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ABSTRACT. In this paper we study random perturbations of first-
order elliptic operators with periodic potentials. We are mostly in-
terested in Hamiltonians modeling graphene antidot lattices with im-
purities. The unperturbed operator Hy := Dg + Vj is the sum of
a Dirac-like operator Dg plus a periodic matrix-valued potential Vj,
and is assumed to have an open gap. The random potential V,, is
of Anderson-type with independent, identically distributed coupling
constants and moving centers, with absolutely continuous probability
distributions. We prove band edge localization, namely that there ex-
ists an interval of energies in the unperturbed gap where the almost
sure spectrum of the family H,, := Hy + V,, is dense pure point, with
exponentially decaying eigenfunctions, that give rise to dynamical lo-
calization.
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1. INTRODUCTION

The main goal of this paper is to derive spectral and dynamical localization
properties near band edges for first-order elliptic and periodic operators densely
defined in L2(R%, C™), perturbed by random potentials. The main application
we have in mind is related to graphene antidot lattices. Graphene is a two-
dimensional material made of carbon atoms arranged in a honeycomb structure.
The energy spectrum for pristine graphene possesses two bands crossing at the
Fermi level with a Dirac-cone structure. Therefore charge carriers close to the
Fermi energy behave like massless Dirac fermions, making pristine graphene a
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semimetal. In order to use graphene for semiconductor applications, such as
transistors, one needs to produce an energy gap.

Several gapped models have been proposed in the physics literature. In the
present article we are interested in models of regular sheet of graphene having
a periodic array of obstacles that create an open spectral gap at the Fermi
level. These obstacles can take many different forms like e.g. local defects in
the interatomic bonds, or deformation of the structure inducing curvatures in
the sheet of graphene, or nanoscale perforations in a periodic pattern (see e.g.
[7, 6, 10] and references therein). In the present work, we are interested in this
last setting called graphene antidot lattices (GAL). In [6] and [28], this has been
modelized by a two dimensional Dirac operator with a spatially varying mass
term to calculate the electronic transport through such structures, and numer-
ical computations showed gap opening near the Fermi level. A mathematical
approach in [3] proved gap opening with a periodic mass potential.

This theoretical prediction relies on a perfect placement of identical perfora-
tions. However, in the fabrication process, some fluctuations might occur. In
[29] the authors numerically measure the effect of these fluctuations by consider-
ing random chemical or geometrical perturbations, and prove that conductivity
properties are modified and the gap disappears only for very strong disorder.
In the present article, in order to verify that the material remains a semi-
conductor with a mobility gap, we propose to perturb the afore mentionned
gapped Dirac Hamiltonian by an Anderson-type potential to describe defects
in the array of obstacles. The random potential we introduce is a perturbation
of the periodic varying mass term that models the nanoscale perforations.

To characterize conductivity and study the mobility gap there are two types
of properties for such Hamiltonians we are interested in (see Definition 3.1 for
details):

e Spectral localization: Dense pure point spectrum with exponentially
decaying associated eigenfunctions.

e Dynamical localization: Uniform boundedness in time of moments of
positive orders of states which are spectrally supported in the dense
point spectrum.

Starting from the seminal contributions by Anderson [1] and the rigorous spec-
tral analysis initiated by Pastur [21, 16], a significant number of papers on
Anderson-like Hamiltonians have been published in the mathematical litera-
ture.

Most of the existing mathematical results regarding these properties are derived
for the case where the kinetic energy is described by discrete or continuous
Laplace operators. The case where the kinetic energy is given by Dirac or
Maxwell operators has been the subject of studies only recently.

A step towards Dirac operators has been done in the case where the kinetic
energy is given by a Laplacian on L?(RY) ® C¥, v > 1 and the random poten-
tial is matrix-valued (see [4] and references therein). In [23, 24] the authors
considered discretized versions of Dirac operators on ¢2(Z?, C¥) (d = 1,2,3),
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with a simple mass potential, and a random potential given by a matrix-valued
diagonal operator, and proved spectral and dynamical localization near band
edges.

A precise analysis of the conditions leading to localization enables us to provide
a result not only for random perturbations of two-dimensional continuous Dirac
operators, but also for a larger class of first-order elliptic operators. This
includes the operators describing “classical waves” as defined by Klein and
Koines [19].

In our paper we are interested in the case in which a spectral gap is created near
zero by a deterministic matrix-valued potential, which afterwards is perturbed
by a random one.

Our main results on spectral and dynamical localization are stated in Theo-
rem 2.10 and Theorem 2.11. The proofs of these results exploit the develop-
ments of the theory of multiscale analysis for continuous operators as given by
[8, 13, 15, 9]. In contrast to [19], the random perturbations we consider are ad-
ditive, and not multiplicative. Due to cross terms, the spectral and dynamical
localization properties we study cannot be reached in a straightforward way
by considering the square of the perturbed operator as done in [19]. In [14] a
related study of spectral localization is done for random magnetic Hamiltoni-
ans that can be compared, to a certain extent, with the square of the random
operators (2.6) we analyze here, but rather strict and involved assumptions are
imposed that do not hold for the Hamiltonians (2.6) we consider. Therefore it
becomes necessary to work directly with first-order operators, which induces
some technical difficulties. For instance, the Wegner inequality of Theorem 4.2
requires a sharp bound that is obtained by a Combes-Thomas estimate that
we have to derive in the case of Dirac operators. The second main ingredient,
the so-called initial decay estimate (see Property 3.11) necessitates to prove
that a gap still persists after perturbation and to have a good control on the
variations of this gap, which depends upon trace estimates for Dirac operators.
Moreover, in order to perform the multiscale analysis, the lack of self-adjoint
realization for Dirac operators with Dirichlet boundary conditions forces us to
consider first-order elliptic operators where solely the random perturbations is
spatially cut. This latter point is also what makes that the general scheme of
our proof has some similarities with the one developped in [2].

2. SETTING AND MAIN RESULTS

We start with a few definitions.

DEFINITION 2.1. Let {o;}, be a family of n x n Hermitian matrices where
n,d > 1. We consider the following first-order linear operator with constant
coefficients:
d )
(2.1) o (—iV) ::Zaj(—iy),
Lj

Jj=1
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densely defined in L?(R%, C"). It is elliptic if there exists C' > 0 such that for
all p € R? and g € C" we have

(2.2) (- p)allcr = Clipllra llgllcn-

If £y € R, the maps
RdapHgl](p): [(U'p_EO_i)il ,,e(ca 1<Zaj<na
ij

are well defined and due to (2.2) there exists a constant C' < oo such that
(2.3) 95 (D) < Cp)~', 1<ij<n

where (p) := /1 + |p|2 for some norm | - | on R,
A direct consequence is that o - (—iV) is self-adjoint on the Sobolev space

H'(RY,C™).

DEFINITION 2.2. We say that an operator on L2(R%, C") is a coefficient positive
operator if it is a bounded invertible operator given by the multiplication by an
n x n Hermitian matrix-valued measurable function S(x) such that there exist
two positive constants S1 such that:

(2.4) 0<S_I, <S(x) <S4 1L,
where I,, is the n X n identity matrix.

We consider operators of the type
(2.5) Hy = SDyS + Wy

where Dy is a first-order elliptic operator with constant coefficients like in
(2.1), and S is a coefficient positive operator as in (2.4). The function
S € WHee(R4, H,(C)), where H,, is the space of n x n Hermitian matrices, is
supposed to be Z%periodic. We denote

DS = SDos

Such operators appear in connection with wave propagation and are sometimes
called classical wave operators (cf. [20, 19]). We warn the reader that this name
has nothing to do with the Méller wave operators of quantum scattering theory.
The potential Vj is Z?-periodic and belongs to L>(R%, H,,).

