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ABSTRACT. We study duality theorems for the relative logarithmic
de Rham-Witt sheaves on semi-stable schemes X over a local ring
F,[[t]], where F, is a finite field. As an application, we obtain a
new filtration on the maximal abelian quotient 73" (U) of the étale
fundamental groups 71 (U) of an open subscheme U C X, which gives
a measure of ramification along a divisor D with normal crossing and
Supp(D) C X — U. This filtration coincides with the Brylinski-Kato-
Matsuda filtration in the relative dimension zero case.
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INTRODUCTION

The motivation of this paper is to study ramification theory for higher-
dimensional schemes of characteristic p > 0. In the light of class field theory,
we want to define a filtration on the abelianized étale fundamental group of
an open subscheme U of a regular scheme X, which measures the ramification

IThe author is supported by the DFG through CRC 1085 Higher Invariants (Universitit
Regensburg).
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of a finite étale covering of U along the complement D = X — U. More pre-
cisely, let D = Ule D; be a reduced effective Cartier divisor on X such that
Supp(D) has simple normal crossing, where Dy,---, Dy are the irreducible
components of D, and let U be its complement in X. We want to define a
quotient group 5P (X, mD)/p" of 7P (U)/p", for a divisor mD = Y7, m;D;
with each m; > 1, which classifies the finite étale coverings of degree p™ over
U with ramification bounded by mD along the divisor D.

We define the quotient group 7P (X, mD)/p™ by using the relationship between
7P (U)/p™ and HY(U,Z/p"Z), and by then applying a duality theorem for
certain cohomology groups. For this we assume some finiteness conditions on
the scheme X. The first is to assume that X is smooth and proper of dimension
d over the finite field F,. For a finite étale covering of U of degree ¢", where
¢ is a prime different from p, this was already done by using duality theory in
l-adic cohomology [SGA4 [AGV72]]. The Poincaré-Pontryagin duality theorem
[Sai89] gives isomorphisms

7P (U) /0" = Hom(HY (U, Z/0"),Q/Z) = HY(U, Z/¢™(d)).

The case of degree p™ coverings is more subtle, as we deal with wild ramification
and there is no obvious analogue of cohomology with compact support for
logarithmic de Rham-Witt sheaves. In [JSZ18], we proposed a new approach.
That duality theorem, based on Serre’s coherent duality and Milne’s duality
theorems, together with Pontryagin duality give isomorphisms

i (U)/p" = Hom(H" (U, Z/p"Z), Q/Z) = Jim HU(X, W Q% 11 10,

m

where Wanlqm D.log (see Definition 3.3.1) is the relative logarithmic de Rham-
Witt sheaf with respect to the divisor mD. Using these isomorphisms, we
define a quotient 73 (X, mD)/p" of 73(U)/p", ramified of order mD where
m is the smallest value such that the above isomorphism factors through

HY(X, W"lequ,log)' We may think of 7%°(X,mD)/p"™ as the quotient of

79(U) classifying abelian étale coverings of U whose degree divides p™ with
ramification bounded by mD. In [KS14][KS16], Kerz and Saito also defined a
similar quotient group by using curves on X.

The second finiteness condition is to assume that X is proper (or projective)
over a discrete valuation ring R. More precisely, we may assume that X is a
proper semi-stable scheme over Spec(R). Then there are two cases: mixed and
equi-characteristic. In the mixed characteristic case, instead of logarithmic de
Rham-Witt sheaves, Sato [Sat07b] defined the p-adic Tate twists, and proved
an arithmetic duality theorem for X. In [Uzul6], Uzun proved that over the
p-adic field 7¢(U)/n is isomorphic to some motivic homology groups, for all
n > 0.

In this paper, we treat the equi-characteristic case, where the wildly ramified
case has not been considered before. We follow the approach suggested by
Jannsen and Saito in [JSZ18]. The main result of this paper is the following
theorem.
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THEOREM A (see Theorem 3.4.2). Let X — Spec(F,[[t]]) be a projective strictly
semistable scheme of relative dimension d, and let X, be its special fiber. Let
D be an effective Cartier divisor on X such that Supp(D) has simple normal
crossing, and let U be its open complement. Then there is a perfect pairing of
topological Z./p™Z-modules

1 T : d —1 d -7 Tr n
H' (U, W Q5 105) X @fo (X, W Q0 ) — Z/0"Z

where the H;ng*i(X, Wnﬂgl;‘rrl&; 1Og) is endows with the discrete topology, and

HY(U, WnQ&log) is endowed with the direct limit topology of compact-open
groups.

Therefore, we can define a filtration Fils on H*(U, Wi 10g) Via the inverse
limit (see Definition 3.4.9). This theorem and Pontryagin duality give isomor-
phisms

R(U) /" = Hom(H' (U, 2/p"2), Q/2) = lim HEH (X, W, Q241 ),

X|mD,log

and so we may define 7 (X, mD)/p" as the dual of Fil,,HY(U,Z/p"Z) (see
Definition 3.4.9).

This paper is organized as follows.

In the first section, we will prove a new purity theorem on certain regular
schemes. Its cohomological version will be used later for the trace map in the
above duality theorem.

THEOREM B (see Theorem 1.4.4 ). Assume X is as before, and i : Xs — X
is the special fiber, which is a reduced divisor and has simple normal crossing.
Then there is a canonical isomorphism

Gys'°® . l/ff’XS 1] —= Ri!WnQiﬁag

i,n
in DT (X, Z/p"7Z), where
vl x, = ker( @D iasWnQl 10g = P i Wa Q1)
zeX? reX!
and X! is the set of codimension i points on Xs, for i =0,1.

Our goal in the second section is to develop an absolute coherent duality on X.
This can be achieved by combining an absolute coherent duality on the local
ring B = Spec(FF,[[t]]) and a relative duality for f. For the former, we use the
Grothendieck local duality, and the latter is following theorem.

THEOREM C (see Theorem 2.3.1). Let f : X — B = Spec(F,[[t]]) be a projective
strictly semistable scheme. Then there is a canonical trace isomorphism

Trp - Q1 d) S ok,
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In the third section, we study the duality theorems of logarithmic de Rham-
Witt sheaves on our projective semistable scheme. In fact, we will prove two
duality theorems. The first one is for H*(X, WnQJXJO g)7 which we call unrami-
fied duality.

THEOREM D (see Theorem 3.1.1). The natural pairing
HY(X, W 10,) X HEP2TH(X, W QL) = HE2(X, W08 ) 5 2/
induces an isomorphism
HY (X, W 1,) = Homz g (HE> ™ (X, W Q). 2/p"Z).
of Z/p"Z-modules.

The second is the above main Theorem A for H(U, WnQ{MOg). We call it
ramified duality. To define the pairing, we do further studies on the sheaves
Wan(lm D.log in the middle two subsections.

In the last section, we will compare our new filtration with previously known
filtrations in some special cases. The first interesting case would be the fil-
tration in local ramification theory. We can show that for the local field
K = Fy((t)) our filtration agree with the non-log version of Brylinski-Kato

filtration file H! (K, Z/p"Z) [Bry83] [Kat89] defined by Matsuda [Mat97]:

ProprosITION E (Proposition 4.2.3). For any integer m > 1, we have
Fil,H'(K,Z/p"Z) = fil, H\(K,Z/p"Z).

ACKNOWLEDGMENTS The author would like to thank heartily Uwe Jannsen
for his advice and support over the past few years, and thank Shuji Saito
for his insightful discussions and encouragement. The author also want to
thank Moritz Kerz for numerous constructive comments, to Georg Tamme,
Patrick Forré, Florian Strunk and Yitao Wu for helpful conversations, and to
the anonymous Referee for her/his valuable comments.

1 PURITY

1.1 LOGARITHMIC DE RHAM-WITT SHEAVES

Let X be a scheme of dimension d over a perfect field k of characteristic p > 0,
and let W, (k) be the ring of Witt vectors of length n.

Based on ideas of Lubkin, Bloch and Deligne, Illusie defined the de Rham-Witt
complex [I179]. Recall the de Rham-Witt complex WQ% , is the inverse limit

of an inverse system (W, Q% /k)n21 of complexes
° d d i d
WSk = (WaQSp = WnSQx ), = - = Wl = ---)
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DUALITY ON SEMISTABLE SCHEMES 1929

of sheaves of W,,0Ox-modules on the Zariski site of X. The complex WnQ;(/k
is called the de Rham-Witt complex of level n.

This complex W, Q% Ik is a strictly anti-commutative differential graded W, (k)-
algebra. In the rest of this section, we will omit the subscript /k to simplify

the notation.
We have the following operators on the de Rham-Witt complex ([Il179, I)):

(i) The projection R : W, Q% — W,,_1Q%, which is a surjective homomor-
phism of differential graded algebras.

(ii) The Verschiebung V' : W,,Q% — W,4+1Q% , which is an additive homo-
morphism.

(iii) The Frobenius F : W,Q% — W,_1Q%, which is a homomorphism of
differential graded algebras.
ProrosITION 1.1.1 ([I1179, T 1.13,1.14]).
(i) For each n > 1, and each i, WanX is a quasi-coherent W, O x -module.
11) For any étale morphism f : — WL — W, Q% is an isomorphism
(i) F 1y €étal phism f: X =Y, [*W,Q}, — W,Q% ph
of W, Ox-modules.

Remark 1.1.2. Let .F be a quasi-coherent on X, we denote its associated sheaf
on Xg; by e, then we have HY(Xya,, F) = H (X, Fer), for all i > 0[Mil80,
I1I 3.7]. By the above proposition, we may also denote W,, Q% as sheaf on Xg,
and its étale and Zariski cohomology groups are agree.

Cartier operators are another type of operators on the de Rham-Witt complex.
Before stating the theorem, we set

ZW, Q% = Ker(d : W, Q% — W,Q");
BW, Q% = Im(d : W, Q" — W,Q%);
AW Q%) = ZW, Q% | BW, Q%
W, 0 =Tm(F : W, 1 Q% — W,0%)
= Ker(Fr—1d : W, & W, it 0 gist),

Since W1 Q% = QL ZW1Q% (resp. BW1Q% ) is also denoted by ZQ% (resp.
BQY.). Note that ZQY%, BQY, and #(Q%) can be given Ox-module struc-
tures via the absolute Frobenius morphism F' on Ox.

