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ABSTRACT. We describe a construction of the cyclotomic structure on
topological Hochschild homology (T'H H) of a ring spectrum using the
Hill-Hopkins—Ravenel multiplicative norm. Our analysis takes place
entirely in the category of equivariant orthogonal spectra, avoiding use
of the Bokstedt coherence machinery. We are also able to define two
relative versions of topological cyclic homology (T'C') and T R-theory:
one starting with a ring C),-spectrum and one starting with an algebra
over a cyclotomic commutative ring spectrum A. We describe spectral
sequences computing the relative theory over A in terms of TR over
the sphere spectrum and vice versa. Furthermore, our construction
permits a straightforward definition of the Adams operations on T'R
and TC.
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1 INTRODUCTION

Over the last two decades, the calculational study of algebraic K-theory has
been revolutionized by the development of trace methods. In analogy with the
Chern character from topological K-theory to ordinary cohomology, there exist
“trace maps” from algebraic K-theory to various more homological approxima-
tions. For a ring R, Dennis constructed a map to Hochschild homology

K(R) — HH(R)
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that generalizes the trace of a matrix. Goodwillie lifted this trace map to
negative cyclic homology

K(R) — HC™(R) — HH(R)

and showed that, rationally, this map can often be used to compute K (R).

In his 1990 ICM address, Goodwillie conjectured that there should be a “brave
new” version of this story involving “topological” analogues of Hochschild and
cyclic homology defined by changing the ground ring from Z to the sphere spec-
trum. Although the modern symmetric monoidal categories of spectra had not
yet been invented, Bokstedt developed coherence machinery that enabled a def-
inition of topological Hochschild homology (T'H H) along these lines. Further,
he constructed a “topological” Dennis trace map [7]

K(R) — THH(R).

Subsequently, Bokstedt—Hsiang—Madsen [8] defined topological cyclic homology
(T'C) and counstructed the cyclotomic trace map to T'C, lifting the topological
Dennis trace

K(R) — TC(R) — THH(R).
They did this in the course of resolving the K-theory Novikov conjecture for
groups satisfying a mild finiteness hypothesis. Subsequently, seminal work of
McCarthy [35] and Dundas [14] showed that when working at a prime p, T'C
often captures a great deal of information about K-theory. Hesselholt and
Madsen (inter alia, [21]) then used T'C' to make extensive computations in
K-theory, including a computational resolution of the Quillen—Lichtenbaum
conjecture for certain fields.
The calculational power of trace methods depends on the ability to compute
TC(R), which can be approached using the methods of equivariant stable ho-
motopy theory. Bokstedt’s definition of T'H H(R) closely resembles a cyclic bar
construction, and as a consequence THH(R) is an S'-spectrum. Topological
cyclic homology is constructed from this S*-action on TH H (R), via fixed point
spectra TR™(R) = THH(R)®»". In fact, THH(R) has a very special equiv-
ariant structure: THH (R) is a cyclotomic spectrum, which is an S'-spectrum
equipped with additional data that models the structure of a free loop space
AX.
The cyclic bar construction can be formed in any symmetric monoidal category
(A,X,1); we will let Ng'® denote the resulting simplicial (or cyclic) object.
Recall that in the category of spaces, for a group-like monoid M, there is a
natural S'-equivariant map

INY°M| — Map(S*, BM) = ABM

(where | - | denotes geometric realization) that is a weak equivalence on fixed
points for any finite subgroup C,, < S!'. Moreover, for each such C,,, the free
loop space is equipped with equivalences (in fact homeomorphisms)

(ABM)®" ~ ABM
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of S'-spaces, where (ABM)®" is regarded as an S'-space (rather than an
S1/C,,-space) via pullback along the nth root isomorphism

pn: ST 8/C,.

In analogy, a cyclotomic spectrum is an S'-spectrum equipped with compatible
equivalences of S'-spectra

tn: pELO®O" X — X,

where L& denotes the (left derived) “geometric” fixed point functor.

The construction of the cyclotomic structure on T HH has classically been
one of the more subtle and mysterious parts of the construction of TC'. In a
modern symmetric monoidal category of spectra (e.g., symmetric spectra or
EKMM S-modules), one can simply define THH (R) as

THH(R) = |N?°R)|,

but the resulting S'-equivariant spectrum did not appear to have the correct
equivariant homotopy type [31, 2.5.9]. Only Bokstedt’s original construction
of THH seemed to produce the cyclotomic structure.

Although this situation has not impeded the calculational applications, reliance
on the Bokstedt construction has limited progress in certain directions. For
example, the details of the Bokstedt construction make it difficult to understand
the equivariance (and therefore relevance to T'C') of various additional algebraic
structures that arise on T'H H , notably the Adams operations and the coalgebra
structures.

The purpose of this paper is to introduce a new approach to the construction
of the cyclotomic structure on T'H H using an interpretation of TH H in terms
of the Hill-Hopkins—Ravenel multiplicative norm. Our point of departure is
the observation that the construction of the cyclotomic structure on THH (R)
ultimately boils down to having good models of the smash powers

R"M=RARAN...\AR
—_— —

n

of a spectrum R as a C,-spectrum such that there is a suitably compatible
collection of diagonal equivalences

R — "R

The recent solution of the Kervaire invariant one problem involved the detailed
analysis of a multiplicative norm construction in equivariant stable homotopy
theory that has precisely this type of behavior. Although Hill-Hopkins—Ravenel
studied the norm construction N§ for a finite group G' and subgroup H, using
the cyclic bar construction one can extend this construction to a norm N7 " on
associative ring orthogonal spectra; such a construction first appeared in the
thesis of Martin Stolz [11, 41].
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For the following definition, we need to introduce some notation. Let S denote
the category of orthogonal spectra and let 551 denote the category of orthog-
onal S'-spectra indexed on the complete universe U. Finally, let Ass denote
the category of associative ring orthogonal spectra.

DEFINITION 1.1. Define the functor

Nfl s Ass — 851
to be the composite functor

R~ I« [NJR,

with |NY°R| regarded as an orthogonal S!-spectrum indexed on the standard
trivial universe R, Here Z{.. denotes the change of universe functor (see
Definition 2.6).

Since both the cyclic bar construction and the change of universe functor pre-
serve commutative ring orthogonal spectra, the norm above also preserves com-
mutative ring orthogonal spectra. In the following proposition, proved in Sec-
tion 4, Com and Comg1 denote the categories of commutative ring orthogonal
spectra and commutative ring orthogonal S'-spectra, respectively.

ProrosiTION 1.2. NeS1 restricts to a functor
1 1
N5 Com — Comy,

that is the left adjoint to the forgetful functor from commutative ring orthogonal
Sl-spectra to commutative ring orthogonal spectra.

The forgetful functor from commutative ring orthogonal S'-spectra to com-
mutative ring orthogonal spectra is the composite of the change of universe
functor Iﬁw and the functor that forgets equivariance. The proof of the above

proposition identifies N " Com — Comg1 as the composite functor
R— T (R® SY),

which is left adjoint to the forgetful functor. Here ® denotes the tensor of a
commutative ring orthogonal spectrum with an unbased space, and we regard
(—)®S?t as a functor from commutative ring orthogonal spectra to commutative
ring orthogonal spectra with an action of S?.

The Hill-Hopkins—Ravenel treatment of the norm functor includes an analysis
of the left derived functors of the norm. As part of this analysis they show that
the norm N§ preserves certain weak equivalences. For our norm N " into 851,
we work with the homotopy theory defined by the F-equivalences of orthogonal
Sl-spectra, where an F-equivalence is a map that induces an isomorphism on
all the homotopy groups at the fixed point spectra for the finite subgroups of
S1. We prove the following theorem in Section 4.
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ProroSITION 1.3. Assume that R is a cofibrant associative ring orthogonal
spectrum and R’ is either a cofibrant associative ring orthogonal spectrum or a
cofibrant commutative ring orthogonal spectrum. If R — R’ is a weak equiva-
lence, then NeSlR — NeSlR' s an F-equivalence in 851.

Of course the conclusion holds if R is a cofibrant commutative ring orthog-
onal spectrum as well; the point of Proposition 1.3 is to compare cofibrant
replacements in associative and commutative ring orthogonal spectra.

As a consequence we obtain the following additional observation about the
adjunction in the commutative case. See Proposition 4.10 for a more precise
statement.

PROPOSITION 1.4. The functor
NeS1 : Com —> Com‘g1

is Quillen left adjoint to the forgetful functor (for an appropriate model struc-
ture with weak equivalences the F-equivalences on the codomain); in particular,
its left derived functor exists and is left adjoint to the right derived forgetful
functor.

Our first main theorem is that when R is a cofibrant associative ring orthogonal
spectrum, NV, es 'Risa cyclotomic spectrum. To be precise, we use the point-set
model of cyclotomic spectra from [6], which provides a definition entirely in
terms of the category of orthogonal S!-spectra.

THEOREM 1.5. Let R be a coﬁlbmnt associative or cofibrant commutative ring
orthogonal spectrum. Then Nes R has a natural structure of a cyclotomic spec-
trum.

Proposition 1.4, which describes Nes1 as the homotopical left adjoint to the
forgetful functor, suggests a generalization of our construction of THH that
takes ring orthogonal C),-spectra as input. For commutative ring orthogonal
C,-spectra, we can define Ng:z as the left adjoint to the forgetful functor. How-
ever, to extend to the non-commutative case, we need an explicit construction.
We give such a construction in Section 8 in terms of a cyclic bar construction,
which we denote as NY““"R. TIts geometric realization |[NZY““"R| has an
Sl-action, and by promoting it to the complete universe we obtain a genuine
orthogonal S'-spectrum that we denote as Ng:z R. The following proposition
is a consistency check. '

PR?POSITION 1.6. Let R be a commutative ring orthogonal C,,-spectrum. Then
NgnR is isomorphic to the left adjoint of the forgetful functor from commutative
ring orthogonal S'-spectra to commutative ring orthogonal C,-spectra applied

to R.

Again, we can describe the left adjoint in terms of a tensor
NS R= T (R, 5.

DOCUMENTA MATHEMATICA 23 (2018) 21012163



2106 ANGELTVEIT, BLUMBERG, GERHARDT, HILL, LAWSON, MANDELL

where the relative tensor R ®¢, S' may be explicitly constructed as the co-
equalizer

(i*R)® C, ® S* =3 (i*R) ® S*

of the canonical action of C,, on S and the action map (i*R) @ C, — i*R,
where ¢* denotes the change-of-group functor to the trivial group. Choosing an
appropriately subdivided model of the circle produces the isomorphism between
the two descriptions.

As above, by cofibrantly replacing R we can compute the left-derived functor
of Ng:l, and in this case Ng:lR is a p-cyclotomic spectrum (see Definition 3.1)
provided either n is prime to p or R is “Cj-cyclotomic” (q.v. Definition 8.7
below). This leads to the obvious definition of TC¢, R. This Cy,-relative TH H
(and the associated constructions of TR and T'C') is expected to be both inter-
esting and comparatively easy to compute for some of the equivariant spectra
that arise in Hill-Hopkins—Ravenel, in particular the real cobordism spectrum
MUg.

We can also consider another kind of relative construction, namely in the sit-
uation where R is an algebra over an arbitrary commutative ring orthogonal
spectrum A. Definition 1.1 can be extended to the relative setting; the equiv-
ariant indexed product can be carried out in any symmetric monoidal category,
and the homotopical analysis in the case of A-modules is given in Section 6.

DEFINITION 1.7. Let A be a cofibrant commutative ring orthogonal spectrum,
and denote by A-Alg the category of A-algebras. We define the A-relative
norm functor

ANS T A Alg —s Agi-Mods
by

R IR |NJCR).

Here Ag: denotes ZY.. A, constructed by applying the point-set change of uni-
verse functor Z{.. to A regarded as a commutative ring orthogonal S'-spectrum
(on the universe R*) with trivial S'-action. Then Ag: is a commutative ring
orthogonal S!-spectrum (on the universe U) and 1451-/\/106@1 denotes the cat-
egory of Agi-modules in 851.

We write s4THH(R) for the underlying non-equivariant spectrum of 4N eSlR;
this spectrum was denoted thh*(R) in [15, IX.2.1]. When R is a commutative

A-algebra, 4N flR is naturally a commutative Agi-algebra. The functor
ANGS1 : A-Com — A51—C0m51

is again left adjoint to the florgetful functor.
Using the identification N2 A = ZU_(A®S') in the commutative context, the
map S’ — * induces a map of equivariant commutative ring orthogonal spectra

1
NeSlA — Agi. Just as in the non-equivariant case, we can identify ANf R as
extension of scalars along this map.
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ProOPOSITION 1.8. Let R be an associative A-algebra. There is a natural iso-
morphism

1
ANS'R= NS R Ayor, Agi.

When A is a cofibrant commutative Ting orthogonal spectrum and R is a cofi-
brant associative A-algebra or cofibrant commutative A-algebra, this induces a
natural isomorphism in the stable category

1 1
AN R=NF RAL G, Ag.
However, due to the subtleties of the behavior of Iﬂgoo when applied to cofibrant
commutative ring orthogonal spectra regarded as S'-spectra with trivial action,
1
AN ES R is not in general cyclotomic. Instead, we must settle for the following

analogue of Theorem 1.5, which we prove in Section 7. When it applies, it alters
the equivariant structure of 47HH(R) to produce a cyclotomic spectrum.

THEOREM 1.9. Let A be a cofibrant commutative ring orthogonal spectrum that
is 1* A for a cofibrant p-cyclotomic commutative ring orthogonal S*-spectrum A.

. . st . .
Moreover, assume that the canonical counit map N> A — A is a p-cyclotomic
map. Let R be a cofibrant A-algebra. Then

NS'RAysi A
18 a p-cyclotomic spectrum.

In fact, we have a slightly more general version of this result.

THEOREM 1.10. Let A be a cofibrant commutative ring orthogonal spectrum
and R a cofibrant A-algebra. Let M be a p-cyclotomic object in N5+ A-modules.
Then the smash product

Sl
NZ RAysi g M
s a p-cyclotomic spectrum.

Note that A is not usually the same as Ag:. Moreover, we do not know many
interesting examples of commutative ring orthogonal spectra A for which the
conditions of Theorems 1.9 and 1.10 apply; in all the cases we are aware of, A is
closely related to the sphere spectrum with its standard cyclotomic structure,
as we explain in Section 7. As a consequence, we regard the conditions in these
theorems as elucidating the structural difficulties of finding relative cyclotomic
structures in nature.

Nonetheless, when these theorems apply, we can form relative topological
cyclic homology 4TC(R), which is the target of an A-relative cyclotomic trace
K(R) = ATC(R), defined as the composite K(R) — TC(R) — sTC(R).
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THEOREM 1.11. Under the hypotheses above, there is an A-relative cyclotomic
trace map K(R) — ATC(R) making the following diagram commute in the
stable category

K(R)—— TC(R)—— THH(R)

U l

ATC(R) —— sTHH(R).

The equivariant homotopy groups &= (NEIR) are the T R-groups TR!(R)
and so 7€ (4 N3 1R) are by definition the relative T R-groups 4T R} (R). The
Kiinneth spectral sequence of [26] can be combined with Proposition 1.8 to
compute the relative T'R-groups from the absolute T R-groups and Mackey
functor Tor. More often we expect to use the relative theory to compute the
absolute theory. Non-equivariantly, the isomorphism

THH(R)NAX ,THH(RA A) (1.12)
gives rise to a Kiinneth spectral sequence
Tor (AN (A, (R), Al(R)) = AJTHH(R)).

An Adams spectral sequence can then in theory be used to compute the homo-
topy groups of THH(R). For formal reasons, the isomorphism (1.12) still holds
equivariantly, but now we have three different versions of the non-equivariant
Kiinneth spectral sequence (none of which have quite as elegant an E?-term)
which we use in conjunction with equation (1.12). We discuss these in Section 9.
A further application of our model of TTH H and T'C'is a construction, when R is
commutative, of Adams operations on N 'R and 4N 5 'R that are compatible
(in the absolute case) with the cyclotomic structure. McCarthy explained how
Adams operations can be constructed on any cyclic object that, when viewed
as a functor from the cyclic category, factors through the category of finite sets
(and all maps). As a consequence, it is possible to construct Adams operations
on T'HH of a commutative monoid object in any symmetric monoidal category
of spectra. An advantage of our formulation is that we can easily verify the
equivariance of these operations and in particular show they descend to T'C.
We prove the following theorem in Section 10.

