFINITION 1.16.

Sy — Sp .
h—0

Proof. The semiclassical convergence of functors e holds in the following sense
—

in any small subcategory S C Sympp:

o Convergence within objects (Theorem 1.3). There exists a topology for the
element-wise semiclassical convergence of objects:

Ps = H PBx ,

(X,5)eS
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where Px is the topology of semiclassical convergence defined in § 1.4.
In other words, any semiclassical family of maps (S 5 (X,5) » wpx €

S1(X.9)) ,
heI1c(o,1)
tively compact in the PBg topology. Therefore the element-wise convergence

of semiclassical objects is given by

with zero adherent to I and wp, x semiclassical, is rela-

((X,g) — th’X) h%o ((X,g) — MX) ,

with Mx € So(X,¢) = Mepu(X*, X) for any (X,s) € S.

e Convergence of morphisms (Eq. (6)). There exists a topology Ts on objects
for the pointwise semiclassical convergence of morphisms:

351: H Sx,

(X,5)eS
where Tx is the other topology of semiclassical convergence defined in
§ 1.4. In fact, let (Morph(S) 5 (s:(X,q) = (Y,7)) — Su(s) = ‘'sp €
L(Sh(Y, 7),Sp(X, g)))h , be a family of maps of morphisms. Then on

€(0,1)
any semiclassical family of (Ps V Tg)-convergent maps

((X,g) — whﬁyx) PsVis ((X, o) MX) :

h[-;A)O

we have the pointwise convergence (s > Sh, (s)) T (s — So(s)):
B

((Vo7) = Sn, (s)eoms,v ) iﬂlj) ((v:7) = Sos) < My )

° Ran(Sh ’s) i Ran(SO ’s) (Theorem 1.11). We define the range of a functor

—0

F: A — B, A small, as the set'

Ran(F) = U{F(a), a€ A} :

The notation Ran(Sh|S) e Ran(SO}S) should be interpreted as the fact
—

that every element Msyx € Ran(Soys) is the limit point (in the Px V Tx
topology) of at least one semiclassical state 3wh,MX € Ran(Sh‘S).

_|

14We use here the following standard set-theoretic notation [see, e.g., 57]: given a set S, we

denote by [JS the set
U.S':{t,tEEsES}.
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REMARK 1.17. By means of the 8 topology, we could also formulate a result
of “weak semiclassical convergence” of the Segal quantization functor W, to a
functor of classical observables, at least when restricted to cylindrical observables
(and tested on semiclassical quantum states).

2 PHYSICAL APPLICATIONS

In this section we outline some applications of the results introduced in § 1, to
physical systems described by bosonic field theories. Some applications are new,
and some are developed in detail elsewhere; we provide more details for the new
ones, and mainly refer to the literature for the others. The section is divided in
two main parts, § 2.1 dealing with the semiclassical and mean-field analysis of
nonrelativistic (or semirelativistic) systems, and § 2.2 dealing with semiclassical
relativistic systems.

2.1 NONRELATIVISTIC AND SEMIRELATIVISTIC QUANTUM FIELD THEORIES

Nonrelativistic and semirelativistic quantum field theories are the ones either de-
scribing nonrelativistic particles (invariant with respect to Galilei symmetry trans-
formations), or describing the interaction of nonrelativistic particles with relativis-
tic force-carrier bosonic fields (invariant with respect to Lorentz symmetry trans-
formations). In the first case, the quantum field theoretic description comes into
play when the limit of a large number of particles is considered (mean field de-
scription), and if particles can be pumped in or absorbed by the environment. In
the second case, the relativistic force-carriers can be created and destroyed by the
interaction, and are thus naturally described by quantum fields.

2.1.1 FOCK REPRESENTATION

Since most of the nonrelativistic and semirelativistic quantum field theories are
studied in the Fock representation, let us briefly recall some well known results
about it here, mostly to fix the notation. Let £ be a separable complex Hilbert
space. As briefly recalled in § 1.5, a complex Hilbert space induces a real Hilbert
and symplectic space via the forgetful functor FF from complex to real vector
spaces. Therefore, FF§ is a real vector space with the same elements'® as §,
complete with respect to the inner product Re(-, - )g and with symplectic form
Im(-, - ). Let us denote the associated Weyl C*-algebra by

Wh(9) := Wy, (FF$H, Im( -, - )g) -

The Fock vacuum wyp, on Wy ($)) is the regular quantum state with generating
functional

Gz, (W) = e~ 211 (v € 9) .

151f 5 € $, let us denote by FFn the corresponding element on FFS).
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DEFINITION 2.1 (Fock representation). The Fock representation of Wp($)) is the
GNS representation (K, , 7w, , Q) generated by the Fock vacuum. The Hilbert
space Hw, = T's(9) is the symmetric Fock space, and the cyclic vector Qy, € T's(9)
is the (bosonic) Fock vacuum vector.

The Fock space T's($) is defined as

r.(»):=Cco P \n/.sa,

nelN, j=1

where \/ stands for the symmetric tensor product. The vacuum vector j, is the
vector
Qn =(1,0,...,0,...).

The dependence on the semiclassical parameter h is given by the canonical vari-
ables of the Fock representation, the so-called creation and annihilation operators.
For any n,& € 9, let aj(n) and ax(§) be the creation and annihilation (closed)
operators on I'y(9) satisfying the commutation relations

[a},(n), an(§)] = (&, m)s -

They are explicitly defined by the action on Fock space vectors v, =
(Yo,h, ¥1,hy - sUnh, - .. ) with finitely many non-zero components, and each com-
ponent of the form

n

=\ gl (7)

j=1

The set of such vectors is a core for every a} () and an(n).

n

n—1
(a;;(??)wh) VhanV ,_1n = Vhnnv \/ 77](_17;1—1) :
j=1

n+1

h n n
(an(m)vn),, = Vh(+1) (0 ¥nirn)s =\ -2 ;<n,n£,fl)> \/

i#k

Intuitively, the spaces \/;-1:1 £ represent the subspaces with n particles (and C the
subspace with no particles). With this interpretation in mind, it is easy to see that
by definition the creation operator aj(n) creates a particle in the configuration
n € 9, and ap(n) annihilates a particle (in the same configuration). The Weyl
operators Wy, (EF?]), n € 9, are Fock-represented by the following unitary operators
on I's($):

e, (Wi () ) = oi (arm+antm)

The Fock representation is the most used, since it describes free quantum field
theories, both from the nonrelativistic and relativistic standpoint. Let us also
remark that if §§ C 8'(G), for some locally compact abelian group G (e.g., G = R),
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then the Fock representation is also a representation of the Weyl C*-algebra, of test
functions W, (FFS(G),Im(-, - )g), where 8(G) C $ is the nuclear space of rapid
decrease functions on G. The non-Fock representations of Wy, (FFS(G), Im(-, - )g)
play an important role in interacting relativistic field theories, as it is discussed in
§ 2.2,

2.1.2 THERMODYNAMIC LIMIT OF TRAPPED IDEAL BOSE GASES

A system of N non-relativistic d-dimensional bosons in a harmonic trap is usually
described by the following Hamiltonian on \/j\[:1 L?(R%):

N

1
Hyvy = Z(*A;‘ +wiad) + N ZVN(%‘ —Tk) ; (8)
=1 i<k

where wy € R is proportional to the frequency of the trap, and Vy is a symmetric
two-body interaction potential, with suitable regularity properties yielding the self-
adjointness of Hy vy, on a suitable domain. The two body interaction Vy may
be, e.g., independent of N (mean field regime), or of the form Vy(-) = N2V (IV -)
for d = 3 (Gross-Pitaevskii regime). The Hamiltonian Hy v, agrees with the
restriction to the N-particle sector of a particle-preserving Hamiltonian on the
Fock representation'® I's (L?(R?)), provided that h = N~

Hy v, = AUy (ko, ) +d02 (3V50) (9)

where ky(V,,z) = —A, + 222 is a differential self-adjoint operator on L2(R¢). In
this context, the semiclassical parameter h is therefore interpreted as a quantity
proportional to the inverse of the expected number of particles in the system.
Let us consider now a trapped ideal nonrelativistic Bose gas in d dimensions. In
the Fock representation, the system is therefore described by the Hamiltonian

Hio = dTh(ke, ),

with k,, , the one-particle harmonic oscillator of frequency wj-1 € R*. The
corresponding grand-canonical Gibbs state v, at inverse temperature 55 > 0 and

16The one-particle and two-particle second quantizations dI';, and dF;f) are maps from the one
or two-particle self-adjoint operators on $ and $ V $) respectively to the self-adjoint operators
on I's($). They are defined by the action on core vectors 1y, = (Yo, n, ¥Y1,hs- -+ Yn,h,--.) With
finitely many non-zero components, and each component of the form (7) (with each 7;; or
Mj,n V 1Mj p in the domain of the one or two-particle self-adjoint operator):

(L (KD)g) =R S (KDn) v \/ m (\m eN*, (AT (KMW)y), = o)
k=1 G#k
(@ (K @)y) = h? S EDneva) v\ (vn >2, (dr (K®P)y), =
k#l=1 £k,

(ary? (K@)y), =0
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chemical potential'” pj, € R has the following form:

Trr ( . e—BhHh,o-‘rMhth(l))

Trr. (e*ﬁhHh,oJr#hth(l))

’Yh(') =

It corresponds to the generating functional [see 23, Proposition 5.2.28]

3., (n) = exp(—%<77, (eﬁh(kwhl —tn) (1 o Bk, uh))1> . >2) o)

We are interested in the behavior of the grand-canonical Gibbs state in the thermo-
dynamic limit. The thermodynamic limit is usually defined as the limit N,V — oo
(N expected number of particles, V' volume), with % = p constant. In this case,
N = h™!, and therefore N — oo is equivalent to h — 0. The effective volume
occupied by the trapped system depends on the frequency of the trap, and more
precisely it is proportional to w,}dl. Therefore, to achieve the thermodynamic

limit, one should relax the trap in the following way: wp-1 = whé, w € RT, as
h — 0 [see, e.g., 71, or any other book on Bose-Einstein condensation]. The ther-
modynamic limit can therefore be reinterpreted as a semiclassical limit A — 0.
Now, let h € I C (0,1), with zero adherent to I. Since any state normal with
respect to the Fock representation is regular'®, and

sup§G,,(0) =1,
hel

it follows that the grand canonical Gibbs state ~;, is a semiclassical quantum state,
and thus it has at least one cylindrical Wigner measure associated to it. We can
without loss of generality suppose that

Yh *.a (otherwise change I),
h—0

with'? G € Meyi (L*(R?), L*(RY)).
We would like to reinterpret the well-known analysis of condensation for ideal Bose

gases using the thermodynamic (classical) state G. Let us consider the orthonor-

(m)

mal basis {‘Pwrl} . of L?(R%) given by the eigenvectors of the harmonic
me

oscillator £, ,, satisfying

kwrlcpg:)l =wp-1(m1 4+ +mag+ 1)<p(m)

— Wp—1 ?

17The chemical potential p;, € R should be suitably chosen, i.e. it should be s.t. 8 (kw}ﬁl —
) > 0 uniformly with respect to h € (0, 1).

I8 A state w on a C*-algebra is normal with respect to a given representation # iff w(-) =
Trge (- Jp), with p € &L (%) (positive and trace class).

19T be precise, My, € My (]F[FL2(IRd),]F[FL2(IRd)) (with the usual implicit identification
FFL2(RY) = FFL2(R4)’), however Mcy (L2(R%), L2(R9)) is the equivalent description on the
original complex vector spaces.
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where we have used the notation m = (my,...,mg). The quantum observable
a,*;(gogzzl )ah(go&le ), m € INY, counts the relative number of particles in the con-

figuration gp&’zll. From Eq. (10), it is not difficult to see that

e*ﬁh (Wh—l (m1+m+md+1)ﬁuh)

(@ (el an(el) ) = b

1 — e Pn (Wh—l (m1+~‘+md+1)—uh)
h

eBh(Wh%(ml"l‘""’l‘md"Fl)_Mh) 1 .

(11)

Let us recall that h is interpreted as the inverse of the expected number of particles,
i.e. it satisfies the consistency condition

P = (Y el e (elm,) -

melNd

Therefore, the quantity in Eq. (11) is a number between zero and one uniformly
in h (as expected).

Now, if m = (0,...,0), Eq. (11) counts the relative number of particles in the
ground state. If, in the thermodynamic limit A — 0, this number is bigger than
zero, then a macroscopic fraction of particles is in the ground state, and thus
the system exhibits condensation. We characterize such macroscopic fraction of
particles in the condensate indirectly?’: we would like to find suitable cylindrical
symbols s,,,, m # (0,...,0), such that

hm%( > aZ(@&Tzl)ah(sD&Tzl))z > /Lz(Rd)sm(z)dG(z). (12)

h—0
m#(0,...,0) m#(0,...,0)

If gpfjjjll was independent of h, the symbol would be
2
- (m)
sm(2) = |05, 20|

In the thermodynamic limit, however, we are relaxing the harmonic trap, hence

w&le depends on h, through wy, -1 — 0. On the other hand, each gpfjjjll belongs
—

to the unit ball of L?(R¢) uniformly with respect to h € I, and thus by Banach-
Alaoglu’s theorem it has a weak limit go(()m) € L?(R%) (up to a redefinition of I),
and therefore )

sm(2) = (4™, 2)s|
The quantity

f@=1- 3 /L P E)GC)

m#(0,...,0)

20The indirect approach is customary in physics. In addition, it is related to the fact that, in
the thermodynamic limit, the measure G loses mass, and such mass corresponds to the condensed
fraction [see 12, for additional details].
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0 < fo(G) < 1, is the fraction of condensed particles in the (classical) thermo-
dynamic state G. Such fraction is easily calculated using the following physical
assumptions: 8 = ﬂhd%l, and pp = wh%, B € R*. With these assumptions the
thermodynamic state G only depends on the macroscopic inverse temperature 3,
and thus we denote it by Gg. It is well-known that there is a 8, € R™ (the inverse
of the critical temperature) for which there is a phase transition: fyo(Gg) = 0 for
any S < B (no condensation), and fo(Gg) > 0 (condensation) for any 5 > S,

with fo(Gg) ﬁ—) (complete condensation at temperature zero).
—00

2.1.3 HIGH-TEMPERATURE LIMIT AND (GIBBS MEASURES

The effective behavior of grand-canonical quantum Gibbs states as classical mea-
sures has also been recently studied, in order to provide a microscopic derivation
of Gibbs measures [40, 41, 62, 63]. The scaling used in these works is, however,
very different from the one used in § 2.1.2 above: they analyze a high-temperature
limit, in which there is no condensation (and thus the classical state could be a
Gibbs measure, that has no atoms, i.e. no macroscopic occupation of the ground
state). Nonetheless, their results could be reinterpreted in our general framework
as the convergence (in the P V T topology) of grand canonical Gibbs states to
their unique cylindrical Wigner measures, the corresponding classical Gibbs mea-
sures. Without entering into the details, one interesting fact is that in dimension
d = 2,3, the limit measures are, already in the non-interacting case, truly cylindri-
calin L2(Ay) (where A is either R or the d-dimensional torus), and concentrated
as Radon measures in H"(D(A4) ~ L?(A%), for a suitable r(d) < 0. Of course by
Theorem 1.11 it is known that there are semiclassical quantum states that con-
verge to true cylindrical measures, but these grand-canonical Gibbs states provide
a physically relevant example (other such examples will be given in § 2.1.4 below).

2.1.4 ROUGH EFFECTIVE POTENTIALS IN THE QUASI-CLASSICAL LIMIT OF SEMI-
RELATIVISTIC THEORIES

Using semiclassical analysis for semirelativistic quantum field theories it is possible
to study how controllable effective external potentials acting on quantum particles
can be created by making the latter interact with semiclassical radiation fields
[28, 29], as it is common practice in experimental physics. In order to produce
interesting potentials, such as harmonic traps and uniform magnetic potentials, it
is necessary to use semiclassical quantum states whose Wigner measures are truly
cylindrical. This is due to the fact that the effective potentials generated by semi-
classical quantum states whose cylindrical Wigner measures are Radon measures
cannot be singular functions (they are continuous and vanishing at infinity).

Let us briefly overview the main ideas. The interaction of nonrelativistic particles
with radiation is modeled by composite systems described by self-adjoint Hamil-
tonian operators acting on spaces of the form # ® I's($)), with #,$ separable
Hilbert. The quasi-classical approximation is the regime in which only the field
behaves semiclassically, while the quantum nature of the particles is still relevant.
Mathematically, it amounts to say that the semiclassical parameter h appears only
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in the canonical commutation relations of the field, i.e.,

[1@a,),1®an(§)] =—h(n.&s  (NEEN).

