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ABSTRACT. The classical Hurwitz space H™? is a fine moduli space
for simple branched coverings of the Riemann sphere P! by compact
hyperbolic Riemann surfaces. In the article we study a generalized
Weil-Petersson metric on the Hurwitz space, which was introduced in
[ABS15]. For this purpose, Horikawa’s deformation theory of holo-
morphic maps is refined in the presence of hermitian metrics in order
to single out distinguished representatives. Our main result is a cur-
vature formula for a subbundle of the tangent bundle on the Hurwitz
space obtained as a direct image. This covers the case of the curvature
of the fibers of the natural map H™ — M,.
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1 INTRODUCTION

1.1 HURWITZ SPACES

The classical Hurwitz space H™® parametrizes isomorphism classes of simple
branched coverings
f: X —Pt

of degree n with b branching points, where X is a compact hyperbolic Riemann
surface. These spaces first appeared in the works of Clebsch [C172] and Hurwitz
[[1191], where they showed that H™? is connected. Further investigations using
the language of modern algebraic geometry were made by Fulton [Fu69] as
well as Harris and Mumford [[TM&2]. Originally, Hurwitz spaces were used as
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auxiliary objects to study the moduli space M, of compact Riemann surfaces
of genus g > 1. For example, the existence of a natural holomorphic map

H™ — My,

which is surjective for n > g ([Sev21]), gives a more elementary proof of the
fact that M, is irreducible. The algebraic geometers studied the geometry of
the Hurwitz space by means of the finite topological covering

H™P — Sym®(PY) \ A.

In this article, we take a deformation theoretic point of view and study the
Hurwitz space by means of its universal family

X — Pt x H™P.

Inspired by the theory of families of Kéhler-Einstein manifolds in higher di-
mensions, we equip the fibers X, with hyperbolic metrics and P! with the
Fubini-Study metric. This allows us to introduce a generalized Weil-Petersson
metric on H™?, which turned out to be Kihler ([ABS15]). The metric reflects
the variation of the meromorphic maps as well as the variation of the underlying
complex structures. Since the methods of Kéhler geometry are now available,
we are able to study the differential geometric properties of the Hurwitz space.
The main focus lies on the curvature of the Weil-Petersson metric.

1.2 DIFFERENTIAL GEOMETRIC SETUP AND STATEMENT OF RESULTS

The geometric study of the Hurwitz space using methods from differential ge-
ometry starts with the work of Axelsson, Biswas and Schumacher in [ABS15],
where they had a deformation theoretic point of view. We first recall their
setup and definitions.

We consider a holomorphic family of coverings

B,f): X =Y xS

of compact hyperbolic Riemann surfaces X, and a fixed compact Riemann
surface Y. (Note that this leads to generalized Hurwitz stacks H™"(Y), see
[HGS02]). Choose local coordinates (z,s = st,...,s") on X and w on Y such
that

B(z,8) =w and f(z,s) = s.

The fibers X carry unique hyperbolic metrics
wx, =V—-1g(z,8)dzNdz

of constant Ricci curvature —1. Let vs be the horizontal lift of a tangent
vector 95 on S at s introduced by Schumacher in [Sch93], which are special
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canonical lifts in the sense of [Siu86]. The harmonic representative of the
Kodaira-Spencer map ps : Ts.s — H'(Xs, Tx,) is given by
ps = (Ovs)|x..-
Set -
© = (Us,Vs)wr Where wy :=+v—1090logyg(z,s).

According to [Sch93] we have

(e, + D = [ls]*.

Define
Us 1= ﬂ*(US) = ﬂ*(as =+ ai@z) = (5:1 + ai@”)aw,
where 5 5
5:1: /Bé’,‘{;?s) and C;u: /Béz;s).

In this article, we give a more conceptual definition of the vector fields ws.
Refining Horikawa’s theory of deformations of holomorphic maps in the pres-
ence of hermitian metrics, the vector fields us|x, € A%(X, B:Ty) turn out
to be generalized harmonic representatives of the characteristic map (Kodaira-
Spencer map for deformations of maps) 75 : T's,s — H°(Xs, Ng,). Here Ng,
is the normal sheaf of the map s : Xy — Y. Moreover, we will apply these
general results to the case of coverings of Riemann surfaces. Remembering that
the branching points give local coordinates on the Hurwitz space, we can give
an answer to the question which infinitesimal movements of branching points
actually change the complex structure of the overlying hyperbolic Riemann sur-
face. After providing the reader with the basic properties of Hurwitz spaces in
the next section, these deformation theoretic aspects are the content of section
3.

After introducing the necessary objects, the Weil-Petersson metric can be de-
fined as follows:

DEFINITION 1. [ABS15] Let wy be a metric on'Y of constant Ricci curvature
equal to e = 0 or 1 depending on its genus. The Weil-Petersson inner product
on the tangent space Ts of the base S is defined by its norm

ol = GE"(s)

[ @+ 07 2 9) By

s
b ) ox.
X

PROPOSITION 1 ([ABS15]). The product is positive definite if the family (B, f) :
X =Y x S is effectively parametrized. Furthermore, the Weil-Petersson form
satisfies the fiber integral formula

wWr :/ wx A Brwy.
x/s
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In particular, the Weil-Petersson form is Kdhler.

In section 4, we will study the Weil-Petersson metric on the base of a family
of coverings. We provide a list of useful identities for later computations.
Moreover, we will reprove the Kahler identity by a direct computation.

In section 5, we consider the universal family (3, f) : X — P! x H™’. Under
the assumption b > 4g — 4, the coherent sheaf f.3*Tp:1 is locally free and a
holomorphic subbundle of the tangent bundle Ty;».» on the Hurwitz space. As
our main result, we obtain

MAIN THEOREM. The induced Weil-Petersson metric on the subbundle
[«B*Tp1 (which is fiberwise the natural L?-metric on H°(Xs, 8:Tp1)) has cur-
vature

REPG) = = [ D) DD g4

n / WU+ aiCP)(EF + ECT )My g dA

+ / Dcpkzu}”ujmhwm gdA,

s

where uy, ..., ur € T(U, ff*Tp1) are local holomorphic sections, Dy, is the co-
variant derivative in the direction of the horizontal lift vy, wy = v/ —1 hyg dwA
dw, dA =+/—1dz Ndz and wx, = gdA.

The first summand can be split up into four terms such that the explicit deriva-
tives in base direction completely disappear. Note that we are dealing with a
coupled situation where the complex structure on X as well as the hermitian
bundle (5:Tp1, 8%h) varies. The difficulty in the computation of the curvature
arises from the fact that we have two competing hermitian metrics wx, and
wpr both contributing to the Weil-Petersson metric. But there is no intimate
relation between those two metrics.

In the situation b > 4g — 4, the canonical map H™® — M, is a submersion
onto the smooth open subset of the moduli space belonging to curves having
trivial automorphism group. Writing Mg for this part and replacing H™" by

the open subset Hg’b lying over /\/lg, we can write

Kaboag = LT,

where we have restricted the family to H( ®. We denote the fiber of a class
[X] under Hg’b — Mg by Hx. Thus, Hx is a complex submanifold of H™? of
dimension (2n — g+ 1). We have the relation

f*ﬁ*TIP’l |’Hx = T’Hx'
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COROLLARY. The curvature of the restricted Weil-Petersson metric is given by
Roa)= = [ Galon) vy g
+ /(éi &) (& - &) gdA,

where

Vi dZ ® Oy 1= (£°€°Z hug) dZ ® Dy

Although stated as a corollary, we will provide a separate proof of this state-
ment.
The results in this article are from the author’s dissertation [Nal(].

