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ABSTRACT. In this paper, we consider the Wiener-Hopf algebra, de-
noted W(A, P, G, ), associated to an action of a discrete subsemi-
group P of a group G on a C*-algebra A. We show that W(A, P, G, «)
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1 INTRODUCTION

Semigroup crossed products have been studied by several authors since the late
80’s. We refer to the papers [9], [10] and the references therein for some of the
earlier work on semigroup crossed products. We also refer the reader to [3]
for Exel’s work on semigroup crossed products. For more recent advances in
semigroup C*-algebras, the reader is referred to [6], [7].

In this paper, we analyse the semigroup crossed product considered by
Khoskham and Skandalis in [4] for a general discrete subsemigroup of a group
from a groupoid perspective. In [4], actions of N and Ry are considered. Even
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though the construction due to Khoskham and Skandalis can be carried out
to topological semigroups, we restrict ourselves to the discrete case. For, we
believe that the discrete case alone is interesting for its own sake and might
be interesting to a wider audience. We plan to pursue the topological case
elsewhere. We now give an overview of the problem considered and the results
obtained.

Let P C G be a subsemigroup of a discrete group G containing the identity
e. Let A be a C*-algebra and let o : P — End(A) be a left action of P on A
by endomorphisms. For the introduction, let us assume, for simplicity, that A
is unital and the action of P on A is by unital endomorphisms. Consider the
Hilbert A-module £ := A® ¢?(P). The Hilbert module structure of £ is that of
the external tensor product where A has the usual Hilbert A-module structure.
For x € A and a € P, define the operators m(x) and V,, by the equation:

m(z)(y ® dp) == aw(x)y @ 6y,
Va(y @ 8p) := y @ dpa.

Note that V, is an isometry for each a € P and V,V;, = Vj,. Moreover the
covariance condition 7(x)V, = V,m(a,(x)) is satisfied for z € A and a € P. Tt
is natural to define the "reduced crossed product” A X,..q P as the C*-algebra
generated by {w(z) : z € A} and {V, : « € P}. When A = C, the C*-
algebra C X4 P is called the reduced C*-algebra of the semigroup P denoted
by C*. ,(P). The C*-algebra C,,(P) is studied in detail by Xin Li in [6] and
in [7].

There is a related C*-algebra called the Wiener-Hopf algebra which is much
easier to describe from a groupoid perspective. For g € G, let W, be the
operator on & defined by

Y®opy if bg € P,
Wg(y ® &) =
0 if bg ¢ P.

The C*-algebra generated by {m(z) : * € A} and {W, : g € G} is
called the Wiener-Hopf algebra associated to (A, P,G,«) and we denote it
by W(A, P,G,a). Clearly A X,.q P is contained in W(A, P,G,«). Up to the
author’s knowledge, it is not known if A X,..q P = W(A, P, G, «). However the
equality A X,..q P = W(A, P,G, a) holds if either P is right Orei.e. PP~1 =G
or if the pair (P, Q) is quasi-lattice ordered in the sense of Nica ([12]).

In this paper, we represent W(A, P, G, «) as a groupoid crossed product. The
idea of representing the Wiener-Hopf algebra as a groupoid crossed product
dates back to [8]. In fact, we prove that W(A, P, G, «) is isomorphic to the
reduced crossed product of the form D x G where G is the Wiener-Hopf groupoid
associated to (P,G). This is the content of Theorem 4.3. We imitate the
construction of Khoskham and Skandalis carried out in [1] for the semigroup
N to construct the bundle D. This forms the content of Sections 3 and 4.
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In [2], crossed products by automorphic actions of semigroups are considered.
A remarkable result that the inclusion A 3 x — A X,eq P is a KK-equivalence
is proved if (P, @) is quasi-lattice ordered and if G satisfies Baum-Connes con-
jecture with coefficients. Here we prove, for endomorphic actions, a very mod-
est result that when P = IF,J{, the inclusion A > 2 — x € A X,eq IF,J{ is a
K K-equivalence. We prove this K K-equivalence by explicitly constructing an
inverse in KK (A X,..q F;7, A). This K K-equivalence relies on the amenability
of the Wiener-groupoid of the pair (F;",F,) and the fact that D x G can be
expressed in terms of generators and relations which we achieve in Section 5.
Throughout this paper, we assume that the C*-algebras bearing the name A
are separable and we consider only discrete groups which we assume to be
countable.

2 PRELIMINARIES

In this section, we recall the essentials regarding Cy (X )-algebras and groupoid
crossed products. This is to make the paper easier to read and also to fix
notations. The reader is referred to [11] and [5] for more on groupoid crossed
products.

Let G be a discrete group and X be a right G-space. For f € Cy(X) and
g € G, let Ry(f) € Co(X) be defined by Ry(f)(x) = f(zg) for z € X. A
Co(X)-G algebra is a C*-algebra A together with a group homomorphism « :
G — Aut(A) and a *-algebra homomorphism p : Co(X) — M(A), where M (A)
is the multiplier algebra of A, such that

(1) for f € Cy(X) and a € A, p(f)a = ap(f),
(2) the representation p is non-degenerate i.e. p(Cy(X))A = A, and

(3) the homomorphism p is G-equivariant i.e. for f € Cyp(X),g € G and
a € A, ag(p(f)a) = p(Ry(f))ag(a).

Usually we omit the symbol p and simply write p(f)a as fa for f € Cy(X) and
a € A. A Cy(X)-G algebra is sometimes called an (X, G)-algebra. Moreover if
G is the trivial group, then Cy(X)-G algebras are referred as Cp(X )-algebras.
Let A be an (X, G)-algebra. For z € X, define

Co(X\{z}): ={f € Co(X) : f(x) =0}, and
I, - = Co(X\{z})A.

Then I, is a closed two sided ideal of A. We denote the quotient A/I, by A,.
Similarly for a closed subset F' C X, we let

Co(X\F):={feCo(X): f(x) =0for x € F}, and
IF L= Co(X\F)A
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Let A := H A,. The bundle A over X is an upper semicontinuous bundle of

reX
C*-algebras where the topology on A is determined by the family of sections

Xz —a+1, € A, forae A Let T'o(X,.A) be the algebra of continuous
sections vanishing at infinity. The map

Asa— (Xdx—a+1, € Ay) eTo(X,A)

is a Cp(X)-algebra isomorphism. We refer the reader to Appendix C of [16] for
more details, in particular to Theorems C.25 and C.26 of [16].

The transformation groupoid X x G acts on the bundle A. First note that if
g € G, then oy maps I, 4 onto I,. Thus a4 descends to an isomorphism from
A/l;.4 — A/I, which we denote by a(, 4). Moreover a(y ¢y0(q.g.0) = X(z,gh)-
Thus a := {(z,9) } (2,9)ex xc defines an action of the groupoid X x G on the
bundle A.

Now we recall the definition of groupoid crossed products. Let G be an r-
discrete groupoid and let p : A — G(9) be an upper semicontinuous bundle. As
usual, we denote the unit space of G by G(9) and the range and source maps
by 7 and s respectively. For z € G(9, we denote the fibre p~'(z) by A,. Let
o = (ay)yeg be an action of G on A. Denote the C*-algebra of continuous
sections of A vanishing at infinity by T'o(G(®), A). Let

Fe(G,r"A):={f:G — A: fiscont., supp(f) compact, f(7) € Ap(y)}.

The vector space I'.(G, 7*.A) has a x-algebra structure where the multiplication
and the involution are defined by

Frgt) =Y fOray(g(ri™y)

r(v1)=r(7)

for f,g € T.(G,r*A). R
For f € T.(G), A), let f: G — A be defined by

fv) ifyeg®,
f(y) =
Op(yy ify ¢ Glo.

As G is a clopen subset of G, it follows that f € I'.(G,r*A). Also the

inclusion T'.(G®), A) 5 f — ]?6 T'.(G,r*A) is a x-algebra homomorphism. We

will consider T'.(G(?), A) as a *-subalgebra of T'x(G,7*A).

A s-representation 7 : T'.(G,r*A) — B(H) on a Hilbert space H is said to

be bounded if ||7(f)|| < ||f]loo := sup [|f(z)|| for every f € I'.(G°, A). For
zeg(©)

f el (g, r*A), let
[|f]]w := sup{||7(f)|| : 7 is a bounded representation of T'.(G,r*A)}.
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Then ||.||, is a C*-norm on I'c(G,7*A) and the completion of T'c(G,7*A) is
called the full crossed product and is denoted by A x G.

Now we recall the definition of the reduced crossed product. For z € G(©),
let B, be a C*-algebra, &, a Hilbert B, module and 7, : A, — Lp, (&)
a representation of the fibre A,. Consider the Hilbert module B,-module
L*(G@) &,) where G@) = r~1(z). For f € T.(G,7*A), let A, .. (f) be the
operator on L?(G®*), £,) defined by the formula

Ao (NOM = Y malan(f(I))EM)

r(n)=r()==

for ¢ € L2(G™) &) and v € G@®). Then A, ., is a bounded representation
of To(G,r*A) on the Hilbert module L?(G®), £,). We call the representation
Ay ., the representation induced by 7.
Let I be a non-empty set and 7 : I — G(©) be a map. Fori € I, let m; : Az =
Lp,(&;) be a representation. We say that the collection {; : i € I} is faithful
if the map

To(G©,4) 3 f —» P mi(f(r(0) € P La.(&)

iel iel

is faithful.
Let {m; : ¢ € I} be a faithful family. For f € T'.(G,r*A), let

||f||red ‘= sup ||A'r(i),m(f)||-
el

Then || ||req is a norm on T'.(G, 7* A) and is independent of the map 7 : I — G(©)
and also of the choice of the representations {m; : i € I'}. The completion of
I'.(G, r* A) with respect to the reduced norm || ||;eq is called the reduced crossed
product and is denoted A X,..q G.