Fock-normal semiclassical states are therefore represented by density matrices
pn € SL(H @T's($)), with trace uniformly bounded with respect to h € I C (0,1).
The additional degrees of freedom given by # are reflected in the fact that the
Wigner measures associated to Tr(~ph) are in general not scalar-valued, but
vector-valued (with values in the Banach cone of positive states on the C*-algebra
L(#)). This generalization is taken into account below in § 3 to 7, where we
prove (generalizations of) the results discussed in § 1. However, if the semiclassi-
cal quantum state is of the form

PO @3 (T @Yy |, T e, by €Ts(H),

then the corresponding cylindrical measure factorizes to the product
Trge( - |)(¥|) x M, where M is the scalar cylindrical Wigner measure of
Trr, (- [¢n)(¥n]). Now, let 1, € T's($)) be a semiclassical quantum vector (i.e.,
Trr, (- [¢n)(¥n]) is a semiclassical quantum state) converging to M € Mcy1($, )
in the P VvV T topology. As discussed above we are interested in studying the
quasi-classical behavior of a composite system consisting of particles and a bosonic
field; in particular we would like to characterize the effects of the interaction on
the subsystem of particles. A simple model for the interaction is the following.
Let # = L?(RN9) be the Hilbert space of N nonrelativistic particles (without
spin), and let

Hy = (-A+V(2)) ®1+1@dlh(k) + aj;, (A(2)) + an(A(2)) ,

where V', when considered as a multiplication operator, is a small Kato pertur-
bation of —A, k > 0 is self-adjoint on $, and A € L>=(RN% §). These types of
models were first introduced in the community of mathematical physics by Nelson
[69]. If we take the partial trace of Hj with respect to |¢p)(¢n|, we obtain an
operator (Hp)y, acting only on # = L*(RM?). In addition, we subtract from
(Hp)qp, the multiple of the identity ¢, = (AT, (k))y, , since it only amounts to a
spectral shift. Then in the quasi-classical limit h — 0 we are able to prove in [28]
that, as long as the semiclassical vector v, is sufficiently regular®!, the following
convergence holds in the norm resolvent sense:

(i, = n "5 Hp) = =5+ V() + 2Re [ (), 2Doddn(s).

Therefore, the interaction with the field generates, in the quasi-classical limit, an
effective potential 2Re fﬁ</\(z), 2)adu(z) acting on the particles. Such potential
is controllable by tuning the quantum field configuration . One drawback in
requiring that the Wigner measure of ¢, is a Radon measure on §) is that it is not
possible to generate “physically interesting” potentials, e.g., unbounded ones that

21n particular, we have that M = p € M,,q($), with fs’; lz]l  dpa(2) < oo.

DOCUMENTA MATHEMATICA 23 (2018) 1677-1756



CYLINDRICAL WIGNER MEASURES 1699

could trap the particles (such as w?z?, that played an important role in § 2.1.2
to study condensation). In fact, for every p € M;,q4(9) the effective potential is
either continuous and vanishing at infinity (if || - || is p-integrable), or undefined
(if fﬁ l|z]| ydp(2) diverges). In order to obtain interesting potentials it is therefore
necessary to consider semiclassical vectors whose cylindrical Wigner measures are
not Radon measures on §). In fact, it is, e.g., possible to prove that given any
potential W € L2 _(RM? R,), then there exists at least one semiclassical vector
Yaw € Ty (LQ(IRd)), with explicit form and converging to a “true” cylindrical
measure, and (infinitely many) coupling functions Ay € L*° (RN d, L2(]Rd)) such
that
(Hip)inw —cn " o™ Hy = —A+ V(@) + W(a) .

Therefore this procedure describes a simple way of producing any given external
potential, acting on quantum particles, exploiting their interaction with a semi-
classical bosonic field (e.g., a phonon field, a radiation field, ...); and it relies on
semiclassical states whose semiclassical measures are truly cylindrical to produce
strong potentials.

2.2  RELATIVISTIC QUANTUM FIELD THEORIES

If the applications described in § 2.1 motivate the importance of cylindrical mea-
sures as Wigner measures, the ones described in this section motivate the abstract,
representation independent, algebraic approach to semiclassical states taken in § 1.
In fact, there are features of relativistic quantum field theories that make such an
approach necessary. One is that the phase space is often taken to be a space of
test functions, such as the nuclear space 8(G) or D(G) = C§°(G) with the in-
ductive limit topology (where G in both cases is some locally compact abelian
group). Such choice actually plays an important role in defining the right repre-
sentation of the canonical commutation relations, at least in the few rigorously
definable interacting theories that we know of [see, e.g., 49, and references thereof
contained]. It is therefore too restrictive, in relativistic quantum field theories, to
assume the phase spaces to be (pre)Hilbert (with the natural induced topology),
and to focus solely on Fock-normal states. In addition, since the phase space is
considered, from the physical standpoint, as a space of test functions, it becomes
clear why the natural space of classical fields (the one on which the cylindrical
Wigner measures should act upon) is a space of “distributions”, i.e. a space in
duality with the phase space??. Another feature that emphasizes the importance
of a representation-independent analysis of the semiclassical states is the so-called
Haag’s theorem [see, e.g., 53], asserting that if we consider two relativistic invari-
ant states®® of the same Weyl C*-algebra (i.e. two states that are invariant with
respect to the action of the Poincar group on the C*-algebra), then they are either

22In the aforementioned examples, it would naturally be respectively 8'(G) with the
o(8'(G),8(G)) topology, and D’(G) with the analogous weak topology.

3A typical example would be to consider the ground state of a non-interacting theory (the
Fock vacuum for the scalar field), and the ground state of an interacting theory (such as (p%)2).
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equal or disjoint?!. Since the ground states of a free and an interacting theory
cannot be the same, this means that a relativistically covariant interacting theory
should be in a representation that is inequivalent to the free (Fock) representation.
Since the results of § 1 are all representation-independent, they are well suited for
application to relativistic quantum field theories.

2.2.1 SEMICLASSICAL AXIOMATIC QUANTUM FIELD THEORY

There are various axiomatic formulations of relativistic quantum field theories.
The most used sets of axioms are the “Hilbert space” axioms known as Grding-
Wightman [78, 82], and the “algebraic” axioms known as Haag-Kastler [53, 51].
Due to the algebraic formulation of semiclassical analysis given in § 1, it is natural
for us to choose algebraic axioms as a starting point. In order to describe also
quantum field theories in non-Minkowski spacetimes, we use the so-called locally
covariant algebraic axioms [see, e.g., 24, 25, 39].

The starting point of the locally covariant approach to algebraic bosonic quantum
field theory is a local bosonic quantization functor. Let A be a small category,
to be interpreted as the category that has as objects local spacetimes, e.g., lo-
cal (bounded) regions of a given spacetime, and as morphisms suitably regular
mappings between local spacetimes. The local quantization functor is then the
composition of a functor from A to (local) phase spaces (more accurately, to
spaces of local test functions) and the Segal bosonic quantization functor.

DEFINITION 2.2 (Local bosonic quantization functor). A functor LW, : A —
C*alg is a local bosonic quantization functor iff

LW;, = W}, o L (L A — SympR) .

The local bosonic quantization functor associates to each local spacetime a C*-
algebra of canonical commutation relations, the local bosonic observables®”. By
another composition with the duality functor Dy : C*alg — BanCone, defined
in § 1.7, we obtain the functor of local bosonic quantum states

LSy :=D;olW;, =Dy oWy oLl

Clearly, the results formulated in § 1.7 for Sy, hold, mutatis mutandis, for LS. To
this extent, let us define a functor of local cylindrical Wigner measures to be any
functor of the form

LSy :=SpolL,

where Sy is any functor of cylindrical Wigner measures, see Definition 1.14. By
Proposition 1.15, it follows that for any L. a functor of local cylindrical Wigner

24Two states w1, ws on a C*-algebra are disjoint iff w1y is not normal with respect to the GNS
representation of wg, and vice-versa. It follows that the GNS representations given by w; and
wa are inequivalent, i.e. they are not related by a unitary isomorphism.

25The algebras of local bosonic observables are in general taken to be larger, containing the
algebras of canonical commutation relations as subalgebras. However, since we are interested in
semiclassical regular quantum states, we can without loss of generality restrict the observables
to the ones in the Weyl C*-algebra.
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measures exists and it is unique up to natural isomorphisms. In addition, Theo-
rem 1.16 yields

I[Sh — ]ISO . (13)
h—0

It is now time to introduce the four axioms of locally covariant algebraic quantum
field theory: isotony, covariance, Einstein causality, and time-slice. The spectrum
condition, that together with the existence of a preferred ground state (or vac-
uum) is very important in Minkowski spacetime, is locally implemented in suitable
non-Minkowski spacetimes using Hadamard states. We discuss the semiclassical
behavior of ground states in § 2.2.5.

In a relativistic theory, the quantum fields should be locally covariant. In the
Grding-Wightman formulation (in Minkowski global spacetime), this corresponds
to requesting the existence of Poincar invariant operator-valued field distributions
[see e.g. 73, IX.8 Property 6]. In the locally covariant algebraic formulation, the
covariance axiom has a very simple form.

L is a covariant functor. (Cov)

An immediate consequence of (Cov) is that LW, is a covariant functor, and that
LSy, is a contravariant functor (since D4 is contravariant).

The isotony axiom formalizes the fact that observables of a local spacetime region
are also observables of any region that includes the former. In mathematical

terms, the functor of local quantum observables preserves injective morphisms <—
(embeddings):

a:A— B = L(a) : L(A) < L(B) (Va € Morph(A)) . (Iso)

LEMMA 2.3. If the (Iso) aziom holds, then LWy (a) : LW, (A) — LW (B) for any
embedding a: A — B of A.

Proof. Wy, (a) is the Weyl-operator-preserving *-homomorphism of Weyl C*-
algebras induced by an injective homomorphism of Heisenberg groups. More pre-
cisely, it is induced by the group homomorphism between H(L(A)) and H(L(B)),
in turn induced by the injective symplectomorphism L(a). Therefore, LWy (a) is
injective as well. a

In relativistic theories, quantum fields should also respect causality. The best-
known formulation of the causality axioms is that local observables belonging to
space-like separated regions of spacetime should always commute. As showed by
Roos [75], given two commuting subalgebras of observables statistical indepen-
dence is equivalent to a non-vanishing condition on the product of elements from
each different subalgebra, that is always satisfied by tensor products (provided the
embedding algebra also embeds the tensor product of the two subalgebras). In
fact, the sensible notion of Einstein causality in the locally covariant formulation
turns out to be the fact that the local functor IL preserves tensor structures. A
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category is monoidal (or tensor) if there exists a monoidal structure on it?°. A
functor that preserves monoidal structures is called homomorphic, or monoidal®”.
On local spacetimes there is a natural monoidal structure, therefore we suppose
that A® is monoidal. On symplectic spaces, the monoidal structure is given by
direct products: (X,¢)® (YV,7) = (X @Y, ® 7), for any (X,s),(Y,7) € Sympp
(with the space {0} as identity).

L®: A® — Symp$ is homomorphic. (Ein)

On C*-algebras, there is a directed set of possible monoidal structures, each one
corresponding to a different choice of C*-cross-norm [see 79, for an introduction
to tensor products on C*-algebras|. For every monoidal structure on C*alg the
identity is C € C*alg. Clearly, we denote by C*alg®> the monoidal category of
C*-algebras with a given choice ®, of C*-cross-norm (amin < @ < Qpax, where
Qmin and amax are the injective and projective C*-cross-norms respectively). This
also induces a tensor structure on the space of states, and the functor D, is
homomorphic. It is also not difficult to see that the functor W;, is homomorphic
for any h € (0,1), and for any choice of monoidal structure C*alg®*. Therefore
the following lemma is true.

LEMMA 2.4. If (Ein) holds, then both ILW%“ and ILS%“ are homomorphic for any
Qmin < & < Qmax-

Let us remark that the formulation above is equivalent to the requirement that
space-like separated local observables commute if the C*-cross-norm is the induc-
tive one aumin [25].

The last axiom to be introduced is time-slice. The idea behind the time slice axiom
is that a quantum field theory should be a quantum evolution theory, i.e. it should
be determined completely by fields “at one fixed time”, and by the action on them
of an evolution operator. In curved spacetimes, the concept of space at a fixed
time is given by Cauchy surfaces, that is surfaces that are intersected by every
non-extensible, causal spacetime path exactly once. Since we do not use here the

26More precisely, a category C is monoidal (usually denoted by C®) if there exists a monoidal
structure:

e J® : C x C — C (tensor or monoidal product);
e 371 € C (identity);

ass 1

e J1v25 ' v’ natural isomorphisms with components:

V8% (ARB)®C % AR (BRO),
— V}A:I®Ais—o>A,

iso,

— Vit ART — A
27A functor F® : C® — D® is homomorphic iff:
e F®(A® B) 2 F®(A) @ F¥(B);
e F¥(c1®c2: A® B = C®D) 2F9(c1) ® FO(c2);
o FO(Ic) = Ip.
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properties of Cauchy surfaces, we do not discuss the conditions a spacetime has to
satisfy to guarantee their existence. Given the small category of local spacetimes
A supposed to be based on sets, we define a Cauchy surface of A to be any set &
with the following property

L= () A#D. (14)
YCAEA

Let us also suppose that the set of objects of A that include ¥ is directed, when
ordered by inclusion. Then if we denote by iap : A <= B, A O B, the canonical
inclusion morphisms, it follows that

(A o, iAB)AQBGA

is a projective family that satisfies
lim A= (] A=3.
YCAeA Y CAEA

By (Cov) and (Iso), it also follows that LW (iap) : LWp(A) <= LW, (B) are
embeddings, whenever A O B. It appears then natural to define the algebra of
observables in the Cauchy surface ¥ as the C*-projective limit of the algebras of

observables on the local spacetimes containing ¥ [see, e.g., 35]%%:
D) = @1 LW, (A) . (15)

YCAEA

One should however be careful since such limit may be the empty set. By con-
struction, the algebra of observables O(X) has natural projections P4y : O(X) —
LW}, (A). The time slice axiom then consists of two parts: the first is that there
exists a Weyl C*-algebra W}, (Xs, ¢x) of time-sliced (or time-zero) bosonic fields in
the Cauchy surface (this a fortiori also guarantees that the algebra of observables
in the Cauchy surface is not empty); and the second is that all projections P4 are
*_isomorphisms.

w

Wh(an, 3§Z) it O(X) and Py y is a *-isomorphism (VE € Caup

(TS)
VA3 ADY).

In § 2.2.2 to0 2.2.4 we discuss the semiclassical implications of the four axioms above.
For the reader’s convenience, such implications are summarized schematically in
Table 1.

2.2.2 COVARIANCE AND ISOTONY

The covariance axiom (Cov) has the semiclassical consequence that the classical

limit fields behave properly with respect to spacetime transformations. More pre-

cisely, consider the convergence LSy, 7 LSy, applied to a spacetime morphism
—

28More generally, the algebra of observables in the Cauchy surface should contain @LWh (a)
as a subalgebra.
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QUANTUM PROPERTY ~ SEMICLASSICAL CONSEQUENCE REF.
Local structure Loc. functor of cl. fields; convergence of loc. states and linear maps (q. to cl.); surjectivity of convergence
(Cov) Covariance of loc. cl. fields; convergence of spacetime transformations represented on states (q. to cl.)
(Iso) Projective structure of loc. cl. states; definition of global cl. states as projective limits
(Ein) Tensoriality of cl. spacelike-separated fields; at most destruction of spacelike entanglement by cl. limit
(TS) Definition of cl. time-sliced fields; (case-by-case) characterization of cl. flow, and Egorov theorems

TABLE 1: Semiclassical consequences of (locally covariant) QFT axioms for bosonic theories. List of
relevant abbreviations: (Iso) — isotony axiom; (Cov) — covariance axiom; (Ein) — Einstein causality;
(TS) — time-slice axiom; loc. — local; cl. — classical; q. — quantum; stat. — statistical.

a:A— B, A, B € A. The latter could be interpreted, e.g., as a spacetime sym-
metry transformation, that induces a covariant transformation L(a) of local test
functions, and in turn by quantization a transformation of quantum observables
LW, (a). By duality, it also induces a contravariant transformation of quantum
states LSy, (a). At the classical level, it induces a transformation LSy(a) of cylin-
drical Wigner measures. The transformed semiclassical quantum states converge,
as they should, to cylindrical Wigner measures pushed forward by the correspond-
ing classical fields’ transformation:

PBrs) VL) Pra)VEL a)
— MB — ]ISh(a)wh&B — HSO(Q)*MB .

Whg,B
- hg—>0 hg—>0

The classical transformation is contravariant since it pushes forward measures
acting on fields, dual to test functions (and L is covariant on test functions).
Taking the concrete example of a Lorentz transformation between Minkowski lo-
cal spacetimes, this could be interpreted as the fact that the unitary represen-
tation of Lorentz transformations on local quantum bosonic fields converges “in
the Schrdinger picture” to the representation of Lorentz transformations on the
corresponding local classical fields.

The isotony axiom (Iso) is used to provide a notion of global observables that
is in accordance with the local structure. The quantum global structure induces
a corresponding classical global structure as well, together with the associated
semiclassical properties. Let us define a partial ordering on the set of local regions
of spacetime Obj(A) (the set of objects of the small category A): < is defined as
follows for any A, B € Obj(A)

A=<B < Jiyg: A<= B.

