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1 INTRODUCTION

For a split reductive algebraic group G over a number field F', let A(G) denote
the set of cuspidal automorphic representations of G(Ar). Each element of
A(G) factorizes as a restricted tensor product @ = ®,m, of irreducible repre-
sentations of the local groups G(F,). If v is a nonarchimedean place of F, then
the unramified irreducible representations of G(F,) are parametrized (via the
Satake isomorphism) by the semisimple conjugacy classes in the complex dual
group G = G(C). When 7, is unramified, we let

te, € T/W
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DISTRIBUTION OF SIEGEL MODULAR SATAKE PARAMETERS 679

denote the associated Satake parameter. Here, T = f(C) is a split maximal
torus of G and W = Ng(T')/T is the Weyl group of G.

It is of great interest to understand the distribution of the points ¢, , possibly
with weights, as = and/or v vary. If 7 is fixed and v varies, then according
to the general Sato-Tate conjecture, the points are expected to be equidis-
tributed relative to some naturally defined measure psr with support in the
maximal compact subgroup of T'. The support condition reflects the presumed
predominance of representations satisfying the Ramanujan conjecture.

Many people have considered the analogous “vertical” question of fixing v and
varying 7 in a family, starting with Birch’s 1968 investigation of the problem for
elliptic curves over Z/pZ, [Bi]. A table summarizing the numerous subsequent
vertical equidistribution results for GL(2) families is given in [KR]. Extending
work of Serre and others on the case of classical holomorphic cusp forms, Shin
proved generally that if G admits discrete series over R, then when the ¢, are
unweighted, the relevant measure (for many natural families) is the Plancherel
measure at v, [Shin]. Shin and Templier also obtained a quantitative version of
this result with error bounds, [ST]. Applications include: (i) a diagonal hybrid
where the size of the family and the place v both tend to infinity (the relevant
measure being Sato-Tate rather than Plancherel), and (ii) a determination of
the distribution of the low-lying zeroes of certain families of automorphic L-
functions for G. Matz and Templier have recently treated the case of GL(n),
[MT]. We refer to Sarnak, Shin and Templier [SST] for a precise formulation
of various Sato-Tate problems and related topics.

When the Satake parameters at a fixed place v are given the harmonic weights
that arise naturally in the Petersson/Kuznetsov trace formula, it has been
shown for many GL(2) and GL(3) families that they exhibit equidistribution
relative to the Sato-Tate measure itself rather than the Plancherel measure
([Br], [Li], [KL3], [BrM], [BBR], [Z]). In this paper we consider the distribution
of harmonically weighted Satake parameters at a fixed place p for the group
G = GSp(2n). For simplicity we work over Q and assume trivial central
character. We consider cuspidal representations 7 of level N for which 7,
is a fixed holomorphic discrete series representation of weight k¥ > 2n. We
weight each Satake parameter ¢, by the globally defined value

we= M, (1.1)

2
verm 19l

where Ex(7) is a finite orthogonal set of cuspidal Hecke eigenforms giving rise
to m, and c¢,(¢) denotes a Fourier coefficient, defined in (6.2). Weighted in
this way, we prove that the parameters become equidistributed relative to a
certain probability measure p as N — oo (see Theorem 8.3). In contrast to the
GL(2) case, the measure depends on p. Subject to a natural hypothesis on the
growth of the geometric side of the trace formula (which holds at least when
n = 2), in Theorem 8.4 we relate ;1 to the Sato-Tate measure. In particular, the
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680 ANDREW KNIGHTLY AND CHARLES LI

hypothesis implies that p is supported on the tempered spectrum, and tends
to the Sato-Tate measure as p — oco.

A very similar equidistribution problem has been studied already in the case
n = 2 by Kowalski, Saha, and Tsimerman ([KST2]), who fix the level N =1
and let the archimedean parameter k — co. Using a formula of Sugano, they
were able to form a connection between Satake parameters and Fourier coeffi-
cients, the latter of which they control with the intricate Petersson formula for
GSp(4) due to Kitaoka [Ki]. Their weights involve certain linear combinations
of Fourier coefficients and depend on the choice of a class group character. In a
special case they coincide with the ones given in (1.1) with o = I,,. Their meth-
ods have been adapted to treat the case of higher level N — co by M. Dickson
[D]. Kim, Wakatsuki and Yamauchi have also investigated the equidistribution
problem for GSp(4), via Arthur’s invariant trace formula [KWY]. In all of these
works, a quantitative equidistribution statement is proven, with application to
the distribution of low-lying zeros of L-functions.

The key technical tools used in [KST2], namely, Kitaoka’s formula and Sugano’s
formula, are not yet available when n > 2. Nevertheless, we can apply two
simple ideas to treat the higher rank case. The first is to use a Hecke operator
as a test function in the relative trace formula to derive a Petersson formula for
GSp(2n) whose spectral side involves two Fourier coefficients (as usual) with
the additional inclusion of a Satake parameter. In this way we can access the
Satake parameters directly without the use of Sugano’s formula. In order to
project onto the holomorphic cusp forms of weight k, we use a certain matrix
coefficient of the weight k holomorphic discrete series m of GSp(2n,R) as
the archimedean component of our test function. This function is computed
explicitly in the Appendix (Theorem A.9).

The second idea is to take the limit of the kernel function before integrating.
This allows us to avoid computing or estimating all but a few of the orbital
integrals that show up on the geometric side. The result is an asymptotic
Petersson formula with only a finite sum on the geometric side (Theorem 6.3).
In the simplest case where the Hecke operator is trivial, it is given as follows
(see §7.3, where notation is explained in detail).

THEOREM 1.1. Let Bx(N) be an orthogonal basis of the space of degree n Siegel
cusp forms of weight k > 2n with 2|nk, and level group To(N) = {(4 5) €
Span(Z)|C = 0O mod N}. For symmetric positive-definite half-integral matri-
ces 01,02,

1 o, (F)ag, (F
3 (F)ao, (F)

112

ey St 0

FeBg(N)

T After this paper was written, we became aware of [KST1], in which a similar idea is
applied to classical Siegel Poincaré series to obtain an analog of Theorem 1.1 for k — oo.
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DISTRIBUTION OF SIEGEL MODULAR SATAKE PARAMETERS 681
where aq,(F) are Fourier coefficients, Y(N) = [['g(1) : To(N)],

(det o1 )k—(n+1)/2

an(n=1)/4(4r)n(n+)/2=nk [T D(k — 242)’

Cnkoy —

and
Ox(01,02) = Z det(A)~. (1.3)
AEGLn (Z)/{£In}
tAoi A=oo
Remarks:

(1) When k is even, 8¢ (01,02) = do(01,02) = #{A € GL,(Z)/{£1,}| {Ac1 A =
o2}. When k is odd, it may happen that dx (o1, 02) = 0 even when 8y (01, 02) >0
(for example, if 01,09 are diagonal). In such cases, the spectral side also
vanishes, since a,; (F) = 0 by [KI, p. 45]. We note that dx(o1,02) does not
always vanish when k is odd.

(2) When n = 2 and k is even, the above result is shown in [CKM], [D]. (In
[CKM, Theorem 1.1, Remark 1.4], it is incorrectly asserted that (1.2) holds
when n = 2 and k is odd, but with dy(c1,02) in place of dx(o1,02). This is
incompatible with the observations in our first remark.)

(3) ¢nxo, 1s the constant of proportionality between a,, (F) and a suitably
normalized inner product of F' with the o1-Poincaré series of weight k ([M],
K1, p. 90], [D, Lemma 6.2]).

(4) Although we have highlighted the above special case, the main focus of
this paper is on local Satake parameters, which are absent in the above theorem.

Petersson/Kuznetsov trace formulas play a fundamental role in the study of
automorphic L-functions. There are well-established methods for GL(2), and
to a lesser extent GL(3), but applications to other groups are rare. For a
recent example, Blomer has used Kitaoka’s formula to compute first and second
moments of spinor L-functions of GSp(4) of full level and large weight, with
power-saving error term, [Bl]. Waibel subsequently treated the case of large
prime level, [W]. This requires a close analysis of the generalized Kloosterman
sums appearing in the off-diagonal terms. It would be of great interest to extend
Kitaoka’s formula from degree 2 to degree n. The machinery we develop here
can form the starting point for such a generalization. Although at present there
is no quantification of the error term for finite N if n > 2 (the n = 2 case is
treated in Appendix B), the asymptotic formula is sufficient for obtaining the
equidistribution result.

