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ABSTRACT. In the present paper we extend the theory of sheaves on
moment graphs due to Braden-MacPherson and Fiebig to the con-
text of an arbitrary oriented equivariant cohomology h (e.g. to alge-
braic cobordism). We introduce and investigate structure h-sheaves
on double moment graphs to describe equivariant oriented cohomol-
ogy of products of flag varieties. We show that in the case of a total
flag variety X of Dynkin type A the space of global sections of the
double structure h-sheaf also describes the endomorphism ring of the
equivariant h-motive of X.
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1 INTRODUCTION

In [GKM] Goresky, Kottwitz and MacPherson showed that equivariant coho-
mology of varieties equipped with an action of a torus T can be completely
described by a certain graph. We refer to [GIKM] for the precise assump-
tions and examples. We only observe that for varieties with a finite number
of isolated T-fixed points and 1-dimensional orbits (e.g. for flag varieties and
Schubert varieties) this graph arises as a 1-skeleton of the T-action: vertices are
the fixed points and edges are closures of 1-dimensional orbits. Since the torus
acts on a l-dimensional orbit via a character (which is uniquely defined up to
a sign and which corresponds to a chosen orientation of the orbit closure), one
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can label edges of the graph by the corresponding characters. The resulting
labelled graph is called the moment graph.

In the subsequent works hypotheses on the T-action have been relaxed
[GHZ, GHO04, Gol4] and the moment graph techniques have been applied to
other cohomology theories [Br07, Ro03, VV03, Kr12, GR13]. If the T-variety
admits a stratification by T-invariant cells, then the inclusion relation of cells
induces an orientation of the edges. In [BMP] Braden and MacPherson showed
that the information contained in this oriented moment graph is also suffi-
cient to compute the (equivariant) intersection cohomology. To do this they
introduced the theory of sheaves on moment graphs. This important concept
motivated a series of papers by Fiebig, where he developed and axiomatized
sheaves on moment graphs and exploited Braden-MacPherson’s construction to
attack various representation theoretical problems (see, for example, [Fil1]).
Let G be a split semisimple linear algebraic group over a field of characteristic
zero containing a maximal torus 7. In the present paper, we propose a theory
of moment graphs and sheaves on it adapted to any G-equivariant generalized
cohomology theory he (e.g. equivariant Chow ring [T099], equivariant K-theory
or equivariant algebraic cobordism [[TM13]). The sheaves we deal with, which
we call oriented cohomology sheaves or h-sheaves, are constituted by collections
of modules and maps of modules over the equivariant coefficient ring he(pt),
satisfying certain conditions which are imposed by the graph data. The previ-
ously considered sheaves on moment graphs are hence obtained as the special
case in which G =T and h is the Chow theory.

Let P be a standard parabolic subgroup of G containing 7. We first look
at the classical parabolic moment graph G of the projective homogeneous
variety G/P (see Example 4.3) and associate to it the structure h-sheaf OF
(see Example 6.4). The main result of [CZ72] says that the space of global
sections T'(OF) of the structure h-sheaf OF describes the T-equivariant oriented
cohomology hr(G/P). We then generalize it as follows:

Given two standard parabolic subgroups P and @, we introduce a double mo-
ment graph @G (Definition 4.5), and its associated structure h-sheaf YO
(Example 6.5). Suppose G acts diagonally on the product X = G/Q x G/P.
Consider the induced action of the Weyl group W on the T-equivariant coho-
mology hr(X) (see Section 3) and let hr(X)" be the invariant subring. Our
main result (Theorem 6.8) then says

(A) hp (X)W =T(OF)"We, where Wy, is the Weyl group of the Levi-part of
Q;

(B) hr(X)W C T'(QOP), where the equality holds if the double moment graph
QRGP is closed (see Definition 4.12).

The invariant subring hr(X)"W is related to the G-equivariant cohomology via

the forgetful map hg(X) — hy(X)"W which has been recently studied in the
context of motivic decompositions of (generic) flag varieties [CMOG], [PS16],
[NPSZ], [CNZ]. Observe that in all these studies the cohomology rings were
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described using the Schubert basis (classes of orbit closures). In the present
paper we describe it for the first time using the basis of the space of global sec-
tions (localization basis). We believe that such a new description leads to better
understanding of cohomology and equivariant motives of flag varieties (see e.g.
the subsequent paper [[.Z18] where this basis is used to study cohomology of
folded root systems).

As for the latter, consider the category of G-equivariant h-motives (see [GV 18,
§2] and [PS16] for definitions and basic properties). Let M be its full additive
subcategory generated by motives of G/P for all standard parabolic subgroups
P of G. The morphisms in M are given by classes in hg(X) and their com-
position is given by the so called correspondence product. The forgetful map
induces a functor from Mg to the category of W-invariant equivariant mo-
tives MY, Our main result then implies that the global sections T'(OF)We
and I'(YOPF) of the respective structure sheaves describe the Hom-spaces be-
tween W-invariant equivariant motives [G/Q] and [G/P] (see Section 7).

In particular, it allows us (i) to interpret the correspondence product in MY in
moment graphs terms (Proposition 7.7); and (ii) to realize the endomorphism
ring of the W-invariant equivariant motive of the total flag variety of type A as
the space of global sections of the structure h-sheaf on the total double moment
graph (Corollary 7.5).

The paper is organized as follows. In section 2 we recall basic facts concern-
ing equivariant oriented cohomology and its coefficient rings; we sketch the
algebraic construction of the equivariant cohomology of a flag variety. In the
next section 3 we study cohomology of the products of flag varieties; using the
Kiinneth isomorphism we describe its W-invariants in terms of duals of the
formal affine Demazure algebras. Section 4 is dedicated to (parabolic, double)
moment graphs and its combinatorics; we discuss W-action on moment graphs
and its closure. In section 5 we describe closed double moment graphs for all
classical Dynkin types and the type G2 (we put all the technical details and
proofs for type B in the appendix). In section 6 we introduce structure sheaves
and its global sections; we state and prove our main result (Theorem 6.8). In
the last section 7 we discuss applications to equivariant motives.
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2 PRELIMINARIES

Formal group laws. Let R be a commutative ring. Following [LMO07, p.4]
consider a one-dimensional commutative formal group law F' over R that is
a power series in two variables @ +p y = F(x,y) € R[[z,y]] which satisfies
r4+rpy=y+rr,x+p0=xand (z+rpy)+rz=24+r (y+r z). It can be
written as

r+rpy=x+y-+ Z aijxiyj, for some coefficients a;; € R.
i,j>0

There is the formal inverse —px that is the power series in one variable satis-
fying x +r (—px) = 0. The polynomial ring in variables a;;’s modulo relations
imposed by commutativity and associativity gives the so called Lazard ring L.
There is the universal formal group law Fy; over IL together with the evaluation
map Fy — F (given by evaluating the coefficients).

EXAMPLE 2.1. Basic examples of formal group laws (f.g.l.) are

e The additive f.g.l. x +rpy = x4+ y over R = Z with Fy — F given by
a;; — 0 and —pz = —x [LMO7, 1.1.4).

e The multiplicative f.g.l. x+py = x+y—Bay over R = Z[5] with Fy — F
given by a1 — =03, a;; — 0 for all 4,7 > 1 and —px = sz—l' If g is
invertible and R = Z[3*'], then the respective F is called multiplicative
periodic [LM07, 1.1.5].

Equivariant cohomology theories. We fix a base field k of characteristic 0.
Let G be a split semisimple (not necessarily simply-connected) linear algebraic
group over k. Given an algebraic oriented cohomology theory h in the sense
of [LMO7] one constructs the associated G-equivariant oriented cohomology
theory as follows [HM13, §5]:

Consider a system of G-representations V; and its open subsets U; C V; such
that

e G acts freely on U; and the quotient U; /G exists as a scheme over k,
o Vi1 =V, & W, for some representation W;,

o U; CU W, CU;jt1, and U; & W; — U;41 is an open inclusion, and
e codim (V; \ U;) strictly increases.

Such a system is called a good system of representations of G.
Let X be a smooth G-variety. Following [[TM13, §3 and §5] the inverse limit
induced by pull-backs

limh(X xCUy), X x9U; = (X x,Uy)/G,
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does not depend on the choice of the system (V;,U;) and, hence, defines the
G-equivariant oriented cohomology hg(X).

The key property of h and, hence, of hg is that it has characteristic classes
which satisfy the Quillen formula for the tensor product of line bundles [LMO07,
Lemma 1.1.3]. Namely,

A (L1 ® La) = F(c}(L1), ¢} (L)),

where ¢y is the first characteristic class in the theory h, £; is a line bundle over
some variety X and F' is a f.g.]. Hence, given h one associates the f.g.1. F' over
the coefficient ring R = h(pt) (here pt = Spec k). Conversely, given F over R
one defines

h(—):=Q(-) ®L R,

where € is the universal oriented theory (algebraic cobordism of Levine-Morel)
over the Lazard ring Q(pt) = L. Observe that all such theories satisfy the
localization sequence

h(Z) = h(X) — h(U) — 0,
where U is open in X and Z = X \ U has the reduced subscheme structure.

ExamMpLE 2.2. The Chow theory h = CH corresponds to the additive f.g.l.
over R = 7Z [LMO07, Ex.1.1.4] and CHg is the G-equivariant Chow theory in
the sense of Totaro [To99, EGIS].

Following [[.M07, Ex.1.1.5] consider the graded Grothendieck K°

K°(X)[8+'] = K°(X) @z Z[6*],

where 3 is a formal variable (here we assign deg 8 = —1 and dega = 0 for all
r € K°(X)). Then K°(X)[8*!] is an oriented theory in the sense of [LLM07]
which corresponds to the multiplicative periodic f.g.l. over R = Z[g*!]. If
we set 8 = 1, then the Z-graded version of K9 is the direct sum of copies of
the usual K°(X) with each copy assigned the respective degree. Then Kg(X )
is the Z-graded version of the equivariant K-theory obtained using the Borel
construction.

ExampLE 2.3. If F is the f.g.l. of an elliptic curve, then it was shown in
(72717, Rem.4.3] that the associated oriented cohomology theory he is a stalk
at the origin of the equivariant elliptic cohomology constructed by Ginzburg-
Kapranov-Vasserot [GIXV].

EXAMPLE 2.4. The G-equivariant algebraic cobordism ¢ constructed in
[[TM13] corresponds to a universal f.g.l. Fyy over the Lazard ring L.

Equivariant coefficient rings. Let T be a split maximal torus of G and let T*
be its character group.
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Suppose F' is not a polynomial. Following [CPZ, §2] consider a completion
R[[zx]]xer+ of the polynomial ring R[x|xer+ in variables x) with respect to
the kernel of the augmentation map z) — 0. Set

S = R[z]]xer-/J

where J is the closure of the ideal of relations g = 0 and zxy, = T\ +F T,
for all A\, € T*. The ring S is called the formal group algebra associated
to G and F. According to [C7Z72, §3], the R-algebra S is the completion of
the T-equivariant coefficient ring hr(pt) along the kernel of the forgetful map
hT(pt) — R, ie.

S ~ hr(pt)".

Under this identification xy is the first characteristic class ¢§(L£y) of the as-
sociated T-equivariant line bundle £y over pt. For simplicity, we will always
deal with the so called Chern-complete theories (see [CZZ2, Definition 2.2] and
[CZ72, Remark 2.3]), hence, assuming that hp(pt)" = hy(pt).

Suppose F' is a polynomial, which is exactly the case for the additive and
multiplicative periodic f.g.l. Then we set S = R[zx]aer=/J. It is well-known
that S ~ hr(pt).

ExampLE 2.5. For the additive f.g.l., i.e., for the Chow theory, if G = PGLs,
then S = Z[a] where « is a simple root. If G = SLg, then S = Z[w] where w is
a fundamental weight (o = 2w).

EXAMPLE 2.6. For the multiplicative periodic f.g.l. (see e.g. [CPZ, 2.20]),
i.e. for KO(—)[8*!], the ring S is the group ring R[T*], R = Z[3*'] (here we
identify ) with 871(1 —e™")). For instance, if G = SLs, then S = R[t*1],
where ¢ = e¥.

We fix a Borel subgroup B of G containing T and, hence, the root system ¥ of
G, the decomposition ¥ = X+ IT ¥~ into positive and negative roots and the
Weyl group W. We recall computations (which is essentially an extension of
the arguments by Kostant-Kumar [KI<&86, KI<90]) of the equivariant oriented
cohomology ring hy(G/B) of the complete flag variety. Our main source is
[CZ72]. All the details and proofs can be either found in [CZZ2] or in the
related works [[IMSZ] and [CZZ].

For all these computations to work we need to assume that S is X-regular in the
sense of [CZ7Z, Definition 4.4]. In particular, this holds if 2 is a non-zero divisor
in R or if the root datum of G does not contain an irreducible component of
type C.

The complete flag variety case. The Weyl group W acts on the group of char-
acters T and, hence, on the equivariant coefficient ring S = hr(pt). Following
[C7Z72, 85] we define the twisted group algebra Sy as the free left S-module

Sw =S5S®gr R[W]
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So each element of Sy can be written as a S-linear combination Zw cw QuOw,
where {d, }wew is the standard basis of the group ring, ¢, € S are coefficients
and the multiplication on Sy satisfies the twisted commuting relation

w(q)0w = 0wq, q€S.