ACKNOWLEDGEMENTS. The author would like to sincerely thank his for-
mer advisor Georg Schumacher for introducing him to the field of complex
and Kahler geometry and his guidance over the years. He would also like to
thank the referee for detailed reading of the manuscript and the suggestions
for improvement.

2 CONSTRUCTION OF HURWITZ SPACES AND FIRST PROPERTIES

It is very classical to study compact Riemann surfaces by branched coverings
of the Riemann sphere. The generic case is one of a simple branched covering
with only two sheets meeting over each branch point. The number b of branch
points for a simple covering of degree n with total space of genus g is given by
the Riemann-Hurwitz formula

b=2n+2g—2.

The classical Hurwitz space H™" is the set of equivalence classes of simple
branched coverings f : X — P! of compact Riemann surfaces X of degree n
with b branch points, (n,b)-covering for short, where X is considered to be
hyperbolic. Here we say that two coverings f : X — P! and g : X’ — P! are
equivalent iff there is an isomorphism ¢ : X — X’ such that gop = f. A
covering map is given by the b-tuple of its branch points and a finite number
of certain monodromy data. This gives a map from the Hurwitz space to the
set of unordered b-tuples of b distinct points of P!, which can be identified
with P® \ A where A is the discriminant locus. We can put a topology on
H™ such that this map becomes a finite unbranched topological covering:
Given a (n,b)-covering f : X — P! with branching points B = (y1,..., ),
we can move these points inside disjoint open discs around the points y; by a
homeomorphism of P! to obtain a new covering of degree n with b branching
points, which is a priori just continuous. After removing the branching points
and the corresponding fibers of this map, we can complete it by the Riemann
Existence Theorem to a holomorphic (n,b)-covering fp : X — P, where the

DOCUMENTA MATHEMATICA 23 (2018) 1829-1861



1834 PHILIPP NAUMANN

complex structure on the surface X may change. Using the correspondence
between topological coverings and subgroups of the fundamental group, we see
that fp, only depends on f and the new positions B" = (yi,...,y;) of the
branch points and not on the chosen homeomorphism. For that reason, H™°
can be equipped with a complex structure, so that the Hurwitz space becomes
an affine complex manifold of dimension b. Relying on calculations of Clebsch
[C172], Hurwitz showed in [Hu91] that H™? is connected. Due to Fulton and
his fundamental article [Fu69], there is a universal family for n > 2:

(B, f): X = PL x H™P,

This family can be constructed analytically: First using the process of con-
structing open neighborhoods in H™? just described, we can construct them
locally. By the fact that there are no non-trivial automorphisms of simple
branched (n,b)-coverings for n > 2, it follows that the isomorphisms between
two equivalent (n, b)-coverings are unique. (An automorphism ¢ : X — X of a
covering with ¢ # id would yield an unbranched covering X/ — P! and thus
X/¢ = P!, which means n = 2.) Therefore, the local families can be glued
together to give a global family over H™?.

Now we discuss briefly the Kobayashi hyperbolicity of the Hurwitz space, since
we are especially interested in differential geometric properties of this space.
For a simple branched (n,b)-covering By : X — P! and an automorphism
a: P! — P!, the map aofly : X — P! is again a simple branched (n, b)-covering,
which cannot be equivalent to By for « # id. Therefore, the 3-dimensional Lie-
group Aut(P') = PGL(2) acts on the Hurwitz space H™". Hence, we have
that the Hurwitz space H™? is not hyperbolic (in the sense of Kobayashi). But
what if we eliminate the action of Aut(P')? We move our point of view to
a different category of coverings: Two branched coverings f : X — P! and
f'+ X' — P! are considered to be equivalent iff there exist biholomorphic
maps ¢ : X — X’ and ¢ : P! — P! such that f' o = 1 o f. Now consider
the branch points P, ..., P, as an ordered b-tuple. Because the Mébius group
acts exactly threefold transitively on P!, we can reach P,_ =0, P,_; = 1 and
P, = 0co. Now we construct the so called reduced Hurwitz space ’chig as a finite
unbranched topological covering of

[(PH)°\ [ 431/ PGL(2) 2 (B \ {0,1,00})" 7%\ Aps,

1<j

where Ap_3 is the weak diagonal. This is the point of view in [[IM82]. Now
the space P!\ {0,1,00} is hyperbolic as well as (P! \ {0,1,00})72\ Ap_3
and we get that the reduced Hurwitz space er’z is hyperbolic. This space
is now a complex manifold of dimension 2n + 2¢g — 5, compare [Na79, Th.
3.4.17]. The notion reduced Hurwitz space first appeared in the arithmetic
theory ([DF99, BF02, Ca0g8]). But there the branch points are unordered.
Sometimes one studies the Hurwitz space by definition as reduced modulo
Aut(Pl), see [Pal3].
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Originally, the Hurwitz space was used as an auxiliary object to study the
moduli space M, of compact Riemann surfaces of genus g > 1. The existence
of the universal family X — H™® gives a natural holomorphic map

H™ = M,

by mapping a simple covering X — P! to the isomorphism class of X. Using
appropriate linear systems and Riemann-Roch (see [Fu69]), one can show that
this map is even surjective for n > g. By studying the fibers of this map, which
have dimension 2n — g + 1, Riemann obtained for the dimension of M, in his
famous moduli count [Ri57]:

dmM,=b-2n—g+1)=(2n+29—-2)—(2n—g+1) =39 — 3.

We will compute the curvature of the fibers of the map H™® — M,.

3 METHODS OF DEFORMATION THEORY

3.1 HORIKAWA’S THEORY

In this section, we introduce the Kodaira-Spencer map for deformations of holo-
morphic maps with fixed target. This goes back to Horikawa ([[o73, Ho74]).
For the classical theory of deformations of complex structures, which is not
recalled here, we refer to [Ma05]. Let Y be a fixed compact complex manifold.

DEFINITION 2. A family of holomorphic maps to Y consists of a family
(X, p,S) = (Xs)ses of compact complex manifolds parametrized by a connected
complex manifold S together with a holomorphic map F : X — Y. We collect
these data in the quadrupel (X,p,S,F). We set fs = Flx. : X¢ = Y and also
denote the family by (Xs, fs)ses-

Now let (X,p, S, F) be such a family of holomorphic maps to Y and sy € S
a fixed point. We set X = X, and f := F|x : X — Y. We have an exact
sequence of coherent sheaves

0= Ty = Tx 25 Ty 25 Ny 0, (1)

where Ny is the normal sheaf on f, i.e. the cokernel of df. After restricting to
a neighborhood of sy € S if necessary, we have the following setting:

(i) S is an open subset in C" with coordinates s = (s!,...,s") and sy =

(0,...,0).
(ii) X is covered by a finite number of Stein coordinate neighborhoods
U; together with coordinates (z;,s) = (2} 2, st ..., s") such that

IR Rl A 9
p(zi,8) = s.
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(iii) Y is covered by a finite subset of Stein coordinate neighborhoods V; with
local coordinates w; = (w}, ..., w™) such that F(U;) C V; and F is given
by

w; = F(Zi, S)
(iv) On U; NU;, we have holomorphic transition functions
Zi = fij (Zj, S).
(v) On V; NV}, we have holomorphic transition functions
w;i = gij(w;)-
Then we get the relation

F(fij(25,8),8) = gi (F (25, 5))- (2)

For any tangent vector 9/9s € Ts,o we set

i Zl Js
=

Then from equality 2 we infer that

ofy o
f( aa_>

0

s=0 8zf

0

s=0 0w,

S F(Uz,f*Ty) (Uz :Z/lzﬁ.)()

where

9fo
Oy =2 95

is a representative of the Kodaira-Spencer class at s = 0 of the family p: X —
S. Therefore, the O-cochain (P7;) defines an element of H°(X, N¢). Thus we
can define a linear map

7:Ts0 — HY(X,Ny),

the so called characteristic map for the family of holomorphic maps. The space
H°(X, Ny) describes the infinitesimal deformations of the holomorphic map f,
see [Se06]. To get a better description of the elements of this space, we define
as in [Ho74, Definition 4.1]:

DEFINITION 3.