A natural question is whether the same method can be used to obtain the
weighted equidistribution of Satake parameters in the case of k — co. Although
we certainly expect such a result to hold, it does not seem possible to show it
by the above method without a more detailed consideration of the off-diagonal
terms. This is discussed in a remark after the proof of Proposition 6.1.
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682 ANDREW KNIGHTLY AND CHARLES LI

We close this introduction with some additional comments comparing our re-
sults and methods to those in [KST2]. If F is a Siegel cusp form of degree n = 2
which is unramified at p, it determines an unramified local representation m,
of GSp(4). Sugano’s formula expresses the value of a Laurent polynomial Uzl;m
evaluated at the Satake parameters of 7, as a value of the spherical function
in the Bessel model for m,. The latter can in turn be expressed as a certain
linear combination of Fourier coefficients of F, with coefficients involving a
character of a class group. This is the source of the weights in the equidistri-
bution result of [KST2]. This method has the advantage that the Ué’m were
shown by Furusawa and Shalika to be orthonormal with respect to a certain
explicit local measure 7, on the space X, (defined near (8.1) below) containing
the Satake parameters. The latter fact leads directly to the weighted equidis-
tribution result, since a refinement of Kitaoka’s formula has the main term
o(l,m) = <Ué’m, U£’0> = fx,, Ué,’mdnp. By contrast, the measure p in our The-
orem 8.3 is not given explicitly, because we have not found an orthonormal class
of functions for which the main term of the trace formula has such a simple
form.
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Kam Lau, Nigel Pitt, Abhishek Saha, and Nicolas Templier for helpful discus-
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2 THE SATAKE TRANSFORM

Here we recall some basic background about the Satake transform. References
include [Gr] and [Sha]. For notation in this section, let G be a split group
defined over Q,, and let T' be a (split) maximal torus of G defined over Q,
and contained in a Borel subgroup B = T'N with N unipotent. Let X*(T") =
Hom(T, GL;) denote the lattice of algebraic characters of T, and X, (T) =
Hom(GLy,T) the cocharacter lattice.

For each prime p, let K, = G(Z,), which is a maximal compact subgroup of
Gp = G(Qp). Let H(G)p, K;,) be the Hecke algebra of locally constant com-
pactly supported complex-valued bi- K},-invariant functions on G,. The Satake
transform of an element f € H(G,, K)) is the function on T'(Z,)\T(Q,) given
by

Sf(t) = 6(t)'/? /N(Q )f(tn)dn. (2.1)
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Here §(t) = |det Ad(t)|rie(n,)| is the modular function for B,.* By way of
motivation for (2.1), suppose

Ty = Indg;’ (x0'/?)

is an unramified representation of G/, with nonzero K,-invariant vector ¢.
Then for f € H(Gp, K,), ¢ is an eigenfunction of the operator m,(f), with
eigenvalue

adf)= [ s (2.2)
T(Qp)

The Satake transform is a C-algebra isomorphism
S H(Gy, Kp) — H(T(Qp), T(Zy))", (2.3)

where the latter denotes the elements which are fixed by the Weyl group W.
Let T' = Hom(X.(T), C) be the dual group of T. It satisfies

XNT) = X(T), X.(T)=X*(T).
Using the algebra isomorphisms
H(T(Qy), T(Zy)" = CX.(T))Y = C[x*(T)]", (2.4)

we may view Sf as a function on any of these three spaces. We explain this
in some more detail. The first isomorphism in (2.4) arises by identifying an
element of T'(Q,)/T(Z,) with a tuple of integer powers of p, which is of the
form A(p) for a unique A\ € X, (T). Thus if we write

Sf= Y aC eHTQ,).T(Z,)) (2.5)
teT(Qp)/T(Zyp)

where a; € C is nonzero for at most finitely many ¢, and C} is the characteristic
function of the coset ¢, we can make the identification

Sf= Y a\eC[X.(T),
AeX, (T)

where ay = ay(p) from (2.5). Fix an isomorphism X, (7') = X*(f) and denote
it by A +— A. Then we may in turn identify Sf with the function

Sf= > agheCIX (T)], (2.6)

Nex*(T)

where a5 = ax.

fLater on we will take G = GSp(2n) and B the Borel subgroup determined by the set
of positive roots chosen in §3.2. Then §(t)1/2 = p=(XP) if t = A(p) for A € X, (T) and p is
given by (3.10).
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684 ANDREW KNIGHTLY AND CHARLES LI

An unramified character x of T(Q,) as in (2.2) can be identified with the
Satake parameter ¢, € T(C) determined by

X(A\(p)) = A(ty)  forall X € X.(T) (2.7)

(cf. [Ca, p. 134, Eq. (3)]). With this notation, using (2.5) and (2.6), and
taking meas(T'(Z,)) = 1, (2.2) becomes

wx(f) =D ax(Mp) = D asA(ty) = SF(ty). (2:8)
A bY
When 7 = 7, is given, we write ¢, = ¢, for the Satake parameter of .

PRrROPOSITION 2.1. Viewing Sf as a function on T as in (2.6), we have

Sf=S8f,

where f*(g) = f(g~1).

Proof. For t € T, we need to show that Sf(t) = Sf*(t). As in (2.7), there
exists a unique unramified character x of T(Q,) such that x(A(p)) = A(t) for
all A € X, (T). Recalling that m,(f)* = m(f*), by (2.8) we have, for the
spherical unit vector ¢ € m,

Sf(t) = wx(f) = (mx(f)d, 9) = (&, (f7)P) = wy (f*) = Sf*(t). O

3 THE SYMPLECTIC GROUP

3.1 DEFINITION

Henceforth, we will denote by G the algebraic group GSps,, defined as follows.
For any commutative ring R, let Ms,(R) be the set of 2n x 2n matrices with
entries in R. Letting O denote the zero-matrix of suitable dimension, and I,,
denote the n X n identity matrix, define

o I,
=% )
Spon(R) = {M € My, (R)| 'MJM = J},

GSp,,,(R) = {M € My, (R)| 'MJM = r(M)J and (M) is a unit in R}.

Thus a matrix M = (4 B) belongs to GSp,,(R) if and only if there exists a
similitude r(M) € R* such that

‘AC="'CA, 'BD="'DB, 'AD-'CB=r(M)I,. (3.1)

DOCUMENTA MATHEMATICA 24 (2019) 677-747



DISTRIBUTION OF SIEGEL MODULAR SATAKE PARAMETERS 685
Taking inverses in ‘M JM = r(M)J shows that M = ( :}3 ig) € GSp,, (R),
and the above relations applied to this matrix give
A'B=B'A, C'D=D'C, A'D-B'C=r(M)I,. (3.2)
Note that Sp,, (R) = {M € GSp,,,(R)|r(M) = 1}. Define
G = PGSpy,, = GSp,,, /Z,

where Z is the center (the set of scalar matrices).

Let S,,(R) be the set of n x n symmetric matrices over R. The Siegel upper
half space is the following set of complex symmetric matrices

H, ={X+iY € S,(C)| X,Y € S,(R),Y > 0}, (3.3)

where Y > 0 means that Y is positive definite. It is a complex vector space of

, . 1
dimension %

. Letting

GSpy,(R)" = {M € GSp,,,(R)[r(M) > 0},

there is a transitive action of GSp,,, (R)" on H,, given by
M-3=(A3+B)(C3+D)™"  (3€MHn).

The stabilizer in Sp,,,(R) of the element iI,, € H, is the compact subgroup
A B ,
Ko=93|_p ) €Sp2nR)A+iBeUn)p, (3.4)

where U(n) is the group of n x n complex unitary matrices X (so X ! = *X).
Define the Siegel parabolic subgroup

P(R) = {(é g) e Gsp%(R)}

:{(A TtAl) (I ‘?)|AeGLn(R),reR*,SeSn(R)} (3.5)

(where O denotes the n x n zero matrix), and set P = P/Z. We recall the
decomposition
GSp,,(R) = P(R)K .

For a prime p, let
K, = PGSp,, (Zy).

Haar measure on PGSp,,, (Q,) will be normalized so that meas(K,) = 1. For
an integer N > 0, set

Ko(N), = {(é f;) €K, C=0 mod sz} , (3.6)

KO(N) = H KO(N);D-

p<oo
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3.2 Rootr DaATA

We review some standard material to fix notation and terminology that will be
used in the sequel. Let F' be an algebraically closed field. In this subsection
we write G for G(F), and similarly for the other algebraic groups considered.
In G, the diagonal subgroup

T ={t=diag(ai,...,an, =,..., 7-)|[ra1---an # 0} (3.7)

is a split maximal torus. Given y € X*(7T), there exist ko,...,k, € Z such
that
x(t) = rkoght ... gkn (3.8)
for ¢ as in (3.7). By associating y with the tuple (ko,...,k,), we obtain a
natural identification X*(T') & Z" 1. Let e; € Z""! be the (j +1)-th standard
basis vector (j = 0,...,n). The set ® of roots (for the action of T on Lie(G))
consists of
t(ej—e) (1<i<j<mn),

H(eg—ej—e) (1<i<j<n). (3.9)

We take the set ®T of positive roots to consist of those which have the +
coefficient. The corresponding set of simple roots is

A={ejt1—ejli=1,...,n—1}U{eq — 2¢,}.