Consider the complete flag variety G/B. The S-linear dual S}, can be identified
with the T-equivariant oriented cohomology of the T-fixed point set of G/B
(€772, 86], i.e.,

Sty = Homg(Sw, S) = Hom(W, S) =~ hr((G/B)") = Guwewhr (ptu).

Observe that S§;, is a commutative ring where the product is given by the usual
pointwise multiplication of functions W — S.

Let Q = S[i, a € Y] denote the localization of S at all x,’s (i.e. at all char-
acteristic classes }(L,)) and let Qw = Q @ R[W] be the respective twisted
group algebra. Following [HMSZ, §6] we define the formal affine Demazure
algebra Dp to be the subalgebra of Qs generated by elements of S C Qw and
by the so-called push-pull (or Demazure) elements

Y, = Lla_ + %_55“ for all simple roots ;.

The constant part of D, i.e. the subalgebra generated only by Y;’s over R,
will be denoted by Dp.

EXAMPLE 2.7. (cf. [HIMSZ, Prop.7.1]) For the Chow theory, Dp (resp. Dp) is
the nil-Coxeter (resp. affine nil-Hecke) algebra. For the Grothendieck K°, Dp
(resp. D) is the (affine) 0-Hecke algebra.

According to [CZZ2, Thm.8.2] there is a ring isomorphism hp(G/B) ~ Dy
between the T-equivariant oriented cohomology and the S-dual of Dp. The

natural inclusion n: Sy — Dp induces the inclusion *: Dy — S7;, which is
the restriction to the T-fixed point locus hy(G/B) < hr((G/B)T).

The Borel description. The algebra Qw acts on its dual Q3 = Homg(Qw, Q)
by means of the Hecke action

q6w @ pfs =pow (@) fow-1, P.qEQ,

where f, is the standard dual basis (i.e., dual to d,,) for the @-module Q7. It
restricts to the action of the algebra Dr C Qw on the dual D} C Qf, where
the elements Y; acts as the classical push-pull operators

Yi o —: hT(G/B) — hT(G/R) — hT(G/B),

for the minimal parabolic subgroup P; corresponding to the simple root «.
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The equivariant characteristic map [CZZ1, Def. 6.8] ¢: Q — Qf, defined by
q + gel restrictsto c: S — D% = hp(G/B). By definition, ¢ is a W-equivariant
R-algebra homomorphism given by c(q) = >, cy w(q) fu. Consider the map

p: S®gw S — hr(G/B), (s,8)—s-c(s).

Then by [CZZ2, Thm.10.2] the map p is an isomorphism (called the Borel
isomorphism) if and only if the usual characteristic map ¢: S — h(G/B) is
surjective.

REMARK 2.8. Observe that the Borel isomorphism holds if the ring of coeffi-
cients R contains Q or if h = Ky and G is simply-connected [St75]. For Chow
groups with Z-coefficients it fails in general (e.g. for any simple group of type
B, n>2).

The parabolic case. Let P be a parabolic subgroup of G and let G/P be the
respective projective homogeneous variety. Let Wp denote the Weyl group of
the Levi-part of P. The above constructions can be extended to describe the T-
equivariant oriented cohomology hr(G/P) as follows (see [CZZ2, pp.126-128]).
We first define Dp p to be the image of Dy under the composite Dp — Qw —
Qw/wp, where Quw/w, is a free Q-module spanned by elements d5 correspond-
ing to cosets w € W/Wp. Observe that Dp p is not a ring but only a free left
S-module. We set D% p, = Homg(Dp p,S). The product on (Qf, descends to
the product on D% p (see [(772, §11]) and turns it into an algebra. The canon-
ical map D}, p — D% induced by the projection Qw — Qwyw, is injective,
moreover, its image can be identified with the Wp-invariant subring via the
Hecke action ‘e’.

Finally, there are ring isomorphisms (see [CZ72, Thm. 8.11 and Thm. 9.1])

hr(G/P) ~ (D})"? ~ D} p.

The restriction to the T-fixed point locus hy(G/P) — hr((G/P)T) is then
induced by Sw/w, — Dpp. The Borel map p restricts to Wp-invariants as
well and turns into [CZZ2, Lemma 11.1]

pp: S@SW SWP —>hT(G/P)

Therefore, if R contains Q we can identify hr(G/P) with S ®@gw SW7.

3 EQUIVARIANT ORIENTED COHOMOLOGY OF THE PRODUCTS

We now fix two parabolic subgroups P and @ of G and denote by Wp (resp.
Wq) the Weyl groups of the Levi part of P (resp. Q).

Our first goal is to describe the cohomology of the product he(G/Q x G/P) as
a direct sum spanned by classes (of desingularizations) of orbits parametrized
by double cosets Wo\W/Wp (see Lemma 3.2). Note that for Chow theory
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(even for Chow motives) this was done in [CMOG, Thm. 16]; for an arbitrary
hg and P = @ = B this is [NPSZ, Example 3.6]. We also show that this direct
sum decomposition is compatible with the forgetful map (Corollary 3.4) and
with the geometric action of W (Corollary 3.6). Finally, using the Kiinneth
isomorphism of [NPSZ] and the algebraic W-action of [LZZ] we describe the W-
invariants of the cohomology of the product as Wg-invariants of the cohomology
of G/P (Proposition 3.9).

Orbit stratification. We follow [CMO0G, §2-5]. Consider diagonal action of G
on the product X = G/Q x G/P. The G-orbits are parametrized by double
cosets Wo\W/Wp: the orbit O, corresponding to a minimal double coset
representative u is the orbit of the pair (Q,uPu~'). The closure O, contains
O, for another minimal double coset representative v if and only if v < w in the
Bruhat order on W. For each orbit O, there is a G-equivariant affine fibration
of rank I(u) (see [CMOG, Prop.11])

bu: Oy ~G/(QNuPu~t) = G/P,,

where P, = Runip(Q) - (Q NuPu™!) is a standard parabolic subgroup. So
X has the G-equivariant stratification of [CMO6, Prop.13] by closures of the
orbits O, with the base consisting of flag varieties {G /P, },cowr, where W7
denotes the set of minimal double coset representatives.

Relatively cellular filtrations Given u € QWYL let u = Siy Siy - - - Si, be its re-
duced expression (written as a product of simple reflections) and let P; denote
the minimal parabolic subgroup corresponding to s;. Then the image of the
projection on the first and the last factors (c.f. [NPSZ, (8)])

Ou=G/B xgp, G/B xgp, %...xG/B—G/BxG/B—G/QxG/P

coincides with the closure O,. Therefore it gives a G-equivariant resolution of
singularities of O,,. Combining it with the orbit stratification we obtain that X
satisfies the following slight modification of [NPSZ, Definition 3.2] (cf. [EIM,

§66)):

(1) there is a filtration by proper closed G-subvarieties X,, = O,,, u € SWF
(inclusions correspond to the Bruhat order ‘<’)

(2) each O, = X, \ Uy<cu Xy is a G-equivariant affine fibration over Y, =
G/ P, of rank I(u), and

(3) each X, admits a G-equivariant resolution of singularities X, = Oy; we
set gu: Xy — Xy = X and hence [X,] := gu«(15 ) € hg(X) (the image

of the fundamental class of X, under the induced push-forward map).

Similar to [EKM, §66] we call such X a relatively G-equivariant cellular space
over the base {Y,}.

DOCUMENTA MATHEMATICA 24 (2019) 563-608



572  ROSTISLAV DEVYATOV, MARTINA LANINI, KIRILL ZAINOULLINE

REMARK 3.1. A difference from [NPSZ, 3.2] is that in (2) instead of a fixed
base S we are allowed to have several base varieties Y,. Observe also that for
h = CH conditions (1) and (2) are precisely those of [CMO6, Prop.13].

Cohomology decomposition. We follow the arguments of [[FIXM, §66] for the
variety X = G/Q x G/P, X, = Oy, U, = O,, Y, = G/P,, and Y, = O, (the
minimal closed orbit). Let I, C U, x Y, be the graph of the fibration ¢,, let
T, denote its closure in X, X Y,,. Consider the composite

2 CH(Y,) ™5 CH(X, x Ya) ~25 CH(X, x Ya) ™5 CH(X.) — CH(X),

where the maps py and px are projections, the second map is the multiplication
by the class of ', and the last map is the push-forward induced by the closed
embedding X, — X. By definition a,(1y,) = [X,]. Then [EKM, Thm. 66.2]
says that the sum @, a, gives the direct sum decomposition

P CH(Y.)[X.] S CH(X).

ueQRWPr

(Note also that this decomposition is exactly the one of [CMO0G, Thm.16] ob-
tained by taking realizations of the respective Chow motives.)

To extend it to an arbitrary h we replace X, and T by the respective desin-
gularizations X, and I, outside of U, (cf. the proof of [NZ06, Thm. 4.4]) so
that there is a commutative diagram

X x Yy) —>hX x Yy)

T*l

h(Y,) ———=h(U,)

Consider the respective composite

du: 1(Y,) B (X, x Yy,) 5 b(X, x V) ¥ n(X).
We have G,(ly,) = [X,] and by the same arguments as in [NPSZ, Exam-
ple 2.3] we conclude that @®,a, is an isomorphism, hence, it gives a direct sum
decomposition of h(pt)-modules

@ n()Xu] S n(X).

ueQLWPr

Since all the maps and desingularizations are G-equivariant, repeating the ar-
guments of [NPSZ, Example 3.6] we obtain the G-equivariant version of this
decomposition:

DOCUMENTA MATHEMATICA 24 (2019) 563-608



SHEAVES ON DOUBLE MOMENT GRAPHS 573

LEMMA 3.2. There is a direct sum decomposition of ha(pt)-modules

P 1e(G/P)[OL] 5 1a(G/Q x G/P).

ueQWr

In other words, any element = € hg(G/Q x G/P) can be written uniquely as

T = Z 2,[0.),  where z, € ha(G/P,).
ueRW?r

EXAMPLE 3.3. If P = B (resp. Q = B), then P, = B for all u and the orbit
stratification of G/Q x G/P coincides with the relative cellular stratification
induced by projections G/Q x G/P onto G/P (resp. G/Q). In other words,
the base of this stratification is Y, = G/B and the respective cohomology
ha(G/Q x G/P) is a free S-module:

P 10, 5 na(G/Q x G/P).

ueQLWPr

Restricting to T-varieties Given a G-variety X let hgp(X) denote the image
of the forgetful map hg(X) — hp(X). Observe that hgp(X) is a subring of
the T-equivariant cohomology hp(X).

For X = G/Q x G/P the forgetful map hg(X) — hy(X) is induced by re-
stricting the coefficients hg(G/P,) — hp(G/P,) in the above decomposition.
Hence, we obtain:

COROLLARY 3.4. There is a direct sum decomposition of he|r(pt)-modules
P nror(G/P)OL] S her(G/Q x G/ P).
ueQWPr

REMARK 3.5. Observe that the forgetful maps hg(G/P,) — hrp(G/P,) and
hence hg(X) — hp(X) are not necessarily injective (see the discussion in
[CNZ]).

However, if either P = B or () = B then the forgetful map

S =hg(G/P,) = hr(G/P,) =hr(G/B)
is injective, hence, so is hg(X) — hy(X). So we obtain
ha(G/Q x G/B) = hair(G/Q x G/B), ha(G/Bx G/P) = hgip(G/Bx G/ P).

Finally, there are examples (see [(NZ]) of G, P # B and @ # B such that
maps hg(G/P,) — hr(G/P,) are injective for all u € ®WT and, therefore, we
have hg(G/Q x G/P) = hgr(G/Q x G/P).

We now study the W-action on the cohomology of the product.
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Geometric W-action. For an arbitrary (left) G-variety X there is a natural
(left) action of W on hp(X). It can be realized by pull-backs induced by a
right action of W on each step of the Borel construction

VxT'X=VxX/(v,z)~ (vt,t 7 z), teT

given by
(v,2)T - oT = (vo,0'2)T, o€ Ng(T)

where V' is a contractible space taken to have a right G-action.

By definition the forgetful map he(X) — hr(X) factors through the invariants
hy (X)W, Hence, hg7(X) is a subring of hp(X)".

Since the orbit stratification of X = G/Q x G/P is W-equivariant we obtain:

COROLLARY 3.6. There is a direct sum decomposition of SW-modules

P b (G/P)Y[0.] S nr(G/Q x G/P)Y.

ueQLWPr

Observe that since hg 7 (pt) is of finite index in hy(pt)"V, her(G/Q x G/P) is
a subgroup of finite index in hr(G/Q x G/P)".

Algebraic W-action. Following [.Z7, §3] we introduce another Qw action on
Qy by

(p5w) © (va) = pw(Q)fwvv p,q € Q,w,v €W,
where f, is the standard basis (i.e., dual to d,,) for Q-module Qj,. This
action restricts to an action of Dp on D}. Moreover, the respective action by
0w € Dp gives the action by w € W on the cohomology D% = hp(G/B), i.e.,
the geometric W-action on hp(G/B) is given by the ®-action.