{(1,0) e COWU, f*Ty) x Z*U,Tx) : o1 = f.0}
{(fyo,00) : 0 € CO(U,Tx)} ’

Dx/y =
LEMMA 1. [Ho7/, Lemma 4.2]
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(i) Dxy does not depend on the choice of the Stein covering.
(ii) Dx,y is a finite dimensional vector space.
(iii) We have the following two exact sequences:
HO (X, Tx) % HOX, Ty ) — Dx)y — H'(X,Tx) = H'(X, f*Ty),

(3)
0— H'Y(X,Tx;y) — Dx;y — H°(X,Ny) » H*(X,Tx;y). (4)

COROLLARY 1. (i) If f is non-degenerate (i.e. Tx;y = 0), we have Dx,y =
HO(X, Nyp).

(i) If f is smooth, we have Dx,y = H (X, Tx,y).
There is also a Dolbeault-type description of the space Dy y:
PROPOSITION 2. [[T0o7/, Lemma 4.6]
L {(60) € AOX [ Ty) x AMNTx) 2 g = 0,09 =0} _
{(£:6,00) : ¢ € AN0(X, Tx)} B

After recalling the work of Horikawa, we would like to give a constructive de-
scription of how to produce representatives of the characteristic map in D’y v

Dx,y

PROPOSITION 3. Let (X,p,S,F) be a family of non-degenerate holomorphic
maps to Y. For a point sg € S, we set X = X, and f = F|lx : X =» Y.
Let 0/0s € Tg, s, be a tangent vector. Extend this vector to a local holomorphic
vector field in a neighborhood V . C S of so € S. Let x € T(p~1(V), A*°(Tx)) be
a differentiable lift of this vector field. Then the class Ts,(0/0s) is represented
in D/X/y by the pair (F* (X)|Xa a(X)|X)

Proof. Let U = (U;) be a locally finite Stein open covering of p~(V') by coor-
dinate neighborhoods in which p is just a projection. Then 7(0/0s) € Dx/y is
given by the pair (7,0) € C°(U, f*Ty) x Z*(U, Tx), where 67 = f.0. In local
coordinates, 7 = (7;) has the form

OF; 3]
T Z ds
.

5=80 8w7
We note that 7, = F.(0/0s)|x, where we view s as a local coordinate on U;.
The cocycle 6 = (0;;) defined by

i
WX

is representing the Kodaira-Spencer class p(0/Js). We already know that
d(x)|x is a Dolbeault representative of 8 (see [Ma05]). Write y locally as

o 0
X =3 XMz1,8) 5= + - in U

eT(U, f*Ty) (Ui =UnX).

0

S$=S0 azf

0z 0Os
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Since 9(x — 0/0s) = d(x), the 0-cochain n = (n;) defined by

0
o= 3 X (i 8) = € T(UL DT,
0 ;xz (5 9) 55 € DU D(T5))
yields a differentiable splitting of 6. After the proof of the preceding proposi-
tion, 7(0/0s) € D'y is thus given by the pair (¢,7), where

9 =09(n;) and =7+ fn;  in U
From this it finally follows £ = Fi(x)]|x- O

3.2 REFINING HORIKAWA’S THEORY IN THE PRESENCE OF HERMITIAN MET-
RICS

In this subsection, we consider more specifically families of non-degenerate
holomorphic maps fs; : X5 — Y, where the fibers X, are compact hermitian
manifolds. In this case, any Dolbeault class in H!(X, Tx,) has a unique har-
monic representative (with respect to Oz). We fix a point so € S and the
corresponding fiber X = X, together with the map f = fs,. The monomor-
phism of sheaves f, : T'x — f*Ty induces a monomorphism

f* : Ao’l(Tx) — Ao’l(f*Ty)

of global C'*°-forms of type (0,1). By means of this map f., we can view in
particular the harmonic (0,1)-forms on X with values in Tx as (0, 1)-forms
with values in f*Ty. (Note that the images in A%1(f*Ty) are in general no
longer harmonic with respect to a hermitian metric on Y.) We denote the space
of harmonic forms by H%(X, Tx).

PROPOSITION 4.

’ ~ {x € AO’O(f*TY) : 5)( c f*(fHO,l(X, Tx))} .
e {f:(¢) : C€e HO(X,Tx)} =t Hxyy.

Proof. Since f is non-degenerate, we can simplify D’y Jy to

! >~ {E € AO’O(Xa f*TY) : 5& € f*(AO’l(TX))} —. D"
X/Y — {f.(0) = ¢ e AWO(Tx)} = Dx/y-

Then there is a natural map from Hy/y to DY Iy We have to show that

this map is indeed bijective. Let & € A%C(f*Ty) such that 9¢ = f.0 for a
¥ € A% (Tx). There exists a ¢ € A%(Tx) such that ¥/ = ¥ + 9¢ is harmonic.
Then x = £+ f.(C lies in the same class as £ in D’)’(/Y and we have Oy = f,00'. If
X, X' € A%0(f*Ty) are given such that dy = f,¥ and dx’ = f.¥' for harmonic
forms 9,9 € A®Y(Tx) and ' = x + f.(, then it follows by f. = 9x' =
O(x + f+¢) = fo(¥ + 9¢) and the injectivity of f, that ¥ = ¥ + d¢. Thus
the two harmonic forms 9 and 9" are Dolbeault equivalent, hence coincide. It
follows 9¢ = 0, i.e. ( is a global holomorphic vector field on X. Therefore, the
vector fileds x and X’ determine the same class in Hy,y. |
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REMARK 1. We consider the case H*(X,Tx) = 0. We get
Dxjy =2 {x € A" (f*Ty) : Ox € f.(H"' (X, Tx))} = Hx,y

and we write the exact sequence 3 in the form
0= HOX, f*Ty) % Hx)y 2 f(HON (X, Tx)) 5 H' (X, f*Ty).

Now all maps have a very simple description: a can be read as an inclusion.
The map B is simply O and v assigns to a form f.(9) € AY(X, f*Ty) its
Dolbeault class in HY (X, f*Ty). The ezactness comes immediately.

From now on let also Y be equipped with a hermitian metric h. The pullback
(f*Ty, f*h) is then a hermitian bundle on X. We denote the adjoint operator
of 0 with respect to f*h on the space A%(X, f*Ty) by 9;. On the space
A% (X, f*Ty) and A%Y(X, f*Ty), we denote the harmonic projection and the
Green operator by H and G respectively. It is well-kown that G commutes
with 9 and 5;';.

PROPOSITION 5. Let HY(X,Tx) = 0= HY (X, f*Ty). We interpret the eract
sequence

0— HX, f*Ty) — H°(X,Ny) = HY (X, Tx) =0

as

0 — HYX, f'Ty)S {x € A%°(f*Ty) : Ox € f.(H" (X, Tx))}
O £ (HONX, Tx)) — 0.