Let
1 1
p:§ZX:§ Z (ejfei)+ Z (eofeifej)
x€P+ 1<i<j<n 1<i<j<n
Explicitly,
1
p= %eo—nel —(n—1)ea — -+ —ep. (3.10)

The cocharacter lattice is X,(T) = Hom(F*,T). We identify a tuple A =
(Co, 1, .., 0,) € Z™ ! with the cocharacter

Ma) = diag(a®, ..., a" a%=" .. afo~ ), (3.11)

In this way, X, (T) = Z"+1.
The composition of a character with a cocharacter yields a rational homomor-

phism F* — F* which is necessarily of the form z — 2™ for m € Z. Thus, we
have a natural pairing X*(T') x X.(T) — Z given by

X(A(@)) = 2t (3.12)
In terms of the coordinates given above, this works out to

<(k0, ceey k/’n), (fo, R ,fn» = koly + -+ + knt,,. (313)
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Our main group of interest is G = PGSp,,,. Letting T = T/Z be the maximal
torus, we can identify its character lattice X*(T) with the subset of X*(T")
consisting of all characters which are trivial on Z. Thus,

X*(T) = {(ko, k1, kn) € Z" 2ko + k1 + -+ + Kk, = 0}. (3.14)

Note that the roots (3.9) belong to this set, so we may identify ® with the set
of roots in X*(T). The cocharacter lattice X, (T) can be viewed as the quotient
of X.(T) by the subgroup of cocharacters taking values in Z. In terms of the
coordinates above (3.11), we have

X, (T)=zZ""/(2,1,...,1)Z. (3.15)

The pairing (3.12) makes sense for (x,\) € X*(T) x X,(T), and the formula
(3.13) is independent of the choice of coset representative for A.

The Weyl group of G, namely

W = Ng(T)/Ze(T) = Na(T)/Za(T),

acts on T' (and also T) by conjugation. It is isomorphic to S, X (Z/2Z)", with
the following generators:

t— diag(aa(l), ey g(n) #m’ e %T(n))

for ¢ in the symmetric group S,, and, for 1 <i < n,
t»—)diag(al,...,ai,l,ali,aﬁl,...,an,é,...,ﬁ,ai,#ﬂ,...,fn).
Likewise, W acts faithfully on X*(T) by
wx(t) = x(wtw™).

The corresponding generators are

(ko k1, kn) = (kosko—101ys -+ ko—1(n)) (3.16)
and

(koy k1, kn) = (ko + kiy k1, oo kict, —kis kig1, - kn). (3.17)

Using the pairing (3.12), an action of W on X, (T) is defined implicitly via

(wx, wA) = (X, A) .

In terms of the £-coordinates in (3.11), the action on X, (T) of the Weyl element
in (3.16) is given by

(fo,fl, R ,En) — (60;£a*1(1); R ,Eo.—l(n)),
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688 ANDREW KNIGHTLY AND CHARLES LI

and the one corresponding to (3.17) is given by
(fo,fl, . ,En) — (fo,fl, . ,fi_l,fo — ﬂiagi—i-l; R ,fn)

Suppose x, X' € X*(T) correspond respectively to (k;), (k}) € Z"*! asin (3.14).
Then the pairing

06X) =Y kik]
k=1

is W-invariant. (This is easily verified using the relation in (3.14).) For a root
a € ®, there is a unique coroot a¥ € X, (T) satisfying

2(x, a)
(o, @)

(x,a") =

for all x € X*(T). We let ®¥ C X, (T) denote the set of coroots. These are
given explicitly as follows. Let f; € X, (T) denote the dual of e;; in (3.15), it is
the coset attached to the i-th standard basis vector of Z"*1. Then (ej —e;)¥ =
fi—fifori#j, (eog—e; —e;)V =—f; — fi fori # j, and (eg — 2¢;)¥ = —f;.
The above gives a description of the root datum (X*(T),®, X, (T),®")

of G = PGSp,,. The complex dual group G (with dual root datum
(X.(T),®V, X*(T), ®)) is Spin(2n+ 1, C). In particular, for the maximal torus

~

T of G, we have
X*(T) = X, (T), X.(T) =2 X*(T). (3.18)
Now define the positive Weyl chamber
Ct={)e X.(T)| (x,\) >0 for all x € A}. (3.19)
We will frequently identify C* with its counterpart in X*(T) = X, (T).
By definition, an element A € X, (T) belongs to C* if and only if

(ej41 —ej, Ny >0for j=1,...,n—1and (eg — 2¢e,, ) > 0.

The above holds if and only if, in the notation of (3.15), every coset represen-
tative (¢o, 1, ..., 0y,) for X satisfies

0 <ty << U, <Ly/2. (3.20)
In fact, each such A has a unique representative satisfying
0=10 <l << ¥, <ly2. (3.21)

For notational convenience, we will often identify A with this coset representa-
tive.
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PROPOSITION 3.1 (Cartan decomposition, [Gr]). The group G(Q,) is the dis-
joint union of the double cosets KyA(p) K, for A € C*. The analogous statement
(involving A satisfying (3.20) rather than (3.21)) also holds for G(Qy).

PROPOSITION 3.2. For g € G(Q,) and m > 1, let d,,(g) denote the generator
(chosen as a power of p) of the fractional ideal of Q, generated by the set

{det B| B is an m x m submatriz of g}.

Then given X € X, (T) satisfying (3.20), an element g € G(Q,) belongs to the
double coset G(Z,)\(p)G(Zy) if and only if each of the following holds:

1. r(g) =p"

2. for eachm =1,...,n, dn(g) = pirT -+,

Proof. This result can be extracted from Chapter II of Newman [Ne]. For
convenience, we sketch some of the details. Let g € G(Q,). By the Cartan
decomposition, there exist k1, ks € G(Z,) such that kigks = A(p) for a unique
cocharacter X satisfying (3.20). We need to show that the two conditions given
above are satisfied. The converse will then also follow, since A(p) is uniquely
determined by its first n diagonal entries and its similitude.

The first condition is immediate. For the second, observe that there exists an
integer a > 0 such that p®g € Mas,(Z,). The m-th diagonal coordinate of
kip®gks is then p®tém € Z,. Regarding p®g as an element of Ma,(Z,) and
regarding ki, k2 as elements of GLa,,(Z,), by [Ne, Chap. II, Sect. 16, Eq. (13)]
with R = Z,, we have

pottn — m@"9) _ p"dmlg) 4 dml9)
dm-1(p®g)  p*mVdy_1(g) dm-1(9)
(with do(g) = 1). Hence
Lo dm(9)
dm-1(9)"
This is easily seen to be equivalent to condition (2), as needed. O

4 ADELIC SIEGEL MODULAR FORMS

Let A denote the adele ring of Q, and fix a Haar measure dg on G(A). Let
L? = L*(G(Q)\G(A)) be the space of measurable functions ¢ : G(A) — C
satisfying

® ¢(279) = #(g) for all z € Z(A), v € G(Q), g € G(A)

. / le(9)|*dg < oc.
G(Q)\G(A)
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For any parabolic subgroup P of GG, P can be written as M N, where M is the
Levi subgroup and N is unipotent. An element ¢ € L? is cuspidal if for any
parabolic subgroup P = M N of G,

/ p(ng)dn =0 for a.e. g € G(A).
N(Q\N(A)

We let L3 C L? denote the subspace of cuspidal functions.

The right regular representation of G(A) on L2 decomposes discretely as @
with possible multiplicity allowed, where 7 are by definition the cuspidal au-
tomorphic representations of G(A) with trivial central character. Any such
constituent 7 is a restricted tensor product

=@

p<oo

where 7, is an irreducible admissible representation of G(Q,).

Fix an integer k > n with nk even (so that (A.24) is trivial). Then as in §A.7,
there is a holomorphic discrete series representation m, of G(R) of weight k. In
the inner product space my, up to unitary scaling there is a unique holomorphic
unit vector ¢¢ satisfying

wk(<_AB i))% — det(A + Bi) ey ((_AB ’i) € Ky).  (41)

Let IIx(N) denote the set of cuspidal representations m of G(A) with trivial
central character for which 7o = m and WQ(N) % 0. For such 7, we let
Uy, € Vi denote a lowest weight vector as in (4.1). For any representation
7an Of G(Agy) and any subgroup U < G(Agy,), we write ﬂ'ﬁUn for the space of

U-fixed vectors in the space of 7g,. Define

AN = @ Cun, @me™. (4.2)

This corresponds to a classical space of holomorphic Siegel cusp forms of weight
k and level N (see §7.3 below).