REMARK 3.7. The ®-action appeared in the context of Chow groups and K-
theory in the works by Tymoczko, Brion, Peterson, Knutson and others.

So we have two different actions on D¥.: the ®-action (the left action) and the
Hecke e-action (the right action). There are two commutative diagrams [LLZ7,
Lemma 3.7]

S @gw § —L= D%, S @gw S —2= D%,
(z~_)®1l \Lz@- 1®(z-_)l lzo_
S @gw S —L= Dy, S @gw § —L= Dy,

where p is the Borel map and z € Sy acts on S by the usual left multiplication.
The ®-action restrict to the parabolic case [[.Z7, Lemma 3.11], i.e., Dr (and
hence W) acts on D%, p via

(p(sw) © (qfﬁ) = pw(‘])fma p,q e Qawav € Wa
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and T denotes the respective coset in W/Wp.
We know that hr(G/P) ~ D}, p = (Dj)"? ~ hr(G/B)"V* (invariants under
the right e-action of Wp). We claim that

LEMMA 3.8. There is a ring isomorphism
Homp, (D} . Df, p) = oD} p = o (DF)""

where the ring structure on the left is given by the point-wise multiplication and
the invariants are taken with respect to the left ©-action of Wo.

Proof. By [LZ7, Theorem 3.12] any D p-equivariant (w.r.t. ®-action) morphism
¢ is uniquely determined by its value ¢([ptq]) € D}, p at the class [ptq] = xq fe
of the T-fixed point, where 2 =[] cx- Za/ HaEEé Zq. Since Wy fixes [pto],

it also fixes ¢([ptg]). Hence, we obtain the inclusion

HomDF (D;‘,QaD;‘,P) — WQD},P? ¢ = (b([th])

Moreover, it is a ring homomorphism as ¢¢’'([ptg]) = &([pto])d ([ptg]) for
D p-equivariant morphisms ¢ and ¢’.

Observe that there is an isomorphism Homg,, (Q*V‘V/WQ , Q;‘,V/WP) =We Q*W/Wp
for localizations. Hence, given an element z € V@ Dy p < Yo @z, ywp there is

the corresponding v € Homg,, (Q}},/WQ , Q;V/WP), U(fz) = x. Define
o(z) = 1/1(%56 02), z€D%g.

Then ¢ is Dp-equivariant (as the ®-action and the e-action commute by [[.77,
Lemma 3.4.(1)]) and ¢([ptg]) = . 0

Kinneth isomorphism. Since both G/Q and G/P are T-equivariant cellular
spaces over pt, by [NPSZ, §3] there is a Kiinneth isomorphism

hr(G/Q x G/P) ~ Homg (hr(G/Q),hr(G/P)), (1)
which sends a € hr(G/Q x G/P) to a.(z) = pg«(a - pp(x)), where pp, pg are

the respective projections G/Q x G/P — G/P,G/Q. Since the projections are
W-equivariant, we obtain

ax(wzr) = pq. (a- pp(w)) = po. (ww™'a - wpp(z)) = w((w™ a).(z)).
Hence, the Kiinneth isomorphism restricts to
hT(G/Q X G/P)W ~ HomW_equiV(hT(G/Q),hT(G/P)).

Since the left hand side can be identified with Homp, (D} g, D% p), by
Lemma 3.8 we obtain
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PROPOSITION 3.9. There is a ring isomorphism
hr(G/Q x G/P)W ~nr(G/P)"e.

EXAMPLE 3.10. In the case of Borel isomorphism (e.g. if R contains Q), we
have hr(G/P)V = SWr_ hp(G/Q)W = S™e and

hr(G/Q x G/P)V ~ SWe @ qw SV,

4  DOUBLE MOMENT GRAPHS

Consider a root system X with a set of simple roots © = {ay,...,a,} and a
set of positive roots X T. Let W be the Coxeter group generated by the simple
reflections s,,. Given two subsets Op, Og C © we denote by Xp, ¥ the re-
spective root subsystems and by Wp and Wq the respective Coxeter subgroups.
We denote by W the set of minimal length double coset representatives of
Wo\W/Wp. If Og = 0 (resp. ©p = (), then Wy (resp. Wp) is trivial and
we denote by WT (resp. by ®W) the set of minimal left (resp. right) coset
representatives of W/Wp (resp. Wo\W).

The Bruhat order ‘<’ on W restricts to ®W¥ which we can hence consider as
a poset itself. Given u € QW7 consider the subset ©, = O¢g Nu(X}) and the
respective Coxeter subgroup W, generated by ©,. It can be shown (though
not needed) that W, = Wg N uWpu~t. Denote by W¢ the set of minimal
length coset representatives of Wg /W,,.

We will extensively use the following fact (Double Parabolic Decomposition,
see, for example, [Cu85]):

An element y of a double coset Wo\W/Wp can be uniquely written
as y = wuv, where u € QWP w e Wg and v € Wp.

In particular, any element of W can be uniquely written as wu, where u €
QWP and w € Wg. Given w € W we denote by w (resp. @) the minimal
length coset representative of w in W% (resp. in CW7).
We will also use the following definition of a moment graph that can be found
by now in several papers, see, for example, [BMP, Fi0g].

DEFINITION 4.1. The data G = ((V,<),l: E — %) is called a moment graph
if

(MG1) V is a set of vertices together with a partial order ‘<’, i.e., we are
given a poset (V, <).

(MG2) F is a set of directed edges labelled by positive roots ¥ via the
label function [, i.e., E C V x V with and edge (z,y) € E denoted
x — y and labelled by l[(x — y) € ¥7.

(MG3) For any edge © — y € E, we have <y, © # y, i.e., direction of
edges respects the partial order.

DOCUMENTA MATHEMATICA 24 (2019) 563-608



SHEAVES ON DOUBLE MOMENT GRAPHS 577

A moment graph G’ = ((V’,<),l: E' — X7T) is called a moment subgraph of G
if (V’,<) is a subposet of (V,<), E' C E and I': E/ — YT is the restriction
of . Observe that (MG2) and (MG3) imply that the graph does not have
multiple edges or self-loops: (MG2) disallows several edges between the same
two vertices in the same direction, and (MG3) disallows pairs of edges between
two vertices in the opposite directions and self-loops. Also, (MG3) implies that
G has no directed cycles. Note also that the direction of edges in G is uniquely
determined by the partial order ‘<.

EXAMPLE 4.2. Consider the usual Bruhat poset (W, <). The data
V=W, E:={w—sqw|w<sow,a € T} and I(w — s,w) ==«

define a moment graph. Observe that the transitive closure of E gives the
Bruhat order and E contains all cover relations of the Bruhat order.

EXAMPLE 4.3. Given a subset ©p of the set of simple roots ©, consider the
Bruhat subposet (W, <).The data

V:WP,E:{w%saw|w§saw,w7&saw,a€E+}, l(w— 350) =«

define a moment graph called the parabolic moment graph (associated to P)
and denoted by GF. Again the transitive closure of E gives the Bruhat order
‘<’ on WP,

To show that GT has a well-defined label function (i.e. (MG2) holds) we follow
[St05]. Let g be a real vector space with an inner product (-, -) that contains
3. Choose a dominant # € Xg such that Wp is a stabilizer group of . The
poset (WF, <) can be identified with the poset (W0, <), via w — w6 (see [St05,
Prop. 1.1]), where the partial order on the orbit W is defined by taking the
transitive closure of the relations

i < sa(p) for all « € X7 such that (u, ) > 0.

Now suppose w — Sqw, w — 5w € E are such that s;w = Szw for a, B € X7,
w € WF. Then s,(u) = sp(p), where = w6 < s,(), which implies that
a = (. In other words, the label « is uniquely determined by the representative

S .

As the next example shows the definition of G¥ can not be directly extended
to double cosets

ExaMPLE 4.4. Consider the symmetric group W = S3 generated by simple
reflections s1, so corresponding to simple roots aq, as. Let Wo = Wp = (s1).
So we have ®W 7 = {e, so}. Similar to the parabolic case consider the directed
graph given by

V =W?F and E={u— 5.0 |u<squ, U#5sqt, acX}

Since 52¢ = Sa,+a,€ = S2, an edge e — s then has to be labelled by two
different positive roots as and oy + as.
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To avoid this problem, among all labels corresponding to u — 5,u we simply
choose one. This leads to the following key definition

DEFINITION 4.5. Given subsets ©p, ©g of the set of simple roots ©, the
moment graph on the poset (YW <) with edges

OEP = {u—/ |3 et =551, u < spu, u#u'}

and labels obtained by choosing a unique a € X for each edge u — 5,1 is
called the (P, Q)-double moment graph and denoted by “G”. When the subsets
Op and O¢ are clear from the context we will simply say a double moment
graph.

In other words, we have

QB = {u— v = $i(u_suryu, where [(u — u') is the chosen label}.

Though it depends on choices of the labels I(u — u") we will show that in most
of the cases this choice is made only up to an action of Wy, i.e., all multiple
labels belong to the same Wg-orbit and all labels in the Wg-orbit can appear.
To formalize the latter we introduce the following

DEFINITION 4.6. Let G = ((V,<),l: E — XT) be a moment graph. Suppose a
subgroup H of the Weyl group W acts on the set V.
We say that G is H-closed if

(MGE) Forallwe Handz -y € E

o if w(i(z — y)) € LT, then w(z) — w(y) € E and l(w(z) — w(y)) =
w(l(z — y)),

o if w(l(x — y)) € X7, then w(y) = w(x) € E and l(w(y) = w(z)) =
—w(l(x — y)).

Note that a W-closed moment graph is not a W-moment graph in the sense of
[FT.15, Def. 4.2].

LEMMA 4.7. The parabolic moment graph G* of Example 4.3 is W-closed, where
W acts on WF by w(v) = wo, ve WP,

Proof. Suppose y = 3, with x < 9y, T # 7, and a € £, then y = s,22,
z € Wp and we have

’LU(y) = W(Sa.’L'Z) = Sw(a)w(‘r)'
Since T < 7, we have z(0) = p < so(p) = y(0) in W0, ie., (1) > 0. Then
(10) = (w(u), w(a)) > O which mplies that w(z)(8) = w(u) < Suayw(i) =
w(y)(0) if w(a) € BT and w(p) > sy@)w(p) if w(a) € X7, O

We then introduce the notion of the H-closure of a subgraph.
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DEFINITION 4.8. Let G = ((V,<),l: E — X7) be an H-closed moment graph
with H € W. Let ¢’ = ((V/,<),l: E' — X7) be a subgraph of G. By the
H-closure of G’ we call the subgraph of G denoted by H(G') with vertices
{wz | w e H, x € V'} and the following edges

e y — z € E such that there exist x € V', v,w € H with y = w(z),
z =v(x),

o w(xz) = w(y) € F labelled by w(l(z — y)) for allz -y € £’ and w € H
with w(l(z — y)) € T,

e w(y) — w(x) € E labelled by —w(l(z — y)) for all z — y € E’ and
w € H with w(l(z —y)) € ¥

Roughly speaking, H(G') is the smallest H-closed subgraph in G containing G’
and all edges of G inside the H-orbits of V.

Consider a double moment graph @GP of Definition 4.5. Since each minimal
double coset representative is also a minimal left coset representative, the dou-
ble moment graph can be naturally viewed as a subgraph G’ of G with

V= U {ua Sl(u%u’)u} and B’ = {’u — Si(u—u’)U | u—u e QEP}

u—u'€EREFP
and the same labels I(u — u').

DEFINITION 4.9. The Wg-closure of G’ in G¥ is called the closure of ¥G¥ and
is denoted by (?GF).

REMARK 4.10. By definition, a double moment graph ®G* and hence its closure
(?G") depends on a choice of labels. So for two double moment graphs ¥GF
and ng with the same sets of vertices and edges but with different choices of
labels, it is possible that (YGF) # (2GF) in GT.

To compute the closure (YGF) we will use the following

LEMMA 4.11. Each edge of G¥ is either of the form wu — vu, where w,v € W,
and u € WY, or it can be obtained by applying an element of Wgq to an edge
of the form u — Squ, where u € WY and 5,1 # u.

Proof. Let 6 € Xg be a dominant vector with stabilizer Wp. Following [St05,
81B] consider the subposet of W

W) ={peWo | (ua) >0foral ac 25}

It is isomorphic to the Bruhat subposet (YW, <) via the evaluation map
w — wh [St05, Prop.1.5].

Consider an edge  — y in G¥ labelled by o € X, Suppose T # 7, then < 3
by [BB05, Prop.2.5.1]. By parabolic decomposition, we have z = wu, where
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w e W4 and u € QWP Hence, it corresponds to a vector w(u) € W6, where
p=u(f) € (W0)q. Similarly, y = 557 corresponds to a vector sqw(pu) in W6.
So we have w(u) < sqw(u) that is (w(p),a) = (g, w=(a)) > 0.