Then we have a splitting by means of the following maps:

0« HOX, f*Ty) <L Hy )y <25 £ (HON(X, Tx)) < 0.

Proof. We have the identity id = H + GOy, where Oy = _;;5 for elements in
A% (X, f*Ty). O

REMARK 2. Since H(X, f*Ty) = 0, there are no harmonic (0,1)-forms with
values in f*Ty. Hence, the Laplace operator Lz = 5,’;5 s nvertible on
the space A®Y(X, f*Ty) and the inverse operator is the Green operator on
AYY(X, f*Ty). Therefore, we have in particular u = Gég;';u = 5G5;u for all
u € fo(HOUX, Tx)).

PROPOSITION 6. Now let H*(X,Tx) = 0= H(X, f*Ty). We write the exact

sequence
0— HYX,Ny) — HY(X,Tx) - H' (X, f*Ty) = 0

as

0 = {xeA(fTy) : dx € FHO (X, Tx))} B fu(HO1 (X, Tx))

A 1ONX, fTy) — 0.
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Then we have a splitting by means of the following maps:

0 Hy/y <25 f(HON (X, Ty)) ¢ HON(X, F*Ty) + 0.

Proof. We have the identity id = H + U5G, where 5 = 55;; for elements in
ASL(f*Ty). O

REMARK 3. Proposition 5 asserts that one can assign on the infinitesimal level
to a deformation of f : X — Y, i.e. an element of Hx,y, an element of
HY(X, f*Ty), i.e. a deformation where the complex structure remains un-
changed. The second proposition 6 means that one can assign to an infinitesi-
mal deformation of X an infinitesimal deformation of f: X — Y.

REMARK 4. It is not difficult to generalize the results of this section to the case
of general deformations of holomorphic maps which do not fix the target space
Y.

3.3 MOVEMENT OF BRANCHING POINTS

We end this section with a rather concrete infinitesimal consideration of the
Hurwitz space. For this, we consider the universal family X — P' x H™?. As
we have seen in the introduction, the complex structure on H™? is given by
the finite unbranched topological covering

br: H™? — Sym" P\ A =P} \ A.

This map assigns to a branched covering its set of branching points on P!,
which we read as a divisor on P!. We write for short H = H™® and consider
an arbitrary point so € H as well as the corresponding covering 8 = S5, :
X = X, — PL. We write B = br(sg) for the branching divisor. Then the
differential

bry : Ts, (H) — Tp(P})

is an isomorphism. There is an intrinsic isomorphism (see [ACGII85, p. 160])
Tp(P,) = H'(P',0p(B)).

The space H°(P*, Op(B)) is known as the space of infinitesimal deformations
of the effective divisor B on P!, see [HMOZ, p. 94]. We take the geometric
point of view and interpret a tangent vector at sop € H as an equivalence class
of smooth curves in H through the point sy under the equivalence of first order
approximation. These correspond via the map br to curves in the space of
branching points or differently speaking: The infinitesimal movement of the
b branching points in P} corresponds to an infinitesimal deformation of the
covering 3 : X — P'. But we have seen that these infinitesimal deformations
are in turn described by the space

TSO(H) = HO(X’NB) = HX/IP’la

DOCUMENTA MATHEMATICA 23 (2018) 1829-1861



KAHLER GEOMETRY ON HURWITZ SPACES 1841

which appears in the tangent sequence
0— H°(X,B"Tp) — Hx/p — H' (X, Tx) — 0.

An element in H°(X, Ng) is represented by a differentiable vector field on
X, which is meromorphic in a neighborhood of the ramification points with
simple poles there (compare also the presentation in [NR11, pp. 126-128]). If
2%, ..., 2" arelocal coordinates centered around the branching points x1, . . ., s,

this vector field has the local expression

o
J AU
g ayz;

v=—1

around the point x;. Let ¢; = a’ | be the residue of this vector field at the
point x; with respect to the coordinate z;. By means of this coordinates we
can identify H°(X,Og) with C’. The vector field then represents the value
(c1,¢2,...,¢p). The subspace H(X, 3*Tp1) C Hxp1 stands for the infinites-
imal deformations of 3 : X — P!, where the complex structure of X remains
(infinitesimal) unchanged. This means that the complex structure remains in-
finitesimally unchanged along directions of vectors, which are residues of holo-
morphic vector fields with simple poles in the ramification points. The residue
of a meromorphic vector field depends on the chosen coordinates. However, the
property ¢ = 0 and ¢ # 0 respectively does not! Now we can ask the question
which movements of branching points keep the structure on X fixed or not.
One result in this direction is the following statement:

PROPOSITION 7. If one moves less than 2g — 2 branching points on P!, the
complex structure on X changes.

Proof. Let
b
R= Zpi
i=1

be the ramification divisor of 5 on X and

the branching divisor on P!, where 3(p;) = ¢;. Since we have a simple covering
B : X — P!, there is an one-to-one correspondence between the ramification
points on X and the branching points on P!. An infinitesimal movement of
the points qi,...,q is an element of H°(P*, Op(B)). In local coordinates z;
centered around the points ¢;, such a section can be written as

b
n=2_m
i=1
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where
1
Ni = Qi
i
If the k-th point is not moved, we have (in all such coordinates) a; = 0. By
means of the identifications

HO(P', Op(B)) = Tp(P}) = T,,(H) = H°(X, Ng) = H(X,OR)

such a section gives a differentiable vector field on X, which is meromorphic
in a neighborhood of the ramification points. In this situation we have a pole
(that means the "residue” is different from zero in all centered coordinates) if
and only if the corresponding branching point moves. Now the question is the
following: Is there a meromorphic vector field on X, which has simple poles in
only r < b of the b branching points? For r < 2g — 2 the answer is negative,
since the line bundle Tx (R’) has negative degree for a divisor R’ < R of degree
r and hence has no non-trivial holomorphic sections. O

REMARK 5. The statement of the proposition can already be found in the note
[Fri12]. There, using methods from Teichmdiiller theory, the statement is proved
by assigning a Beltrami differential to each movement of branching points. This
leads to a Riemann-Roch discussion of the space HO(X, Kx(—B)), the Serre
dual of the space H*(X,Tx(B)).

4 THE WEIL-PETERSSON METRIC

4.1 FAMILIES OF COVERINGS

We apply the deformation theory developed in the last section to the case of
branched coverings of compact Riemann surfaces. We fix a compact Riemann
surface Y of arbitrary genus. We use the notation and definitions from [ABS15].

DEFINITION 4. A holomorphic family of coverings of Riemann surfaces is a
holomorphic map ® = (8, f) : X =Y x S, where the maps s : Xs = Y are
non-constant holomorphic maps of a compact Riemann surface X5 to Y.

Now let (8, f) : X = Y x S be a holomorphic family of coverings with g(X;) >
1, i.e. X5 is hyperbolic. We fix a point so € S together with the fiber X = X,
and the corresponding map By = s, : X — Y. Let z be a local holomorphic
coordinate on the fibers and s = (s',...,s") be local holomorphic coordinates
on S, which we use as coordinates on X’ such that f(z,s) = s. Then every fiber

X carries an unique hyperbolic metric
wx, = V—1g(z,8)dz Ndz

of constant Ricci curvature —1, which is C*° and also depends C'*°-differentiable
on the parameter s. It therefore holds

2

020%

logg(z,5) = g(2,5). ()
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The Kihler forms on the fibers of f yield a hermitian metric g~!(z, s) on the
relative canonical bundle Ky ;5. We denote its curvature form by

wy =/ —1001logg(z, s).