3  WIENER-HOPF ALGEBRAS

Throughout this section, let G be a discrete countable group and P C G
a subsemigroup containing the identity element e. For a C*-algebra A, let
End(A) be the set of x-algebra homomorphisms on A. A map o : P — End(A)
is called a left action of P on A if

(1) for a,b € P, agap = g, and
(2) for z € A, ae(z) = .

If A is unital and if o, is unital for every a € P, then we call the action «
unital.

Consider the Hilbert space £2(P). Let {6, : a € P} be the standard orthonor-
mal basis of £2(P). For g € G, let w, be the partial isometry on £2(P) defined
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as
51,9 if bg S P,
0 ifbg¢P.

Let A be a C*-algebra and o : P — End(A) be a left action. Consider the
Hilbert A-module £ := A ® ¢*(P). For g € G and x € A, let W, and 7(x) be
the operators on & defined by

Wy :i=1®wy,
m(2)(y @ 5p) 1 = ap(x)y ® .

Observe the following.

(1) For g € G, W, is a partial isometry. Denote the final projection W, W
by E4. Then {E, : g € G} is a commuting family of projections.

(2) Forge G, Wy = Wy-1. Also WyW), = Wy E)-1 for g, h € G. By taking
adjoints, we also have W W), = E,W}, for g, h € G.

(3) For a € P, let V,, := W,. Then V, is an isometry for a € P. Moreover
the map P 3 a — V, € L4(€) is an anti-homomorphism i.e. V,Vj, =V},
and V., = Id.

(4) Observe that 7(z)V, = Vym(ag(x)) for a € P and © € A. Also note that
7(z) commutes with E, for every z € A and g € G.

Let W(A, P,G, a) be the C*-algebra generated by {n(z)W, : z € A,g € G}.
We call the C*-algebra W(A, P, G, «) as the WIENER-HOPF ALGEBRA associ-
ated to the quadruple (A, P,G, «).

REMARK 3.1 Before proceeding further, let us note that W(A, P,G, «) can al-
ternatively be defined as follows. Let p : A — B(H) be a faithful representa-
tion of A on a Hilbert space H. Consider the Hilbert space H := H @ (*(P).

For g € G, let Wy = 1®w,. Forxz € H, let p(x) € B(H) be defined by
p(x)(§ ®04) = plag(x)) ®do. Then W(A, P,G, ) is isomorphic to the C*-
algebra generated by {ﬁ(x)/ﬂv/g cx € Ayjg € G}. We omit the proof of this
fact.

We only indicate that this follows by Rieffel’s induction. Note that by Rieffel’s
induction, we obtain a faithful representation of W(A, P,G,«) on the Hilbert
space (A ® (?(P)) ®4 H and the map (A ® (2(P)) @4 H 2> (2 ® 6,) @ € —
p(x) ® 0, € H is an isometric embedding. The remaining details are left to
the reader.

REMARK 3.2 When A = C, the C*-algebra W(A, P, G, «) is the usual Wiener-
Hopf algebra, denoted W(P, G), whose study from the groupoid perspective was
initiated in [8]. Our aim in this article is to perform a similar analysis for

W(A, P,G, ).

DOCUMENTA MATHEMATICA 23 (2018) 1995-2025



SEMIGROUP CROSSED PRODUCT 2001

From now on, we will drop the symbol 7 and simply write  in place of 7(z).
Recall the C*-algebra A X,.q P defined in the introduction i.e. A X,eq P is
the C*-algebra generated by {zV; V3, V! -V Vi 12 € A, a;,b; € Pyn € N},
First we prove that A x,.q P C W(A, P,G,«). This is the content of the next
lemma.

LEMMA 3.3 For T € W(A,P,G,a) and g € G, TWy,W,T € W(A, P,G,«).
Consequently A X..q P C W(A, P,G, «).

Proof. Observe that W(A, P,G, «) is generated by {¢W}, : > 0,h € G} and
that {W, : g € G} is *-closed. Thus it suffices to prove that for g,h € G and
x € A positive, zW, Wy, WyaW,, € W(A, P,G, «).

Let 2 € A be positive and g,h € G be given. Write x = 33 with y positive.
Now note that

(YWa) (yWr) yWan = yEny*Wen
= ySEthh (since E}, commutes with y)
= aW, Wy (since W,W, = E,Wp).

Hence zW, W, € W(A, P,G,a). Note that WyaW;, = (yW,-1)*(y*Wy) €
W(A, P,G, «). Thus W(A, P,G, ) is closed under right and left multiplication
by {W, : g € G}. Now the inclusion A X,.q P C W(A, P,G, ) is immediate.
O

When A = C, C X,.¢q P is the reduced C*-algebra of the semigroup P, denoted
Cx.,(P) (See [6], [7]). Up to the author’s knowledge, even for the case A = C,
it is not known whether the equality C* ,(P) = W(P,G) holds or not. We
discuss two situations where the equality A x,..q P = W(A, P, G, «) does hold.
NICA’S QUASI-LATTICE ORDERED SEMIGROUPS: Recall from [12], the pair
(P,G) is called quasi-lattice ordered if P N P~' = {e} and the following
holds: Let ¢ € G. If PgN P is non-empty, then there exists a € P such
that PgNP = Pa. Let (P, G) be quasi-lattice ordered and let o : P — End(A)
be an action of P on a C*-algebra A. First observe that for g € G, W, # 0 if
and only if PgnN P # (). If PgN P = Pa then W, = V,V;* where b = ag™.
Thus W(A, P,G,«a) is the C*-algebra generated by {zV,V,* : © € A,a,b € P}
which is contained in A x,..q P. Consequently W(A, P,G, ) = A X,cq P. Note
that the linear span of {V,zV;* : x € A,a,b € P} is a dense x-subalgebra of
W(A, P,G,a). To see this, note that if Pa N Pb = (), then V;*V, = 0. If
PanPb= Pcthen V'V, = V;V* where s,t € P are such that sa = tb = c. Let
ai,by,as,bs € P and x,y € A. Then (Valx\/};)(Vazng) =0 if Pb; N Pay = 0.
If PbyNPay = Pcthen (Vo, 2V ) (Va,yVis ) = Via, as(@) ot (y)Vy;, where s, t € P
are such that sby = tas = ¢. We also note that when P = N and G = Z,
W(A,N,Z, o) agrees with the Toeplitz algebra 7T, considered in [4].

REMARK 3.4 Nica in [12] considers left reqular representations whereas we
consider the right reqular one. We consider here a “right” variant of Nica’s
definition of a quasi lattice ordered pair.
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ORE SEMIGROUPS: A subsemigroup P C G is called a right Ore subsemigroup
of G if PP~! = G. Let P be a right Ore subsemigroup of G and let a : P —
End(A) be an action of P on a C*-algebra A. First note that if g = ab~! with
a,b € P then Wy = V;*V,. Hence W(A, P, G, «) is the C*-algebra generated by
{2V} V} :a,b € P} C A Xyeq P. This implies that W(A, P,G,a) = A Xycq P.

We consider now a unitisation procedure. Let A be a C*-algebra and a: P —
End(A) be aleft action. Let AT := A®C be the unitisation of A. For a € P, let
af : AT — AT be defined by o (z,\) = (aq(x),A). Then o™ : P — End(A™)
is a unital left action. We call (AT, P,G, ™) as the unitisation of (A, P, G, «).

LEMMA 3.5 Let A be a C*-algebra and o : P — End(A) be a left action. We
have the following short exact sequence

0— W(A,PG,a) = W(AT,P,G,at) = W(P,G) —0.
Also the above short exact sequence is split-exact.

Proof. Let p be a faithful representation of AT on a Hilbert space H. Then
by Remark 3.1, it follows that W(A™, P,G,a™) is the C*-algebra generated
by {p(x) : x € A} and {Wg : g € G} where for x € A, p(z) and Wg are
defined as in Remark 3.1. Since p is faithful on A, it follows by Remark 3.1
that W(A, P, G, «) is the C*-algebra generated by {p(z)W, : z € A,g € G}.
Clearly W(A, P,G, ) is an ideal in W(AT, P, G, a™).

Now consider the Hilbert A*-module £t := At @ (?(P). For g € G, let
Wy, =1®w,. For x € A, let 77 () be the operator on 1 defined by

(@) (3, A) @ 0a) = (@a(2)y + Aaa(2),0) ® da.

Then the argument in the preceeding paragraph implies that W(A4, P, G, ) is
the C*-algebra generated by {nt(z)W, : * € A,g € G} and is an ideal in
W(AT, P,G, ). By definition, W(A™, P,G, a) is the C*-algebra generated by
{rT(x):x € A} and {W, : g € G}.