Suppose w~!(a) € ¥7F, then the edge x — y is obtained from the edge

v=wlr > wly= 5w 1(a)ll

labelled by w™"(a) by applying w € W (here i < syy-1(qyp in W0).
If w™'(e) € £, then 1 > s,-1(q)p which contradicts < 7. O

We are now ready to introduce another key notion:

DEFINITION 4.12. The double moment graph @G¥ is called closed if (QQP> =
gr.

As a consequence of Lemma 4.11 and its proof we obtain
COROLLARY 4.13. The following are equivalent

1. For every p € (W0)q and for every two outgoing edges 1 — Sqpt and
w — s such that sgp € Wosap, but sap, s ¢ Wop, there exists
w € Wq such that wp = p and § = w(a) (in other words, w(p — sqp) =

[t SgL).

2. For every u € WY and o, B € T such that u < 5,0 = 554, there exists
w € Wq such that u ="wu and sg = Sy (q)-

3. A double moment graph ®GF is closed.

4. Every double moment graph with the same vertices and edges as @G (but
possibly different labels) is closed.

Proof. The equivalence (1) <= (2) follows as p = u(6).

(2) = (4): If (2) holds, then any edge u — 3gu in G¥ can be obtained by
applying some w € Wy to the edge u — Sau € E’. Hence, by Lemma 4.11,
any edge of G can be obtained by applying some w € Wq to an edge from E.
(4) = (3) is obvious.

(3) = (2): Suppose @G” is closed and let u — 5,u € E’ be the respective
edge in G’ then any edge u — sgu in G’ with 5,u = s5u can be obtained by
applying some w € Wg to u — 551. O

EXAMPLE 4.14. Observe that if ©¢ = ) then the double moment graph @GF
coincides with the parabolic graph G.

Suppose ©p = @) so that Wp is trivial. Then G coincides with the moment
graph G for W and the double moment graph ®G” corresponds to a subgraph
G’ of G obtained by choosing minimal right coset representatives u € QW as
vertices.

If u < 5,0 = 5510, u € W, a,8 € &+ where ¥ is the minimal coset represen-
tative of Wgw, then Jw € Wg such that sou = wsgu. Hence, sqos5 = w € Wg
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which implies that either both s, s3 € Wg or w = 1. Since u # 5,0 = Sgu,
we conclude that w = 1 and s, = sg. Lemma 4.11 then implies that the
Wg-closure of G’ coincides with G.

Therefore, if Op = () or O = (), then any double moment graph ?G” is closed.

EXAMPLE 4.15. If ©p = O, then Wp = W, and # = 0. So G contains only
one vertex 0, and no edges.

If ©g = O, we have Wg = W. Observe that there is only one Wg-orbit in W,
and it is not possible to find p € W and o € 7 such that sop ¢ Wopu.

So by Corollary 4.13, if ©p = © or O¢g = O, then any double moment graph
QRGP is closed.

5 CLOSED DOUBLE MOMENT GRAPHS

Observe that our main result (Theorem 6.8.(B)) says that global sections of the
structure sheaf on the closed double moment graph ®G? describe equivariant
cohomology of the product G/Q x G/P. In the present section we provide
necessary and sufficient conditions for ®G¥ to be closed for all root systems %
of classical Dynkin types and of type Gs.

We first look at simply-laced cases.

TYPE A. Let ¥ be the subspace of R*™1 n > 1 for which the coordinates
sum to zero. The Weyl group W = S,;1 acts on R"*! by permutations of
coordinates. We fix a set of simple roots © = {ay,...,an}.

Consider the vector = u(0) € W0, where 0 is dominant with the stabilizer
Wp and u € QWF. The subgroup Wg acts on a vector p = (Z1,...,%n+1)
by permutations of coordinates in each of the tuples 79 = (z1,...,2%,), 71 =
(Thoy 41y s Thy)s ooy Tr = (Thyg1s -+ Tng1), Where © \ O = {ag,, ..., .}
Consider an edge in the double moment graph connecting u and 5,u (here we
assume n > 2). Suppose u < s,u = sgu for some «, 3 € L1, Let s, = (i'j'),
i’ < j'. Since so(u) # w, we have x; # xj. Since S,u # u, the coordinates

zy and xj belong to different tuples, respectively. Similarly, if sg = (i"5"),

i" < j”, then the coordinates x;» # x;» belong to different tuples. Since
Squ = Sgu and the action by Wy preserves the numbers of equal coordinates
in each tuple, the coordinates x;/, x;» (resp. x;, x;~) belong to the same tuple
7; (resp. 7j, i # j), therefore, zy = z;» and x; = ).

Now set w = (i'i"”)(j’4") to be the product of two commuting transpositions.
Then, w € Wg stabilizes 1 and sg = Sy,(o) and by 4.13 we obtain

PROPOSITION 5.1. In type A, any double moment graph @G¥ is closed.

TypPE D. We realize a root system of type D as the subset of vectors in R,
n>4

Y={t(eit+e5),tlei—ej) |i#j,i,5=1,...,n},
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where e, ..., e, are the standard basis vectors. We fix a set of simple roots
O={a1=€e1 —€2,...,ap_1=€n_1 —€n,Qp =€n_1+en}.

The Weyl group W acts by permutations and even sign changes, i.e., reflections
are given either by usual transpositions or by signed transpositions

(’ij)leil—>€j, € > € (Z_j) €; = —€j5, € > —¢€;.

Consider the vector p = u(0) € W6, where 0 is dominant with stabilizer Wp
and u € YW, Suppose 5,1 = 55u > u for some a, 3 € %+
Suppose oy, ¢ ©¢. Then Wy is a subgroup of the symmetric group S, acting

by permutations on {ey,...,e,}. Hence, as in type A, it acts on a vector p =
(21, ...,25) by permutations of coordinates in each of the tuples (21, ..., 2k, ),

(Thoy 41y s Thy)s oy (Thpg1s -+, ), where O\ (O U{an}) = {ak,, ..., .}
We have the following cases for the reflection su:

(1) Let sq = ('), ' < j'. Asin type A, the coordinates z;; and x; belong
to different tuples and x; # x.

—

(2) Let sq = (i'5'), ¢/ < j'. Since sq(p) # i, we have z;; # —xj and

(a) zy and z; belong to different tuples.

(b) xi and xj belong to the same tuple.

11

And we have similar cases (1), (2a) or (2b) for sg = (i"’j”) or (i”,;"). Since
Sou = Sgu and the action by Wy preserves the numbers of equal coordinates
in each tuple, sg corresponds to the same case as s, and it interchanges coor-
dinates (changes sign) between the same tuples as s,, therefore, x; = x;» and
xj = x;~ (in the case (2b) we may permute ¢ and j”). Taking w = (¢'i")(j'5")
as before we obtain that w € Wy, stabilizes p and sg = sy(a)-

Suppose a1, € Og. The subgroup Wy acts on the vector pp = (x1,...,zp)

by permutations of coordinates in the first r tuples (z1,...,2%,),
(Thy 41y sTha )y vy (Thyp_y+1,---5 2k, ), and by permutations and even sign
changes on the last tuple 7 = (zg,41,...,%n), where O\ Og = {ag,, ..., ax, }.
We have the following cases for the reflection su:

(1) Let s = (i'5"), ' < j'. As before, z; # x; and z;, z;; belong to
different tuples. We then have two subcases
(a) ;s does not belong to 7.

(b) xj belongs to .
(2) Let s, = m, i’ < j'. We have x; # —xj and
(a) zy and x; belong to different tuples and z;; does not belong to 7.

(b) x; and xj belong to different tuples and x; belongs to 7.
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(c) xy and xj belong to the same tuple which is not 7.

And we have similar cases for sg = (i"j”) or (i”, j"”). Observe that if both s,
and sg correspond to the same case, then they interchange coordinates (signs)
between the same tuples, hence, we can take the same w as before.

Since S,u = Sgu and the action by Wy preserves the numbers of equal co-
ordinates in the first r tuples, s, and sg either both correspond to the case
(1a), or they both correspond to the case (2a), or they both correspond to the
remaining cases. Hence, we reduce to the situation when s,, sg correspond to
different cases among (1b), (2b) or (2¢).

Suppose s, corresponds to (1b) and sg corresponds to (2b), then we can take

w = (i'7")(3'4") which is in Wy, stabilizes p and 8 = w(c).

Suppose s, corresponds either to (1b) or (2b) and sg corresponds to (2c).
Without loss of generality we may assume x;» = 0, which implies z; = ;v =
—xj # 0 for (1b) and =y = v = xj # 0 for (2b). If 7 does not have
zeros as coordinates, then s, () and sg(p) belong to different Wg-orbits, a
contradiction. Therefore, 7 must contain a zero coordinate.

Observe that s, and sg are not Wg-conjugate (if they are conjugate by an
element of Wg, then j’, j” have to be in the same tuple as well as i’, i").
Moreover, if 7 contains a zero coordinate and z;» = 0, zy =z = —x5 # 0

(resp. zjv = 0, xy = xiw = xy # 0), then (i'5")(u) (resp. (i'5)(n)) and
(”,7)(p) belong to the same Wy-orbit but are not Wy-conjugate. Moreover,
if z; > 0 (it is always possible to take p so that this is true), then p < (i'5)(u)

(vesp. < (3)()) and < (i, 57) (1).
Summarizing we obtain the following

PROPOSITION 5.2. In type D, a double moment graph ©G¥ is not closed if and
only if both ©' = Op,O¢ satisfy

() an_1,0, € 0" and (ii) © # {os, a5i1,...,an} for any s <n — 1.

Proof. If condition (i) for ©¢ holds, then the tuple 7 above contains at least
two coordinates. Condition (ii) for ©¢ says that some other tuple contains
at least two coordinates, so the case (2c) above may appear. Condition (i)
for ©p is equivalent to the condition that u has at least two zero coordinates.
Permuting coordinates we may assume that one zero coordinate belongs to the
last tuple 7 and another one belongs to a different tuple 7. Condition (ii) for
Op means that p contains two non-zero coordinates such that one belongs to
7 and another one to 7’. O

The techniques used to treat non-simply laced cases is very similar, though
requires more computations in type B. We refer to the Appendix for all the
details. Below we only state the final results.
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TypPE B. We realize a root system of type B as a subset of vectors in R",
n>2
Y= {i(el +ej)’j:(ei - €j),j:€i | { 7& j’ ’La.j = 1) DR 7”})

where e, ..., e, are the standard basis vectors. We fix a set of simple roots
O={ar1=e1—e€2,...,0h1 =€p_1 —€p, 0y =€}

and its subsets ©p and Oq.
The Weyl group W acts by permutations and sign changes, and the reflections
are given by usual transpositions, by signed transpositions, and by sign changes

(’Lj) € €5, €j € (Z_j) € — —€j, €5 > —€;, (’L) €;— —€;.

The dominant weights are the points whose coordinates are nonnegative inte-
gers and form a non-increasing sequence.

EXAMPLE 5.3. For the Weyl group W = (51 = (12), 52 = (E)} of type Bs set
O©p = {az} and ©¢g = {a1}. Then

P
W = {6751,52817518281}-

Set 6 = e; = a1 + a9 to be the dominant vector with stabilizer Wp. Then in
terms of the W-orbit of § we get

WP = {(1’ 0)) (Oa 1)) (Oa _1)3 (_13 0)}
As for double cosets we obtain W = {e, s251} = {(1,0), (0, —1)}. We have

Sei+ey — 525182 = 5251 and Se; = S15281 = S2851.
Observe that the roots e; and e; 4 es belong to different W-orbits.

PROPOSITION 5.4. In type B, a double moment graph @G* is closed if and only
if one of the following is satisfied

o There exist numbers p and q (1 < p,q <n) such that Op = {ap, ..., an},
O¢ ={ag,...,an}.

e a, ¢ Op and o, ¢ Og.
e Lither ©p or ©g coincides with O.
o Lither ©p or Og is empty.

REMARK 5.5. In other words, in type B, a double moment graph ?G¥ is closed
if and only if one of the following is satisfied

e Both Op and O are subsystems of type B (for this we need to specify
that only the subsystem generated by a, is called a subsystem of type
Bj, while the subsystem generated by any other simple root alone is not
called a subsystem of type By).
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e Both ©p and ©¢ do not contain a type B subsystem, keeping in mind
the same remark about subsystems of type Bj.

e Lither ©p or O¢ coincides with ©.

e Lither ©p or Og is empty.

TypPE C. The root system of type C), is dual to the root system of type B,,.
This duality induces a bijection between the roots systems and an isomorphism
between the respective Weyl groups which identifies simple roots/reflections
and preserves their numbering. Moreover, it identifies the reflection along a
root a with the reflection along a multiple of «, i.e., with the same reflection;
the bijection between the root systems is equivariant under the Weyl group
action.