Because of 5 we have

Wx|x, = WwWx,.

Let
ps: TsS — HY (X, Tx.)

be the Kodaira-Spencer map of the deformation f : X — S at s € . Let
0/0s = 0, be a tangent vector in T,S. Harmonic representatives of p(9s) with
respect to the hyperbolic metrics on X are harmonic Beltrami differentials,
which we denote by ps = p?,0,dz. These objects can be obtained by horizon-
tal lifts of O (see [Sch93]), which are also canonical lifts in the sense of Siu
([Siug6]). This lift can be computed as

vy = 05 +aZds where af = —g*%gz, (6)

which indeed gives a lift of 05 perpendicular to the fibers with respect to wy.
In this notation gsz is the component of wy in the direction of z and s. The
harmonic Beltrami differential is given by

ps = (0vs)|x, = 05(a3)0.dz.
Now we consider the characteristic map
751 TsS — H°(Xs, Ng.).

Since we have chosen a Kéhler metric wx, on X and there are no non-trivial
holomorphic vector fields on X, we can identify H°(Xs, Ng,) with

Hy,jy ={x € A" (B:Ty) : Ox € Bs(H* (X, Tx))}
by the results of the last section. One obtains a representative of 7,4(0s) in

Hx, /vy also by using the horizontal lift vs:

op o
Us 1= B*Us = 6*(85 + aiaz) = a_fa_w

where we introduced the notation
& =0p/0s, (¢ =0B/0z.
This gives a differentiable vector field X with values in 8:7Ty such that

5(“5) = MsC;andE € ﬁs,*(/HO’l(XS’ TXS))'

2080w ey O
+as$a_w_(€s +as§z)awa

By Proposition 3 and the proof of Proposition 4 we have 7,(0s) = us € Hx_/y.
We call the elements of Hy_,y (by abuse of notation) generalized harmonic
representatives of the characteristic map. We also state this as a result:
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PRrROPOSITION 8. The pushforward of horizontal lifts of tangent vectors give
generalized harmonic representatives of the characteristic map.

REMARK 6. The vector fields us have already been constructed in the work
[ABS15] without being aware of their deformation theoretic meaning. These
objects were used for defining the Weil-Petersson metric, see below.

4.2 DEFINITION OF THE METRIC

We keep the notation from the previous subsection. Using the harmonic repre-
sentatives of the characteristic map, we are able to introduce a metric on any
smooth base S of an effectively parametrized family (8, f) : X — Y x S of
coverings of Riemann surfaces. Let s = (s!,--- ,s") be again local holomorphic
coordinates on S, which we use together with a coordinate z on the fiber as
coordinates on X’ such that f(z,s) = s. Moreover, let w be a local holomorphic
coordinate on Y so that 8(z, s) = w. The Kéhler metric on Y of constant Ricci
curvature (+1, 0 or -1 depending on g(Y")) reads as

wy =V —1hyug dw A dw.
For the pullback of this metric we get
fruy = V—=lhww(B(25))
(Y dz Ndz+ (P8 dz Nds? + (T ds’ Ndz + &P ds" Ads?) .
Here and in the following we are using Einstein’s convention of summation.
The explicit expression for wy = /—1991log g(z, s) gives
wy = V—1(g.zdz NdZ + g.5dz A ds’ + gizds' A dz + gijdsi A ds?).

For a tangent vector 9; = 0/9s',1 <i < r, we set u; := Uy psi- For any s € S
the space Hx /v C A%O(X,, B*Ty) carries a natural scalar product. Thus we
define

Gmg(s) = /ui-u_jgdA

s

= / (& +ai¢)E + a5 G huw(B(z, 8)) V—-1g:z(z, 5) dz N dz.
Here we were writing gdA = /—1g¢.=(z,s)dz A dz for the area element with
respect to the hyperbolic metric on the fiber Xs. As we will see soon, already
this product gives a hermitian metric on the base S if the family is effectively
parametrized as a family of maps. But for obtaining a Kéahler metric, we need
a second term, see [ABS15]. We set

wp . _ *
Goiz = /‘Pijﬁis

s

= /X goij(z,s)hwm(ﬁ(z,s))g“;”(z,s)gg(z,s)\/—_ldz/\df.
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Here we used the function
pig = (Vi Vj)wx = 9iz — 9iz9:39" "

which is the inner product of the horizontal lifts in the direction of 7 and j with
respect to the form wy. One should compare the expression for G§'F with the

easier expression
/ 07 gdA = / Vi5 Wx,
X X

of the Weil-Petersson metric for the family of compact Riemann surfaces f :
X — S (see [LSY04]). We define the Weil-Petersson inner product for two
tangent vectors 9/0s’ and 9/0s’ at the point s by

(0/0s',0/& sywp = GVT (s) == GIVE(s) + GIE(s).

0,i7 1,i7
4.3 POSITIVITY OF THE PAIRING

PROPOSITION 9. [ABS15] The Weil-Petersson product is positive definite if the
Sfamily
B, f): X =Y xS§

18 effectively parametrized.

Proof. We present a more conceptional proof than in [ABS15]. We prove the
property at a point s € S and choose a tangent vector 0; € TsS such that
GYP(s) vanishes. First, we consider

Gg'fsg(S) = /X 0s3(2, 8) huw(B(2,8))CY (2, 8)(Z (2, 8)V—1dz A dz.

From the equality
(Dws + 1)()055 = ||Ms||2
and the fact that the operator O,,, +1 is strictly positive (see [Sch12]), it follows
that @4 is non-negative. Since also the second term G‘f‘fg (s) is non-negative,
we have
G (s) =0=Gl5(s).

Now it follows from
GIEE) = [l gda—o
X

that u, = 0 as an element of Hy, vy C A%%(X,, 8:Ty). Hence, 75(ds) = 0
and since 74 is injective for a effectively parametrized family, we finally get
ds = 0. O

REMARK 7. The vanishing of us means for the local expression £X +aZ(Y =0,
ie. aZ = —=&Y/CY. Since af is everywhere differentiable and hence does not
have any poles, aZ must therefore be holomorphic. Then the family of complex
structures f : X — S is infinitesimal trivial at the point s in the direction of Os
and ug is an element of H(X,, B:Ty). But this element is zero, so the family

of coverings 8 : X — Y is also infinitesimal trivial at s in the direction of Os.
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4.4 'THE CHOICE OF COORDINATES

We consider the case of families of coverings (5, f) : X = Y x .S of compact
hyperbolic Riemann surfaces X over an one-dimensional base 0 € S C C. We
assume that the horizontal lift

vs = 05 + a0,

of the coordinate vector field Js is a holomorphic vector field on X. By inte-
grating this vector field (after a shrinking of S), we obtain a trivialization

D:Xox S =X, (2,8) — (2(2,5),5)

such that
%(2, s) =ai(z(z,s),s).
We now compute the family of metric tensors in these new trivializing coordi-
nates z, s:
9(z,8) = g(2(2,5),5) =: 9(Z, s).
We obtain for the derivatives log g

dlogg alogg% . dlogyg

0s 0z Os 0s
and further
__ D%logg _ 0%loggdzdz  0%logg 07
927 5395 | 020: 0z0s = 070s 03
(9z2a§ + 982)82/65
since B
a; = —9""gsz.