THEOREM 1.1.3 (Cartier, [Kat70, Thm. 7.2], [I196, Thm. 3.5]). Suppose X
is of finite type over k. Then there exists a unique p-linear homomorphism of
graded Ox -algebras

c@Pax — Py
satisfying the following two conditions:
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1930 YIGENG ZHAO
(i) Fora € Ox, C7'(a) = a?;
(ii) For dz € Q% , C71(dz) = 2P~ 'dx.

If X is moreover smooth over k, then C~' is an isomorphism. It is called
inverse Cartier isomorphism. The inverse of C~' is called Cartier operator,
and is denoted by C'.

Higher Cartier operators can be defined as follows, which comes back to the
above theorem in the case n = 1.

ProprosITION 1.1.4 ([IR83, III], [Kat85, § 4]). If X is smooth over k, then
there is a unique higher Cartier morphism C : ZyWp,11Q% — W, Q% such that
the diagram

v

Zy W, Qi W1 QL

el A

1s commutative. We have an isomorphism
WaQ 5 Zi W1 Q /dV QI
and an exact sequence
0= dV* QT 5 Zy W, % S W0k
For a smooth variety X over k, the composite morphism
W1 5 W, Q% — W, QY /dV Q!

is trivial on Ker(R : W,,11Q% — W, Q%) = V"Q% +dV"Q% . Therefore F
induces a morphism

F W, Q% — W, Q% /dvr—1oict.

DEFINITION 1.1.5. Let X be a smooth variety over k. For any positive integer
n, and any non-negative integer i, we define the i-th logarithmic de Rham- Witt
sheaf of length n as

W"Qé(,log = KeT(WanX i> WanX/an_IQZXil)

For any x € X, we denote WnQ;log = Wnﬂi(z) log» Where k(x) is the residue
field at x.
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Remark 1.1.6. (Local description of WnQiXJOg [[179, T 1.3]) The i-th logarithmic
de Rham-Witt sheaf W, Q% ,, is the additive subsheaf of W, %, which is étale

locally generated by sections dlog[zi], - --dloglx;],, where z; € O%, [z], is
_ dlz

the Teichmiiller representative of = in W,,Ox, and dlog[x], := ], In other
words, it is generated by the image of
dlog : (0X)%" — W,0%
(1, ,2;) +—— dloglxi], - - - dlog[x;],

PropPOSITION 1.1.7 ([CTSS83],[GS88al,[1l179]). For a smooth variety X over
k, we have the following exact sequences of étale sheaves on X :

(i) 0 — Wan(JOg LA Wn+m9ix,10g B, Winx,log - 0;
(ZZ) 0— WnQé(,log — WanX L__F‘_) Wanx/dvnlefx—l —0;

(iti) 0 — Wy 10y — Z1WaSly =5 W, Q% — 0.
Proof. The first assertion is Lemma 3 in [CTSS83], and the second is Lemma

2 in loc.cit.. The last one is Lemma 1.6 in [GS88a], which can easily be deduce
from (ii). In particular, for n = 1, (iii) can be also found in [I1179]. O

The logarithmic de Rham-Witt sheaves WnQé(,log are Z/p"Z-sheaves, which

have a similar duality theory as the Z/¢"Z-sheaves /Q@" with £ # p for a smooth
proper variety:

THEOREM 1.1.8. (Milne duality [Mil86, 1.12]) Let X be a smooth proper variety
over k of dimension d, and let n be a positive integer. Then the following holds:

(i) There is a canonical trace map try : Hi (X, Wan(,log> — Z/p"Z. 1t is
bijective if X is connected;

(ii) For any integers i and r with 0 < r < d, the natural pairing
HY (X, Wnx 10g) X HITHH(X, Wanlglgg) — Z/p"7Z
is a non-degenerate pairing of finite Z./p™Z-modules.
Remark 1.1.9. The proof can be obtained in the following way: using the exact
sequence (i) in Proposition 1.1.7, we reduce to the case n = 1, which can be
obtained from Serre’s coherent duality via the exact sequence (ii) and (iii) in

the same proposition.
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1.2 NORMAL CROSSING VARIETIES

In [Sat07a], Sato generalized the definition of logarithmic de Rham-Witt
sheaves from smooth varieties to more general varieties, and proved that they
share similar properties on normal crossing varieties.

Let Z be a variety over k of dimension d. For a non-negative integer m and a
positive integer n > 0, we denote by C5(Z, m) the following complex of étale
sheaves on X

D i W ome, D i W) Gome,

x,log
zeZ0 reZ!t
(=1)™-0 . _o (=D™.0
CU N arpe SV
xeZ°

where i, is the natural map x — Z, Z? is the set of codimension ¢ points, and
0 denotes the sum of Kato’s residue maps (see [JSS14, 1.7][Kat86]).

DEFINITION 1.2.1. (i) The mth homological logarithmic Hodge- Witt sheaf
is defined as the 0-th cohomology sheaf 7#°(C%(Z,m)) of the complex
Cy(Z,m), and denoted by v, ;.

(i) The mth cohomological Hodge-Witt sheaf is the image of
dlog: (05)%™ — @B ixs W10,
zeZ0
and denoted by A\ .

Remark 1.2.2. 1f Z is smooth, then v', = A", = W,Q7 ., but in general
Az G vpty [Sat07a, Rmk. 4.2.3].

=

DEFINITION 1.2.3. The variety Z is called normal crossing variety if it is ev-
erywhere étale locally isomorphic to

Spec(klzo, -+ ,xa]/(zo - xa))

for some integer a € [0,d], where d = dim(Z). A normal crossing variety is
called simple if every irreducible component is smooth.

PROPOSITION 1.2.4. ([Sat07a, Cor. 2.2.5(1)]) For a normal crossing variety
Z, the natural map v;', — Cr(Z,m) is a quasi-isomorphism of complezxes.

THEOREM 1.2.5. ([Sat07a, Thm. 1.2.2]) Let Z be a normal crossing variety
over a finite field, and proper of dimension d. Then the following holds:

(i) There is a canonical trace map trz : HWNZ,vl ;) — Z/p"Z. 1t is
bijective if Z is connected.

(ii) For any integers i and j with 0 < j < d, the natural pairing
HY(Z,N, 5) x HHYH(Z,080) - BN (2,08 ) 75 2/p" 2

is a non-degenerate pairing of finite Z/p™Z-modules.
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1.3 REVIEW ON PURITY

In the f-adic setting, the sheaf u?ﬁf on a regular scheme has purity. This was

called Grothendieck’s absolute purity conjecture, and it was proved by Gabber
and can be found in [Fuj02]. In the p-adic case, we may ask if purity holds
for the logarithmic de Rham-Witt sheaves. But these sheaves only have semi-
purity(see Remark 1.3.3 below).

PROPOSITION 1.3.1. ([Gro85]) Leti: Z — X be a closed immersion of smooth
schemes of codimension ¢ over a perfect field k of characteristic p > 0. Then,
Jorr>0andn>1, R™i'W, Q% ., =0 if m # c,c+ 1.

For the logarithmic de Rham-Witt sheaf at top degree, i.e., angmog where
d = dim(X), the following theorem tells us RCHZ'!Wanl“Og =0.

THEOREM 1.3.2. ([GS88b, Mil86, Suw95]) Assumei: Z — X is as above. Let
d = dim(X). Then, for n > 1, there is a canonical isomorphism (called Gysin
morphism)

Gys‘f : WnQCZSg[—c] = . Ri!WnQ%log

in D (Z,Z/p"Z).

Remark 1.3.3. Note that the above theorem is only for the d-th logarithmic
de Rham-Witt sheaf. For m < d, the Rc+1i!WnQ}l7log is non zero in general
[Mil86, Rem. 2.4]. That’s the reason why we say they only have semi-purity.

Sato generalized the above theorem to normal crossing varieties.

THEOREM 1.3.4. ([Sat07a, Thm. 2.4.2]) Let X be a normal crossing varieties
of dimension d, and i : Z — X be a closed immersion of pure codimension
¢ > 0. Then, for n > 1, there is a canonical isomorphism(also called Gysin
morphism)

Gys? Vg,_zc[—c] —= 5 Ri!ufix

in D¥(Z,Z/p"Z).

Remark 1.3.5. The second Gysin morphism coincides with the first one, when
X and Z are smooth [Sat07a, 2.3,2.4]. In loc.cit., Sato studied the Gysin
morphism of Vp X for 0 < r < d. In fact the above isomorphism for uﬁﬁ y was
already proved by Suwa [Suw95, 2.2] and Morse [Mo0s99, 2.4].

COROLLARY 1.3.6. If i : Z < X is a normal crossing divisor(i.e normal
crossing subvariety of codimension 1 in X ) and X is smooth, then we have

Gys? : l/g,_zl[—l] = Ri!WnQ§(710g

in D¥(Z,Z/p"Z.).

Proof. This follows from the fact that Wnﬂ%log = z/gﬁ x» When X is smooth
over k. 0
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We want to generalize this corollary to the case where X is regular. For this,
we need a purity result of Shiho [Shi07], which is a generalization of Theorem
1.3.2 for smooth schemes to regular schemes.

DEFINITION 1.3.7. Let X be a scheme over F,, and ¢ € Ng,n € N. Then we
define the i-th logarithmic de Rham-Witt sheaf Wan(JOg as the subsheaf of

W, Q% , which is generated by the image of
dlog : (0%)®" — W, 0%,
where dlog is defined by
dlog(r1 ® -+ ®@ x;) = dloglxi]p - - - dlog[x]n,
and [z], is the Teichmiiller representative of x in W, Ox.

Remark 1.3.8. Note that this definition is a simple generalization of the classical
definition for smooth X, by comparing with the local description of logarithmic
de Rham-Witt sheaves in Remark 1.1.6.

As in Theorem 1.1.3, we can define the inverse Cartier operator similarly for a
scheme over F,,. Using the Néron-Popescu approximation theorem [Swa98|(see
Theorem 3.2.10 below) and Grothendieck’s limit theorem (SGA 4 [AGV72, VII,
Thm. 5.7]), Shiho showed the following results.