Condition 1 of Corollary 4.13 is stated only in terms of the Weyl group, its sub-
groups generated by some simple reflections, its action on the ambient space
of the root system and on the root system itself, and of reflections along in-
dividual roots. Therefore, by Corollary 4.13, Proposition 5.4 can be stated in
exactly the same way for type C:

PROPOSITION 5.6. In type C, a double moment graph GF is closed if and only
if one of the following is satisfied

o There exist numbers p and q (1 <p,q <mn) such that ©Op = {ap, ..., an},
O¢ ={ag,...,an}.

e a, ¢ Op and o, ¢ Og.

e [Lither ©p or Og coincides with O.

e [Lither ©p or Og is empty. O

TYPE G2. The root system of type G5 can be constructed as the union of
two root systems of type As, one of which is obtained from the other one by
stretching v/3 times and by rotating by 7/6. The following remark follows
directly from this construction and the fact that the angles between roots in
As are all possible multiples of /3.

REMARK 5.7. For each root o € ¥ there exists a root § € X orthogonal to «,
and the length of § is different from the length of a. O

There are two simple roots, one short (denote it by ;) and one long (denote
it by az). The angle between them is 57/6. The Weyl group consists of
all reflections along the roots and of rotations by multiples of 7/3. Tt acts
transitively on all long roots and (separately) on all short roots.

PROPOSITION 5.8. In type G, the double moment graph @G is closed if and
only if one of the following is satisfied
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e [Lither ©p or Og coincides with O,
o [Lither ©p or Og is empty.

Proof. If ©p or ©¢ coincides with © or is empty, then it follows from Exam-
ple 4.14 and Example 4.15.

Suppose that neither © p nor ©¢ coincides with ©, and that neither © p nor ©¢
is empty. This means that each of the systems © p and O contains exactly one
simple root. Denote these simple roots by 7 and 4§, respectively, i.e. Op = {7}
and @Q = {5}

By Remark 5.7, there exists a root orthogonal to «, denote it temporarily by +’.
Then —~' is also a root orthogonal to . Also denote the simple root different
from « by 4”. Then the angles between " and ++" are 7/3 and 27/3 (in some
order), and without loss of generality we may assume that the angle between ~/
and " is 7/3. Then +' is a dominant weight. The only simple root orthogonal
to 7/ is 7, so we can set § = 7/, and the stabilizer of 6 will be exactly Wp. The
orbit W6 consists of all roots of the same length as 6.

By Remark 5.7 again, there exists a root orthogonal to ¢, denote it by o. By a
similar argument, without loss of generality, « is also a dominant weight, and
then it is also a positive root.

The orbit W6 contains at most two roots proportional to é and at most two
roots orthogonal to §. (Moreover, in fact, it cannot contain both roots pro-
portional to § and roots orthogonal to J, because these roots have different
lengths.) In total, there are 6 roots in W, so we can take u € W6 that is not
orthogonal to ¢ and is not a multiple of §. Again, without loss of generality, p
is a positive root. Denote also 5 = pu.

We are going to use Corollary 4.13. First, note that s, and ss are two com-
muting reflections since a and § are orthogonal. Moreover, their composition
is the rotation by =, i.e. the change of sign. In particular, sssau = —u. But
we have set 5 = 1, 50 Sgpt = — 1 = 5554 /t, and sgp € Wgsqfi.

Second, the orbit Wgopu consists of two roots: g and ssp. These two roots are
different since we chose p so that it is not orthogonal to 4. In other words,
ssp — p is a nonzero multiple of §. Similarly, p is not a multiple of d, so u is
not orthogonal to . Therefore, 1 and s, p are two different roots, and s, — p
is a nonzero multiple of a.

Therefore, we cannot have sou = ssu. Indeed, otherwise sopu — g would be
equal to ssu — p, and « and § are orthogonal, a contradiction.

S0, Sapt # [, Sapt # Ssp, and squ ¢ Wou. Therefore, Wosap and Wou are
two different We-orbits, and sqp, sgu ¢ Wopu. Finally, o and 0 are orthogonal,
so for every w € Wg we have w(«) = «, and it is impossible to find w € Wy
such that w(a) = f. Clearly, (u,5) > 0 since p = . Also, (u, @) > 0 since
w1 is not orthogonal to a, p is a positive root and « is a dominant weight. By

Corollary 4.13, the closure of a double moment graph G’ cannot coincide
with GF. O
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6 GLOBAL SECTIONS OF STRUCTURE SHEAVES

In the present section we describe W-invariants of the T-equivariant cohomol-
ogy of the product hy(G/Q x G/P) as modules of global sections of structure
sheaves on moment graphs.

Oriented cohomology sheaves. Let G be a split semisimple linear algebraic
group over k, let T be its split maximal torus. Let hg(—) (resp. hr(—)) be a
G-equivariant (resp. T-equivariant) algebraic oriented cohomology theory. We
assume that hp(pt) is naturally a hg(pt)-module via the forgetful map. Let
Y =Xt I3~ D O be the associated root datum and let G = ((V,<),1: E —
Y1) be a moment graph. Observe that any character \: T — G,,, corresponds
to a T-equivariant line bundle £ over pt and, hence, it gives the characteristic
class (L)) € hr(pt).

We extend the notion of a moment graph sheaf of [BMP] as follows

DEFINITION 6.1. An h-sheaf F on the moment graph G is given by the data

({F, {fx%y}, {px,x%ya py,x%y})v

where for all z € V and for all x -y € E
(SH1) F* is an hg(pt)-module,
(SH2) F*7¥ is an hy(pt)-module such that ¢} (L)) - F*7Y = (0),

(SH3) the maps pg sy F* — F*7Y and py py: FY — F*7Y are ho-
momorphisms of he (pt)-modules.

EXAMPLE 6.2. Let h(—) = CH(—; Q) be the Chow theory with rational coef-
ficients. Then hp(pt) is the polynomial ring in simple roots over Q denoted
simply by S (cf. Example 2.5). The Weyl group W of G acts naturally on S.
Its subring of invariants S can be identified with hg(pt). The following data
define a CH(—; Q)-sheaf on the parabolic moment graph G of Example 4.3:

(SH1) F* =8, for all x € WF,
(SH2) F*7¥ =S/aS forallz - y=75,7 € F and o € ¥7,
(SH3) pu,z—y = Py,a—y is simply the quotient map S — S/asS.

This sheaf is called sheaf of rings in [BMP], and structure sheaf in [Fi08] and
subsequent papers.

EXAMPLE 6.3. Let h(—) = K°(—)[8*!], 8 = 1 be the K-theory. Then hr(pt) is
the group ring Z = Z[T™*] of the characters of T' (cf. Example 2.6). Its subring
of invariants Z" can be identified with hg(pt). Each character A defines the
first characteristic class ¢t (£y) = 1—e~*. The following data define a K°-sheaf
on GF:
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(SH1) F* = Z, forallz € WF,
(SH2) F*7Y =Z/(1—e ¥ Z forallz -y =5, € K and o € BT,
(SH3) puz—y = Py,a—y is simply the quotient map Z — Z/(1 —e™)Z.

EXAMPLE 6.4. More generally, for an arbitrary oriented cohomology theory h
the following data define an h-sheaf F on Gr:
for all w € WT and for all u — v € E we set

(SH1) F* =S, where S = hr(pt)",
(SHQ) Fu—v = S/:L'l(u_w)s,
(SH3) pu,u—sv = Pvu—sv to be the quotient map S — S/x;(y—v)S;

Similar to Example 6.2 we call such F the (parabolic) structure h-sheaf on G¥
and denote it by OF.

EXAMPLE 6.5. In the notation of Section 4 consider a double moment graph
Q@GP = (WP, <),1: 9B - ut)

for G, P and Q. The following data define an h-sheaf F on @G*:
for all w € YW?F and for all u — v’ € QEF we set

(SH1) F* = SW« where S = hr(pt)" and W, corresponds to ©,,
(SH2) Fuow = S/Clll(‘cl(uau/))‘s’a
(SH3) As for the maps py y—w and py u—. we set

Puu—u = canot and Py y—sy = cano,, where

can: S — S/A(Lyy—w))S is the canonical quotient map,

t: SWu <3 S is the canonical inclusion, and

tw: S™ < S is a twisted inclusion s + w(s) corresponding to
the element w € Wg uniquely determined by the double parabolic
decomposition §(y—.,/)u = wu'v, v € Wp.

We call such F a (double) structure h-sheaf and denote it YOF.

The following is a natural generalization to our setting of the module of local
sections of a moment graph sheaf from [BMP, §1.3].

DEFINITION 6.6. Let I be a subset of V', the module of local sections of an
h-sheaf F on a moment graph G is defined as

P F) = {<mm> eI 7| Prg i) = presali) }

iyt Ve —wyeFE, x,yel
We write I'(F) for the module of global sections I'(V, F) of the h-sheaf F.
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EXAMPLE 6.7. From the main result of [[KIX&0] it follows that
L(O") = CHr (G/P; Q),

where OF is the parabolic structure CH(—; Q)-sheaf. From [IXI<90] it follows
that
L(0") =~ K7(G/P),

where OF is the parabolic structure Ky-sheaf. For an arbitrary h we have
[CZZ, Thm. 11.9]
L(OF) ~hr(G/P).

Our main result is the following

THEOREM 6.8. Let G be a split semisimple linear algebraic group over a field
of characteristic 0. Let P, @ be standard parabolic subgroups containing a split
maximal torus T. Let W be the Weyl group. Let hg(—) be an oriented equiv-
ariant cohomology theory in the sense of [HNM13]. Let S be the T-equivariant
coefficient ring hr(pt) which is S-regular in the sense of [CZ7]. Let ®GT be
the double moment graph with the (double) structure h-sheaf @O .

Then the ring of W -invariants hr(G/Q x G/P)V is isomorphic to

WQR _ b»U c SWU (
Wp {( ) @ (il) bs=z = Sa(by) for all s € Wao

veW?r

i) by — bszw € 258 for all 55 ew,} n

and it is also isomorphic to

Cy — w(cy) € oS
QAP .= { (cy) € @ SWul for all a € ¥, w € Wy (B)
weQWP 5. t. u € squu'Wp

where the product structure is given by the coordinate-wise multiplication.
Moreover, AT C T(ROT), where the equality holds if G is closed.

Proof. (A) By Proposition 3.9 we have hy(G/Q x G/P)V ~ hp(G/P)Ve.
Using [CZZ, Theorem 11.9], we can identify hp(G/P) with the following S-
subalgebra of S, W

Ry, = {(bv) € @ S| by — bszw € 238, Vsp ¢ Uval} *)
veW?r

Observe that the divisibility does not depend on a choice of representative
of the coset s,v as there are no multiple edges in the respective (parabolic)
moment graph.

The group W acts on Q7 via the ®-action given by

W ® by fiy = w(by) fuw or, equivalently, w ® (by) = (w(by-1,)).
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This induces an action of W on Sj;, W via w®b, f,, = w(b, ) fwz which restricts
to an action on Ry, C Sy .-

Now, (by) € Rw, is Wg-invariant if and only if for all & € ©¢ and for all
v € WP we have s, ® (by) = (5a(bs=5)) = (by). In other words, 5,0 = v and

bsa_v = Sa(bv), Vsq € WQ, (**)

Observe that 5,0 = v if and only if s, € vWpv™! <= a € 0, = Og N U(EJIS).
The latter implies that

by = bs— = sa(by), Ya € O, hence, b, € SV".

Combining (*) and (**) we prove the isomorphism (A).

(B) Observe that « is uniquely determined by the class of w modulo W, i.e.,
if u € sqwu'Wp and u € sgw'v/Wp, where w and w’ belong to the same coset
in Wo /Wy, then oo = 3.

We define a map

b QAT = P S Ylew) = (wlew))wu, w € WS
veW?r

This map is clearly an injective homomorphism of S"W-algebras, so if we show
that its image is W Ry, we are done.

Let v = wu € WF be a parabolic decomposition. Since s,v = sqwu, Sq € Wa
is in the same double coset as v, 5,0 = w'u is the parabolic decomposition of
SaU, where w’ is the minimal representative of the coset of sqw in Wgo/W,.
We then have by = w'(¢y) = sa(w(cy)) = Sa(by). In other words, the image
of 1 is Wg-invariant, i.e. (ii) holds.

Consider parabolic decompositions v = wu and 550 = w'v/, where u,u’ €
QWP w is a minimal representative in Wg /W, and w’ is a minimal rep-
resentative in Wg/Wy. Then b, = w(cu), bszg = w'(cyw) and the con-
dition (i) becomes equivalent to w(c,) — w'(cy) € x5S and, hence, to
cu —w ' (ey) € Ty-1(5)S. Since w'u’'z = sgv = sgwu for some z € Wp,
we obtain u = w™sgw'u'z = s,-1(5w w'u'z. Substituting w™w by w we
obtain the condition on (c,) in the definition of A", Hence, (i) holds.

We have shown that Im(¢)) € We Ry,

Vice versa, given an element (b,),c P, one can obtain an element in YA” by
projecting onto the W -components: Set ¢, = w™!(b,), where v = wu is the
parabolic decomposition. If u,u’ € CWF, w € Wg, and a € 7 are such that
u € sqwu'Wp, then ¢, — w(cy) = ¢y — Cww € TS (since ¢,y € SV we may
assume wu' € QW) and so (¢ )ycawr € CAY.

