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ABSTRACT. Let ¢ be a commutative ring with unit. To every pair of
t-algebras A and B one can associate a simplicial set Hom(A, B*) so that
noHom(A, B*) equals the set of polynomial homotopy classes of morphisms
from A to B. We prove that m,Hom(A, B®) is the set of homotopy classes
of morphisms from A to BZ", where BY" is the ind-algebra of polynomials
on the n-dimensional cube with coefficients in B vanishing at the boundary
of the cube. This is a generalization to arbitrary dimensions of a theorem
of Cortifias-Thom, which addresses the cases n < 1. As an application we
give a simplified proof of a theorem of Garkusha that computes the homo-
topy groups of his matrix-unstable algebraic KK-theory space in terms of
polynomial homotopy classes of morphisms.
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1 INTRODUCTION

Algebraic kk-theory was constructed by Cortifias-Thom in [1], as a completely alge-
braic analogue of Kasparov’s KK-theory. It is defined on the category Alg, of associa-
tive, not necessarily unital algebras over a fixed unital commutative ring £. It consists
of a triangulated category kk endowed with a functor j : Alg, — kk that satisfies the
following properties:

(H) Homotopy invariance. The functor j is polynomial homotopy invariant.

(E) Excision. Every short exact sequence of £-algebras that splits as a sequence of
{-modules gives rise to a distinguished triangle upon applying j.
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252 EMANUEL RODRIGUEZ CIRONE

(M) Matrix stability. For any (-algebra A we have j(MA) = j(A), where MA
denotes the algebra of finite matrices with coefficients in A indexed by N x N.

This functor j is moreover universal with the above properties: any other functor from
Alg, into a triangulated category satisfying (H), (E) and (M) factors uniquely through
Jj. Another important property of kk-theory is that it recovers Weibel’s homotopy K-
theory: kk(¢,A) = KHy(A); see [1, Theorem 8.2.1].

As a technical tool for defining algebraic kk-theory, Cortifias-Thom introduced in [,
Section 3] a simplicial enrichment of Alg,. They associated a simplicial mapping
space Hompyyg, (A, BY) to any pair of £-algebras A and B, and they defined simplicial
compositions

o : Hompyg, (B, C*) X Homayg, (A, B) — Homy,, (A, C*)

that make Alg, into a simplicial category in the sense of [9, Section II.1]. The homo-
topy category of this simplicial category is Gersten’s homotopy category of algebras
[6, Section 1]. This means that there is a natural bijection

moHomag, (A, BY) = [A, B],

where the right hand side denotes the set of polynomial homotopy classes of mor-
phisms from A to B. In the same vein, Cortifias-Thom showed in [|, Theorem 3.3.2]
that

mHoma, (A, BY) = [A, B®'],

where B®' denotes the ind-algebra of polynomials on §' = A!/OA! with coefficients
in B that vanish at the basepoint. The main result of this paper is the following gener-
alization of the latter to arbitrary dimensions.

THEOREM 1.1 (Theorem 3.10). For any pair of {-algebras A and B and any n > 0
there is a natural bijection

m,Homaye, (A, BY) = [A, B*], (1)

where B® is the ind-algebra of polynomials on the n-dimensional cube with coeffi-
cients in B vanishing at the boundary of the cube.

To prove Theorem 1.1 one has to compare two different notions of homotopy for ind-
algebra homomorphisms A — B®: simplicial homotopy on the left hand side of (1)
and polynomial homotopy on the right. Simplicial homotopy implies polynomial ho-
motopy by [3, Hauptlemma (2)]. This key technical result of [3] —of which Garkusha
provides a beautiful constructive proof— allows one to define a surjective function

m,Homayg, (A, B) — [A, B>'] 2)

that turns out to be the desired bijection. We prove the injectivity of (2) by showing
that polynomial homotopy implies simplicial homotopy; this is done in Lemma 3.9.
This lemma follows immediately from the existence of the multiplication morphisms
defined in section 3.1.
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With methods different from those of Cortiflas-Thom, Garkusha gave in [3] an alter-
native construction of kk-theory and moreover defined other universal bivariant ho-
mology theories of algebras. The latter are functors from Alg, into some triangulated
category that share properties (H) and (E) with algebraic kk-theory but satisfy different
matrix-stability conditions. Garkusha showed in [3] that his bivariant homology theo-
ries are representable by spectra, and the simplicial mapping spaces between algebras
are his main building blocks for these spectra. The idea of the isomorphism (2) was
already present in the proof of [3, Comparison Theorem A], where he computed the
homotopy groups of the matrix-unstable algebraic KK-theory space in terms of poly-
nomial homotopy classes of morphisms. However, Garkusha used [3, Hauptlemma
(3)] as a substitute for Lemma 3.9 when proving injectivity. This makes his proof rely
on nontrivial techniques from homotopy theory such as the construction of a motivic-
like model category of simplicial functors on Alg,. As an application of Theorem 1.1,
we give a simplified proof of [3, Comparison Theorem A] that uses no more homotopy
theory than the definition of the homotopy groups of a simplicial set.