With the above definitions and assumptions the operator Hy is self-adjoint on
H'(R?,C).

ASSUMPTION 1 (gap assumption). The spectrum of Hy contains a finite open
gap, which will be denoted (B—, By).

ExXAMPLE 2.3. The simplest examples are the free Dirac operators with mass
1 > 0 in dimension two and three, respectively given by

Hy = 01(—i0y,) + 09(—i0y,) + o3z in L*(R? C?),
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with o; being the Pauli matrices,

/01 (0 i (1 0
=11 0) 27\ o) BT\ o0 -1

Hy=a-(—iV) + pf in L*(R?,CY),

with & = (a1, aa, a3), B being the Dirac matrices

0 ag; 1 0
o ) 220 5)

Both operators are such that p(Hp) NR = (—pu, p) (cf. [27]), where for T
self-adjoint, p(T') is its resolvent set.

and

EXAMPLE 2.4. A family of operators which is physically relevant in connection
to graphene antidot lattices, as introduced e.g. in [22] and rigorously studied
in [3], is the following:

Ho(a )= Do+ 6 5 x () on in ZARC),

VEZL?

where Dy = o - (—iV) is the two-dimensional massless Dirac operator, 8 > 0,
a € (0,1], and x : R? — R is a bounded function with support in a compact
subset of (-3, 1]2.

If [ x # 0 it has been proved in [3, Theorem 1.1] the existence of a spectral gap
near zero for this operator, namely that there exist constants C,C’ > 0 and 0 €
(0,1) such that for every o € (0,1/2] and 3 > 0 satisfying a8 < min{é, C"/C}
we have

[—a?B(C" — CaB), a?B(C" — Cap)] C p(Hy(a, B)).

EXAMPLE 2.5. In [11] it has been shown that certain operators of the type Dg
as in (2.5), modeling Maxwell operators with periodic dielectric constants, can
also have open gaps.

For operators fulfilling Assumption 1, we want to study the effect of random
perturbations on the spectral gap (B_, By).
The random matrix-valued perturbation V,, describing local defects is defined
by

Vi, = Z Ai(w)u(- — & (w) — i),

SA

for some u, \; and &; satisfying Assumption 2 below. The total Hamiltonian is
thus
(2.6) H,=Hy+V,.

ASSUMPTION 2. (i) The real-valued random wvariables {\;(w),i € Z} are
independent and identically distributed. Their common distribution is abso-
lutely continuous with respect to Lebesgue measure, with a density h such that

DOCUMENTA MATHEMATICA 24 (2019) 65-93



70 J.-M. BARBAROUX, H. D. CORNEAN, S. ZALCZER

IhllLee < o0. We assume that supp(h) = [-m,M] # {0} for some finite
non-negative m and M.

(i) The variables {&;(w), i € Z} are independent and identically distributed,
and they are also independent from the \;’s. They take values in Br with
0 < RK< %, where Bg is the ball in R with radius R and centered at the
origin.

(i1i) The single-site matriz potential u is compactly supported with supp(u) C
[-2,2]¢. In addition, u is assumed to be continuous almost everywhere, with
u € L®(RY,H}), where H is the space of n x n non-negative Hermitian
matrices.

(iv) The density h decays sufficiently rapidly near —m and M, i.e.

O<P{|/\+m|<e}§ed/2+ﬁ,

0<]P’{|)\7M|<e}<ed/2+ﬁ
for some B > 0.

REMARK 2.6. Here are a few comments: .

(i) We take as probability space Q) = (supp(h))Z X (BR)ZEZ equipped with the
product probability measure.

(ii) The periodicity of Vp and S, and hypotheses (i) and (ii) imply that the
family {H,,w € Q} has a deterministic spectrum X in the sense that there
exists Ag C § with probability 1 such that Vw € Ag,0(H,) = ¥ (cf. for
example [9, Theorem 4.3, p20]).

(iii) A standard result about trace estimates [26, Theorem 4.1] states that

f(x)g(=iV) €T, if f,ge LIYRY) for 2<qg< o0
with
1£(@)g(=iV)llq < 2m) || £l Lallg]| o

where 7, denotes the trace ideal and || - ||, the associated norm.

If ¢ > d, each g;; € LY(RY). Thus if f € LIY(R? M, (C)) we obtain that
f() (Do — Eo — i)~ € T, and there exists a constant C' < oo such that for all
Ey € R and f € LYR? M,,(C)) one has

[f()(Do—Eo—1)"q < 013,?2(71 | fisll Lara)-

In order to simplify notation we will sometimes forget about the matrix struc-
ture of the various objects and simply write for example || f]| L« instead of taking
the maximum over all its n? components.

Denote for simplicity z = Ey + i. We have

(Ds —2) ' =85"1Dy— 25215t
and

(Do — 28737t = (Dg— 2)"t —(Dg — 2) " 2(I, — S72)(Dy — 2572)~ L.
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A consequence of (2.4) is that the entries of S and those of S~! are globally
bounded. Hence, for any bounded interval I C R, there exists a finite constant
C7 such that for any Ey € I and f € L9 we have:

1F()(Ds = Eo =) Hlg < Cr || fllza-

If By € (B_, By) we have that (Hy — Ep)~! exists as a bounded operator.
Then by using both the first resolvent identity to change Ey with Ey + i and
the second resolvent identity to produce a (Dgs — Eg —i)~! to the left, we
find f(-)(Ho — Eo)~* € 7, if ¢ > d and that for any compact subinterval J of
(B—, By) there exists a finite constant C’; such that for any Ey € J and f € L?
we have:

(2.7) 1£()(Ho = Eo) g < CIf |-

(iv) Hypotheses (i)-(iii) imply that Vw, ||V,||cc < C where C is a finite constant
depending only on m, M, u and R.

(v) As a consequence, the operator H,, is self-adjoint on H'(R¢,C") for any w.
(vi) Another useful result is the following. Given a Schwartz function y €
S(R4,C), since S € W1>(R4, M, (C)), the commutator [Ho,y] is bounded.
Indeed, we have:

[Ho,x] =S (o (=iVx)) S.

We denote:

(2.8) My = max{m, M} sup Z u(-—x; — )| < oo,
(z:)€l~3,51%" ||ieza o

where || - ||oo means the supremum on R? of the operator norm associated with

the standard Euclidean norm on C". Remember that v has compact support,
thus only a finite numbers of terms are different from zero in the above series.
Next, we need an assumption on the almost sure spectrum. In Proposition 2.8
we will give sufficient conditions which make sure that it holds.

ASSUMPTION 3. Let 3 be the almost sure spectrum of H,. Then there exist
two constants Bl satisfying B < B < B/, < By such that

SN ((B_,B)U(B,.Bs) #2 and £n (B B,) =2,

i.e. some new almost sure spectrum appears in the old gap, while a smaller gap
still exists.

Due to [18, Theorem 1, §6, p304] we have information on the spectrum not
only for almost every w but for all w € Q.

DEFINITION 2.7. We say that an ergodic family of operators (H,)weq is Kirsch-
standard if:

(1) Q is a Polish space and the o-algebra contains the Borel sets on €.
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(2) There is a set Qg with probability one such that H,, is self-adjoint for
any w € )y and the mapping w — H,, restricted to {2y is continuous
in the sense that if w; — w then H,, — H, in the sense of strong
resolvent convergence.

Let us briefly show that in our case we deal with a Kirsch-standard ergodic fam-
ily of operators with Qg = 2. First, ) is a Polish space as a countable product
of Polish spaces when it is equipped with the classical distance on a product
of metric spaces. Second, it suffices to show that for any ¢ € C*(R%,C") we
have H,,;¢ — H,,¢ when w; — w (cf. [25, Theorem VIII.25]).