THEOREM 1.13. Let A be a commutative ring orthogonal spectrum and R a
commutative A-algebra. There are Adams operations V" : ANeis — ANflR.
In the absolute case, when r is prime to p, the operation " is compatible with
the restriction and Frobenius maps on the p-cyclotomic spectrum THH (R) and
so induces a corresponding operation on TR(R) and TC(R).

We have organized the paper to contain a brief review with references to much
of the background needed here. Section 2 is mostly review of [32] and [23,
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App. B], and Section 3 is in part a review of [0, §4]. In addition, the main results
in Section 4 overlap significantly with [41], although our treatment is very
different: we rely on [23] to study the absolute S'-norm whereas [11] directly
analyzes the construction by using a somewhat different model structure and
focuses on the case of commutative ring orthogonal spectra.
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2 BACKGROUND ON EQUIVARIANT STABLE HOMOTOPY THEORY

In this section, we briefly review necessary details about the category of orthog-
onal G-spectra and the geometric fixed point and norm functors. Our primary
sources for this material are the monograph of Mandell-May [32] and the ap-
pendices to Hill-Hopkins—Ravenel [23]. See also [0, §2] for a review of some of
these details. We begin with two subsections discussing the point-set theory
followed by two subsections on homotopy theory and derived functors.

2.1 THE POINT-SET THEORY OF EQUIVARIANT ORTHOGONAL SPECTRA

Let G be a compact Lie group. We denote by 7¢ the category of based G-
spaces and based G-maps (where “spaces” means compactly-generated weak
Hausdorff spaces). The smash product of G-spaces makes this a closed sym-
metric monoidal category, with function object F(X,Y’) the based space of
(non-equivariant) maps from X to Y with the conjugation G-action. In par-
ticular, 7 is enriched over G-spaces. We will denote by U a fixed universe
of G-representations [32, §I1.1.1], by which we mean a countable dimensional
vector space with linear G-action and G-fixed inner product that contains R,
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is the sum of finite dimensional G-representations, and that has the property
that any G-representation that occurs in U occurs infinitely often. Let V¢ (U)
denote the collection of finite dimensional G-inner product spaces which are
isomorphic to a G-vector subspace of U. Except in this section, we always
assume that U is a complete G-universe, meaning that all finite dimensional ir-
reducible G-representations are in U. For V, W in V& (U), denote by .Z¢(V, W)
the space of (non-equivariant) isometric isomorphisms V' — W, regarded as a
G-space via conjugation. Let Jg be the category enriched in G-spaces with
VE(U) as its objects and . (V, W) as its morphism G-spaces; we write just
Jc when U is understood. We also fix a skeleton sk fg of fg .

DEFINITION 2.1 ([32, I1.2.6]). An orthogonal G-spectrum is a G-equivariant
continuous functor X : Fg — T equipped with a structure map

ovw: X(V)ASY — X(VaWw)

that is a natural transformation of enriched functors .7z x Zo — TC and that
is associative and unital in the obvious sense. A map of orthogonal G-spectra
X — X' is a natural transformation that commutes with the structure map.

We denote the category of orthogonal G-spectra by S¢. When necessary to
specify the universe U, we include it in the notation as Sg .

The category of orthogonal G-spectra is enriched over based G-spaces, where
the G-space of maps consists of all natural transformations (not just the equiv-
ariant ones). Tensors and cotensors are computed levelwise. The category of
orthogonal G-spectra is a closed symmetric monoidal category with unit the
equivariant sphere spectrum Sg (with Sg(V) = SV).

For technical reasons, it is often convenient to give an equivalent formulation
of orthogonal G-spectra as diagram spaces. Following [32, §11.4], we consider
the category _Z¢ which has the same objects as .# but morphisms from V
to W given by the Thom space of the complement bundle of linear isometries
from V to W.

PROPOSITION 2.2 ([32, 11.4.3]). The category S¢ of orthogonal G-spectra is
equivalent to the category of Zq-spaces, i.e., the continuous equivariant func-
tors from fZq to Ta. The symmetric monoidal structure is given by the Day
convolution.

This description provides simple formulas for suspension spectra and desuspen-
sion spectra in orthogonal G-spectra.

DEFINITION 2.3 ([32, I1.4.6]). For any finite-dimensional G-inner product space
V' we have the shift desuspension spectrum functor

Fy: T — 8¢

defined by
(FvA(W) = Za(V,IW) A A.
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This is the left adjoint to the evaluation functor which evaluates an orthogonal
G-spectrum at V.

REMARK 2.4. In [23], the desuspension spectrum FyS is denoted as S~V and
FyA is denoted as £°° A in a nod to the classical notation. (They write S~V A A
for FvA = FVSO AN A)

Since the category 83 is symmetric monoidal under the smash product, we
have categories of associative and commutative monoids, i.e., algebras over the
monads T and P that create associative and commutative monoids in symmetric
monoidal categories (e.g., see [15, §I1.4] for a discussion).

NOTATION 2.5. Let Ass® and Com® denote the categories of associative and
commutative ring orthogonal G-spectra.

For a fixed object A in Com®, there is an associated symmetric monoidal
category A-Mod® of A-modules in orthogonal G-spectra, with product the A-
relative smash product A4. As in Notation 2.5, there are categories A-Alg of
A-algebras, and A-Com® of commutative A-algebras [32, I11.7.6].

We now turn to the description of various useful functors on orthogonal G-
spectra. We begin by reviewing the change of universe functors. In contrast to
the classical framework of “coordinate-free” equivariant spectra [29], orthogonal
G-spectra disentangle the point-set and homotopical roles of the universe U.
A first manifestation of this occurs in the behavior of the point-set “change of
universe” functors.

DEFINITION 2.6 ([32, V.1.2]). For any pair of universes U and U’, the point-set
change of universe functor

Ig, : Sg — 83/
is defined by ZY' X(V) = Z(R™, V) Ao X(R") for V in VE(U’), where
n=dmV.
These functors are strong symmetric monoidal equivalences of categories:
PROPOSITION 2.7 ([32, V.1.1,V.1.5]). Given universes U,U", U",

1. Ig 18 naturally isomorphic to the identity.
2. Ig,” oIg/ s naturally isomorphic to Ig”.
3. Ig/ s strong symmetric monoidal.

We are particularly interested in the change of universe functors associated to
the universes U and U®. The latter of these universes is isomorphic to the
standard trivial universe R*>°. Note that the category of orthogonal G-spectra
on R* is just the category of orthogonal spectra with G-actions.

Given a closed subgroup H < G, we can regard a G-space X (V') as an H-space
U5 X (V). The space-level construction gives rise to a spectrum-level change-of-
group functor.
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DEFINITION 2.8 ([32, V.2.1]). For a closed subgroup H < G, define the functor
vy S§ — SgU
by
aX)(V) = Iu®", V) Aowm) v (X(R"))
for V in VH(u3,U), where n = dim(V).
As observed in [32, V.2.1, V.1.10], for V in V¢(U),
(aX) (V) =g (X (V).

In contrast to the category of G-spaces, there are two reasonable constructions
of fixed-point functors: the “categorical” fixed points, which are based on the
description of fixed points as G-equivariant maps out of G/H, and the “geomet-
ric” fixed points, which commute with suspension and the smash product (on
the level of the homotopy category). Again, the description of orthogonal G-
spectra as _Zg-spaces in Proposition 2.2 provides the easiest way to construct
the categorical and geometric fixed point functors [32, §V].

For any closed normal subgroup H <G, let _#X (V, W) denote the G/H-space of
H-fixed points of _#¢(V,W). Given any orthogonal spectrum X, the collection
of fixed points {X (V)#} forms a ¢ -space. We can turn this collection into
a _Zq/p-space in two ways. There is a functor q: fZq/g — ZH induced by
regarding G/ H-representations as H-trivial G-representations via the quotient
map G — G/H.

DEFINITION 2.9 ([32, §V.3]). For H a closed normal subgroup of G, the cate-
gorical fixed point functor

G/H

(—)": 85 — Sih

is computed by regarding the Z-space {X(V)#} as a Jayu-space via q.
On the other hand, there is an equivariant continuous functor ¢: £ — 74 JH
induced by taking a G-representation V to the G/ H-representation V.

DEFINITION 2.10 ([32, §V.4]). For H a closed normal subgroup of G, let Fix’
denote the functor from orthogonal G-spectra (=_Zg-spaces) to _#H-spaces
defined by (Fix™ X)(V) = (X (V))?. The geometric fixed point functor

o (—): 8§ — ST
is constructed by taking ®(X) to be the left Kan extension of the _#-space
Fix X along ¢.

REMARK 2.11. Hill-Hopkins—Ravenel [23, B.190] call the point-set geometric
fixed point functor “the monoidal geometric fixed point functor” and define it
using the coequalizer

V  IEVIW)ANFya SO AX V)T =V FyaSO A (X(V)H,
V.W<U V<U
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where the notation V' < U means that V is a finite-dimensional G-stable sub-
space of the universe U. This formula is derived from applying the geometric
fixed point functor above to the “tautological presentation” of X:

V. Ze(V,W)AFwSOAX(V) =2\ FyS° A X(V),
V.W<U VU

noting that ®7 Fy, A = F,u A7 for a G-space A. Although ®7 does not pre-
serve coequalizers in general, it does preserve the coequalizers preserved by
Fix, and Fix” preserves the canonical coequalizer diagram since it is level-
wise split. Thus, the definition above agrees with the definition in [23, B.190].

Both fixed-point functors are lax symmetric monoidal [32, V.3.8, V.4.7] and
so descend to categories of associative and commutative ring orthogonal G-
spectra.

PROPOSITION 2.12. Let H <1 G be a closed normal subgroup. Let X and Y be
orthogonal G-spectra. There are natural maps

X N®Y — dH(XAY)  and XTAYH — (X AY)H

that exhibit ® and (=) as lax symmetric monoidal functors.
Therefore, there are induced functors

OH () Ass® — AssG/H

and
dH ()" com® — ComC/H.

For a commutative ring orthogonal G-spectrum A, a corollary of Proposi-
tion 2.12 is that the fixed-point functors interact well with the category of
A-modules.

COROLLARY 2.13. Let A be a commutative ring orthogonal G-spectrum. The
fized-point functors restrict to functors

7 A-Mod® —s (9 A)-Mod®/ !

and

(=) A-Mod® — A"-Mod®/H

REMARK 2.14. We can extend these constructions to closed subgroups H < G
that are not normal by considering the normalizer NH and quotient WH =
NH/H. However, since we do not need this generality herein, we do not discuss
it further.

Let z € G be an element in the center of G. Then multiplication by z is
a natural automorphism on objects of Sﬂgx or on objects of A—Modﬂg&. In
particular, it will induce a natural automorphism ZY. z of NgX or of 4N gX ,
as described in Sections 4 and 7.

DOCUMENTA MATHEMATICA 23 (2018) 21012163



2114 ANGELTVEIT, BLUMBERG, GERHARDT, HILL, LAWSON, MANDELL

PROPOSITION 2.15. Let z be an element in the center of G, and K a normal
subgroup. Then for any X € S]g,o, we have an identification

OK(TU.2) =TV =

of self-maps of ®X(I.. X), where z = zK € G/K. In particular, for z € K
the map ®X(ZY. 2) is the identity.

Proof. Using the tautological presentation of ZY.. X and naturality, it suf-
fices to verify this identity on orthogonal spectra of the form FyY for a G-
representation V € V&(U); on such spectra, the map ZY..2: Y — FyY is
given by f Ay (foz"1)A(z-y). The result follows from the fact the fixed
point functor (—)% takes multiplication by z to multiplication by z, and the
functor Z& — #q/k induces maps #X(V.V) = Fq/x(VE,VE) taking z
to z. |

2.2 THE POINT-SET THEORY OF THE NORM

Central to our work is the realization by Hill, Hopkins, and Ravenel [23] that a
tractable model for the “correct” equivariant homotopy type of a smash power
can be formed as a point-set construction using the point-set change of universe
functors. It is “correct” insofar as there is a diagonal map which induces an
equivalence onto the geometric fixed points (see Section 2.3 below). They refer
to this construction as the norm after the norm map of Greenlees-May [19],
which in turn is named for the norm map of Evens in group cohomology [16,
Chapter 6].

The point of departure for the construction of the norm is the use of the change-
of-universe equivalences to regard orthogonal G-spectra on any universe U as
G-objects in orthogonal spectra. (Good explicit discussions of the interrela-
tionship can be found in [32, §V.1] and [40, 2.7].) We now give a point-set
description of the norm following [40] and [12]; these descriptions are equiva-
lent to the description of [23, §A.3] by the work of [12].

For the construction of the norm, it is convenient to use BG to denote the
category with one object, whose monoid of endomorphisms is the finite group G.
The category SBY of functors from BG to the category S of (non-equivariant)
orthogonal spectra indexed on the universe R* is isomorphic to the category
S]goo of orthogonal G-spectra indexed on the universe R>. We can then use the
change of universe functor ZY.. to give an equivalence of SB“ with the category
83 of orthogonal G-spectra indexed on U.

DEFINITION 2.16. Let G be a finite group and H < G be a subgroup with index
n. Fix an ordered set of coset representatives (g1, ..., gn), and let a: G — X, H
be the homomorphism

alg) = (o, h1,... hy)

defined by the relation gg; = gy (;)hi. The indexed smash-power functor
NG SPH — 85¢
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is defined as the composite

SBH A }SB(ZHZH) >, §BG

The norm functor

is defined to be the composite
X TH (AG(TET X).

This definition depends on the choice of coset representatives; however, any
other choice gives a canonically naturally isomorphic functor (the isomorphism
induced by permuting factors and multiplying each factor by the appropriate
element of ). Asobserved in [23, A.4], in fact it is possible to give a description
of the norm which is independent of any choices and is determined instead by
the universal property of the left Kan extension. Alternatively, Schwede [40,
9.3] gives another way of avoiding the choice above, using the set (G : H) of
all choices of ordered sets of coset representatives; (G : H) is a free transitive
Y, U H-set and the inclusion of (g1,...,9») in (G : H) induces an isomorphism

AGX = (G : H), As,m X"

In our work, G will be the cyclic group C,,,. < S' and H = C,. (usually for r =
1), and we have the obvious choice of coset representatives g, = e27(k=1i/n7
letting us take advantage of the explicit formulas. In the case r = 1, we have
the following.

PROPOSITION 2.17. Let G be a finite group and U a complete G-universe. The

norm functor
NeG: S — 53

1s giwen by the composite
X I XN,

where X& denotes the smash power indexed on the set G.

When dealing with commutative ring orthogonal G-spectra, the norm has a
particularly attractive formal description [23, A.56], which is a consequence of
the fact that the norm is a symmetric monoidal functor.

THEOREM 2.18. Let G be a finite group and let H be a subgroup of G. The
norm restricts to the left adjoint in the adjunction

NG: Com™ = Com®: 1},
where (j; denotes the change of group functor along H < G.

The relationship of the norm with the geometric fixed point functor is encoded
in the diagonal map [23, B.209].
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PROPOSITION 2.19. Let G be a finite group, H < G a subgroup, and K <G a
normal subgroup. Let X be an orthogonal H-spectrum. Then there is a natural
diagonal map of orthogonal G/ K -spectra
. NvG/K  FHNK K A7G
A.NHK/KQD Y — F NG X.
(Here we suppress the isomorphism H/H N K = HK/K from the notation.)

In the case when X is an associative ring orthogonal H-spectrum, A is a map
of associative ring orthogonal G /K -spectra.