The rest of this paper is organized as follows. In section 2 we fix notation and we recall
the definition of polynomial homotopy and the details of the simplicial enrichment of
Alg,. In section 3 we prove Lemma 3.9 and Theorem 1.1. In section 4 we apply
Theorem 1.1 to give a simplified proof of [3, Comparison Theorem A].

2 PRELIMINARIES

Throughout this text, € is a commutative ring with unit. We only consider associative,
not necessarily unital £-algebras and we write Alg, for the category of ¢-algebras and
{-algebra homomorphisms. Simplicial £-algebras can be considered as simplicial sets
using the forgetful functor Alg, — Set; this is usually done without further mention.
The symbol ® indicates tensor product over Z.

2.1 CATEGORIES OF DIRECTED DIAGRAMS

Let € be a category. A directed diagram in € is a functor X : I — €, where [ is a
filtering partially ordered set. We often write (X, I) or X, for such a functor. We shall
consider different categories whose objects are directed diagrams:

2.1.1 FIXING THE FILTERING POSET
Let I be a filtering poset. We will write €’ for the category whose objects are the
functors X : I — € and whose morphisms are the natural transformations.

2.1.2 VARYING THE FILTERING POSET

We will write € for the category whose objects are the directed diagrams in € and
whose morphisms are defined as follows: Let (X, /) and (Y, J) be two directed dia-
grams. A morphism from (X, I) to (¥, J) consists of a pair (f,6) where 8 : I — Jis a
functor and f : X — Y o 6 is a natural transformation.
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For a fixed filtering poset I, there is a faithful functor a : €' — € that acts as the
identity on objects and that sends a natural transformation f to the morphism (f,id;).
2.1.3 THE CATEGORY OF IND-OBJECTS

The category "¢ of ind-objects of € is defined as follows: The objects of €™ are the
directed diagrams in €. The hom-sets are defined by:

Homgina (X, 1), (Y, J)) := lir}l cqlijm Homg(X;,Y;)
i€l je

There is a functor € — En that acts as the identity on objects and that sends a
morphism (f,6) : (X,I) — (Y, J) to the morphism:

(fi - Xi = Yo));e; € lim colim Homg(X;, Y)
i€l jeJ

2.2  SIMPLICIAL SETS

The category of simplicial sets is denoted by S; see [8, Chapter 3]. Let Map(?, ??) be
the internal-hom in S; we often write Y* instead of Map(X, Y).

2.2.1 THE ITERATED LAST VERTEX MAP

Letsd : S — S be the subdivision functor. There is a natural transformationy : sd —
idg called the last vertex map [7, Section III. 4]. For X € S, put y)l( := yx and define
inductively % to be the following composite:

i

1
sdn=1x —
. sd™ Y — X > x

y
sd"X = sd(sd"'X) —C X

It is immediate that y" : sd” — idg is a natural transformation. Let sd” : S — § be the
identity functor and let ¥ : sd° — idg be the identity natural transformation.

LEMMA 2.3. Forany p,q > 0 and any X € S we have:

yl;q = y)p( o sd? (fy;]() = 'y[;( o yZd”X

Proof. Tt follows from a straightforward inductionon n = p + q. O

2.3.1 SIMPLICIAL CUBES

Let]:=A'"andletdl :={0,1} cI. Forn > 1,let I" := I x --- x I be the n—fold direct
product and let 91" be the following simplicial subset of I":

or =[O xXIx---xINUIX@X---xINU---U[Ix---xIx (D]

Let I := A” and let 0I° := 0. We identify I""*" = " x I" and 0(I"™*") = [(0I") x "] U
[I™ x (0I")] using the associativity and unit isomorphisms of the direct product in S.
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2.3.2 ITERATED LOOP SPACES

Let (X, *) be a pointed fibrant simplicial set. Recall from [7, Section 1.7] that the
loopspace QX is defined as the fiber of a natural fibration 7y : PX — X, where PX has
trivial homotopy groups. By the long exact sequence associated to this fibration, we
have pointed bijections 7,1 (X, *) = m,(QX, %) for n > 0 that are group isomorphisms
for n > 1. Iterating the loopspace construction we get:

wo(Q"X) = m (X, %) = - = (X, %)

Thus, mp€Q"X is a group for n > 1 and this group is abelian for n > 2. Moreover, a
morphism ¢ : X — Y of pointed fibrant simplicial sets induces group homomorphisms
@. Q"X — mpQ"Y for n > 1. Let incl denote the inclusion 91" — [". It is
easy to see that the iterated loop functor Q" on pointed fibrant simplicial sets can be
alternatively defined by the following pullback of simplicial sets:

Q"X — < Map(I", X)

\L lincl* (3)

A® — = Map(dI", X)
We will always use the latter description of Q2". Occasionally we will need to compare
Q" for different integers n; for this purpose we will explicitely describe how the dia-

gram (3) arises from successive applications of the functor Q. We start defining QX
by the following pullback in S:

QX —* = Map(1, X)

e

A" —— Map(dI, X)

For n > 1, define inductively ,;1x : Q"' X — Map(I"*', X) as the following com-
posite:

Lanx (Unx)s

QQ"X) —= Map (I, Q"X) —— Map (I, Map(I", X)) = Map (I" x I, X)

It is easily verified that (3) is a pullback. Moreover, ¢, x equals the following com-
posite:

LnQmx (U x)s

Q" (Q"X) ~Z5 Map (I', Q"X) —5= Map (I", Map(I"™, X)) = Map (I" x I", X)

Thus, under the identification of diagram (3), each time we apply Q the new I-
coordinate appears to the right.
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2.4 SIMPLICIAL ENRICHMENT OF ALGEBRAS

We proceed to recall some of the details of the simplicial enrichment of Alg, intro-
duced in [, Section 3]. Let Z* be the simplicial ring defined by:

[pl = Z = Zlty, ..., 1,1/{1 = 2 t;)

An order-preserving function ¢ : [p] — [¢] induces a ring homomorphism Z*" — 7"
by the formula:
ti — Z t;

(=i

Now let B € Alg, and define a simplicial ¢-algebra B* by:
[pl - BY :=BozZ 4)

If A is another f-algebra, the simplicial set Homyg, (A, B%) is called the simplicial
mapping space from A to B. For X € S, put BY := Homg(X, BY); it is easily verified
that BX is an f-algebra with the operations defined pointwise. When X = AP, this
definition of B coincides with (4). We have a natural isomorphism as follows, where
the limit is taken over the category of simplices of X:

BX S lim BY
APLX

For A, B € Alg, and X € S we have the following adjunction isomorphism:
Homs (X, Homyyg, (A, BY)) = Homa, (A, BY)
Remark 2.5. Let X and Y be simplicial sets. In general (BX)Y % B**Y — this already

fails when X and Y are standard simplices; see [, Remark 3.1.4].

Remark 2.6. The simplicial ring Z* is commutative and hence the same holds for the
rings ZX = Homg (X, Z*), for any X € S. Thus, the multiplication in Z* induces a ring
homomorphism my : ZX ® Z¥ — ZX. Note that my is natural in X.

2.7 POLYNOMIAL HOMOTOPY

Two morphisms fy, fi : A — B in Alg, are elementary homotopic if there exists an
{-algebra homomorphism f : A — B[] such thatevy o f = f; and ev; o f = f;. Here,
ev; stands for the evaluation ¢ — i. Equivalently, fy and f; are elementary homotopic
if there exists f : A — B' such that the following diagram commutes for i = 0, 1:

f

A—L - N

f}l l(d‘)*

B = B A0

Here the d’ : A° — A! are the coface maps. Elementary homotopy ~, is a reflexive
and symmetric relation, but it is not transitive —the concatenation of polynomial ho-
motopies is usually not polynomial. We let ~ be the transitive closure of ~, and call
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fo and fi (polynomially) homotopic if fy ~ fi. Itis easily shown that fy ~ f; iff there
existre Nand f: A — B2 such that the following diagrams commute:

f

A A Bsd’A‘

N

B = BsdrA()

It turns out that ~ is compatible with composition; see [0, Lemma 1.1] for details.
Thus, we have a category [Alg,] whose objects are £-algebras and whose hom-sets are
given by [A, B] := Homgg, (A, B)/ ~. We also have an obvious functor Alg, — [Alg,].

DEFINITION 2.8 ([ 1, Definition 3.1.1]). Let (A, I) and (B, J) be two directed diagrams
in Alg, and let f,g € HOmAlg(ind (A, D), (B,J)). We call f and g homotopic if they

correspond to the same morphism upon applying the functor A]gfi“d — [Alg,]™. We
also write:

[A., B.] := Homyyg, jina ((A, D), (B,J)) = limcolim[A;, B|]
el jeJ :

2.9 FUNCTIONS VANISHING ON A SUBSET

A simplicial pair is a pair (K, L) where K is a simplicial set and L C K is a simplicial
subset. A morphism of pairs f : (K’,L’) — (K, L) is a morphism of simplicial sets
f : K’ = K such that f(L') € L. A simplicial pair (K, L) is finite if K is a finite
simplicial set. We will only consider finite simplicial pairs, omitting the word “finite”
from now on. Let (K, L) be a simplicial pair, let B € Alg, and let r > 0. Put:

BXD = ker (B4K — Bt

The last vertex map induces morphisms BﬁK’L) — Bi’ilL ) and we usually consider BKD

as a directed diagram in Alg,:
BKD . B(()K,L) R B(]K,L) R B;K,L) .

Notice that a morphism f : (K’,L’) — (K, L) induces a morphism f* : B&D
B(.K LD of Zso-diagrams.