If wj — w € Q, then for all i € Z \;(w;) — \i(w) and & (w;) — &(w). Then
(assuming for simplicity n = 1):

[ Hoy¢ — Hod|)?

:/ > Pl = &ilwy) = 1) = Mi@ul- = &(w) =) |9,

RY jeza

As u is continuous almost everywhere, the difference in the integral tends almost
everywhere to 0 and the integrand is bounded by 4M2 |$|* which is integrable.
Using the dominated convergence theorem, we find the desired result.

Note that if &;(w) takes only discrete values (including the case where it is
constant), we do not need the continuity of w.

The fact that (H,) is a standard ergodic family of operators has the important
consequence that (see [18, Theorem 1, §6, p304])

(2.9) Yw e Q, o(H,) C X

Hence ¥ only depends on the support of the probability distributions. Also,
¥ N [B-,By] is characterized by the following two propositions which state
that under Assumptions 1 and 2 one can tune the parameters in such a way
that Assumption 3 holds and some “new” almost sure spectrum appears in the
old gap, without closing it though. Moreover, the almost sure spectrum has

exactly one (smaller) gap in the given gap of the unperturbed operator. Proofs
will be given in Appendix A.

PROPOSITION 2.8. There exist u, m, and M as in Assumption 2 such that H,,
satisfies Assumption 3.

PRroPOSITION 2.9 (Location of the spectrum in the gap of Hy). Assume the
existence of B' and B', of Assumption 3. Denote

B_=sup{E€YS|E<B.} and By=inf{FeX|E> B}
Then [B_,B_] C ¥ and [By,By] C %.
Our main results on localization are the following.

THEOREM 2.10 (Spectral localization). Under Assumptions 1, 2 and 3, there
exist two constants E+ satisfying B_ < E_ < B” and B', < Ey < By such
that XN (E_, Ey) is non-empty, dense pure point, with exponentially decaying
eigenfunctions.
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THEOREM 2.11 (Dynamical localization). Suppose Assumptions 1, 2 and 3
hold, and denote EL the two energies of Theorem 2.10. If r > 0 and ¢ €
L2?(R4,C™) has compact support, then for any compact interval J C (E_, E.),

(2.10) E { | |2l B (J)e ™ 1]2} < o0

where E,,(J) denotes the spectral projector on the interval J for H, and E is
the expectation associated to P.

Throughout this article, we shall use the sup norm in R¢
(2.11) |x| = max{|a;|:i=1,...,d}.

REMARK 2.12. Some stronger dynamical localization results will be described
in the next section, see in particular the estimate (3.1) which will be proved in
Theorem 4.1. In particular, Theorem 2.11 is a straightforward consequence of
Theorem 4.1.

3. ONE METHOD TO LOCALIZE THEM ALL: GERMINET AND KLEIN’S
BOOTSTRAP MULTISCALE ANALYSIS

Here we briefly explain how Germinet and Klein’s multiscale analysis has to be
applied in our setting. More details can be found in [15] and [9].

In this section, H, denotes an ergodic random self-adjoint operator on
L2(R4,C™).

3.1. SPECTRAL AND DYNAMICAL LOCALIZATION. Given a set B C R?, we
denote xp its characteristic function. For z € Z%, we denote Y, the char-
acteristic function of the cube of side-length 1 centered at x. We recall that
(x) = y/1+ |z|?. The projection-valued spectral measure of H,, will be denoted
by E,(-). The Hilbert-Schmidt norm of an operator A is denoted by || A]|2.

DEFINITION 3.1. Let H,, be an ergodic random operator defined on a probabil-
ity space (€2, F,P) and I an open interval. The different localization properties
are the following:

(1) The family of operators (H,,) exhibits exponential localization (EL) in
I if it has only pure point spectrum in I and for IP- almost every w the
eigenfunctions of H, with eigenvalue in I decay exponentially in the
L? sense, i.e. for P- almost every w, for any eigenvalue E in I and any
associated eigenfunction ¥ g, there exist constants C' and m > 0 such
that for all x € Z4, ||x.¥E| < Ce~™=l,

(2) H, exhibits strong dynamical localization (SDL) in [ if ¥ NI # @ and
for each compact interval J C I and ¢ € ‘H with compact support, we
have

E {sup |(m>TEw(J)eitH“w||2} < oo for all r > 0.
teR
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3) H, exhibits strong sub-exponential Hilbert-Schmidt-kernel decay
g
(SSEHSKD) in I if ¥ N1 # & and for each compact interval J C I and
0 < ¢ < 1 there is a finite constant C ¢ such that

[Ifllee <1

(3.1) ]E{ sup IIXzEw(J)f(Hw)XyH%}<CI,<€_””_1’C,

for all x, y € Z¢, the supremum being taken over all Borel functions f
of a real variable, with ||f|oc = sup,cg |f(t)|, and | - ||2 is the Hilbert-
Schmidt norm.

Other types of localization are presented in [9] but they are all implied by
(SSEHSKD). Note that (SDL) is also implied by (SSEHSKD).

As in [9], we define X g, (resp. Yssrprskp) as the set of E € ¥ for which there
exists an open interval I 3 F such that H, exhibits exponential localization
(resp. strong sub-exponential Hilbert-Schmidt kernel decay) in I.

3.2. GENERALIZED EIGENFUNCTION EXPANSION. Let H = L2(RY dz;C").
Given v > d/4, we define the weighted spaces H4 as

Ha = L*(RY, (z)F4 da; C™).

The sesquilinear form

(D1, 02)m  H_ = /gb_l (7) - o(x)dx

where ¢ € Hy and ¢o € H_ is the duality map.
We set T' to be the self-adjoint operator on H given by multiplication by the
function (x)?” ; note that 7! is bounded.

PROPERTY 3.2 (SGEE). We say that an ergodic random operator H,, satisfies
the strong property of generalized eigenfunction expansion (SGEE) in some
open interval I if, for some v > d /4,

(1) The set
DY ={¢ € D(Ho) NH4; Hoop € Hy}
is dense in Hy and is an operator core for H,, with probability one.

(2) There exists a bounded, continuous function f on R, strictly positive
on the spectrum of H,, such that

E {[tr(T‘lf(Hw)Ew(I)T_l)P} < .

DEFINITION 3.3. A measurable function ¢ : R* — C™ is said to be a generalized
eigenfunction of H,, with generalized eigenvalue \ if ¢ € H_\{0} and

(Hod, W)y - = M, 0)p, 1, forall ¢ € DY.

As explained in [9], when (SGEE) holds, a generalized eigenfunction which is
in H is a bona fide eigenfunction. Moreover, if p,, is the spectral measure for
the restriction of H,, to the Hilbert space E, (I)H, then u,-almost every A is
a generalized eigenvalue of H,,,.
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3.3. FINITE VOLUME OPERATORS AND THEIR PROPERTIES. We remind the
reader that throughout this article we use the sup norm in R? : |z| = max{|z;| :
i =1,...,d}. By Ap(xz) we denote the open box of side L > 0 centered at
r € R%:
L
Ap(w) ={y € R% |y —a < T},

and by Az (x) the closed box. We define the boundary belt as

TL(:C) = /&Lfl(l')\ALfg(:L').
We will write A; C Ar(z) when a smaller box A; is completely surrounded by
the belt Y1() of a bigger box Az (). More precisely, this means that if z € Z?

and L > 1+ 3 we have A; C Ap_s(x).
Given a box Ar(z), we define the localized operator

(32) Hw,m,L = HO + Z )\l((U)’U/l( — €l(W)) = HO + Vw,m,L;

i€Ap (z)NZ4
where we denote u; = wu(- — ). This operator is a self-adjoint unbounded
operator on L?(R%, C").
We can then define R, ;. 1(2) = (Hy2r — 2)~! the resolvent of H,, , 1 and
Ey »,1(+) its spectral projection.