Proof. The construction of A is the same as [23, Proposition B.209] after gen-
eralizing the corresponding space-level diagonal. To do this, first note that for
any based H-space A, there is a natural isomorphism

A: Nl AT =5 (NG A
For this, it is convenient to model the space-level norm as follows. The space
N§ A is isomorphic to the subspace of tuples a = (ay)gec € A, oo A such that
ang = hag. The left G-action is given by (k- a)y = agg.
Under this identification, Ngg/(KAHmK consists of tuples b = (byg))glec/K
of elements in A% such that by, = hby, for h € H. Similarly, (NfjA)K
consists of tuples a = (a4)g4ec such that apy = hay for h € H and agi, = a4 for
k € K. This allows us to define the bijection A by (Ab), = byy.
When X is an associative ring orthogonal H-spectrum, checking that A is a
map of associative ring orthogonal G/ K-spectra is checking that the map is
compatible with the multiplication and unit. For the unit, this is clear by
naturality and the compatibility of the natural isomorphisms

geG

G/K ~ ~
Nl @882 g and  SNFS=S.

To check the multiplication, it suffices to show that for all X,Y, the diagram

G/K G/K G/K
(Niis @I X) A (N @K Y ) —— NI B HNE (X A Y)

AAAl lA

(PENGX) A (@KENGY) — S dKENG(X AY)

commutes, where the horizontal maps are the lax monoidal structure maps. In
fact, it suffices to show that the underlying non-equivariant diagram commutes.
The underlying non-equivariant orthogonal spectrum of
G/K sHNK G/K sHNK
(NHK/K<I> X)/\(NHK/K@ Y)
is a smash power of ®7K X A @HNKY  which is rigid in the sense of [33, §3.3]

by the argument of [33, 3.19]. Since both composites in the diagram agree
when X and Y are each of the form Fy Z, they agree for all X and Y. O
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For any particular commutative ring orthogonal spectrum A, the indexed
smash-power construction of Definition 2.16 can be carried out in the symmet-
ric monoidal category A-Mod. Denote the A-relative indexed smash-power by
(Aa)%. For X an A-module with H-action, we understand (A4)%X to be

(A)GX :=a* X",

where the nth smash power is over A and o* is as in Definition 2.16. This is
an A-module (in S§.). We then have the following definition of the A-relative
norm functor:

DEFINITION 2.20. Let A be a commutative ring orthogonal spectrum. Write
Ap for the commutative ring orthogonal H-spectrum ZY.. A obtained by re-
garding A (with trivial H-action) as an object of SB# and applying the change
of universe functor, and similarly for Ag. The A-relative norm functor

ANG: Ag-Modll — Ag-Mod,
is defined to be the composite
X = T (M) (T X)),

The theory of the diagonal map in the A-relative context is somewhat more
complicated than in the absolute setting; we explain the details in Section 7.

2.3 HOMOTOPY THEORY OF ORTHOGONAL SPECTRA

We now review the homotopy theory of orthogonal G-spectra with a focus
on discussing the derived functors associated to the point-set constructions of
the preceding section. We begin by reviewing the various model structures
on orthogonal G-spectra. All of these model structures are ultimately derived
from the standard model structure on 7¢ (the category of based G-spaces).
Following the notational conventions of [32], we start with the sets of maps

I={(G/H x §"™"); — (G/H x D"),}

and
J={(G/H x D" — (G/H x (D" x D))},

where n > 0 and H varies over the closed subgroups of G. (We understand
S~1 in this context as the empty set.) Recall that there is a compactly gener-
ated model structure on the category 7¢ in which I and .J are the generating
cofibrations and generating acyclic cofibrations (e.g., [32, 111.1.8]). The weak
equivalences and fibrations are the maps X — Y such that X7 — Y ¥ is a weak
equivalence or fibration for each closed H < (. Transporting this structure
levelwise in V¥(U), we get the level model structure in orthogonal G-spectra.
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PROPOSITION 2.21 ([32, II1.2.4]). Fiz a G-universe U. There is a compactly
generated model structure on Sg in which the weak equivalences and fibrations
are the maps X =Y such that each map X (V) = Y (V) is a weak equivalence
or fibration of G-spaces. The sets of generating cofibrations and acyclic cofi-
brations are given by 18 = {Fyi|i € I} and J& = {Fyj | j € J}, where V
varies over the objects of skVC(U).

The level model structure is primarily scaffolding to construct the stable model
structures. In order to specify the weak equivalences in the stable model struc-
tures, we need to define equivariant homotopy groups.

DEFINITION 2.22. Fix a G-universe U. The homotopy groups of an orthogonal
G-spectrum X are defined for a closed subgroup H < G and an integer ¢ as

: % H >
. colim g (27 X (V))™) q=>0
K li QYR T x(v)H 0
g colim o (( VD7) a<0,
(see [32, §I11.3.2]).

These are the homotopy groups of the underlying G-prespectrum associated
to X (via the forgetful functor from orthogonal G-spectra to prespectra). We
define the stable equivalences to be the maps X — Y that induce isomorphisms
on all homotopy groups.

PROPOSITION 2.23 ([32, II1.4.2]). Fiz a G-universe U. The standard stable
model structure on 85 is the compactly generated symmetric monoidal model
structure with the cofibrations given by the cofibrations of Proposition 2.21, the
weak equivalences the stable equivalences, and the fibrations determined by the
right lifting property. The generating cofibrations are given by Ig as above, and
the generating acyclic cofibrations K are the union of Jg and certain additional
maps described in [52, 1I1.4.5].

This model structure lifts to a model structure on the category Assg of asso-
ciative monoids in orthogonal G-spectra.

THEOREM 2.24 ([32, IIL.7.6.(iv)]). Fiz a G-universe U. There are compactly
generated model structures on Assg in which the weak equivalences are the sta-
ble equivalences of underlying orthogonal G-spectra indexed on U, the fibrations
are the maps which are stable fibrations of underlying orthogonal G-spectra in-
dexed on U, and the cofibrations are determined by the left lifting property.

To obtain a model structure on commutative ring orthogonal spectra, we also
need the “positive” variant of the stable model structure. We define the posi-
tive level model structures in terms of the generating cofibrations (I¢)* c IZ
and (Jg)Jr C Jg, consisting of those maps Fy¢ and Fyj such that the repre-
sentation V' contains a nonzero trivial representation; these also extend to a
positive stable model structure.
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THEOREM 2.25 (23, B.129]). Fiz a G-universe U. There are compactly gen-
erated model structures on Comg in which the weak equivalences are the stable
equivalences of the underlying orthogonal G-spectra, the fibrations are the maps
which are positive stable fibrations of underlying orthogonal G-spectra indexed

on U, and the cofibrations are determined by the left lifting property.

We will also use a variant of the standard stable model structure that can be
more convenient when working with the derived functors of the norm. We
refer to this as the positive complete stable model structure. See [23, §B.4]
for a comprehensive discussion of this model structure, and [43, §A] for a brief

review. In order to describe this, denote by (Ig’U)*‘ and (J;;(HU)"r generating
cofibrations for the positive stable model structure on orthogonal H-spectra
indexed on the universe (3 U.

THEOREM 2.26 ([23, B.63]). Fiz a G-universe U. There is a compactly gen-
erated symmetric monoidal model structure on S¢ with generating cofibrations
and acyclic cofibrations the sets {G4 Ay i | i € (I;}'U)*‘, H < G} and
{GrAuwjlje (J;I;’U)*‘, H < G} respectively. The weak equivalences are
the stable equivalences, and the fibrations are determined by the right lifting
property.

We then have corresponding positive complete model structures for Com® and
AssC.

THEOREM 2.27 ([23, B.130], [23, B.136 (0908.3724v3)]). Fiz a G-universe U.
There are compactly generated model structures on Assg and Comg in which
the weak equivalences are the stable equivalences of the underlying orthogonal
G-spectra, the fibrations are the maps which are positive complete stable fibra-
tions of underlying orthogonal G-spectra indexed on U, and the cofibrations are
determined by the left-lifting property.

For a fixed object A in Com{;, there are also lifted model structures on the cat-
egories A-Modg of A-modules, A-Algg of A-algebras, and A-Comg of com-
mutative A-algebras in both the stable and positive complete stable model
structures ([32, II1.7.6] and [23, B.137]). There are also lifted model structures
on the category A—./\/lodg of A-modules when A is an object of Ass$, but we
will not need these. Part of the following is [23, B.137]; the rest follows by
standard arguments.

THEOREM 2.28. Fix a G-universe U. Let A be a commutative ring orthogonal
G-spectrum indexed on U. There are compactly generated model structures on
the categories A-Modﬁ and A—Algg in which the fibrations and weak equiva-
lences are created by the forgetful functors to the stable, complete stable, and
positive complete stable model structures on Sg. There are compactly gener-
ated model structures on A—Comg in which the fibrations and weak equivalences
are created by the forgetful functors to the positive stable and positive complete
stable model structures on A-ModS.
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Finally, when dealing with cyclotomic spectra, we need to use variants of these
model structures where the stable equivalences are determined by a family of
subgroups of GG. Recall the definition of a family: a family F is a collection
of closed subgroups of G that is closed under taking closed subgroups and
conjugation. We say a map X — Y is an F-equivalence if it induces an
isomorphism on homotopy groups 7 for all H in F. All of the model structures
described above have analogues with respect to the F-equivalences (e.g., see [32,
IV.6.5]), which are built from sets I and J where the cells (G/H x S"~ 1), —
(G/H x D™)4 and (G/H x D"); — (G/H x (D™ x I))1 are restricted to
H € F. We record the situation in the following omnibus theorem.

THEOREM 2.29. There are stable, positive stable, and positive complete stable
compactly generated model structures on the categories Sg and Assg where
the weak equivalences are the F-equivalences. There are positive stable and
positive complete stable compactly generated model structures on the category
Comg where the weak equivalences are the JF-equivalences.

Let A be a commutative ring orthogonal G-spectrum. There are stable, posi-
tiwe stable, and positive complete stable compactly generated model structures
on the categories A—Modg, A—Algg where the weak equivalences are the F-
equivalences. There are positive stable and positive complete stable compactly
generated model structures on A—Comg where the weak equivalences are the
F-equivalences.

We are most interested in case of G = S and the families Fyi, of finite sub-
groups of S! and F,, of p-subgroups {Cp=} of S* for a fixed prime p.

2.4  DERIVED FUNCTORS OF FIXED POINTS AND THE NORM

We now discuss the use of the model structures described in the previous section
to construct the derived functors of the categorical fixed point, geometric fixed
point, and norm functors. We begin with the categorical fixed point functor.
Since this is a right adjoint, we have right-derived functors computed using
fibrant replacement (in any of our available stable model structures):

THEOREM 2.30. Let H < G be a closed normal subgroup. Then the categorical
fized point functor (—): 85 — Sg{iH 18 a Quillen right adjoint; in particular,
it preserves fibrations and weak equivalences between fibrant objects in the stable
and positive complete stable model structures on 85.

As the fibrant objects in the model structures on associative and commuta-
tive ring orthogonal spectra are fibrant in the underlying model structures on
orthogonal G-spectra, we can derive the categorical fixed points by fibrant
replacement in any of the settings in which we work.

In contrast, the geometric fixed point functor admits a Quillen left derived
functor (see [32, V.4.5] and [23, B.197]).
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THEOREM 2.31. Let H be a closed normal subgroup of G. The functor ®(—)
preserves cofibrations and weak equivalences between cofibrant objects in the
stable, positive stable, and positive complete stable model structures on 83.

Since the cofibrant objects in the lifted model structures on Assg are cofibrant
when regarded as objects in S [32, II1.7.6], an immediate corollary of The-
orem 2.31 is that we can derive ® by cofibrant replacement when working
with associative ring orthogonal G-spectra. In contrast, the underlying orthog-
onal G-spectra associated to cofibrant objects in Com®, in either of the model
structures we study, are essentially never cofibrant and the point-set functor
®% does not always agree on these with the geometric fixed point functor on
the equivariant stable category; cf. Example 7.5. (Although note that Stolz has
produced model structures in which the underlying spectra for commutative
ring orthogonal spectra are cofibrant [41].) Nonetheless, it follows from The-
orem 2.36 that when R is a cofibrant commutative ring orthogonal spectrum,
the point-set geometric fixed points do work correctly on norms NYR.

The first part of the following theorem is [23, B.104]; the statement in the case
of A-modules is similar and discussed in Section 6.

THEOREM 2.32. The norm Ng(—) preserves weak equivalences between cofi-
brant objects in any of the various stable model structures on S, Asst, and
Com™.

Let A be a commutative ring orthogonal spectrum. Then the A-relative norm
ANg(f) preserves weak equivalences between cofibrant objects in any of the

various stable model structures on A-Mod, A-Alg, and A-Com.

The utility of the positive complete model structure is the following homotopi-
cal version of Theorem 2.18 [23, B.135].

THEOREM 2.33. Let H be a subgroup of G. The adjunction
NG: Com®™ = Com©: i
is a Quillen adjunction for the positive complete stable model structures.

Finally, we have the following result about the derived version of the diagonal
map [23, B.209]. We note the strength of the conclusion: the diagonal map is
an isomorphism on cofibrant objects, not just a weak equivalence.

THEOREM 2.34 ([23, B.209]). Let H be a closed normal subgroup of G. The
diagonal map

Ao X — d9NGX
is an isomorphism of orthogonal spectra (and in particular a weak equivalence)
when X is cofibrant in any of the stable model structures on S, or when X is
a cofibrant object in Ass™.

Along the lines of Proposition 2.19, we also need the following more general
statement, which essentially follows from the argument of [23, B.209] using the
isomorphism given in the proof of Proposition 2.19 to start the induction.
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THEOREM 2.35. Let G be a finite group, H < G a subgroup, and K < G a
normal subgroup. Let X be an orthogonal H-spectrum. The diagonal map of
orthogonal G/ K -spectra

A Nl oKX — oF NEX.

is an isomorphism of orthogonal spectra (and in particular a weak equivalence)
when X is cofibrant in any of the stable model structures on ST or when X is
a cofibrant object in Ass™.

We also need the commutative ring orthogonal spectrum version of Theo-
rem 2.34.

THEOREM 2.36. The diagonal map
A: X — O9NEX

is an isomorphism of orthogonal spectra when X is a cofibrant commutative
ring orthogonal spectrum.

Proof. The induction in [23, B.209] and monoidality of both sides reduces
the statement to the case when X = (FyBy)(™ /%, where V is a finite-
dimensional (non-equivariant) inner product space and B is the disk D™ or
sphere S™"~1—in particular, when B is a compact Hausdorff space. In gen-
eral, for a (non-equivariant) orthogonal spectrum 7' the diagonal map is con-
structed as follows: for every (non-equivariant) inner product space Z, the uni-
versal property of the indexed smash product gives a map of based G-spaces
NE(T(Z)) — (NET)(IndS Z), which restricts on the diagonal to a map

T(Z) — (NET(Ind€ 2))¢ = (Fix¥(N9T))(Ind€ Z), (2.37)
and the construction of ®¢ from Fix® then induces a map
T(Z) — (4(NIT))((Ind{ 2)9) = (89(NIT))(Z).
When T is a cell of the form Fy By, the map in (2.37) factors as
T(Z)= #.(V,Z) ABy — #&(mdS V,IndS Z) A B, —
(Fo(mdS V,ndS 2) A N¢(B) )€ = (Fix®(NET))(IndS Z).

The first map T(Z) = #Z.(V,Z) A By — _#5(IndS V,IndS Z) A By induces

an isomorphism
T — Py £§(IdC V., =) A By) = _#.((ndC V)&, =) A By.
By passing to quotients, we see that likewise in the case of interest,

X = (FyBy)"™ /%, 2 FyuBT /S,
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the diagonal map factors as an isomorphism
X — Py( 25 (mdS V™, =) As,, BT = Z,((IndS V™) —) As,, BT
followed by a map
Py(fE (Indf V™, =) Ax,, BY) — @4(NFX)
that is the induced map on left Kan extension from a map of jg—spaces
JEWdZ V™, =) Ax,, BY — (Ja(Indd V™, =) Ayes,, NE(B™)4)C.