Hence, we have in the new coordinates a? = 0, i.e. v3 = J,. Now we compute
us in these trivializing coordinates. We set

Blz,5) = B(2(2,5),8) = B(Z,5) =2 w(Z, 5).
Then
0B 9B 080z

-2 0P

ds ds 0z Os
= & +a;

and ug = E;ﬂaw. We observe

PROPOSITION 10. A family (B, f) : X =Y x S is locally trivial as a family
of coverings at a point sg € S, that means the restriction of the family to a
neighborhood of sy € S" C S is isomorphic to (Bs, X pry) : Xg x S =Y x &
if and only if us(z,s) =0 entirely on X|g.
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4.5 PREPARATIONS AND USEFUL IDENTITIES

In this subsection, we recall briefly the calculus of covariant derivatives, which
we apply to global C'*°-sections of the hermitian bundle (5*Ty,S*h). Fur-
thermore, we collect some useful formulas for the further computations, which
already appear in the computation of the curvature of the Weil-Petersson met-
ric on the Teichmiiller space.

By keeping the notation from the previous subsections, we use the symbol |
for ordinary and ; for covariant derivatives. We set 0, = 0/0z,07 = 0/0Z
and 0, = 8/03’287 = 0/0s' for coordinate directions 1 < k,I < r on the r-
dimensional base S. Let u = u"(z,$)0, and v = v¥(z, $)0y be vector fields
along the fibers of X — S, i.e. us := u(z,s) and vy = v(z, s) are differentiable
families of vector fields with values in 87Ty . Then

0, (u,v) = 0,(u-7)
0, (U™ hy)

_ w, w w, w w, w
= upv howw + u U|Zhwm+u VY Py

= uﬂvwhw@ + u“’vlfhwm + uwvml"w(;” hww

= U,;U;Ehwﬁ + uwﬁ;zhu@

= V.(u) - 7+u-V,(7)

= (Vi(u),v) + (u,0=(v)),
where we introduced the covariant derivatives

Va(u) = (ul + Tw(u")0w
and B
V.([@) = (vlﬂ;)aw.
Here we set
Ly =Tw(B(2,5)) = (h(B(2,9)) " (Owh)(B(2,5)).

Analogously we have for 1 <k <r

ak(uav) = (vk(u)a U) + (ua a@(v))’

where

Vi) = (uff+ Tl u)o.
LEMMA 2. V. (hyw) = Vi(hww) = 0.
Proof. We compute
hwwz = hww): — DwC how = Do hew — Twl hew = 0.
Analogously
hwwik = huwie = Twi hww = Twéi huw — Twé hww = 0.
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Furthermore, we need some useful formulas for the computations in the next
sections, which already appear in the computation of the curvature of the Weil-
Petersson metric on the Teichmiiller space:

LEMMA 3. The following equations hold (see [LSY 0/, proof of Lemma 3.3]):

azai = _ani - ai 1Og 9, (7)

32113 = —Iza;— 8510g g, (8)

Oa; = —Aag—g 'Oz, 9)

Ora; = —Azap — g—laz%. (10)
Here we have T', = g~ 10.g.

Moreover, we have the following results (see [Sch93, Sch12]):

LEMMA 4. We write Ly, for the Lie derivative with respect to the vector field

vp. Then
3k/ 77:/ Li(n) and &l/ 77:/ Lz(n)
X. X. X X,

for any smooth (1,1)-form n on X.
LEMMA 5. Li(g.z dz Adz) = 0.
LEMMA 6. @45 = gi7 — ga;ay.
LEMMA 7. (O +1)pi;; = A; - Ay

The form A% (z, s)0,dZ = Ov;|x, is the harmonic representative of the Kodaira-
Spencer class p(0;).
The fact that the operator (O + 1) is invertible gives

COROLLARY 2. A deformation f : X — S is infinitesimal trivial at a point
sop € S in the direction of 1 < i <7 orl <j <r if and only if pi;(z,50) =0
for all z € Xq,.

REMARK 8. For simplicity we consider an one-dimensional base S with a local
coordinate s. It follows from equation (4.5) of Lemma 3 and the preceding
corollary: If f : X — S is infinitesimal trivial at s € S, then dzas = 0 = Jza.
Thus, the horizontal lift vs = Os + aZ0, is holomorphic with respect to z and
s if the family f : X — S is infinitesimal trivial entirely on S. By integrating
this holomorphic horizontal lift, we obtain a local trivialization of the family.

The vector field vy is a horizontal lift of J; with respect to the form wy. Now
we ask for a horizontal lift with respect to S*wy. Since this form has zeros, we
obtain a vector field with poles:

PRrOPOSITION 11. The horizontal lift O of O with respect to the form [*wy is
given by
Ok = Ok — (§/C")0= = Ok — & Ow.
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Proof. For
U = O + biaz,

the condition

(O + 170, 0:) ey = 0

leads to b7 = —¢&¥/C¥. O

Analogously to Lemma 5 we get
LEMMA 8. L, (hwwC¥ (¥ dz Ndz) = 0.
Proof. We write h.z = hyw(¥(¥ and | for an ordinary derivative. Then

Ly, (hez)z = [0k — (51:)/(,:))7 h:z).z
= hzz\k - (f;cu/gu)hzaz - (E;Z”/Cé“)\zhzz
= & howlw(E + hwaﬁ’\kCg
— GhealwC G — (& /Gl
+ G hewGE + (& /) hwwE G,
= 0.

REMARK 9. The generalized harmonic representative uy is the difference of the
classical horizontal lift vs and the horizontal lift vy.

4.6 KAHLER PROPERTY

Very often, the Kéahler property of the Weil-Petersson metric follows from a
fiber integral formula, because the exterior differential commutes with the fiber
integral. In this subsection, we prove the Kéhler symmetry by a direct compu-
tation, which gives us the insight that the single expression GV alone does
not yield a Kahler metric on the Hurwitz space.

The Kihler property means that dw"?” = 0. This is equivalent to the Kihler
symmetry

WGEF(s) = 0iGEF (s)
for all 1 < 4,5,k < r = dimS and s € S. We compute by using the Lie
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derivative Lj with respect to the vector field vy and Lemma 4:

ang/P(S) = akaf(s)+6kGWf(s)

1,15

= 8k/ sﬁijﬂ;‘(wy)Jrak/ w; - uz9dA

s Xs

= /Lk(sﬁij)ﬂ:(wY)+/ @iz L (B (wy))
Xs

Xs

+ / Ly (u; - uz)gdA + / u; - uzLp(gdA)
X X

= /Lk(sﬁij)ﬂ:(wY)+/ piz L (B (wy )
Xs

Xs

+

/ Dy (u;) - uzgdA +/ u; - Di(uz)gdA,
X X

where we introduced the notation
Dk(uz) = (Vk + azvz)(ui)

for the covariant derivative in the direction of the horizontal lift vi. We also
made use of Lemma 5. Now Ly(¢i7) = vk(pi) = vi(ers) = Li(pr;) (see
[LSY04, Lemma 3.2]). Furthermore, also the third summand is symmetric in ¢
and k:
Di(ui) = (Vi +apVa)(& +a;¢Y)

= & T D6 + ai&i. + ailuCl €l + af ¢ + ai )y +

+ Twéiail agai )¢ + apa; ¢, + apl'w(Caid’.
Because of ajaji, — afaj, = Oklog(g)a; — Oilog(g)ar and afj, — aj, =
0ilog(g)ar, — O log(g)a; the assertion follows. For the second and the fourth
summand we prove the following proposition, which gives a completely new
and non-trivial identity:

PROPOSITION 12.

/Xs pizLi(B5 (wy)) :/ up, - Di(u)gdA.