DEFINITION 3.4. We say that an ergodic random family of operators H,, is
Klein-standard [9] if for each z € Z9, L € N there is a measurable map H. , f,
from § to self-adjoint operators on L?(R%,C") such that

U(y)Hw,m,LU(fy) = H‘ryw,ery,L
where 7 and U define the ergodicity:

U(y)HoU(y)" = Hr,(w)-

It is easy to see that the family (3.2) of localized operators makes H,, a Klein-
standard operator.

We now enumerate the properties which are needed for multiscale analysis to
be performed, yielding thus various localization properties.

DEFINITION 3.5. An event is said to be based in a box Ar(z) if it is determined
by conditions on the finite volume operators (Hy ».1)weq-

PROPERTY 3.6 (IAD). Events based in disjoint boxes are independent.
The following properties are to hold in a fixed open interval I.

PROPERTY 3.7 (SLI). Denote by X1 the characteristic function of Ar(x) and
Xz = Xz1- We also denote T'y 1, the characteristic function of Yr(x). Then
for any compact interval J C I there exists a finite constant vy such that, given
L,I',1"€2N, x, y, y € Z% with Ai(y) T Ap(y') © Ar(z), then for P-almost
every w, if E € J with E ¢ 0(Hy 2,1,) Uo(Hyy ) we have
(3.3)

T2, R, L (E) Xy | < v l|ITyr v Reo,yr v (E) Xy [P, L Beo,o, . (E) Ly ||
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PrOPERTY 3.8 (EDI). For any compact interval J C I there exists a finite
constant vy such that for P-almost every w, given a generalized eigenfunction
Y of Hy, with generalized eigenvalue E € J, we have, for any x € Z% and
L € 2N with E ¢ 0(Hy 4.1.), that

IXe¥ll < 37 Te, LR,z (B)Xa| [T, |-

PROPERTY 3.9 (NE). For any compact interval J C I there exists a finite
constant C; such that, for all x € Z% and L € 2N,

E (tr (Ew,z,L(J))) < CyLe.

PROPERTY 3.10 (W). For someb > 1, there exists for each compact subinterval
J of I a constant Q; such that

(3.4) P{dist(0(Hw . 1), E) < n} < QunL",
forany E€J,0<n< %dist(Eo,o(Ho)), z €Z% and L € 2N.
ProPERTY 3.11 (H1(0, Eo, Lo)).

1 1
]P){HFO,LORUJ,O,LO(EO)XO,LO/?,H < L_g} >1- FYSTA

3.4. MULTISCALE ANALYSIS AND LOCALIZATION. In this paragraph, we recall
two very powerful results of Germinet and Klein which give us localization
properties.

DEFINITION 3.12. Given E € R, z € Z% and L € 6N with E ¢ o(H, .. 1), we
say that the box Ay (z) is (w, m, E)-regular for a given m > 0 if

(3.5) }

Fm,LRw,m,L(E)Xz,L/BH < e_mL/Q-
In the following, we denote
[L]eny = sup{n € 6N|n < L}.

DEFINITION 3.13. For z, y € Z%, L € 6N, m > 0 and I C R an interval, we
denote.

R(m, L, I, :L', y)
= {w;for every E' € I either Ap(x) or AL(y) is (w,m, E')-regular.} .

The multiscale analysis region ;54 for H,, is the set of E € ¥ for which
there exists some open interval I 5 F such that, given any (, 0 < ( < 1 and «,
1 < o < (71, there is a length scale Ly € 6N and a mass m > 0 so that if we
set Lyt = [Lew, K =0,1,..., we have

P {R(m,Lk,I,x,y)} >1- e~ Li

forall k € N, z, y € Z¢ with |z — y| > L.
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THEOREM 3.14 (Multiscale analysis - Theorem 5.4 p136 of [9]). Let H, be a
Klein-standard ergodic random operator with (IAD) and properties (SLI), (NE)
and (W) fulfilled in an open interval I. For ¥ being the almost sure spectrum
of H, and for b as in (3.4), given 0 > bd, for each E € I there exists a finite
scale Lo(FE) = Lo(E,b,d) > 0 bounded on compact subintervals of I such that,
if for a given Ey € XN I we have (H1)(0, Eo, Lo) at some scale Ly € 6N with
Lo > Ly(Ep), then Ey € Xprsa-

THEOREM 3.15 (Localization - Theorem 6.1 p139 of [9]). Let H, be a Klein-
standard ergodic operator with (IAD) and properties (SGEE) and (EDI) in an
open interval I. Then,

YmsaNl CYprNYsseaskp NI

4. APPLICATION TO OUR SETTING

We will now show that all the conditions listed in the previous Section hold
true in our setting.

THEOREM 4.1. Let H,, be the operator defined by (2.6) obeying Assumptions 1-
3. Then, we have (IAD) and there exist two constants Ey satisfying B— <
E_ < B_ and By < Ey < By such that (SLI), (EDI), (NE), (W), (SGEE)
and (H1(0, -,Lo)) for 6 and Lo large enough are satisfied on X N (E_, Ey).
Therefore, we have the localization properties (EL) and (SSEHSKD) on the
interval XN (E_, EL).

Proof. (IAD) is a direct consequence of the independence of random variables
stated in Assumption 2 (i) and (ii).

To show (SLI), let z, y, ', L, I and I’ be as in Property 3.7 and consider, for
z € Z% and ¢ > 4 a function ¥, , € C5°(R%, [0,1]) which has value 1 on Ay_3(2)
and 0 outside of Ay_5,5(z) and whose gradient has norm smaller than 3. Pick
E e (B,, B+) such that F ¢ O—(HMLL) U O’(Hwyy/yl/).

Using Assumption 2(iii) on the support of u leads us to the identity H., X, v =
H,, ».1.Xy v and then we get:

(4.1) (Hy — E)Xy v Rz, n.(E) = Xy + Wy v R 2. 1.(E)
where

Wy = [Hy, Xy 1] = [Ho, Xy /]
is bounded according to Remark 2.6 (vi).

With similar support arguments, we have H,, Xy v = Hey, .1 Xy, and together
with the identity (4.1) we get the geometric resolvent equation:

(42> )NCy’,l/Rw,x,L(E> - Rw,y’,l’ (E))?y/,l/ + Rw,y’,l/ (E)Wy’,l’Rw,z,L(E)-

Multiplying (4.2) from the left by x,;» and from the right by I'; 1, writing
Wy =Ty v Wy vy 10y Xy v Te,r = 0, and taking the norm of the adjoints,
yields the estimate (3.3).
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For (EDI), we have, for ¢ a generalized eigenfunction of H, with associated
generalized eigenvalue E:

Rw,x,L(E)WI,L¢ = Rw,z,L(E) (Hw)?m,L - )?I,LHUJ) ’l/)

But, denoting V5% ;| =V, — V,, 2.1, we have,

Hy=Hyor+ VS, = Roxrn(E)Y ' +E+ VL.

w

Then,
Ry o, (E)Wa 19
= Xa,2V + Rus2, L (E)EXa, 1V + Ruv o, L(E)VSY [ X0t — R a1 (B) X, L Hu).
Using the facts that V%' | X, = 0 and Hy = Eq, we get
Re o L (EYWy 100 = Xa 1Y

which, through operations similar to the ones of the proof of (SLI), will give
the desired result.

(NE) and (W) will be proved in Paragraph 4.1. (H1(6, Ey, L)) for good values
of the parameters will be proved in Paragraph 4.2.

Let us now give the proof of (SGEE). For the first part, we see that DY O
C°(R4,C™) which is dense in H4 and a core for H,, for any w.