For 7 € IIx(N), let Ex(m, N) be an orthogonal basis for the summand indexed
by 7 in (4.2). Then the set

B = | BEN) (4.3
Tl (N)

is an orthogonal basis for Ay (V).
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5 THE TEST FUNCTION AND ITS KERNEL

Any function f € L*(G(A)) defines an operator R(f) on L? by

R(f)é(x) = / f(9)d(zxg)dg.

G(A)

In this section we will define the bi- Ky(N)-invariant test function f to be used
in the trace formula.

5.1 DEFINITION OF THE TEST FUNCTION

We define, for g € G(R),

foolg) = di(mc(g) 0, do),

where ¢ is a unit vector in the space of m satisfying (4.1), and dy is the
formal degree of m,. The matrix coefficient is independent of the choice of Haar
measure on G(R). It is computed explicitly in Corollary A.10 of the Appendix.
The formal degree dy, which depends on the choice of Haar measure, is given
in (A.21). For our purposes, the particular choice of measure is immaterial.

By Proposition A.6, fo, € L'(G(R)) precisely when
k > 2n,

so this hypothesis will be in force throughout.
We will take fan =[], fp to be a bi-Z(Aga)Ko(N)-invariant function on
G(Asin), of the following form." Fix a finite set S of prime numbers not dividing
N. For p € S, let f, be a bi-Z, K,-invariant function with compact support
modulo Z,, taking the value 1 on its support. Here, Z, = Z(Q),) is the center
of G(Q,). By the Cartan decomposition, f, is the characteristic function of
a set of the form Z,C),, with C, a finite union of double cosets of the form
Kp\(p)K,, where, by (3.21),

Ap) = diag(p®,....p",p" 70, p )
with 0 = ¢ < -+ <4, < {y/2. Without any real loss of generality, we make
the further assumption that the similitude of C}, has constant valuation, i.e.

T(Cp) = prZ;

for some integer 7, > 0. This amounts to requiring that ¢y = r}, for each of the
A(p) out of which C), is built. In particular, C, = K, if 7, = 0. Having fixed

f Although we have defined K, and Ko(N)p in (3.6) as subsets of G(Q,), in this section
we will blur the distinction between these sets and their preimages in G(Zp). No confusion
should occur since everything is invariant under the center.
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such f, for each p € S, we define the global similitude

r=]]rr=>1 (5.1)

pEeES
Now for p ¢ S, define C), = Ko(N),, and set

Y(N)p = meas(KO(N)p)_l = [Kp : Ko(N)y),
Hw )p = [Kan : Ko(N)].

We then define f, : G(Q,) — C by

o w(N)p ifge ZPCP
Talg) = {0 otherwise.
(In fact this holds as well when p € S, since ¥(IN), = 1 in that case.)

Having fixed fa, above, we set

[ = foo X [fhin-

By our assumption that k > 2n, f € L'(G(A)). The following is a useful
observation about the support of fgy.

PROPOSITION 5.1. Suppose x,y € G(Agn) satisfy r(x)1r(y) € Z*. Then for
v € G(Q), fanlx~tyy) # 0 only if there exists s € Q*, uniquely determined up
to its sign, such that

r(y) = 5% (5.2)

Suppose v € G(Q) satisfies (5.2), and set ¥ = s~ 'v. Then r(y) = +r, and
fan(x™tyy) # 0 if and only if

z~ yEHC’ =[G ][ Ko@) ] K» S Man(Z). (5.3)

pES  p|N :D’me%S

Proof. If fan(z71yy) # 0, then 27 1yy = zc for some z € Z(Ag,) and ¢ €
H Cp. Since A, = Q*Z*, we may write z = sa where s € Q* and a € AR
We may absorb a into ¢ so that z=s without loss of generahty Taking the
similitude and using 7(z)~'r(y) € Z*, we see that r(y) = s2ur for some u € Z*.
Since r(y), s, € Q*, it follows that u € VA NQ* = {£1}, as claimed. Tt is clear
that s is unique up to its sign, and that z= 'y € Hp Cp. Conversely, since the
support of fan i Z(Asqn) [[, Cp, it is also clear that if Yy € [1, Cp, then
fan(z 1 yy) # 0. O
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5.2 SPECTRAL PROPERTIES OF R(f)

Let f be the function defined above. Recall that it is not completely fixed
because it depends on some choice of a finite union C), of double cosets for each
prime p € S. Here we show that the Hecke operator R(f) has finite rank, and
we compute its effect on adelic Siegel cusp forms.

PROPOSITION 5.2. Let U be a unipotent subgroup of G and let g € G(R). Then
for almost all x € UR)\G(R),

/ foo(gux)du = 0.
U(R)

Proof. Let U’ be a one-dimensional subgroup of U. There exists E € M, (R)
such that U'(R) = {I + tF'|t € R}. By Corollary A.10, there exist complex
numbers A, B and C' # 0 depending on v € U(R), g,z € G(R), and k > 2n,
such that o

(At + B)x’

The denominator is nonzero for ¢ € R since the matrix coefficient is finite. If
A # 0, then by the fundamental theorem of calculus,

foolg(In, + tE)ux) =

/Rfoo (9(I + tE)uz)dt = (At + B) <~ _=o.

If A =0, then
/ foolg(I, + tE)uz)dt = oco.
R

Hence

/ foo(gux)du:/ / Joo(gu/uz)du' du
U(R) U'(R\U(R) JU'(R)

is either 0 or divergent. It remains to show that this integral is convergent for
almost all € U(R)\G(R). But this is immediate from the fact that because
foo € LY(G(R)), the integral

/ foo(gz)dx =/ / foo(gux)du da
G(R) URN\G(R) JU(R)

is convergent. O

PROPOSITION 5.3. For a test function f as defined in §5.1, and the subspace
Ax(N) C L2 given in (4.2), R(f) annihilates Ax(N)‘ and maps Ax(N) into
itself.

Proof. Complete details for the case of GL(2) are given in [KL1, Propositions
13.11, 13.12], and everything carries over directly to the case under consider-

ation here, using the above proposition in place of [KL1, Corollary 13.10]. So
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we just briefly sketch the ideas. It follows easily from the above proposition
that for any ¢ € L?, R(f)¢ is cuspidal, i.e. R(f) : L? — L3. Furthermore
one checks that fo is self-dual, so the adjoint R(f)* also has this property.
It then follows that R(f) annihilates (LZ):. Next, one may use a general or-
thogonality property of discrete series matrix coefficients, together with the
Ko(N)-invariance of fgy,, to show that the image of R(f) (and of R(f)*) lies

It remains to compute the effect of R(f) on a nonzero element v € Ag(N).
We may assume without loss of generality that v is a pure tensor in some
cuspidal representation 7 € Ilx(N). Write 7 = me @ 7' ® @), g Tp, Where 7' is

a representation of H;gs G(Qp). Accordingly, we write f = foo X f/ Hpes I
and

v:voo®v'®®vp,
peES

where voo = ¢ as in (4.1). Then (e.g. by [KL1, Prop. 13.17]) we have
R(f)v = m(foo)Voo @ 7' (f' )0 @ ®ﬂ'p(fp)vp.

pES

By the orthogonality relations for discrete series matrix coefficients ([KL1,
Corollary 10.26]),

7Tk(foo)voo = Vo)

where m(fs) is defined using the same Haar measure as that defining dj.
Likewise, because f’ is the characteristic function of Ko(N)" = [],¢g5 Ko(IV)p

scaled by meas(Ko(N))~!, and v € 7'°™)’ we have

' (f ) =,

For p € S, since f, is K, bi-invariant, m,(f,) preserves the subspace ﬁf " = Cup.
Hence v, is an eigenvector. Writing (Sf,)(tx,) for the eigenvalue as in (2.8),
we have

R(fyw= | [[(Sf)(tx,) | v (5.4)

pES

for v as above.

5.3 THE KERNEL FUNCTION

For a test function f as defined in §5.1, the associated kernel function on
G(A) x G(A) is defined as

K(z,y) = Kf(x,y) = Y. fla ")
7EG(Q)
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It satisfies
R(f)é(x) = / K@y)owdy (6 e L?).
G(Q)\G(A)

PROPOSITION 5.4. K (x,y) is continuous in both variables. Furthermore, given
any subsets Ji,Ja € G(A) each having compact image in G(A), for every
v € G(Q) there exists a real number oy, independent of N and k, such that for
all g1 € J1 and go € Jo,

d " O(N) T f (97 M g2)] < ay

Z Q. < 00.

7EG(Q)

and

Proof. For g € G(R), define fx(g) = (m(9)¢0, Po), so that foo(g) = difi(g)
Define the function f = fo fain on G(A), where foo = dy, fx, With

ko =2n+1 <k,

and fan is the characteristic function of Hp Z,Cp, where C, = K, for allp ¢ S.