Finally, by Example 6.5 and Definition 6.6 the global sections I'(¥G") can be
identified with

Cu — w(ey) € x5S
(cu) € @ SWul  for all u — u' € QET | where o = I(u — u')
UEQRTWP and w € W5 is determined by s,u € wu'Wp.
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By (B) QA is a submodule of T'(?GF). If 2G* is closed, then by Lemma 4.11

any edge v LA 550 of the parabolic moment graph G¥ is obtained from some
edge u — 351, u € *WF, « = I(u — 5,u) by applying an element w of Wg.
The divisibility condition b, — bs;u € 23S of (A) then can be rewritten as

buu — by ywa = w(bu) — w(bszw) € Tuw(a)S-

So it is redundant with respect to b, — bz € oS or to ¢, — w(cy ) € 45,
with v/ = 551, u € sqwu'Wp. Hence, AT =T(9GF). O

EXAMPLE 6.9. Let G = SL3 and let P, and P, denote the two parabolic
subgroups

* % % * ok %
P = * % % , Py = 0 * x
0 0 =« 0 * x

Let s1 = (12), s2 = (23) be the two simple reflections of W = S35 corresponding
to the two parabolic subgroups above. Let h = CH be the Chow theory. We
then have S := Z[e1,es] (the polynomial ring in two variables with integer
coefficients).

The minimal length representatives for S3/(s1) are {e, s2, $1$2} and the moment
graph description of CHp(SLs/Py) is

— S — S
{('Z65282525182) eSeoSeS | TR B e S }

Ze — Zsysy € (a1 + 2)S

Here 5152 = 54, (a1 +as)52, Where sz + ag) = ;.
The action of S3 on CHp(SLs/Py) is determined by

81((26, 2525 25152)) - (Sl(ze)v Sl(zslSz)a 81(2’52)), (2)

$2((%e;s 252, Zs152)) = (82(2s5), 52(2e), 52(25,55))- (3)
By equation (2), an element (z., 2zs,, 2s,5,) € CHp(SL3/Py) is sp-invariant if
and only if
Ze = Sl(ze)a Zsg = Sl(z8152)'
(The third condition z4, s, = $1(2s,) is clearly redundant). We deduce that
'CHr(SLs/P) =
{(ze, 2550 51(25,)) €S B S DB S | 2¢ — 25, € A28, ze — 51(25,) € (a1 + 2)5)}.

We notice that the second congruence is equivalent to the first one, since z, €
S*1 and s1(@2) = a1 + ao. Thus we have an isomorphism of S*!-modules:

SLCHy(SLs/P1) =2 {(2e,25,) € S @S | ze — 25, € a2 S}.
This description is encoded in the double moment graph:
e 22 s,.
We notice that {(1,1), (az(a1 + az2),0), (0,az2)} is a basis for **CHyp(SLs/P)

as a free S®'-module.
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EXAMPLE 6.10. Equation (3) tells us that (ze, 2s,, 2s,s,) € CHp(SLs/Py) is
so-invariant if and only if

Zsy = 82(2¢)  and  zg s, = S2(Zsys5),s
from which, reasoning as in the previous case, we get
2CHr(SLs/P1) = {(2e, 2s155) €S B S| ze — 2555, € (a1 + 2)S}.

Such a space is an S*2-module with a basis {(1, 1), (a1 +as,0), (0, a1 (1 +a2))}.
The corresponding double moment graph is then

@1+

e — S81892.

7 CORRESPONDENCE PRODUCT AND EQUIVARIANT MOTIVES

In the present section we interpret the correspondence product in the category
of equivariant h-motives in moment graph terms (see Proposition 7.7). In
particular, we show that endomorphisms of the equivariant motive of the total
flag variety of type A can be identified with global sections of the structure
h-sheaf on the total double moment graph (see Corollary 7.5).

Correspondence product. The hg(pt)-module hg(G/BxG/B) can be endowed
with another product structure the so called correspondence product. Namely,
given f,g € hq(G/B x G/B) we set

fog:=priz«(prio(f) - pr3s(9)),

where pr; ;: (G/B)? — (G/B)? are projections to the respective components
and pr*, pr, denote the induced pull-backs and push-forwards in the theory
h. Since G/B x G/B is a G-equivariant cellular space over G/B (via the orbit
stratification), and hg(G/B) = hr(pt) = hr(G/B)W, we have

h¢(G/B x G/B) =hgr(G/B x G/B) = hy(G/B x G/B)Y

as hg(pt)-modules. Following the notation of Theorem 6.8.(B) we denote the
latter by BAZ. By [NPSZ, Theorem 6.2] the ring AP with respect to the
correspondence product ‘o’ is a (non-commutative) ring isomorphic to Dp.
Moreover, by the Kiinneth isomorphism (1) it is also isomorphic to the endo-
morphism ring Endp,. (D%) of Dp-modules (w.r. to the ®-action).

More generally, given parabolic subgroups P, @, H of G there is the hg(pt)-
bilinear map

0:hg(G/Q x G/P)®@ha(G/P x G/H) = ha(G/Q x G/H),
defined by the correspondence product

(¢,9) = Yo =prou«(prp () - pro p(d)),
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where prg p: G/QxG/PxG/H — G/QxG/P is the corresponding projection.
As the projections are W-equivariant, it restricts to the W-invariants and,
hence, it induces the S"-bilinear pairing

QAP @ PAH 5 QAR where AT =17 (G/Q x G/P)W.

Equivariant motives Let M denote the full additive subcategory of the cat-
egory of G-equivariant h-motives generated by the motives of varieties G/ P for
all parabolic P (we refer to [GV18, §2] for definitions and basic properties of
this category). Recall only that morphisms in this category are cohomology
groups he (X xY'), where G acts diagonally on the product of smooth projective
G-varieties X and Y and the composition is given by the correspondence prod-
uct. Following [CN7, NPSZ] let Mg denote the full additive subcategory of
the respective category of relative equivariant h-motives, where the morphisms
are given by images hg (X x Y) of forgetful maps. Similarly, let oMY denote
the category of W-invariant equivariant motives with morphisms hy (X x Y)W
(observe that the correspondence product on My is W-equivariant).

By the Kiinneth isomorphism (1) the category MY is equivalent to the full
additive subcategory of Dp-modules (equivalently, of Sy-modules) generated
by D7}, p for all parabolics P. There are induced functors

M 7 My T omyy
defined on morphisms by
he(G/Q x G/P) = hgr(G/Q x G/P) < hr(G/Q x G/P)V = @AF
so the functor F3 is faithful by definition.

REMARK 7.1. All these functors become equivalences if R contains Q or if the
torsion index of G is 1 or if G is simply-connected and h = K.

REMARK 7.2. For some theories h (e.g. for CH and K)) induced maps on endo-
morphisms rings have nilpotent kernels (this is essentially the Rost nilpotence
theorem for h discussed in [CM06, GV18]). So there is a lifting of idempotents
with respect to 7. In other words, if Endp,. (D% p) = AP has no idempotents,
then the G-equivariant h-motive of G/ P is indecomposable.

REMARK 7.3. For the Chow theory CH(—;Z/pZ), p is a prime, and some
groups G (e.g. see [Vi07] for PGL,), the functor F; is an equivalence. The
latter is closely related to surjectivity of the map CH(BG) — CH(BT)W.
Indeed, if these maps are surjective for Levi-parts of all parabolic subgroups of
G, including G itself, then F5 is an equivalence.

DEFINITION 7.4. Consider the total flag variety X = IIpG/P (the disjoint
union is taken over all parabolic subgroups). Consider the direct sum O =
@prQOP of double structure h-sheaves supported on the respective double
moment graphs (see Example 6.5). We call O the total double structure h-
sheaf of the group G.
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Suppose G is of type A. Then any double moment graph ®G* for G is closed by
Proposition 5.1. As an immediate consequence of Theorem 6.8.(B) the module
of global sections can be identified with

[(0) = @pl(P07) = Pbr(G/Q x G/P)Y.
P,Q

Moreover, the correspondence product turns I'(O) into a (non-commutative)
ring which is isomorphic to the endomorphism ring of the W-invariant equiv-
ariant motive of the total flag X, i.e., we obtain

COROLLARY 7.5. If G is of type A, then (I'(O),0) ~ Endgyw ([X]).

EXAMPLE 7.6. Suppose h = CH(—; Q). Then hr(G/Q x G/P)"V ~ SWe @gw
SWr is a free S"-module of rank 7(Q, P) = |2W7F|. Therefore,

(hT(G/Q X G/P)W, O) ~ MT(Qﬁp)(SW) and

['(O) is isomorphic to the ring of r x r matrices over SV, where r =

Z(Q,p)T(Q,P)-

Product of global sections. Given ¢ € YA” and ¢ € PAY so that ¢ and )
are global sections of the respective double structure sheaves 2OF and YO,
we associate a new element 1) o ¢ € YAH given by the correspondence product
which is a global section of the respective double structure sheaf YO, We
describe this product explicitly (in terms of the standard localization basis) as
follows:

First, we extend the arguments of [CNZ, §8] (where the case P = @ was
considered) to describe the Q-module Homg,, (Q7;, W Qw W ). We denote by
{fv} the standard bases of the free Q-modules Q7 W and Qyy, W indexed by
the respective minimal coset representatives. Since w® f, = fz for any w € W,
the Qw-module Q*W/WQ is generated by f.. Therefore, any homomorphism
fb € HomQW(Q*W/WQ,Q*W/WP) is uniquely determined by its value on f, that
is

¢(fe) = (bv) = Z bvaa b, € Q

veWP

Similarly, ¢ € Homg,, (Q3 /WP,Q% /WH) is also determined by its value at f..
Let

Q/J(fe) = (Cu) = Z Cufu; Cy € Qa

ueWH

hence, we have (¢ and ¢ are Qw-equivariant)

Yod(f) =v( D> bufo)= Y btb(fo)= Y butp(vO fo) =

veW?P veW?P veWr
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Do bwod(f))= > b > v(e) fom

veEWP veEWP ueWH

Summarizing, we obtain the following

PROPOSITION 7.7. The correspondence product (in terms of the standard local-
ization basis) (aw) = (cy) o (by) s given by

Z byv(cy) = @y, for all we wh.
{veWP weWH | su=w}

Observe that tensoring with ) induces an embedding
br(G/Q x G/P)" = Homp, (D}, D}, p) < Homqy, (Qiywy» Qiv/w, )-

We now investigate its image. Recall that (cf. the proof of Lemma 3.8) D}, 5 is a
D p-module generated by the class of a point [ptg] = zq f. € Sy, W Therefore,
any ¢ = (by) € Homp, (D% o, DF p) is determined by its value on [ptg]. On
the other hand, ¢([ptq]) belongs to D} p as an element of Sy, . C Qyy yy,, if
it satisfies the criteria (i) of Theorem 6.8(A). Moreover, since ¢ is Qu-linear,
it has to satisfy

w o ¢(fe) = ¢(w © fe) = (b(fﬁ) = ¢(fe)

for all w € Wg, which translates as

we Y bfo= > wb)fav= Y buf, forallwe Wp.

veW?P veWP veEWP

Observe that the latter gives the condition (ii) of Theorem 6.8(A). In other
words, (ii) guarantees that (b,) defines a Qw-equivariant homomorphism

Qwyw, = Qwywy-
Combining these together we obtain
LEMMA 7.8. The element (global section of the localized double structure sheaf)
¢ € Homg,, (Q;V/WQ,Q;V/WP) comes from Homp, (D% o, D% p) if and only if
the coefficients b, € Q satisfy conditions

b, = zqby € S and () | (b, — be——) for all o ¢ Xp.

Su(a)'u

8 APPENDIX (TYPE B)

We fix subsets © p and O¢ of the set of simple roots © of the root system ¥ of
type B. We denote the coordinates of vectors in the vector space R™ containing
© by x1,...,x,. As for the types A and D, we denote O \ (Og U {a,}) =
{ag,,...,ax.}. If ap, € Og, then denote 7 = (zk, 41, .., %n), otherwise denote
the empty list of coordinates by 7. For simplicity of notation, denote kg = 0
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and k.1 = n. We refer to the tuple (zx,, 4+1,...,%k,.,), 0 <m <7, as to the
m-th tuple. Again we fix a dominant weight 6 with stabilizer Wp.

The Weyl group Wg acts on R™ by arbitrary permutations of coordinates in
each of the tuples

(zla"'vxkl); ($k1+17"'7$k2)7 ceey (xkr,1+1;---;1‘kr)7 (zkr+1;"'7$n)7

and by sign changes of any coordinate in the tuple 7.
For an arbitrary u € W, = (x1,...,2,), and a € ¥ such that sau ¢ Wop,
we will distinguish between the following cases:

(1) sq = (ij), @ < j. Then x;, z; belong to different tuples, z; # x,, and we
have two sub-cases:

(a) z; does not belong to 7.

(b) x; belongs to 7.

(2) sq = (ij), i < j. Then z; # —x; and we have three sub-cases:

(a) z; and x; belong to different tuples and x; does not belong to 7.
(b) x; and z; belong to different tuples and z; belongs to 7.

(¢) x; and z; belong to the same tuple, which is not 7.

(3) sa = (7), xy # 0, and 2, does not belong to 7.