LEMMA 2.10 (cf. [1, Proposition 3.1.3]). Let (K, L) be a simplicial pair and let B €
Alg,. Then ZiK’L) is a free abelian group and there is a natural {-algebra isomorphism:

BozZ&D 5 kD 5)

Proof. The following sequence is exact by definition of ZﬁK’L) and [, Lemma 3.1.2]:

0 ZﬁK»L) 7sd'K 7sd’L 0 (6)
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The group Z**" is free abelian by [I, Proposition 3.1.3] and thus the sequence (6)
splits. It follows that ZﬁK’L) is free because it is a direct summand of the free abelian
group Z*¢'K . Moreover, the following sequence is exact:

0—=BeZ " —= B2 — = Be7¥l ——=0

To finish the proof we identify B ® Z34X 5 Bk using the natural isomorphism of

[1, Proposition 3.1.3]. m]
EXAMPLE g.ll. Following [3, Section 7.2], we will write B;E " instead of B(.I”,ﬁl").
Note that B, is the constant Z,o-diagram B.

3 MAIN THEOREM

3.1 MULTIPLICATION MORPHISMS

Let (K, L) and (K’, L") be simplicial pairs. It follows from Lemma 2.10 that ZﬁK’L) ®
755 identifies with a subring of Z*9K @ 754K’ Let uXK be the composite of the

following ring homomorphisms:

@ )yeny')

st*K ® st‘K’ st’”K ® st’”K’
kK l(pr,)*@(prz)*

\

st’”(KxK’) m st’”(KxK’) ® st’”(KxK’)

Here 9/ is the iterated last vertex map defined in section 2.2.1, pr; is the projection of
the direct product into its i-th factor and m is the map described in Remark 2.6.

LEMMA 3.2. The morphism u*X" defined above induces a ring homomorphism
uEDELD that fits into the following diagram:

incl

K,L KL’ 4
Z&D g 7KL ZK @ 7K

' g
HU(VL)V(K WL7) l l/ul(,K’

(KXK' (KXL')J(LXK")) incl KXK'
—_—
Zr+s ZV+S

Moreover, "KL s natural in both variables with respect to morphisms of sim-
plicial pairs. We call u®&-&"-L) g multiplication morphism.

Proof. Let & be the restriction of X" to ZﬁK’L) ® ZE,K”L/); we have to show that ¢ is
zero when composed with the morphism:

st’”(l(xl(’) N st’*"'((l(xL’)U(LxK’))

Since the functor Z*¢"® : S — Alg)” commutes with colimits, it will be enough
to show that & is zero when composed with the projections to Z*¢"®*L) and to
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739 (XK. this is a straightforward check. For example, the following commuta-

S(LXK').

tive diagram shows that & is zero when composed with the projection to Zs¢"
we write i for the inclusion L C K.

K,L KL
ARV ARt

g ‘K’ r S gt
7K ggsd’k’ 1O gsd'L g psd'K
@80 a0
str+,\'K ® stm- K’ $} st,ﬂL ® strﬂ, «

(pr)"®(pr,)” (pr)*®(pr,)”

ZsE T (KXK') g 754 (KXK') el 7S (LXK") @ 7sd™ (LXK")

m m
754 (KXK") " 754 (LK)
The assertion about naturality is clear. O

Remark 3.3. We can consider Z(.K’L) ® Z(.K”L/) as a directed diagram of rings indexed
over Zso X Zsg. Let 0 : Zsg X Zso — Zso be defined by 6(r, s) = r + s; it is clear that 8
is a functor. Then the morphisms of Lemma 3.2 assemble into a morphism in Al_éZ:

(#(K,L),(K’,L’)’ 9) . Z(.I(,L) ® Z(.K’,L’) Z(.KXK’,(KxL’)u(LxK’))

We will often think of u®-K"-L) in this way, omitting € from the notation.

Remark 3.4. Upon tensoring y &KL with an f-algebra B and using (5) we obtain
an ¢-algebra homomorphism:

(K.LJK'L) . { pKL)EK L) (KXK' (KXL)YU(LXK"))
Hp : (Br ) ) — B,

This morphism is obviously natural with respect to morphisms of simplicial pairs and

with respecto to £-algebra homomorphisms. Again, we can think of it as a morphism
-

in Alg,. It is easily verified that this morphism is associative in the obvious way.

EXAMPLE 3.5. Forany n > 0 and any B € Alg, we have a morphism ¢ : B — BY'
induced by A" — x. It is well known that ¢ is a homotopy equivalence, as we proceed
to explain. Let v : B — B be the restriction to the O-simplex 0. Explicitely, we
have v(#;) = 0 fori > 0 and v(zp) = 1. It is easily verified that v o ¢ = idg. Now let
H : BY — B™'[u] be the elementary homotopy defined by H(t;) = ut; for i > 0 and
H(tp) =to+ (1 —u)t; +---+1,). Wehave ev) o H = idga» and evg o H = ¢ o v. This
shows that ¢ o v = idpa in [Alg,].
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The homotopy H constructed above is natural with respect to the inclusion of faces
of A" that contain the 0-simplex 0. More precisely: if f : [m] — [n] is an injective
order-preserving map such that f(0) = 0, then the following diagram commutes:

BA” H BA” [u]

r l lf [u]

BY Mo BNy

Now let p,q > 0. Recall from the proof of [8, Lemma 3.1.8] that the simplices of
AP x A? can be identified with the chains in [p] X [¢] with the product order. The
nondegenerate (p + g)-simplices of A? X A? are identified with the maximal chains in
[p] x [q]; there are exactly (” ;q) of these. Following [8], let c(i) for 1 < i < (p ;q) be
the complete list of maximal chains of [p] X [g]. Then A? X A7 is the coequalizer in
S of the two natural morphisms of simplicial sets f and g induced by the inclusions
c(@) N c(j) € (@) and c(@) N c(j) C c(j) respectively:

f, g: Akelonel) ——= | | Al

1<i<j<("7) 1<i<(*}?)