Thus, it suffices to show that the latter map is an isomorphism. This amounts
to showing that for each G-inner product space W, the map

JE mdl V™ W) As,, BT — ( Ja(Indd V™ W) Ayes,, NE(B™)4)¢

is a homeomorphism, but since both sides are compact Hausdorff spaces, it
amounts to showing that the map is a bijection. The map is clearly an in-
jection. To see that it is a surjection, we note that any non-basepoint x of
Ja (Indf Vm W) Anes,, N&(B™), is represented by a collection of points
b, € B™ (indexed on h € G) and isometries ¢p: V™ — W (indexed on h € G)
such that @, ¢n: Indf V™ — W is injective. The point x is G-fixed if for
every g € G, there exist an element o(g) in N&%,, such that

g+ ((@n), (b)) = ((¢n) 0 0(9) ™", 0(9) - (bn))- (2.38)

If we write o(g) also in coordinates o(g) = (o1(g)), where

— —

(¢n)oo(g)™ = (gnoon(g)™")  and  a(g)- (bn) = (on(g) - bn),
then (2.38) becomes
9o dg-1n=¢noon(g)”"
gg—lh = O’h(g)gh.

for all g, h € G, where we have written ho (—) to denote the action of h on W
(and likewise we use (—) o h below to denote the action of  on IndS V™). Let

@), =hop =¢poan(h)™*
_’;l = Uh(h) . gh = 51,

Then ((¢},), (g;l)) also represents the element x, with (&) clearly a diagonal
element. Since

(9-dm=C(90¢ 0g )
=gody =909 'hoh
=ho ¢1 — (b;w
we also have (¢),) is in the image of _¢§ (IndS V™, W). O
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3 CYCLOTOMIC SPECTRA AND TOPOLOGICAL CYCLIC HOMOLOGY

In this section, we review the details of the category of p-cyclotomic spectra
and the construction of topological cyclic homology (T'C'). The diagonal maps
that naturally arise in the context of the norm go in the opposite direction to
the usual cyclotomic structure maps, and so we also explain how to construct
TC from these “op”-cyclotomic spectra. In the following, fix a prime p and a
complete S'-universe U.

3.1 BACKGROUND ON p-CYCLOTOMIC SPECTRA

In this section, we briefly review the point-set description of p-cyclotomic spec-
tra from [6, §4]; we refer the reader to that paper for more detailed discussion.

DEFINITION 3.1 ([6, 4.5]). A p-precyclotomic spectrum X consists of an or-
thogonal S'-spectrum X together with a map of orthogonal S'-spectra

tp: PP X — X,

Here p, denotes the p-th root isomorphism S' — S'/C,. A p-precyclotomic
spectrum is a p-cyclotomic spectrum when the induced map on the derived
functor p;Ltl)CPX — X is an Fp-equivalence. (Here L®%» denotes the left
derived functor of ®“» and F, denotes the family of p-subgroups of S'.) A
morphism of p-cyclotomic spectra consists of a map of orthogonal S!-spectra
X — Y such that the diagram

PP X — X

[

ppPrY —Y
commutes.

REMARK 3.2. A cyclotomic spectrum is an orthogonal spectrum with p-
cyclotomic structures for all primes p satisfying certain compatibility relations;
see [0, 4.7-8] for details.

Following [6, 5.4-5], we have the following weak equivalences for p-
precyclotomic spectra.

DEFINITION 3.3. A map of p-precyclotomic spectra is a weak equivalence when
it is an F,-equivalence of the underlying orthogonal S!-spectra.

PROPOSITION 3.4 ([0, 5.5]). A map of p-cyclotomic spectra is a weak equiva-
lence if and only if is a weak equivalence of the underlying (non-equivariant)
orthogonal spectra.
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3.2 CONSTRUCTING T'R AND TC' FROM A CYCLOTOMIC SPECTRUM

In this section, we give a very rapid review of the definition of TR and T'C
in terms of the point-set category of cyclotomic spectra described above. The
interested reader is referred to the excellent treatment in Madsen’s CDM notes
[31] for more details on the construction in terms of the classical (homotopical)
definition of a cyclotomic spectrum.

For a p-precyclotomic spectrum X, the collection {X»"} of (point-set) cate-
gorical fixed points is equipped with maps

F,R: XO" — X%t

for all n, defined as follows. The Frobenius maps F' are simply the obvious
inclusions of fixed points, and the restriction maps R are constructed as the
composites

C e C oo
(ppuw) Pt (tp) Pt

XCpn o~ (p;XCp)CpnA (p;(pCpX)Cpn—l chn,—l ,

where the map w is the usual map from categorical to geometric fixed points [32,
V.4.3]. The Frobenius and restriction maps satisfy the identity F o R = Ro F.
When X is fibrant in the F,-model structure (of Theorem 2.29), we then define

TR(X)=holimg X"  and  TC(X) = holimp r X",

The homotopy limit for T'C' is often computed in two steps; since R and F
commute, F acts on TR(X), and TC(X) can be defined as the homotopy fixed
points of the action on TR(X) by the free monoid generated by F.

In general, we define TR and T'C' using a fibrant replacement that preserves
the p-precyclotomic structure; such a functor is provided by the main theo-
rems of [6, §5], which construct model structures on p-precyclotomic and p-
cyclotomic spectra where the fibrations are the fibrations of the underlying
orthogonal S'-spectra in the F,-model structure. Alternatively, an explicit
construction of a fibrant replacement functor on orthogonal spectra that pre-
serves precyclotomic structures is given in [4, 4.6-7].

PROPOSITION 3.5 (cf. [6, 1.4]). A weak equivalence X —'Y of p-precyclotomic
spectra induces weak equivalences TR(Xy) — TR(Yy) and TC(Xy) — TC(Yy)
of orthogonal spectra, where (—)s denotes any fibrant replacement functor in
p-cyclotomic spectra.

REMARK 3.6. We do not yet have an abstract homotopy theory for multiplica-
tive objects in cyclotomic spectra, and the explicit fibrant replacement functor
Q% of [4, 4.6] is lax monoidal but not lax symmetric monoidal. As a conse-
quence, at present we do not know how to convert a p-cyclotomic spectrum
which is also a commutative ring orthogonal S!-spectrum into a cyclotomic
spectrum that is a fibrant commutative ring orthogonal S*'-spectrum.
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3.3  OP-PRECYCLOTOMIC SPECTRA

For our construction of TH H based on the norm (in the next section), the diag-
onal map X — ®“NYX is in the opposite direction of the cyclotomic structure
map needed in the definition of a cyclotomic spectrum. In the case when X is
cofibrant (or a cofibrant ring or cofibrant commutative ring orthogonal spec-
trum), the diagonal map is an isomorphism and so presents no difficulty; in the
case when X is just of the homotopy type of a cofibrant orthogonal spectrum,
the fact that the structure map goes the wrong way necessitates some technical
maneuvering in order to construct TR and T'C.

DEFINITION 3.7. An op-p-precyclotomic spectrum X consists of an orthogonal
Sl-spectrum X together with a map of orthogonal S'-spectra

v: X — prdrX.

An op-p-cyclotomic spectrum is an op-p-precyclotomic spectrum where the
structure map is an F,-equivalence. A map of op-p-precyclotomic spectra is a
map of orthogonal S'-spectra that commutes with the structure map. A map of
op-p-precyclotomic spectra is a weak equivalence when it is an JF,-equivalence
of the underlying orthogonal S!-spectra.

Note that the definition above uses a condition on the point-set geometric fixed
point functor rather than the derived geometric fixed point functor. Such a
definition works well when we restrict to those op-p-cyclotomic spectra X where
the canonical map in the S!-equivariant stable category p;Ltl)CPX — p;d)CPX
is an Fp-equivalence. For op-p-cyclotomic spectra in this subcategory, a map
is a weak equivalence if and only if it is a weak equivalence of the underlying
(non-equivariant) orthogonal spectra.

Rather than study the category of op-p-precyclotomic spectra in detail, we
simply explain an approach to constructing TR and T'C' from this data. In
what follows, let (—); denote a fibrant replacement functor in the F,-model
structure on orthogonal S'-spectra; to be clear, we assume the given natural
transformation X — Xy is always an acyclic cofibration. Then for an op-p-
precyclotomic spectrum X, we get a commutative diagram

X —— prdorX

Xy —= (0@ X — (@7 (Xy))
where the bottom right horizontal map is a weak equivalence because p,, and
®C» preserve acyclic cofibrations. In place of the restriction map R, we have a
zigzag

R: (X5)% — ((pp @7 (Xp)) )t — (Xp) om
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constructed as the following composite

(Xf)Or s (p5(X ) OP) Ot —Z (3 (X)) ) Gt

((p;q)Cp (Xf))f)c’mf1 — ((p;(I)CPX)f)Cp”*l - (Xf)Cpnq.

We can use this as an analogue of T'R.
DEFINITION 3.8. Define °?TR(X) as the homotopy limit of the diagram
= (X)) — ((pp @ (X)) Tt = (X )Tt —
e (X)) (@ (X)) X
The zigzags R are compatible with the inclusion maps
Fi (X9 — (Xp) S
in the sense that the following diagram commutes:

(X5) ot — ((pp @7 (Xf)) ) Crm —— (Xf)Crm

4
(Xp)Crm ——— ((pE @7 (X)) y) o +— (Xp)Com

We can therefore form an analogue of T'C.

DEFINITION 3.9. Define °?T'C(X) by taking the homotopy limit over the dia-
gram

o — e
T (X —— (0@ (X)) ) Ot e (X ) Ot —3

where the middle parts are the R zigzags and the top and bottom the F' maps.

This has the expected homotopy invariance property.

PROPOSITION 3.10. Let X — Y be a weak equivalence of op-p-precyclotomic
spectra. The induced maps *TR(X) — °TR(Y) and °TC(X) — PTC(Y)
are weak equivalences.

Although we have nothing to say in general about the relationship between
p-cyclotomic spectra and op-p-cyclotomic spectra or between °?T'C' and TC,
we have the following comparison result in the case when X has compatible p-
cyclotomic and op-p-precyclotomic structures. This in particular applies when
X has the homotopy type of a cofibrant orthogonal spectrum, as we explain in
Section 4. We apply it in Section 7 to prove Theorem 1.11.
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ProrosiTioN 3.11. Let X be an op-p-precyclotomic spectrum and a p-
cyclotomic spectrum and assume that the composite of the two structure maps

PrPr X — X — pr @ X

is homotopic to the identity. Then there is a zig-zag of weak equivalences con-
necting TR(X) and °°TR(X) and a zig-zag of weak equivalences connecting
TC(X) and PTC(X).

Proof. In the case of the comparison of TR(X) and ?TR(X), we can use a
fibrant replacement of X in the category of cyclotomic spectra to compute both
TR(X) and °°’TR(X). It follows that it suffices to show that the homotopy
limits of diagrams of fibrant objects of the form

—1
In

Y, Y! Y1 . (3.12)

and
In

Y, Y, Y1 . (3.13)

are equivalent, where g, is an equivalence and g, ! o g, is homotopic to the
identity. This kind of rectification argument is standard, although we are not
sure of a place in the literature where the precise fact we need is spelled out.
We argue as follows. Choosing a homotopy H from the identity to g, ! o gy, we
get strictly commuting diagrams of the form

Yy syl oy sy

idT HT gnT idT
fnx{0} id x {1}

9n
Ynfl

A

9n
Yo_1.

Note that all the vertical maps are weak equivalences, and therefore the induced
maps between the homotopy limits of the rows are both weak equivalences.
The homotopy limit of the top row is weakly equivalent to the homotopy limit
of (3.12) and the homotopy limit of the bottom row is weakly equivalent to
the homotopy limit of (3.13). This completes the comparison of TR(X) and
°PTR(X); the argument for comparing TC'(X) and ?T'C(X) is analogous using
“ladders” in place of rows. |

REMARK 3.14. The following sketches a reformulation of the above argument,
showing the equivalence of homotopy limits of (3.12) and (3.13), using the more
general-purpose machinery of coherent diagrams. All numbered references in
the following are to [30].
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As homotopy limits are invariant up to equivalence, we can assume that the
objects in the diagram are cofibrant-fibrant and hence that g, is a homotopy
equivalence. If N(S°) denotes the “simplicial nerve” [1.1.5.5] of the simpli-
cial category of cofibrant-fibrant orthogonal spectra, homotopy limits can be
computed in the quasicategory N(S°) [4.2.4.8].

There is a simplicial set K whose 0-simplices correspond to the objects Y,
and Y,, whose 1-simplices correspond to the maps f,,, gn, and g, !, and whose
2-simplices express the composition homotopies g, ! o g, = id. We have a
homotopy coherent diagram of orthogonal spectra indexed on K in the sense
of Vogt (or [1.2.6]) expressed as follows:

gn+1 9n gn—1
fn+1 / /N fn 7 /N fn—l / /N
Y — n+1<:Yn—>Yn<:Yn71 —Y, ==Y, 2 -
Koo’ e~ e
g;i1 9! 97711

We write KT for the upper subcomplex containing the edges f,, and g,, and
similarly write K~ for the lower subcomplex containing the f,, and g, .

The inclusion K™ — K is an iterated pushout along horn-filling maps A3 — A2
so this map is left anodyne [2.0.0.3] and hence final [4.1.1.3]. The restric-
tion from K-diagrams to K T-diagrams therefore preserves all homotopy limits
[4.1.1.8].

We now consider the inclusion K~ — K, which is an iterated pushout along
horn-filling maps A3 — A? whose last edges are g, !. Because the maps g, ! are
equivalences, the space of extensions of a diagram indexed on K~ to a diagram
indexed on K is contractible because the map A3 — A?, with the final edge
marked as an equivalence, is marked anodyne [3.1.1.1, 3.1.3.4]. In addition,
the subspace of homotopy right Kan extensions is also contractible [4.2.4.8,
4.3.2.15]. Therefore, any extension of this K~ -diagram to a K-diagram is a
homotopy right Kan extension, and the homotopy limit of a homotopy right
Kan extension is equivalent to the homotopy limit of the original diagram
[4.3.2.8].

The comparison between T'C' and °PT'C' follows by a similar argument. There
is a diagram indexed by K x A', representing the natural transformation F
on the comparison diagram for T'R: we define a simplicial set L by identifying
K x {1} with K x {0} after a shift. There are subcomplexes LT and L,
generated by KT x Al and K~ x A! respectively, representing the diagrams
defining TR and °’TR. As before, the inclusion L™ — L is left anodyne and
the inclusion L~ — L only involves extension along equivalences.

4 THE CONSTRUCTION AND HOMOTOPY THEORY OF THE S'-NORM
In this section, we construct the norm from the trivial group to S' and study

its basic point-set and homotopical properties. In particular, we prove that
under mild hypotheses it gives a model for THH that is cyclotomic. Unlike
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norms for finite groups, the S'-norm does not apply to arbitrary orthogonal
spectra; instead we need an associative ring structure. In the case when R
is commutative, we identify the S'-norm as the left adjoint of the forgetful
functor from commutative ring orthogonal S'-spectra indexed on a complete
universe to (non-equivariant) commutative ring orthogonal spectra.
Throughout this section, we fix a complete S'-universe U. As in the definition
of the norm for finite groups, the (point-set) equivalence of categories Z¥..
discussed in Section 2.1 will play a key technical role.
For a ring orthogonal spectrum R, let N>R denote the cyclic bar construction
with respect to the smash product; i.e., the cyclic object in orthogonal spectra
with k-simplices

[k] — RARAN...AR

k+1

and the usual cyclic structure maps induced from the ring structure on R.
LEMMA 4.1. Let R be an object in Ass. Then the geometric realization of the
cyclic bar construction |N°R| is naturally an object in Sﬂgoo.
Proof. Tt is well known that the geometric realization of a cyclic space has
a natural St-action [25, 3.1]. Since geometric realization of an orthogonal
spectrum is computed levelwise, it follows by continuous naturality that the
geometric realization of a cyclic object in orthogonal spectra has an S'-action.
As noted in Section 2.1, the category Sﬁg; of orthogonal S'-spectra indexed on
R is isomorphic to the category of orthogonal spectra with S'-actions. |

Using the point-set change of universe functors we can regard this as indexed
on the complete universe U. The following definition repeats Definition 1.1
from the introduction.

DEFINITION 4.2. Let R be a ring orthogonal spectrum. Define the functor
NZ ' Ass — 851

to be the composite functor
R — T |INJCR).