Denote the map AT > (x,A) — A € C by e. Clearly the internal tensor
product €T ®, C = (?(P). Denote the map L4+ (ET) 2T - T®1 € B(ET @,
C) = B(¢*(P)) by €. Then ¢ vanishes on W(A, P,G, ) and the C*-algebra
W(AT, P,G,a™) is mapped onto the Wiener-Hopf algebra W(P, G). Let o :
W(P,G) — W(AT,P,G,a™) be the x-homomorphism such that o(w,) = W,
for every g € G. Observe that €o o = id.

We claim that the kernel of the map € : W(AT,P,G,a%) — W(P,QG) is
W(A, P,G,a). With our notations W(AT, P,G,a™) is generated by {7 () :
x € A} and o(W(P,G)). Observe that T — o(e(T)) € W(A,P,G, ) for
T € W(AT,P,G,a™") and € is one-one on o(W(P,G)). Thus, as a vector
space, W(AT, P,G,a™) is the direct sum of W(A, P,G,«) and c(W(P,Q)).
Also € vanishes on W(A, P, G, «). Now it is immediate that the kernel of € is
WI(A, P,G, «). This completes the proof. O
We end this section by discussing the Wiener-Hopf groupoid considered in [8].
What follows regarding the Wiener-Hopf groupoid can be found either in []
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or in [13] in one form or another. But for the sake of completeness, we include
proofs. The Wiener-Hopf groupoid will play a prominent role in our analysis
of the algebra W(A, P, G, «).

Let C(G) denote the set of all subsets of G. We identify C(G) with the product
{0,1}¢ by identifying a subset of G’ with its characteristic function. We endow
{0,1}¢ and thus C(G) with the product topology. Endowed with this product
topology, C(G) is a compact Hausdorff space. Also G acts on C(G) by trans-
lation. The action of G on C(G) is given by C(G) x G 5 (A,g) — Ag € C(Q).
We denote the closure of {P~ta : a € P} in C(G) by Q and we call it the
Wiener-Hopf compactification of the pair (P, G). Note that  is compact. Let

Q:={4g: AeQ,geG}.

Then € is G-invariant. _
The basic facts concerning the spaces ) and () are summarised in the next
lemma.

LEMMA 3.6 With the foregoing notations, we have the following.
(1) Let A € Q and g€ G. Then Ag € Q if and only if g~ € A.
(2) The set Q is a compact open subset of Q.
(3) The space Q is locally compact.
(4) The C*-subalgebra generated by {lag : g € G} is dense in Co(Q).

Proof. Observe that if B € € then, it follows from the definition that, e € B
and P~'B C B. Now let A € Q and g € G be given. Suppose Ag € €. Since
e € Ag, it follows that g~! € A. Now assume g~' € A. Write A = Bh with
B € Qand h € G. Let (a,) be a sequence in P such that P~'a,, — B. Now
g th~! € B. Thus there exists N € N such that g~'h~ta ! € P~ forn > N.
For n > N, let b, € P be such that b, = a,hg. Then P~'b, — Bhg = Ag.
Thus Ag € Q. This proves (1).

Observe that (1) implies that Q@ = {A € Q : 14(e) = 1}. Thus © is open in
Q. By definition, € is compact. This proves (2). The local compactness of Q
follows from (2) and by the equality Q = J gec 09

Note that by (1), for A € €, log(A) = 1a(g). The last assertion is then an
immediate consequence of the Stone-Weierstrass theorem. This completes the
proof B 0.
Consider the transformation groupoid €2 x G. The Wiener-Hopf groupoid ([8]),
let us denote by G, is defined as the restriction of Q x G onto . That is

G:={(4,9)cQxG:AcQ AgeQ}
={(A,9): AcQg7 " € A}
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where the groupoid multiplication and the inversion are defined as

(A,9)(Ag, h) = (A, gh),
(4,9)"" = (Ag,g7").

The topology on G is the subspace topology inherited from the product topology
on 2 x G. Note that G is an r-discrete groupoid. Observe that for an open
subset U C Q2 and g € G,

r(Ux{gH)NG) ={AeUnQ:14(g~") =1}.

Thus the range map r is an open map. Clearly r restricted to (U x {g})NG is
1-1. Hence r is a local homeomorphism.

4 A GROUPOID CROSSED PRODUCT PICTURE

Let A be a C*-algebra and « : P — End(A) be a left action. Let Q be the
Wiener-Hopf compactification of (P, @) and = | J gec $1g. Denote the Wiener-
Hopf groupoid QOxG |o by G. In this section, we show that the Wiener-Hopf
algebra W(A, P, G, «) is isomorphic to a reduced crossed product of the form
D Xreq G. To that end, we imitate the construction due to Khoshkam and
Skandalis carried out in [4].

Let AT := A@® C be the unitisation of A. Let ¢>(G, AT) be the C*-algebra of
bounded functions on G taking values in AT. The group G acts on £*°(G, A™)
by translation. Let us denote the action of G on £*°(G, A*) by 3. The action 8
is given by the formula: for g € G, f € (>°(G, A") and s € G, B4(f)(s) = f(sg).
For g € G, let jg : A — (°°(G, AT) be the *-homomorphism defined as follows:
forxr e Aand h € G,

apg-1(x) if h € Py,

Jg(@)(h) =
0 if h ¢ Pg.

Note that for s € G, g € G and x € A, Bs(jy(x)) = jgs—1 ().

For ¢ € Cy(Q), let ¢ € £2°(G, A*) be defined by d(g) = ¢(P~1g) for g € G.
Note that the map CO(KNZ) S¢ = ¢ € (G, A") is G-equivariant. Since
{P~'a : a € P} is dense in (, it follows that {P~'g : ¢ € G} is dense in
Q. Thus the %-algebra homomorphism Co(€) > ¢ — = >(G, A7) is 1-1.
Henceforth we will identify Co(Q) as a x-subalgebra of £>°(G, A*) and will
simply denote & as ¢ for ¢ € C’o(ﬁ).

Let Dy be the C*-subalgebra of £°(G, AT) generated by {jg(z) 2 € A, g e G}
and Co(ﬁ). Denote the C*-algebra generated by {j,(z) : z € A,g € G} by D,
and the C*-algebra generated by {¢j,(x) : ¢ € C’o(ﬁ),g € G,z € A} by D.
Observe that D C £ (G, A). Moroever the commutative algebra C*-algebra
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Co ((~2) is contained in the center of 150. Also D is an ideal in 150. Thus D is a
Co()-algebra.

The action of Cy(€) is given by left multiplication. To sce that the action is
non-degenerate, note that by (1) of Lemma 3.6 1ogj,(z) = j4(x) for g € G and
x € A. Hence lggz¢js(x) = ¢jg(x) for ¢ € CO(Q), g € G and z € A. Thus
the action of Cp(€2) on D is non-degenerate. Moreover the equality lagje(z) =
jg(x) implies that D; is contained in D.

Note that 15, 150 and 151 are G-invariant under the translation action 5. Thus
D is a (2, G)-algebra. Denote the corresponding upper-semicontinuous bundle
on which the transformation groupoid Q x G acts by ZS Denote the action of
Q2 x G on Dby f:= (Bx,) Recall that the fibre Dy at a point X € Q is
given by D/Ix where Iy = Co(Q\{X})D.

Let D := H D/Ix be the restriction of D onto the subset €. Then the action
~ XeQ ~

f3 restricts to an action 3 := (5(x,q)) of the Wiener-Hopf groupoid G := QxG/q.
Recall that the map B(x g) : E/Ix_g — E/IX is given by

Bx,g)(d+ Ix.q) = By(d) + Ix

for d € D and (X,g9) € G. We use the same letter 8 to denote the action
of G on £*°(G, AT) and the action of the Wiener-Hopf groupoid on D. We
call the groupoid dynamical system (D, G, ), the WIENER-HOPF GROUPOID
DYNAMICAL SYSTEM associated to the quadruple (4, P, G, «).

REMARK 4.1 Note that the map
D3d— (23X —d+Ix € D/Ix) eT(Q,D)

descends to an isomorphism between 15/19 and T'(Q, D) where Iq is the closure
of Co(Q\Q)D. Since Q is compact, we will simply denote T'y($2, D) by T'(Q, D).

REMARK 4.2 Let A be a unital C*-algebra and let o : P — End(A) be a
unital action. Denote the multiplicative unit of A by 14. Define 6 : AT — A
by 8(a,A\) = a + Ma. Then & is a x-homomorphism. Let § : (>*(G, AT) —
0°°(G, A) be defined by 6(¢) = 6 o .
1. The map S restricted to D is injective. For, 5 is injective on £°(G, A)
and D is contained in (>°(G, A).

2. For ¢ € CO(KNZ), let ¢ € KOO(NG,A) be defined by ¢(g) = qi(P_lg)lA for
g € G. In otherwords, ¢ = §(¢). Note that the map Co(Q) > ¢ — ¢ €
(G, A) is 1-1.

3. Note that, by Lemma 3.6, for g € G, 1o, = g(jg(lA)). Thus by Part (4) of
Lemma 5.0, it follows that §(D) is generated by {0(j,(z)) : g € G,z € A}
i.e. 8(D)=0d(D1).
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Thus in the unital case, we will suppress the notation 5 and simply denote
8(j4(z)) by jg(x) and 6(D) by D. Moreover we will denote j,(14) = 1oy by
lag and consider CO(KNZ) as a C*-subalgebra of D.