In other words, f is the test function we have defined earlier in the special case
where k = kg and N = 1. We claim that

D(N) T f9)] < di ' (9)l- (5-5)

Since supp(fin) < supp( fﬁn), it is clear from the definitions that
Y(N) " fan(g)| < |fan(g)] for all g € G(Agy). For the archimedean part, by
Corollary A.10, when g = (4 5) € G(R) we have

k

r n/29n
()72 = |f(9)] = [ (m(g) 0, ¢o) |

|det(A+ D +i(B - O))]
< lImx(g)¢ollllgoll = 1,

where we have used the fact that ¢g is a unit vector and 7y is unitary. It follows
that the expression in the brackets is at most 1, and hence |fx(9)| < |fx,(9)]
for all g € G(R). This proves (5.5).

Hence, it suffices to prove the assertion for f = f (with N = 1). By [Li, Prop.
3.1], it suffices to show that there exist bounded compactly supported functions
Y1, ¥ on G(A) such that f = fx; = by * f, where convolution is defined by

o= / fr(e) falag)da = / filga V) fala)dor
G(A) G

(A)

For the finite part of 1;, we take the characteristic function of Z(Ag,)Ko(N),
multiplied by the reciprocal of the measure of this set in G(Agy). It remains to
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define the archimedean components of 11, 12. We claim first that there exists
a measurable compactly supported function £ on G(R) satisfying

q (_UV 5) g) = det(U +iV)¥&(g)

for all (Y4, 1)) € Kuo, or equivalently, since G(R) = Ko P(R),

«( 5 ) (6 ph=tewrivme(y )

Let P' C P(R) be a set of representatives for (Ko N P(R))\P(R). Then every
element ¢ € G(R) has a unique decomposition g = kb’ with k € K., and
b € P'. We may choose P’ so that it is a real manifold, and then take & to
be any compactly supported function on P’, extended to G(R) by &(kb') =
det(k) 0 &(b"). One choice of P’ is given as follows. Notice that

KoNPR) = {(U U) |UU =TI} = O(n),
so using the decomposition (3.5) of P(R), we see that
(Koo N P(R))\P(R) = (O(n)\ GLn(R)) « R* % Sy(R).

Hence we can take P’ C P(R) to be the subgroup identifying as
ayp ke *

a2 - *

P’%{ . |l a s >0} x R* x S,(R).
Ann

The proof now proceeds exactly as in [Li, Prop. 3.2]: one sees easily that
Tk, (§)Po is a vector of weight ko as in (4.1), and hence must be a multiple of
¢o. For an appropriate choice of £, the multiple is nonzero, and hence without
loss of generality my, (§)¢o = ¢o. From here it is easy to show directly that
&+ fxy = fxy, SO We can take ¢ = £ X 1g,. Similarly, we can take ¢ = ¢7. O

5.4 SPECTRAL EXPRESSION FOR THE KERNEL

Because the support of the test function is not compact modulo the center,
some care is needed in order to justify the spectral expansion of the kernel
function.

PROPOSITION 5.5. With notation as in §4, the kernel function of the operator
R(f) has the spectral expansion

kew= Y (2 AN s, 60

2
m€llx(N) @€Eyx(n,N) HQOH pES
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Proof. As shown in §5.2, the operator R(f) vanishes on Ay (N)* and is diag-
onalizable on Ax(N), the elements of Ex(N) (see (4.3)) being eigenvectors. It
follows easily that

R(f)p(x)e(y)
pEE(N)

is a kernel function for R(f). (See e.g. [KL1, p. 228] for details.) It follows that
K(z,y) = ®(x,y) a.e. On the other hand, ® is continuous in both variables,
being a sum of finitely many adelic Siegel cusp forms, while by Proposition 5.4,
K (x,y) is also continuous. Hence they are equal everywhere. Using (5.4) we
see that ®(z,y) is equal to the spectral expression given in (5.6). O

6 ASYMPTOTIC FOURIER TRACE FORMULA FOR GSp(2n)

6.1 ADDITIVE CHARACTERS

Let
0:Q\A — C*

be the nontrivial character whose local components are given by

e2miz ifp =0
, _ ' 6.1
p(z> {6—2777,7‘;;(13) lfp < 00, ( )

where 7,(z) € Q is any number with p-power denominator satisfying = €
rp(z) + Z,. All characters of the additive group Q\A are of the form 6(gx)
for some ¢ € Q. It follows easily that any character of the additive group
Sy (Q)\Sr(A) has the form S — 6(tr 0.S) for some o € S,(Q). We fix two such
matrices 01,09 € S,(Q) and define

0,(8) = 0(tro;S)  (j=1,2).

Since we are interested in the 6;-Fourier coefficients of Siegel cusp forms, we
can in fact assume that the o; belong to the set

R.I = set of half-integral positive definite symmetric matrices o € GL,,(Q)

(this means 20 has integer entries and even diagonal entries).

6.2 THE SETUP AND THE SPECTRAL SIDE

Given a continuous function ¢ on G(Q)\G(A), its Whittaker function along

the unipotent subgroup N = {(IO" }S | S €S,(A)} is defined by
We(g,x) = / p(ng)x(n)dn
N(Q\N(A)
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for g € G(A) and y a character. Write ng = (% Ii) for S € S,(A). There
exits o € S, (Q) such that x(ng) = 0(tro.S) for all S. Define

erlp) = W(L,x) = / p(ns)B(tx o9)dS. (6.2)
Sn(Q)\Sn(A)

In §5.1, we defined a test function, henceforth to be denoted fy, from the
following data: a finite set S of primes, a level N coprime to S, a compact set
Cp, € G(Qp) for each p € S, and a weight k > 2n. In this section, we compute
the following limit:

= lim M n no)dnidn
=1 // B dndny,(63)

N — oo
NS N (Q)\N(A))?

where ¥(N) = meas(Ko(N))~!. We will compute [ in two ways, using the
spectral and geometric forms of the kernel function. The preliminary form of
the resulting formula is given in Theorem 6.3 below.

Using the spectral form (5.6) of the kernel function along with (6.2), we formally
obtain

. 1 ca'l Co‘z
I= lm ——= > ) M [T(Sf) (). (64)
Nam VW) el
; mell, pEE(m,N) peS

The existence of the limit will be demonstrated in Proposition 6.1 below.

6.3 THE GEOMETRIC SIDE
First we show how the limit can be eliminated on the geometric side.

PROPOSITION 6.1. Let f = f1 be the test function we have defined when N = 1.
(Its finite part is the characteristic function of [ Z,C)p, where C, = K, for all
p & S.) Then for I asin (6.3), the limit exists, and

I:// Z f(nl_lvng)Hl(nl)eg(ng)dnldng. (65)
(N(Q\N(A)?, Spg)

Proof. Recall that [0,1) x Z is a fundamental domain in A for Q\A. We may
therefore replace N(Q)\N(A) 2 N(Q\A) by the compact set J = N ([0, 1]xZ).
Applying Proposition 5.4 with J; = Jo = J, the integrand in (6.3) is absolutely
bounded by the constant  a.,. Hence by the dominated convergence theorem,

I = lim KfN(nlan2>

91 (7’1,1)92 (7’L2)dn1dn2
ez S Saxa Y(N)
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//J Z A %91(”1)92(712)61711!1“2-

*J yeG(Q) (N.9)=1

By Proposition 5.1, we can assume r(v) = £r. Furthermore, if
FNin(n] gaYn2fin) # 0
for njgn € N(Z), then
”fén'm? fin € H Cp H Ko(N)p.
peS  p¢S

Therefore

WX A
N = (y Z> e [T G ] Ko(N)p € Man(Z).
PES  p¢S

In particular Y € M,,(NZ). Hence for any Y # 0, fNyﬁn(nl_én’)/TLQ fin) = 0 when
N is sufficiently large. On the other hand, if ¥ = 0, then for n; € J,
Sn(ng'yno)
¥(N)

for f = f1, which is obviously independent of N. In particular,

= f(n1_17n2) = fOO(nl_,éo'YnZOO)fﬁn('Y)

I//JXJ Y filng yn2)0(n)0s(ns)dnydno.

7EP(Q)

As a function of ny and ns, the summation over P(Q) is N(Q)-invariant
in both variables. So we can replace the region of the double integral by
(N(Q)\N(A))2. This completes the proof. O

Remark: As indicated in the Introduction, the same idea cannot directly be
used to understand the case of fixed N and k¥ — oo. The above argument
hinges on the fact that

lim f(ng tyno)

for n1,ny € J and v ¢ P(Q). For the case of varying k with N = 1, the
analogous argument would require

=0

—1
lim flg ma) _ 0 (6.6)
k—00 Cnko
for the same v, n1,n2, with ¢,k as in Theorem 1.1. However, this is false. We
. CB*[[_ T(x—23) _
have ¢, = = 7 for positive constants B and C' depending
k
only on n, and dy is a polynomial in k. By Stirling’s approximation, the
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product of Gamma factors grows faster than k("% for any ¢ > 0. On the
other hand, as we will show in Corollary A.11, dy'|f(ni1yn2)| has at most
exponential decay as k — oo. It follows that the limit appearing in (6.6) is
actually divergent for many choices of v € G(Q) \ P(Q).