For the second part we pick 1" as in Section 3.2, being defined by the multipli-
cation with ()2 where v > d/4. Then we will show that for some \ € R:

r (T*l(Hw — NI H,, + iA)’dT’l) <C,
with C almost surely independent of w, which will imply (SGEE) for any in-
terval I C R, with f: 2+ |z — i\ 72%
To this purpose, it suffices to show that 7—'(H, — i\)~? is Hilbert-Schmidt
with a Hilbert-Schmidt norm almost surely independent of w.
For some o > 0, let hy = (-)*H,(-)~® defined on C°(R%, C"). By using the
fact that the multiplication by ()T commutes with potentials, we find that
for any ¢ € C>°(R94,C")

hat = Hyd + Ko

for some bounded operator K independent of w. We can then extend h, on
D(H,).
Then, for A € R*,

ho — i\ = (1 + (W, + K)(Ds — i)\)_l) (Ds — i\)

where W, = Vo + V. As (W, + K) is bounded independently of w and A, we
see that for A large enough ||(Ds —i\) (W, + K)|| < 1 s0 h, — i) is invertible.
Moreover,

(4.3) (ho =)' = (Ds =) (14 (We + K)(Ds —iN) ")~
By a standard argument one can prove that the following identity holds:

<'>_a(ha - i)‘)_l = (Hw - i)‘)_1<'>_aa
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which together with (4.3) implies that:

-1
(44) () (Hy =N )™ = (Dg =07 (14 (W + K)(Ds — X))
The idea is to write the operator (H,, —i\)~%T~! as a product of d factors,
each of them belonging to 724. In order to simplify notation, let us denote
(H, —i\)~! by r and T-1/4 with t—'. Then we get by induction:

(Hw — i)\)_dT_l = Tdt_d = Td_lt_(d_l){t_ltdrt_d}
d . .
(4.5) =[]t et
j=1

For each j, we can put o = 2vj/d and by (4.4) we get:

t~ it = ()T Dg —iN) T x Uj,
where U; is a bounded operator with a norm independent of w. The func-
tion (z)~2*/? belongs to L?*¢(R%) when v > d/4. Thus reasoning as in Re-
mark 2.6(iii) we have that (H, — i\)~97~! is Hilbert-Schmidt with a norm

which is independent of w. This proves (SGEE) and thus concludes the proof
of Theorem 4.1. O

4.1. ProOF oF (W) AND (NE). Let z € Z%, L € 2N, A = Ay (x). We denote
A = ANZ% In order to alleviate notations, we denote Hy A = Hy 2.1, Vior =
Ve,o.r, and E, o = E, . 1, the spectral projector. We prove in this paragraph
properties (W) and (NE) for the operator H,, . r, namely we establish the
following theorem.

THEOREM 4.2 (Wegner estimate). Suppose Assumptions 1 and 2(i)-(iii) hold
true, and, for Ey € (B_,By) and 1 < 3dist(Ey, o(Ho)), we denote I,(Ey) =
[Eo — 1, Eo + n]. For any compact subinterval J of (B—, By), there exists a
constant C'y such that for all By € J

E (tr(Ew,A(In(EO)))) <Cjyn |A|
REMARK 4.3. This estimate trivially implies (NE). By Chebishev’s inequality,
it also leads to (W) with b = 1.

The resolvent of Hy in z € p(Hp) will be denoted Ry(z). Let us fix some
Ey € (B-,By) and denote Ry := Ro(FEp). The following proposition holds
true:

PROPOSITION 4.4. Assume that Eg belongs to a compact I in the gap. Let us
denote

K{z} = U4, RouiQRO s -uiqfleuiq,
given a g-tuple {i} for q being an even integer larger than 2d. Under Assump-
tions 1 and 2 (iii) on Vi, 4.1, there exists a constant C' > 0 such that for all
FEy € I we have

(4.6) Z | Kgiyll < CIAL
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For the proof of this Proposition we need the following two Combes-Thomas-
like lemmas which are proved in Appendix B.

LEMMA 4.5. Fiz a compact interval I C (B_,By). There exist two constants
a >0 and C < oo such that, for all E € I and any pair of bounded functions
X1 and x2 with ||Xilleo < 1 fori=1,2 and x1 compactly supported, such that
the distance between their supports is a > 0, we have:

(4.7) Ix1(Ho — B)™"xall < C [supp(x1)| e
The second lemma is a similar estimate with trace norm:

LEMMA 4.6. Let ag > 0. With the same notation as in Lemma 4.5, assume
that a > ag. Then the operator x1(Ho— E)~'x2 is trace class and furthermore,
there exist two constants D > 0 and o > 0 such that for all E € I and all x1,
X2 satisfying the hypotheses in Lemma 4.5 we have

(4.8) Ix1(Ho — E)™'xally < D [supp(x1)] e~

The proofs of these two lemmas are given in Appendix B.

Proof of Proposition 4.4. The inequality (4.6) is also proved in [2, Proposi-
tion 7.2] for Schrodinger operators under the assumptions that (4.7) and (4.8)
hold true, although the authors do not consider moving centers §; (w).

We omit here details of the proof since it is a straightforward adaptation of the
proof of [2, Proposition 7.2] once Lemma 4.5 and Lemma 4.6 are given.

The main ingredient behind the proof is that w has compact support,
thus keeping one index fixed, say i1, the operator Ky; is trace class and
Zi%___quA | K¢iyll1 is bounded by a numerical constant, uniformly on compacts
in the gap. Note that if any two consecutive u;; and u;; , have overlapping
supports then we use that u;; Ry € Tad, otherwise we use (4.8) and control the
series through the exponential localization. In the end we use that the number
of terms w;, is proportional with the Lebesgue measure of A. O

For the proof of Theorem 4.2, we will use the following spectral averaging result
proven in [8, Corollary 4.2].

PROPOSITION 4.7. Let H(A) = Ho + AV a family of self-adjoint operators on
a Hilbert space H where V is bounded and satisfies

0<cB*<V

for some ¢y > 0 and some bounded, self-adjoint operator B. Let E\ be the
spectral family for H(N). Then, for any Borel set J C R and any function
h € L*> compactly supported, h > 0,

/h()\)BEA(J)Bd)\H < ¢y Aol -
R

Proof of Theorem 4.2. The proof is very similar to the one in [2] though it
requires few technical changes. For the sake of completeness, we give it here.
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Let J be a compact subinterval of (B_, B;). We recall that if H, g = E¢g,
E € I, (Ey), we have

Ko(Eo)YE = Y + Ro(Ey) (Hua — Eo) Vg ,

where Ko(Ey) := Ro(Eo)V,,a. When there is no ambiguity, we will drop the
dependence in Ej in the notations. Henceforth,

(4.9) EuA(I;) = —KoEu, a(I) + Ro(Hua — Eo)Eua(1y)
Thus, noting that E, A(I,) is a positive trace class operator,
tr (Eua(ln)) = [[Eoa ()],
< Jtr(KoBuwa(Iy)| + 0l Roll || Ewa(Ty)]],
and since n < 1dist(Eo, o0(Hy)), we get
(4.10) tr(Ew a(1y)) < 2[tr(KoEw,a(Ly))]-

A first consequence of (4.10) is, by the Holder inequality with ¢ as in Proposi-

tion 4.4 and 1/p+1/¢=1,

E (| Eoa(Iy)llh) < 2E (| KoEuwa(Iy)ll) < 2E ([ Kollgll Ew,a (Zn)llp)
1/p

<2 {E(I Ko}/ B BT}

where || - ||; denotes the norm in the Schatten class 7g.

Since ¢ > 2d, according to (2.7) we obtain that there exists a constant C' such
that for all £y € J we have

(412) |Ko(Eo)lly < ClIVauallze < CMucl Al

where M, is defined by (2.8).