DEFINITION 8.1. For an arbitary g € W, p = (x1,...,2,), a € Rand m € Z
(0 < m <r), we say that the number a has multiplicity ¢ in the m-th tuple of
p if the number a occurs exactly ¢ times among (2, +1; Tk 425 - - > Thypir )-
We say that a non-negative number a € R has unsigned multiplicity ¢ in the
tuple T of p if the numbers a and —a together occur exactly ¢ times among the
coordinates of p that belong to .

LEMMA 8.2. Suppose p, ' € W6. Then (€ Wou if and only if the following
two conditions hold:

e For each m (0 < m < r) such that the m-th tuple is not T and for each
a € R, the multiplicities of a in the m-th tuples of i and of 1’ coincide.

e For each non-negative a € R, the unsigned multiplicities of a in the tuple
7 of p and in the tuple 7 of ' coincide.

Proof. The multiplicities in the tuples other than 7 as well as the unsigned
multiplicities in 7 don’t change when we apply elements of Wg. On the other
hand, using the action of Wy we can make the sequence of coordinates in
each tuple increasing, moreover, all numbers in 7 can be made positive. If all
multiplicities in the tuples other than 7 of ;1 and 7 of 11/, as well as all unsigned
multiplicities in 7, coincide, then this procedure will bring them to the same
element of W. O
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DEFINITION 8.3. Let € WO. We say that the invariant description of u is
the function d,: {0,...,r} x R — Z>( defined by

the multiplicity of a in the m-th tuple of p,
if the mth tuple is not 7;
du(m,a) = ¢ the unsigned multiplicity of a in the m-th tuple of p,
if the m-th tuple is 7 and a > 0;
0, if the m-th tuple is 7 and a < 0.

COROLLARY 8.4. Suppose p, 1’ € WO. Then i/ € Wou if and only if their
imvariant descriptions coincide.

If the case (1) or the case (2) holds for x4 and «, we denote by i and j (i < j)

the indices such that s, = (ij) or so, = (ij), respectively. Suppose that x;
(resp. x;) belongs to the p-th (resp. g-th) tuple.

If the case (3) holds for x4 and «, we denote by i the index such that s, = (7)
and suppose that z; belongs to the p-th tuple.

Finally, we denote f =d,_ ., —d,.
LEMMA 8.5. Depending on the cases (1), (2), (3) for i and o we have
(1) (a) f(p,zj) = flg,z:) =1, f(p,wi) = f(g.2;5) = —1;
Lj

() flp,zj) = flg|z:l) =1, fp,z:) = fla,|2;]) = =1, if & # —xy;
(p,:cj) =1, f(p,SCz) =1, ifz; = —Ljs
(2) (a) f(p,—z;) = flg,—zi) =1, f(p,xi) = fg,z;) = —1;
(b) flp,—z;) = (q, |2]) =1, f(p,:ci) = f(g, |lz;]) = =1, if @ # zy;
(p’ x]) = (p’xl) -1, Zf‘rl =Ty
(c) f(p,—z;) = ( —z;) =1, f(p,xi) = f(px;) = =1, if i # j,
x; #0, x5 #0;
f(pa _:EZ = 2’ f(paxl = _2 fol = Zyj;
f(pv ):L f(pvxj)zfl; Zfzz#zj’zizo’ zj#o;
flp,—x:) =1, f(p,xi) = -1, if & #xj, x; #0, ; =0;

(
(3) f(pv 71‘1) - (pv xl)

and [ equals zero everywhere else.

Proof. The statement can be obtained by directly applying Definition 8.3 to
each of the cases (1)—(3). Let us check it in details for the case (1a), all other
cases are similar.

Recall that the case (la) for 4 and « means that s, = (ij), where i < j,
the coordinates x;, x; belong to different tuples, x; does not belong to 7, and
x; # xj. We also agreed in the lemma statement that x; (resp. ;) belongs to
the p-th (resp. to the ¢-th) tuple.
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Denote Saft = (y1,...,Yn). Then y; = x;, y; = x;, and yp = xp, for all h # i, 5.
In particular, if m # p, ¢, then (yx,,+1:- -+ Ukmor) = (@hpot1s -+ Thpyy )5 SO for
each a € R we have ds_,(m,a) = d,(m,a), and f(m,a) = 0. Also, if a € R,
a # x;, 5, then the number of coordinates that equal a among yr, 41, .., Yk, 1
is the same as the number of coordinates that equal @ among g, 11,..., %%, ,,
because the only different coordinates here are y; # x;, but a # z;,x;. So,
ds.pu(p,a) = d,(p,a) and f(p,a) = 0. Similarly, f(g,a) =0.

Finally, when we replace z; with y; in the pth tuple (and get (yr,+1,---, Yk, .1)
out of (x,41,...,%k,,,) ), the number of coordinates that are equal to x; de-
creases by 1, and the number of coordinates that are equal to y; increases by 1.
In other words, ds, . (p, z;) = du(p,z;) —1 and ds,, . (p, ;) = d,(p, ;) +1 (recall
that y; = x;), so f(p,x;) = —1 and f(p,z;) = 1. Similarly, when we replace x;
with y; in the g-th tuple to get (yx,+1,- -+ Yk,o1) OUt Of (X 41,..., 2k, ), the
number of coordinates that are equal to z; (resp. z;) decreases (resp. increases)
by 1. In other words, ds, (¢, ;) = d.(q,z;) —1 and ds,, (¢, zi) = du(q, z:) +1,
so f(¢,z;) = —1and f(g,z;) = 1. O

LEMMA 8.6. Let pp = (21,...,2,) € WO and let o, 3 € X7 be such that s,
sgp & Wou. Suppose also that sgpn € Wosap. Then

1. The case (1a) holds for p and « if and only if the case (1a) holds for
w and B. In this case, if so = (i'j") and sg = (i"j"), where i < j',
i < 3", then i’ and i" belong to the same tuple, j' and j" belong to the

same tuple, Ty = x40, and x5 = .

2. The case (2a) holds for p and « if and only if the case (2a) holds for
w and B. In this case, if so = (¥'j') and sg = (i"j"), where i < j',
i < 43", then i’ and i" belong to the same tuple, j' and j" belong to the
same tuple, Ty = x40, and x5 = .

Proof. Consider the functions ds,, —d, and ds,, — d,. Since sgu € Wgsap,
they are actually the same function by Corollary 8.4. Denote f =ds,,, —d, =
dsyp — dy.

It follows directly from Lemma 8.5 that if the case (1a) or the case (2a) holds
for p and «, then there are two numbers p € {0,...,m} such that the p-th
tuple is not 7 and f(p,-) is a nonzero function (in one variable). While if the
case (1b), (2b), (2¢), or (3) holds for p and «, then there is only one such
number p € {0,...,m} that the p-th tuple is not 7 and f(p,-) is a nonzero
function (in one variable). But f also equals ds,, — d,, so by Lemma 8.5
applied to p and 3, we get that the case (1a) or (2a) holds for p and § if and
only if there are two numbers p € {0, ..., m} such that the p-th tuple is not 7
and f(p,-) is a nonzero function (in one variable). Therefore, the case (1a) or
(2a) holds for p and « if and only if the case (1a) or (2a) holds for p and S
(although we didn’t prove that it is exactly the same case yet).

Until the end of the proof, suppose that the case (1a) or (2a) holds for u and
« and the case (1a) or (2a) holds for y and 3. Following the lemma statement,
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denote by ¢’ and j' (i < j') the indices such that s, = (i'j’) or s, = (i'5’).
Similarly, denote by ¢ and j” the indices such that sg = (i"5"), sg = (i"j").

Denote by p’ (resp. p”, ¢/, ¢) the indices such that x; (resp. xiv, xjr, xj)
belongs to the p’th tuple (resp. to the p”th tuple, the ¢'th tuple the ¢”th tuple).
Since i’ < j" and i < j”, we also have p’ < ¢’ and p” < ¢".

Whatever case holds for ;1 and a, we can always say that £ = p’ and ¢ = ¢’ are
exactly the numbers such that f(¢,-) is a nonzero function. And whatever case
holds for p and 3, we can say that £ = p” and £ = ¢’ are exactly the numbers
such that f(£,-) is a nonzero function. We also have p’ < ¢’ and p” < ¢”. So,
p=p" and ¢’ =¢".

If the case (1a) holds for 4 and «, then there are two real numbers a, a = x;
and a = xj such that the function f(-,a) takes value 1 once and takes value
—1 once. For all other a € R, f(-,a) is the zero function.

If the case (2a) holds for p and «a and z; # 0, then x4 # —x;y, and in (2)
we always have x;; # —x;7, so f(-,xy) takes value —1 at least once and never
takes value 1.

Finally, if the case (2a) holds for p and « and x; = 0, then, since we always
have zy # —x; in (2), we can say that zj; # 0 and z;; # —xj, so f(-,xj)
takes value —1 at least once and never takes value 1. Therefore, the case (2a)
holds for p and « if and only if there exists a € R such that f(-,a) takes value
—1 at least once and never takes value 1. Similarly, the case (2a) holds for u
and 3 also if and only if there exists a € R such that f(-,a) takes value —1 at
least once and never takes value 1. So, the case (2a) holds for p and « if and
only if the case (2a) holds for p and .

Now, again regardless of the case that holds for both u and « and p and (3,
by Lemma 8.5 for 1 and «, a = x; is the only a € R such that f(p’,a) = —1.
We already know that p’ = p”, so, using Lemma 8.5 for p and 3, we can

say that a = x;» is the only a € R such that f(p”,a) = —1. So, xy = x.
Similarly, using Lemma 8.5, the function f(¢’, -) (more specifically, the equation
f(¢';a) = —11in a), and the equality ¢’ = ¢”, we can say that z;; = x;». O

LEMMA 8.7. Suppose that 0 = (a,a — 1,...,1,0,...,0), where a is a non-
negative integer and the number of zero coordinates in the end is at least 1,
ki=1,ke=2, ..., k. =1, and 7= (Zr41,...,2,) (0<1r<n).

Let p = (z1,...,2,) € WO and o, € X1 be such that squ,sppu ¢ Wou.
Suppose also that sgp € Wosqp. Then

1. the case (1b) or the case (2b) holds for p and o if and only if the case (1b)
or the case (2b) (but not necessarily exactly the same case) holds for p
and (3.

2. the case (2¢) is impossible for p and o, neither it is possible for p and (.

3. the case (3) holds for u and o if and only if the case (3) holds for u and
B.
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Proof. The case (2¢) is impossible since each tuple except 7 has only one coor-
dinate inside. By Lemma 8.6, without loss of generality we may suppose that
neither the case (1a) nor the case (2a) holds for p and « or for x4 and .
Again, if the cases (1b) or (2b) hold for p and « (resp. pu and ), denote by i’
and j' (i < j') (resp. ¢ and j”, i < j”) the indices such that s, = (i'j") or
Sq = ('5") (resp. sq = (i"j") or sq = (i"7")). If the case (3) holds for ;1 and
« (resp. for g and B), denote by i’ (resp. by ") the index such that s, = (i)
(resp. sg = (i”)). Again consider the function f = ds, p—d, = ds,, —d, (this
is the same function by Corollary 8.4 since sgp € Wosa ).

Note that each nonzero value appears only once among all of the coordinates
of 0, and therefore among the coordinates of u. So, any equality of the form
x; = x; means that x; = 0 and z; = —x;. So, if the case (1b) or the case (2b)
holds for u and «, we always have both inequalities xy # x; and xy # —xzj,
regardless of whether we actually have the case (1b) or the case (2b). Now
Lemma 8.5 says that if the case (1b) or the case (2b) holds for 1 and «, then
f(r,-) is a nonzero function. While if the case (3) holds for x and «a, then f(r,-)
is a zero function by Lemma 8.5 since the r-th tuple is 7.

So, we can again say that the case (3) holds for p and « if and only if f(r,-) is
a zero function. Similarly, the case (3) holds for p and 8 if and only if f(r,-)
is a zero function. Therefore, the case (3) holds for p and « if and only if the
case (3) holds for p and . O

LEMMA 8.8. Suppose that 0 does not have any zero coordinates and T is the
empty tuple. Let = (z1,...,2,) € WO and o, B € £T be such that sop, spp ¢
Woup. Suppose also that sgu € Wosap. Then

1. the cases (1b) and (2b) are impossible for u and o, neither they are
possible for p and (.

2. the case (2¢) holds for p and « if and only if the case (2¢) holds for u
and (3.

3. the case (3) holds for p and o if and only if the case (3) holds for p and
8.

Proof. The proof is similar to the proof of the previous lemma. The cases (1b)
and (2b) are impossible since 7 is the empty tuple.

Again consider the function f = d,, p—d, = ds,, —d,, (again, this is the same
function by Corollary 8.4).

Since 6 does not have any zero coordinates, ;1 cannot have any zero coordinates
either. Then it follows from Lemma 8.5 applied to p and « that if the case (2¢)
holds for p and «, then the sum of all positive values of f is 2. And if the
case (3) holds for p and «, then the sum of all positive values of f is 1.