We now examine the sum in (6.5). By Proposition 5.1, we may assume that
r(y) = £r. Because foo(g9) = 01if 7(g) < 0, we may in fact take r(y) = r. By a
variant of (3.5), we may write

TY=N9A,r,

where n € N(Q) and, for A € GL,(Q),

(A
gA;r = rtA-1]"

Recalling that v € P(Q) is only defined up to multiplication by the center,
we observe that for A € Q, Aga,» = gxa,rx2. Hence by our insistance that
r(y) = r, we may only scale by A = £1. Therefore

> fnityne) = > > fn'ngama).
vEP(Q) AeGLL (Q)/{£In} nEN(Q)

Taking, as we may, n1,ny to range through the fundamental domain N ([0, 1] x
Z) for N(Q)\N(A), by (5.3) a given summand vanishes unless

~ ~

Nga,r € ny ﬁnMQn(Z)nQ_én c MQn(Z)
This implies that A € M,,(Z) and rA~! € M,,(Z). Hence

— I, =51 I, S I,, So
- Z //(SR(Q)\SH(A)) Z f (( o I, )( 6] In)gA,r(O In))

AC{£In \Mn (2), ? 5€5,(Q)
rA—leMy (2Z)

><9(— tr O'1S1 + tr JQSQ)dSldSQ.
The double integral becomes

f ((Ion _jfl)gA,r(IOn ?:)) 9(7 tI‘O’1S1 +tI‘O'QSQ)dS1dS2,

Sn(A)
Sn(Q\Sn(A)

which equals

f ((IO" —(51—7‘;1ASZ tA))gA,’I‘) 9(—tr 0157 + tr UQSQ)dSldSQ.
(A) "

n

Sn(QN\Sn(A)
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Making the substitution Sj = S; — r~tASy ‘A, the above becomes

I, -5
(5 7))
Sn(A)X(Sn(Q)\Sn(A))
X 9(— tr(alS{ + T_101ASQ tA) + tr UgSg)dSidSQ

= /f(((IOn Ifi)gA,r)H(—trolS{)dS{
A

X / 9(1]1“(0’252 — 7“_10’11452 tA))dSQ
Sn(Q)\Sn(A)

The value of the second integral is

meas(S,(Q)\Sn(A)) =1 if O(tr(02S2 — r~ o1 ASyTA)) = 1
for all Sp € S, (A),

0 otherwise.

LEMMA 6.2. We have 0(tr(o2S — r~to1 AS'A)) = 1 for all S € S,,(A) if and

only 1
a 'Ag1 A = ros.

Proof. By the fact that tr(AB) = tr(BA),
O(tr(o9S — 1 to1 AS'A)) = O(tr((o9 — v~ T4y A)S)).

The lemma follows from this. O

6.4 MAIN FORMULA

The result of the above computation is the following asymptotic Petersson
formula for PGSp(2n).

THEOREM 6.3. Let S be a finite set of prime numbers, fix sets Cp as in §5.1,
and let v > 1 be the integer defined in (5.1). Let f = f1 be the associated test
function defined there for the case of level N = 1. Then for k > 2n with 2|nk,
and any 01,02 € R},

(g%fioﬁ 3 Y el o) T s,

2
€l (N) \@p€Ex(m,N) HQOH peS

;/Snm)ﬂ@ }i) (g Ttg_l))e(trolS)dS. (6.7)
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Here, IIx(N) and Ex(mw, N) were defined in §4, Sp(A) is the set of symmetric
n X n matrices over the adeles A, and A runs through the finite set of rank n
matrices in M, (Z)/{£l,} satisfying the following conditions:

1. r'A~t € M, (Z).
2. Ao A =ros.

Remarks: (1) In Appendix B, we give a quantitative version of the above for
GSp(4).

(2) Haar measure is normalized as follows. On the geometric side and in the def-
inition of the Fourier coefficients (6.2) we take meas(S,(Z)) = 1 and Lebesgue
measure on the Euclidean space Sy, (R). The Satake transform is defined using
meas(K,) = 1. The archimedean test function f, depends (via dix) on an un-
specified choice of measure on G(R). This choice materializes on the spectral
side in ||| 72. The exact relationship between several natural choices of Haar
measure on Sp,,, (R) is computed in [PSS, §A].

Proof. In view of the discussion in the previous two subsections, it just remains
to prove that only finitely many matrices A satisfy the given conditions. For
fixed j, let d € R be the entry in the j-th row and j-th column of ros. Suppose
A € M, (Z) satisfies condition 2, and let v € Z™ denote the j-th column of A.
Then ‘vo1v = d. We will show that there are only finitely many such v (this
is well-known), from which it follows that the set of A is also finite since j is
arbitrary.

Because o7 is symmetric, there exists an orthogonal matrix @ such that o7 =
tQAQ, where A = diag(\1,...,\,) is diagonal. Furthermore the eigenvalues
A; are all positive since oy is positive definite. It follows that the linear map
@ : R" — R" restricts to give an isometry between the sets

X ={veR"'vov =d}
and
Y = {w e R"|'wAw = d}.
Notice that Y is the ellipsoid
Mt + o+ Az = d,

which is compact. Hence X is also compact. Since Z™ is discrete, it follows
that there are only finitely many integer lattice points in X, as claimed. |

7 REFINEMENT OF THE GEOMETRIC SIDE

Fix amatrix A € M,,(Z) satisfying the hypotheses of Theorem 6.3. The integral
on the geometric side of (6.7) can be factorized as

Ln=]] p=1]] /3 fp(<10" }i) <é rtg_l))ﬁp(tralS)dS.

p=o0 p<oo’ 5n(Q)
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We will see that for all p ¢ S, I4,, can be computed explicitly, and is indepen-
dent of A when k is even.

7.1 ARCHIMEDEAN INTEGRAL

When p = oo, by Corollary A.10 in the Appendix,
I, S A (0] i tr o S
IA,oo:/ foo < ) ( > e2mitroy ds
S (R) ( O I,)\O rtA-! )

denkrnk/QeQWi tro1S
/Sn(R) dot(A + 1AL | iSriA-T)E

2nk A k 2mitro, S
= M/ ¢ ds (7.1)
S, (R) det(

rnk/2 rAtA+ I, +iS)k

We apply the following formula of Ingham (also found in a paper of Siegel).
Let

Tp(a) = 7" DA T(a - 3G - 1). (7.2)

Jj=1

Then for 6 > "T_l and symmetric matrices Xg, A > 0,

etr iAY
/ Y )0+ (n+1)/2 ay
Sn(R) det(Xo + ZY)

7 1 (2mi)"(HD/2(det A)° 4k
T 220002 T, (6 (n 1 1)/2) ©

gD 2(det Ay
- T+ (n+1)/2)
(cf. [T, (1)], [Sil, Hilfssatz 37, p. 585]; we have used the form given by Herz [H,

(1.2)]). In [H], the measure is dZ = [[;-,, dzjx, where Z = Xo + Y = (n;x2;1)
with nj; = 1if j = k, and 1/2 otherwise. Thus

(7.3)

dz = in(n+1)/22(n71)n/2dY,

which explains the first factor in the above formula.

We evaluate (7.1) using (7.3) with 6 = k — (n+1)/2 > (n —1)/2, Xy =
I, + 7 1A'A, and A = 270;. By condition (2) of Theorem 6.3, det(A)

1/2
+pn/2 (M) . So (7.1) becomes

det o1

d 2nk
—==_ sgn(det A)FrnE/2 (

rnk/2

det g9 k/2 2n n(n+1)/2 det(2ﬂ'o‘1)k_(n+1)/2
det oy " T, (k) €27 (o Tk TATA)) -
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We simplify the above using tr(o1r "t A*A) = tr(r~!' Aoy A) = tr o, for matrices
A as in Theorem 6.3. The result is the following:

det O’Q)k/2 (det Ul)k_(n+1)/2(47'r)nk (7 4)
2 .

. k
T4,00 = sgn(det A)* dy (det o1 n(n—1)/2T,, (k) e27 r(@1+02)

Observe that this is independent of A when k is even.

7.2 NONARCHIMEDEAN INTEGRALS: p ¢ S
In this case, r € Zy, and A € GL,(Z,). Tt follows that
I, S\ (A 0 I, S\ (A 0
fp((O In> <O TtA_1>) %0 — <O In) (O TtA_1> € KZD
— SeM,Z,).