Here n. is the number of edges in c; that is, the dimension of the nondegenerate
simplex corresponding to c. Since B’ : S® — Alg, preserves limits, it follows that

B2 is the equalizer of the following diagram in Alg,:
f*, g* . l_[ BA"c(i) 5 l_[ BA"c(;)mr(j) (7)
1i<("}) 1<i<i<("y)

Moreover, since Z[u] is a flat ring, ? ® Z[u] preserves finite limits and B4 [u] is the
equalizer of the following diagram:

Fulgd: [] B wv—= [] Bl @®)

1<i<("7) 1<i<j<("}1)

Notice that every maximal chain of [p] X [¢] starts at (0,0). This implies, by the
discussion above on the naturality of H, that the following diagram commutes for
every i and j:

(i H i
BA’() BA"()[M]

L

e(i)ne(j H e(i)ne(j
BA c(DNe(j) BA e()Ne(j) [u]

Then the homotopy H on the different BN gives a morphism of diagrams from (7)
to (8) that induces H : BA*A" — BA™A[y]. Lett : B — B*A" be the morphism
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induced by A? x A? — x and let v : BA™A" — B be the restriction to the 0-simplex
(0, 0). Itis easily verified that ev; o H is the identity of BA™A" and thatevgo H = tov;
this shows that ¢ is a homotopy equivalence.

Finally, consider the following commutative diagram. Since each ¢ is a homotopy

equivalence, it follows that x®"2" : (BA")A" — BA"™A" is a homotopy equivalence too.

By L (BAP )Aq

B ¢ BA”XA"

The author does not know whether /X" : (BK)K" — BKXK" js a homotopy equivalence
for general K and K’. It is true, though, that x*X" induces an isomorphism in any
homotopy invariant and excisive homology theory, as we explain below.

EXAMPLE 3.6. Let 7 be a triangulated category with desuspension Q and let
Jj : Alg, —» 7 be a functor satisfying properties (H) and (E). We will show that
j(pK’K/ S (BOX - BKXK/) is an isomorphism, for any K, K’ and B.

Fix an object U of .7 and consider a short exact sequence of ¢-algebras

E: A ——=A—>A"

that splits as a sequence of ¢-modules. To alleviate notation, we will write .Z,Y(A)
instead of Hom & (U, Q" j(A)), for any n € Z. By property (E), we have a distinguished
triangle

Mg Qj(A”) JA") J(A) JA”)

that induces a long exact sequence of groups as follows:

___________ ~ U

n+l

(A”) ZU(A/) 5 zU(A) S ZU(A") ........... >

This sequence is moreover natural in &. Now consider a cartesian square of ¢-algebras
where the horizontal morphisms are split surjections of {-modules:

A——A

D

A// A///

Proceeding as in the proof of [2, Theorem 2.41], we get an exact Mayer-Vietoris
sequence:

........... > nljl(A'") - ZU(A) - ZU(A/)@ ZU(A") - - ZU(A'") IR
This sequence is natural with respect to morphisms of squares.

Let g > 0. We will show that j(u®2") is an isomorphism by induction on the dimension
of K. The case dim K = 0 follows from the facts that j preserves finite products and
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that z2"A" is an ¢-algebra isomorphism. Now let n > 0 and suppose j(uX2’) is an
isomorphism for every finite L with dim L < n. If dim K = n+1, we have a cocartesian
square:

K<~——5sk'K

|

]_H An+1 LH 6An+1
Upon applying the functors (B”)*" and B we get the following cartesian squares:

(BK)A" (Bsk"K)A" BKXA" N Bsk"KXA‘I

| | |

I‘H(BAnH)A‘I . l—Ii]'(B(')AHH)A‘t HI]‘ BA/X+IXA‘I H’; BﬁA””XA‘I

The horizontal morphisms in these diagrams are split surjections of £-modules. In-
deed, the morphism ZX — Z*'K s a split surjection of abelian groups since it is sur-
jective by [1, Lemma 3.1.2] and Z*XX is a free abelian group by [, Proposition 3.1.3].
Upon tensoring with B, we get that BS — B*'K is a split surjection of £-modules.
Similar arguments apply to the remaining horizontal morphisms. By naturality of
U, we have a morphism of squares from the square on the left to the square on the
right; this induces a morphism of long exact Mayer-Vietoris sequences upon applying
ZY. Note that ZU(yAM’M) is an isomorphism by Example 3.5. It follows from the
5-lemma that

@54, : Homgz (U, j(BX)*")) — Hom (U, j(B¥**"))

is an isomorphism. Since U is arbitrary, this implies that j(u*2") is an isomorphism.
Now we can show that j(u%X") is an isomorphism by induction on the dimension of
K.