From this inequality, the fact that E(||Ewa(Ly)||h) = E(|[Ew,a (L)1) (a conse-
quence of the fact that the non-zero eigenvalues of the spectral projector are
equal to one) and (4.11), we obtain:

(4.13) E(l| Ew,a(In(Eo))ll1) < C A,

for all Ey € J which in particular ends the proof of Property (NE).
Now, we use the adjoint of formula (4.9) to derive

KOEw,A(In) = 7K0Ew,A(In)Ka< + KOEUJ,A(I??)(HUJ,A - EO)ROa
which implies
|tr(KoEwa(Ly))|

(4.11)

[ Ko B (I
tr (KoBua(In)Kg) +n | Roll ||[KoEu,a(Ly)l], -
ist(Eo, o0(Hy)), this yields
In)) <A4E (tr(KOEw,A(In)KS)) .
If ¢ > 2, one continues this procedure and writes:

(4.15)
KoEun(Iy)K§ = —KoEua(Iy)(Kg)? + KoLua(In)(Hun — Eo)RoKg.

(4.14)

NN

o,

Hence, by (4.10) and n < &
E (tI‘(EwJ\

—~
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One has by Holder’s inequality,

(4.16)

|tr(KoEuw A (Iy)(Hua — Eo)RoKg)| < [[KoEwa(ly)(Hon — Eo)RoK 11
<l Roll |1 Ko Ew,a(In)llq/(q—1) 155 1|4
<

1l Rollll Ko |51 Bua (I) /(a2 -

Taking the expectation and again using Holder’s inequality, inequality (4.12)
and (4.13), one can bound the expectation of the left hand side of (4.16) by
Cn|A|, where C' is a constant independent of 7, |A| and Ey € J. Consequently,
the latter equations (4.14)-(4.16) imply

E(tr (B (Iy))) < 4E(|tr(KoEu A (Ip)(K5)%)]) + ClAl.

If ¢ > 3, one repeats this procedure again. Finally, one obtains
(417)  E(tr(Bua(ly))) <AE (|tr(K0Ew,A(In)(Kg)q—1)|) +CnlAl,

where C' is independent of 7, |A| and Ey € J.

To estimate the first term on the right hand side of (4.17), we expand the
potential Vy = >, 3 Adjui(-—§&;). In the rest of this proof, by abuse of notation,
we shall denote u;(- — &) by u;. Moreover, we fix the values of all &’s, and
expectation will be taken only with respect to the A;’s. For each g-tuple of

indices {i} := (i1,...,iq) € A9, we define:
1 5 1
K{z} = Kil...iq = uszouisRouu s -uiqROufl.
By using Holder’s inequality for trace ideals [26, Theorem 2.8],

K., € T1. In terms of this operator, using cyclicity of trace, the first term
on the right side of (4.17) becomes

E (J6r(Fo B (1) (K3)")1)

(4.18)

N

—E{ Ail(w)---Aiq(w)tr{K{i}(uiEw,A(In)%)}

i1,..ig€A
Since Ky is compact, we write it in terms of its singular value decomposition.
For each multi-index {i}, there exists a pair of orthonormal bases, { ,EZ}} and
{ ,Ei}}, and non-negative numbers { u,ii}}, all independent of w, such that
o

(4.19) Ky =Y pt?
k=1
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Inserting the representation (4.19) into (4.18) and expanding the trace in
{gb,?}}, we obtain

(4.20) EX ST S A @l @l wl Boa()u)el™) b

{i }EAq k>1

where Agjy (w) == Ai, (w) - - - Ai, (w). Recalling that Ey, A(I,) = 0, we bound the
k-sum in (4.20) by

1l E I @I, 0 Bl of)
(4.21) k>1

1 1 3
g @G, (ud Bua(T)ul) ;E}>}.

From the independence of the \;’s, the spectral averaging result (Proposition
4.7) applied to each term in (4.21) gives for the first term:

(4.22) E{mi}(ww“} (ud Bon(Ly)u %>w;}>}<cln.

where C is finite, independent of k, and independent of Ej according to As-
sumption 2(i). From inequalities (4.18), (4.21) and (4.22), we obtain as upper
bound for the first term on the right hand side of (4.17):

(4.23) E (tr(Ey (1, <an Z (||K{i}||1).

Applying Proposition 4.4 we can bound the above series by a constant times
the Lebesgue measure of A, and this ends the proof of the Wegner estimate
and of the theorem. O

REMARK 4.8. In order to apply Theorem 3.14 ([9, Theorem 5.4, p136]) for
proving Theorems 2.10, 2.11 and 4.1, it would be enough to have a Wegner-
like estimate with |A| raised to some high power. Thus we could have shown
directly using (2.7) and Holders’s inequality for trace ideals that

Z Kyl < CIA|%.
i1,.0ig €A

In this way we would have avoided the use of Proposition 4.4.
4.2. PrROOF OF (H1(0,Ey,Lp)). In this subsection, we want to prove

1 1
]P){|FO,LonﬁoyLo(Eo)Xo,Lom|| < L_g} >1-— Sa1d

for Fy close enough to band edges By, some 0 > d and Ly large enough. As
in [2], we first prove that, for § > 0 small, dist(o(H,, ».1,), B+) > ¢ with good
probability. We can then apply Lemma B.1 to get exponential decay of the
resolvent at energies £ € (B_ — §/2, B_] U [By, By + 6/2). We finally verify
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H1(8, Ey, Lo) for any 6 > 0, Eq € (B_ —6/2, B_]U[By, By +6/2) and Lo > L},
for some L{; depending only on 6, d, B+ By, 6, M, m and M.

As in the previous section, we define A = A (0) for some L € 2N. We denote
A=A n Zd, Hw,A = Hw,O,L; Vw,A = VW,O,L-

LEMMA 4.9. Let g = piyy.n € 0(Hyyn) N (B_, B4) for some wy € 2. Then
we .

Proof. Tt is (2.9). See also [2, Lemma 5.1] for an alternative proof that can
easily be adapted for first-order operators. O

PROPOSITION 4.10. Let 64 = 3|By — By| and 0 < § < 1M min(d4,0-)2.
Assume that

Vie A, —(1—6Mymin(d,,0)"%)m < \i(w) < (1 — Mo min(5,,6_) %) M.
Then we have

sup {U(Hw,m N (—oo,B,)} <B_ %
and

inf {J(HM) N (Bs, +oo)} > By +0.

Proof. We only prove the first inequality, the proof of the second one is similar.
Assume that the statement is false, i.e. there exist some A and some values of
the parameters \;(w) and & (w) such that H, s has an eigenvalue p € [B_ —
6, B_]. If one of the coupling constants A; is negative, say \g < 0, then let us
consider the family

H(\) = Ds + Mu(- — &) + D> (w)u(- —&(w) —i), A€ [ho(w),0].
i#£0,ieA

We have that H () is a self-adjoint analytic family of type (A) (cf. [17, VIL§2])
and all its discrete eigenvalues E,, () in the interval [B_ —4, B_] can be followed
real-analytically as functions of A. Also, we may construct real analytic families
of eigenvectors 1, (\) for each of them. The Feynman-Hellmann formula and
Assumption 2(iii) give:

E,(A) = (@n (), u(- = Lo(w))n(N) =0,

which shows that H()) will continue to have eigenvalues in [B_ — §, B_] up
to A = 0. By induction, we may replace all the negative \;’s with zero, not
changing the fact that the new realization of H,,, this time with V,, » > 0, still
has at least one eigenvalue yu € [B_ — 4, B_].