Xs
Proof. We write B
th = hwﬁC;UC%U
It holds
Lk (ﬂ: (WY>>ZZ == [ak + aiaz; th] = th\k + aih’zﬂz + ai‘zhzz
- hwmkgﬂg + hwﬁggfkcg + aihwngug
+ azhwﬁ Zzgg+a2\zh’zg
= Twhuwé&i X + huwCii ¢ + aiTwhumll ¢ Y

z w W z
+ a’kh’wE Z\ZCE +ak\zhzz'
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Moreover,
Vo, (uz) = (Vi + ai V) (& + aZ¢Y) = aZ,(T + ai A2 (T = —g770.0i5¢7 .
We rewrite the form h,zC(¥(&Fdz A dz as hy,m@dw A dZ and contract it with
the vector field (£} 4+ aj(¥)0,. We obtain in this way that the tensor (¥ (& +

aiC¥ ) hyw and thus also ¢5¢2 (€ + ai ¥ ) hyw is well-defined. Stokes’ theorem
applied to this globally defined (0, 1)-form ¢;5¢¥ (£ + a;CY ) hww yields

/ Vo (0T (ER + aiCY Yhu)dA = 0
and thus

- / 0o (T (EF + a3 Yy d A = / i (T(EP + aiC® ) humd A,

Now
(& + arC)iz = &, + Tw @& + ag . + ai), + Dl apdy
SO
(& +aild): G how = 5;‘1‘2@}%@ + Tu Y& huw
+ T humC T + afhumCE + 03¢0 Chum
= Li(huwll &)z
This proves the proposition. |

5 COMPUTATION OF THE CURVATURE

The computation of the curvature of the Weil-Petersson metric on the base
of a general effectively parametrized family (5, f) : X — Y x S of coverings
of Riemann surfaces seems to be difficult and leads to overflowed expressions
with hardly any interpretation. The reason for this relies on the fact that in
general there is no intimate relation between the hyperbolic metrics on the
fibers X, and the metric on Y. But both hermitian metrics contribute to the
expression for the Weil-Petersson metric, because it measures the variation of
the complex structure on the fibers X as well as the variation of the covering
maps s : Xs — Y. It is in particular the term G}V'¥ which is quite difficult
to deal with in this context. However, this term disappears if the underlying
family of complex structures is locally trivial. We can give a curvature formula
for such families. This covers the case of complex subspaces of the Hurwitz
space H™", which parametrize families of coverings 3 : X, — P! where the
complex structure of X is fixed. Moreover, we can give a curvature formula
for the bundle f,5*Tp1, which is then a bundle on the entire Hurwitz space and
gives the curvature formula of the subspaces by restriction.
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5.1 CURVATURE FOR A SUBSPACE

We consider the universal family (3, f) : & = (X,) — P! x H™" over the
Hurwitz space. Let b > 4g — 4. By Serre duality and deg(Kx, ® (8:Tp1)) <0,
the space H'(X,, 8Tp1) is trivial. Thus we obtain the short exact sequence

0— HY(X,,B:Tp) — HY(X,, Ng,) — H'(X,,Tx,) — 0.

This is the tangent sequence belonging to the map H™® — My,. For this to
be true, we have to restrict to the open part /\/12 which parametrizes Rie-
mann surfaces with trivial automorphism group. Denoting the corresponding
inverse image by H{"", we get a submersion H"" — M. Alternatively, we

can move to the universal covering H"™? and get a submersion H™* — 7, onto
the Teichmiiller space. A fixed compact Riemann surface X of genus g > 1
without non-trivial automorphisms represents the isomorphism class of a com-
plex structure [X], that is a point in /\/12. We denote the corresponding fiber
under the submersion H™* — Mg by Hx. This subspace is a (maybe non
connected) complex submanifold of dimension 7 :=b— (3g—3) =2n— (g —1).
By construction, the fibers of the restricted family

Ffly1ux) = Hx

are all isomorphic and by a result of Grauert and Fischer, the family is complex
analytic locally trivial. The points of this subspace now parametrize isomor-
phism classes of simple branched (n,b)-coverings where the surface X (i.e. its
complex structure) is fixed. Let so € Hx be given by a covering 3y : X — P!
We choose local holomorphic coordinates s', ..., s so that the subspace Hx is
locally given by

{seH™ | s =... = 5" =0},

and thus we can take s',...,s" as local coordinates on Hx. Because our

computations are local in the base, we can restrict our family to a possibly
smaller base S C Hx and assume that the family Xs = X x S is in fact trivial.
We study the metric tensor G%VP for the base S and the family

(B, f): X xS =P x8S.

The family of complex structures is trivial, so in particular infinitesimal trivial.
Hence by Corollary 2 ¢;;(z,5) = 0 on X x S for 1 < ¢,j < r. Thus the first
summand Ggf’g does not contribute to the metric. Furthermore, we have on
X x S the constant family of metric tensors g(z,s) = g(z), where g is the
hyperbolic metric of constant Ricci curvature —1 on X. The coordinate vector
fields (9;)1<i<, hence exist on X x S and coincide with the horizontal lifts (v;)
(that means a; = 0 for all 1 <4 < r). The expression for the metric tensor

thus reduces to
Gis(so) = [ €€ hum g
X
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We start computing by using again Lie derivatives:

Girlso) = /X L(E7€7 hsy gdA)

= / (& huw) gdA.
Since
O (&85 ) = &ifi&5 hww + &85 On(h(B(2, 5)))
and
Hh(B ) = o (8(zs)- O

= (Owh)(B(z,9))¢)

= (h(B(z,5)) 7 (Quh)(B(z, 9)& (2, 5)h(B(2, 5))

= ng;cu hwﬁ

1853

(11)

if we set Iy, = B*T', where I'y, = 0,,log(h) = (O,h)h™1, we identify (11) as a

covariant derivative and write
W (&' & huww) = (Vi&P)E husw.
Thus as a first result we obtain

LEMMA 9.
akGij(So) = / (kazu)fjwhwm gdA.
X

We continue computing

30:Gir(s0) = O / (V)P s gd A
X

/X Oy (Vi )EP huv) g A.

Analogously to above we get

&l ((ngzw)gjmhwﬁ) = &l(kazwk.jmhwﬁ + vk&?vf(fjm)hwﬁv
where
HVrEr) = o (& + Tugre)
But now

O = O (M) Quh)(B(z.9))
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Since
OpOwlogh = 05 ((Owh)h™")
= (aﬁawh)h_l - (awh)(aﬁ)h_Q
= *Khv
we have &I, = — K € T where we set

Kuw = B*(Kp) = B (—0p0w logh) = Kp1 hys.