For such S, 0,(tr 015) = 1, so we find that

I, S A 0]
Tayp :/S Q )fp(<0 In) <O rtA_1>)9p(trolS)dS = meas(S,(Z,)) = 1.

(Recall that we use the N = 1 test function f; in (6.7), so that f, is the
characteristic function of Z, K, when p ¢ S.)

7.3 PROOF OF THEOREM 1.1

When S = {), we now have a completely explicit expression for the right-hand
side of (6.7). Since r = 1, the sum over A is nonzero only if ‘Agi A = o9 for
some A € GL,(Z)/{*I,}. In particular, (det A)> = 1, so deto; = detoy. If
we let 14 denote the summand indexed by A in Theorem 6.3, then by the above
discussion,

det k—(n+1)/2
Iy = (det A)k di (47T)nkfn(n71)/4( : Ul) — 6727rtr(01+02). (75)
Hj:l F(k - T)

We wish to express the spectral side in classical terms. With notation as in
(3.3), let Sk(IV) be the space of Siegel cusp forms F' satisfying

F(y-3)=3j(v,2)*F(3)
for all 3 € H,, and
v €To(N) ={(25) €Sp2(Z)|C =0 mod N},
where

i(g,3) =7(g) "*det(C3+D) (9= (45) € GR)).
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Any F € S¢(N) has a Fourier expansion

F(3)= Y a,(F)e’™ "3, (3 € Hy). (7.6)

UE'Ri
We normalize the Petersson/Maass scalar product on Sx(N) by

1

=5

/ F(3)H(3)(detY)*""1dX dY (3 =X +iY),
Fo(N)\Hn

(7.7)
where ¥(N) = [Kgpn : Ko(N)] = [[o(1) : To(NV)].
We need to choose the quotient measure on G(Q)\G(A) compatibly with the

above. For any N > 1, let Dy C H,, be a fundamental domain for T'o(N)\H,,,
identified with a subset of Sp,,(R) via

] Y1/2 XY71/2
3X+zY<—>b3<O Y—1/2>

Then, as in [KL1, Prop. 7.43] for example, we may define a quotient measure

on G(Q)\G(A) by

dX dY
h(g)dg = / h(b3 koo X kﬁn) dkoodkﬁn;
/G(Q)\G(A) D Koo x Ko (N) (det Y)n+1

where the compact groups K., and Kg, each have total volume 1. This measure
dg is independent of the choice of N since

meas(Dy ) meas(Ko(N)) = [[o(1) : To(N)] meas(D;)y(N) ™! = meas(D).

Taking N = 1, a well-known computation of Siegel ([Si2]) gives

n

meas(G(Q)\G(A)) = meas(Sps,, (Z H j - ic(2))

Given F € Sy(N), its adelic counterpart is the function pr € L2 defined by

©r(9) = F(goo - i10)J(goo iln) ™" (7.8)

for g = v(goo x k) € G(A) = G(Q)(G(R)T x Ko(N)). The well-definedness of
o is a consequence of the fact that G(Q) N (G(R)™ x Ko(N)) = T'o(N). With
measures normalized as above, the map F' +— ¢p defines a linear isometry from
Sk(N) onto the subspace Ax(N) C L2 defined in (4.2). This may be proven
just as in [Sa]. (The latter paper works with the principal congruence subgroup
of level N, but the Siegel parabolic case is just the same.) The relationship
between the adelic and classical Fourier coefficients is given by the following
(see (6.2)).
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PROPOSITION 7.1. For F' € Sx(N) and 0 € S,(Q),
{6_2”“’@1:(0) ifo e R}

Con(0) =
e (o) 0 otherwise.

Proof. By strong approximation for the adeles,
Sn(A) = 5,(Q) + Su(R) x S, (Z).

Decomposing S = Xq+ (Xoo X Xan) € Si(A) accordingly, by the right K (V)-
invariance and left G(Q)-invariance of ¢ we have

er(™ P)=er(™ )

Also, it follows that

Su(Q)\Sn(A) = Su(Z)\(Sn(R) x Su(Z)).

(5
If D is any fundamental domain for S,,(Z)\ S, (R), then D x S, (Z) is a funda-

mental domain for S,,(Z)\(S,(R) x (2)) ( KLl Theorem 7.40]). Therefore
(6.2) becomes

I, X-
onle) = [ er((™ Pl o X)X
Sn(Z)\Sn(R) n

X / eﬁn(* tI‘(UXﬁn))dXﬁn.
S, (Z)

Write Xg, = (Xi;) for X;; € Agn. If we write 0 = (b;j0;;), where b;; is equal
to 1 or 1/2 according to whether or not i = j, then tr(cXqn) = 3_,; ; 04 Xij.
Note that o;; € Z for all 4, j if and only if o is half-integral, i.e., 0 € R,,. If
this condition does not hold, then the second integral vanishes.

Assuming o € R, using (6.1) and (7.8) we have

Cop(0) = / F(X +il,)e 2™t X) g x
Sn(Z)\Sn(R)

_ 6727rtr0/ F(X+Z-In)ef27ritr(d(X+iIn))dX
Sn(Z)\Sn(R)
— e—27rtra'aF(o_). O

Letting Bx(NN) be an orthogonal basis for Sx(NN), in the special case S = ) and
r =1, our main formula (6.3) becomes

lim 1) Z M (7.10)

o 2
N (V) o= T

k—(n+1)/2
_ Z (det A)k dy (47T)nk—n(n—1)/4 (det 01)

—.
AECL,(Z)/+1n H?Zl Ik — JT)
tAc) A=oqy
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For the formal degree, we will take the classical measure on Sp(2n) correspond-
ing to the measure in (7.7). So as shown in [PSS],
dy = L 2k — (i +j
k= 21 (47)n(n+1)/2 ]._.[ (2k — (i +7))-

1<i<j<n

(See the final remark after Proposition A.7 below.) We can simplify %I(Kk) using
the following.

LEMMA 7.2. For any integers n > 1 and k > 2n,

[licicj<n(x—(i+j)  2on(ntD)/2
IT- T -5 T, Dk — 25)

Proof. When n = 1, by the functional equation for the Gamma function we
have

(2k—2) 2k-1) 2
'k)  I'(k) T(k-1)

as needed. Given n > 2, suppose the formula holds for n — 1. Then

H1§i§jgn(2k —(i+7)) _ ngigjgn—l( —(i+7)) ngign(2k —(1+mn))
[T D — 54) i1 D — 554 Dk — 234
- on(n—1)/2 ngign(2k —(i+mn))

H?;EF(kf "‘T”j) e - #5%)

n(n+1)/2
2n<n+1>/2H ) . O

”” +1) T, Dk 259)

It now follows that

lim 1 ) Z 2 (F)a02 (F)

o 2
e p(N) o ]

B (det oy )= (n+1)/2
T n(=1)/4 (4 yn(ntD/2=nk [ T(k — 221) b(01,02), (7.11)
Jj=1 2

for dx(o1,02) given in (1.3). This proves Theorem 1.1.

7.4 NONARCHIMEDEAN INTEGRALS: p € S

This case is more difficult. Our goal is to compute (or bound) the local integral

o=t = [5G 2) (6 v trnsias
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To simplify the computation, we may essentially reduce to the case where
A is diagonal, as follows. By the elementary divisors theorem, there exist
U,V € GL,(Z) and a diagonal matrix

D = diag(ds, . ..,dy)
with positive integer entries satisfying dy|dz|- - - |d,, such that
A=UDV. (7.12)

PROPOSITION 7.3. For A as above,
L, S\ (D 0]
IA7p :/S @ )fp(<0 In) (O TD_l))op(trO'iS)dS,

Ui =0y = tUoqU.

where

Proof. By definition,

I, S A (@)
IA,p :/S (Q )fp((O In) (O rtAl))Hp(tro'ls)dS

UDV rStU-'D-lty-t
:/ fp(( 1o} rity-1p-lty-1 ))Gp(trolS)dS.
Sn(Qp)
Because f,, is bi-K,-invariant, we are free to multiply its argument on the left

—1 -1
by (U tU) € K, and on the right by (V tV) € K. This gives

D U-lstu-Hp-!
IA,p :/S @ )fp((O r( TD71 ) >)9p(tr0'1S)dS

Let ' = U 'S'U~'. Then dS’ = dS since S — S’ is an isomorphism mapping
S(Z) to S(Z). Hence the above is

B i TS/Dil /'t /
_/SH(QP) fp((O rD*l ))ep(tr(flUS U)dS

Now using tr o1 US'U = trtUo1U S, we find

D SD-!
Tap :/S @ )fp(<0 TTD_l >)9p(trallS)dS. O

For the purpose of computing the above local integral, by the K p-invariance of
fp, we may assume that each diagonal entry of D is a power of p. Thus, we
take

D = diag(p™,...,p%"),
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for

For z € Q,, we define ord,(z) = n if = p"2z with z a unit. So r, = ord,(r),
for example.