Usually the set of spacetimes is directed?® by <, and we suppose this to be the
case. From (Iso) it then follows that

(]LWh(A’ IAB)) A=<BeObj(A)

is an inductive family of C*-algebras (or, using the terminology introduced by
Haag [see, e.g, 53], a local net of observables). In addition, both

(LSh(A, 1,43)) and (]LSO(A, 1,43))

A=<B€EObj(A) A=<B€Obj(A)

29A partially ordered set (S, <) is directed iff for any s,t € S, there exists u € S such that
s =wuand t < u.
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are projective families, of Banach cones and vector spaces respectively. Since the
partial order is essentially the one given by inclusion (embedding) of one local
spacetime into another, it is natural to define the C*-algebra of quantum global
observables as the inductive limit of the net of local C*-algebras:

lim LW, (A) .
A€Obj(A)

Analogously, is it possible to characterize the global classical states as a projective
limit of the local classical states? The answer is affirmative, and it is a consequence
of the fact that, since (Obj(A), =) is directed,

AE%(A) (CL(A)) = (C) peomia Y

Let us denote X := limIL(A) the global phase space. From the above property,
it follows that the projective limit of the spaces of local cylindrical measures is
isomorphic to the space of cylindrical Wigner measures associated to the global
phase space X:

lim - Moy (L(A)*, L(A4)) 2= Moy (X7, X) -
A€eObj(A)

On the other hand, by an analogous reasoning, it is also possible to identify the
projective limit of the set of local regular quantum states as states on the global
algebra of observables lim LW}, (A). Since in addition we have the convergence of
functors Sy, e So (see Theorem 1.16), it is clear that global states defined by

projective families of convergent semiclassical states converge semiclassically to
the corresponding measure on My (K X )
2.2.3 EINSTEIN CAUSALITY

As we have discussed in the previous section, Einstein causality can be abstractly
formulated as the fact that the local functor preserves tensor structures (Ein). As
a consequence, also the local bosonic quantization functor and the functor of local
quantum states preserve tensor structures (Lemma 2.4). At the classical level,
there is a tensor structure for cylindrical measures CylM, given by the product
measures: for any A C R4, B C RE, A, B € Set, then

Mcyl(Av‘A> & Mcyl(Bv B) = Mcyl(A X Bv‘A S5 B) . (16)
In addition, let
a: A — A, s b: B — By (Al,AQ,Bl,BQGSet)

be compatible with Mcy1(A1, A1), Mey1(Az2, A2) and Meyi(B1, B1), Meyi(Bz, Ba)
respectively. Then

a®b:=axb , axb:A; xB; — Ay x By
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is compatible with Mcy1(A x B, A ® B). The identity is icyim = Mey1 ({0}, {0}),
where 0(@) = 0 is the zero function. Using this structure, CylM® is a monoidal
category. The classical counterpart of Lemma 2.4 is then the following lemma.

LEMMA 2.5. If (Ein) holds, then 1.S§ is homomorphic.

The convergence of functors (13) can then be rewritten as a convergence of ho-
momorphic functors ]LS%“ h>—> ]LS?, for any amin < a < amax. One important
—0

consequence of this convergence is the fact that spacelike entanglement of local re-
gions can only be destroyed in the classical limit. In other words, given a quantum
state describing the fields localized in two spacelike separated regions of space-
time, the corresponding entanglement could only disappear in the classical limit
h — 0. The most convenient way to prove that is to show that on one hand, given
any semiclassical quantum state with no entanglement, all its corresponding cylin-
drical Wigner measures are statistically independent as well; on the other hand,
that there exist entangled quantum states whose classical limit is not entangled.
Let us remark that the proof of what we have just discussed (that is given after
the proposition below), could be immediately adapted to prove the more general
Proposition 1.12.

PROPOSITION 2.6. If (Ein) holds, then

LS®e  LS®
h h—0 0

for any amin < @ < amax, with both ]LS%“ and ]LS? homomorphic. In addition,
entanglement between spacelike separated regions can only be destroyed by the clas-
sical limit h — 0.

Proof. The convergence of functors has already been discussed, let us prove the
fact that entanglement can only be destroyed in the classical limit. Let us consider
two (spacelike separated) local regions of spacetime A, B € A®. Then

LW, (A® B) = Wh(L(A) @L(B)) .

Now, let wp, 4 be a semiclassical quantum state on Wy, (L(A)), wh, B a semiclassical
quantum state on Wy (L(B)), and wp agp an entangled semiclassical quantum
state on Wy, (L(A) ®1L(B)), i.e. the latter cannot be written as the tensor product
of one state acting on Wy, (IL(4)) and another acting on Wy, (L(B)). Then

wh,A ® wh,B € Wi (L(4) @ L(B))'

is a non-entangled semiclassical quantum state. Let us consider one of its cluster
points in either the q}]L(A)ea]L(B) or the m]L(A)eB]L(B) vV T]L(A)QB]L(B) topology:

Map € My (]L(A)* « L(B)*, L(A) @ IL(B)) .

The cluster point can indeed be written as a cylindrical measure on IL(A)E( A)

X
IL(B)H”:(B), i.e. on the set L(A)* x L(B)* with the weak o(L(A)*,L(A)) x
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o(L(B)*,LL(B)) topology, since
o(L(A)* x L(B)*,L(4) ® L(B)) = ¢(L(A)*,L(4)) x ¢(L(B)*,L(B)) .
Now, from the fact that wy 4 ® wy g is a tensor product it follows that
Map=Ma®Mp , Mz Me(L(A)*L(A)) , Mp € My (L(B)*,L(B)) .
This is due to a general property of tensor products, however let us prove the result

explicitly for the Ty 4)eL(p) convergence. Let Sth,A(@th,B(-) be the family of

generating functionals converging pointwise to Map(-). Since the quantum state
is a tensor product, it follows that for any a1, as € L(A) and by, by € L(B),

9WhB,A®UJhﬂ,B ((11, b1>9Whﬂ,A®Whﬂ,B (G'?v b2) =

9wh5,A®WhB,B (ala b2)9wh5,A®WhB,B (a2a bl)

Then, in the limit hg — 0,

Mag(ay,b1)Mag(ag, by) = Mag(ay, b2) Map(ag, b1) .

Hence there exist two functions of positive type (continuous on finite dimensional
subspaces) M4 : L(A) — C and Mp : L(B) — C such that

MAB:MA®MB-

Hence Mg is the Fourier transform of the tensor product of two cylindrical mea-
sures.

It remains to show that there exist entangled quantum states whose classical limit
is not entangled. The easiest way to do it is “perturbing” a convergent non-
entangled semiclassical state. Let wp, 4 ®wp,, 5 be the non-entangled semiclassical
state converging in the Pra)or) V TL(a)ers) topology to My ® Mp. Then let
us consider the semiclassical quantum state

Why = Why,A Q@ Why B+ hpwhy agB ;

where wp,; agp is the entangled state defined above at the beginning of this proof.
Since wh,, agp is entangled, also @y, is entangled. In addition, it converges in the
‘BL(A)@]L(B) \Y, ‘I]L(A)@]L(B) topology to M4 ® Mg (since the non-entangled pertur-
bation becomes small as hg — 0). =

2.2.4 TIME SLICE AND EGOROV TYPE THEOREMS

The time slice axiom (TS) defines a non-empty algebra of bosonic observables on
any Cauchy surface, and states that the knowledge of such algebra is sufficient
to describe all local observables of regions containing the aforementioned Cauchy
surface. A Cauchy surface is a “slice of time”. Therefore, if the time slice axiom
holds true, one should define the (Heisenberg-picture) evolution of the system as a
map between the observables of two different Cauchy surfaces. Let 3,0 € Caua
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such that 7A D £ U©. Then (TS) implies that a ©-time generator W, (ze) €
Wr(Xe,so) is evolved to some X-observable Oy (zg) = U}EEQ) (Wh(ze)) € O(X)
by the *-isomorphism U,EE@) defined by

se _
U,S ) .= PA,lz oPse .
For interacting theories we cannot expect the latter to be a ¥-time-zero field, and
it could even not belong to the Weyl C*-algebra [for interesting examples, in non-
relativistic particle quantum mechanics, see 36]. By duality, it also follows that

uFO) o) - 0(0)

transforms states of W, (Xx,<x) in complex states of W, (Xe, o). Physically, we
may think of tU,(LZG) as the evolution in the Schrdinger picture (not necessarily
positivity preserving), mapping a quantum state at a given time (described by the
Cauchy surface X)), to a state at another time (described by the Cauchy surface
0).

Consider now the semiclassical complex quantum state*’

W}SE) cO®) p Wh(Xs, o),

and suppose that
tU}SE@)wl(lz) S D(@)/ XQ Wh(X@,CQ)I

is semiclassical as well. In addition, suppose that both w,(LZ) and tU}S/EQ)CU}(LZ) con-
verge®!, as h — 0, in the 3 or P V T topologies, to My € My (352, Fex,. (X;;))c
and Mg € Mcyl(aS@, 3 fxo (X@))c respectively. Hence it would be desirable to
have a compatible map

Doy : S@ «— Sy

such that
Mo = ®ox « My .

The map Py could then interpreted as the classical flow, evolving the fixed-time
classical fields from one Cauchy surface to the other. In particular, let us call an
Egorov theorem the following sentence:

(F®ox : Se + Sx) with ®ey; compatible and ®xy = id , such that

(%,0)eCau? ’

(wf 52 My = v(2,0) € Carg , UV B aoy . M)
h—0 h—0

The terminology is borrowed from standard semiclassical analysis, although the
Egorov theorem for finite dimensional systems holds in a stronger form. In some

30 A complex quantum state can always be decomposed in four positive states. A complex state
is semiclassical if each of the four positive states of its decomposition are semiclassical.

31The convergence of a semiclassical complex state to a complex cylindrical measure has to
be intended as follows: all the four positive states of its decomposition converge separately to
positive cylindrical measures (whose combination is a complex cylindrical measure).
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semi-relativistic and non-relativistic quantum field theories, Egorov theorems have
been proved rigorously [see e.g. 36, 9, 11]. They are proved to hold for a suitable
set of Fock-normal families of states whose cylindrical Wigner measures are con-
centrated as Radon measures (on a space Z with some structure, usually a Hilbert
space) [see 0, 35, for a priori conditions that guarantee concentration]. The clas-
sical flow is the same for all families of states, and it is explicitly identified to be
the Hamiltonian flow ®,_, o corresponding to a suitable classical nonlinear PDE,
globally well-posed on Z. Interestingly, in [4] the Egorov theorem holds for a renor-
malized quantum system (the Nelson model) and the corresponding naf classical
flow (Schrdinger-Klein-Gordon system with Yukawa coupling), so at least in that
case the renormalization does not affect the classical limit. On specific quantum
states, in particular on coherent states, it is possible to prove Egorov-type results
more easily exploiting the special semiclassical structure of such configurations [see
e.g. 31, 32, 46-48, 506]. Let us conclude remarking that it does not seem possible
to infer Egorov theorems from the (T'S) axiom in a systematic fashion: they have
to be proved on a case-by-case basis.

2.2.5 INVARIANT, KMS, AND GROUND STATES

The notions of Invariant, KMS, and Ground States play an important role in sta-
tistical and relativistic quantum mechanics (in Minkwoski spacetime). In order to
introduce them we should define the concept of quantum symmetries and quantum
dynamical systems. We will not do it in full generality, but we will consider only
symmetries of quantum fields. Let (X,¢) € Sympy be a phase space, and let (G, -)
be a (Lie) group that is represented by>? (s(g))geG on (X,s). This induces a repre-
sentation of the group on quantum fields (by action on generators, see § 1.6), that

is extended uniquely to a group of *-automorphisms (sh(g))geG = (Wh (s(g)))
on W, (X,¢). Clearly, we have that

geG

5n(g1)5n(92) " Wh(z) = Wa(s(g1- 95 Dz) (Vo€ X,Vg1,92 € G) .

DEFINITION 2.7 (Symmetry group of quantum fields). Let (X,<) € Sympy ; and

let (sh(g))geG be a representation of the group G on Wy (X,s). Then (sh(g))geG
is a group of symmetry transformations of quantum fields iff (35(9)) G repre-

sentation of G on (X,<) such that

sn(9) = Wi (s(9)) (Vg € G) .

Symmetries of quantum fields play an important role in both nonrelativistic and
relativistic quantum field theories. In particular, it is one of the Wightman axioms
that the proper, orthochronous Poincar group is a symmetry group of quantum
fields. It is another axiom that the theory is set in the GNS representation of an
invariant state of the aforementioned Poincar group. The definition of an invariant
state is rather intuitive, and it is the following.

ge

32As it is customary, we are interested in automorphic representations. Therefore, in the
category of symplectic spaces, the representation is linear and symplectic.
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DEFINITION 2.8 (Invariant State). Let (X,¢) € Sympy ; and let (5h(g))g€G be a

representation of the group G on Wy (X,<). Then a quantum state wy, € Sp(X,<)
is G-invariant iff

51, (9)wp, := wp, 0 8p(g) = wp, (Vg€ G) .

Analogously, it is possible to give a definition of invariant classical states, i.e.
invariant cylindrical measures associated to a phase space.

DEFINITION 2.9 (Invariant measure). Let G be a group, represented by (s(g))
on (X,s) € Sympy. Then a measure M € My (X*, X) is G-invariant iff

geqG

's(g)« M =M (Vge@).

LEMMA 2.10. A measure M € Mcy1(X*, X) is G-invariant iff

M(s(g)z) = M(x) (Vz e X,Vg e Q). (17)

Using Theorem 1.8 and Eq. (17) it is then possible to define invariant measures
for any space of cylindrical measures Mcy (HA, Jex (X)) associated to X .

Proof. The lemma is an easy consequence of Bochner’s theorem, Theorem 1.8.

From Definitions 2.8 to 2.9, it is clear that we can apply Theorem 1.16 to nicely
characterize the cylindrical Wigner measures of semiclassical invariant states with
no loss of mass.

ProposiTION 2.11. Let (Eh(g))geG be a group of symmetry transformations of
quantum fields on Wi (X,<), and (S('g))gEG the corresponding representation of G

on (X,¢). Then the cylindrical Wigner measure of any G-invariant semiclassical
quantum state with no loss of mass is G-invariant.

Proof. By Eq. (6), it follows that

PVE t PVT ¢
— M = (Vged& — « M .
Whs (Vg € G) “sn, (g)whns hoso s(9)
Hence from *sp,, (g)wn, = wn, it follows that *s(g) . M = M. 4

In addition, by Theorem 1.11 we know that any G-invariant measure is the limit
of at least one semiclassical quantum state, but such quantum state may not be
G-invariant, and there may be invariant classical measures that are not the limit
of any invariant semiclassical state (in fact, there are systems in which no invari-
ant quantum state exists). For extremal (i.e. pure) invariant states, the so-called
Haag’s theorem [see, e.g., 23, Corollaries 5.3.41-42] holds, and it plays a very im-
portant role in relativistic theories. In fact, one consequence of Haag’s theorem is
that free and interacting theories must correspond to inequivalent representations
of the canonical commutation relations.
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THEOREM 2.12 (Haag). Let wy, @, € Wi (X, <), be two G-Abelian pure normal-

ized states®>. Then they are either equal or disjoint.

At the classical level, however, it may happen that two different (therefore disjoint)
G-Abelian pure normalized regular (therefore semiclassical) states converge to the
same cylindrical Wigner measure. It would be interesting to find explicit examples
in which it is the case, or examples in which they converge to two mutually singular
Wigner measures.

A special set of invariant states that has been extensively studied in statistical
mechanics is the subset of so-called KMS states.

DEFINITION 2.13 (KMS state). Let (sh(t))teR be a representation of the abelian

3
group R on By, & W,(PX,35). Then a quantum state wy, € B} is a s,-KMS
state at value B € R iff

wh(bhah) = wp (ahsh(ihﬁ)bh) (Vah, by, € %h) . (18)

REMARK 2.14. It is sufficient to test the KMS condition on a norm dense and
sp-invariant subalgebra.

A KMS state is a state that is almost a trace (it is a trace only if = 0), the
deviation being measured by s;. In this context, the abelian group R is usually
interpreted as the group of time translations, and thus s, is the quantum dynamical
map (and g is the inverse temperature). Semiclassically, one would like to prove
that the cylindrical Wigner measures of semiclassical quantum states satisfy an
equation of the following type:

/{a(Z),b(Z)}dM(Z) :ﬂ/b(Z){a(Z),h(Z)}dM(Z), (19)

for any a, b in a suitable set of classical observables, where b is the classical Hamil-
tonian observable, and {-, } is a Poisson bracket. This “static” semiclassical KMS
condition has been studied for systems with finitely many degrees of freedom
[42, 43], but its origin from the quantum KMS condition was justified only for-
mally. It is possible to derive Eq. (19) from Eq. (18) in our framework; however,
unless X is finite dimensional, additional properties should hold, and they have to
be proved case-by-case. For any z,y € X, ¢(z,-) € X* and ¢(x,) #<(y,-) if x # y
(by the non-degeneracy of ), and thus X N X%. In addition, ¢(-,-) extends to a
symplectic form ¢(+,+) on s(X) by ¢(+,-) =¢(s71-,s7!). The map s is a bijection
iff X is finite dimensional. Since X% is locally convex, there is a notion of smooth
maps and therefore a Poisson bracket {-, } can be defined on (S(X ),6). These
two types of results can therefore be expected to be provable in suitable systems:

o If the generator®* of (5h(t))t€]R is 0y, = %[hh, -], with by, = Op}i(h), h: X% —
R a cylindrical function with base ®, and wy, is a semiclassical quantum state

33The G-abelian states are a subset of the set of G-invariant states that satisfy an additional
property of commutativity, let us omit the precise definition here [see, e.g., 22, Definition 4.3.6].
34The generator &, of a (strongly continuous) group (5 h(t)) R (with suitable continuity prop-
erties) is a map from a dense domain D(d) C By, to By, such that for any aj, € By, sp(t)ay, is

differentiable with respect to ¢, and dpap = %5h(t)ah{t:0.
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such that wp(hp) < C uniformly with respect to h; then

wh—>M

|

Wh (bhah> = wp, (ahﬁh(ihﬂ)bh> 2, /)(}/q){adz),bq)(z)}duq)(z)

h—0

=p bo(2){as(2), ba(2) }due(z)
X% /@

for any a, = Op” (a) and b, = Op" (b), with a,b : X% — R smooth cylin-
drical functions with the same base ® as b.

e If the generator of (5h(t))t€]R is 6, = (b, -], with by, a suitable quantization
of some symbol § : s(X) — R (possibly only densely defined with domain
D(b) C s(X) carrying a suitable topology), and wy, is a semiclassical quantum

state?® with no loss of mass such that (€, , 7w, (f)h)Qwh>% < C uniformly
Wh

with respect to h (more regularity of the state could be necessary); then

Wh f—j ne Mrad (D(h))

|

wh, (bhah) = wp, (ahsh(ihﬁ)bh) s /D(h){a(z),b(z)}d,u(z)

h—0

=8 /D REILERDIIO

for any ap, by, that are suitable quantizations of smooth symbols a, b : s(X) —

R.