PROPOSITION 1.3.9. ([Shi07, Prop. 2.5] ) If X is a regular scheme over F,,
the inverse Cartier homomorphism C~1 is an isomorphism.

Using the same method, we can prove:

THEOREM 1.3.10. The results of Proposition 1.1.4 also hold for a reqular
scheme over IF,.

ProposITION 1.3.11. ([Shi07, Prop. 2.8, 2.10, 2.12]) Let X be a regular

scheme over F,. Then we have the following eract sequences:
- i " i R i .
(i) 0 — WnQXJOg — Wn+mQX,1og = WmQX,log — 0;
(i) 0 — WSl oy — WaQ 0 W Qi /dVP Q5T 5 0;

(iii) 0 — WSy 1o, — ZiWa Qi S5 W, 0% — 0.

Proof. The claim (iii) is easily obtained from (ii), as in the smooth case. When
n = 1, this is Proposition 2.10 in loc.cit.. O

Let € be a category of regular schemes of characteristic p > 0, such that, for
any « € X, the absolute Frobenius Ox , — Ox g, of the local ring Ox , is
finite. Shiho showed the following cohomological purity result.
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THEOREM 1.3.12. ([Shi07, Thm. 3.2]) Let X be a regular scheme over F,,
and let i : Z — X be a regular closed immersion of codimension c. Assume
moreover that [k(z) : k(x)P] = pN for any v € X°, where r(x) is the residue
field at x. Then there exists a canonical isomorphism

;m,log | m—c = c m
eg,n ® Hq(Z’ WnQZ,log) . H%Jr (Xv WnQX,log)

if ¢ =0 holds or if ¢ > 0,m = N, X € ob(€) hold.

Remark 1.3.13. In [Shi07, Cor. 3.4], Shiho also generalized Proposition 1.3.1 to
the case that Z < X is a regular closed immersion, and without the assumption
on the residue fields.

COROLLARY 1.3.14. Let X be as in Theorem 1.3.12, i, : x — X be a point of
codimension c. Then the canonical morphism

log | N—c = ! N
91-1,” . WanJog[*C] e RZIWnQX,IOg

is an isomorphism in D* (z,Z/p"Z).

Proof. Let X, be the localization of X at x. The assertion is a local prob-

lem, hence we may assume X = X,. By the above Remark 1.3.13, we
have R7i\,W,Q¥ ., = 0 for j # ¢,c+ 1. The natural map Wnﬂivlgg[fc] —

Rci;WnQ%log [0] induces the desired morphism 01°¢  and the above theorem

Qg M7

tells us this morphism induces isomorphisms on cohomology groups. An alter-
native way is to show RC“i;WnQ%bg = 0 directly as Shiho’s arguments in
the proof of Theorem 1.3.12. O

1.4 A NEW RESULT ON PURITY FOR SEMISTABLE SCHEMES

We recall the following definitions.

DEFINITION 1.4.1. For a reqular scheme X and a divisor D on X, we say that
D has normal crossing if it satisfies the following conditions:

(i) D is reduced, i.e. D = |J;c; Di (scheme-theoretically), where {D;}icr is
the family of irreducible components of D;

(i) For any non-empty subset J C I, the (scheme-theoretically) intersec-
tion ﬂjeJ Dj is a reqular scheme of codimension #J in X, or otherwise
empty.

If moreover each D; is reqular, we called D has simple normal crossing.

Let R be a complete discrete valuation ring, with quotient field K, residue field
k, and the maximal ideal m = (), where 7 is a uniformizer of R.

DEFINITION 1.4.2. Let X — Spec(R) be a scheme of finite type over Spec(R).
We call X a semistable (resp. strictly semistable) scheme over Spec(R), if it
satisfies the following conditions:
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(i) X is regular, X — Spec(R) is flat, and the generic fiber X, := Xg :=
X X gpec(r) Spec(K) is smooth;

(ii) The special fiber X := Xy := X X gpec(r) Spec(k) is a divisor with normal
crossings (resp. simple normal crossings) on X.

Remark 1.4.3 (Local description of semistable schemes). Let X be a semistable
scheme over Spec(R), then it is everywhere étale locally isomorphic to

Spec(R[To, - ,Tal/(To -+ Ty — 7))

for some integer a with a € [0, d], where d denotes the relative dimension of X
over Spec(R). In particular, this implies the special fiber of a semistable(resp.
strictly semistable) scheme is a normal (resp. simple normal) crossing variety.

Let k be a perfect field of characteristic p > 0, and let B := Spec(k][[t]]) be the
affine scheme given by the formal power series with residue field k. Our new
purity result is the following theorem.

THEOREM 1.4.4. Let X — B be a projective strictly semistable scheme of
relative dimension d, and let i : Xs — X be the natural morphism. Then,
there is a canonical isomorphism

Gysih « Vi, [-1] —— RiW,QF,

in D¥(X,,Z/p"Z).

We will use Shiho’s cohomological purity result (Theorem 1.3.12) in the proof,
and the following lemma guarantees our X satisfies the assumption there.

LEMMA 1.4.5. Let X be as in Theorem 1.4.4.

(i) Let A be a ring of characteristic p > 0. If the absolute Frobenius F : A —
A,a > aP is finite, then the same holds for any quotient or localization.

(i) For any x € X, the absolute Frobenius F : Ox , — Ox, is finite. In
particular, our X is in the category €.

(iii) For any x € X°, we have [k(z) : k(x)P] = pd*t.

Proof. (i) By the assumption, there is a surjection of A-modules @;" A - A
for some m, where the A-module structure in the target is twisted by F. For
the quotienting out by an ideal I, then tensoring with A/I, we still have a
surjection @~ A/I - A/I . If S is a multiplicative set, then tensoring with
S—1A still gives a surjection @, S~'A —» S71A .

(ii) Note that k[[t]] as k[[t]]P-module is free with basis {1,¢,---,#*~1}. The
absolute Frobenius on the polynomial ring k[[t]][z1,- - ,zy] is also finite. Now
the local ring Ox , is obtained from a polynomial ring over k[[t]] after passing
to a quotient and a localization. Hence the assertion follows by (i).

(ili) For # € X°, the transcendence degree tr.degy () #(z) = d, and k(x) is a
finitely generated extension over k((t)). So the p-rank of x(z) is the p-rank of
k((t)) increased by d, and we know that [k((¢)) : k((¢))?] = p. O
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We need the following result of Moser.

PROPOSITION 1.4.6. ([Mo0s99, Prop. 2.3]) Let Y be a scheme of finite type
over a perfect field of characteristic p > 0, let i, : © —Y be a point of Y with
dim({z} )= c. Then we have R%i WW,Q¢ =0, for alln >1 and g > 1.

z,log
With the help of the above preparations, we can now prove the theorem.

Proof of Theorem 1.4.4. By [JSS14, 1.5], we have the following local-global
spectral sequence of étele sheaves on Z := X:

B = P R (RiyW, Q) = R (WLQKL,)
reEZ™
where, for © € Z, 1 (resp. i, = i 01) denotes the natural map x — Z (resp.

x— X).
For x € Z", we have an isomorphism

01, WaSf oy [—u — 1] —— Ri,W. Q%4

,n z,log

by Corollary 1.3.14. Then
EYY = P R W00 =0, if v#£L

z,log T
reZv
where the last equality follows from Proposition 1.4.6. Hence the local-global
spectral sequence degenerates at the Ei-page, i.e., Rri!WnQ?ﬁzg is the (r—1)-
th cohomology sheaf of the following complex

. df° .
@ Zm*Rll!ngQ?r]ig - @ zz*R%!ngQ;l:lig — ..
reZ0 zeZt
drfl,U
o P e REWLOGL, o @ e RO,
zezZr—1 ISV
o P e RO
zezd
We denote this complex by B2 (Z,d). Then Corollary 1.3.14 implies that, Oi:gn
gives an isomorphism C2(Z,d) = B:(Z,d), for any s, i.e., a term-wise isomor-
phism between the complexes C2(Z,d) and B2 (Z,d). The following theorem
- log
will imply that 6,

", induces an isomorphism of complexes.
.

THEOREM 1.4.7. Let X, 7 := X, be as in Theorem 1.4.4. For x € Z° and
y € Z71 with x € {y}, then the following diagram

(—1)"gval
r—c y,x r—c—1
H(y, W, Q78 H (2, W, 55
1 lo
Gi(;%n eimg,n

HT (X, W o) HEHF (X, Wn Qo)

B ———
loc r
67 WnQ 10g)
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commutes if ¢ =0 or (q,7) = (1,d + 1), where 0% is Kato’s residue map and

Yy,xr
005 (WS 1) i defined in [JSS14, 1.7].

Theorem 1.4.7 implies 1.4.4. By Theorem 1.4.7, under the Gysin isomor-
phisms #'°2, the morphisms dI’O coincide with the boundary maps of loga-
rithmic de Rham-Witt sheaves. Hence C®(Z,d) coincides with B2 (Z,d). And
Proposition 1.2.4 said the complex C?(Z,d) is acyclic at positive degree, and
isomorphic to z/ff, 5 at zero degree. This shows the claim. O

We are now turning to the proof of commutativity of the above diagram .

Proof of Theorem 1.4.7. We may assume y € Z; for some irreducible compo-
nent Z; of Z. Note that Z; is smooth by our assumption. Then we have a
commutative diagram:

plos

H1 (ya Wnﬂ;_lgg) . H;-i—q (Xa WnQ;(,log)
Gysi,
c—14q Qr-1 Oz;-x c—14q ) Q"
Hy (ZjaWn Zj,log) = Hy (Zjv Zj(Wn X,log))a

where the right-vertical morphism is the edge morphism of Leray spectral se-
quence.
Hence we have the following diagram:

r—c (71)%);’2 r—c—1
H(y, W, ¢ ) H (2, W, 5571

y,log z,log

GysyﬁZj (1) Gysmﬁzj

l r—1
sloe (Wt )

He W (Z;, W Q1) Het(Z;, W01 )

J Zjlog Zj,log
0z;—x (2) 02,0x
14 . . 8% (8, Waiog)) Y )
Hy= 92, Ay, (Wil og)) HEN (25, 05 (Wafl 10,))
(3)
ctq . 8,25 (Wn 0% 1og) it .
Ht (X, Wy Q% 1) HEF9(X, W Q% 1og)-

The square (1) is (—1)-commutative if ¢ = 0 or (¢,r) = (1,d + 1). This is
Theorem 4.1.1 for ¢ = 0 and Corollary 4.4.1 for (¢,7) = (1,d + 1) in [JSS14].
The square (2) is commutative by the functoriality of 6,°;. The square (3) is
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(—1)-commutative by the functoriality of the Leray spectral sequences: here the
sign (—1) arise from the difference of degrees. Therefore the desired diagram
is commutative. |

Remark 1.4.8. In [Shi07, Thm. 5.4], Shiho proved this compatibility for more
general regular schemes X over F, where the residue fields of z,y are not
necessarily to be finite or perfect, but assuming that n = 1.