3.7 MAIN THEOREM

(I"x1,0I"
L]

Following [3, Section 7.2], we put BS" .= B *DThe coface maps d' : A® — [

induce morphisms (d')* : BS" — BE".

LEMMA 3.8 (Garkusha). Let f: A — E}e” be an {-algebra homomorphism. Thfn the
following composites are homotopic; i.e. they belong to the same class in [A, B."]:

— @Y =
AL B D e =01

Proof. This is [3, Hauptlemma (2)]. m]

As noted by Garkusha in [3], Lemma 3.8 shows that if two morphisms are simplicially
homotopic, then they are polynomially homotopic. The converse also holds, up to
increasing the number of subdivisions:
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LEMMA 3.9 (cf. [3, Hauptlemma (3)]). LetH : A — (B;S”)del be a homotopy between
two (-algebra homomorphisms A — B)". Then there exists a morphism H : A — B,
in Alg, such that the following diagram commutes for i = 0, 1:

S s d* S
A H (B’L?n)sdl ( )E B;—'n

| o

By

r+s r+s

Proof. Let H be the composite:

/l(’” O"),(1,0)

BUXL@IMxD)

H I",0I")\ (1,0
A——— B r+s

It is immediate from the naturality of u that H satisfies the required properties. O

THEOREM 3.10 (cf. [I, Theorem 3.3.2]). For any pair of {-algebras A and B and
any n > 0, there is a natural bijection:

m,Homayg, (A, BY) = [A, BJ'] ©)
Proof. We will show that moQ"Ex*Homay, (A, BY = [A,B?”]. Consider

Homagg, (A, B%) as a simplicial set pointed at the zero morphism. For every p > 0 we
have a pullback of sets:

(QEx*Homyg, (A, BA))p —— Map (I, Ex“Homy, (A, BA))p

l (10)

% Map (31", Ex®Homajg, (A, BA))p

For a finite simplicial set K we have:

Map (K, Ex®Homajg, (A, BA))p = Homg (K X AP, ExX*Homajg, (A, BA))

1R

colim Homg (K x A?, Ex"Homyg, (A, BY))

1R

colim Homg (sd"(K x A”), Homayg, (4, BY))

1R

colim Homyg, (A, BSdr(KXM))
. ,

It follows from these identifications, from (10) and from the fact that filtered colimits
of sets commute with finite limits, that we have the following bijections:

(Q”Ex‘x’HomAlg( (A, BA))O = colim Homyyg, (A, BE") (11)
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(Q"Ex“Homag, (A, BA))1 = colim Homyyg, (A, B> (12)
Using (11) we get a surjection:
(Q”Ex""HomAlg((A, BA))0 = colim Homyy, (A, BS") —> [A, BZ']

We claim that this function induces the desired bijection. The fact that it factors
through my follows from the identification (12) and Lemma 3.8. The injectivity of
the induced function from 7y follows from Lemma 3.9. O

Remark 3.11. Let A and B be two {-algebras and let n > 1. Endow the set [A, B?”]
with the group structure for which (9) is a group isomorphism. This group structure is
abelian if n > 2. Moreover, if f : A - A’ and g : B — B’ are morphisms in [Alg,],
then the following functions are group homomorphisms:

[ 1A, B3 — [A, B2

g.:[A,B] - [A,(B)?']
EXAMPLE 3.12. Recall that B = Blto, 111/{1 — tp — t;). Let w be the automorphism
ofNBA] defined by w(1y) = 11, w(t;) = ty; it is clear that w induces an automorphism of
B;' = ker(BY' — BA). Let f : A — B, be an (-algebra homomorphism and let [ /]
be its class in [A, B?‘]. We claim that [wo f] = [f]™' € [A, B;e‘]. In order to prove this

claim, we proceed to recall the definition of the group law * in 711 Ex”Homayg, (A, BY).
Consider f and w o f as 1-simplices of Ex*Homayg, (A, B*) using the identification:

(Ex“Homyg, (A, BA))1 = colim Homyg, (4, B¥2")
According to [7, Section 1.7], if we find @ € (Ex"“HomA]g[(A, BA))2 such that

dyax =wo f
{ da=f (13)

then we have [f]*[wo f] = [dia]. Let ¢ : B2 — BY be the {-algebra homomorphism
defined by ¢(ty) = to + f2, ¢(t1) = t;. Let a be the 2-simplex of EwaomAlg( (A, B®)
induced by the composite:

AL g4y

It is easy to verify that the equations (13) hold and that d;« is the zero path.