When R is a commutative ring orthogonal spectrum, the usual tensor homeo-
morphism of McClure-Schwanzl-Vogt [37] (see also [15, IX.3.3])

INV°R|~ R® S*
yields the following characterization:

PROPOSITION 4.3. The restriction of NeS1 to Com lifts to a functor
NeS1 :Com — Comlsj1
that is left adjoint to the forgetful functor

1
*: Comy — Com.
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Proof. To obtain the refinement of N, es " to a functor Com — Comgl, it suffices
to construct a refinement of |N,¥°| to a functor

INYC: Com — Come..
We obtain this immediately from the strong symmetric monoidal isomorphism
[ Xo| A Yo = [Xo A Y|

for simplicial objects X,,Y, in orthogonal spectra and the easy observation that
the map is S!-equivariant for cyclic objects. Let P denote the free commutative
ring orthogonal S!-spectrum functor. Using the isomorphism

P X,| & |PX,|

and the fact that N °PX = PN{’°X, we deduce that there is an isomor-
phism |[NPX| = P(X ASY). Because | NY°R| preserves reflexive coequalizers
(see [15, I1.7.2]), we can use the canonical reflexive coequalizer

PPR —=PR— R

to identify |NY°R)| as the reflexive coequalizer
P(PRASL) =ZP(RASY) — R® S,

constructing the tensor of R with the unbased space S! in the category of
commutative ring orthogonal spectra. A formal argument now identifies this
as the left adjoint to the forgetful functor

1
*: ComBee — Com

and it follows that N " is the left adjoint to the forgetful functor indicated in
the statement. 0

We now show that the S'-norm N2 'Risa cyclotomic spectrum in orthogonal
Sl-spectra. For this, we need to work with the C,, geometric fixed points.
Since |NY°R| is the geometric realization of a cyclic spectrum, the C,-action
can be computed in terms of the edgewise subdivision of the cyclic spectrum
NY°R [8, §1]. Specifically, the nth edgewise subdivision sd,, N;*°R is a sim-
plicial orthogonal spectrum with a simplicial C),-action such that there is a
natural isomorphism of orthogonal S'-spectra

|sd NR| = [N2°R)

where the S!-action on the left extends the C,,-action induced from the simpli-
cial structure (see [8], p. 471, first display, or Section 8 in this paper for further
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review). For Nes ' then, taking U= te., U, a complete Cy,-universe, there is an
isomorphism of orthogonal C,,-spectra indexed on U

16, N R= T (i, INP°R)).

This allows us to understand the C,,-action on N, (;9 "R in terms of the Cp-action
on [NY°R|.

Writing this out, the orthogonal C-spectrum ¢, N5'(R) has a description
as the geometric realization of a simplicial orthogonal C,-spectrum having k-
simplices given by norms

(N RN = T (R (D),

where C,, acts by block permutation on RM*+1) and U = 15, U. The faces
are also given blockwise, with d; for 0 < i < k — 1 the map

NE" (R/\(k+1)) N Necn (R/\k)

on norms induced by the multiplication of the (i + 1)st and (i + 2)nd factors
of R. The face map dj is a bit more complicated and uses both an internal
cyclic permutation inside the last N R factor (as in Proposition 2.15) and a
permutation of the (k + 1) factors of (NS» R)NF+1) together with the multi-
plication do. Writing g = ¢>™/" for the canonical generator of C,, < S' and a
for the natural cyclic permutation on X **1  d, is the composite

id™ AT g
T

(NeCnR)/\(k+1) (NeCnR)/\(k+1) i> (NeCnR)/\(k+1) d_0> (NeCnR)/\k.

In fact, we have the following concise description of the C),-action in Nfl—
bimodule terms. We obtain a (NS R,N¢* R)-bimodule IN" R, using the
standard right action but twisting the left action using Z{..g. In the following
statement, we use the cyclic bar construction with coefficients in a bimodule,

q.v. [8, §2].

THEOREM 4.4. Let R be a ring orthogonal spectrum. For any C, < S*, there
s an isomorphism of orthogonal C,,-spectra

16 NS'(R) = |[NYS(NER,INC" R)),

where the cyclic bar construction is taken in the symmetric monoidal category
S
U

Next we assemble the diagonal maps into a map NEIR — pj;(I)C"NflR of
orthogonal S'-spectra. The following lemma (which is just a specialization of
Proposition 2.15) provides the basic compatibility we need. (The lemma also
follows as an immediate consequence of the much more general rigidity theorem
of Malkiewich [33, §3].)

DOCUMENTA MATHEMATICA 23 (2018) 21012163



ToproLoGICAL CycLiIC HOMOLOGY VIA THE NORM 2133
LEMMA 4.5. Let R be an orthogonal spectrum, let H < S be a finite subgroup,
and let h € H. Then the map ®H(Z{ h): @INHER — ®HNHR is the identity.
We now prove the main theorem about the diagonal map cyclotomic structure.
THEOREM 4.6. Let R be a ring orthogonal spectrum. The diagonal maps

Ay RAEFD oy pCn NO» RARHD)
assemble into natural maps of S'-spectra
ot NS'R — ph @ IV INCR| = pr @ NS R.

If R is cofibrant or cofibrant as a commutative ring orthogonal spectrum, then
these maps are isomorphisms.

Proof. Varying k, we get a map of cyclic objects
NY°R — 01U sd,, N9°R
and on realization and change of universe, a map
NS'R — 7V |19°-1U., sd, NY°R]

of orthogonal S'-spectra. The map 7, is the composite with the evident iso-
morphism of orthogonal S'-spectra

TY |09 1Y sd, NO°R| = pr dC TV, | sd, NO°R| = pr 0 N5'R.

(In [13, §4], the first isomorphism is studied in detail.) When R is cofibrant,
the maps A,, are isomorphisms, and so therefore are the maps 7,. |

The previous theorem establishes a precyclotomic structure. For the cyclotomic
structure, we now just need to compare the point-set geometric fixed point
functors with their derived functors.

THEOREM 4.7. Let R be a cofibrant ring orthogonal spectrum or a cofibrant
commutative ring orthogonal spectrum. Then for any C, < S, the point-set
geometric fized point functor on Neis computes the left derived geometric fized
point functor

L®"NS'R =5 99" NS'R.

Moreover, there is an S'-equivariant isomorphism
Cn NS' P o0 7U | Cn7U
PN R Tpo | P Iioo sdy, NYRY.

Theorem 1.5, the assertion of the cyclotomic structure on Nes "R for R a cofi-
brant ring orthogonal spectrum or cofibrant commutative ring orthogonal spec-
trum, is now an immediate consequence of the previous theorem and Theo-
rem 4.6. If R only has the homotopy type of a cofibrant object, application of
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Proposition 3.11 allows us to functorially work with °?T R and °PT'C' as models
of TR and TC.

For the proof of the previous theorem, recall that a simplicial object in a
category enriched in spaces is said to be proper when for each n the map from
the kth latching object to the kth level is an h-cofibration. (Recall that an
h-cofibration is a map f: X — Y with the homotopy extension property: Any
map ¢: Y — Z and any path in the space of maps from X to Z starting at
¢ o f comes from the restriction of a path in the space of maps from Y to Z
starting at ¢.) The geometric realization of a proper simplicial object (in a
topologically cocomplete category) is the colimit of a sequence of pushouts of
h-cofibrations. This is relevant to the situation above because of the following
lemma.

LEMMA 4.8. Let R be a cofibrant ring orthogonal spectrum or a cofibrant com-
mutative ring orthogonal spectrum. Then for any C, < S*,

7V, sd, NY°R
is proper as a simplicial object in Sg".

Proof. Since I]goo is a topological left adjoint, it preserves pushouts and homo-
topies, and therefore preserves properness. Thus, it suffices to show that

sdp, NJY°R

is a proper simplicial object in 11%5- In the case when R is a cofibrant ring
orthogonal spectrum, each level is cofibrant as an orthogonal C,-spectrum and
the inclusion of the latching object is a cofibration. In the case when R is
cofibrant as a commutative ring orthogonal spectrum, an argument similar
to [15, VIL.7.5] shows that the iterated pushouts that form the latching objects
are h-cofibrations and the inclusion of the latching object is an h-cofibration.

O

Proof of Theorem 4.7. Given the discussion above, we see that under the hy-
potheses of the theorem, the point-set geometric fixed point functor ®» com-
mutes with geometric realization, giving us the isomorphism

3 NS'R = 7V, |0C- 1., sd, NS¥°R).

Since the point-set geometric fixed point functor commutes with sequential col-
imits of h-cofibrations, to see that it computes the derived geometric fixed point
functor, we just need to see that it does so on each of the objects involved in the
sequence of pushouts that constructs the geometric realization. This happens
on the levels of Ny = ZY.. sd,, NyY°R because each Ny is the smash product of
copies of N R and it happens on N» R in the case when R is a cofibrant ring
orthogonal spectrum by Theorem 2.34 (and [23, B.89]) and in the case when R

DOCUMENTA MATHEMATICA 23 (2018) 21012163



TorPoLOGICAL CycLiC HOMOLOGY VIA THE NORM 2135

is a cofibrant commutative ring orthogonal spectrum by Theorem 2.36 (com-
bined with Theorem 2.34). The other pieces are the orthogonal C),-spectra Py
defined by the pushout diagram

LkAaAi%Lk/\Ai

l |

Np N 8Aﬁ — Py,

where Lj denotes the latching object. The point-set geometric fixed point
functor computes the derived geometric fixed point functor for each Py because
it does so for each N and for each latching object (by induction). O

Finally, we turn to the question of understanding the derived functors of N, eS "
Recall that when dealing with cyclic sets, the S!'-fixed points do not usually
carry homotopically meaningful information. As a consequence, we will work
with the model structure on 851 provided by Theorem 2.29 with weak equiv-
alences the Fgiy-equivalences, i.e., the maps which are isomorphisms on the
homotopy groups of the (categorical or geometric) fixed point spectra for the
finite subgroups of S! (irrespective of what happens on the fixed points for S!).
We will now write Sgl’fp‘“ for 851 to emphasize that we are using the Fpj,-
equivalences. We use analogous notation for the categories of ring orthogonal
Sl-spectra and commutative ring orthogonal S*-spectra.

We now observe that NeS1 admits (left) derived functors when regarded as
landing in Sgl’fpi“ and (in the commutative case) Comgl’fpi“. Theorems 4.6
and 4.7 have the following consequence.

THEOREM 4.9. Let R — R’ be a weak equivalence of ring orthogonal spectra
where R and R’ is each either a cofibrant ring orthogonal spectra or a cofi-
brant commutative ring orthogonal spectra (four cases). Then the induced map
Neis — NeSlR’ 18 an Frin-equivalence.

Proof. Since we have shown that NeSlR and NEIR’ are cyclotomic spectra
and the map is a map of cyclotomic spectra, it suffices to prove that it is
a weak equivalence of the underlying non-equivariant spectra, where we are
looking at the map |[N°R| — |[NJ°R/|. At each simplicial level, the map
RAEHD) 5 RAEHD) g 5 weak equivalence and the simplicial objects are proper,
so the map on geometric realizations is a weak equivalence. |

In the commutative case, we have the following derived functor result.

PRrOPOSITION 4.10. Regarded as a functor on commutative ring orthogonal

spectra, the functor N2 is a left Quillen functor with respect to the positive
Sl

complete model structure on Com and the Frin-model structure on Comy; .

Proof. The forgetful functor preserves fibrations and acyclic fibrations. O
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5 THE CYCLOTOMIC TRACE

The modern importance of THH and T'C derives from the application of the
trace maps K — T'C and K — TC — THH to computing algebraic K-theory.
In this section, we give a construction of the cyclotomic trace in terms of the
norm construction of THH.

First, observe that the constructions of Section 4 and 6 generalize without mod-
ification to the setting of categories enriched in orthogonal spectra: Specifically,
given a small spectral category C we define the cyclic bar construction as the
geometric realization of the cyclic orthogonal spectrum with k-simplices

[k] — \/ C(er,c0) AC(eayer) Ao o AC(eg, ck—1) AC(co, k).

€o,y---Ck

This construction gives rise to an orthogonal S!'-spectrum; we have the follow-
ing analogue of Lemma 4.1.

LEMMA 5.1. Let C be a small category enriched in orthogonal spectra. Then
the geometric realization of the cyclic bar construction |N,>°C| is naturally an

object in S]g; .

In order to obtain a cyclotomic structure, as in Theorem 1.5, we need to arrange
for the mapping spectra in C to be cofibrant. Such a spectral category is called
“pointwise cofibrant” [4, 2.5]. Following [4, 2.7], we have a cofibrant replace-
ment functor on spectral categories with a fixed object set that in particular
produces pointwise cofibrant spectral categories.

THEOREM 5.2. Let C be a pointwise cofibrant spectral category, then ZE.. [N °C|
has a natural structure of a cyclotomic spectrum.

Proof. Much of this goes through just as in Section 4. The only real divergence
is that although levelwise

7V, sd, N&¥°C

is no longer given as a smash of norms, the diagonal isomorphisms

\/ Clci,c0) NC(ea,c1) Ao AC(ck,ck—1) A C(co, k)

C0,y---Ck

— (I)anﬂgx ( \/ C(er,c0) AC(e2,e1) Ao AC(cq, Cq—1) /\C(co,cq))

€0;---Cq

(where ¢ = n(k + 1) — 1) arise as the composite of the diagonal isomorphism

\/ C(e1,c0) ANC(ez,e1) A v AC(ek, ci—1) A C(co, ck)

Co,y---Ck

— O N < \/ Clci,c0) NC(ea,c1) Ao ANC(ck, Cr—1) /\C(co,ck))

C0,y---Ck
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and the isomorphism

@C"NE"( \/ C(er,c0) AC(e2,e1) A v AC(cky Cl—1) /\C(co,ck))

C0,y---Ck

— 9Tl ( \/

co,--

C(er,c0) AC(ea, 1) Ao AC(cq, Cq—1) /\C(co,cq))

Cq

induced by the inclusion

A(n)
( \/ C(er,c0) AC(eayer) Ao AC(ek, ch—1) /\C(co,ck))

CQ,y..-Ck

— \/ Cler,c0) ANC(ea,e1) Ao AClcq, cq—1) N C(co, ¢q)

CQ,.--Cq

of the summands where ¢;41)4; = ¢; forall 0 <i<n,0<j<k+1. O

We simplify notation by writing THH (C) for the orthogonal S'-spectrum or
cyclotomic spectrum ZY.. [N °C|. From this point, the construction of TR and
T'C proceeds identically with the case of associative ring orthogonal spectra.
We now turn to the construction of the cyclotomic trace. The trace map is
induced from the inclusion of objects map

ob(C) — |NYC|

that takes x to the identity map x — x in the zero-skeleton of the cyclic bar
construction. To make use of this for K-theory, we use the Waldhausen con-
struction of K-theory as the geometric realization of the nerve of the multisim-
plicial spectral category w.S’S")C and consider the bispectrum THH(w.SEn)C).
The construction now proceeds in the usual way (e.g., see [, 1.2.5]).

6 A DESCRIPTION OF RELATIVE THH AS THE RELATIVE S'-NORM

In this section, we extend the work of Section 4 to the setting of A-algebras
for a commutative ring orthogonal spectrum A. The category of A-modules is
a symmetric monoidal category with respect to A4, the smash product over
A. As explained in [23, §A.3], the construction of the indexed smash product
can be carried out in the symmetric monoidal category of A-modules. Our
construction of relative TH H will use the associated A-relative norm.

We will write Ag to denote the commutative ring orthogonal G-spectrum ob-
tained by regarding A as having trivial G-action; i.e., Ag = Z{.. A. This is a
commutative ring orthogonal G-spectrum since Z{.. is a symmetric monoidal
functor. For example, if A is the sphere spectrum then Ag is the G-equivariant
sphere spectrum.
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WARNING 6.1. Although Z{.. performs the (derived) change of universe on
stable categories for cofibrant orthogonal spectra, and Z{.. has a left derived
functor on commutative ring orthogonal spectra (Proposition 6.2 below), the
underlying object in the stable category of Ag is not the derived change of
universe applied to A except in rare cases like A = S; see Example 6.3 below.
As a consequence, in the following result the comparison map between the
left derived functor and the left derived functor of ZY..: S — Sg is not an
isomorphism.

PROPOSITION 6.2. The functor Iﬂgx :Com — Comg s a Quillen left adjoint.