In short, in the unital case, it is not necessary to pass to the unitisation A'.

Now we can state our main theorem.

THEOREM 4.3 With the foregoing notations, the C*-algebra W(A, P, G, «) is
isomorphic to the reduced groupoid crossed product D X eq G.

First we fix some notations. For g € G and d € D, let Wa,g € Te(G,7*D) be
defined by
d+Ix ifh=g,
Wa,g(X,h) =
0+1Ix ifh#yg

for (X, h) € G. Note that the linear span of {Wy 4 : d € D,g € G}isTo(G, D).

Observe that for g € G, the map D>d— Wa,g € Te(G,r*D) is linear. With

this notation, the subalgebra I'(Q2, D) C T'o(G,r*D) is {Wy. : d € D}.

For a € P, let @y : D — A be the map defined by 7,(d) = d(a). Note

that 7, vanishes on Cy(Q2\{P~'a})D and descends to a *-homomorphism from

ﬁ/[P—la to A. We denote the resulting map by 7.

Claim: The map I'(2,D) > f — @ 7o (f(P ta)) € @ A is injective. By Re-
acP acP

mark 4.1, it is enough to show that the kernel of the map D 3 d — (d(a))acp €

@A is In. Let d € D be such that d(a) = 0 for every a € P. Let € > 0

aeP

be given. Choose ¢ € Co(Q) such that ||d — ¢d|| < e. Since d(a) = 0 for

every a € P, it follows that 1od = 0. Now ¢d = ¢(1 — 1g)d. Clearly

(1 —1g) € Co(\Q). Thus ¢d € Io. Since Iq is a closed ideal, it follows

that d € Ig. This proves the claim. Let us isolate the just proved fact in a

remark for later purposes.

REMARK 4.4 The map D/Io > d+ I — (d(a))eep € (°(P, A) is injective.

By Lemma 3.6, it follows that GX = r=1(X) = {(P7'a,a™'b) : b € P} for
X = P~'a. Recall from Section 1, the representation Ap-1, ., of I'(G,7*D) on
the Hilbert A-module ¢2(GX, A) = ¢?(a~'P)® A induced by the representation
7q. For a € P, we will denote the representation Ap-1, . simply by A,.

A direct verification yields that for d € l~), g € G, the operator A,(Wy 4) on
the Hilbert A-module £2(a='P) ® A is given by the formula:

Sa-1pg—1 @d(bg~ ')y ifbe Pg
Aa(Wag)(0a-1p @ y) = (4.2)
0 itb¢ Pg.
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We leave the verification of the above expression to the reader.

For a € P, let U, : (*(P) ® A — (*(a”*P) ® A be the unitary defined by
the equation Uy (dp ®@ y) := d4-1, ® y. For d € (°(G, AT), let ©(d) be the
‘multiplication’ operator on ¢?(P) @ A defined by

m(d)(0 ® y) == & @ d(b)y.

Then 7 is a representation of £°°(G, AT) on the Hilbert A-module ¢?(P) ® A.
Then Eq.4.2 implies that for a € P,

Uz Aa(Wag)Us = m(d)W; (4.3)

for d € D and g € G. Here Wy, = wy ® 1 where w, stands for the operator
defined by Eq.3.1.
Proof of Theorem 4.3: Since the map I'(2,D) > f — 7, (f(P~ta)) € @ Ais
acP
injective, the reduced norm on T'.(G,r*D) is given by ||f||rea = sup ||Aa(f)]].
acP

Also T'o(G,7*A) is the linear span of {Wy, : d € D,g € G}. Thus if
f = ZWdiagi is a finite sum, then by Eq.4.3, we have that ||f||;ea =

[l Zﬂ'(di)W;H. This implies that the reduced crossed product D X,.q G is

isomorphic to the C*-subalgebra of £4(¢*(P)® A) generated by {m(d)W, : d €
15, g € G}.

We claim that the C*-algebra generated by {m(d)W, : d € D,g € G} is
W(A, P,G,a). Let T stands for the C*-algebra generated by {n(d)W, : d €
D,g € G}. Note that for z € A and g € G, 2W, = 7(j.(z))W,. Hence
W(A,P,G,a) C T.

Observe that for g € G and x € A, 7(loy) = Ey := W,W; and 7(jy(z)) =
WyaxW,. Since Co(fl) is generated by {lq, : g € G}, it follows that the linear
span of products of the form lag, 1ag, - - - Lag,, jn, (1) - - - jn, (z,) forms a dense
x-subalgebra of D. Let d := log Lag, - - Lag, dn (x1) -+ Jn, (zn) € D be such
a product. Then

W(d) =Eg Eg, - Ey,, (Whl‘er;:l) T (Whnonhn)-

A repeated application of Lemma 3.3 implies that 7(d) € W(A, P, G, «). Hence
the image of D under 7 is contained in W(A, P, G, «). Another application of
Lemma 3.3 implies that {7n(d)W, : d € D,g € G} C W(A,P,G,a). As a
consequence, it follows that T C W(A, P,G,«). The proof is now complete.
0.

We end this section by recording the relations satsified by {Wy,:d € D,g €
G}.

LEMMA 4.5 We have the following.
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(1) Ford € D and g € G, Wqy =0 if and only if 1g;-11ad = 0. Thus for
everyd € D and g € G, Wy 4 = Wlnlngf1d,g~

(2) Forde D and ge G, Wy =Wy ) 1.

(3) For di,dy € D and g1,92 € G, Wa, 0 Wan.go = Waggo where d =
Lgg-1d15y, (d2).

(4) The map D>d— Wae € D x G is a x-homomorphism whose kernel is
Ig.

Proof. Let d € D and g € G be given. Observe that
1Qg*1 lod+ Ix = 1Qg—1(X)1Q(X)(d + Ix)

for every X € Q. Now Wa,4 = 0 if and only if d 4+ Ix = 0 whenever X € () and
Xg € Q. In other words, Wy, = 0 if and only if 1g,-1(X)1o(X)(d + Ix) =0
for every X € Q. Hence Wgy,g = 0if and only if 1g,-11qd = 0. This proves
(1). The second assertion of (1) follows from the fact that for g € G, the map
D> d— Wy, €To(G,r*D) is linear.

We leave the verification of (2) to the reader.

Let dy,ds € D and 91,92 € G be given. Observe that for (X, g) € G,

Wdhngdzygz(Xag): Z Wdlygl(XaS)ﬂ(X,s)(Wdzﬁfh(Xsa5719))
(X,s)€g

= Z los— (X)Wdhgl (X’ S)B(X,S) (Wd2792 (XS’ Silg))'
seG

The above equation implies that W, 4, Wa, ¢.(X, g) = 0 if g # g1g2. Moreover
the same equation implies that

Wdlvgl Wd2192 (Xv 9192) = 1991’1 (X)(dl + IX)(ﬂ!h (d2) + IX)
= 1Qg;1dlﬁg1 (da) + Ix.
This proves (3).
Using (1) and (3), note that that for dy,ds € D,

Wa,,eWase = Wigdids,e
= Wiids,e-

Thus the map D>d— Wa.e € D % G is multiplicative. That it preserves the
adjoint follows from (2). Now let d € D. Note that Wy, = 0 if and only if
1od = 0 i.e. if and only if d(a) = 0 for every a € P. By Remark 4.4, it follows

that the kernel of the map D > d — Wy, € D x G is Ig. This completes the
proof. 0.
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5 QUASI-LATTICE ORDERED CASE

In this section, we show that the full groupoid crossed product D x G admits
a presentation in terms of generators and relations when (P, G) is quasi-lattice
ordered and the action o : P — FEnd(A) is unital. Throughout this section,
we assume that (P, G) is quasi-lattice ordered , A is a unital C*-algebra and
a: P — End(A) is a unital action.

DEFINITION 5.1 Let B be a unital C*-algebra. Denote the isometries of B by
V(B). Let 7 : A — B be a x-homomorphism and V : P — V(B) be an anti-
homomorphism i.e. V. =1 and V,Vi, = Vi, for a,b € P. The pair (w,V) is
called Nica-covariant if
(1) forx € A and a € P, w(x)V, = Vym(ag(x)),
(2) fora,be P,

E. if Pan Pb= Pec,

E E, =

0 ifPanPb=0.
where Eq = V,V.* for a € P. If (7, V) is Nica-covariant, we say (w,V) is a
Nica-covariant representation of the triple (A, P, «).

It is convenient to introduce the following universal algebra. We must remark
that this universal C*-algebra was considered by Nica in [12] when A = C.

DEFINITION 5.2 We let A x P be the universal unital C*-algebra generated by
a unital copy of A and isometries {v, : a € P} such that

(C1) forx € A and a € P, xv, = va0q(x),
(C2) for a,b € P, v,vp = Vpa, and
(C3) for a,be P,
e. if Pan Pb= Pc,
€qlp :—
0 if Pan Pb=0.
where eq := vV} for a € P.