EXAMPLE 3.13. LetA and B be two {-algebras and letm,n > 1. Letc : I"' XI" i>NI"><
I be the commutativity isomorphism; ¢ induces an isomorphism c* : BZmm — BImen,
We claim that the following function is multiplication by (—1)"":

¢ A, B?"””] N [A’Bism-m]

Indeed, this follows from Theorem 3.10 and the well known fact that permuting two
coordinates in Q™*" induces multiplication by (—1) upon taking 7.
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4  GARKUSHA’S COMPARISON THEOREM A

Matrix-unstable algebraic KK-theory consists of a triangulated category D(Jsp1) en-
dowed with a functor j : Alg, — D(Fsp) that satisfies (H) and (E), and is moreover
universal with respect to these two properties. It was constructed by Garkusha in
[5, Section 2.4] by means of deriving a certain Brown category and then stabilizing
the loop functor. Garkusha defined in [3] a space £ (A, B) such that 7y # (A, B) =
Hompg,,)(j(A), j(B)), for any pair of {-algebras A and B. In this section we ap-
ply Theorem 1.1 to give a simplified proof of [3, Comparison Theorem A], where
7% (A, B) is computed in terms of polynomial homotopy classes of morphisms.

4.1 EXTENSIONS AND CLASSIFYING MAPS

Let Mod, be the category of {-modules and write F : Alg, — Mod, for the forgetful
functor. An extension of {-algebras is a diagram

&: A——=B——C (14)

in Alg, that becomes a split short exact sequence upon applying F. A morphism of
extensions is a morphism of diagrams in Alg,. We often consider specific splittings
for the extensions we work with and we sometimes write (&, s) to emphasize that
we are considering an extension & with splitting s. Let (&, s) and (87, s”) be two
extensions with specified splittings; a strong morphism of extensions (&', s") — (&, s)
is a morphism of extensions (a,f3,y) : & — & that is compatible with the splittings;
i.e. such that the folowing diagram commutes:

s

FB <—FC’

) |

FB<— _FC

The functor F : Alg, — Mod, admits a right adjoint T : Mod; — Alg,; see [3, Section
3] for details. Let T be the composite functor ToF: Alg, — Alg,. Let A € Alg, and
leta : TA — A be the counit of the adjunction. Notice that Fn4 is a retraction which
has the unit map o4 : FA — FT(FA) = FTA as a section. Let JA := kerns. The
universal extension of A is the extension:

Uy JA—>TA " A

We will always consider o4 as a splitting for % .

PROPOSITION 4.2 (cf. [, Proposition 4.4.1]). Let (14) be an extension with splitting
sand let f : D — C be a morphism in Alg,. Then there exists a unique strong
morphism of extensions Up — (&, s) extending f:

Up JD——=TD "D
' lf (15)

v v
A——>B——C

3' £
4
(&, )
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Proof. Tt follows easily from the adjointness of T and F. O

The morphism £ in (15) is called the classifying map of f with respect to the extension
(&,s). When D = C and f = id¢ we call & the classifying map of (&, s).

ProrosITION 4.3 (cf. [1, Proposition 4.4.1]). In the hypothesis of Proposition 4.2,
the homotopy class of the classifying map & does not depend upon the splitting s.

Proof. See, for example, [3, Section 3]. m]

Because of Proposition 4.3, it makes sense to speak of the classifying map of (14) as
a homotopy class JC — A without specifying a splitting for (14).

LEMMA 4.4. The functor J : Alg, — Alg, sends homotopic morphisms to homotopic
morphisms. Thus, it defines a functor J : [Alg,] — [Alg,].

Proof. Itis explained in [1] in the discussion following [ 1, Corollary 4.4.4.]. O

4.5 PATH EXTENSIONS

Let B be an ¢-algebra and let n, g > 0. Put:

P(n, B)! := B(.I’”‘XA",(I”XH]xA")U(é)I"xle"))

On the one hand, the composite I x A? = I" x {0} x A? C I"*! x A? induces mor-
. s A9 G A . .
phisms p?, : P(n,B)] — BU™AOI™A) O the other hand, we have inclusions

! 7,01 J . . . . .
B XALAITXAL) P(n, B)!. We claim that the following diagram is an extension:
+1 +1 incl p!
T AT, Q1M A1 inc B "N AT XA
Pl pITA A T8 p(n, B s BITAOXAD

Exactness at P(n, B)! holds because the functors B : § — Alg,° preserve
pushouts and we have:

A x A1 = [(I" x {1} x AT) U (OI" x I x AT)] U (I" x {0} x A7)

(I”HXA",[)]"“
Exactness at B,

are subalgebras of

*A follows from the fact that both this algebra and P(n, B)!
B IIXAY A gplitting of pi p in the category of £-modules can be

constructed as follows. Consider the element 7y € ZAI; to is actually in Zg’“}) since
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do(to) = 0. Let s} , be the composite:
m m RLcT n n
BUXATOIXA%) 0L RUMLIIXAD Z(()I,ll})

(I"xA?, A1 x A7)\
(B’ )0

u

BUXATXL (I XATX(I)U@I"XATX]))
p

s B£1"><I><A‘1,(I”><{lle‘f)u((’)I”xIxA‘f))

It is straightforward to check that s? , is a section to p? ..
Remark 4.6. It is clear that the extensions (227 ;. s7 ) are:
(i) natural in B with respect to £-algebra homomorphisms;
(i) natural in r with respect to the last vertex map;
(iii) and natural in g with respect to morphisms of ordinal numbers.