Proof. The functor in question is the composite of the inclusion of Com in
Com§. as the objects with trivial G-action (which is Quillen left adjoint to
the G-fixed point functor) and the Quillen left adjoint Z{.. : Com§.. — Com§.
The Quillen right adjoint is the composite (—) o I}%x. O

ExXaMPLE 6.3. For X a non-equivariant positive cofibrant orthogonal spec-
trum, PX is a cofibrant commutative ring orthogonal spectrum. We have that
TV PX = PZY.. X, whose underlying object in the equivariant stable category
is isomorphic to \/ EgY¥n4 As, Zh X" by [32, 111.8.4], [23, B.117]. On the
other hand, the underlying object of PX in the non-equivariant stable cate-
gory is isomorphic to \/ EX,; As, X", which the derived functor on stable
categories takes to \/ EX, 4 Ay, ZF~X"\". In general, the commutative ring
derived functor is related to the stable category derived functor by change of
operads along EX, — EgX,, cf. [3].

For an A-algebra R, let N>R denote the cyclic bar construction with respect
to the smash product over A. The same proof as Lemma 4.1 implies the
following.

LEMMA 6.4. Let R be an object in A-Alg. Then the geometric realization of

the cyclic bar construction |N,>¢ R| is naturally an object in A—Modi;.

Using the point-set change of universe functors we can turn this into an or-
thogonal S'-spectrum indexed on the complete universe U.

DEFINITION 6.5. Let R be a ring orthogonal spectrum. Define the functor
st St
ANe : A-Alg — Asl-MOdU

as the composite
1

ANS R =TY INJYCR).
The argument for Proposition 4.3 also proves the following relative version.
PROPOSITION 6.6. The restriction of ANfl to commutative A-algebras lifts to
a functor

st st

ANZ  A-Com — Agi-Comy;
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that is left adjoint to the forgetful functor
T Asl—Comgl — A-Com

We now make a non-equivariant observation about relative THH (ignoring
the group action temporarily) that informs our description of the equivariant
structure. Similar theorems have appeared previously in the literature, e.g.,
[36, §5].

LEMMA 6.7. Let R be an A-algebra in orthogonal spectra. Then there is an
isomorphism

sTHH(R) Agrpmay) A= ATHH(R).

Proof. Commuting the smash product with geometric realization reduces the
lemma to verifying the formula

(R/\R/\.../\R)/\A/\A/\___/\AAgR/\AR/\A ...N\a R,
which is a straightforward calculation. |

We now generalize Lemma 6.7 to take advantage of the equivariant structure.

PROPOSITION 6.8. Let G be a finite group. Let A be a commutative Ting or-
thogonal spectrum and M an A-module. The A-relative norm is obtained by
base-change from the usual norm:

ANSM = NEM Ayea Ag

Proof. Since M is an A-module, we know that N& M is an N& A-module (in the
category SG), using the fact that the norm is a symmetric monoidal functor [23,
A.53]. The right hand side is the extension of scalars along the canonical
map NYA — Ag obtained as the adjoint of the natural (non-equivariant)
map A — Ag. Because the map N(—) — 4N%(—) is a monoidal natural
transformation, we obtain a canonical map from N&M Anea A to ANEM;
this map is an isomorphism because it is clearly an isomorphism after forgetting
the equivariance. O

Extending this to S!, if R is an A-algebra we have the following characteriza-
tion of relative THH as an S'-spectrum that follows by essentially the same
argument.

PROPOSITION 6.9. Let R be an A-algebra in orthogonal spectra. Then we have
an isomorphism

ANS'R2 NS RA o1, Agi

We now turn to the homotopical analysis of 4V esl. The following theorem
1
asserts that the left derived functor of 4N9 exists.
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THEOREM 6.10. Let R — R’ be a weak equivalence of cofibrant A-algebras.
Then the induced map ANeS R — ANf R is an Frin-equivalence.

To prove this theorem, it suffices to prove the following theorem, which in
particular implies Proposition 1.8.

THEOREM 6.11. Let A be a cofibrant commutative orthogonal spectrum and let
1

R be a cofibrant A-algebra. The smash product N° R Ayst 4 Agr represents

the deriwved smash product in the Frin-model structure. 4

Proof. Let N be a cofibrant N " A-module approximation of N5 1R; the asser-
tion is that the map

1
N/\NflAASI — N@S R/\NeslAAsl

is a ]-"Flin—equivalence. We compare to the bar construction: Let
B(N,N2 A, Ag1) be the geometric realization of the simplicial object with
k-simplices
St St
NANZS AN---ANS ANAg,

k

and similarly for B(NS' R, NS" A, Ag1). Then we have a commutative diagram

B(N, NZ" A, Agi) ——— N Aysi 4 Ao

| l

B(N§1R7N§1A,AS1) —>N651R/\N851A Asl .

We want to show that the righthand map is a Friy-equivalence; we show that
the remaining three maps are Fgiy-equivalences. We apply the change of groups
functor ¢f;, and show that they are weak equivalences of orthogonal Cy,-spectra.
Since 1, commutes with smash product and geometric realization, we have
isomorphisms

v B(N,NS' A, Ag) = B(ug, N,up NS A, Ac,)
L*Cn(N /\NESIA ASI) = [’*CnN /\L’é NESIA Acn

and similarly for N 'R in place of N.

Before proceeding, we note that t¢, NS "A and Lo, NS 'R are flat in the sense
of [23, B.15]. This can be seen as follows. N A is flat by [23, B.147] and
NE" R is flat being the sequential colimit of pushouts over h-cofibrations of
flat objects. Likewise, L*CnNéglA, LEHNSSIR, and ¢, N are sequential colimits
of pushouts over h-cofibrations of objects that are flat, q.v. Theorem 4.4 for
NS "A and NS 'R. As an immediate consequence, we sce that the map

B(N,N5" A, Ag1) — B(NS'R,N5" A, Ag1)
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is a Frin-equivalence as
Bt N,ut NS Ak Agi) — B(uz NS R NS A A
. Vs to, Ve Loy, Sl> (LCn e yle, Ve y Loy, Sl>

is a weak equivalence on each simplicial level and the simplicial objects are
proper.

1
To see that 17, B(N, N5 A Ag) — &, (N Ayst 4 Agr) is a weak equivalence,

let M be a cofibrant N7 " A-module approximation of Ag:i. Since smash product
commutes with geometric realization, we have compatible isomorphisms

B(N,N5 A, N5 A) Aysi , M = B(N, N5 A, M)
B(N, N5 A, N5 A) A ye1 , As1 2 B(N, N5" A, Agn)
Now we have a commutative diagram

B(N,NS"A, M) = B(N,NS5 A, N5 A) Aysi g M — N Aysi g M

| | l

B(N,N5'A, Ag1) = B(N,N5 A, N5"A) Ays1 , Agt — N Ays1 4 Agr.

with the bottom composite map becoming the map in question after applying
t¢,,,- The lefthand map becomes a weak equivalence after applying v, because

both v, N and ¢y, N, 5 " A are flat. The top map is a weak equivalence because
(=) Ayst 4 M preserves the weak equivalence B(N, NS"A,N5'A) — N and the
righthand map is a weak equivalence because N Ay, g1 (—) preserves the weak

equivalence M — Ag1.
Finally, to see that the map

1o, BINS' R, NS A, As)) — 15, NS R Aysr  Aso

is a weak equivalence, we apply Theorem 4.4 to observe that it is induced by a
map of simplicial objects
B(NY(NE"R,INE"R), NRYS(NE» A INE A), Ac,)

— NY(NE"R,INE"R) A Ac,.

NN A, 9NE™ A)

Here at the kth level, the map is

B((NS"R"®) A INCn R (NEm A)NK) A INCm A A )

— ((NeCnR>/\(k) /\ gNeCnR) /\(NeCnA)/\(k)/\gNean ACTL;

which is a weak equivalence since (N R)N¥) A9 NE R is flat as a module over
(NE» A)NE) N INCR A, a
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Similarly, we can extend the homotopical statement of Proposition 4.10 to the
relative setting.

PROPOSITION 6.12. Regarded as a functor on commutative A-algebras, the
1

functor ANf is a left Quillen functor with respect to the positive complete

model structure on A-Com and the Fgin-model structure on A51—C0m51.

PROPOSITION 6.13. Let R — R’ be a weak equivalence of A-algebras where R is
cofibrant and R’ is a cofibrant commutative A-algebra. Then the induced map

NS'R SR in-equs
AN — aN. R’ is an Frin-equivalence.
Proof. By Theorem 6.11,

1 1
ANZ R=NE RAysiy As,

represents the derived smash product. Since Neis’ is cofibrant as a commu-
tative NflA—algebra,

1 1
AN? R = Nes R /\NglA As,
also represents the derived smash product. |

7 WHEN DO WE HAVE RELATIVE CYCLOTOMIC STRUCTURES?

One application of the perspective of THH as the S'-norm is the construction
of relative versions of TR and T'C' built from 4 N? 1R, which we discuss in this
section. In previous drafts, the authors asserted that 4 N 651 could in general be
endowed with cyclotomic structure or op-pre-cyclotomic structures. However,
as explained below, except for very special choices for A (such as A = ), this is
not correct. Some of the difficulties arise from subtleties of the behavior of the
derived functor of change of universe on commutative ring orthogonal spectra,
q.v. Example 6.3 above and Example 7.5 below. Other difficulties arise from
a basic incompatibility of diagonal maps, as we will explain.

We begin with an example due to Lars Hesselholt that illustrates the impossi-
bility of a general construction of a nontrivial cyclotomic structure. Let R be
a cofibrant commutative ring orthogonal spectrum. Recall that the cyclotomic
structure on THH (R) yields an isomorphism THH(R) — p;Q)CPTHH(R).
Essentially by definition, there is a natural map ®“»THH(R) — THH(R)* >,
where (—)!“» denotes the Tate fixed-points; this map is simply a relabeling of
the map

(THH(R) A EC,)°» — (F(EC,,,THH(R)) A EC,)®
induced by the collapse map EG, — S°. Therefore, we have a composite map

THH(R) — p;®“*THH(R) — p;THH(R)"“.
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(In fact, in the Nikolaus-Scholze formalism for describing cyclotomic structures,
it is shown that for bounded-below R this map is equivalent to the data of a
cyclotomic structure as we present here [38].) The counterexample arises from
consideration of this map in the specific example of TH Hpz(F,).

ExXaMPLE 7.1. Suppose that we could construct p-cyclotomic structures for
general R and A, and that the expected naturality holds. Then in particular
we would have a commutative diagram of ring orthogonal spectra

THH(F,) —— THHyz(F,)

| |

THH(F,)!®» —— THHypz(F,)C.

Passing to homotopy groups and composing with the edge homomorphism in
the Tate spectral sequence then yields a commutative diagram of graded rings

S]Fp (t) _ F]Fp (’U)

| l

S]Fp (t, ﬁ_l) —_— S]Fp (U, U_l),

where Sy, denotes the symmetric algebra and I'r, the divided power algebra.
The top map is the canonical map from THH, to HH, and it takes t to v.
Then the left-then-bottom composite takes tP to a non-zero element while the
top-then-right composite takes tP to zero.

In order to understand the situation better, we now describe a natural op-
precyclotomic structure on Agi. The geometric fixed point functor ®# is lax
symmetric monoidal, and therefore gives rise to a functor

7 Ag-Mod§ — (7 Ag)-ModS1!

when H is normal in G. In the case of a finite subgroup C, < S', for an
Agi-module X, we have that ®“» X is an orthogonal S!/C,,-spectrum and a
module over ®“" Ag:. In fact, it is a module over Asi/c,,-

PROPOSITION 7.2. Let A be a (non-equivariant) commutative ring orthogonal
spectrum and let H be a closed normal subgroup of a compact Lie group G.

There is a natural map of commutative ring orthogonal G/ H -spectra Aq g —
H Aq.

Proof. By adjunction, maps Ag/g — ®H Ag are in bijective correspondence
with maps A — (®7 Ag)¢/H. The natural map in question can thus be con-
structed as the adjoint of the composite

A — (Ag) = ((Ag)®)G/H — (@ Ag)G/H.
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Alternatively, we can give a direct construction as follows. Let X be an arbi-
trary non-equivariant orthogonal spectrum and write X for the application of
the point-set functor ZY... We write ® X as the coequalizer

V 25V INEAFyaSOA (Xe(V)E = V FyaSOA (Xe(V)H
V,W<U V<U

in orthogonal G/H-spectra. For V an H-fixed G-inner product space, we can
also regard V as a G/H-inner product space, and we have

Xem(V) = Xa(V) = (Xa(V).

Writing X, as the coequalizer

\/ fG/H(V W)/\Fwso/\Xg/H(V):; \/ Fvso/\Xg/H(V>,
V.W<UH V<UH

we get a canonical natural map of orthogonal G/ H-spectra A\: Xg H/ g — ®HX G-
The symmetric monoidal transformation ®¥ Xg A 7Yy — &H (Xg A Yg)
induced by the natural map

FV1HSO A\ (Xg(Vl))H A\ FV2HSO A\ (Yg(Vg))H

l

FriavynSY A (Xa AYe) (Vi @ Vo)X,

and we see that A is also lax symmetric monoidal. Applying these observations
to the commutative ring orthogonal spectrum A and the multiplication map
ANA — A, we see that X induces a map of commutative ring orthogonal G/ H-
spectra Ag g — & Ag, natural in the commutative ring orthogonal spectrum
A. O

We now specialize this to the subgroup C,, < S! and an Agi-module X. Pulling
back along the nth root isomorphism p,: St — S1/C,, gives rise to an orthog-
onal S'-spectrum p*®“» X that is a module over Ag1 = prAsi/c, -

DEFINITION 7.3. An op-p-precyclotomic spectrum relative to A consists of an
Agi-module X together with a map of Agi-modules

v: X — pi®d“r X,

Proposition 7.2 thus constructs an op-p-precylotomic spectrum structure on
Agi. However, it is important to be clear about what this does and doesn’t
prove: specifically, we do not in general know that ®“» Ag: computes the de-
rived geometric fixed points.

One would now hope to use the same argument as for Theorem 4.6 to construct
an op-p-precyclotomic structure on 4N flR. Unfortunately, there is a basic
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compatibility issue which we now explain. It is possible to construct an A-
relative version of the diagonal map

Ap: X — ®Y,4NEX.

(a special case of the analogue of Proposition 2.19), which we can now state
using Proposition 7.2.

PROPOSITION 7.4. Let A be a commutative ring orthogonal spectrum and let
X be an A-module. For any finite group G, there is a natural diagonal map

Ap: X — ®Y,4NYX.

of A-modules, where the A-module action on the right is induced by the com-
posite map A — ®PENEFA — @GANEX.

Proof. The map itself is constructed as the composite
X 25 9NEX — 0%(Ag Ayoa NOX) = 0C 4 NEX,

where the last isomorphism is Proposition 6.8. To show that this is a map
of A-modules as specified, it suffices to show that the natural transformation
Id — CIDGNeG is lax monoidal, as the second part of the composite clearly is;
this latter statement follows from the Proposition 2.19.

O

The following example indicates some of the complexity of the behavior of this
diagonal map.

EXAMPLE 7.5. In the previous proposition, consider the case when R = A and
A =TPFgS° is the free commutative ring orthogonal spectrum on FpS® ~ S~1.
When n = 2,

Fix® PFeS° (W) = \/( s (R™, W) /5,,) 2.

m

In general for a (Cy x X,,)-set X, an element of X/¥,, is Ca-fixed when for a
representing element &, the Cs-orbit lies in the X,,-orbit; when the action of
Ym on X is free, we can then associate to & a homomorphism fe: Cy — Xy,
defined by o - £ = fe(a) - € for o € C. (Choosing a different representative of
the orbit changes the homomorphism by conjugation f,e = o feo™1.)

For X = Zg(R™, W), and £&: R™ — W an element of X, the Ca-orbit of &
lies in the X,,-orbit precisely when there exists a homomorphism f: Cy — 3,
such that a-& = £ f(a)™!, where a acts by the Cy-action on W and &+ f(a)~!
is induced by the change of coordinates on R™ associated to the permutation
f(a)™! (and we have f¢ = f in the preceding notation). This gives us a
decomposition of sets

<151<Rm,w>/zm>02f=v( \ /51(f*Rm,W)CZ)/Zm,

f:Ca—=3%,
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where %, acts by conjugation of the set of homomorphisms and permutation
on the coordinates, and f*R™ denotes R™ with Cs-action coming from f. It
is essentially clear that the bijection above is a homeomorphism thinking in
terms of Thom spaces of corresponding isometry spaces and noting that those
are disjoint.