A special subset of the set of KMS states is the set of ground states. There are gen-
eral algebraic definitions of ground states as KMS states with special properties, let

3
us focus however on a more physical definition. Let (B},, ), By, & W,(CX, %),

be an algebra of bosonic observables with evolution group s, whose generator is
Oh.

DEFINITION 2.15 (Ground state). A state wy, € B}, is a ground state iff 7, (65) =
%[Hf)h, -], with the Hamiltonian by self-adjoint and bounded from below on ¥, ,
and such that

hrQw, = A0, , Ao = min{)x € spec(hh)} .

Taking into account the semiclassical properties of Invariant and KMS states, it
is natural to expect that semiclassical quantum ground states would converge to

35Let us denote by (Hw,, ; Tw), , Qw,, ) the GNS representation given by wy,.
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classical ground states. Suppose that wy is a semiclassical quantum ground state,
and that b is the quantization of some bounded from below and densely defined
symbol b : s(X) — R (the classical energy, with domain D(h) C s(X)). Then it is
interesting to prove whether the following statement is true:

PVT .
=3 1€ Mpaa(D = d = f ) 20
o B e M (D) = [ b)) = it b (0
Suppose that (20) holds, and that h has minimizers, i.e. suppose that @ #
FMin(h) C D(h) such that

h(z0) = Zeig{h) h(z) (Vzo € Min(bh)) .

It is also interesting to see whether in this case it follows that
n= 5320 , 20 € Min(f)) R (21)

t.e. whether the cylindrical Wigner measure has to be concentrated on a classical
minimizer. While statements that yield (20) has been proved at least in one
suitable case [see, e.g., 3], to the author’s knowledge there are no results of type
(21) in the literature.

2.2.6 OTHER PERSPECTIVES

There are many other interesting problems that could be studied within this frame-
work. Let us mention very briefly some of them. One is to study the convergence
of quantum to classical ergodicity, and mixing. The idea is that under suitable
conditions the cylindrical Wigner measures of ergodic (mixing) semiclassical quan-
tum states should be ergodic (mixing) as well. Another is to study the classical
limit of Haag-Ruelle scattering theory for quantum fields. Scattering theory in
the classical limit has only been studied for coherent states in some specific cases
[32, 46, 47], and it would be interesting to make a more systematic study for rela-
tivistic theories in the Haag-Ruelle framework using cylindrical Wigner measures
and semiclassical techniques. Finally, to complement for curved spacetimes what
we discussed in § 2.2.2 to 2.2.4, it would be interesting to study the semiclassical
behavior of Hadamard states, that play the role of ground states in curved space-
times [see 30, 44, 58, 72, 81, and references thereof contained for more information
about Hadamard states]. It would also be interesting to develop a similar frame-
work for the semiclassical analysis of fermionic quantum field theories, such as
Dirac quantum fields. However, for fermions the semiclassical description is rather
different, and it is better captured by a multiscale analysis [see 12, for additional
details].

3 WEYL C*-ALGEBRAS

In this section we introduce the Weyl C*-algebra of canonical commutation rela-
tions corresponding to an infinite dimensional Heisenberg group. We then describe
some of the properties of composite quantum systems, consisting of a semiclassical
and a fixed part.
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3.1 INFINITE-DIMENSIONAL HEISENBERG GROUPS AND THE ALGEBRA OF CCR

Let (X,<) € Sympp be of arbitrary (infinite) dimension. Let us recall that the
symplectic form ¢ : X x X — R is non-degenerate, bilinear and antisymmetric.
The Heisenberg group H(X,¢) associated to (X,¢) is the space X x R endowed
with the group structure

(x,t) . (y,s) = (ery,tJrsfg(z,y)) .

The set of elements Z = {(O,t),t € IR} is the center of the group. Among the
representations of the Heisenberg group, one plays a prominent role in quantum
theories and semiclassical analysis: the Weyl C*-algebra. From a physical stand-
point, this algebra encodes in a natural way the canonical commutation relations
of (bosonic) quantum systems. In semiclassical analysis, it is the starting point
to define quantizations and pseudodifferential calculus. The Weyl C*-algebra is
uniquely defined, up to *-isomorphisms, as the smallest C*-algebra containing the
set

{(W(z),ze X},
together with the following three properties for its elements
e W(z)#0 (Vz € X)
o W(—z)=W(a)" (Vr e X)
o W(z)W(y) = e “@IW(zx+y) (Vz,y € X)

As in § 1, we adopt the notation W1 (X, <) = C*({W(z),z € X}). From the defi-
nition, it follows that W (0) = 1 (identity element), and that each W (z) is unitary.
Therefore Wy (X, <) is a non abelian unital C*-algebra generated by unitaries. The
map

X xR — Wl(X, §)
(z,t) — " W (x)

)

together with the identification of the group product with the C*-algebra prod-
uct, provides the unitary representation of the Heisenberg group in the Weyl C*-
algebra. Therefore from now on we will focus on the Weyl C*-algebra, keeping in
mind the underlying Heisenberg group structure.

The non abelian nature of the Heisenberg group, or equivalently of the Weyl
algebra, is given by the symplectic factors —i¢(x,y) in the product. Borrowing an
idea from deformation theory, it is natural to “measure” the noncommutativity
of the Weyl algebra introducing a real parameter A > 0 such that when h > 0
the algebra is non-abelian, and when A = 0 it becomes abelian. This justifies the
following definition.

DEFINITION 3.1 (Weyl deformation). Let (X,<) € Sympyg. Then the Weyl de-
formation (W (X, g))h>0 is a family of C*-algebras. For any h > 0, the algebra
Wi, (X, ) is generated by the set

{Wi(z),z € X},
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together with the three properties of its elements

o Wy(x)#0 (Vx € X)
o Wy(—z) =W (x)* (Vr e X)
o Wi(@)Wi(y) = e " EDW), (2 +y) (Vz,y € X)

For any h > 0, the algebra W (X, <) is *-isomorphic to W1 (X, <), since Wj(x) =
W(hY2x). When h = 0 however, the algebra Wy(X, ) is an abelian unital C*-
algebra of almost periodic functions [see § 7; and 18, for an introduction to almost
periodic functions|. In other words, a Weyl deformation contains infinitely many
identical copies of the Weyl C*-algebra, and a single abelian algebra of almost
periodic functions.

3.2 TENSOR PRODUCT OF C*-ALGEBRAS AND PARTIAL EVALUATION

For physical reasons [see, e.g., 28, 29], we couple the Weyl algebra with another
C*-algebra that represent some additional degrees of freedom that do not behave
semiclassically (and therefore do not depend on h). Instead of (Wj(X,s)) h>0°
we consider the deformation with the additional degrees of freedom given by a
C*-algebra of physical (either quantum or classical) observables 20 € C*alg.

(Qﬂh)hzo = (Wh(X’ g) Oy, 2[) h>0 ) (22)

where the index ~y;, stands for a suitable choice of cross norm for the tensor product
C*-algebra [see, e.g., 79]. There are some differences depending on what norm is
chosen, as it will be highlighted in the following. In applications, it is sometimes
important to consider the enveloping von Neumann algebra W;,(X,¢)” in place
of W,(X,¢), or other algebras that embed W;,(X,¢). The majority of our results

3
extend to any deformation (B, ®., A)s>0 such that W, (G X, %) < 9B, It will be
pointed out explicitly in the text whether a result extends or not to the aforemen-
tioned case. Finally, if one is interested only in the deformation (Wh (X, g)) h>or 10

suffices to take 21 to be the trivial C*-algebra generated by a single element. On
0, there are two natural maps that play an important role, and we call them
partial evaluations. We recall that for any topological linear space V € TVS, we
denote by V' the continuous dual of V' (while V* stands for the algebraic dual).

DEFINITION 3.2 (Partial evaluation). For any h > 0, define the partial evaluation
map

E\) 20 — B(Wi(X, <), ),
by its action

E‘;l)fl(wh)(a) = wp(wp, ® a) (th €W, , Vwy, € Wi(X,s), Va € Ql) )

The partial trace of the complex quantum state wy, € 20} is the partial evalua-
tion of the identity element E;" (1) € A'. The partial evaluation E}(l)2 : W, —
fB(Q[,Wh(X, g)’) is defined in a symmetric fashion.
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In the definition above, B(X,Y") stands for the space of continuous linear maps
from X to Y. We chose to emphasize (perhaps with an heavy notation) the
dependence on the semiclassical parameter h, for it will play an important role.
The partial evaluation does what its name suggests: given a (complex) state on the
tensor algebra, it evaluates any observable of the first algebra and gives as output
a (complex) state acting on the second algebra alone. The partial evaluation map
has some important properties that are summarized in the following proposition
[see, e.g., 79, for a proof].

PROPOSITION 3.3. For any h > 0, the evaluation map Ep 1 is an isometry of
), into B(W(X,<), ). In addition, an element w, € W), is a state of total
mass mp — ie. wy € (Wy)', and Hwthm;l = myp, — if the resulting evaluation
E : Wi(X,5) — " is completely positive and the partial trace E;" (1) € A,
satisfies

[ )]

If vp, is the mazimal norm Ymax, then Ep 1 is onto 'B(Wh(X, g),Ql’) and the con-
verse of the second statement holds.

= MmMmp .
g[/

3.3 THE GENERATING MAP AND REGULAR STATES.

Given a state on the Weyl C*-algebra, it is possible to define its generating func-
tional [see 77] or noncommutative Fourier transform; in our framework it is not a
functional, but a map from X to 2. Throughout this section, we take h > 0 if
not specified otherwise.

DEFINITION 3.4 (Generating map). Let w, € (W), be a state, we define the
generating map G, : X — A by

9wh (x) = E;‘:ﬁ (Wh(-r)) (Vl‘ S X) .

The generating map is used to define a very important class of states (and hence
its name), the so-called regular states. Regular states are those that allow for a
natural semiclassical description in term of Wigner measures.

DEFINITION 3.5 (Regular states). Let wy, € (Wn)", be a state, G, its generating
map. Then wy, is regular iff for any x € X, the R-action

Go,(-x) :R—2A

is continuous when A’ is endowed with the o(A',A) topology (ultraweakly continu-
ous).

There are many equivalent definitions of regular states. We also make use of the
following one, that can be proved, e.g., using the properties of the map Ej 2 and
the equivalent result for trivial 2 [see 23, § 5.2.3]. Let (R, <) be a finite dimensional
real symplectic vector space. We say that a state g5, on Wy (R, <) ®-, 2 is normal
iff for any a € A4, E,Ql’b(a) is a (positive) trace class operator in the unique
irreducible representation of Wy (R, <) (the uniqueness up to unitary equivalence
of such representation is guaranteed by Stone-von Neumann’s theorem).
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PROPOSITION 3.6. A state wy is reqular iff for any finite dimensional R C X its
restriction g, to Wi(R,S) ®-, A is a normal state. In particular, it follows that
the generating map of a reqular state is ultraweakly continuous when restricted to
any finite dimensional subspace of X.

The following result is an extension to our setting of the main result of the afore-
mentioned paper of Segal [77]. The idea is that regular states are uniquely de-
termined by the generating map, and the latter is “almost” completely positive
(up to a complex phase factor) and ultraweakly continuous on finite dimensional
subspaces.

PROPOSITION 3.7. For any h > 0, a map Gy, : X — A is the generating map of
a reqular state wy, € (Wy)', of partial trace ay, € A, only if all the restrictions of
Gn to finite dimensional subspaces of X are ultraweakly continuous, G,(0) = ap
and

- Gulay — i)™ (agag) 2 0

j.keJ
where the x; € X are arbitrary as well as the a; € A, and J is any finite index
set. If in addition ~yp, is the mazximal norm, the converse holds and the map G,
uniquely determines wy,.

REMARK 3.8. If in 205, with maximal norm, we replace Wy, (X, <) by its envelop-
ing von Neumann algebra or any algebra that embeds the Weyl C*-algebra as a
subalgebra, G;, does not determine wy, uniquely.

Proof. Let us start with the easy “only if” part for generic cross norms. Ultra-
weak continuity follows from Proposition 3.6, the other two properties follow from
Proposition 3.3: in fact W, (0) = 1;

> B (Wi(ax) Wiz)) (ajay) 2 0
j,kEF
by complete positivity of E;"; and Wj(—x)Wh(y) = e @V (x — y) by def-
inition of the Weyl algebra. To prove the “if” part and uniqueness when 7, is
the maximal cross norm, we act with the generating map on an arbitrary a € 2.
Since A = A — A +4(A; —2A), this suffices to characterize the map Gy, : X — A’
by linearity. Let us denote by G%(-) = Gn(-)(a) : X — C. By Theorem 1
of [77], to G¢ there corresponds a unique regular state of € (W (X, g))lJr such that
9¢(-) = of (Wh()) By the last property of Gj this defines a unique completely
positive map gg) : A — Wy, (X, ). Therefore the analogous of Proposition 3.3 for
Ep 2 yields that wp, = E;é(gg)) is a positive regular measure of total mass G,(0),
uniquely determined by Gy,. =

4  SEMICLASSICAL COMPACTNESS FOR FAMILIES OF REGULAR STATES

In this section we study the semiclassical behavior h — 0 of families of regular
states. In particular, we prove compactness, in a suitable topology, of families of
generating maps.
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4.1 FINITE DIMENSIONAL WEYL ALGEBRA

By Proposition 3.6, if X is finite dimensional then any state that is normal with re-
spect to the Schrdinger representation is regular. In other words, the semiclassical
analysis of regular states on Wp, (X, <), with X = R? x (R4)’, reduces to the semi-
classical analysis of families in &* (L2 (]Rd)) e the cone of positive trace class op-

erators. By linearity, it is sufficient to study families of vectors (us)n>o C L2(R%)
as h — 0 (with norms uniformly bounded with respect to h). The commutative
objects corresponding to the family (up)pso are called Wigner measures, and are
finite Borel measures on R? x (R¢)" (equivalently on X). In addition, to any fam-
ily (up)n>0 with uniformly bounded norms there corresponds at least one Wigner
measure. We formulate this well-known result [66, Thorme IIL.1] in a slightly
different way, that is better suited for our algebraic approach.

Let T be a topological space, and S a set; we denote by 7% the space of functions
from S to T with the topology of simple (pointwise) convergence, that coincides
with the product topology. We use the following notation for semiclassical gen-
eralized sequences (nets): (on,)seB, hg — 0, is a net of objects indexed by the
directed set B, such that op, = o5, whenever hg = hg/, (hg)gep is relatively
compact in the topology of R, and

lim g =0 .
sen' P

A point z is a cluster point for (xg)gep if there exists a subnet (zp)pep such that
limpe g 2p = . A point z is a sequential cluster point for (z5)gep if it is a cluster
point and the corresponding subnet is a subsequence (i.e. if B = IN).

A uniformly bounded net of regular states (on,)sen on Wy, (X,) D, A, with
X = X' finite dimensional, defines a net of linear maps (Hy,  )gep from 2 to the
dual C§°(X’)" of smooth compactly supported functions by the Bochner integral

Hy, (a)() = o ( / @) Wi(r2)dLx () @ a) (Yo €A, ¥y € (X)), (23)

X

where Lx is the Lebesgue measure of X. In addition, each H, on, 18 also a continu-

ous linear map from 2 to Cy(X")’, the dual of the compactly supported continuous
functions.