(Of course we have Kp1 = 1, but we prefer to write Kp:1 for keeping track of
the influence of Kp1.) Altogether we obtain

LEMMA 10.
B0,GY T (s0) = / (Vi) (Vi huy gdA — K / EETELETIZ, gdA.
X X

Now we choose normal coordinates around the point sg, that means coordinates
such that
akGij(So) =0= &ZG@(S()),

that is
S
X

Since the vector fields {£}d,, for 1 < k < r form a base of H(X, 35 (Ty)),
this means that
(Vigi") L H(X, 85 (Ty))-

Since g = 9*0 on the space of differentiable vector fields with values in 3 (Ty)
and because of the identity id = Hz 4+ G515, we can now write

/X (Vi) (Vo) hum gdA = (Vi Vi€")
<G8Da Vi) Vi)

= (0"Gz0 (Vi&l"), Vi)

= (Gp

VkE LOVIEY) .
Since
Vil = € + Tulle?,
we have
O(Vi&l") = —Kuub € (P dz
and thus

/X (Vi) (VieP o gdA = (GB (Vit?),OVLEY)

K (Ga(& 60 & huwd?), 6 E huwdz)
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Introducing for abbreviating
VindZ © O 1= (€1 huw) dZ @ O,

we can now write
| ue Vi ham 9aA = K2 [ Gy (a)? ()T = 1 a2
X X
:ﬁj%ww%m.
X

The full curvature tensor Rﬁkz of the Kahler metric G; at a point s € S is
given by

9*Gy5 _ 0Gg, (O0G
_55 G () SKT () 0L ().

ptasr )TN 5 ()55 ()

Here G? denotes the inverse. In our normal coordinates this reduces at the
point s to

Rijki(s) =

R = - sac
ijki(SO) T T 9d0sh (s0) = —0;0kGi7(s0)-

Thus we arrive at

COROLLARY. The curvature of the Weil-Petersson metric for the subspace
Hx C H™ is given by

Riyi(s0) = — /x Go (Vi) b7 gdA
+ / (& - &) (& - &) gdA
X
where Y, dZ @ Oy := (16 (P hyw) dZ ® Oy

5.2 CURVATURE OF f,5"Tp:

We consider the universal family of simple (n,b)-coverings over the Hurwitz
space (3, f) : X — PLxH™? for b > 4g9(X,)—4. By Serre duality and deg(K x,®
(B:Ty)*) < 0 we get h'(Xs, B:Tp1) = 0 for all s € H™® in this case. Hence
the dimension of H%(X, BTp1) is constant on H™® and different from 0 by
the theorem of Riemann-Roch. Thus, the sheaf f,3*Tp: is locally free on H™?,
that is a vector bundle. We denote its rang by r := h®(X, 8:Tp1). The fiber of
this bundle over s € H™ is just the space H°(Xy, 8Tp1). For a neighborhood
U C H™", we identify the space of holomorphic sections I'(U, f.3*Tp1) over
U with T'(f~1(U), 8*Tp1), that is the space of holomorphic vector fields on
f~Y(U) =: Xy with values in the pullback of the tangent bundle 3*Tp1. For
a base of local holomorphic sections u1,...,u, € H°(Xy, 3*Tp1), the natural
L?-metric is given by

Gij(s):/x ui(z, s)u;(z, s)h(B(z, s))g(z, s)dA.

s
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This metric coincides with the induced Weil-Petersson metric GIVF on the
subbundle of the tangent bundle

£.8*Tr C Tyynos.

REMARK 10. The bundle f.3*Ty and the corresponding metric are also defined
for a family (B, f) : X =Y xS whenY is a torus. In this case Ty is trivial.
Hence also B*Ty s trivial on X and thus f.5*Ty is the trivial line bundle
Og on the base S, because f has connected fibers. Taking a global trivializing
section u =1 on S, we obtain a constant metric on the bundle S x C. For the
case g(Y) > 1 we have h®(Xg, BXTy) = 0, since deg 3*Ty < 0. In this case,
the direct image sheaf R f.3*Ty is always a vector bundle on S.

We start computing the curvature of the bundle f,5*Tp:1 on the base H™? of
dimension b > 4g(X,) — 4. For this, we choose local coordinates s',..., s’ on
H™® in a neighborhood of a fixed point s and an orthogonal frame uy, ..., u,

of local holomorphic sections such that
Giz(s) = biz
and
(9sz3(8) =0

forall 1 < k <band 1 < 4,5 < r. The curvature form R of the Chern
connection on F := f,3*Tp: is an element of A1 (S, End(E)), which is locally

given by
/[—1

R = “— Ry ds' N ds @ u* @ up,

m _ m _
where R, = G"™R,;7 and

RYE(s):= R_(s) = — PGy (s) = —OkGiz(s)
igkl : 7kl 95k 0s! 19kGiz(S).

We start computing and will use L;(gdA) = 0 (see Lemma 5) several times.
We get for the first derivative

0kGiz(s) = /X Lk(u;-”ujmhwm gdA) = /X Dk(uz")ujmhwm gdA,

s

where Dy, = Vi, + a7V, and af is now in general only differentiable. Here
we used that u; is anti-holomorphic in z and s = (s!,...,s?). For the second
derivative we obtain

00Giz(s) = . Dy (ui’) Dy(ug ) hoa gdA
+ /X Dka(uf)ujwhwm gdA,
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where

Dp(u;) = upr + ajui.
= Ui+ 0w +ai(ui, +TwClus).

Since ay, is in general not holomorphic, we have

D;Dy(vw;) = (0;+ aizag)Dkui
Kt — KT s
- izajg + 97182@k2>ui;z
+ a%AiEui;z
— A KuwCui — af af Kuw(E Cug
= —Kuu(& +aZ@) (& + aiC)ui
g Ozp i

Here we used equation (4.5) of Lemma 3. Altogether we obtain

J

—azang/P’l(s): - /X Dy (uf’) Dy(u¥ Y hoyw gdA

+ Km / (67 + aZCP)(ER + a2 (@ uPuPh2 g gdA

s

+ / 9~ Ozpuit v hu gdA.
X
Using Stokes’ theorem, the third term can be rewritten as

/ gil&zgakzui“;’z U?hw@ gdA
Xs

- / gilaz aEQDkZuzw ujmhwﬁ gdA
Xs

/ /%) kiu}”u?hwm gdA

s
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or alternatively as

/ 97 Oz uf huw 9dA
X

= / g’lgpszwEQ’JCguyJU?hwﬁ gdA

s

— /gflgakzuszugzhw@ gdA

s

— En / ot U h 57 (v

s

- / a2, JC2) (425 CF) B (wy).

s

MAIN THEOREM. The curvature of the Weil-Petersson metric on the subbundle
f«B85Tp1 C Tyynv is given by

Rgf;(s): — /X Dk(uiw)DZ(qu)hwE gdA
+ / T (R + af () (ER + ECT )M gdA

+ /Dgakzu;"ujmhwm gdA.

s

The last term can be rewritten by using Stokes’ theorem as

/ g ujﬁhwm gdA

- / 0710 0,70l uT oy gdA

/ g_laggokzu;‘;’z ujmhwm gdA

= / 9 PuKuwwC G ug huw gdA — / 9™ PuizusEhew 9dA

Kp / Py uy huw B (wy) — / ou(uil. /) (/) Bl(wy).

Using the identity id = H + OgGg = H + 0*G 50, the first term can be split
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up as

- / Di(ul) Dy(uT Yoy gdA

) / G (6 + 03¢ ) Thum) (WF (€T + aZT)C hup) s dA

K / G (0, Az) (w67 + aECE)C B o dA

lz

~ Ko [ Golul (68 + i) hm) (A7 o dA
— [ Golut AR AT s

REMARK 11. In his article [Be09], Berndtsson computes the curvature of the
bundle f.(L ® Kx;s) for a general holomorphic fibration (submersion) f :
X — S and a line bundle L on the Kdhler manifold X. He proves that the
direct image f.(L ® Kxg) is Nakano (semi-)positive if L is (semi-)positive
on X (compare also [LSY13, LY1/]). For the Hurwitz space H™", the bundle
L :=p*Tp ®K;(}S is positive along the fibers for b > 4g—4. But fiberwise, the
curvature of the metric 8*h-g on the line bundle 5*Tp1 ® K;(}S s not positive
everywhere, because it is negative in the ramification points.
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