In summary, we have a homeomorphism

FixCZPFRSO(W)g\/< \/ /Sl(f*Rm,W)C2)/2m.

m Nf: Co—X,,

The summands with f the trivial map contribute a summand of Ag1,¢,, but
the remaining summands make non-trivial contributions of orthogonal G/H-
spectra of the form Figm)-SY/Z(c) where o is an order 2 element of ¥,,, Z(o)
is its centralizer, and (f*R™)? is its fixed points. In this case we see that
the natural map of Proposition 7.2 is split, and in general it is split for free
commutative ring orthogonal spectra, but the splitting is not natural and so
does not extend to a splitting for arbitrary commutative ring orthogonal spectra
A.

In this example Ag: is a cofibrant commutative ring orthogonal S'-spectrum,
and this also gives an example where the point-set geometric fixed points fail
to compute the derived geometric fixed points. In the S'-equivariant stable
category Agi is a suspension spectrum, so the derived geometric fixed points
are isomorphic to A.

Although one might hope to use Proposition 7.4 to construct an op-cyclotomic
structure on 4T HH, there is an issue related to the fact that the map of
commutative ring orthogonal spectra

A— YNG4 — %A

inducing the A-module structure on the relative diagonal is in general not the
same map as the canonical map given in Proposition 7.2. In order to elucidate
the basic incompatibility, we use the description of 4THH in terms of base
change given by Proposition 6.9. Since ®¢» commutes with smash product, the
required structure amounts to the data of the following commutative diagram

NS'R¢—— NS'A—— 5 Ag

| L]

O NS'R+—— ®OrNS' A —— 0% Ag: .
The left-hand square commutes by naturality. But using the op-precyclotomic
structure from Proposition 7.2, the right-hand diagram does not in general

commute!
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However, this diagram does commute (essentially by hypothesis) in the case
that A is the underlying non-equivariant commutative ring orthogonal spec-
trum of a p-cyclotomic commutative ring orthogonal S'-spectrum A, the canon-
ical map N2 TA A is a map of p-cyclotomic spectra, and R is an A-algebra.
Specifically, we can immediately deduce Theorem 1.9 from the introduction
(using Theorem 6.11 to retain homotopical control).

THEOREM 7.6. Let A be a cofibrant commutative ring orthogonal spectrum that
is 1* A for a cofibrant p-cyclotomic commutative ring orthogonal S*-spectrum A.
Moreover, assume that the canonical counit map NeslA — A is a p-cyclotomic
map. Let R be a cofibrant A-algebra. Then the derived smash product

NS RAyoi, A
s a p-cyclotomic spectrum.

The statement of Theorem 7.6 should be interpreted more as a precise ex-
planation of the difficulty of having a reasonable relative cyclotomic structure
than as a condition one expects to arise frequently. We know comparatively
few examples beyond S. One class of examples arises when A is a smashing
localization of the sphere spectrum; e.g., A = LiyS and A is the pushforward
IeslA. But in such cases the relative and absolute TH H are naturally weakly
equivalent, and so these examples are not very interesting.

More generally, one can consider the cyclotomic spectrum A = Sg1 AA for a non-
equivariant cofibrant commutative ring orthogonal spectrum A. As discussed
in warning 6.1, this spectrum is not typically equivalent to 2 "A. Therefore, it
is not formal that there exists a reasonable map N2 "A = A in this case; e.g.,
when A = HZ one can check that no such map exists. However, an interesting
example is explained and applied in the context of p-adic Hodge theory by
Bhatt-Morrow-Scholze [1, §11.1]. Specifically, they show that the relative TH H
in the case A = S[t] = XN does admit a cyclotomic structure; Proposition [1,
11.3] provides a verification of the conditions of Theorem 7.6, expressed in the
formalism of the Nikolaus-Scholze approach to cyclotomic spectra [38].

The same argument proves a slightly more general version of the preceding
theorem, where instead we let A be a commutative ring orthogonal spectrum,
R an A-algebra, and M a coefficient spectrum which is an N5 " A-module and a
p-cyclotomic spectrum. The following is Theorem 1.10 from the introduction.

THEOREM 7.7. Let A be a cofibrant commutative ring orthogonal spectrum and
R a cofibrant A-algebra. Let M be a p-cyclotomic object in N2 A-modules.
Then the derived smash product
Sl
Ne R /\NslA M

18 a p-cyclotomic spectrum.
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Under the hypotheses of Theorem 1.9, using the relative analogues of Defini-
tions 3.8 and 3.9, we obtain analogues of TR and T'C' which we denote 4T R and
AT C. These constructions are evidently functorial, which proves Theorem 1.11
from the introduction.

8 THH oOF RING C,,-SPECTRA

For G a finite group and H < G a subgroup, the norm N§ provides a functor
from orthogonal H-spectra to orthogonal G-spectra. In this section, we gener-
alize this construction to a relative norm N, g;, which we view as a “C',-relative
THH”. We begin with an explicit construction which generalizes the simplicial
object studied in Section 4 arising from the edgewise subdivision of the cyclic
bar construction.

DEFINITION 8.1. Let R be an associative ring orthogonal C,-spectrum indexed
on the trivial universe R®. Let N2 R denote the simplicial object that in
degree q is Rt has degeneracy s; (for 0 < i < ¢) induced by the inclusion
of the unit in the (i + 1)-st factor, and has face maps d; for 0 < i < ¢ induced
by multiplication of the ith and (i 4+ 1)st factors. The last face map d, is given
as follows. Let ay be the automorphism of RMat1) that cyclically permutes
the factors, putting the last factor in the zeroth position, and then acts on that
factor by the generator g = e2™/" of C,. The last face map is d, = dy o ay.

The previous definition constructs a simplicial object but not a cyclic object.
Nevertheless, it does have extra structure of the same sort found on the edgewise
subdivision of a cyclic object. The operator a4 in simplicial degree ¢ is the
generator of a Cj,(,41)-action (the action obtained by regarding RMatD a5
an indexed smash product for C,, < Cyg41)). The faces, degeneracies, and
operators «, satisfy the following relations in addition to the usual simplicial
relations:

ag(q+1) —id
doarg = dg
diag = og—1d;—1 for 1 <i < g¢q
si0g = agp18;—1 for 1 <i <g¢q
S00y = 043 115¢
This defines a A°P-object in the notation of [8, 1.5]. As explained in [3, 1.6-8],
the geometric realization has an S!-action extending the C),-action.

DEFINITION 8.2. Let R be an associative ring orthogonal C,-spectrum indexed
on the universe U = te, U. The relative norm NgiR is defined as the composite
functor . .

NE' R = ZY [N (257 R)

When R is a commutative ring orthogonal C,,-spectrum, we have the following
analogue of Proposition 4.3.
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PROPOSITION 8.3. The restriction of Ng:l to Comg" lifts to a functor
1 1
Ngn : Comg" — Comg

that is left adjoint to the forgetful functor

* | St Ch
' Comyy — Comz™.

We now describe the homotopical properties of the relative norm. The following
analogue of Theorem 4.9 has the same proof.

THEOREM 8.4. Let R — R’ be alweak equilvalence of cofibrant associative ring
orthogonal C,,-spectra. Then NgnR — Ngn R’ is a Frin-equivalence.

In the commutative case, we have the following analogue of Proposition 4.10
(also using an identical proof).

THEOREM 8.5. Regarded as a functor on commutative ring orthogonal C.,-

spectra, the functor Ng:l is a left Quillen functor with respect to the positive
Cr

o and the positive complete Frin-model struc-

complete model structure on Com

Sl
ture on Comyg; .
We now turn to the question of the cyclotomic structure.

THEOREM 8.6. Let R be a cofibrant associative ring orthogonal C,,-spectrum.
1

If p is prime to n, then NgnR has the natural structure of a p-cyclotomic

spectrum.

Proof. As in the proof of Theorem 4.6, we can identify Lo NgiR as the geo-
metric realization of a simplicial orthogonal Ci,,-spectrum of the form

Ng:n (R/\(.+1)).

Since p is prime to n, by Proposition 2.19 we have a diagonal map R 4t —
Y gnp" RMatD) | which again commutes with the simplicial structure and in-
duces a diagonal map

i N& R — pi®» NE. R.

Under the hypothesis that R is cofibrant as an orthogonal C,,-spectrum, The-
orem 2.35 shows that the diagonal map RM9HD) — @CPNg:"RA(q“) is an
isomorphism, and it follows that 7, is an isomorphism. The inverse gives the
p-cyclotomic structure map. O

As usual, we can construct TR, R and T'C¢, R from the cyclotomic structure
on Ng:lR. And as before, when R only has the homotopy type of a cofibrant
object, application of Proposition 3.11 allows us to work with “°T R¢, and
PTCq, .
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When p divides n, the diagonal map is of the form
st C, Cp A7St
Ncn/pd) R — ®**Ng R,

and is an isomorphism when R is cofibrant as an orthogonal C),-spectrum or
as a commutative ring orthogonal C),-spectrum. In these cases, we can get a
p-cyclotomic structure map if we have one on R of the following form.

DEFINITION 8.7. For p | n, a C,, p-cyclotomic spectrum consists of an orthog-
onal Cp-spectrum X together with a map of orthogonal C),-spectra

t: Now, @ X — X

that induces a genuine C),-equivariant equivalence to X from the derived com-
posite functor.

PROPOSITION 8.8. Assume p | n and let R be an associative ring orthogonal

Cy,-spectrum with a C,, p-cyclotomic structure such that the structure map t is
. st .

a ring map. Then Ng R has the natural structure of a p-cyclotomic spectrum.

At present, we do not know if the previous proposition is interesting. However,
for any (non-equivariant) ring orthogonal spectrum R', R = NS» R’ satisfies
the hypotheses, and N3 R~ N5 R'.

9 SPECTRAL SEQUENCES FOR AT R

In this section we present four spectral sequences for computing 4T R. In each
case we actually have two spectral sequences, one graded over the integers and
a second graded over RO(S'). We follow the modern convention of denoting an
integral grading with * and an RO(S*)-grading with . Although the two look
formally similar, they are very different computationally, for reasons explained
in the introduction to [26]: the Tor terms are computed using very different
notions of projective module. Specifically, for V' a non-trivial representation
15‘7)(2‘/}2) cannot be expected to be projective as a 1*7)R Mackey functor
module; however, 1(7) (XY R) is of course projective as a Eif)R Mackey functor
module, being just a shift of the free module 1*7)R.

9.1 THE ABSOLUTE TO RELATIVE SPECTRAL SEQUENCE

The equivariant homotopy groups 7 (N2 1R) are the T R-groups TR (R) and
so w&n (ANflR) are by definition the relative T R-groups 4T R (R).

NOTATION 9.1. Let
(NS (R))
J(ANS' (R))

(NS'(R)) TR (R) =
D(aNS(R)  ATRO)(R) =

"
ng
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Using the isomorphism of Proposition 6.9
st ~ 7St
ANC (R) = NZ (R) Ayst g Ast,

we can apply the Kiinneth spectral sequences of [26] to compute the relative
T R-groups from the absolute T'R-groups and Mackey functor Tor. Technically,
to apply [26] and for ease of statement, we restrict to a finite subgroup H < S*.
Recall that for a commutative ring orthogonal spectrum A, Ay denotes I¥.. A
where U is the complete S'-universe regarded as a complete H-universe, and
we regard A as an H-trivial orthogonal H-spectrum.

THEOREM 9.2. Let A be a cofibrant commutative ring orthogonal spectrum and
let R be a cofibrant associative A-algebra or cofibrant commutative A-algebra.
For each finite subgroup H < S', there is a natural strongly convergent spectral
sequence of H-Mackey functors
(=) _ —
Tor = (TR (R), 27 (An)) =  ATRI(R),

compatible with restriction among finite subgroups of S*.

Compatibility with restriction among finite subgroups of S! refers to the fact
that for H < K, the restriction of the K-Mackey functor Tor to an H-Mackey
functor is canonically isomorphic to the H-Mackey functor Tor and the corre-
sponding isomorphism on E°°-terms induces the same filtration on m,. (Free
K-Mackey functor modules restrict to free H-Mackey functor modules essen-
tially because finite K-sets restrict to finite H-sets.)

We also have corresponding Kiinneth spectral sequences graded on RO(H) for
H < S or RO(S'). We choose to state our results in terms of the RO(S*)-
grading because this makes the behavior of the restriction among subgroups
easier to describe; the restriction maps RO(S') — RO(H) are surjective, and
as a result Tor-groups calculated in RO(H )-graded homological algebra restrict
naturally to Tor-groups calculated in RO(S!)-graded homological algebra. In
the following theorem, x denotes the RO(S!)-grading.

THEOREM 9.3. Let A be a cofibrant commutative ring orthogonal spectrum and
let R be a cofibrant associative A-algebra or cofibrant commutative A-algebra.
For each finite subgroup H < S', there is a natural strongly convergent spectral
sequence of H-Mackey functors

Torl B D(TRO(R), 27 (An) = ATRO(R),

—k, %

compatible with restriction among finite subgroups of S*.

9.2 THE SIMPLICIAL FILTRATION SPECTRAL SEQUENCE

The spectral sequence of the preceding subsection essentially gives a computa-
tion of the relative theory in terms of absolute theory. More often we expect
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to use the relative theory to compute the absolute theory. Non-equivariantly,
the isomorphism
THH(R)NAX ,THH(RA A) (9.4)

gives rise to a Kiinneth spectral sequence
Tor B4 (R), A.(R)) = AJTHH(R)).

As employed by Bokstedt, an Adams spectral sequence can then in practice
be used to compute the homotopy groups of THH(R). For formal reasons,
the isomorphism (9.4) still holds equivariantly, but now we have three different
versions of the non-equivariant Kiinneth spectral sequence (none of which have
quite as elegant an E?-term) which we use in conjunction with equation (9.4).
The first equivariant spectral sequence generalizes the Kiinneth spectral se-
quence in the special case when 7, A is a field. Non-equivariantly, it derives
from the simplicial filtration of the cyclic bar construction; equivariantly, we
restrict to a finite subgroup H < S' and look at the simplicial filtration on the
nth edgewise subdivision (described in the proof of Theorem 4.9).

THEOREM 9.5. Let A be a cofibrant commutative ring orthogonal spectrum and
let R be a cofibrant associative A-algebra or cofibrant commutative A-algebra.
Let H be a finite subgroup of S*.

1. There is a natural spectral sequence strongly converging to the integer
graded H-Mackey functor s2TR)(R) with E'-term

Byy = m(aNg (RMHD)),

2. There is a natural spectral sequence strongly converging to the RO(S*)—
graded H-Mackey functor s2TR()(R) with E'-term

El, =m (AN (RNTY)).

The E?-terms of both spectral sequences are compatible with restriction among
finite subgroups of S*.

To see the compatibility with restriction among subgroups, we note that for
H = Cynp, the E*term (E? )" is the homology of the simplicial object

sd,, wCm (NS A)Ne+D),

For H < K, the subdivision operators then induce an isomorphism on Fs-
terms.

In general, we do not know how to describe the E2-term of these spectral se-
quences. Ome can formulate box-flatness hypotheses that would permit the
identification of the E?-term as a kind of Mackey functor Hochschild homol-
ogy [2]; however, such hypotheses will rarely hold in practice. On the other
hand, when A = HF for F a field, for formal reasons, the E'-term is a purely
algebraic functor of the graded vector space 7, R. We conjecture that the E?-
term is a functor of the graded F-algebra m, R.
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9.3 THE CYCLIC FILTRATION SPECTRAL SEQUENCE

We have a second spectral sequence arising from the filtration on cyclic objects
constructed by Fiedorowicz and Gajda [17]. Although they work in the context
of spaces, their arguments generalize to provide an Fgi,-equivalence

[EX.| — |X,|

for cyclic orthogonal spectra, where F is the evident orthogonal spectrum gen-
eralization of the construction in their Definition 1:

EX, = X A A(o, [m]) 4
[m]€Atace
The proof of their Proposition 1 (which in fact only gives an Fri,-equivalence
for spaces) also applies in the orthogonal spectrum context, substituting geo-
metric fixed points for fixed points, to prove the Friy-equivalence for orthog-
onal spectra. Change of universe ZU.. commutes with geometric realization,
and we use the coend filtration of EX, for Xo = N R to obtain the following
Fiedorowicz-Gajda cyclic filtration spectral sequences.