PROPOSITION 4.1. Let (0n,)pen, hg — 0, be a net of reqular states that acts on

(W, (X,<) Oy Q[),BeB with X of finite dimension. If

Sup Qng (th} (0)) <00,
BeB
then for any a € %A, {tha (a),B € B} is relatively compact in the

o(Co(X'),Co(X)) topology, and the cluster points of any subnet (Hth (a+))b€B,
hy — 0, with ay € A, are positive linear functionals. Thus by Riesz-Markov’s
theorem they can be identified with finite Radon measures on X'.
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Let us fix now a € Ay, and a subnet (Hth (a))beB, hy — 0, converging to p, €
Miaa(X7'). In addition, denote by (V:)ec(o,1) C C3°(X') an approzimate identity
on X'. The following four statements are equivalent:

(S, (V@) 3 il ) SNC
ling Jim on, (Wh, () ® a — op’g P 2N @a)=0 (Vo eX); (ii)
lim Tim or, (a — OP};’(H%) ®a) =0 ;o (i)
lim en, (Wi, (0) ® a) = pa(X) . (i)

The cluster points u, of Proposition 4.1, considered as Radon measures, are the
so-called Wigner or semiclassical measures.

4.2 COMPACTNESS AND CONVERGENCE IN INFINITE-DIMENSIONAL WEYL AL-
GEBRAS
Let (X, ) € Sympy be of arbitrary dimension, and let
X
(Xa)rer C 2

be a collection of finite dimensional symplectic subspaces, indexed by a set F. In
addition, let wy, be a regular state on 20;,. In analogy with (23), for any A € F,

define the map HS) from 2 to C3°(X}) by

HEY (@) (2) = wn ( / oA@)Wi(ra)dLx, (@) ©a) (Vo€ A, Vipr € CF(X})) -

X\
(24)
Let us consider now the set
g = [T IT {#S) @).5¢ B}, (25)

AEF a€Ay

and denote by Pr the product topology on Hp, with each {Hfj,\l)ﬁ (a),p € B}
endowed with the weak o (Co(X})",Co(Xx)) topology.

LEMMA 4.2. Let (wn,)gen, hg — 0, be a net of regular states on (Wh,)sep. If

sup wp, (Wh,(0)) < oo,
BeB

then Hp is Pp-relatively compact, and the cluster points of any subnet

(hhb) C HB 5
beB
hy — 0, can be identified with a unique family of vector valued measures

(L )rer , YA EF | py € Meaa(X3:2,) .
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Proof. Compactness in the product topology follows immediately from Proposi-
tion 4.1. In addition, the cluster points b of (hn,)ven, ho — 0, have the form

a—b(a), bla) = (br(a))rer ,

with each hy(a) a positive element of Cy(X})’. Therefore by Riesz-Markov’s theo-
rem, for any a € A4 there exists a unique p(a) € Myaq(X5; RT) whose action on
Co(X}4) agrees with hy(a). In other words, there exists an injective map R such
that

(a = hk(a))/\ep ’i (a = :uk(a))/\ep . (26)

In addition, by linearity it follows that for any A € F,
(a — u,\(a)) € Hommon(QlJr, Mrad(Xé\;]R"")) .
Therefore by Theorem A.3 there exists a bijection P such that, with Q = Po R,

(a = hA(a))AeF ’& (NJ}‘))\EF ; VAer , Hx € Mrad(Xj\;QllJr> . (27)
_|

Let us now turn attention to the converging nets whose cluster points have no loss
of mass. For these nets, there is an easier characterization of cluster points by
means of the generating maps, introduced in § 3.3. The set of generating maps
is always relatively compact with respect to the topology of simple convergence.
In fact, let (2Wp)n>0 be the tensor Weyl deformation introduced in § 3.2, with
X of arbitrary (infinite) dimension. We are interested in semiclassical states (see
Definition 1.1), i.e. generalized bounded sequences of regular states

w , limhg=0 , sup wp,(l)=m<oo.
(whs)pen Y fog sup hs (1)

Let 2} be the continuous dual of A endowed with the ultraweak o(2’, ) topology.
Let us denote by Gg C (Ql’gl)x and Gp(z) C Ay the following sets:
Gp ={Gun, BE B} Gple) = {9, (2).8 € B}, v e X.

The first result is that the family of images Gp(x) is pointwise compact for any
x € X, and therefore G is relatively compact as a subset of the space of functions
from X to Aj.

LEMMA 4.3. Let (wny)pen be a semiclassical state in the Weyl deformation
(Wh,)pen. Then Gp(x) is relatively compact for any x € X. It then follows
that G is relatively compact as a subset of ()X .

Proof. Tt follows from Definition 3.4 of the generating map — since the Weyl oper-
ators are unitary — that for any x € X, € Banda €

|G, (@)(a)] < lns llam; Nlalla < mllalle -

Therefore Gp(x) is contained in the ball of radius m of ', and therefore it is
relatively compact in the ultraweak topology by Banach-Alaoglu’s theorem. B
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Let us now consider a converging net (Swhb JoeB, ho — 0, in the relatively compact
set Gp, and denote its restriction to any finite dimensional subspace R C X by
(Swhb }R)beB. Now, let a € 2; then

_ .+ — it - + = o+ =
a=af —ag +ilaf —a; ), ag,ag,af a0y € Aq .

A function f € (Ay)" is continuous iff f(-)(a) : R — C is continuous for any
a € 2. By linearity it follows, using the decomposition above, that f € (QI'QL)R is
continuous iff f(-)(ay) is continuous for any ay € 2. For any b € B, define

Setlp:R=C , G [(r) = Su,, (n)(ay) (¥r € R).

LEMMA 4.4. For any ay € A4 and (Ro,s) C (X,s) a symplectic subspace, SZI,) ‘Ro

is the generating functional of the normal state IE::E (a+)‘whb(R07<).

Proof. By Proposition 3.6, since wy, is regular then the restricted states

Wh
Ehbub2 (aJr) ‘th (Ro,s)

are normal with respect to the Schrdinger representation. It is easy to check that,

for any r € Ry,
Geom,, (r)@+) = Ggeny (, (1) -

hb,Q(GJr
4|
As in Proposition 4.1, let us always denote by
(WM)ee0y € C5°(X}) = D(X}) (28)

a smooth function, approximating the identity in the sense of distributions.

PROPOSITION 4.5. Let (X))aer C 2% be a family of finite dimensional symplec-
tic subspaces such that | Jycp Xx = X, and (wn,)pen, a semiclassical quantum
state on (Wh,)pen- In addition, suppose that (bn,)ven C Hp, hy — 0, is Pp-
convergent, with limit (ux)xer (see Lemma 4.2). Then the following four state-
ments are equivalent:

Gon, hf—i)og + 9]k, = € O(X, Aa) 0
gi_% gienéwhb (Wi (#) ® a — Opgb(awgz\) 20y ® a)=0 (VAeF, )
Vz € Xy, Va € A,) ’
lim lim w, (a—Opy () @a) =0 (VA€ F,Vaey) (i)
lim o, (W3, (0)) = 122 (0) )

A semiclassical quantum state that satisfies Eqs. (1) to (iv) is called a state with
no loss of mass.
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Proof. For any \ € F, g’Xk is continuous iff g’XA (ay) € C(Xy,C) for any a4 €
4. Let us consider the net (ngb |x,)pep. By Lemma 4.4 it is the family of

generating functionals of the net of normal states (E::f’Q(a+)|whb (XAS))beQ on

(Wh, (XA,g))beB. Therefore by Proposition 4.1 it follows that the statements (i)
to (iv) are equivalent. o

Hence we have proved that given a semiclassical net of quantum states, and a
family (X)aer of finite dimensional subspaces of X, there is always at least one
family of Radon vector measures, on each X}, associated to it. In addition, if
User Xa = X, and each measure p does not lose mass, then the corresponding
net of generating maps converges, and the limit is ultraweakly continuous when
restricted to the finite dimensional subsets (X))xer. Let us formulate this gener-
alization of Proposition 4.1 to spaces of arbitrary dimension as a theorem. This
theorem is a generalization of Theorems 1.3 and 1.10, as it will become clearer
after the introduction of the topologies of semiclassical convergence in § 5.

THEOREM 4.6. Let (X,s) € Sympy, A € C*alg, and (2y)p>0 the correspond-
ing Weyl deformation (22). For any semiclassical quantum state (wn,)sen, and
for any collection (Xy)rer of finite dimensional symplectic subspaces of X, there
exists a nonempty set of cluster points for Hp in the PBr product topology, and
any cluster point is identified with a family (ux)xer of finite A -valued Radon
measures on each X\ .

In addition, there exists a nonempty set of cluster points of the family of generating
maps (9whﬂ)ﬁ€B' Each cluster point g satisfies:

> gz —ax)(afa;) > 0;
7,ked

where the x; € X are arbitrary as well as the a; € A, and J is any finite index
set. For a convergent net b, —rp, (ux)aer, if Uner X2 = X then the following
four statements are equivalent:

CX

“m o 9lx, = fix € CX, Uz) 0

giﬂ% gienéwhb (Wi (#) ® a — Opgb(ang\) 20y ® a)=0 (VAeF, )
Vz € Xy, Va € A,)

fim lim wy, (2 — Opy (o) © a) =0 (VAeF,Vaedy) . i)

lim o, (W3, (0)) = a0 )

COROLLARY 4.7. If F = NN, and the resulting sequence (X,,<)nen of symplectic
subspaces of (X,<) satisfies J,cy Xn = X, then from any net (wn,)sep it is
possible to extract a subsequence (wp,)jen such that

lim by, =bh, lim §,, =g.
Jj—o0 Jj—o0 J
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Proof. The proof is the standard diagonal trick. Let us prove it for the generating

map §. On Xy, it is possible to extract the subsequence h%k such that G, , ’ Xy
B

g‘XO € C(Xo,Ay). On X it is possible to extract a subsequence hjp of hj
such that Sw’lkk ’XI — g’XI € C(X1,y), and so on. Therefore the diagonal

sequence h; = h%j yields the pointwise convergence to g € (y)~, such that
glx, € C(X,,Ay) for any n € IN. 4

5 CYLINDRICAL WIGNER MEASURES AND TOPOLOGIES OF SEMICLASSICAL CON-
VERGENCE

Theorem 4.6 above proves that any semiclassical quantum state has at least a
classical counterpart. However, it would be suitable to identify such classical ob-
ject more explicitly. If X is finite dimensional, the classical characterization given
by Proposition 4.1 is satisfactory, and we would like to obtain an analogous one
for spaces X of arbitrary dimension. If X is infinite dimensional however, the
structure is richer, and the situation is more involved. First of all, there are many
inequivalent topologies that are admissible on X, and it is therefore possible to
put X in duality with many spaces V in a way such that X = V’. Analogously,
it is possible to interpret X as a subset A of the set of functions on some set A in
many ways. In this section, we discuss mostly how duality in linear spaces can be
used to identify the classical counterparts of semiclassical states with cylindrical
measures. Let us recall that a cylindrical measure on a topological vector space
V € TVS can be seen equivalently as a finitely additive inner regular measure
on the algebra of cylinders (induced by the duality of V and V'), or as a pro-
jective family of Borel measures in the space of finite dimensional quotients of
V. A concise definition of vector valued cylindrical measures in topological vector
spaces is given in Appendix A.2.2. In the same section, vector-valued Bochner’s
theorem is also discussed (Theorem A.17). Thanks to Theorem A.17, it is possible
to identify in a unique fashion cylindrical measures with their Fourier transform
(or characteristic maps), i.e. with completely positive maps on V' that are con-
tinuous when restricted to any finite dimensional subspace of V'. In the light of
Theorem 4.6, it is clear why they can be considered as the natural classical coun-
terpart of semiclassical states. Since, as it is discussed in § 1.3 ( Proposition 1.7),
the semiclassical description in terms of cylindrical measures always exists and it
is unique up to isomorphisms, we focus on measures acting on topological vector
spaces. The corresponding results for measures defined on more general sets can
be easily deduced using the isomorphisms yielded by Bochner’s theorem.

5.1 DUAL TOPOLOGIES AND THE DEFINITION OF SEMICLASSICAL MEASURES

Let W, Y € VSg be two real vector spaces; W and Y are in B-duality if there exists
a bilinear form B : W xY — R. Given W and Y in B-duality, the duality separates
points in W (respectively V) iff W 3 w — B(w,-) € Y* (respectively Y 3 y —
B(-,y) € W*) is injective. Let us recall that Z* denotes the algebraic dual of the
linear space Z. The duality between linear spaces induces many important and
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useful topologies. Before discussing the definition of cylindrical Wigner measures,
let us briefly outline some classical results about duality in linear spaces. Given
a linear space W, the algebraic dual W* is in duality with W, by the canonical
bilinear form B(w, ) = £&(w) on W x W*. In addition, the duality separates points
in both W and W*. Using the injective maps dp : y — B(-,y) and sp : w —
B(w, ), it is often convenient to identify Y or W (in separating duality with W
or Y) with a subspace of W* or Y*.

In our setting, given a dual pair W and Y it is useful to characterize the topologies
on W that are compatible with the duality, i.e. the topologies on W such that
dp is a bijection of Y onto the continuous dual W/ C W*. It turns out that
there are coarsest and finest locally convex topologies on W compatible with the
duality. Such topologies are the weak o(W,Y") and the Mackey 7(W,Y") topology
respectively. Mackey’s theorem proves that any locally convex topology on W
that is compatible with the duality is finer than the weak and coarser than the
Mackey topology. The strong topology S(W,Y') is in general finer than the Mackey
topology and therefore not compatible with the duality. However if W has a given
(initial) topology, B(W,W') = 7(W, W') whenever W is barrelled (e.g., if W is a
Frchet space). If the topological spaces W and Y are in compatible duality, the
bijection Y = W' is implicitly understood.

Let us now consider the setting of Theorem 4.6. As it will become clear in the
following, if X = V' for some topological real linear space V', then we can identify
the classical counterpart of regular quantum states with cylindrical measures on
V. This can be done, however, in many different ways. First of all, there may be
(infinitely) many spaces V for which there exists a B : V x X — R that puts V
and X in B-duality, separating points in X (the latter requirement is necessary to
have compatible topologies on V). For example X*, or any of its subspaces that
separates points in X. Once we have fixed such V, all the locally convex topologies
finer than o(V, X') and coarser than 7(V, X) are compatible with the identification
X = V', From the physical perspective, this indicates that there may exist many
equivalent effective descriptions of a quantum field theory as a classical theory,
due to the rich structure of infinite dimensional linear spaces. Since the starting
point is the quantum Heisenberg group associated to (X, <), it could seem natural
to choose V. = X* with the coarsest locally convex topology o(X*, X) as the
classical space for the definition of Wigner measures (and a fortior: this choice
proves that there always exists a space of classical fields). As we will see, there are
situations in which such a choice implies that all the Wigner cylindrical measures
are in fact true (Borel) Radon measures on V.

Let us now introduce the appropriate topologies to prove convergence of regular
states to Wigner measures. Let V be a topological space in compatible duality
with X. Let us denote by Ry, C (), the set of regular states on 20j, and by

M (Vi 4,) := M (V, V5 AL

the cone-valued cylindrical measures on V' — see Appendices A.1 and A.4 for a
precise definition of cone-valued measures and for the admissibility of U, as a
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cone. Let us denote the union of the aforementioned sets by

SV, X, %) = Me (Vs ) U || R (29)
h>0

Let us denote by F (V) the set of o(V, V')-closed subspaces of V' with finite codi-
mension. For any ® € F(V), V' D ®° = (V/®) is its finite dimensional polar.
Finally, given a locally compact real vector space L let us denote by Co(L)¢, (L)
the continuous dual of the space of its compactly supported continuous functions
endowed with the o(Co(L)’, Co(L)) topology. It is possible to define a map #

Ay . .
from S(V, X, %) to H<1>eF(V) (CO(V/(p)/(,‘O(V/@)) " in the following way:

(a — / : d/@,a) s =M € My (V; )
I (s) = V/® PeF (V) :
(%) ) — +
(00 HEO@O), 0y 5= (0 h) € R xRS
where HS,I:O)(a) is defined by (24), and R} = R* ~\ {0}. The product topology
SI‘F(\/) on

2
II Cv/®)e,wm)."
PeF(V)
where each (Co(V/ D)t v (b)):l* is endowed with the topology of simple conver-

gence, induces a topology on S(V, X,2l): the preimage topology P = %_1mp(v).
On the other hand, by Bochner’s theorem A.17 and Proposition 3.7, there is a
map F : S(V, X, A) — (A)~ defined as follows:
G‘(S) _ M() S:MEMCYI(V;QKF)
Gun() 5= (wn,h) e Ry xR

The topology T of simple convergence on (2} )* induces therefore the topology
T = F 1%, on S(V,X,2). Finally, let us denote by 8 V T the join topology,
i.e. the coarsest topology on S(V, X,2) that is finer than both 3 and . Hence
Theorem 4.6 can be reformulated as a convergence result, in suitable topologies,
for semiclassical quantum states, as h — 0. In order to do that, we have only to
take into account the projective structure induced by F (V).