COROLLARY 1.4.9 (Cohomological purity). Assume X and Z := X, are as
before. For any integer i < d + 1, there is a canonical isomorphism

Gysip : HH'H (2,08 ) —=— HE2TH(X, W, 0% )
Proof. This follows from the spectral sequence
By = H*(Z, R i'W,Q%0,) = Hy ™ (X, W05 L)
and the above purity theorem. O

COROLLARY 1.4.10. Assume that the residue field k = F,. Then there is a
canonical map, called the trace map:

Tr: Hy (X, W,Q,) — Z/p"Z.
It is bijective if Z is connected.

Proof. We define this trace map as trz o Gysl n» Where trz is the trace map in
Theorem 1.2.5. O

We conclude this chapter with the following compatibility result.

ProroSITION 1.4.11. Let X, Z be as in Theorem 1.4.4, and let W be a smooth
closed subscheme of Z of codimension r, giving the following commutative di-
agram:

wWe————~7

A

Gyswesz

Then the following diagram:

d—r
WnQW,log

an

1! d+1
Ry, WaQy log

Z

commutes. Recall that Oy, x is the Gysin morphism defined by Shiho in The-
orem 1.3.12, Gsyw—z be the Gysin morphism defined by Sato in Theorem
1.8.4, and Gysz—.x is the Gysin morphism in Theorem 1.4.4.
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Proof. We may assume W C Z;, for some irreducible component Z; of Z. We
denote the natural morphisms as in the following diagram:

ANV

X
Then we have

d—r ! d
WSy, R™'vy 4

(1) /

2 Ry WnQde 3)

l

r+1,! d+1
R ZWWHQX,log

Sato’s Gysin morphisms satisfy a transitivity property, which implies the square
(1) commutes. So does (2) due to Shiho’s remark in [Shi07, Rem. 3.13].
It’s enough to show the square (3) commute. Hence we reduced to the case

r = 0. Then we may write Wnﬂ%log as the kernel of @JEWUiI*Wan log

@yewliy*WnQZIolg' Then Sato’s Gysin morphism will be the identity, and our
definition of Gysin morphism locally is exactly that given by Shiho(see the
proof of Theorem 1.4.4). O

2 COHERENT DUALITY

From now on, we fix the notation as in the following diagram.

i J
X,C : X X,
1. ! Fa

s> B = Spec(k[[t]]) <2

where f is a projective strictly semistable scheme, Z = X is the special fiber,
X, is the generic fiber, and k is a perfect field of characteristic p > 0.

2.1 THE ABSOLUTE DIFFERENTIAL SHEAF QY

We recall some lemmas on local algebras.
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LEmMMA 2.1.1. Let (A,m, k) — (A", m' k") be a local morphism of Noetherian
local rings. If A’ is reqular and flat over A, then A is reqular.

Proof. Note that flat base change commutes with homology. Hence, for ¢ >
dim(A’), we have Tor:?(k:, k)@a A = Torj;‘/(k: ® A k® A’) = 0. Since A’ is
faithful flat over A, this implies Torj;‘(k,k:) = 0, for ¢ > dim(A’). Therefore,
the global dimension of A is finite. Thanks to Serre’s theorem [MR89, Thm.
19.2], A is regular. O

LEMMA 2.1.2. Let A be a regqular local ring of characteristic p > 0 such that
AP — A is finite. Then QY is a free A-module.

Proof. By [Kun69, Thm. 2.1], regularity implies that A? — A is flat, so faith-
fully flat. The above lemma implies that AP is regular as well. Then we use a
conjecture of Kunz, which was proved in [KN82], that there exists a p-basis of
A. Therefore the assertion follows. O

PROPOSITION 2.1.3. The absolute differential sheaf Q% is a locally free Ox-
module of rank d + 1.

Proof. Note that we have an exact sequence
Q5 = Q% = Qx5 = 0.

Both f*Qp and QY are coherent, so is Q%. Then we may reduce to local
case, and the assertion is clear by the above lemma.
O

COROLLARY 2.1.4. The sheaves QY , ZQ (via F), Q% /BQY (via F) are locally
free Ox-modules.

Proof. As in the smooth case, using Cartier isomorphisms, we can show this
inductively. O

2.2 GROTHENDIECK DUALITY THEOREM

The Grothendieck duality theorem studies the right adjoint functor of Rf, in
DZ.(X), the derived category of Ox-modules with bounded from below quasi-
coherent cohomology sheaves. There are several approaches to this functor.
In our case, we follow a more geometric approach, which was given by
Hartshorne in [Har66]. Here we only use the Grothendieck duality theorem
for projective morphisms.

DEFINITION 2.2.1. A morphism g : M — N of schemes is called projectively
embeddable if it factors as
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for some n € N, where q is the natural projection, p is a finite morphism.

Remark 2.2.2. In our case, the projectivity of the scheme f : X — B =
Spec(k[[t]]) and the fact that the basis is affine imply that f factors through a
closed immersion X — P¢ for some n € N [EGA, II 5.5.4 (ii)].

THEOREM 2.2.3. (Grothendieck duality theorem [Har66, §11]) Let g : M — N
be a projectively embeddable morphism of noetherian schemes of finite Krull
dimension. Then, there exists a functor f' : DJ.(N) — D{.(M) such that the
following holds:

(i) If h : N — T is a second projectively embeddable morphism, then (goh)' =
h! ° g!;

(ii) If g is smooth of relative dimension n, then ¢'(4) = f*(9) ® Qynlnl;

(iii) If g is a finite morphism, then ¢'(4) = §* RHomo, (9.Onr,9), where §
is the induced morphism (M,Op) — (N, 9.Onr);

(iv) There is an isomorphism
0, : Rg.RHomo,,(Z,g'Y) = RHomo, (Rf+TF,9),

for F € D,.(M), 9 € D/ .(N).

2.3 RELATIVE COHERENT DUALITY

In this subsection, we fix a base scheme B = Spec(k|[[t]]), and prove the follow-
ing relative duality result.

THEOREM 2.3.1. Let Y be a regular scheme and let f :' Y — B = Spec(k|[[t]])
be a projective morphism of relative dimension d. There exists a canonical
isomorphism

Try - Q&) = f'Ok.

This theorem can be obtained by some explicit calculations.

LEMMA 2.3.2. Let ¢ : Y < PY be a reqular closed immersion with the defining
sheaf . Then the sequence of Oy -modules

0— *I)T* — *Qpw — Q) — 0
B
15 exact.

Proof. We only need to show that the left morphism is injective. Let K be the
kernel of the canonical morphism L*Q%,N — Q%/ Since both L*Q%,,N and Q%, are
coherent and locally free, the kernel K is coherent and flat. Then ligt follows that
K is also locally free. By counting the ranks, we have rank(Z/Z?)=rank(K).
Thus, the induced surjective morphism (*Z/Z? — K is an isomorphism. |
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Proof of Theorem 2.3.1. By Remark 2.2.2, we have a decomposition of maps

yc—*t- Pg

%

for some N € N. Here ¢ is a regular closed immersion. Using Koszul resolution
of Oy with respect to the closed immersion ¢, we have

L!Qggﬂ o L*Qgg“ @ v*det(Z/2%)V[d — N].
By Lemma 2.3.2, we have
L*Qggl ® *det(Z/7°)Y = QL
Since p is smooth, we have isomorphisms
P'Qp = p'0p ® p"Qp = Oy [N @ p™Qp = QFF [N,
Noting that
19 = ',

the theorem follows.
O

Remark 2.3.3. From the proof, we can see Theorem 2.3.1 is still true in more
general situations. In the light of our application, we just proof this simple
case and remark that we only use the case that the residue field k& of the base
scheme is a finite field F,,.

2.4 GROTHENDIECK LOCAL DUALITY

Let (R,m) be a regular local ring of dimension n with maximal ideal m, and
R/m = T, is a finite field of characteristic p. For any finite R-module M, we
have a canonical pairing
. . es tr:q Fp
Hi (Spec(R), M) x Ext}s (M, Q) — H?(Spec(R), Q) ~ F, —, 7./p1.
(2.1)

THEOREM 2.4.1 (Grothendieck local duality). For each i > 0, the pairing (2.1)
induces isomorphisms

Extj" (M, Q) @r R = Homy,,y (Hy, (Spec(R), M), Z/pZ),

H (Spec(R), M) = Homeon (Extly " (M, %), Z/p7Z),

where Homeon: denotes the set of continuous homomorphisms with respect to
m-adic topology on Ext group.
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Proof. This is slightly different from the original form of Grothendieck lo-
cal duality in [GH67, Thm. 6.3]. But, in our case, the dualizing mod-
ule I = H['(Spec(R),§};) can be written as H_r>nHomZ/pZ(R/m",Z/pZ) C

Homg,,z(A, Z/pZ)(cf. Example 3 on Page 67 in loc.cit.). Then we identify

Homp(HE (Spec(R),M), I)
= Homp(H: (Spec(R), M), H_r>nHomZ/pZ(R/m", Z/p7))

= Hompg(H},(Spec(R), M), Homgz,7(R, Z/pZ))
= HomZ/pZ(Hll; (SpeC(R)a M), Z/pZ)7

where the second equality follows from the fact that each element of
H} (Spec(R), M) is annihilated by some power of m. The second isomorphism
in the theorem follows from the definition of continuity. O

2.5 ABSOLUTE COHERENT DUALITY

In our case, the base scheme B = Spec(k][[t]]) is a complete regular local ring of
dimension 1. We assume k£ = F,. Combining Grothendieck local duality on the
base scheme B with the relative duality theorem 2.3.1, we obtain an absolute
duality on X.