Now let us also assume that V,, » > 0 and consider the analytic family of type
(A) T(¥) := Ho+ 9V, a, for ¥ in a small real neighbourhood of ¥y = 1. Since p
has finite multiplicity, say n, there are at most n functions x*) (1) analytic in ¥
near ¥ = 1 such that u® (1) = u. Let ¢(®) (9) be a real analytic eigenfunction
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for p(®)(¥9), with ||¢®) (9)|| = 1 for 9 real and |9 — 1| small. Applying the
Feynman-Hellmann formula we find that for ¥ such that 9V, x» < M

(4.24)
dp™ (9)

= (D (0), Veurd P (0)) > 0T ML 9V s (0)]

2 2
=9 M} (Ho - ,U1(9k)) o (ﬂ)H > 9 M (dist(o(HO), ,Lg%) ,

We now assume A (w) < (1 — 6Mog[min(é4,5_)]"2)M,Vi € A, and fix

. M
(425) 191 == mlnieK <m
We see that by definition of ¥ the condition ¥V, 4 < M is satisfied on the
interval [1,94].
Upon integrating (4.24) over [1,7;] and using that p < pu® (9) < u®(91) we
get:

) > (1 — 6My [min(5+,5,)}*2)_1 > 1.

p®(@01) = p+ (log 91) Mz min { [aist (4 (91), o (Ho))| " [dist(u,a(Ho))]Q} .

We have to bound the minimum of the distances. As we always have the
following order

B_<pu<p®W)<B. < By < By
there are only two cases:

e cither the minimum is dist(u®) (9),0(Hp)) and then it is equal to
B_ — " (¥91) > 26,
e or the minimum is dist(p, o(Hp)) and then it is equal to p — B_. As

p > B_ — ¢, this distance is greater than B_ —§ — B_ = 26_ — 6.
As § < $M 162, the distance is larger than 0_(2 — 2M'6_). Using
Lemma A.2 with A — B =V, and ||V,,|| < M, we must have 20_ <
M so the distance is larger than %6_.

Thus the minimum is larger than %min(6+,6_). Then using the inequality
—log(l — x) >z with z = 1 — 97 * from (4.25) we have
log(th) = 1 — 97" = 6Mo, [min(5,,6-)]
which leads to u(k) (%) > B_ and thus to a contradiction. O
COROLLARY 4.11. For 0 < § < M ' min(d1,8-), we have
sup (O’(HwﬁA) N (—oo, B,)) <B_—-§
and

inf (J(HWVA) N (Bs, +oo)) > B, +96,
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with probability larger than

1—2[A] max
Xe{—-m,M}

X
/ h(s)ds| .
(1= Moo min(64,6-)"2)X
Proof. The probability that

Vie A, —(1 =My min(dy,0-)"2)m < \(w) < (1 — My min(dy,6_)"2)M
is given by

M —(1=6 Mo [min(64,6_)]2)m 1A
1 —/ h(s)ds —/ h(s)ds| .
(1=0 Moo [min(é4,6-)]"2)M —-m

The conclusion follows by using (1 —2)* > 1—az fora > 1 and z € [0,1]. O

We can now prove hypothesis (H1(0, Ey, Lo)).

ProprosITION  4.12.  Let x;,1 = 1,2, be two functions with
Ixilloo < 1,supp(x1) C Ag,sz and supp(x2) C Ag, such that
SUD g esupp(xa) 88T, OAL,) < Lo/8.  Define 01 = 1B+ — By|.  For

B > 0 as in Assumption 2 (i), consider any v > 0 such that
0 <v <4B(2B8+d)~t < 2. Then there exists L} such that for all Ly > L{ and
Ey€ (B- — Ly %, B_|U[By, By + LE™?),

v/3

Sup ||X2RAL0 (Eo + ie)X1H < e Lo ,
e>0

with probability larger than 1 — 84%.

Proof. Pick § = 2L§~>. For Ly large enough we have § < 1 M ! min(é;,6_)2,
hence, using Assumption 2(iv), Corollary 4.11 and the fact that 0 < v <
4B(28 + d)~! yields

: 2 q : o\ 2P
P {dlst(a(Hw,QLU), By) > 5} >1-2L§ (max(m, M)6 Moo min(d4,0-) )
1
>1 -
ST

for Ly large enough.
Now consider any realization of H, o 1, which obeys dist(c(Hy.0.1,), B+) >
0= QLS_2 and let Ey € (B_ — LS_Q,B_] U [B+,B+ + LS_Q). We now apply
Lemma B.1 with zg = 0, knowing that, for a; and as as defined in Lemma B.1,
we have as — ay > Lo/8. We get

v/2—-1

. 2 ~ ~ L
xR,y (B + ie)xall < g exp | —e20— By — B[22
° Ly 2 8

The result follows by taking Lo large enough. 0
Property (H1(6, Eo, Lg)) comes directly from the previous proposition as

. . v/
Xo,Lo/3 and I'g r, satisfy its hypotheses and e~ Lo < # when Lo > Ly for
0
some finite Lg.
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APPENDIX A. SPECTRUM LOCATION
A.1. PROOF OF PROPOSITION 2.8.

LEMMA A.1. Let @ : R? s H,(C) be a bounded, compactly supported, non-

negative matriz-valued multiplication potential which is not identically zero.
Let Hy be defined by (2.5) and define

H:.:=Hy+ ru(z), 7€R
Then there exists some T € R with |1| > 0 such that Hrhas at least one discrete

eigenvalue in (B_, By).

Proof. The perturbation given by u is relatively compact to Hp, hence due
to the Birman-Schwinger principle we have that u € (B_, By) is a discrete
eigenvalue of H, if —1 is an eigenvalue of 74'/2(Hy — p)~'@'/2. The family of
self-adjoint operators T'(u) = @'/?(Hy — p)~'@'/? cannot be identically zero
for € (B_, By) because this would lead to

T'(n) = a'/?(Ho — p)2a'/* = 0,

hence |Ho — p|~'@'/? = 0 and @'/? = 0, contradiction. Now let uo € (B_, By)
be such that T'(up) has a non-zero real eigenvalue Ey. Then choosing 79 =
—1/Ey we obtain that H,, has a discrete eigenvalue at pq. O

A slightly more general version of the following lemma can be found in [17,
V,Theorem 4.10]
The Hausdorff distance between two real subsets €2; o C R is defined as

(A1) dpr (21, Q2) := max{ sup dist(x, Qz), sup dist(z, Q)}.
€N yEQ2

LEMMA A.2. Let A and B be two self-adjoint operators acting on the same
Hilbert space and having the same domain, such that A — B is bounded. Then
(A2) dit (o(A4),0(B)) < |4 BJ.

Proof. Let A ¢ o(A) such that d(\,0(A)) > ||A — BJ|. Then the operator
(B—A)(A—X)~! has norm less than 1 and Id + (B — A)(A — \)~! is invertible
with a bounded inverse. Thus

B-)= (Id+(B—A)(A—)\)‘1) (A— )

is also invertible with a bounded inverse, which shows that A ¢ o(B). In other
words, no element of o(B) can be located at a distance larger than |A — B||
from o(A), which implies:

sup_d(E,o(4)) < | A~ B,
Eco(B)

By interchanging A with B, the proof is over. O

LEMMA A.3. Using the notation and result of Lemma A.1, let u := 1ot and

consider the operator Hy, as in (2.6). With the notation introduced in Assump-
tion 2(i), let m, M € (1,2). Then there exists \g € (0,1) small enough such
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that Assumption 3 is satisfied if m and M are replaced respectively by \om and
Ao M.