Let F.(X) be the set of all finite dimensional symplectic subspaces of X. First of
all, let us remark that given any finite dimensional vector subspace R of X, there
is always an X € F.(X) such that R is a (closed) subspace of Xp. Therefore if
g € (Ay)™ is continuous when restricted to every symplectic subspace in F,(X),
then it is continuous when restricted to every finite dimensional subspace. In
addition, let V' be a topological real vector space in compatible duality with X;
then the set F°(X) = {Z°,E € F,(X)}, where the polar is taken with respect
to the duality between X and V, is the subset of F(V) consisting of the weakly

closed subspaces with even codimension. If we partially order the set F(V) by D,
then F?(X) is a cofinal subset of F(V). In § 4.2, given a semiclassical quantum
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state (wh,)pen on (Wh,)sen, we defined the family of relatively compact and
nonempty sets

(HB(q)))tbeFf(X) = ( H {Hc(uq: ),B € B})

)
PEF2(X
acy )

by Egs. (24) and (25), with Xg = ®°; and since the definition of Hgf; (a) can be
extended to any ® € F(V'), we can also define the family

(H5(®)) ge ) = ( [T {HD (@).8 € BY)

deF(V)
acy €rWv)

In addition, if R C X is a finite dimensional vector subspace of X, we define the
subalgebra Wy (R) C Wj,(X,s) by

Wh(R) = C*({Wh(z),z € R})
By this definition, it follows that for any a € 24 and ® € F(V),

HE) (a) = H (a) ,

Wh ‘
s “hg 'Whﬂ(<1>0)®.yhﬂ A

where the latter is defined by Eq. (23). For any ® D ¥ € F(V), let us now
introduce the (continuous) maps mey : Hg(V) — Hp(P):

T (a — HS}IL’; (a)) =aqar H(SI;; (a),

where the definition is justified by the fact that ®° is injected canonically in ¥°
by the map *py o *pay o 'py', where pg : V — V/® is the canonical map and
pow : V/¥ — V/® is the map obtained from the identity passing to the quotients.
It is easy to see that pao = paw 0 pyq for any @ O ¥ D Q € F(V). Therefore the
families

(HB((I))’”‘W)@@GF;J(X) ’ (HB((I))’W‘I’)@xpeF(V)
are projective systems with cofinal index set and thus they share the same projec-
tive limit. In addition, the limit is nonempty and relatively compact since Hp(®)

is nonempty and relatively compact for any ® € F?(X). Therefore for F' = F (X),
the set Hp of Lemma 4.2 can be restricted to the projective limit

Hp = lim Hp()

It then follows by Theorem 4.6 that the 3-cluster points of semiclassical quantum
states are projective families of Radon measures on the finite dimensional quotients

of V, and therefore cylindrical measures. A convergent net wyp, hio M, that
b—>
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satisfies one of the following four equivalent conditions has no loss of mass:

PVT

why 3 M ;o (1)

ly o (Wi (2) © 0 = OpY (e &) 0) =0 (W0 € X)L
Vz € ®°, Va € Ay)

lig Jim o (0 Op}* (tbe.0) @ ) = 0 (V& € F2(X),Yaedy) . (i)

lim o, (Wi, (0)) = M(0) -+ (i)

From a practical point of view, it is easier to study the semiclassical behavior of
quantum states with no loss of mass, since it is very convenient to characterize
the limit measure by means of the noncommutative and commutative Fourier
transforms.

THEOREM 5.1. Let (X,¢) € Sympp, 2 € C*alg, and (Wy)n>o the corresponding
Weyl deformation (22). In addition, let V' be any topological space in compatible
duality with X . Consider a semiclassical state (wn,)sen on (Wh,)sen. Then
there exists a subnet (wp, )vep such that

2o, (30)

hb%O

Why,

where M € Mcy1(V;2U) is a cylindrical Wigner measure. In other words, if we
denote by W (wh,, 8 € B) the set of cluster points of (wny,)sen C S(V, X, W)y,
then s € "ﬂ/(whﬁ,ﬁ € B) implies s € Mcy(V5 4 ). If in addition (wh, )vep has no
loss of mass then

Wh, h—) M. (31)

The cylindrical measures are not countably additive Borel measures, even if each
countably additive Borel measure defines a cylindrical measure. A cylindrical
measure on the topological space V is a projective system of Borel measures on
finite dimensional vector spaces, indexed by the weakly closed subspaces of V' of
finite codimension. Let us denote by F'(V') the set of o(V, V')-closed subspaces with
finite codimension. The set F(V) is identified uniquely by the finite dimensional
subspaces of V. In fact, ® € F(V) iff there exists a finite dimensional subspace
F C V' such that F° = ®, where F° is the polar (orthogonal) of F' (with respect
to the canonical duality between V and V). The if part is proved as follows: the
bipolar F°° is isomorphic to V/®, and it is also the closure of F' with respect to
the o(V’, V) topology; since the duality between V and V' separates points in V',
it follows that the finite dimensional subspace F' is closed with respect to o(V’, V),
and therefore F' = F°°, thus proving ® € F(V). The only if part is proved as
follows: let ® € F(V), and choose F' = ®°; then F'° = ®°° is the closure of ® with
respect to the o(V,V’) topology, and therefore ®°° = & since & € F(V). This
further motivates the fact that it is the phase space X (of test functions) that
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determines the cylindrical measures, notwithstanding the possibility of choosing
the measurable space of classical fields V' in many different ways.

To sum up, the semiclassical quantum states always have classical counterparts,
the cylindrical Wigner measures, equivalently acting on some suitably defined
topological space of fields. On the other hand, families of non-regular states can-
not be identified, in general, with cylindrical measures, because their generating
map could fail to be ultraweakly continuous on every finite dimensional subspace.
Therefore non-regular states are not suitable for a classical effective description.
From a physical standpoint this is not unreasonable, since non-regular states ap-
pear in relation to typically quantum physical behaviors, such as infrared diver-
gence [see, e.g., 1, 2].

5.2 PHASE SPACE AND WIGNER MEASURES

The symplectic space (X,¢) has a natural interpretation in physics, especially
when finite dimensional, as the phase space of a given theory. The symplectic
structure is extremely useful to study dynamical properties (Hamiltonian flows).
The usual Wigner measures for finite-dimensional Heisenberg groups can be inter-
preted straightforwardly as (probability) measures on the phase space, since (X, <)
is in compatible duality with itself whenever dim X < oo. For infinite-dimensional
Heisenberg groups, it is possible only in few favorable cases, that may be called
admissible phase spaces. Explicitly, Wigner measures are cylindrical measures on
the phase space if X is a topological space in compatible duality with itself. In-
terestingly enough, this allows to consider the geometric phase spaces constructed
from reflexive spaces (seen as topological manifolds). Given a reflezive locally
convex space Y, its cotangent bundle T*Y = X @ ¥’ is a symplectic space with the
canonical symplectic form. Since ¥ is reflexive, ¥ @ ¥/ is in compatible duality
with itself, and therefore T*Y is an admissible phase space.

As already discussed in § 2, in quantum field theories the phase space (X,¢) is
usually interpreted as a space of test functions, and the space of classical fields is in
duality with it (it is therefore a space of distributions). The Wigner measures act
on the latter, and this is physically reasonable, since the measures should describe
the configuration of classical fields and not of test functions. The symplectic
structure of test functions is carried out on the space of classical fields, if the latter
is taken to be X%: for any x,y € X, ¢(z,-) € X* and ¢(z,-) # sy, ) if v # y
(by the non-degeneracy of ), and thus X < X%, and there is a symplectic form
¢(+,-) on s(X) defined by (-, ) = ¢(s™t-,s71.). In order to define an Hamiltonian
dynamics on the space of classical fields it is therefore necessary to either restrict
to measures concentrated on s(X) (but as discussed in § 5.4, this point of view
may be too restrictive), or to extend ¢ to the whole X%.

5.3 CYLINDRICAL WIGNER MEASURES AS RADON MEASURES

Cylindrical measures are not completely satisfactory from a practical standpoint.
Integration of functions with respect to cylindrical measures is possible only if the
functions are cylindrical as well. It is possible to interpret cylindrical measures
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on V as Radon measures only on a space that is “bigger” than V. This is done
exploiting Prokhorov’s tightness of the projective family of measures [76]. For
any ® € F(V), let us consider the Cech compactification V/® of V/®. From
the canonical injection je : V/® — V/® it is possible to construct a canonical
injection, let us call it j, of V into the product space

v- ][ V.

DeF (V)

We endow V with the product topology. The push-forward M = j, M of any
M € My (V;2,) is defined as the family M = (jo « pio)ser(v). 1t is a tight
projective family of measures on V, and therefore it originates from a finite Borel
Radon measure ji5;. It follows that the set of cylindrical measures on V' can be
identified with a subset of finite Radon measures on V. If M does not originate
from a Radon measure on V then pg7(j(V)) # m (where m = u(V) is the total
mass of the measure), and there are cylindrical measures for which p7(j(V)) = 0.
As it will be proved in the next section, every cylindrical measure, on any space
V in compatible duality with X, is the Wigner measure of at least one generalized
sequence of regular quantum states. Therefore cylindrical measures that are not
Radon measures play an important role in the semiclassical description. In other
words, the spaces V, rather than V or X, are the most suitable candidates to
accommodate a complete classical description of field theories (as classical proba-
bility theories). The non-uniqueness of V may seem on one hand disappointing, on
the other hand it allows for additional freedom in the choice of classical effective
description. We have already highlighted that there seems to be one “preferred”
choice of V, i.e. choosing it to be the algebraic dual X* of X, with the o(X*, X)
topology. A classical result [21, I1.54, Proposition 9] lets us identify X% with the
Hausdorff completion of (V, o(V, X )) for any V' and X in a duality that separates
points of both V and X. Finally, for any V in a compatible duality with X that
separates points in V, there is a natural bijection [76] (equivalently yielded by
Bochner’s theorem)

Mcyl(v;mi{-) = MCyl(X}k(;ml—i-) . (32)

The bijection (32) becomes of particular importance whenever X is a second count-
able topological space. In fact, in such case any cylindrical measure originates from
a Radon measure:

Mcyl(X;(aQ'[Q-) = Mrad(X;(;Q’[q-) )

where the latter is the set of all finite Borel Radon measures. The Wigner measures
are then exactly the finite Borel Radon measures on X%. Let us remark that also
for a second countable X Wigner measures can be seen as Radon measures on
X%, however they are precisely the set of measures that are concentrated as Borel
Radon measures on X%.

5.4 CHARACTERIZATION OF THE SET OF ALL WIGNER MEASURES

As anticipated in Theorem 1.11 and § 5.3, any cylindrical measure is the Wigner
measure of some semiclassical quantum state. To prove this very interesting result,
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let us define the set W of all possible Wigner measures associated to the Weyl
deformation with mazimal cross norm. Let us denote the aforementioned Weyl
deformation by

(W) >0 = (Wa(X,<) @y A)

Then, using the notation introduced in Theorem 5.1, the set of all Wigner measures
is defined as

h>0 "

w=J U W (wn,h € (0, 1)) .

heRT (Wh)ne(o,n)€25(V:X:2)

The aim is to prove, for any V' in compatible duality with X, W = M, (V).
By Theorem 5.1, it suffices to prove that W O My (V;2,), i.e. that for any

cylindrical measure M there exists a semiclassical quantum state (W;SM))he(o,g)

such that w}(lM) % M on S(V, X,2).
-
We make use of the following result of standard semiclassical analysis. Its proof

relies on the fact that squeezed coherent states on L?(R%) converge to measures
concentrated on a point of R??; and that linear combinations of point measures
are dense in the space of finite measures M;.q(R??)¢, endowed with the weak
topology [see 34, for additional details]. The extension to general finite dimensional
symplectic spaces (R, <) and to tensor products W,(R, <) ®-,,.. 2 does not present
difficulties.

LEMMA 5.2. Let (Ro,<) € Sympyg. For any p € Miaa(R); U, ), there exists a
semiclassical state (On)ne(0,1) such that for any h € (0,1), gn € (Wi(Ro,<) ®qypas

2A)’

LS normal,

llonll gy = 8n (W (0) @ 1) = [ M(0)]q

and on S(R{, Ro, )

5 BT

Oh h—0 -
It is then sufficient to combine Lemma 5.2 with a projective argument, obtaining
the following theorem for any topological vector space V in compatible duality

with the real symplectic space (X, ¢).
THEOREM 5.3. W = My (V;20,) : Fw™ % M (VM € Mcp(V;2,)).
—

Proof. Let us start with the simpler case where X = J,,cy Xm, for a countable
directed sequence of finite dimensional symplectic subspaces (X, )men, ordered
by inclusion. The family (X,,)men, together with the identities iy, @ Xpm —
X, m < nis an inductive family of finite dimensional vector spaces. Therefore
@Xm = X, and

()X = lim () ¥ (33)

Now given a cylindrical measure M = (ua)oecr(v), the subfamily (uxo Jmen is
sufficient to characterize it completely (the polar is intended with respect to the
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duality between V and X). In fact, M:X — 2y can be characterized uniquely
by the projective family of restrictions (M|Xm)me]N.

Consider Xy. We define the following set of generating maps, corresponding to
regular states on the maximal cross product algebra Wy (Xo,<) ®-,... 2

PVT
Gluxg) = {San s h € (0,1), on 25 s | -

From G(pxg), construct (recursively) the compatible projective family of gener-
ating maps of regular states (Gm, zmn)m<n€1N, defined as follows. Go = G(uxg),
and for any m > 0 -

Gm = {SQh ,hoe(0,1) ’9%’me1 < Smil} .

The surjective maps tmy : G, — Gp , m < n, are defined by t,;,,(SG,,) =
Gon © imn, Where ip,, are the identities defined above for the inductive family
(Xm)men. It is easy to prove that for any m € IN, there exists (lem))he(og),

(Sg(f”)he(o,l) C Gy, such that ggm) ?j—rg pxe . For m = 0 it is true by definition,

and for any m > 0 it follows from the fact that for any h € (0,1), 9§h|Xm71 €
Gm—1, where (0n)ne(o,1) is the convergent net of Lemma 5.2. Therefore, a fortiori,
all Gy, are non-empty. By Eq. (33) and [20, IIL.58 Proposition 5], the projective
limit G = lim G, is a non-empty set of nets of generating maps (G, )ne(o,1) of
regular states on (W) ne(0,1) (With maximal cross norm on the tensor products).
In addition, by the reasoning above, there exists (gw}(lM))he(Oﬁl) C G such that
w,(lM) BVS ML

h—0
In the general case, it is possible to follow the same guidelines. Given a finite

dimensional symplectic subspace Ry C X, it is always possible to find a family
(X)) aes(v) of finite dimensional symplectic subspaces — where J(V') is some di-
rected set with partial order < and least element 0 — such that Xo = Rp, X, C X,
forany n < A € J(V), and U, ;) Xa = X. Therefore (Xx)xe(v) is an inductive
family, and the following identity holds:

()X = lim (25) > . (34)

In addition, any cylindrical measure M = (ue)scr(v) can be equivalently charac-

terized by the family of restricted Fourier transforms (M|x, ) aeJ(vy- Similarly to
the countable case, we define the set of generating maps of regular states

PVT ~
Go = { G, e 0.1) en ™3 sy lenllx, = IO
where |- p|lx, is the norm of the Banach space (Wp(Xo,<) @+, Ql)/. The set
Gy C (Ay)Xo is relatively compact and non-empty, by Banach-Alaoglu’s theorem
and Lemma 5.2. Recursively, we define the sets G, C (g )X*, A € J(V), by

Gr= {80 hE(0.1), <A, Gy |y €Gy}.
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The sets G are all relatively compact and non-empty as well. In addition, the
projections 1y, : Gy, — G, A < n defined by 25, (G,,) = Go, © ix,x, are contin-
uous. Therefore the projective system (G, 2xp)r<yes(v) has a non-empty limit

[20], and G = lim G}, is a set of generating maps (9., )ne(0,1) of regular states on
(Wi )he(o,1)- In addition, as in the countable case, there exists (G _))ne,1) C G
h
such that w,gM) M M. B
h—0

6 PUSH-FORWARD AND CONVOLUTION OF WIGNER MEASURES

In this section we study transformations on the cylindrical Wigner measures in-
duced by transformations of the regular quantum states, and prove the results
outlined in § 1.6. Throughout the section, we set 2 = C for simplicity.

6.1 GROUP HOMOMORPHISMS

Endomorphisms of W, (X,¢) — and perhaps more interestingly endomorphisms
of m(Wp(X, g))” (its bicommutant in some irreducible representation) — play a
crucial role in defining quantum dynamical systems, as briefly discussed in § 2.2.4
and 2.2.5. Therefore, it is interesting to study the semiclassical action induced by *-
homomorphisms in Weyl algebras. A systematic study of *-homomorphisms would
require, at least to some extent, the development of pseudodifferential calculus for
infinite dimensional phase spaces, and it is beyond the scope of this work. We
restrict our attention to *-homomorphisms induced by a class of central Heisenberg
group homomorphisms (field morphisms). In this way it is possible to characterize
the induced semiclassical action on cylindrical Wigner measures in a natural way.
Let (X,5),(Y,7) € Sympg. For any f € X¥*R and F ¢ RY*R,

(f, 1*:‘) S Homgr(H(Y, 7), H(X, g))
iff for any p, 9 € Y x R:
flo-v) = Flo) + [ (¥)
Fp-4) = F(p) + F(4) = s(f(9), f(v)) -

In addition, (f,F) is central if for any t € R, f(0,t) = 0. Among the central
homomorphisms, we restrict our attention to the ones of the following form: there
exists f € XY such that f (y,t) = f(y). Let us denote such homomorphisms by
F. On the Weyl C*-algebra representation W, (Y, 7) of the Heisenberg group, the
induced action of § is then

F(EWa) = T OIW(f(y) . VyeY WER.
As it will become clear in the following, it is useful to consider h-dependent homo-
morphisms of the form §;, = (f, F}). In order to obtain a linear transformation on

the Weyl C*-algebra, we “forget” the t-dependence of §, setting Fj,(x) = Fj,(z,0),
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and consider the associated homomorphism §p, = (f, Fp). Since §; does not act
on scalars anymore, it can be extended to a (isometric) *-homomorphism

S:h S >kHOIIl(V\Vh(}/, T),Wh(X, §)) y
with the following conditions on f and Fj,:

fly+y)=fly)+ f) (Vy,y' €Y)
Fu(y+9') = Faly) + Fu(y') —ih(s(f (). F() —7(w.)) (Vg4 €Y)

By duality, the adjoint map ', € B(W;,(X,<), W, (Y, 7)"). The action of *§} on
a regular state w, € Wy (X, )’ is defined by the generating map

Gegwnm (1) = €T OG,, (F()) .