PROPOSITION 2.5.1. Let F be a locally free Ox-module on X, and let F* be
the sheaf given by Hom(%, Q;l;rl). Then we have

Hy (B, Rf.F) = Hx (X, 7); (2.2)
Bxty ! (Rf.F,Qf) = H (X, 7). (2.3)
Proof. For the first equation, we have the following canonical identifications:

Hi(B,Rf.7) = H(B,iwRi\Rf,F)
= H'(B,is.Rfo.Ri'F)
= H'(Fy,RfRi'F)  (isis exact)
= H'(X,,Ri'7)
— Hi (X, )

where the second equality follows from R fs, Ri' = Ri‘Rf, in [Stal8, Tag
0A9K]. For the second, we have

Exty, (RfeZ,Qp) = R"T(B, RHomo,, (Rf.F,Qp))
= R''I'(B, Rf.RHomo, (ﬁ,f!ﬂjlg)) (adjunction)
= R''T(B, Rf.RHomo (F,0%"[d])) (Theorem 2.3.1)
= R'"'T(B,Rf.Z'[d]) (definition of .Z)
= HTIH(X, . Fh
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By taking different .# in the above theorem and using Grothendieck local
duality, we obtain the following corollaries.

COROLLARY 2.5.2. The natural pairing
HY(X, ) x HEH(X, Q8 ) = HE (X, Q%) 5D 2/p
induces isomorphisms
H' (X, Q%) 2 Homyp(HET (X, Q5 ), 2/p),

HEH (X, Q57 ) = Homeond(H' (X, %), Z/Z).

i.e., it is a perfect pairing of topological Z)pZ-modules if we endow H* (X, QJX)
with the m-adic topology and H}i(':l_i(X, QEI;FPJ) with the discrete topology.

Remark 2.5.3. For the first isomorphism, we may ignore the topological struc-
ture on cohomology groups, and view it as an isomorphism of Z/pZ-modules.

In the next chapter, we only use this type of isomorphisms(cf. Proposition
3.4.5).

COROLLARY 2.5.4. The natural pairing

HY(X, Z¥y) x HE /X, Q9 /B ) — HE(X, Q) 5 2/pZ
is a perfect pairing of topological 7./pZ-modules, if we endow the cohomology
groups with the topological structures as in the above corollary.

Proof. The fact that ZQ% is dual to Q;l;rl*j/Ble(H*j is similar as [Mil76,
Lem. 1.7]. O

Furthermore, we can do the same thing for twisted logarithmic Kéhler differ-
ential sheaves.
Let X be as before , and let 3 : U < X be the complement of a reduced

divisor D on X with simple normal crossings. Let Dy, --- , Dy be the irreducible
components of D. For m = (my,---,ms) with m; € Z let
mD =mD =Y m;D; (2.4)
i=1

be the associated divisor.

DEFINITION 2.5.5. For the above defined D on X and j >0, m =m € Z° , we
set
QJ

X|mD

= O (log D)(—mD) = ¥, (log D) ® Ox(—mD) (2.5)

where Qg((log D) denotes the sheaf of absolute Kihler differential j-forms_on X

with logarithmic poles along |D|. Similarly, we can define Z, BQ

J
X|mD>’ X|mD*
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Remark 2.5.6. Note that Q% ], = Q%" © Ox (D) ® Ox(=D) = Q%' where d

is the relative dimension of X over B.

COROLLARY 2.5.7. The natural pairing

HY(X, Q% _,p) x HE (X, Q00 ) — HE (X, 050 25 2/pZ

is a perfect pairing of topological Z/pZ-modules, if we endow the cohomology
groups with the topological structures as before.

Proof. Note that the pairing
Q (log D)(mD) ® QL7 (log D)((—m — 1)D) — Q& (2.6)
is perfect. O

Similarly, we define

ZQg(l_mD = ker(d: Qg(‘_mD —>3*Q{J+1); (2.7)
By, p = Image(d: %, , — ). (2.8)
We have the following result.
COROLLARY 2.5.8. The natural pairing
i j d+1—i d+1—j d+1—j
H' (X, ZQJX‘_mD) X HX‘: (X, QX\(m—]i-l)D/BQXl(m-Ji-l)D) — Z/pZ

is a perfect pairing of topological 7./pZ-modules, if we endow the cohomology
groups with the topological structures as before.

3 DuALITY

In the rest of this paper, we assume the residue field k of the base scheme
B is a finite field F,. Recall that f : X — B = Spec(F,[[t]]) is a projective
strictly semistable scheme of relative dimension d. In this section, we will prove
two duality theorems. The first one is for H*(X, WnQJXJOg), which we call

unramified duality. The second is for H*(U, WnQ{J 10g), where U is the open
complement of a reduced effective Cartier divisor with Supp(D) has simple
normal crossing. We call it the ramified duality.

3.1 UNRAMIFIED DUALITY

The product on logarithmic de Rham-Witt sheaves
j d+1—j d+1
W"Q-;(,log ® W"QX,log] - W"QX,log
induces a pairing

o j L ! d+1—j - J d+1—j - d+1
i WnQX,log Q" Ri WnQX,log — Ri (WnQX,log ® WnQX,log ) — Ri WnQXJOg,
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where the first morphism is given by the adjoint map of the diagonal map ¢ in
the following diagram

o

Ri (i Wl g @ RIWaQ o) —— Wal o, @ RLRIW, Q5

\ ladj

J d+1—j
WnQX,log ® WnQX,log .

Here the isomorphism is given by the projection formula.
Apply RI'(Xj,) and the proper base change theorem(SGA41, [Del77, Arcata
IV]), we have a pairing

7 j —1 d+1—j Tr n
HY (X, W Q% 100) X HE27H X, W 007) = H (X, WLQ4hL) — Z/g) Z),
3.1
where the trace map Tr is given by Corollary 1.4.10.

THEOREM 3.1.1. The pairing (3.1) induces an isomorphism
i j = —i d+1—j n
HY (X, Wn Q% \o,) — Homgpnz(HE (X, W Q). 2/p"Z).

of Z/p"Z-modules. If we endow H;gQii(X, Wanl:lgj) with the discrete topol-

ogy, and endow H'(X, WnQJ)‘QOg) with the compact-open topology, we get an
isomorphism, by the Pontryagin duality

HEP ™ (X, WaQog?) = Homa s cont (H' (X, Wa % 10,), Z/p"Z).

Proof. By the exact sequence (i) in Proposition 1.3.11, the problem is reduced
to the case n = 1. In this case, we use the classical method as in [Mil86],
i.e., using the exact sequence (ii) and (iii) in Proposition 1.3.11, we reduce
the problem to coherent duality. Before we do this, we have to check the
compatibility between the trace maps. It is enough to do this on the base
scheme B, by the definitions of trace map and residue map(cf. (2.1)).

ProprosSITION 3.1.2. The following diagram

Tr
HI?‘I(B7ﬂlB,log) Z/pZ

HL(B,Q)) — = 7/pZ

commutes, where § is the connection map induced by the following exact se-
quence

0 — Q10 = Qp — Qp — 0.
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Proof. We have the following diagram

HEI(B’QlB,Iog) Z/pZ
Gysi: (1)
H' (Fy, Q) —————— L [pL
(3)
6 o Z/pZ
£
O/ (5)
(6) Tate Residu
Hy (B, Q) e Z/pl

where the morphism ¢ : a — adlog(t), and K = F,((t)).

The diagrams (1) and (6) are commutative by the definition of Tr and Res. (2)
is commutative by the functoriality of §. That classical Milne duality is com-
patible with coherent duality implies (3) is commutative. The local description
of the Gysin map will imply that the diagram (4) commutes [Shi07, Lem. 3.5]
, [Gro85, TI (3.4)]. The diagram (5) commutes by the explicit definition of ¢
and the definition of the Tate residue map. O

Proof of Theorem 38.1.1(cont.) By taking the cohomolgy groups of the exact
sequences (ii) and (iil) in Proposition 1.3.11, we have the following commutative
diagram with exact rows:

— H'(X, Q) —= H'(X,2Q}) ———————— H'(X,Q%) —>

| E -

d —1 d+1—37\* d —i d+1—j d+1—7\* d —1 d+1—37\*
= H{ (o  9) = HE  (xes Bt ) = B T (et ) >

where M* means Homg, 7 (M, Z/pZ), for any Z/pZ-module M.

The isomorphisms for cohomology groups of ZQ. and QJX are from the coherent
duality theorem, see Corollary 2.5.4 and 2.5.2. Hence, we have

~

= i d
(X QX log) Hd+2 (X QX+11>g]) .

O

Remark 3.1.3. (i) Note that H*(X,W,Q% log) is not finite in general. In

Theorem 3.1.1, if HdJr2 UX, W, Qil;rligj) is finite (e.g., 7 = 0), then we
get a perfect pairing of finite Z/p™Z-modules.

DOCUMENTA MATHEMATICA 23 (2018) 1925-1967



DUALITY ON SEMISTABLE SCHEMES 1949

(ii) For the case of j = 0, all the cohomology groups in Theorem 3.1.1 are
finite, by using the purity theorem 1.4.4, the above pairing agrees with
that in [Sat07a, Thm. 1.2.2].

3.2 RELATIVE MILNOR K-SHEAF

On a smooth variety over a field, the logarithmic de Rham-Witt sheaves are
closely related to the Milnor K-sheaves via the Bloch-Gabber-Kato theorem
[BK8&6]. In this section, we first recall some results on the Milnor K-sheaf on
a regular scheme, and then define the relative Milnor K-sheaf with respect to
some divisor D as in [RS18, §2.3]. At last, we show the Bloch-Gabber-Kato
theorem still holds on a regular scheme over IF,. This result is well known to
the experts but due to the lack of reference, we give a detailed proof.

In this section, we fix Y to be a connected regular scheme over F,, of dimension
d (cf. Remark 3.2.2 below).