So, the case (2¢) holds for p and « if and only if the sum of all positive values
of f is 2. Similarly, the case (2¢) holds for p and § if and only if the sum of all
positive values of f is 2. Therefore, the case (2¢) holds for p and « if and only
if the case (2¢) holds for u and §. O
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LEMMA 8.9. Suppose that one of the following is true:

o There exist numbers p and q (1 < p,q <n) such that Op = {ap, ..., an},
@Q :{aq,...,an}.

e a, ¢ Op and a,, ¢ Og.

Let p € WO (u = (z1,...,2,)) and o, 8 € T be such that squ, spp ¢ Wou.
Suppose also that sgp € Wosqp. Then

1. the case (1b) or the case (2b) holds for o if and only if the case (1b) or
the case (2b) (but not necessarily exactly the same case) holds for f5.

2. the case (2¢) holds for v if and only if the case (2¢) holds for 5. Moreover,

then p does not have any zero coordinates.

3. the case (3) holds for sq if and only if the case (3) holds for sg.

Proof. Suppose that there exist numbers p and ¢ (1 < p,q < n) such that
Op = {ap,...,an}, ©g = {ag,...,a,}. Then we can take § = (p — 1,p —
2,...,1,0,...,0) (there are n — p + 1 zeros here). Also, r =q¢—1,k =1, ...,
k, =q—1,and 7 = (z4,...,2,). The claim follows from Lemma 8.7 (which
also actually says that the case (2¢) is impossible for a or 3).

Now suppose that a,, ¢ Op and a, ¢ ©g. Then 6 does not contain zero
coordinates (if a dominant weight contains a zero coordinate, then the last
coordinate is also zero, and such a weight is stabilized by s,,, ), 7 is the empty
tuple, and the claim follows from Lemma 8.8. O

LEMMA 8.10. Suppose that one of the following is true:

o There exist numbers p and q (1 <p,q <mn) such that Op = {ap, ..., an},
@Q :{aq,...,an}.

e a, ¢ Op and a,, ¢ Og.
e Lither ©p or ©g coincides with O.
o Lither ©p or Og is empty.
Then a double moment graph ©G¥ is closed.

Proof. If ©p or ©¢ coincides with © or is empty, then the claim follows from
Example 4.14 and Example 4.15. Further we suppose that one of the first two
conditions in the lemma statement is true, namely:

e There exist numbers p and ¢ (1 < p,q < n) such that Op = {ay, ..., a,},
@Q = {aq, v ,an}.

e a, ¢ Op and a, ¢ Og.
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We are going to use Corollary 4.13. Suppose that we have p € (W8)g, p =
(z1,...,7,), and two outgoing edges y — squ and u — sgu in G¥ such that
spp € Wgsalt, but sau, s ¢ Wop (actually, in the argument below we
don’t need the fact that they are outgoing, we will only use the fact that
spp € WgSap, but squ, sgu ¢ Wou). We have to check that there exists
w € Wq such that wy = p and § = w(a).

If the case (1a) holds for ¢ and « (and s, can be written as (i'j’) for some 7/, '),
then by Lemma 8.6, the case (1a) also holds for p and 8, and sg can be written
as (i) for some ", j”/. Moreover, Lemma 8.6 also says that x;; = x;~, i’ and
i belong to the same tuple, z;; = x;, and j' and j” also belong to the same
tuple. Then w = (4'i")(j'j") € Wgo. We have wy = p and wa = .

Similarly, if the case (1a) holds for p and « (and s, = (¢5") for some ', j'),
then by Lemma 8.6, the case (1a) also holds for p and 8, and sg = (i”5") for
some 1", j”'. Moreover, Lemma 8.6 again says that x;; = x;», i and " belong
to the same tuple, x;; = x;», and j' and j” also belong to the same tuple.
Then w = (i'i")(j'7") € Wg. We again have wy = p and wa = .

To consider the remaining cases, it is again convenient to consider the function
[ =ds,p—d, =ds,pu— d, (this is the same function by Corollary 8.4).

Also, if the cases (1) or (2) hold for p and «, denote by i’ and j’ the indices
such that s, = (i'j’) or so = (i'j’) (respectively). Similarly, if the cases (1) or
(2) holds for p and 8, denote by ¢ and j” the indices such that sg = (i"j")
or sg = (i"”§"). If the case (3) holds for p and « (resp. w and 3), denote by ¢’
(resp. i" the index such that s, = (') (resp. sg = (¢).

Denote by p’ and p” (respectively) the indices such that x; (resp. x;+) belongs
to the p’th tuple (resp. to the p”th tuple).

If any of the remaining cases ((1b), (2b), (2¢), or (3)) holds for x and «, then by
Lemma 8.5, f(p/,-) is not the zero function, and m = p’ is the only number in
{1,...,7} such that the mth tuple is not 7 and f(m, -) is not the zero function.
By Lemma 8.9, one of the cases (1b), (2b), (2¢), or (3) then also holds for u
and 3, and by Lemma 8.5, f(p”, ) is not the zero function. Therefore, p’ = p”.
In other words, " and " always belong to the same tuple. By Lemma 8.9
again, the case (3) does not hold for y and « if and only if the case (3) does not
hold for p and 8. Then it follows directly from the definition of the cases (1b),
(2b), and (2¢) and the fact that the case (2¢) holds for p and « if and only if
the case (2c¢) holds for p and , that j” and j” are defined simultaneously, and
belong to the same tuple if they are defined.

If the case (1b) holds for both « and 3, then by Lemma 8.8 for p and «, the
only a € R such that f(p’,a) = —1is a = xy. And by Lemma 8.8 for u
and 3, the only a € R such that f(p',a) = —1is a = . So, Ty = x4n.
Similarly, the consideration of equation f(p’,a) = 1 and Lemma 8.8 applied
to p and a and to p and 8 together imply that x;; = x;+. Then we can take
w = (i"1")(5'j") € Wq, then wu = p, wsap = sgp, and wa = f.

If the case (2b) holds for both o and 3, then we can again consider the equations
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f(@';a) = —1 and f(p’,a) = 1. By Lemma 8.8 (applied twice to the first
equation and twice to the second one), the first equation implies x;; = x;», and
the second equation implies —zj; = —z;, so £;y = z;». Again we can take

N

w = (i"1")(3'j") € Wq, then wu = u, wsap = sgu, and wa = S.

Suppose that the case (1b) holds for a and the case (2b) holds for 8. (The
situation when the case (2b) holds for o and the case (1b) holds for § is sym-
metric.) This situation is similar to the situation in Type D when the case (1b)
holds for o and the case (2b) holds for 3.

More precisely, using invariant descriptions, we can say that the only solution

of the equation f(p’,a) = —1 in a is 2y and z;» at the same time. And the
only solution of the equation f(p/,a) = 1in ais x; and —xj» at the same time.
So, xy = xr, and z;; = —xz;». We can take w = (¢/¢")(j'5"") € Wq (both j’

and j” are in 7), then wu = p, wsopu = sgu, and wa = B.

If the case (2¢) holds for 1 and « then it also holds for x4 and 3 by Lemma 8.9.
Moreover, Lemma 8.9 also says that p does not have any zero coordinates.
Then, by Lemma 8.5 for p and «, the numbers a € R such that f(p’,a) is
positive are exactly a = zy and a = ;. By Lemma 8.5 for p and 3, the
solutions of f(p’,a) > 0 in a are a = ;v and a = z;». So, {zy,zy} =
{4,z }, and at least one of the following is true:

1. T = T4 and Xjr = Tjr. Take w = (i/i//)(j/j”).

2. xy = xjr and xj = x;r. Take w = (i'5")(5'1").

In both cases, wu = p, wsop = sgp, and wo = S.

Finally, if the case (3) holds for both s, and sg, then the equation f(p’,a) =1
and Lemma 8.5 applied to p and a and to p and g show that xz; = x;+. So,
we can take w = (¢/¢"), then wu = p, wsap = sgp, and wa = B.

Therefore, by Corollary 4.13, the double moment graph @G¥ is closed. O

Now we extend Example 5.3 as follows

LEMMA 8.11. Suppose that ©Op # O, Op # 0, Og # O, Og # 0, and one of
the following conditions is true:

1. o € Op, and O¢ is not of the form {ag,...,an} for any ¢ (1 < g <n).
2. an € Og, and Op is not of the form {ap, ..., an} foranyp (1 <p<n).
Then a double moment graph ©G¥ is never closed.

Proof. Suppose that o, € Op, and O¢ is not of the form {«y,...,a,} for any
g (1 < ¢ < n). Then there are roots «o; and «; such that ¢ < j, oy € Oq,
a; ¢ O¢g. Then 0 contains at least one zero coordinate, and x; and x;41 belong
to the same tuple of coordinates, which is not 7. Also 6 has at least one nonzero
(actually, positive since this is a dominant weight) coordinate since Op # ©.
Suppose that the value of this coordinate is a > 0.
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Then we can choose u € WF so that for w = uf we have x; = a, x;4+1 = 0.
Set a = e;, § = e; + ej41. Then so = (i), sg = (i,i+1). Then sqpu has
x; = —a, Ti+1 = 0, and all other coordinates are the same as for p. And sgpu
has x; = 0, ;41 = —a, and all other coordinates are the same as for u. So,
spp = (1,1 + 1)sap, and (i,i + 1) € Wq, so sgu € Wgsap, but 5 ¢ Woa,
because « is a short root, and § is a long root. Also, (i, ) = (i, 8) =a > 0,
50 ft < Sqp and g < sgu. So, by Corollary 4.13, the double moment graph
QGF is not closed.

Now suppose that a,, € ©¢g, and Op is not of the form {ay,...,a,} for any
p (1 <p <mn). Then 7 is not the empty tuple, x,, € 7, and there are roots «;
and o such that ¢ < j, o; € Op, oj ¢ ©p. Then the coordinates z; and x;41
of 6 are equal and nonzero, suppose they equal a. (Again, a > 0 since this is a
dominant weight.) Also, 7 is not the only tuple since ©¢ # O, in particular,
1 ¢ T

Then we can choose u € W so that for i = uf we have 1 = a, , = a. Set

a=cei, B =-e +e, Then s, = (/T), sg = (/1_;) Then sopu has 71 = —a,
Zn = a, and all other coordinates are the same as for y. And sgu has x1 = —a,

xn, = —a, and all other coordinates are the same as for u. So, sgpu = (n)sau,

and (n) € Wg, so sgu € Wgsat, but 8 ¢ Woa, because « is a short root,
and £ is a long root. Also, (u,) = a > 0, (i, ) = 2a > 0, so 1 < sopu and
i < sgp. So, again by Corollary 4.13, the double moment graph ?G* is not
closed. O

Proof of Proposition 5.4. The “if” part follows directly from Lemma 8.10. For
the “only if” part, suppose that none of the four conditions in the statement
of the proposition is true. In other words, suppose that ©p # ©, g # O,
Op # 0, Og # 0, and, speaking in terms of mathematical logic, the disjunction
of the following two conditions is false:

1. There exist numbers p and g (1 < p,¢ < n) such that Op = {a, ..., an},
@Q = {aq, ces ,an}.

2. an ¢ Op and a, ¢ Og.

Clearly, the statement “o,, ¢ ©p, and there exist a number p (1 < p < n)
such that ©p = {ay,...,a,}” is always false, as well as the similar statement
for ©g. So, we can add these two statements to our disjunction and get an
equivalent disjunction. So, the disjunction of the following four conditions is
false (note that we reordered some statements, this will be useful below):

1. (There exists a number ¢ (1 < ¢ < n) such that ©Og = {ay,...,a,}), and
(there exists a number p (1 < p < n) such that Op = {ay,...,an}).

2. (There exists a number ¢ (1 < ¢ < n) such that Og = {ay,...,a,}), and
Qp ¢ @Q.
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3. an, ¢ Op and (there exists a number p (1 < p < n) such that Op =

{ap,...,an}).
4. a, ¢ Op and «a, ¢ Og.

Now, using conjunction-disjunction distributivity, we can factor this disjunction
into a conjunction of two disjunctions. So, the conjunction of the following two
conditions is false:

1. (There exists a number g (1 < g < n) such that Og = {ay,...,a,}) or
(679 ¢ @p.

2. (There exist a number p (1 < p < n) such that Op = {ay,...,a,}) or
Ay ¢ @Q.

Equivalently, the disjunction of the following two conditions is true (i.e. at
least one of them is true):

If ©p is of the form {a, . .., @, } for some p (1 < p < n), then the first condition
above says that O¢ is not of the form {ag,...,a,}, and we also see directly
that «,, € Op.

Symmetrically, if ©¢ is of the form {ag,...,a,}, then a, € ©g, and Op is
not of the form {ay, ..., a,}.

And if neither O p, nor ©¢ is of the form {ay,,...,a,} for any p (1 < p < n),
then the second condition above still says that © p or ©¢ contains a subsystem
of type B.

So, one of the following conditions is true:

1. O¢ is not of the form {ay,...,a,} for any ¢ (1 < ¢ <n), and a,, € Op.
2. ©p is not of the form {a,,...,a,} for any p (1 < p <n), and o, € Oq.
The claim follows from Lemmas 8.10 and 8.11. |
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