THEOREM 9.6. Let A be a cofibrant commutative ring orthogonal spectrum and
let R be a cofibrant associative A-algebra or cofibrant commutative A-algebra.
Let H be a finite subgroup of S*.

1. There is a natural spectral sequence of integer graded H-Mackey functors
strongly converging to ATRSf)(R) with E'-term

EL, = m(TE< (SL Ac.,y RMETY)).

s+1

2. There is a natural spectral sequence of RO(S')-graded H-Mackey functors
strongly converging to ATRY)(R) with E'-term

Ei,‘l’ = ET(Z—]{{OO (S-li- /\Cs+1 R/\(SJrl)))'

The E'-terms are compatible with restriction among finite subgroups of S*.

9.4 THE RELATIVE CYCLIC BAR CONSTRUCTION SPECTRAL SEQUENCE

The third spectral sequence directly involves Mackey functor Tor. For an A-

algebra R, let %NS"R denote the (ANS"R,ANg"R)—bimodule obtained by

twisting the left action of AN E”R on 4N S"R by the generator g = e27/"

of C,. We can identify the C),-homotopy type of 4N f "R in terms of this
bimodule,
ANT R= TN (AN RGN R),

where the cyclic bar construction on the right is taken in the symmetric
monoidal category of A-modules in orthogonal C,-spectra and U = te, U de-
notes U viewed as a complete Cp,-universe. A consequence of this description
is that the main theorem of [20] constructing the equivariant Kiinneth spectral
sequence applies:
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THEOREM 9.7. Let A be a cofibrant commutative ring orthogonal spectrum and
let R be a cofibrant associative A-algebra or cofibrant commutative A-algebra.
Fizn > 0.

1. There is a natural strongly convergent spectral sequence of integer graded
Cn-Mackey functors

B2, = Tore "B, y N R, 1,4 NS R) = 4TR)(R).

2. There is a natural strongly convergent spectral sequence of RO(S')-graded
Cn-Mackey functors

Cn op
B2, = Torl " (Frat @ aNS" R, m 4N R) = ATR(R).

>~<7

We see no reason why the E2-terms for the spectral sequences of the previous
theorem should be compatible under restriction among finite subgroups of S*.

10 ADAMS OPERATIONS

In this section, we study the circle power operations on TH H(R) for a com-
mutative ring R and on 4THH(R) for a commutative A-algebra R. Such
operations were first defined on Hochschild homology by Loday [27] and
Gerstenhaber-Schack [18] and explained by McCarthy [35] in terms of cov-
ering maps of the circle and extended to THH by [37]. Following [10, 4.5.3],
we refer to these as Adams operations and denote them as ¥" (though in older
literature [28, 4.5.16], the Adams operations differ by a factor of the operation
number r). Specifically, we study how the operations interact with the equiv-
ariance, and we show that when r is prime to p, 1" descends to an operation on
TR(R), TC(R), cf. [10, §7]. We study the effect of )" on TRo(R) and TCy(R),
where we show it is the identity on T'Ro(R) when R is connective.
We recall the construction of McCarthy’s Adams operations, which ultimately
derives from the identification of N* R as the tensor R ® S in the category
of commutative A-algebras. Using the standard model for the circle as the
geometric realization of a simplicial set S} (with one 0-simplex and one non-
degenerate 1-simplex), the tensor identification is just observing that NY R is
the simplicial object obtained by taking S. coproduct factors of R in simplicial
degree o,
NY*R=R® S!.

The operation ¥" is induced by the r-fold covering map

¢ : St — St e s e,

after tensoring with R.
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DEeFINITION 10.1. Let A be a commutative ring orthogonal spectrum and R a
commutative A-algebra. For r # 0, the Adams operation

V" ATHH(R) — ATHH(R)

is the map of (non-equivariant) commutative A-algebras obtained as the tensor
of R with the covering map ¢.: S' — S*.

We will study the equivariance of ¢" using the C),-action that arises on the edge-
wise subdivision sd,, of a cyclic set. To make this section more self-contained,
we again recall from [8, §1] how this works. There are natural homeomorphisms

Gt |sdn X| — X

for the n-fold edgewise subdivision of a simplicial space or simplicial orthog-
onal spectrum, and canonical isomorphisms of simplicial objects sd, sds X —
sd,s X, which together make the following diagram commute [8, 1.12]:

|sd, sds X| —— | sdys X|

5{ lém (10.2)

s, X| ——— [X].

When X has a cyclic structure, sd,, X comes with a natural C,-equivariant
structure which on the geometric realization is the restriction to C), of the
natural S'-action; moreover, in the diagram above, the left hand isomorphism
is Cs-equivariant [8, 1.7-8].

We have a simplicial model of " by McCarthy’s observation that gs is the
geometric realization of a quotient map of simplicial sets sd, S¢ — S.. By
naturality, the maps ¢ are compatible with the maps §, and the top map
in (10.2) in the sense that the diagrams

Isd, sds 81 2% | sd, S| Isd, sdy SL| —— |sdys S1|
érl lér sd, qSJ/ lq”
|sdy 83| ——— |S1] s, 53 —5—— 1|

commute.

PrOPOSITION 10.3. Let A be a commutative ring orthogonal spectrum and R a
commutative A-algebra. For r # 0 and n relatively prime to r, the restriction
of q, is the r-power isomorphism C, — C, and the Adams operations ¥" is a
map of commutative ring orthogonal C,,-spectra

1 1
Vi ANS R — gt aNS R
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Moreover, for s relatively prime to n, the formula
* s T rs * St * % st
(@) (%) op" =" 116 AN, R — qrgte, aN, R.
holds.

Proof. As above, the r-fold covering map defining the Adams operations be-
comes a Cj,-equivariant map

sdy,(sd,. S*) — (g, |c,)*(sd, SY).

Tensoring levelwise and applying I]goo, we obtain a map of simplicial commu-
tative A-algebras

TV (R ® (sdy sd, S1)) — ¢* TV (R @ sd,, SY).

The result now follows from diagram (10.2) and the compatibility diagrams for
the quotient maps ¢s. O

In the case when p f r, the previous proposition shows that in particular the
operation ¢" should pass to categorical Cpn-fixed points (in the derived cat-
egory of A). Taking fibrant replacements, we get a map (of non-equivariant
A-modules)

T 1 Cpn 1 Cpn
¢ (aN? R); — (aN? R);
making the diagram

NS Ry s (uNE'R)

¢l E

(ANZ R)S T(ANS R)¢

Cont1
f

commute, where F' is the natural inclusion of fixed-points. Passing to the
homotopy limit, we get an Adams operation 1" on 4T F(R).

In the absolute case we can also consider T'R and T'C. We next argue that for
p1r, the Adams operation ¢" descends to TR(R) and TC(R).

THEOREM 10.4. Let R be a commutative ring orthogonal spectrum. For p{r,
the Adams operation 9" induces maps

V" TR(R) — TR(R)

and

" TC(R) — TC(R).
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Proof. 1t suffices to consider the case when R is cofibrant and to show that "
commutes with the op-p-cyclotomic structure map

v =1y NS'R — p3 % TU. | sd, NY°R).
This is clear from the naturality of (10.2). O

Finally, we provide the following computation for the action of the Adams
operations on T Ry and T'Cy.

THEOREM 10.5. Let R be a cofibrant commutative ring orthogonal spectrum.
Assume that R 1is connective. Then for p {r, the Adams operation )" acts by
the identity on T Ry(R).

Proof. Writing Ry = mo R, the hypothesis of connectivity implies that
FoTR(R) = WoTR(Ro),

and so it suffices to consider the case when R = HRy. By [20, Addendum 3.3],
we have a canonical isomorphism of T'Ry(R) with the ring of p-typical Witt
vectors W(Rp) and canonical isomorphisms of 7TOC " NS' R with W41 (Ro), the
p-typical Witt vectors of length n 4 1. Letting Ry vary over all commutative
rings, 9" then restricts to natural transformations 1], ; of rings Wy, 11(—) —
Wi41(—), compatible with the restriction maps. We complete the proof by
arguing that such a natural transformation must be the identity.

Since the functor W,y is representable, it suffices to prove that ;, is the
identity when Ry is the representing object Z[zo, ..., 2], or, since this is tor-
sion free, when Ry = Qlxo,...,,]|. A fortiori, it suffices to prove 1], is the
identity when Ry is a Q-algebra. Since for a Q-algebra W,,+1(Ry) is isomorphic
as a ring to the Cartesian product of n + 1 copies of Ry via the ghost coordi-
nates, the only possible natural ring endomorphisms of W, 1 are the maps that
permute the factors. Since 9" commutes with the restriction map R on TR(R),
and on the ghost coordinates the restriction map induces the projection onto
the first n factors, it follows by induction that v}, ; is the identity. O

COROLLARY 10.6. Let R be a commutative ring orthogonal spectrum. Assume
that R is connective and that p{r. Then TCo(R) has the Frobenius invariants
of W(moR) as a quotient and the action of ¥" descends to the identity map on
this quotient.

EXAMPLE 10.7. When we take R = S to be the sphere spectrum, [3, §5]
identifies TC(S);, as (S vV XCP2);, where CP°{ denotes the Thom spectrum
of the virtual bundle —L, where L denotes the tautological line bundle. More
to the point, SCP> is the homotopy fiber of the S!-transfer EYPCP> — S.
The tom Dieck splitting identifies

TR(S)) = [ (STBCp/Cpp = T (STBC);-

0<m<n 0<k<n
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The operation 9" is defined on T'C(S) for p { r and acts on THH(S) as the
identity (on the point-set level). By the formula in Theorem 10.3 it acts on
the Cpn-fixed points via the change of group isomorphism Cpn — Cpn given by
the r-power map. It therefore induces the corresponding r-power map on each
classifying space B(Cpn /Cpm) in each factor in TR™(S); of course, the r-power
map on Cpn /Cpm is the r-power map on Cprx under the canonical isomorphism.
This allows us to determine the action of ¢" on T'C(S). The computation of
TC(S) in [8, §5] and [31, §4.4] uses a weak equivalence

(EXFCP®)) =~ holim(SF BCO,)),

and the action of 9" on BC). is compatible with the action of %" on
(EZf(CP"O)Q given by multiplication by 7 on the suspension and the action on
CP® ~ K(Z,2) induced by the multiplication by r on Z. The fiber sequence

YCPY — XXTCP™ — S

has a consistent action of ¢" (where we use the trivial action on S). After

p-completion, the action of {r | p{r} extends to an action of the units of Z.

The Teichmiiller character then gives an action of (Z/p)* and (since p — 1 is

invertible in ZQ) a splitting into p — 1 “eigenspectra” wedge summands. This

decomposition of T'C(S )Q is well-known and plays a role in Rognes’ cohomo-
at regular primes [39, §5].

logical analysis of Wh(x),

11 MADSEN’S REMARKS

In his CDM notes [31, p. 218], Madsen describes the restriction map, and notes
that the inverse is not as readily accessible even in the algebraic setting since
“A(r) =r®---®@r is not linear”. Yet in our framework, we naturally get the
inverse to the cyclotomic structure map rather than the cyclotomic structure
map itself. At first blush, this seems to pose a curious contradiction. The
answer arises from the transfer: v +— v®? is linear modulo the ideal generated
by the transfer, and this is exactly the ideal killed by L®.

The observation that the ideal killed by L®* coincides with the ideal generated
by the transfer is essentially a formal consequence of the definition of the derived
geometric fixed point functor: L& (X) = (X A EP)H is a composite of the
categorical fixed points with the localization killing cells of the form S/K for
K a proper subgroup of H. Computationally, this means that all transfers from
proper subgroups of H are killed.

The observation that the algebraic diagonal map is linear modulo the transfer is
more interesting. In particular, this question highlights the issue of constructing
an algebraic model of the norm functor that correctly reflects the homotopy
theory. We first consider the naive smash power which is simply the C},-module
(Z{x,y})®P, where Z{x,y} is the free abelian group on the set {z,y}. Inside is
the element (z + y)®?, which is obviously in the fixed points of the Cj-action.
In this context, Madsen’s remark boils down to the fact that (z + y)®? is not
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x®P 4+ y®P. We can expand (z + y)®? using a non-commutative version of the
binomial theorem as follows. Observing that the full symmetric group %, acts
on the tensor power (and the Cp-action is just the obvious restriction), if we
group all terms with ¢ tensor factors of  and p — ¢ tensor factors of y, then
we see that the symmetric group permutes these and a subgroup conjugate to
Yi X Xp—; stabilizes each element. We therefore see that the sum of all of such
terms for a fixed ¢ can be expressed as the transfer

by ®i ®(p—i
Trzfxzpﬂ_z ®y (p )

Letting ¢ vary and summing the terms (and then restricting back to C}) shows
that

p—1
(x+y)®P = 2®P 4+ &P 4 Resgz (Zrﬁgfxzm x®iy®(p—i))_

i=1
All of the terms involving transfers are in the ideal generated by transfers by
definition, and so we conclude that the pt* power map is linear modulo these.
However, this algebraic model is not the correct analogue of the norm. First,
when we reduce modulo the transfer from proper subgroups in the pth tensor
power of a ring, then we also kill the transfer of the element 1. This then takes
us from Z-modules to Z/p-modules. Second, the fixed point Mackey functor
associated to the pth tensor power functor is not the right algebraic version of
the norm.
There are now several constructions of a norm functor in the category of Mackey
functors that exhibit the correct homotopy-theoretic behavior. Mazur describes
one for cyclic p-groups [34], Hill-Hopkins gives one for a general finite group
by stepping through the norm in spectra [22], and subsequently Hoyer gave a
purely algebraic definition for all finite groups and showed it to be equivalent
to the others [24]. One of the basic properties of the algebraic norm is that the
norm from H-Mackey functors to G-Mackey functors is the functor underlying
the left adjoint to the forgetful functor from G-Tambara functors to H-Tambara
functors. In particular, since 7o(R) for R a commutative ring G-spectrum is a
G-Tambara functor [9], the algebraic norm precisely mirrors the multiplicative
behavior of the norm in spectra. A more detailed exposition of the connection
between the algebraic norm and THH will appear in [2].
In this context, if R is a commutative ring, then the inverse map considered by
Madsen is exactly the universally defined norm map

NeCp5 R — NeCp(R)(Cp/Cp)

underlying the Tambara functor structure. While this map is not linear, it is so
modulo the transfer [42]. In fact, just as in topology, this map is a right inverse
to the “geometric fixed points” functor ®°» on Mackey functors, the map which
takes a Mackey functor M and returns the quotient group M(G/G)/im(Tr),

where im(Tr) denotes the image of the transfer: ®“» o NE» = TId.
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We close by illustrating this all with an example which shows the failure of the
“naive” tensor power approach and the strength (and relative computability)
of the Tambara functor approach to the algebraic norm. Let p = 2, and let
R = Z[z]. Then the two-fold tensor power, Ca-equivariantly, is

Z[Cy - z] = L]z, gx).

The transfer ideal is generated by 2 and x + gz, and modulo 2 and x + gz, the
map x — x - gx induces the canonical surjection

Z|x] — Z/2]x - gx].

In this example, the map from R to the quotient of the fixed points of R®?
by the ideal given by the transfer is not an isomorphism; we can interpret the
failure to be an isomorphism as a failure to correctly interpret the transfer of
the element 1. In particular, restricting to the submodule generated by 1 we
implicitly computed

N7 =17,

endowed with the trivial action. This is not what the algebraic norm computes
for us!
For G = Cy and for R = Z[z], the fixed points of N2 (Z[z]) are the ring

with the elements ¢ and y the transfers of 1 and x respectively (the restriction
map takes ¢ to 2, y to  + gz and z - gz to itself). In particular, we observe
that the unit 1 generates not a copy of Z but rather a copy of the Burnside
ring Z[t]/t> — 2t. Thus, modulo the image of the transfer, this ring is simply
Z[z - gz], and the norm map z — x - gx is an isomorphism.
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