M
7,Y Zar

DEFINITION 3.2.1. For any integer r, we define the rth-Milnor K-sheaf K
to be the sheaf

T — Ker <in*KfM(m(77)) 9, @ Zm*K'y{\{l(K/(-T)>

zeYINT

on the Zariski site of Y, where T is any open subset of Y, n is the generic
point of Y, iy : x — T is the natural map and O is the sheafified residue map
of Milnor K-theory of fields (cf. §1.3.2). The sheaf IC%Y is the associated sheaf

of IC%YZM on the (small) étale site of Y.

In particular, KM, =0 for r < 0, K}y = Z and K}y, = O%..

Remark 3.2.2. The connectedness assumption on Y is just for simplification
our notations. In case Y is not connected, we write ¥ = ]_[j Y; as disjoint
union of its connected components. Then define

M . __ : M
IChY = @zyj*lCT%

J
where iy; : Y; — Y be the natural map. The results in this section still hold
for non-connected Y.

We define ICi@,naive to be the sheaf on the étale site of Y associated to the
functor _
A PA)®) <a@blat+b=1>
i>0

from commutative rings to graded rings.

THEOREM 3.2.3. ([Ker09, Thm. 1.3], [Ker10, Thm. 13, Prop. 10]) Let Y be
a connected regular scheme over I),.
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. . M.nai . L.
(i) The natural homomorphism K. """ — ICiWY 18 surjective;

(i) If the residue fields at all point of Y are infinite, the map IC%}nawe — IC%Y
s an isomorphism;

(i1i) The Gersten complex

0—>ICTY—>Z77* @ Tos KK (2))
zey!
— @ i KM o (K(2)) —
reY?

is universally exact(see Definition 3.2.4 below) on the étale site of Y.

DEFINITION 3.2.4. Let A” — A — A" be a sequence of abelian groups. We say
this sequence is universally exact if FI(A") — F(A) — F(A") is exact for every
additive functor F : Ab — B which commutes with filtered small limit. Here Ab
1s the category of abelian groups and B is an abelian category satisfying ABS
(see [Gro57]).

Remark 3.2.5.

(i) Another way to define the Milnor K-sheaf [Ker10] is to first define the naive
K-sheaf KMV as above, and then the (improved) Milnor K-sheaf as the
universal continuous functor associated to the naive K-sheaf. By Theorem
3.2.3 (iii), this definition agree with ours.

(ii) Theorem 3.2.3 (i) implies that ICiwy is étale locally generated by the symbols
of the form {z1,--- ,z,} with all z; € O5.

(iii) The functor —®zZ/p"Z is an additive functor and it commutes with filter-
ing small limit, so the universal exactness property of Gersten complex implies
the following sequence

0= KM /p" = i KM (5() /0" = @D dan KM (5 (2))/p" — -
zeY (1)
is exact.

Let D = U{_; D; be a reduced effective Cartier divisor on Y such that Supp(D)
has simple normal crossing, let Dy, --- , D4 be the irreducible components of D,
and let 3: U :=Y — D < Y be the open complement. For m = (mq,--- ,my)
with m; € N let

mD =mD = imiDZ

=1

be the associated divisor. On N*, we define a semi-order as follows:
m' >m’ if m,>m; foralli.
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Using this semi-order, we denote
m'D>mD if m' >m.

By the above theorem, we may define the relative Milnor K-sheaves with re-
spect to mD using symbols(cf. [RS18, Def. 2.7]):

DEFINITION 3.2.6. Forr € Z,m € N°, we define the Zariski sheaf Iqu\mD Zar
to be the image of the following map

Ker(Oy — O 1)) @z 3. KM 1 1, — 3:KM,
& {1'17 e 7':6’1“71} — {xv'rla e aszl}
and define lCiWY'mD to be its associated sheaf on the étale site.

By this definition, it is clear that j*lCi”YlmD = IC%U, for any m € N*.

PROPOSITION 3.2.7. ([RS18, Cor. 2.13]) If m’ > m, then we have the inclu-
sions of étale sheaves

M M M
K:T,X\m’D c ICT,X|mD - ICT,X'

Proof. The statement in [RS18] is on the Zariski and Nisnevich sites, and in
particular, works on the étale site. O

Now we recall the Bloch-Gabber-Kato theorem on regular schemes.
LEMMA 3.2.8. There is a natural map dlog[—], IC%Y — W5,

Proof. If all the residue fields of Y are infinite, this is clear by Theorem 3.2.3.
If not, we can still construct this map via the following local computations. We
first define this for any ring A. Recall that the (improved) Milnor K-theory of
A can be defined by the first row of the following diagram [Ker10]:

0 —— KM(A) —= KM(A(t) =% KM (A(t, t2))

ldlog[—]n ldlog[—]n

0 M,, WnS% ) L W11 1)

Here A(t) is the rational function ring over A, that is A[t]s the localization
of the one variable polynomial ring with respect to the multiplicative set S =
{Dier a;tt] (a;) ;er = A}. The assertion follows from the following claim.

CLAaM M, = W, Q7.

Once we have the dlog map for any ring, we will get a map on the Zariski site
by sheafification. The desired map is obtained by taking the associated map
on the étale site. Now it suffices to prove the above Claim.

DOCUMENTA MATHEMATICA 23 (2018) 1925-1967



1952 YIGENG ZHAO

Proof of Claim. We first assume n = 1, and in this case we have
Alt) @4 QL & A(t) = Q)

(a@w,b)—a-w+b-dt

Using this explicit expression, we can show the kernel of i1, — i, is ;. For
general n, we first noted that W, ", C M,, and we can prove the claim by
induction on n via the exact sequence

0= VI, +dVPQT — W Q) 25 W00 — 0
as i1+ and 79, commute with R and V. O

By Definition 1.3.7, the image of dlog[—],, contains in W,y .. It is clear that
the map dlog[—], factors through IC%Y /p"™. Therefore we have the following
result.

PROPOSITION 3.2.9. The natural map in Lemma 3.2.8 induces an isomorphism
dlog[~]: KMy /p™ = WaQ¥ 0

Proof. 1t is enough to show this map is injective. This is a local question, so we
may assume Y = Spec(A) is a regular local ring over F,. The Néron-Popescu
desingularization theorem below tells us that we can assume Y = Spec(A) is
smooth over F,. Then we have the following commutative diagram

K /p" i KM (k) /p"

dlog[]nl/ l:

WnQS(,log(—> Z.W*W"Q:],log
of étale sheaves on Y. The injection on the first row follows from Theorem
3.2.3(iii), and Remark 1.2.2 implies the injection on the second row. Therefore

the assertion follows from the fact that the right vertical map is an isomorphism,
which is given by the classical Bloch-Gabber-Kato theorem[BKS86]. O

THEOREM 3.2.10 (Néron-Popescu, [Swa98]). Any regular local ring A of char-
acteristic p can be written as a filtering colimit H_r)nAi with each A; is smooth

(of finite type) over F,.

K2

3.3 RELATIVE LOGARITHMIC DE RHAM-WITT SHEAVES

Assume X — Spec(F,[[t]]) is as before, i.e., a projective strictly semistable
scheme over B = Spec(F,[[t]]). Let D = U;_; D; be a reduced effective Cartier
divisor on Y such that Supp(D) has simple normal crossing, let Dy, --- , D be
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the irreducible components of D, and let 3 : U :=Y — D — Y be the open

complement of D. For m = (mq,--- ,ms) with m; € N let
mD = mD = ZmiDi (3.2)
i=1

be the associated divisor. In the previous section, we defined a semi-order on
N* and denoted
m/D>mD if m >m. (3.3)

DEFINITION 3.3.1. Forr > 0,n > 1, we define

I/V"QTX|mD,log c ]*Wan,log
to be the étale additive subsheaf generated étale locally by sections
dlog[zi]n A+ Adloglay], with x; € 3.0, for all i, and z, € ker(Ox — Op)

where [z], = (2,0,---,0) € W, (Ox) is the Teichmiiller representative of x €

Ox, and the symbol dlog[zx], = % as before.

COROLLARY 3.3.2. For any m € N*, "W, Q%
then we have the inclusions of étale sheaves

— s !
|mD,log — W"QU,log' Ifm > m,

r r r
WnQX|m’D,log c WnQX|mD,log c WnQX,log'

Proof. By definition, Wy Q' 1, is the image of ICfAWX‘mD under the dlog[—],.
Hence the first claim is clear and the second follows from Proposition 3.2.7 and
3.2.9. 0

THEOREM 3.3.3. ([JSZ18, Thm. 1.1.6]) There is an exact sequence of étale
sheaves on X:

T p T R r
0— I/anlﬂX\[7n/p]D,log - WnQX\mD,log - QX|7nD,log — 0,

where [m/p]D = >7_,[m;/p]Ds, and [m;/p] = min{m € N|m > m;/p}.

Proof. This is a local problem, and the local proof in [JSZ18] also works in our
situation. The idea is reduced to a similar result for Milnor K-groups by the
Bloch-Gabber-Kato theorem. Then the graded pieces (with respect to m) on
Milnor K-groups can be represented as differential forms, which will give the
desired exactness. O

If m'D > mD , then the relation Ox(—m’D) C Ox(—mD) induces a natural
transitive map Wan(lm,D log Wnﬂ&‘mD log" This gives us a pro-system of

abelian étale sheaves “]gl” W, Q%

X|mD,log"
m
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COROLLARY 3.3.4. The following sequence is exact
“wls ” r Wy ” T Wy ” T
0— 1£1 nflﬂX\mD,log - ]ﬂl WnQX\mD,log - ]ﬂl QX|mD,log —0
m m m

as pro-objects, where “1'&1” is the pro-system of sheaves defined by the ordering
m
between the D’s, which is defined in (3.3).

In [JSZ18], using the filtered de Rham-Witt complexes, we define a pairing be-

r Wi d+1—r : s :
tween Wy, Q2 and the pro-system @ WnQ XmDlog" This pairing induces

m
a pairing on the cohomology groups. In this paper, we give an alternative way to
define the pairing between H"(U, W,/ ,,,) and Jim H;ng*Z(X, WnQSI;T;B”JOg),

which can be done without introducing the ﬁlterrgd de Rham-Witt complexes
[JSZ18, §2].