EXAMPLE 4.7. Let A and B be two {-algebras, letn > O andlet f : A — B be an
{-algebra homomorphism. By Proposition 4.2, there exists a unique strong morphism
of extensions %, — 3233 that extends f:

Uy JA TA A
a NGY Lf
v v v 1
P B —— P(n, B)) ——— B

We will write A"(f) for the classifying map of f with respect to 323 - Notice that:
A'(f) = A'(idgen) © J(f) (16)

Indeed, this follows from the uniqueness statement in Proposition 4.2 and the fact
that the following diagram exhibits a strong morphism of extensions % — Z? , that
extends f:

Uy JA TA A
l J(f)l lT(f) lf
Uy J(B®") ——= T(B®") ——= B
l A"(idyz, ) l l lid
7, B —— P(n,B)) — B;"
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By (16) and Lemma 4.4, we can consider A" as a function A" : [A, B;S"] — [JA, B;E"*' ].

Remark 4.8. Write Born for the category of bornological algebras; see [2, Definition
2.5]. Cuntz-Meyer-Rosenberg constructed in [2, Section 6.3] a triangulated category
>Ho endowed with a functor Born — XHo that is homotopy invariant and excisive in
the bornological context, and is moreover universal with respect to these two proper-
ties; see [2, Section 6.7]. The matrix-unstable algebraic KK-theory category D(Fsp1)
is the analogue of XHo in the algebraic context. Garkusha proved in [3] that there is
an isomorphism
Hompg,,)(j(A), j(B)) = coLim[J”A, B2,

where the transition functions on the right hand side are the A" of Example 4.7. These
functions A" : [J"A, BJS'] — [J""'A, BS™*'] are the algebraic analogues of the mor-
phism A of [2, Definition 6.23] that is used in [2, Section 6.3] to define the hom-sets
in ZHo.

4.9 MATRIX-UNSTABLE ALGEBRAIC KK-THEORY SPACE

Let A and B be two {-algebras and let n > 0. From the proof of Theorem 3.10, it
follows that there is a natural bijection:

(Q"Ex*Hompg, (J"A, BA))q = colim Homgg, (J"A, BU™"1"™A0)
r

Let f € Hompg, (J"A, B "4y and define £ (f) as the classifying map of f with
respect to the extension 93 5

Ujnp J”f]A—>TJ_”A—>J”A
2 0y ‘(f

V n+1 qY n+1 q V n q n q
:@3’3 B(rI XA7,0I AT P(n, B’ B§1 XA7,0I"XAT)

It follows from Remark 4.6 that this defines a morphism of simplicial sets:
" Q"ExHomyyg, (J"A, BY) — Q"' Ex™Homyye, (J™' A, B") (17)

DEFINITION 4.10 (Garkusha). Let A and B be two {-algebras. The matrix-unstable
algebraic KK-theory space of the pair (A, B) is the simplicial set defined by

(A, B) := colim Q"Ex“Homay,, (J"A, BY),
n

where the transition morphisms are the " defined in (17).

Note that J# (A, B) is a fibrant simplicial set, since it is a filtering colimit of fibrant
simplicial sets. This definition of % (A, B) is easily seen to be the same as the one
given in [3, Section 4].
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THEOREM 4.11 ([3, Comparison Theorem A]). For any pair of {-algebras A and B
and any m > 0, there is a natural isomorphism

mu (A, B) = colim[J'A, BZ"]

where the transition functions on the right hand side are the A" of Example 4.7.

Proof. Since m,, = 1pQ™ commutes with filtered colimits, we have:
T (A, B) = colim moQ" Q" Ex“Homajg, (J'A, BY)
.
= colim moQ"*" Ex Homaje, (J'A, BY)
v

~ colim[J'A, BE""] (by Theorem 3.10)

Notice that Q"QV = Q"™ because of our conventions on iterated loop spaces; see
section 2.3.2. To finish the proof, we need to compare the function A™*" with:

ﬂmgv . [JVA’B:S\'-HH] N [J‘H’IA’B:S\H-Hm]

Let ¢y @ IV X I™ > I" X I” be the commutativity isomorphism; c,,, induces an
isomorphism (¢, ,)* : B7™" — B,**". It is straightforward to verify that the following
squares commute:

md”

[JVA’ B‘;Ewm] [JVHA, B?\H—Hm]

(Cvm)” T = = T (Crs1m)

[JVA, B‘.Emﬂr] L [JV+1A, B?mﬂw—l]

These squares assemble into a morphism of diagrams that, upon taking colimit in v,
induces the desired isomorphism 7,2 (A, B) = colim,[J"A, BS™]. O

Remark 4.12. 1t follows from [4, Theorem 4.4] that Garkusha’s matrix-unstable alge-
braic KK-theory category D(Fp1) is equivalent to a triangulated category of algebras
with Hom-sets given by

colim[J"A, BZ"].

This requires a heavy machinery of homotopy theory. It is posible to obtain the latter
description of D(sp1) using different methods, in the style of Cuntz-Meyer-Rosenberg
[2, Chapter 6]. Theorem 3.10 then provides [J"A, B;E "] with the group structure needed
to make sense of the signs that appear when defining the composition rule; see [2,
Lemmas 6.29 and 6.30]. We will develop this idea further in a future paper.
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