Let (m, V) be a -covariant representation of the triple (A, P,a) on a unital
C*-algebra B and assume that 7 is unital. Then there exists a unique *-
homomorphism 7 x V : A x P — B such that (7 x V)(z) = w(z) and (7 %
V)(ve) =V, for a € P.

REMARK 5.3 Consider the pair (m,V) constructed in Section 3 on the Hilbert
module A-module A @ ¢(*>(P). Recall that for v € A and a € P, the operators
m(x) and V, are given by
m(@)(y @ 6) = ap () (y) @ b,
Va(y @ 8) := y @ dpa.
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It is immediate that (7w, V') is Nica-covariant. As a consequence, it follows
that A x P is non-zero. In particular, we obtain a unital *-homomorphism
p:AXP = AXpeq P such that p(x) = 7(x) and p(v,) = Vg for every x € A
and a € P. Let us call the map p as the reqular representation of A x P and
the pair (w, V') the standard Nica-covariant pair of (A, P, ).

The following relation satisfied by the isometries {v, : a € P} is due to Nica.
We include the proof for completeness. Let a,b € P be given. Then

Veq-1V5y 1 ifPa N Pb= Pc,
vrp = (5.4)
0 if Pan Pb= 0.

To see this observe that if Pa N Pb = () then eyep, = vaUivpvy = 0 and con-
sequenty viv, = 0. Now suppose Pa N Pb = Pc. Choose s,t € P such that
sa = tb = ¢. Calculate as follows to observe that

* * * *
Vo Vb = Vg Va Vg, VpUp U
*
= UV, €a€hUp
*
= Vg €EcVp
. *
= Vg VUsaUsp Vb
* * %k
= V,VqUsVy Uy Up

= ’Ucafl'Ubel .

Let us introduce some notation which will be used throughout this section.
Consider the C*-algebra A x P. For g € G, let

0 if Pgn P =,
wy = (5.5)
VaUF if PgN P = Pa.

ag—1

Note that for g € G, w, is a product of two partial isometries with commuting
range projections. Hence wy is a partial isometry for each g € G. Also note
that wy = wy-1. For g € G, let e; := wywy. Note that by definition if wy # 0
then e, = e, for some a € P. Thus {e, : g € G} forms a commuting family
of projections. The relations satisfied by {w, : g € G} and {e, : g € G} are
summarised in the following lemma.

LEMMA 5.4 With the foregoing notations,

(1) for g,h € G,
0 if PgNnPhnNP =10,
egen =
e. if PN PhnN P = Pc,
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(2) for g.h € G, wywp = egwhy.

Proof. Let g, h € G be given. Suppose PgN PhNP # (). Then PgN P # () and
PhnN P # (. Choose a,b,c € P be such that PgN P = Pa and PhN P = Pb
and PgN PhN P = PaN Pb= Pc. By definition, e, = e, and e;, = e;. Thus
eqen = e.. Now suppose Pg N PhN P = (. We claim that ege;, = 0. Suppose
egen # 0. Then ey # 0 and ey, # 0. Thus PgN P # () and PhN P # (). Choose
a,b € P such that P¢g N P = Pa and PhN P = Pb. Note that by definition
eq = €q and ey, = e,. Now egep, = eqep # 0 implies that PanNPb = PgNPNPh
is non-empty which is a contradiction. Thus if PgN PhN P = () then egep = 0.
This proves (1).

Let g,h € G be given. Claim: wgwy, =0 < PhgNPgNP =0 < eywg, = 0.
Note the following chain of equivalences.

wgwy, =0 & wgwhw;;w; = wgehehw; =0
< epwg—1 =0
& ehwgflw;,leh =0
& epeg-1ep = epeg—1 =0
& PhnPg'nP=10 (by (1))
< PhgNPNPg=10
& eglhg = €gengey = eqWpgWwy.eq =0 ( by (1))

& eqwpg = 0.

This proves the claim. Thus to prove (2), we can and will assume that wgwy, # 0
and egwpg # 0. This in particular implies that Pg N P, PhN P, Phg N P and
Phg N PgN P are non-empty. Choose a,b,c,d € P such that PgN P = Pa,
PhNP = Pb, Phgn PgNP = Pc and PhgN P = Pd. Note that PaN Pd = Pc.

Let r,s,t € P be such that rg = a, sh = b and thg = d. Now note that
PrnPb= Pag 'NPNPh=Pg 'NPNPh= Pcg~'. Hencecg~! e P. Also
note that Pa N Pd = PgN PN PhgN P = PhgN PgN P = Pec.

Now compute as follows to observe that

* *
WgWh = Vg Uy VpU,,
* *
= VgUeg—17-1Vpg-1p-1Ug (by Eq. 5.4)
*

059717”71(1059*111*15

— *

= Ucaflavcg71h71

_ *
= Vele(hg)~1
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and

X
€gWhg = €qVaU;
= VaUEVU)
= VgVpq-1Viag-1V; (by Eq. 5.4)
*
= VcVUrq—14

_ *
= Vele(hg)=1

Hence wqwy, = egwpg. This proves (2) and the proof is complete. 0.
Let (D, G, ) be the Wiener-Hopf groupoid dynamical system associated to
(A, P,G,«). Since we are dealing with the unital case, by Remark 4.2, the
dynamical system (D, G, ) is given as follows. For ¢ € G and = € A, let
Jg(x) € £°(G, A) be defined by

apg-1(x) if h € Py,

Jg(@)(h) =
0 if h ¢ Pg.

Let D be the C*-algebra generated by {jg(z) : g € G,z € A}. The C*-
algebra D is invariant under the translation action 3 and contains Co(fl) as a
C*-subalgebra where we identify CO(KNZ) with the C*-subalgebra generated by
{jys(1) : g € G}. Thus Dis a (€, G) algebra.

Let D := H D /Ix be the corresponding upper semicontinuous bundle over €2

XeQ

and let (8(x,g))(x,9)cg be the action of the Wiener-Hopf groupoid G := Q% Gl
which is given by B(x.g) : D/Ixg 3 d + Ixy — By(d) + Ix € D/Ix.

We claim that the linear span of {j,(x) : g € G,z € A} is a dense *-subalgebra

of D. To see this, let g1, g2 € G and @1, 2 € A be such that jg, (x1)jg, (z2) # 0.
Then Pgy N Pgy # (0. Since (P, G) is quasi-lattice ordered, it follows that there
exists g € G such that Pg; N Pgys = Pg. Choose a,b € P such that ag; = g
and bgz = g. Then jg, (1)jg, (x2) = Jg(a(z1)p(22)).

REMARK 5.5 Note that by Lemma 4.5, it follows that for d € D and geaqG,

Wig,eWa,g = Wiga,g ( by (3), Lemma 4.5)
=Wag ( by (1), Lemma 4.5)

Thus Wiy, e is the multiplicative identity of T'.(G,r*D).
PRrROPOSITION 5.6 With the foregoing notations, there exists a unital *-
homomorphism A : A x P — D x G such that \v,) = Wi, -1 and AN(z) =

Wi (z),e for a € P and x € A. Moreover X is onto.
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Proof. Let m: A — I'c(G,r*D) be defined by 7(x) = W, (4),. By Lemma 4.5
(Part (4)), it follows that 7 is a *-representation. Also note that 7 is unital.
For a € P, let v, := Wy, ,-1 and let €, := v,v,. We verify that (7,v) is
Nica-covariant. Let a € P be given. By Lemma 4.5, it follows that

g~
VoVa = Wﬁa(ln)yan,afl
=W Wig.at

Qa—1:0
= nga—lﬁa(ln),e

=Wi, e

=Wig.e (by (1) of Lemma 4.5)

Thus {v, : @ € P} is a collection of isometries. The fact that (w,v) is Nica-
covariant follows from repeated applications of Lemma 4.5.

Let € A and a € P be given. First by definition, j, (e (2)) = je(2)lalaa.
Now note that

W(,T)aa = Wje(z)ﬂerwrl

= Wje(z)lg,a*1
=W (2)10100,a-1 (by (1) of Lemma 4.5)

= Wi (au(@)),a

= Wlleﬁaja (aa(z))7a71

lolaaBa  (je(oa(x)),a=t

=Wig,a-1 Wi, (au(2))e
= Uam (g ().

We leave it to the reader to verify that v,v, = vp, for a,b € P. Another
application of Lemma 4.5 imply that e, := v,v; = Wig, e = Wj, (1), for
every a. Now note that for a,b € P, j,(1)jp(1) = 0 if PanN Pb = () and
Ja(1)gs(1) = jo(1) if Pan Pb = Pc. Since the map D>d— Wie€DxGisa

x-homomorphism, it follows that

¢. if Pan Pb= Pe,
5{151; =

0 if PanPb=0.

Thus by the universal property of Ax P, there exists a unique *-homomorphism
A Ax P — D x G such that A(z) = W, (5. for z € A and A(v,) = Wi, 41
for a € P.

Let C be the C*-subalgebra of D x G generated by {W; (). : ¢ € A} and
{V, : a € P}. To show that X is surjective, it is enough to show that for each
deDandge@G, Wy, eC.