THEOREM 3.3.5. The wedge product on de Rham-Witt complexes induces nat-
ural maps

2 WSy = Hom(“Lm " Wo Q5 0 W Q5™
" 3.4
= li_n)lHom(WnQ?‘_;_DT’log, W,Q4); (34
s 21 Wy — lim Hom(W, Q50 | W 0%). (3.5)

For the proof, we need some calculations with Witt vectors.

LEMMA 3.3.6. ([GHO6, Lem. 1.2.3]) Let R be any ring, and t € R, then
1+t — [1)m = Wo, s Ym—1) with y; =t mod t>R for 0 <i <m — 1. Here
[@]m = (2,0,---,0) € Wy, (R) is the Teichmiiller representative of © € R.

As a consequence, we have

COROLLARY 3.3.7. Let A be an Fy-algebra, and let a,t € A. Then

[1 +ta’]m - [l]m = (yOa' o aymfl)
with y; € tA for 0 <i<m — 1.

COROLLARY 3.3.8. With the notations as above, we have d[1 + tA],, =
d(yo, - .., ym) with y; € tA.

Proof. We have dz = 0 for z € W,,,(F)). O

COROLLARY 3.3.9. With the notations above we have the following formula,
forte A

(m-1),, p(m=D

]m:d(t yOa"'at

p(m=Dp,

a1+ 17 Y1) = ([ - (co, =+ ).
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Proof. The last equality is due to the fact that [t} - (yo,...,Um—1) =

(ty()v tpylv ceey tpmily’mfl)- O
Proof of Theorem 3.3.5. Let o be a given local section of W, Qy;, we need to

find a suitable m such that, for any local section 3 of WnQ?{Tilg,log’ aApBisa

local section of WnQ?’l. This is equivalent to show that we can find m such
that, for any a1 € 1+ Ox(—mD) the coefficient (with respect to a local basis)
o di+an  dlasle . dlaasiila

[1 + al]n [a2]n [ad-i-l—r]n
lies in W, (Ox). By the above Corollary, this is possible if we take m big
enough to eliminate the “poles” of o along D. This gives us the map 3.4, and
the map 3.5 is defined similarly. O

In [Mil76], Milne defined a pairing of two-term complexes as follows:
Let
T =(F° LT, 9= (9" L)

and
A = (A0 L
be two-term complexes. A pairing of two-term complexes
TGS = H°
is a system of pairings
<300 T x G0 o A,
<> FOx G A
<>t T x G0 A,
such that
dy(< z,y >870) =< x,dy(y) >(1,11 + <dg(x),y >%70 (3.6)
for all z € Z°, y € 4°. Such a pairing is the same as a mapping
F*RY — H°.
In our situation, we set
W Z® = [ Zi W —=5 . W, Qs
W2, o= WG, — 0;
W, = (W, Q1 129 7, qdr1y,
COROLLARY 3.3.10. We have a natural map of complezes

W, 0%). (3.7)

—m?

W, 7 = lim Hom(W, 9
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3.4 RAMIFIED DUALITY

LEMMA 3.4.1. Let D be a normal crossing divisor on X. Then the induced
open immersion j: U := X —|D| = X is affine.

Proof. To be an affine morphism is étale locally on the target, and étale locally
D is given by one equation. O

By Proposition 1.3.11 (iii), in D*(X,Z/p"Z) we have
RpWo Qs 10g = [0 Z1Wa Q2 55 2. W, 0] = W, 7°. (3.8)

Then we have H'(X,W,Z*) = HY (U, [ZW,Q, — W, =
HY(U, Wa 7 10g): by the above lemma and Proposition 1.3.11 (iii). Therefore
the map (3.7) induces a map of cohomology groups, by taking hypercohomolgy,

H' (U, W 10) — i HY (X, Hom (W, G2, W i*). (3.9)

—m>
m

Note that we also have a natural evaluation map of two-term complexes:
Hom(W,94°,, , Wy, @ W,9° — W, 2°. (3.10)

As the construction of the pairing (3.1) in §3.1, this induces a cup product in
hypercohomology of complexes

H (X, Hom(W,%*

—m>

Wy %)) @ HG? 1 (X, Wo@®,,) — H (X, W, 02°).
(3.11)
Therefore, it induces a map

H (X, Hom(W,9°,,, W, H*))

- HomZ/P"Z(H;l(Jsr2ii(X’ WnQ?(JT;;DT,IOg)’ HSI(JSF2 (X’ Wnﬂgl;,rlig))

(3.12)

Now combining the maps (3.9), (3.12) and the trace map in Corollary 1.4.10 ,
we get the desired map
HY(U, Wi 10g) — lim Homg g (H> 1 (X, W QG0 ). Z/p"Z); (3.13)

— X|mD,log
m

Now our main theorem in this paper is the following result.

THEOREM 3.4.2. For each i,7 € N, the above map (3.13) is an isomorphism.

If we endow H}i(tQ_i(X, WnQdX—"l_’IlTL_DTlOg) with the discrete topology, and endow

HY(U, Wnﬂg,log) with the direct limit topology of compact-open groups, then the
Pontryagin duality gives us an isomorphism of topological groups

o

yﬂl H;l(t2ii(Xa WnQ;l(J‘rrlngylog) — HomZ/p"Z,cont (Hl(Ua Wnﬂg,log)’ Z/an)

m

In the rest of this section, we focus on the proof of this theorem.
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Proof. We can proceed analogously to the proof of Theorem 3.1.1. First, we
reduce this theorem to the case n = 1, then using Cartier operator, we will
study the relation between this theorem and coherent duality theorems.

STEP 1: REDUCTION TO THE CASE n = 1. We denote ¢t = d 4+ 2 — ¢ and
MY means Homeon (M, Q/7Z), i.e., its Pontryagin dual, for any locally compact
topological abelian group M. We have the following commutative diagram,
where the first row is the long exact sequence induced by the short exact
sequence in Proposition 1.3.11 (i), and the second row is an long exact sequence
induced by Corollary 3.3.4.

H (UWn 190 10g) = H' (UWn Q) 150) = H' (U7 105)

| l l

. t d+1— v . t d+1—r v . t d+1—r v
hEHXs(XvwﬂflﬂxmeT,log) >h£HXs(X’W"(zX\WLD,10g) >h£HXs(X’(2X\WLD,10g)

By the five lemma and induction, our problem is reduced to the case n = 1.
STEP 2: PROOF OF THE CASE n = 1. In this special case, using the relation
between the relative logarithmic de Rham-Witt and coherent sheaves, we can
reformulate our pairing.

THEOREM 3.4.3. ([JSZ18, Thm. 1.2.1]) We have the following exact sequence

d+1—r d+1—r c -1 d+1—r d+1—r
0= Q% mbiiog = ¥x|mp » Q% /B p — 0,

where O

X|mD = O (log D) ® Ox (—mD) is defined in (2.5).

Proof. This is again a local problem, and the local proof in [JSZ18] also works
in our situation. The key ingredient is to show QiX‘mDJOg Q% og N Qéqu.

This can be obtained by a refinement of [Kat82, Prop. 1]. O

LEMMA 3.4.4. For any m € N*, we denote mD =mD as in (3.2), and

Qj

e jmp = Q% (log D)(=mD) = % (log D) ® Ox (—mD)

as before. The parings

<a,B>00=aNB:ZVx _.p X QG b = QG b

X|(m+1)D X|D
1 . d+1— d+1— d+1
<a,B>p=-ClaNp): ZQ;quD X QX\(m:-l)D/BQXKm:-l)D - QX|D7
1 _ . d+1— d+1
< 06,6 >170— a A ﬁ : Q”)‘(‘—mD X QX|(7TL-”1‘-1)D — QX‘D’

define a paring of (two-term) complezes
Fy xGe - H® (3.14)
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with
T = (2% _up —= Uk up)
9 = (Ut S Uit o/ B )
2= (O, =5 ) = @ =5 a8,
Proof. This is easy to verify. O

By taking hypercohomology, the pairing (3.14) induces a pairing of hypercoho-
mology groups:

H (X, Zn) x HE27U(X, 90, ) — HE2 (X, 0%) = HE2(X, QL) = Z/pL.
(3.15)
Now by Corollary 2.5.7 and 2.5.8, we can show

PROPOSITION 3.4.5. The pairing (3.15) induces the following isomorphism.

Hi(Xa y%) HomZ/pZ(HdXt2_i(Xa g:m)aZ/pZ)

d+2—1 d+1—r
Homg, iz (H5 (X, Wo O (1) b 1og ) L/ PL)-

R [

(3.16)

Proof. This can be done by using the hypercohomology spectral sequences
'EPY = HY(X, FP) = HTY(X, Fn);
"EPT = HY (X,97,) = HE (X, 9°,,).
Corollary 2.5.7 and 2.5.8 tell us that
TEPT = Homg g (" BT 0P 2/ 7),

and this isomorphism is compatible with d;. Hence we still have this kind of
duality at the Es-pages. Note that, by definition, p # 0,1, T EP? =11 EP4 = 0.
Hence both spectral sequences degenerate at the Fo-pages. Therefore we have
the isomorphism in the claim. O

Up to now, we haven’t used any topological structure on the (hyper-
Jecohomology group. Note that H;ngﬂ(X, Wnﬂig\r(lr;inalog) is not a finite
group in general, and we endow it with discrete topology. Hence we endow
H'(X,.Zy,) with the compact-open topology via the isomorphism (3.16). Now
the Pontryagin duality theorem implies:

PROPOSITION 3.4.6. There is a perfect pairing of topological Z/pZ-modules:

lig HY (X, #,) x Jim H 2 (X, QG b jog) — Z/PZ (3.17)

where the first term is endowed with direct limit topology, and the second with
the inverse limit topology.
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Proof. Note that the Pontryagin dual Homeont(+, Z/pZ) commutes with direct

and inverse limits. Then the proof is straightforward. O

Remark 3.4.7. In case that the groups H;Zr?*i(X, Qdtl-r are finite for

X|(m+1)D,log)
all m(e.g.,d = 0 or r = 0), then the direct limit topology of finite (compact-
open) topological spaces is discrete, and the inverse limit topololgy of finite
discrete topological spaces is profinite.

We still need to calculate the direct limit term in the above proposition.