In general i3, (o) fails to be of almost positive type, and thus ', (W (X,<)}) €
Wr(Y, 7).
Nonetheless, consider a semiclassical quantum state (wn,)sep such that

Wh

PVT
— M .
s hﬂ—)O € Mcyl(V)

If limgep Fr, = Fo (pointwise), then

9(y) = lim G5, () = €PN (f(y) (€Y.
(35)

This can also be extended to other maps that are not homomorphisms. Let £ € X
be fixed; then the map

T (Wi (@) = Wi () Wi(2) = e mEDW), ( +€)

extends by linearity to a map ng) s Wh(X,¢) = Wp(X,s). For ng), Eq. (35)
becomes R
g O@) =M@z +¢), VeeX. (36)

Eq. (36) defines a (complex) signed cylindrical measure on V, that we may denote

(with a slight abuse of notation) by e*(*)d M (z) or ¢¥() M. In other words, we have

the following characterization of the Wigner measures associated to (tS' Efﬂ) Wh ) seB’

Wz (whﬁ(whﬁ €)-),8 € B) - {eif(')M , M € Wigyx(wn,, B € B)} . (37

We are interested in giving a similar characterization for other mappings. The
part ) of ng) is non-linear, and for more general non-linear transformations it
may be difficult to obtain an explicit formula of type (37). We restrict to linear
transformations f. Let us remark that if F;, = 0, then f should be a symplectic
transformation for §F, to be a *-homomorphism; in that case Proposition 6.1 is
equivalent to Eq. (6).
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PROPOSITION 6.1. Let (X,¢), (Y,7) € Sympg, V,W € TVSR in compatible dual-
ity separating points with X andY respectively. For any weakly continuous®® linear
mapu:Y — X, and for any F, € RY such that for anyy € Y, limy_,o Fi,(y) = 0,
define 3’21) = (u,Fy). Then for any semiclassical quantum state (Wh,)seB on
(Wi, (X, §))ﬂ€B with no loss of mass:

Wz (" wns), B B) = {'n, M, MeWyuelon, BB}, (38)

where Yu: V. — W is the transposed map of u.

Proof. The definition of push-forward (image) of a cylindrical measure is briefly
recalled in § 1.6 and Appendix A.2.2 [see 19, 76, 80, for additional details]; let us
recall that with the assumptions above the transposed map ‘u is continuous with
respect to the o(V, X) and o(W,Y") topologies [see, e.g., 21, EVT I1.50]. Eq. (35)
for Sgu) becomes

9(y) = M(u(y)) =*tu, M(y) (VyeY).
_|

REMARK 6.2. Choosing V = X% and W = Yy}, Proposition 6.1 holds for any
linear map u:'Y — X, since all linear maps are weakly continuous with respect
to o(Y,Y™*) and o(X, X™).

6.2 QUANTUM CONVOLUTION AND CONVOLUTION OF MEASURES

From Theorem 5.1 it also follows that the Wigner measures associated to the
quantum convolution of regular quantum states are convoluted measures. The
convolution ® of two cylindrical measures M, N € M (V) is defined as the
pushforward of the product cylindrical measure M @ N € Mcy1(V x V') by means
of the addition map «a: V x V — V defined by (v, w) — v + w. In other words,

Me&N=a,(M®N).
It is a well-known result that
M&N =M N,

where the dot stands for the multiplication of complex-valued functions.

On the other hand, we define the quantum convolution as the quantum counterpart
of the convolution of cylindrical measures. Let wy,w, € W, (X, <), be regular
quantum states, their quantum convolution wp x @, € Wy(X,c)" is the state
defined as follows. On generators, define the action

(wh * @) (Wh(£)) = wn (Wh(€))mn (Wh(€)) -

36Weak continuity here means continuity with respect to the o(Y, W) and o (X, V) topologies.
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On finite linear combinations one has
(wn * ) (Z AjWh(ﬁj)) = X (wnxon) (W) -
=1 =1

Then wy, * wy, extends to a state on W, (X <).

PROPOSITION 6.3. Let (X,) € Sympg, V € TVSg in compatible duality with
X. Consider two semiclassical quantum states with no loss of mass (wn,)sep and

(@hs)peB on (Whﬂ(X’g))BeB' If

then

Proof. By definition of quantum convolution, the generating functional of wy, * wy,
satisfies:

9wh*wh () = 9Wh(')9Wh(') .
Therefore pointwise

—

lim ()= MR =MeN ().

ﬂEB whﬂ*whﬂ

7 STATES ON THE C*-ALGEBRA OF ALMOST PERIODIC FUNCTIONS

In § 5 we discussed how it is possible to identify the limit points of semiclassical
quantum states, as h — 0, with cylindrical measures on some topological vector
space. In this section we provide an alternative identification, that is perhaps
not so interesting for semiclassical analysis, but fits with the ideas of deformation
theory.

In the definition of Weyl deformation (205)n>0, the C*-algebra at h = 0 is the
tensor product of 2 with an abelian C*-algebra of almost periodic functions. Let G
be a topological abelian group, let us denote by AP(G) the algebra of (continuous)
almost periodic functions. It has the following characterization:

AP(G) = C*{G},

where the completion is intended with respect to the supremum norm. G is here
the character group of G, i.e. it is the set of continuous group homomorphisms
from G to the multiplicative group C; = ({z € C,|z| = 1}, x). Consider now a
topological vector space V € TVSR as an abelian topological group with respect
to the addition operation (more precisely, apply the suitable forgetful functor FF).
There is a natural subalgebra LAP(FFV) C AP(FFV), defined as

LAP(V) := LAP(EFV) = C*{e?¢0) | ¢ e V'} .

DOCUMENTA MATHEMATICA 23 (2018) 1677-1756



1736 MARCO FALCONI

Therefore the h = 0 algebra of the Weyl deformation defined in (22) can be
identified as follows: 20y = LAP(V) ®., 2 for any topological vector space V' in
compatible duality with X. The idea is to show that the cylindrical measures
Mey1(V;2) can be identified with algebraic states of 20y whenever o = Ymax,
i.e. they can be identified as (positive) elements of (LAP(V) ®-,... )"

LEMMA 7.1. Let V be a locally convex space in compatible duality with X. In
addition, let 24 € C*alg; and M € M1 (V2 ). Then there exists a completely
positive map Far € B(LAP(V), ).

Proof. Let us define the map %, by its action on the generators: let z € ®° C X,

g—M(eQiz()) _ / eQiz(v)d’uq)(v) _ M(:L‘) )
V/®

It then follows that F,; is linear. Let

n

fal) =) et 0)
j=1
be a complex linear combination of generators, then

n

Fulfo) =D 2 M(xy) = /V/<I> >z Mdpg, (v)

j=1 n j=1

where ®,, € F(V) is such that {z1,...,z,} C ®3. Using the corresponding result
for standard measures us, . (see Appendix A for the notation), it is not difficult
to prove that

HgM(fn)

< nooMO )
[y < Il 3O

where || - ||, denotes the supremum norm. Now let (fy,)nen be a Cauchy sequence
with respect to the supremum norm, that converges to f € LAP(V). Then it is
possible to define Fj/(f) as the strong limit of Fs(f,) in A, and

Far (), < 1 A1l O)

Finally, %), is completely positive since it is completely positive on linear combi-
nations of generators by Bochner’s theorem,Theorem A.17. -

COROLLARY 7.2. If %0 = “Ymax, then by means of the map Fy; it is possi-
/
ble to associate a state Qpr € (ILA[P’(V) Oy Ql)+ to any cylindrical measure
M e Mcyl(v;m;): )
OQar = (Eo1)” Fur -

Proof. By Lemma 7.1, we can associate to M the map F,s, and the latter is
a completely positive element of B(LA[P’(V),QV). Therefore by Proposition 3.3,
Qar = (Eo 1) Fas is a state. -
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Finally, the applica/tion of Tietze’s extension theorem yields an extension Qp; €
(AIP’(EFV) O yimax Ql) N of Q27 to the algebra of almost periodic functions.

PROPOSITION 7.3. Let (X,s) € Sympg, and V' a locally convezr space in com-
patible duality with X. In addition, let 2 € C*alg, and (Wp)r>o the associated
Weyl deformation (22). Consider a semiclassical quantum state (wn,)pen, then
for any M € W(wn,,B € B) C Mepa(V32A,), Qun = (Eo,1)"'Fn is a state on
LAP(V) ®+,.0 A. In addition, the state Qs can be extended continuously to o state

Qur € (AP(FFV) @, ),
REMARK 7.4. In general, the state Q) may have a mass defect, i.e. Qp(1) #

limp, wp, (1). However, if the converging sequence (wp, )sep has no loss of mass,
then Q]\/[(l) = limhb whb(l).

REMARK 7.5. One could define the “no-quantization” functor Wy : Sympr —
C*alg by Wy (X,¢) = AP(FFX%).

A ELEMENTS OF CONE-VALUED MEASURE THEORY

In this appendix, we outline some results of vector integration as a reference. For
our purpose, vector measures with values in cones behave essentially as standard
measures, and in particular Bochner’s theorem is valid for cylindrical cone-valued
measures.

A.1 DEFINITION OF CONE-VALUED MEASURES

e Given a measurable space FE, we denote by X its o-algebra.

e We will always denote by X a real vector space, and by C' a pointed and
generating convex cone in X containing 0. This means that

cCn-C={0};C-C=X.
e As before, we denote by X* the algebraic dual of X, and for any X’ C X*
we denote by C’ the dual cone of C' defined by €’ = {x € X', k(C) C R*}.

If X is locally convex, X’ its continuous dual and C is closed, then the
Hahn-Banach separation theorem yields

C:C”:{.’IIEX,ZC(C/)QR+}. (Cl)
We will consider only triples (X, X', C) satisfying (c1).

e We denote by R = [0,00] the extended real semi-line considered as an
additive semigroup with the additional rule

Ve eRL) o+ =2+00=00.

We also denote by R U {—o0,+00} = [—00,400] the (compact) complete
lattice of extended reals, and by C U {oco} the extended complex numbers
(one-point compactification of C).
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e We denote by Cse = Hompen(C', R the subset of (RE)C" consisting of
monoid homomorphisms. Cy, is a monoid with respect to pointwise addition.

e We denote by i¢ the natural monoid morphism
ic:C = Cx, (Vee C)(Vk € C")ic(c)(k) = k(c) .

ic(c1) =ic(ce) yields (Vk € C")k(e1 — c2) = K(c2 — ¢1) = 0. Therefore (cl)
implies ¢; — co € C'N —C and by the pointedness of C' we have ¢; — ¢y = 0.
Thus i¢ is injective and C' 2 i¢(C) is a submonoid of Cw.

e The next condition is important to define cone-valued measures:
ic(C) = Hompon (C',RY) . (c2)
We discuss later some explicit example of triples that satisfy (c1) and (c2).

Cone valued measures are vector measures generalizing the concept of positive
measures. They can be seen as suitable collections of the latter, and therefore
they share many interesting properties with “usual” positive measures.

DEFINITION A.1 (C-valued measures). Let (X, X', C) be a triple that satisfies
(c1)-(c2), and E a measurable space. Then p € (Cao)® is a C-valued measure on
E iff it is countably additive and p(Q) = 0.

REMARK A.2. In the definition above, 0 is the trivial monoid morphism that
maps every k € C' to 0 € REL. In addition, countable additivity is intended in
the following sense. Let {K J }j en C Cs be a subset of C; then the countable
combination Zj en K € C is defined by pointwise convergence — in the topology
of extended reals — of partial sums, i.e. by convergence of the sequences

RY, O (w)i)nen = (Z Kj(fi))nelN ke .
=0

Therefore a function p € (Cu)* is countably additive iff for any collection

{bj}j en © > of mutually disjoint measurable sets,

M(U bj) = u(by).

JEN JEN

If C = R*, Definition A.1 corresponds to that of positive Borel measures. As
it was stated before, a key feature of C-valued measures is that they are in fact
families of positive measures, indexed by the dual cone C’. The precise statement
is the following, whose proof follows almost directly from Definition A.1 above.

THEOREM A.3 (Neeb [68]). There is a bijection between C-valued measures p
on E and families of positive measures (py)wec: on E such that for any b € 3,
(k= pr(b)) € Hompmen(C', RY), ie. the map K — 11, (b) belongs to Cuo.
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In light of Theorem A.3, we define a C-valued measure u finite if p, is a finite
positive measure for any x € C’.

We turn now to integration of (scalar) functions with respect to cone-valued mea-
sures. As usual, it is convenient to start with the integration of non-negative
functions. Theorem A.3 is very convenient in this context, since we can simply
define cone-valued integration by means of usual integration. Let f: E — RX be
a non-negative measurable function with values on the extended reals. Let b € X;
then we define for any x € C’,

RL 21, = /b fx)dpy(z) .

The map k +— I,; is a monoid morphism, and therefore an element of C,, that we
denote by up(f). This leads to the following natural definition.

DEFINITION A.4 (p-integrable functions). Let (X, X', C) be a triple that satisfies
(c1)-(c2); and p a C-valued measure on a measurable space E. The measure of a
non-negative measurable function f € (RE)F is defined by

Coe 3 n(f) = <n -/ f(x)dun(x)) -

A non-negative measurable function f € (RL)F is p-integrable on the measurable
set b € ¥ iff wp(f) € ic(C) = Hompen(C',RY). In this case, we denote the
integral by

C> [ r)uta) =i (u(£)

A complex function f € CF is p-integrable on the measurable set b € ¥ iff | f| is
w-integrable, and

Xe 3 / F@)dp(a) = [ (Rf)4(@)du(z) - / (RF)_ () du(x)

b

ti ( [0 @nte) - /b (3)-@3n(o) )

where X¢ is the complexification of X, and f = (?Rf)Jr*(?Rf)fJFZ((%fﬁ*(%f)f)
with
{(RF) 1, (RF) =, (Sf) 4, (SF)-} € (RT)F

REMARK A.5. If 11 is finite, then any f € (), oo L°(F, dpu,) is integrable. In par-
ticular, any continuous and bounded function is Borel integrable on a topological
space F.

In the next proposition we state the important linearity property of the integral
Jy f( . The proof is trivial.

DOCUMENTA MATHEMATICA 23 (2018) 1677-1756



1740 MARCO FALCONI

PROPOSITION A.6. The mapping f +— [, f(z)du(z) is a linear, cone-
homomorphism. In other words, for any complex-valued p-integrable functions

f1, fo and z € C:

/b (F1(2) + 2fo(2)) dpu(z) = / £ (@) () + = / fo@)du(z)

In addition, the cone of non-negative p-integrable functions is mapped into the
cone (C'+1{0}) C X¢.

A.2 DBOCHNER'S THEOREM

We are now ready to prove a result that is crucial in our framework: Bochner’s
theorem for finite C-valued measures. To prove the theorem we follow closely

[50, 68].

A.2.1 LOCALLY COMPACT ABELIAN GROUPS

In this subsection — if not specified otherwise — we take as measure space G a
locally compact abelian group with character group G‘; and (X, X’,C) a triple
satisfying (c1)-(c2) and some or all of the following additional conditions. Let K
be a pointed and generating cone in a real vector space A. Then an involution *
on Ag agrees with K if: a*a € K + {0} for any a € Ag, and for any k € K there
exists an ay € Ac such that & = ajax. Then we define the following conditions:

X and X' locally convex ; (c3)

C' pointed and generating in X' ; (c4)

(X")¢ is an involutive algebra with involution agreeing with C” ; (cb)
X¢ is the continuous dual of (X')¢ . (c6)

Given a locally convex real vector space T, there are (infinitely) many ways to
endow T¢ with a topology in a “natural” way (i.e. satisfying some suitable prop-
erties). Therefore one may ask if it is always possible to endow X¢ and (X’)¢ with
suitable topologies such that (c6) is satisfied. If X’ is a Banach space and X its
continuous dual, the answer is that for any so-called natural complexification of
X' there is a so-called reasonable complexification of X such that (c6) is satisfied.

DEFINITION A.7 (Completely positive functions). Let G be an abelian group,
(X,X',C) a triple satisfying (c1) and (c3)-(c6). A function f € (X¢) is com-
pletely positive iff for any n € Ny, for any {gi}?zl C G and {Fﬁi}?:l € (Xe:
> mi(f(; ")) 2 0.
i,j=1

The definition above is the analogous of positive-definiteness for the cone C. In
order to study completely positive functions, it is convenient to introduce a slight
generalization. Let f € (X¢)Y, where G is an abelian group. Then there exist an
associated kernel Fy(-,-) : G x G — X¢ defined by Ff(g1,g2) = f(g9195"). Hence
it is natural to have the following definition.
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DEFINITION A.8 (Completely positive kernels). Let A be a set, (X, X', C) a triple
satisfying (cl) and (c3)-(c6). A kernel F: A x A — X¢ is completely positive iff
for any n € Ny, for any {ai}?:l C A and {F@i}?:l € (Xe:

Z Fﬁ;ki(F(ai,aj)) Z 0.