Claim: Wy, € C for every d € D. Since the map D>d— Wae €D xGisa
*-homomorphism, it is enough to show that W; ;) e = Wigj, (2, € C for every
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g€ Gandz e A Let x € Aand g € G be such that 1gj,(z) # 0. Then, by
definition, Pg N P # . Since (P, Q) is a quasi-lattice ordered pair, it follows
that there exists a € P such that PgN P = Pa. Let b € P be such that bg = a.
Let h € G. If h ¢ Pa = PgnN P then 1g(h)j,(z)(h) = 0. Suppose h € Pa.
Then

la(h)jg(x)(h) = ang-1(z) = apa-14(z) = apa-1 (aw(x)) = ja(ow(@))(h).

Hence 1gj4(x) = ja(aw(x)). Thus to prove the claim it is enough to show that
Wi.(x),e € C for every a € P and x € A. But observe using Lemma 4.5 that
Wj.(@),e = VaWj, (2),e0; for € A and a € P. This proves the claim.
Let g € G be given. Observe that by (1) of Lemma 4.5, Wi, 4 # 0 if and
only if 1olg,-1 # 0 ie. if and only if Pg=' NP # 0. Let a € P be such
that Pg~! N P = Pa and choose b € P such that bg~! = a. Observe that
lolgg-1 = lga.
Again by Lemma 4.5, note that

VoV = Wig a1 Wi, 1 b

= Wig10a1g, 1,.0-1b

This implies that {Wi,, : g € G} is contained in C. Now let d € D and
g € G be given. Note that Wy, = Wy Wi, 4. As a consequence, it follows
that {Wy,:d € D,g € G} is contained in C. Since the linear span of {W,, :
de D,ge G} =T,(G,r*D) is dense in D x G, it follows that C = D x G. This
proves that X is surjective. This completes the proof. 0.
The main aim of this section is to show that the map A of the preceeding
proposition is an isomorphism. We do this by constructing the inverse of A.
For g € P and = € A, let i4(x) € £>°(P, A) be the restriction of j,(x) onto P.
Let g € G and x € A be such that i4(z) # 0. Then PgN P # (. Let a € P be
such that Pg N P = Pa and let b € P be such that bg = a. Note that i,(z) =
iq(ap(x)). Thus the C*-algebra generated by {i4(z) : g € G,z € A} coincides
with the C*-subalgebra generated by {i,(z) : € A,a € P}. Let D denote the
C*-subalgebra generated by {i,(z) : a« € P,z € A}. Note by Remark 4.4 and
(4) of Lemma 4.5, the map, call it o, I'(2, D) 3 Wy . — (d(a))eep € (P, A)
is injective with range D.

Let € be the C*-subalgebra of A x P generated by the projections {e, : a € P}
and let F be the C*-subalgebra of A x P generated by {vqzv} : @ € A,a € P}.
We first prove that A is 1-1 on F. Let X:F = D be defined by A=o00\
Note that for a € P and x € A, ANvqzv)) = W, (2). and AMvzv)) = iq(2).

We show A is injective on F by showing that A is injective.

REMARK 5.7 Observe the following.
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(1) For g € G, eq € . Forif ey # 0 then ey = e, where a € P is such that
PgN P = Pa.

(2) For g € G and v € A, wyrw, € F. For, suppose x € A and g € G be
such that wy # 0. Choose a,b € P such that PgN P = Pa and bg = a.

Then by definition wyzw, = v vy2VpV; = Ve (x)vy € F.

(8) We leave it to the reader to wverify that MNwgrw}) = W; (4). and

Mwgrwy) =ig(z) for g € G and x € A.

The spectrum of £ can be identified with the Wiener-Hopf compactification 2
of (P,G). This is essentially due to Nica ([12]).

NOTATION: As A is unital, we identify ¢>°(P) as a *-subalgebra of (>°(P, A).
For a subset Y C P, let 1y € £°°(P) denote the characteristic function of Y.
Note that A(eq) = 1p, for a € P. We also identify C'() as a #-subalgebra of
(°°(P) via the map C(Q) 3 ¢ — (¢(P~ta))aep € °°(P). Under this map 1q,
is mapped to 1p, for a € P.

(1) For a,b € P, we write a < b if there exists ¢ € P such that b = ca. Let
A be a subset of P. The subset A is called DIRECTED if given a,b € A
there exists ¢ € A such that ¢ > a,b and is called HEREDITARY if b € A
and a < b then a € A.

(2) Let Qu denote the set of all non-empty, directed and hereditary subsets
of P. Topologise Q2 by considering Qs as a subset of {0, 1}¥ and endow
Qar with the subspace topology inherited from the product topology on
{0,1}". For a € P, let [e,a] := {x € P : x < a}. Then {[e,a] : a € P} is
dense in Qp. Fora € P, let U, :={A € Qp :a € A}.

(3) Let © be the Wiener-Hopf compactification of (P,G). Let A € Q be
given. Note that A contains the identity element e and P~'A C A. Thus
AN P is non-empty and hereditary. We claim that AN P is directed. Let
a,b € ANP be given. Choose a sequence (ay,,) in P such that P~ta,, — A.
Then there exists N € N such that a,b € P~ 'a, for n > N. In other
words, a, € Pa N Pb eventually. Since (P, G) is quasi-lattice ordered, it
follows that there exists ¢ € P such that Pa N Pb = Pc. Thus a, € Pc
eventually or ¢ € P~ 'a,, eventually. Consequently ¢ > a,band ¢ € ANP.
This proves that AN P is hereditary. Thus the map Q2> A — ANP € Qur
is well-defined.

(4) The map 2 3 A = AN P € Qu is a homeomorphism. The continuity
of the map 2 35 A — AN P € Qu is clear. Let A, B € Q be such that
ANP = BnP. Choose a sequence a, € P such that P~ 'a, — A.
Consider an element g € A. Then a,, € Pg eventually. Thus PgN P # ().
Since (P, @) is quasi-lattice ordered, it follows that there exists a € P
such that Pg N P = Pa. Then a, € Pa or equivalently a € P~ la,
eventually. Thus a € AN P = BN P. This implies that a € B. Note
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that ¢ < a and P~!B C B. As a consequence it follows that g € B.
This shows that A C B. Similarly B C A. This proves that the map
2> A— ANPis 1-1. Note that P~*aN P = [e,a] for a € P. Since
{le,a] : a € P} is dense in Qxr and Q is compact, it follows that the map
Q3 A— ANP € Qu is a homeomorphism. Henceforth we identify
and Qs via this homeomorphism. Under the homeomorphism Q 5 A —
ANP € Qp, by Lemma 3.6, the subset Qa is mapped onto U, for every
a€P.

(5) Let € be the character space of €. For x € &, let A, ={aeP:xle,) =
1}. Then A, contains the identity element, is directed and hereditary.
Note that the map £> X = Ay € Qun = Q is continuous and injective.
Thus one obtains a *-homomorphism fi : C(€2) — C(€) = € defined by
B(f)(x) = f(By) for f € C(Q) and x € & where B, is the unique element
in 2 such that B, N P = A,. We leave it to the reader to verify that

fi(lga) = €4 for a € P. Since A(eq) = 1pg, it follows that A : £ — C()
is an isomorphism with jz being its inverse.

Let T :={Y C P : 1ly € C(Q) C (=(P)}. Note that Z is closed under
finite unions, finite intersections and complements. Moreover for every a € P,
Pae€Z. ForY €7, let ey € & be such that A(ey) = 1y. For Y € Z, note that
ey is a projection. The collection Z is called the set of constructible left ideals
of P by Liin [7].

LEMMA 5.8 Let F be the linear span of {vaavi i x € Aja € P}.
(1) Then F is a dense %-subalgebra of F.
(2) The algebra £ is contained in the center of F.

(3) Let z € F be given. Then there exists n € N, Y1,Ys,---Y, € I,
ai,as, - -apn € P and x1,29,-- -1, € A such that a; € Y; for every i,
YinY;=0ifi#jand z= 3" | ey,vq, 2V}, .

(4) The map \: F — D is isometric and onto.

Proof. Let a,b € P and z,y € A be given. Suppose Pa N Pb = (). The relation
eqey, = 0 implies that viv, = 0. Hence (vqozv))(vpyv;) = 0. Now suppose
Pan Pb # (. Since (P, @) is quasi-lattice ordered, it follows that there exists
¢ € P such that Pa N Pb = Pc. Choose s,t € P such that sa = tb = c¢. Now
calculate as follows to find that

(vazv}) (vpyvy ) = vezvsviyvy (by Eq. 5.4)
= Va0 () oy (y) vy v
= VUsa Qs (‘T)at (y)v:b

= veas(z) oy (y)vk.
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This proves that F is closed under multiplication. Clearly F is #-closed. Thus

F is dense in F. This proves (1).

Let a,b € P and x € A be given. The calculation done to prove (1) implies

that

if Pan Pb= Pe,

€aVpTV 1= (5.6)
0 if Pan Pb=0

Vetoy—1 (2)

and
Veep—1 (x)vf  if PbN Pa = Pe,
VpTUp €q 1=

0 if PbN Pa=0.

Hence e upzvy = vpzvie, for every a,b € P and x € A. This proves (2).