PROPOSITION 3.4.8. The direct limit h_n)lHi(X, Ty) = H (U, Qp100)-

m

Proof. First, direct limits commute with (hyper-)cohomology, hence
limg B (X, 73,) = HI (X, lim 7).
Note that

. ° T 170 T
lim .75, = 129 — 3.0p].

For coherent sheaves, the affine morphism 7 (see Lemma 3.4.1) gives an exact
functor j.. Hence we have

i r 1-C r i r 1-C r i r
H' (X, [5: 2 — 2.Qp]) = H' (U, [2; — Q) = H (UvﬂU,log)a

where the last equality follows from the special case n = 1 of Proposition 1.3.11
(iii). O

Proof of STEP 2. The duality theorem in case n = 1 directly follows from the
above two propositions. O

Now the proof of our main Theorem 3.4.2 is complete.
We denote

®: HI(U,Wallfy ) — Homeon (lim HY ™/ (X, W, Q80 ), Z/p"2);

X|mD,log

= lim Hom(H "' (X, W0 0 ), Z/p"Z)
U lim BT (X, W QG ) = Homeon (H (U, WaQs10,), Z/p"Z).

Using this duality theorem, we may at last define a filtration as follows:

DEFINITION 3.4.9. Assume X, Xs,D,U are as before.  For any x €
HY(U, WnQITMOg), we define the higher Artin conductor

ar(x) := min{m € Nj | ®(x) factors through H;ng*i(X, Wnﬂiﬁ;};log)}.
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For m € N®, we define
F’leHZ(U5 WTIQ[TJ,log) = {X € Hz(Ua WnQITJ,log” ar(x) < m}7

and
7 (X, mD)/p" := Hom(Fil,, H (U, Z/p"Z),Q/Z)
endowed with the usual profinite topology of the dual.

It is clear that Fils is an increasing filtration with respect to the semi-order on
N%. We have

Fil H (U, W Q) 10)

= Image(HomZ/an(H;ng*i(X, Wnﬂiﬁ,ﬁlﬁlog), Z/p"Z) — H'(U, WnSly 10g))-

The quotient 73 (X, mD)/p™ can be thought of as classifying abelian étale
coverings of U whose degree divides p” with ramification bounded by the divisor
mD.

4  COMPARISON WITH THE CLASSICAL CASE

In this section, we want to compare our filtration with the classical one in the
local ramification theory.

4.1 LOCAL RAMIFICATION THEORY

Let K be a local field, i.e., a complete discrete valuation field of characteristic
p > 0, let Ok be its ring of integers, let k be its finite residue field, and let v
be its valuation. We fix a uniformizer m € Ok, which generates the maximal
ideal m € Ok-.

The local class field theory [Ser79] gives us an Artin reciprocity homomorphism

Artg : KX — Gal(K*™/K),

where K?P is the maximal abelian extension of K. Note that both K* and
Gal(K*/K) are topological groups. Recall the topological structure on K * is
given by the valuation on K, and Gal(K?®P/K) is the natural profinite topology.
For any m € N, the Atrin map induces an isomorphism of topological groups

Artg ® 1: KX ® Z/mZ = Gal(K**/K) ® Z/mZ.
In particular, take m = p", it gives:
Artg @ 1: KX /(KX = Gal(K* /K) ® Z/p"Z. (4.1)

For n > 1, the Artin-Schreier-Witt theory tells us there is a natural isomor-
phism
On s Wa(K)/(1 = F)W,(K) = H'(K,Z/p"Z), (4.2)
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where W, (K) is the ring of Witt vector of length n and F' is the Frobenius.
Note that H'(K,Z/p"Z) is dual to Gal(K?*"/ K)®Z/p"Z, the interplay between
(4.1) and (4.2) gives rise to the following theorem.

THEOREM 4.1.1 (Artin-Schreier-Witt). There is a perfect pairing of topological
groups, that we call the Artin-Schreier- Witt symbol

Wa(K)/(1 = FYWo (K) x K* (KX — Z/pZ (43)
(a,b) — [a,b) := (b, L/K)(a) — «

where (1 — F)(a) = a, for some a € W, (K*%?), L = K(a), (b,L/K) is the
norm residue of b in L/K, and the topological structure on the first term is
discrete, on the second term is induced from K*.

Proof. This pairing is non-degenerate [Tho05, Prop. 3.2]. Taking the topolog-
ical structure into account, we get the perfectness by Pontryagin duality. O

We have filtrations on the two left terms in the pairing (4.3). On W, (K),
Brylinski [Bry83] and Kato [Kat89] defined an increasing filtration, called the
Brylinski-Kato filtration, using the valuation on K:

BLOEW, (K) = {(an-1," - ,a1,a0) € Wy (K)| p'vi(a;) > —m}.
We also have its non-log version introduced by Matsuda [Mat97].

il Wi (K) = 18 W, (K) + V" 68 W, (K), (4.4)

where n’ = min{n, ord,(m)} and V : W,,_1(K) — W, (K) is the Verscheibung
on Witt vectors.

Both of them induce filtrations on the quotient W, (K)/(1—F)W,(K), and we
define

ﬁl}rngl(Ka Z/an) = 5n(ﬁ1}rzg(wn (K)/(l - F>Wn(K))) = 5n(ﬁlﬁan (K)),
(4.5)
fil,, H (K, Z)p"Z) = 6, (fil,y (Wi (K) /(1 — FYW,(K))) = 0 (fily Wi (K)).
(4.6)
We have the following fact on the relation of two above filtrations.

LEMMA 4.1.2. ([Kat89], [Mat97]) For an integer m > 1, we have
(i) fil H' (K, Z/p"Z) C fily® H'(K,Z/p"Z) C fil,, 11 H' (K, Z/p"Z),
(ii) fily, ' (K, 2/p"2) = il H (K Z/p ) if (m,p) = 1.

Remark 4.1.3. The non-log version of Brylinski-Kato filtration is closely related
to the Kéhler differential module Q) [Mat97], and it has an higher analogy on
HY(U), where U is an open smooth subscheme of a normal variety X over
a perfect field with (X — U)yeq is the support of an effective Cartier divisor
[KS14].
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On K*, we have a natural decreasing filtration given by:
Ut =K*, Uy =0F%, Up ={zc Of z=1mod 7™}.
The following theorem says the paring (4.3) is compatible with these filtrations.

THEOREM 4.1.4. ([Bry83, Thm. 1]) Underling the Artin-Schreier-Witt
symbol (4.3), the orthogonal complement of ﬁlizgilHl(K, Z/p"Z) is Up -
(K>)P" J(K*)P", for any integer m > 1.

Proof. A more complete proof can be found in [Tho05, §5]. O

COROLLARY 4.1.5. The Artin-Schreier-Witt symbol (4.3) induces a perfect
pairing of finite groups

fily (W (K)/(1 = FYW,(K)) x K*/(K*)"" - Ut — Z/p"Z.

Proof. First, note that the filtration {UZ },, has no jump greater or equal to
0 that divisible by p, as the residue field of K is perfect. Then, we may as-
sume (m,p) = 1. By Lemma 4.1.2 (ii) and the above Brylinski’s theorem, we
have, the orthogonal complement of fil,,, H' (K, Z/p"Z) = fill°¢ | HY(K,7/p"Z)
is U - (K*)P" /(K*)P". The rest follows easily from the fact that the Pontrya-
gin dual H” of an open subgroup of a locally compact group G is isomorphic
to G"/H*, where H* is the orthogonal complement of H. O

4.2  COMPARISON OF FILTRATIONS

Let X = B = SpecF,[[t]], D = s = (t) be the unique closed point. Then
U = Spec(F,((t))). Our duality theorem 3.4.2 in this setting is:

COROLLARY 4.2.1. The pairing

H (K, W Q) 1) < i HY (B, W Q7 ) — Z/p" 2

is a perfect paring of topological groups.
In particular, we take ¢ = 1,7 = 0, and get

HY(U,Z/p"Z) x @H;(B, Wb b 10g) = L/P" L (4.7)

We want to compare this pairing (4.7) with the Artin-Schreier-Witt symbol
(4.3).

LEmMMA 4.2.2. We have H;(B,WnQ}glmD log) = K*/(K*)P" . UR%. The dia-
gram
H(B, WnQ]l_E;‘(ernDJog) ~— KX/(KX)pn : UIT(nJrl

| |

HY(B,W,Q} ) <=—— KX /(KX . Up

B|mD ,log
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commutes, where the left vertical arrow is induced by the morphism of sheaves,
and the right vertical arrow is given by projection. In particular,

@H;(Ba WanBhnD,log) = KX/(KX);DH.

Proof. We prove this by induction on n. If n = 1, the localization sequence
gives the following exact sequence

0 %HE(BWKZ}:?\WLD,IOg)A)HO(B7ﬂlB\m,D,log)*}HO(U7Q}1,log)*}H; (B»Q}te\mD,log)HOv

The Bloch-Gabber-Kato theorem [BK86] says K* /(K> )P =» HO(U, Q1 10
and by definition, it is easy to see that U (K*)? /(K*)? = HO(B, QB D 1og)-
For the induction process, we use the exact sequence in Theorem (3.3.3):

1 P 1 R 1
0— Wn—lﬂB\[m/p]D,log - WnQB\mD,log - QX|mD,log — 0.

Note that the first term involves dividing by p. But for the filtration {U}}},,
there are no jump greater or equal to 0 that divisible by p, as the residue field
of K is perfect. The commutativity of the diagram follows also directly from
the above computation. O

Now our main result in this section is the following;:

PROPOSITION 4.2.3. The filtration we defined in Definition 3.4.9 is same as
the non-log version of Brylinski-Kato filtration, i.e., for any integer m > 1,

Fil,, H (U, Z/p"7) = fil,, H (U, Z/p"Z).
Proof. We have the following isomorphisms
Fil,, H (U, Z/p"Z) = Homg, ,n7(H. (B, Q}3|mD,log)’ 7./p"7)
= Homg,jpnz (K /(K*)P" - U, Z/p"Z)
= fil, H (U, Z/p"7Z),

where the first identification is due to the fact that the transition maps are
surjective, the second equality is given by Lemma 4.2.2, and the last is Corollary
4.1.5. O
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