4,J=1

The equivalence of the two definitions for groups is given by the following trivial
result.

LEMMA A.9. Let G be an abelian group, (X,X',C) a triple satisfying (cl)
and (c3)-(c6). A function f € (X¢)€ is completely positive iff the associated
kernel Fy € (X¢)9*Y is completely positive.

In order to prove Bochner’s theorem, we prove a couple of preliminary results
related to complete positivity.

LEMMA A.10. Let (X,X',C) be a triple satisfying (c1)-(c6), and p a finite C-
valued Borel measure on a topological space E. If we denote by L*(E,du) c CF
the space of u-a.e. square integrable functions, i.e.

L*(B,dp) = () L*(B,dus) ;
keC’

then the integral map I, : L*(E,dp) x L*(E,dp) — X, defined by

L(f.g) = /E F(@)g()dn(z) |

is well-defined and a completely positive kernel.

Proof. The fact that the kernel I, is well-defined is easy to prove using the cor-
responding property of I, , k € C’. To prove complete positivity, we proceed

as follows. Let n € IN,, {fi}?:l C L?(E,pn) and {F@i}?:l € (X’)¢. Using the

decomposition X¢ = C" — C' +i(C’" — C”), we see that the map
Xo 2 pi = e — My + il — 1,
defines a linear morphism from X¢ to the standard signed measures. Now let pz

be a signed measure, f an everywhere pz-integrable function. Then there is a
signed measure jiz(s) defined by dugz s (x) = f(x)duz(v). If we define in addition

HE(F) = Mg (F) » M1 (f)+Ra(fo) = Hiy(f1) T HRa(fa) » Ma1(f1)R2(f2) = HiiRe(f1fz) 5

then it is easy to see, using property (c5), that for any Borel set b € B(E), & € X
and everywhere pz-integrable f:

/b dpz(py<rir) =0
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2 i (Tulfin fi)) =2 /Efi(x)ﬁmd“ﬁ;’fﬁizz /Edﬂaj<fj>*ki(fi>

i,j=1 1,j=1 1,j=1

:/Edﬂ( L m) (S k) = O
4|

COROLLARY A.11. Let (X, X', C) be a triple satisfying (c1)-(c6), and p a finite
C-valued Borel measure on a topological space E. If we denote by L>=(E,du) C C¥
the space of p-a.e. bounded functions, i.e.

L=(E,du) = (] L>(E,dm) ;
keC’

then the integral I,, : L>°(E,dp) — X¢ is a completely positive function — consid-
ering L*°(E,dp) as an abelian multiplicative group.

The last ingredient needed to formulate Bochner’s theorem is the Fourier trans-
form. The Fourier transform extends quite naturally to cone-valued measures.

DEFINITION A.12 (Fourier transform of a C-valued measure). Let G be a locally
compact abelian group, (X, X', C) a triple satisfying (c1)-(c2), and M(G,C) the
set of finite C'-valued Borel measures on the character group G. The Fourier
transform is a map " : M(G,C) — (X¢)®, defined by

ﬂ@)lév@mmw (Vg ea).

Using the definitions above, Bochner’s theorem is written in a rather familiar form.

THEOREM A.13 (Bochner). Let G be a locally compact abelian group, (X, X', C)
a triple satisfying (c1)-(c6). The Fourier transform is a bijection between finite
C-valued measures on G and completely positive ultraweakly continuous functions
from G to Xc¢.

Proof. Let p be a finite C-valued measure on G. Finiteness of the measure implies
the integrability of y(g), since (Vv € G)(¥g € G)|v(g)| = 1. In addition, ~ is a
representation of the abelian group G on the functions L>°(G, ). Hence it follows
by Corollary A.11 that /i(-) is completely positive. To prove ultraweak continuity,
let k € C" 4+ i{0}. By Definition A.4

wazémem

is the Fourier transform of the finite measure p,;, hence continuous. Now by (c4),
(X')e¢ = C" = C"+i(C" = C’") and therefore for any & € (X')¢, &(i()) € €% is
continuous. By (c6), this yields the ultraweak continuity of fi(-).
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Now let us consider a completely positive ultraweakly continuous function f from
G to X¢. Then for any k € C’ + {0}, x(f(-)) is a positive definite continuous
C-valued function. Continuity trivially follows from ultraweak continuity (since
Kk € (X")¢). To prove positive-definiteness, we exploit complete positivity. By
v e n ~ n

Definition A.7, for any n € IN,, {gi}i:1 C G and {Iii}izl c (X)e,

n

> Rifi(flaigy ) 2 0.

ij=1

Then by property (c5), there exists &, € (X')¢ such that k = £R.. So we can

choose k; = z;k,; for any i € {1, . ,n}, where z; € C. Therefore by linearity we
obtain
n
Z szifi(f(gz‘gj_l)) >0;
ij=1

and hence positive-definiteness of x(f(-)).

The classical Bochner’s theorem for locally compact abelian groups [see, e.g., 67]
implies the existence of a unique positive, finite measure p, such that H( f ()) =
i (+). Therefore we have a unique family of positive and finite measures (i, )xec:-
In order for it to define a unique finite C-valued measure, it is necessary that
K+ uy is additive. Let x1,k2 € C’. Then k1 + k2 € C’, and there is a unique
measure fu, +x, Such that f, 1, (1) = (k1 + K2) (f()) = k1 (f()) + K2(f () =
ik, (+) + fise, (+). However since the Fourier transform is a linear bijection, it follows
that fig, 4w, = Hr, + Mw,. Hence by Theorem A.3 we have defined a unique C-
valued measure p. In addition, by Definition A.4 for any x € C’

(10) = [ 20ame) =w( [ 20a0) .

G

Now by (c4), it follows that for any & € (X')¢

and therefore by (c6) it follows that

foéwmww

A.2.2 TOPOLOGICAL VECTOR SPACES

Bochner’s Theorem, Theorem A.13 can be applied to finite dimensional real vec-
tor spaces (seen as abelian groups under addition). In that context, the Fourier
transform takes the following form. Let V be a finite dimensional vector space, V'
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its continuous dual. Given a C-valued measure on V', then its Fourier transform
is a function from V'’ to X¢ defined by

i) = [ <au(o).

Using cylinders, we obtain a variant of Bochner’s theorem for cylindrical measures
on topological real vector spaces with arbitrary dimension.

DEFINITION A.14 (C-valued cylindrical measure). Let V' be a topological real vector
space, F(V') the set of its o(V,V")-closed subspaces with finite codimension (ordered
by inclusion); and (X, X', C) a triple satisfying (c1)-(c2). A family of measures
M = (pa)oer(v) s a cylindrical measure iff it is a projective system of C-valued
measures on the family Q(V') of finite dimensional quotients of V.

In other words, the family (pe)ocr(vy satisfies:

o (V@ € F(V)) po is a C-valued measure on V/®;

e Define for any b € B(V/®); pgy(b) = {¢ € V/U,psu(€) € b}, and
pow(pw)(b) = pw (p;&,(b)) Then

(Ve DU eF(V)) po =paw(pv) = pow « fiw -

REMARK A.15. The compatibility condition of Definition A.14 implies that for
any ®, ¥ € F(V),
pa(V/®) = pe(V/¥) =m € Cx .

We call m the total mass of the cylindrical measure M. A cylindrical measure
M = (pa)scrp(v) is finite if for any ® € F(V'), the measure g is finite.

We recall that every C-valued measure p on V induces a cylindrical measure
M, = (po)serv). In fact, let pg : V' — V/® be the canonical projection, then
it is sufficient to choose ue = ps « 1, the push-forward (image) of p by means of
the canonical projection. On the other hand, for any finite dimensional V, every
cylindrical measure M = (ue)per(v) induces a measure pM) = oy (this fails
to be true if V' is infinite dimensional). Now we are almost ready to define the
Fourier transform of cylindrical measures. In order to do that, let us recall that
the push-forward can be extended to cylindrical measures. Consider a cylindrical
measure M = (ua)sep(vy, and a linear continuous map v : V. — W. For any
Ee FW),u YE) € F(V), and ug : V/u='(E) — W/Z is the linear application
obtained from u passing to the quotients. Then

U M = (uz « pu-1(2))ze F(W) -
Finally, we denote by ®° C V' the polar of ®, since ® is a vector space, $° = {f €
V', (Vv € V)&(v) = 0}. It is possible to identify (V/®)" and ®° by means of the

adjoint map 'ps.
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DEFINITION A.16 (Fourier transform of cylindrical measures). Let V' be a topo-
logical vector space, (X, X', C) a triple satisfying (c1)-(c2), and let Mg (V,C) be
the set of finite C'-valued cylindrical measures on V. The Fourier transform is a

map " : Mcn(V,C) — (XC)V/, defined by

NI(E) = /R (e, M) (1) |

The Fourier transform can be equivalently defined as

(VE € %) f(€) = / ) g (v)

v/

We remark that

V= ) o°, (39)

PEF (V)

and the consistency condition of Definition A.14 ensure the above definition is
consistent. With the aid of Theorem A.13 and a projective argument, it is possible
to prove the following result. A more direct proof, for scalar measures, can be found
in [80].

THEOREM A.17 (Bochner for cylindrical measures). Let V' be a topological vector
space, (X, X', C) a triple satisfying (c1)-(c6). The Fourier transform is a bijec-
tion between finite C-valued cylindrical measures on V and completely positive
functions from V' to X¢ that are ultraweakly continuous when restricted to any
finite dimensional subspace of V.

A.3 SIGNED AND COMPLEX VECTOR MEASURES

As in the scalar case, it is possible to introduce signed and complex vector mea-
sures.

e Given a convex pointed cone C of a real vector space X, we define the relation
<c by
r<cyiffy—zeC.

If for any {x, y} C X, there exist the supremum x V¢ y with respect to the
partial order <¢, then (X, <¢) is a Riesz space. In this case, we say that C
is a lattice cone of X. Every pointed and generating cone is a lattice cone,
if there are two elements in C' with either infimum or supremum.

e The extended real line R U {—o00,+00} is not an additive monoid, since
+o00o—00 is not defined. However both (—oo, +00] and [—o0, +00) are additive
monoids.

o We define Xoo = Hommen(C',R U {—00,+00}) as the subset of functions
f € (RU{—00,+00}) satisfying the following properties:

— If £00 € Ran f, then Foo ¢ Ran f;

DOCUMENTA MATHEMATICA 23 (2018) 1677-1756



1746 MARCO FALCONI

— f:C’" = Ran f is a monoid homomorphism.

This definition is justified by the fact that since +o0o — oo is not defined,
signed measures may only take either 400 or —oo as a value (in order to
be additive). This has also to be the case for signed vector measures, and
therefore they will have X, as target space, see Definition A.18 below.

e (X¢)oo = Homypen(C', C U {o0}).

Let us consider the extension to vector measures of the concept of signed measures.
This is easily done by means of X, defined above.

DEFINITION A.18 (Signed vector measures). Let (X, X', C) be a triple that satisfies
(c1)-(c2), E a measurable space. A function u € (X)) is a signed vector measure
on E iff it is countably additive and (@) = 0.

The following useful lemma follows directly from the definition of signed measures.

LEMMA A.19. Every C-valued measure is also a signed measure. Any real linear
combination of two C-valued measures is a signed measure, provided at least one
of the two measures is finite.

The important Theorem A.3 can be easily adapted to hold for signed measures as
well.

PRrROPOSITION A.20. There is a bijection between signed vector measures p on E
and families of signed measures (py)wecr on E such that for any b € X, (H —

(b)) € Xoo.

A signed measure p is finite iff for any k € C, p, is finite. The idea behind
signed vector measures is that, as in the case of standard measures, they are the
sum of two cone-valued measures. Therefore it is reasonable to define them as
a collection indexed only by the dual cone C’, in order to prevent possible “sign
incongruences” on p,; due to the action of a k ¢ C’. As a matter of fact, with this
definition we can indeed prove the existence of a unique Jordan decomposition for
signed vector measures. The precise statement is contained in the following result.

PROPOSITION A.21. Let (X, X', C) be a triple satisfying (c1)-(c2); and p a signed
vector measure on a measurable space E. Then there exist three C-valued measures
w ™, || such that:

o u=put —pu~, and the decomposition is unique;

lul = pt +p~;

At least one between put and p~ is finite;

W is finite iff |p| is finite.

If in addition (X,<c¢) is a Riesz space, then pt = p Ve 0, u= = pAc 0 and
el = |ule. The operations +, —, Ve, Ac and |-|o on measures are defined
pointwise on measurable sets, and 0 is the measure identically zero.

DOCUMENTA MATHEMATICA 23 (2018) 1677-1756



CYLINDRICAL WIGNER MEASURES 1747

Proof. Let p be a signed vector measure. Then (u,)xecr is the corresponding
family of signed measures. By Jordan decomposition of signed measures, for any
k € C', there exist a unique decomposition pu, = pf — p., with ! and p,
positive measures with at least one of the two finite, and p, is finite iff |u.| is
finite. Hence if (|ug|)secr is the image of a C-valued measure |u|, p is finite iff
|pe| is finite. In addition, suppose that there exists a # € C’ such that puf is not
finite. Then 400 € Rany, and therefore —oco ¢ Rany, ie. for any k € C', pu;
is finite. It follows that if (u )xecs is the image of a C-valued measure, such
measure is finite. An analogous statement holds with plus replaced by minus. By
Lemma A.19, to prove the first part of the theorem it remains only to check that
the families (uF)xecr and (1, )wecr are C-valued measures, i.e. that for any b € X,
the maps k +— p(b) are monoid morphisms. On one hand, we have by the fact
that p € X and then Jordan decomposition that

[y 42 (D) = firey (D) + pey (b) = gt (B) + g, (D) — (pars, (B) + 11y, (D)) 5

on the other hand, by Jordan decomposition we have also that

T () TR () N TR ()

Now since the decomposition is unique, it follows that

Mfl“rliQ (b) = /’[’fl (b) + ,U/fz (b) ’

i.e. the map is a monoid morphism.
To prove the last part, let 4 = p™ — u~ be a vector signed measure with the
respective decomposition. Then for any b € ¥, we have that

X 3 pu(®)=pt0) —p=0); g (b),n(b) 2c 0.
If (X, <¢) is a Riesz space, it then follows that ™ = u Ve 0, = = p Ac 0. -

The complex vector measures are defined in an analogous fashion, and they are
the sum of four C-valued measures. We quickly mention the basic definitions
and results without proof, for they are equivalent to the ones for signed vector
measures.

DEFINITION A.22 (Complex vector measures). Let (X, X', C) be a triple that sat-
isfies (cl)-(c2), E a measurable space. A function u € ((Xc)oo)E is a complex
vector measure on E iff it is countably additive and p(B) = 0.

LeEMMA A.23. Under the identifications R > a — a 4+ i0, +00 — 0o, —oc0 —
oo; every signed vector measure is also a complex measure. Any complex linear
combination of two signed measures is a compler measure.

PROPOSITION A.24. Let (X, X', C) be a triple satisfying (c1)-(c2); and p a com-
plex vector measure on a measurable space E. Then there exist five C-valued
measures (g, iy s U1 s 11 » |1| such that:

o p=pf —pg +ilpf — pp), and the decomposition is unique;
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o |ul = pf +pg o+ pg
o u is finite iff |u| is finite, or equivalently if ,uﬁ, ,u;{,uf",ul_ are all finite.

COROLLARY A.25. The integral with respect to a finite complex vector measure p
is a map f(_) du ¥ — X¢ defined by

Jau= [ auiz~ [z vi( [t~ [ dur)
b b b b b

A.4 A CONCRETE REALIZATION: DUALS OF C*-ALGEBRAS

In this subsection, we discuss explicitly the relevant class of triples satisfying the
properties (c1)-(c6) that was used in this paper.

e Given a C*-algebra 2, we denote by 20, the set of elements with positive
spectrum, and by 2, the set of self-adjoint elements.

e If 2, is the continuous dual of the set of self-adjoint elements 2, of a C*-
algebra 2, we denote by 2, the functionals that are positive when acting
on 2A,.

In order to verify conditions (c1)-(c6), we make use of the following classical result
[see, e.g., T9].

PROPOSITION A.26. Let A be a C*-algebra. Then:
o A, is a real Banach subspace of A and A = A, + 2.
o A, is a closed, pointed and generating convex cone of .

o A’ is a pointed and generating convex cone of U ; in particular for any
a € AL there is a unique decomposition

a=at—a", witha™,a” e, .

o (A)e =12

By means of Proposition A.26, conditions (c1), (¢3)-(c6) are immediately proved.
Condition (c2) is proved using a remarkable result of Neeb [68, Lemma 1.5]. In
fact, if we call Cf the set of elements of ¢’ with 2,-norm one, then C] — C] is
a 0-neighbourhood of .. In § 3, the A’ -valued measures played an important
role; from the discussion above, it follows that the usage of all the results in this
appendix, and especially Bochner’s theorem, is justified.
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