Let z := Y. | Vb, YiVy, € F be given with b; € P and y; € A. For B C
{1,2,---n},let Zp := ;¢ g Pbi. Since (P, Q) is quasi-lattice ordered, it follows
that if Zp is non-empty, then there exists agp € P such that Zp = Pap. For
B cC {1,2,---,n}, let Yp := Zp\ U Zc. We use here the convention that

BC

empty intersection is the whole set, i?lcthis case, P and empty union is empty.
We leave it to the reader to verify that {Yz : B C {1,2,---n}} forms a disjoint
collection of subsets of P and for B C {1,2,---,n}, Zp = U Yo. Also

COB
observe that if Yz # () then ap € Yp. To see this, let B C {1,2,--- ,n} be such

that Yp # (. Note that Yg C Zp = Pap. Thus if ap ¢ Yp then there exists
C 2 B such that ap € Z¢ = Pac. But Z¢ is closed under left multiplication
by P. Thus Zp C Z¢ and hence Y = (). Thus if Y3 # () then ap € Yp. Let
V:i={Bc{l,2,---,n}:Yg #0}.

Now calculate as follows to see that

n

*

z= E €Pb; Vb, Yily,
i=1

n
=> (Y evy)uuivy,

i=1 BEV,icB

= Z €Yyp€Zp ( Z €z, yivli-)

BeVv i€B
= Z €Yp ( Z eaB’Ubiyi’Ui):)
BeVv ieB
= Z eYB(Z”aBaaBagl(yi)”:;B) ( By Eq. 5.6 and Pap C Pa; ifi € B)
BeVv ieB
= Z eypVapTBVy ,
BeV
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where for B €V, zp 1= Zaa

i€B N N N
To prove (4), it is enough to show that A is isometric on F. Let z € F be
given. By (3) we can write z = Zf 1 €Y;Va; Tiv,, With Y; disjoint, a; € Y; and
x; € A. Since {ey, : i =1,2--- ,n} are orthogonal central projections in F, it
follows that

~1(y;). This proves (3).

Ba;

ol < e ey, 1 < max ]

Note that A(z) = ", lyiia,(2;). Since a; € Y;, A(2)(a;) = z; for i €
{1,2,---,n}. Thus ||zi|| < [|A(2)|| for every i € {1,2,---,n}. As a conse-
quence, it follows that ||z|| < [|A(z)||. But X : F — D is a s-homomorphism
and hence [|[A(z)|| < ||z||. This proves that [|A(z)|| = ||z|| for every z € F.
Since F is dense in F, it follows that \ is isometric. Surjectivity of X follows
from the fact that A(v,zv}) = i4(x) for z € A and a € P and the observation
that D is generated by {ia(2) : @ € P,x € A}. This completes the proof. O
Let v : D — F be the inverse of /\ F — D. Let us denote the map D>d—
(d(a))aep € D by res and let v : D — F be defined by v = i ores. Note that
v(lag) = €4 for every g € G. In particular, v(1g) = 1.

Now we define a map u: I'o(G,7*D) — A x P as follows: Let f € I'.(G,r*D).

Write f = Z Wa,.g where d, = 0 except for finitely many g. We let
deD,ged
w(f) = Z v(dg)wg-1. We claim that p is well-defined. Let di,ds,--- ,d, € D
geG

and g1, 92, ,9n € G (with g;’s distinct) be such that Y. | Wy, 4, = 0. To
show that p is well-defined, it is enough to verify that Y | v(d;)w}, = 0.

Let i € {1,2,---,n} be given. Let X € QN Qg; * be given. Then (X, g;) € G.
Now >°1 , Wd“gl (X,9:) =0 implies that d; + Ix = 0. Hence d; + Ix = 0 for
every X € QN Qg L. Now for X € €, lolg rdi+Ix = 1Q(X)1Qg (X )(d +
Ix). Thus 1ol 71d +1Ix =0 forevery X € Q This implies that d;1o1 ot =
0. Now observe that

l/(di)wgfl = v(d; )eglflw
— (1),

l/(d'lnggi—l)’LUgi—l

I
o

As a result, the sum Y . | v(d;)w,-1 vanishes. This proves that p is well-
defined. '

Next we verify that p is multiplicative. We leave it to the reader to convince
himself that it is enough to prove that p(Wa, g, Wa,.g.) = (Way 0. )1(Was g.)

for di,d> € D and g1, g € G.
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Claim: For g € G and d € D, wer(d)w) = v(B; 1 (d)lag).
Since the linear span of {jn(x) : h € G,z € A} is dense in D, it is enough
to prove the claim when d = j,(x) for some h € G and z € A. Let h € G
and z € A be given and let d := j,(z). Note that v(jn(z)) = wprw). Now
calculate as follows to observe that
Wy WhTWj W, = egwhg:cw;;geg (by Lemma 5.4)

gV (Jng (7))

= egv(B, " (d))
= V(lng v(By ' (d))
= (B, (d)1ay)

This proves the claim. Now let g1, 92 € G and dy,ds € D be given. By Lemma
4.5, it follows that Wa, g, Wa,,g, = Wa g9, Where d = 1o —1d1f3g, (d2). Thus

by definition, we have p1(Wa, 4, Wi, .g,) = v(d)w} ,,. Now calculate as follows
to observe that

* *

v(da)wg, w; w; (Since e, commutes with F)

11/(d2)w;1,1 eg;uu;m ( by Lemma 5.4)

Hence u(Way g, Wias.g) = #(Way g.)t(Way g,). This shows that g is mul-
tiplicative. A similar computation yields that p is s-preserving. Thus

(G, r*D) — A x P is a shomomorphism. Note that by defintion
1(Wa.e) = v(d) for every d € D. Moreover the surjection v and the surjection
D>d— Way.e € T'(Q2, D) have the same kernel. Thus y restricted to I'(Q2, D) is
bounded. Hence the x-homomorphism p extends to a s-homomorphism from
the full crossed product D x G to A x P which we still denote by pu.

THEOREM 5.9 Let A\ : A x P — D x G be the x-homomorphism constructed in
Proposition 5.6. Then X is an isomorphism.

Proof. Let 1 : Dx G — A x P be the x-homomorphism such that u(Wy4) =
v(d)wy. The existence of such a map is shown in the paragraphs preceeding
this theorem. By definition, for a € P, u(v,) = v(lg)w, = v, and for x € A,
(W (@),e) = V(je(x))we = x. Thus po A = id. This proves that X is 1-
1. The surjectivity of A is already proven in Proposition 5.6. Hence A is an
isomorphism. This completes the proof.
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6 A K-GROUP COMPUTATION

For the rest of this paper, let F,, be the free group on n generators and we
denote its generators by aj,as,---,a,. Denote the semigroup generated by
ay,as, - a, by F} ie. Fl consists of words in a1,as, - ,a,. We reserve the
letters ay, as, - - ,an to denote the canonical generators of F,, and F;F. It is due
to Nica, ( Example 4, Page 23 of [12]), that (F,},F,,) is a quasi-lattice ordered
pair. We should remark that we consider the right variant of Nica’s definition
of a quasi-lattice ordered pair. But we can apply Nica’s proof by considering
the pair (Q := (F;7)~1,F,). Note @ is the free semigroup on the generators
afl,agl, ---a;t. Thus it follows that if gQ N Q # 0 for g € F,, then there
exists a € @ such that gQ N Q = aQ. Taking inverses imply that (F;},F,) is
quasi-lattice ordered in our sense.

Let G be the Wiener-Hopf groupoid associated to the pair (F;} F,). We need
the fact that G is amenable. To see this, let P := F;” and Q := P~1. For
a € Q,let V, : £2(Q) — (3(Q) be defined by V,(d,) = dap for b € Q. Here
{0y : b € Q} denotes the canonical orthonormal basis of £2(Q). The unitary
(2(P) 2 64 — 841 € £2(Q) induces an isomorphism between the Wiener-Hopf
algebra W(F;,F,,) and the C*-algebra generated by {V, : a € P}, called the
C*-algebra associated to the left regular representation of () and let us denote it
by C7,.(Q). By Corollary 8.3 of [7], it follows that the C7,.(Q) is nuclear. Thus
the C*-algebra W(F;\, F,,) is nuclear. But Theorem 4.3 implies that W(F;", F,,)
is isomorphic to C_,(G). Now the amenability of G follows by appealing to
Theorem 5.6.18 of [I]. The following statement is an immediate consequence
of Theorem 4.3 and Theorem 5.9

COROLLARY 6.1 Let A be a unital C*-algebra and « : Ff — End(A) be a
unital left action. The regular representation p : A x Ff — A X,eq FF is an
isomorphism.

Proof. Let (D, G, 3) be the Wiener-Hopf groupoid dynamical system associated
to (A,F;,Fp,«). Since the Wiener-Hopf groupoid G is amenable, it follows
from Theorem 1 of [15] that the natural map from D x G to the reduced
crossed product D X,..q G is an isomorphism. The proof is complete by applying
Theorem 4.3 and Theorem 5.9. O
Let A be a C*-algebra and « : F} — FEnd(A) be a left action. For
i€ {1,2,---,n}, let a; := «,,. Note that a is completely determined by
the n endomorphisms ag, as, -+, a,. Conversely let aj, s, -, a, be endo-
morphisms of A. Then there exists a unique action a : Ff — End(A) such
that a,;, = ;. To see this, let w := a;, a4, - - - a;, be a word in {ay, a2, -+ ,an}.
As any word in {a1,as, - ,a,} is a reduced word [See [14]], it follows that the
expression a;, a;, - - - a;, representing w is unique. Now set au, = qj, vy - - -
Then a : F, — End(A) is the required action.