Proof. For the sake of simplicity, let us assume m = M. According to
Lemma A.1, we know that some po € (B_, By) belongs to the spectrum of
H., = Ho + u(z). Using (2.9), one can show that uo also belongs to the spec-
trum of H,, for w belonging to a set of measure one, hence py belongs to the
almost sure spectrum 3.
Now consider the family Hy ., := Ho+ AV, with A € (0,1). By multiplying the
potential with A we effectively reduce the support of h to [— M\, M )A]. Because
V., is uniformly bounded for all w, we know from Lemma A.2 that the spectrum
o(H) ) varies Lipschitz continuously with A, uniformly in w.
We now want to prove that the almost sure spectrum Y is continuous in A in
the Hausdorff distance. Let F € ¥, and fix € > 0. There exists some wg such
that E € 0(Hy,,). By the Weyl criterion, there exists g of norm one such
that
[(Hxwp — E)¢pl| < €/10.
Then there exists some A := Ag . C R4 large enough such that Hp xo, =
Hy + Va zwp Obeys
I(Hazwp — E)¥pll < €/5.

This inequality implies by the same Weyl criterion that the operator Hp .y
must have at least one point E’ of its spectrum such that £’ € (E—¢/5, E+¢/5).
Now using Lemma A.2 we can find some ¢ > 0 such that for every X' obeying
[N —A| < 0, the Hausdorff distance between the spectra of Ha xy, and Hp aw,
is less than €/5 thus there must exist E” in o0(H xy,,,) such that |E” — E| < e.
Finally, via Kirsch’s argument (2.9) one can prove that E” belongs to the
almost sure spectrum of Hy,; in other words,

sup d(E,Xy) <€, VN =) <4

EES,
This implies in particular that the almost sure spectrum of H} ,, must converge
(as a set) to the spectrum of Hy when A tends to zero. Thus if A is small enough,
then at least one gap must appear in the almost sure spectrum of H),, which
due to the same continuity, it must still have some non-empty component in

the old gap (B—, B4). O

A.2. PROOF OF PROPOSITION 2.9. Under the conditions of Lemma A.3 we
know that there exists a gap [B., B'.] C (B_, By) in the almost sure spectrum
¥ of H,, and at the same time, either ¥ N (B_, B’ ) or ¥ N (B/., B4) is non-
empty.

Now assume that ¥ N (B_, B’ ) is not empty. Let B_ € (B_,B’") be the
supremum of this set (note that B_ < B’ since X is closed and we must have
B_ € X). If A € [0,1] we consider the family H,, and denote by X, its almost
sure spectrum. As a set, 3y varies continuously with A in the Hausdorff distance
as we saw in Lemma A.3. Denote by E) the supremum of ¥ N [B_,B").
Because Fy = B_, Ey = B_ and E) varies continuously with A, we conclude
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that Ey covers the interval [B_, B_]. Finally, since Ey € ¥y C 3, we conclude
that [B_, B_] C X, hence no other gaps can appear in this interval.

APPENDIX B. COMBES-THOMAS ESTIMATES

This section is dedicated to Lemma 4.5 and Lemma 4.6. The proof of
Lemma 4.5 follows closely the strategy [5, Proposition 5.2].

LEMMA B.1. Let W be a symmetric and matriz-valued bounded potential, and
let H= Dg+ W where Dg = So - (—iV)S is like in (2.5) and S is a bounded
coefficient operator as in (2.4). Assume that H has a gap (E_,E}) in its
spectrum, containing 0. Consider x1 and x2 two compactly supported functions
such that ||xi|leo < 1. For zo € R? define

ap = sup |z —mo| and ay = dist(zg,supp(xz2)).
z€supp(x1)

For E € (E_,Ey) let
vy =dist(E,Ey) and v =min(vg,v_).
Then there exists a constant ¢ > 0 such that for oll E € (E_, E}) we have:

2 _ _
(B.1) Ixi1(H = E) x|l < o€ cVurv—(az —a1)

Proof. Let € > 0 and define (z — xg) := \/€ + | — x0|?. For t > 0, we define
on C2°(R%,C") the (non self-adjoint) operator

Hy = e~ He—wo)e fretle—mole — g _ 1G5 . (iV{(z — x)e)S.
The operator H; . is closed on the domain of H. Let 1 € C(R4,C") with
norm 1. We denote ¢~ = P_, r_1% and YT = Pg. +50)%, where P are the

spectral projectors for H, and we remind that vy = dist(F, Ey).
We have

[(Hee = E)YIl ZR((WT =7, (Hie — E)(T +97))
S|l + o [97I17 = 2[[tSo - iV (@ — zo)e) S| [UF ] 47
We observe that the length of V(x — z¢), is bounded by a number independent

of e. Let ¢ := ¢,/uyv_ where ¢ > 0 is independent of both E and ¢, and small
enough so that:
[tSo - (iV(z — z0)e)S|| < Jorv—/2.
We then have
|(Hee — Byl > 1/2min(vs, v).
Thus, H, . — E is invertible for E € (E_, E) and

_ 2
I(Hee = E)7HI < =,
v

uniformly in e. Hence,
Ix1(H = E) ™ x| =[lxae™ ™0 (Hye — E) et xy||
<lxae | [[(Hee — B) 7 [le™ 00 xal .

DOCUMENTA MATHEMATICA 24 (2019) 65-93



90 J.-M. BARBAROUX, H. D. CORNEAN, S. ZALCZER

The central factor is bounded by 2/v. By taking € to zero, the first factor
is bounded by e and the third factor by e~%*2. We have thus proved the
lemma. ]

Proof of Lemma 4.5. Without loss of generality we may assume that the dis-
tance between the supports obeys a > 10. Let K = [~1/2,1/2)% be a unit cube
in R%. Let g, be the characteristic function of the cube K. :=~ + K, v € Z.
We have

(BQ) Xl(HO —E)_1X2 = Z%Xl(HO —E)_l)(gg,y/.

7Y
The sum over « only contains finitely many terms because x; is compactly
supported. For any given such pair g,x1 and g, x2 we apply Lemma B.1 in
which we choose xo = . We observe that in this case a; < 1 and since a > 10
we also have az > a/3 + |y — +'|/3. Thus (B.1) leads to

lg-x1 (Ho — E) ™ xag || < cre™ 2211

where C7 and ¢ are constants depending on the interval I. Then we can sum
over v for every fixed v and we are done. O

We are ready to prove Lemma 4.6.

Proof of Lemma 4.6. Using the same notation as in the proof of Lemma 4.5,
the strategy is to show the existence of two positive constants ¢; and c¢o such
that in the trace norm we have:

(B.3) lgvx1(Ho — B) ™ xagy 1 < cre™ 2=,

Without loss of generality we may assume that ag = 10 and a > 10. Then the
pairs v and " which give a non-zero contribution must obey |y —~+'| > 8.

We now consider 2d smooth and compactly supported functions 0 < f; < 1
which obey the following conditions: g f1 = g+, f;fj+1 = f;if 1 <j < 2d, and
the support of the "largest” function fa4 is contained in the hypercube centered
at v with side-length 2. In particular, the support of f; and the support of the
derivatives of f;;; are disjoint, and also f2q9, = 0.

Denote RO = (HO — E)_l. We have [fjv Ro] = R()S(flo' . Vf])SRO and

9y Rogy = gy f2alogy = gyRoS(—i0 -V faa) SRogy

and repeating this for all j we have:

2d
9+ Rogy = gy [ | (RoS(=i0 - V£;)S) Xsupp(faa) R0go-

Jj=1

Each factor RoS(—io - V f;)S belongs to Taq with a norm which is independent
of v and +'. Thus the product is trace class. Moreover, by applying Lemma B.1
to the pair Xgupp(fq) and g, with zg = v we obtain az —ay > |y —~'|/10+a/10
and

HXSUpp(fzd)RogW’ H < Ce—ozae—ah’_')’ |
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This proves (B.3). Since there is a finite number of g,’s which give a non-
zero contribution in (B.2), this number being proportional with the Lebesgue
measure of the support of x1, the proof is over. O
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