Let H be a Hilbert space and let V : F}t — B(H) be an anti-homomorphism
such that for each a € F}, V, is an isometry. For i € {1,2,---,n}, let
Vi == V,,. Then the n-isometries Vi, Va,--- ,V,, determine V. Conversely, let
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Vi, Va, -+, V, beisometries on H. Then there exists a unique anti-homorphism
V :F} — B(H) such that for i € {1,2,--- ,n}, Vo, = V;. We leave the details
to the reader.

LEMMA 6.2 Let A be a C*-algebra and o : F} — End(A) be a left action.
Let  be a representation of A on a Hilbert space H and V : F}F — B(H) be
an anti-homomorphism of isometries. For i = 1,2,--- ,n, let o; = oy, and
Vi :=V,,. Then the following are equivalent.

(1) The pair (m,V) is Nica-covariant.

(2) For i € {1,2,---,n} and z € A, n(x)V; = Viai(z). For i,j €
(1,2, ,n} withi # j, V*V; = 0.

Proof. Note that for i # j, Fira; NF;a; = 0. Thus clearly (1) implies (2). Now
assume that (2) holds. For w € F, let Fy, := V,, V5. We leave it to the reader
to verify that 7(z)Vi = Viyay(z) for z € A and w € F}'.

Observe that for wy,wy € F},

F,,t’wg ifwlgwg,
FiwlﬂF:wgz FTJ{’LUl if'LUQSwla

0 else.

Let wi,we € F} be given. Suppose w; < we. Let w € FF be such that
ww; = wy. Note that Ey, = Viw, Vi, = Var (VuVi)Va, < Vi, Viy, = B,
Thus Ey, By, = Eu, if w1 < wy. Thus if wy,ws,w € F} are such that
Ffwy NFrws = Ffw then Ey, Fy, = E,. Now let wi,wy € F;} be such that
Flwi NFlws = 0. Write w1 = a, a4, -+ a;, and wy = aj,aj, -+~ aj,, with
ir,je € {1,2,--- ,n}. We claim that E,, F,, = 0. Without loss of generality,
we can assume that n < m. Let k € {0,1,--- ,n — 1} be the least integer
for which 4,_p # Jm—k. Such an integer exists, otherwise w; < ws which
contradicts the assumption that the intersection F; w; NF;wsy is empty.
Now use the fact that V; is an isometry to observe that
ij:lvwz :V;;VZZ "'Vii,kvjmfkvj le
=0 (Since V;'V; =01if i # j and in_p # jm—r )-

m—k—1 "

Thus Ey, By, = 0 if Ffw; N Frwe = . This proves that (m, V) is Nica-
covariant. This completes the proof. a
Let A be a unital C*-algebra and « : F;} — FEnd(A) be a unital left action.
We show that the inclusion A > 2 — x € A x F;} is a K K-equivalence. Let
(7, V) be the standard Nica-covariant pair for (4,F «). For i =1,2,--- ,n,
let o = v,
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Consider the Hilbert A-modules £©) = A® (2(F}) and £V = A 2(FH\{1}).
Here 1 denote the identity element of F;'. Note that for x € A and a € F}, m(x)
and V,, leaves &) invariant. For z € A and a € F;, denote the restriction of
7(x) and V, on 2(F;1\{1}) by #(z) and V,. Note that (7, V) is Nica-covariant.
The only thing that needs verification is that for ¢ # j, the range of 17,” is
orthogonal to that of V. This follows from the fact that the range of V;, is
A® 2((Ff\{1})a;). Let us denote the map m x V : A x Ff — L4(£) by
A and the map 7 x V : A x Fi — £,4(EM) by A respectively. Denote the
orthogonal projection from ¢2(F;}) onto £2(F+\{1}) by Q and Let P : £©) —
EW be defined by P:=1® Q.

NoTATIONS: Let {0, : # € F,"} be the standard orthonormal basis for ¢?(FF;")
and let {e;, : z,y € F;'} be the standard 'matrix units’ with respect to the
orthonormal basis {6, : * € F'}. For i € {1,2,---,n}, let v; : £2(F}) —
(2(F}) be given by v;(84) = daa,. Here {8, : a € F;} stands for the standard
orthonormal basis. Let p be the orthogonal projection from ¢2(F;}) onto the
one dimensional space subspace ¢?({1}) and set q := 1 — p.

LEMMA 6.3 The triple (5 =E0 M X=X\ g D F .= [g % } ) is

a Kasparov A x F}-A bimodule.

Proof. Note that PP* =1 and P*P=1—-1®p. Thus P*P — 1 and PP* —1
are compact. Note that we have assumed that A is unital.
Note that for 2 € A and a,b € F;\{1},

Pr(z) —w(x)P =0,
PV, —V,P=1®e,1, and
PV —ViP=—-1®ey,.

Also observe that PV; — Vi P = 0 and PV — ‘71*P = 0. Now the fact that
the linear span of {v,avy : a,b € F},z € A} is dense in A x F}}, it follows
that PAO)(T) — X)(T)P is compact for every T € A x Ft. The proof is now
complete. O
Let us denote the Kasparov element defined in Lemma 6.3 by [d]. Let us denote
the inclusion A > x — 2z € A x F}} by j and denote the corresponding K K-
element representing j in KK (A, A x F;) by [j]. We use the notation # to

denote the Kasparov product. We adapt the proof of Theorem 2.3 of [4].

THEOREM 6.4 The KK-elements [d] and [j] are inverses of each other with
respect to the Kasparov product.

Proof. For this proof, let us denote A x F;' by 7. Note the decomposition
EO) = A @ M as Hilbert A-modules. With respect to this decomposition,
observe that, the pull-back of [d] by the homomorphism j i.e. the Kasparov

product [j]f[d] is isomorphic to the direct sum of (A, m,0) and D := (5(1) ®
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(1) (1)] ) where m : A — A = M(A) is the usual multiplication

representation. Observe that D is degenerate. Thus the product [j]8[d] = [14].
Note that the Kasparov product [d]f[j], the push-forward of [d] by the homo-
morphism j, is given by (£ ®4 7,0 :=A®1,G := F ® 1). The map

g<1>,%@%,[

(PM)©A)@AT>2(0a@2)0y—da@ayelPT)T

is unitary (The surjectivity follows from the assumption that the action « is
unital and hence 7 is unital). Here I stands for either F; or F,"\{1}.

We identify this way the Hilbert 7-modules, £ @4 T with F©) := (2(FH)@T
and EM @4 T with FO) = (2(FH\{1}) ® 7. With this identification, the
representation o = 0(®) @ ¢(1) of T is given by the formulas: for € A and
a€F},

U(i) (x)(éc ® y) =0.® ac(x)y
D (v,)(0e ®y) = 0ea @y

Let @ be the orthogonal projection of £()(F;) onto ¢(F;7\{1}) and let R :
FO) — FO) be given by R := Q® 1. The operator G = F @1 is then given by

0 R*
R 0|
Fori=1,2,--- ,nand t € [0, ]1etw € L7 ((?(F}) @ T) be defined by

w = cos(t)(vip © 1) + sin(t)(p @ V;) + vi(1 — p) ® 1

where V; = V,, and p denotes the orthognal projection of £2(F;}) onto the one-
dimensional subspace spanned by {d1}. Observe that {w! :i =1,2,--- n} is
a collection of isometries with orthogonal range projections. For t € [0, 7], let
wt : Fr — L7(F©) be the unique anti-homomorphism of isometries such that
wh, = w}.

For t € [0, %], let w* : A — L7(F©) be defined by 7Tt(.%') = o0 (x ) for z € A.
Note that for ¢t € [0,5], z € Aand i € {1,2,-- ,n}, 7' (x)w} = win'(oi(x)).
By Lemma 6.2, it follows that the pair (7, w?) is Nica-covariant. Let T(t) ’T %
L7(F©) be the *-homomorphism such that 7 (z) = 7¢(z) and 7 (v,) =
Observe that 7(0) = ¢(9). Also note that for ¢ € [0, zl, 7 (vg,) — o (’Uai) is
compact for every i = 1,2,---,n and 70 (z) = 0(®)(z) for z € A. Since T is
generated by A and the isometries {v,, : i = 1,2,---,n}, it follows that for
every T € T, 7)(T) — 0(O(T) is compact.

Hence in KK(T,7), [dj] = (F© & 7,70 g ¢ G) for every t € [0, Z].
Observe that the decomposition F(© = T @ F(1) is left invariant by 73 . With
respect to this decomposition 72 = m @ ¢!) where m : T — T is the identity
map. Thus the product [dJt[j] = (T,m,0) & D where D = (F) @ FV o) g

o, (1) (1) ). Note that D is degenerate. As a consequence, it follows that
[d)8]j] = [17] in KK (T,T). This completes the proof. ]
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REMARK 6.5 Let A be a separable C*-algebra and o : i — End(A) be a left
action. We do not assume that A is unital or « is unital. The K K -equivalence
of the inclusion A > x — x € A X,.cq FY, can be deduced from the unital case

by passing to the unitisation and by appealing to the split-exact sequence in
Theorem 3.5.
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