PROPOSITION 7.4. With the above notation, suppose Ia, # 0. Then each
a; < rp. Under the additional assumption that ordy,(det o1) = ord,(det o2), we
further have

Proof. As in Theorem 6.3, we are assuming that r ‘A= € M, (Z). It follows
that likewise rD~! € M,(Z), and hence a; < r, for each j. Under the ad-
ditional assumption, taking determinants in the relation ‘Aci A = roy gives
p2larttan) — pnre and the last assertion follows. O

In principle, one can now compute the integral by applying Proposition 3.2 and
considering various cases to obtain certain exponential sums. We will discuss
this process in more detail for the special case of GSp(4) in Section 9. It should
be evident from this special case that the general case is very complicated.

We conclude the present section by giving a trivial bound for 4 .

ProrosITION 7.5. With notation as above,

|IA,p| < Hpj(rpfaj) _ pn(n2+1)Tp—(a1+2a2+...+n(ln). (7.13)
j=1
Proof. By Proposition 5.1,
D rSD7! D rSD!

fp((O TDI))#O <~ (O rDl)ECP‘
Because C), C Ms,(Z,), we see that

|74, < meas{S € Sn(Qp)|pT”S’D—1 € M,(Z,)}.
Writing S = (s;5),

[74,p] < meas{S € S,(Qp)|sijp”»~ € Zy, for all i, 5}
= meas{S € 5,,(Q,)|si; € p~"PT4Z, for all 1 <i < j < n}

since s;; = sj;. Hence,

|IA,p| < H Hmeas(p*(?“p*aj)zp) _ H Hprpfaj _ Hpj(rp—aj). 0
j=1

j=1i<j j=1i<j
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8 WEIGHTED EQUIDISTRIBUTION OF SATAKE PARAMETERS

Let G = Spin(2n + 1, C) be the complex dual group of G = PGSp,,,.! Since
we are assuming trivial central character, the Satake parameters ¢, belong to

the maximal torus T of G. For our fixed finite set S of primes, let
X = (T/W)SI.

Let IT, (V) be the set of cuspidal representations of weight k and level N defined
in §4. Each 7 € IIx(N) determines a point

te = (twp)pes € Xs. (8.1)

By Shin’s theorem, the points ¢, become equidistributed relative to the
Plancherel product measure on Xg as N — oco. Here we investigate their
distribution with certain prescribed harmonic weights.

PROPOSITION 8.1. There exists a compact subset Q0 C Xg such that t € Q for
all m € Tk(N).

Proof. [BW, Theorem XI.3.3]. O

8.1 PRELIMINARY RESULT

For 01,09 € R}, define the weight

Z Coy (90)002 (90) )

wn(o1,02) = Pk

p€ Ex(m,N)

We will show in this section that the Satake parameters t,, weighted by
wr(0,0), have a uniform distribution relative to a certain Radon measure in
the limit as N — oo.

The following is essentially a restatement of Theorem 1.1 (see §7.3).

(det o-l)k*(nJrl)/?

an(n—1)/4 (47T)n(n+1)/2fnk H?:l Ik — nTJrJ)

LEMMA 8.2. Let cpxo, = . Then

1
lim —— We(01,02) = 0k(01,02)Cnko,
N TN WEHZ]{(N) (01,02) = 0x(01,02)Cnko,

where O (01, 02) is defined in (1.3). In particular, if o1 = 03 = 0 € R} satisfies
Ox(o,0) >0 (e.g. if k is even), then setting wr = wx(o,0) we have

1
0< lim ——= Z Wy < 00. (8.2)
(N)WEHk(N)

fFor dual groups, we always take the ground field to be C unless specified otherwise.
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Remark: If k is even, then d¢(o,0) > 0 since A = I, satisfies ‘Ao A = 0. Hence
in this case we always have nonvanishing in (8.2). This nonvanishing is crucial
in what follows.

For the compact space €2 in Proposition 8.1, let
Vs CC(Q) (8.3)

denote the subspace consisting of all restrictions F|q of functions F =
[[,es Sfp in the image [] g C[X*(T)]" of the S-product Satake transform.
(See (2.3) and (2.4).) For fixed k > 2n and o € R;} for which dx(o,0) > 0, let
wyr = wy(0,0) as above. Then we may define a linear functional £ = L, g on

Vs by

ZWEHk(N) wr F(tr)
N — oo !

(N,S)=1 mellk(N) Wr

L(F)= lim (8.4)

By Lemma 8.2 and Theorem 6.3, the limit exists and is finite. Endowing
C(€Q) with the L* norm, it contains Vs as a dense subalgebra by the Stone-
Weierstrass Theorem [Ru, p. 122]. (The latter algebra evidently separates
points, and it is closed under complex conjugation by Proposition 2.1.) Because
Vs is dense in C(2), the right-hand side of (8.4) exists for F' € C(Q) (for
details, see e.g. [KL1], pages 358-359). Moreover it is clear from (8.4) that
|L(F)| < ||F||o for all F € C(£2), so L is bounded. By the Riesz representation
theorem, there exists a unique Radon measure jt = pisx s on € such that

qm:AFW (8.5)

for all FF € C(Q2). It is clear from (8.4) that £(1) = 1, so u is a probability
measure. This proves the following.

THEOREM 8.3. Let k > 2n, and let o be a symmetric positive-definite half-
integral matriz for which 6¢(o,0) > 0. (This is automatic, for example, if k
is even.) Then the Satake parameters (tz)rcrm, vy of (8.1), when weighted by
wy(0,0), become equidistributed in the space Q0 of Proposition 8.1 with respect
to the above probability measure [,k s in the limit as N — oo along integers
coprime to S.

Of course, one would like to know more about the measure p, for example
whether it is supported on the tempered spectrum. (Recall that an unramified
representation m, of G(Q,) is tempered if and only if its Satake parameter ¢,
lies in a compact subgroup of ']/f) We will pursue this question by relating pu

to the Sato-Tate measure, which is supported in a compact subtorus of T. See
Theorem 8.4 below.
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8.2 RELATING TWO MEASURES

Generally, suppose 7 is a Radon measure on ), and {R)}xca is a set of contin-
uous functions forming an orthonormal basis for L?(€, ) which also spans an
L*°-dense subspace of C(€2). Then the measure £ in (8.5) can be expressed as

t) = L(R\)Rx(t)dn(t), (8.6)

A

provided the sum is uniformly absolutely convergent on 2. Indeed, for all
a €A,

[ Ba0) S LR (@) dn = 3 £(R) (R ), = £(Re) = [ R
Q N \ Q

and by linearity and density of the span of the R, the above holds as well for
all functions in C(9).

8.3 THE SATO-TATE MEASURE

Fix a maximal compact subgroup H C G with maximal torus
T.=HNT=T(C)"

This is the maximal compact subtorus of T. Let dh denote the Haar measure on
H of total volume 1. Because every conjugacy class in H contains exactly one
Weyl orbit of ’]I’C, the measure dh induces a quotient measure ps7 on the space
T /W. We extend pusr to T/W by taking it to be zero on the complement of
T,./W. This is the Sato-Tate measure. In more detail, for f € C(T./W), w

may identify f with a class function on H , and

Amﬁ s (1) /f .7)

By the Weyl integration formula, the measure is given explicitly by
dpsr(t) = [det(Ad(™" = Dl e, 2 (8.8)

where dt is the Haar measure giving 'J/fc volume 1. An alternative expression
for it is given in (8.13) below.

Fix a set ®* of positive roots in the root system attached to H and ']/fc. We
shall identify X*(T) and X*(T.). By the theorem of the highest weight, the
irreducible representations my of H are in one-to-one correspondence with the
elements A € C*, where C™ is the positive Weyl chamber of X*(T,) = X*(T) =
X.(T) given in (3.19). Let

F\ =trmy (8.9)
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denote the trace of my. It is a class function on H , SO we may view it as a
function on T./W. By the Peter-Weyl theorem, the set {F\|\ € CT} is an
orthonormal basis for the space of L? class functions on H (relative to the
measure dh). In particular, by (8.7) we have

/A Fx(t)F.(t) dpst = 0x 4 (8.10)
T(C)/W

(for the Kronecker 6). Here, the domain of F) is extended from T, to T(C) by
viewing F)\ as a sum

Fy= Y ma(wul € CIX*(T)"V.
pex=(T)
The orthogonality (8.10) can also be proved using (8.12) and (8.13) below.
We shall need the fact that the set {Fy| A € CT} spans C[X*(T)]W (sce [FH,

~

Theorem 23.24], using the fact that A = X*(T) since G = Spin(2n + 1) is
simply connected). By (2.4), this space coincides with the image of the local
Satake transform.

Given a tuple A = () € [[,csC™, we let
Fy =[] B, € J] cix(m)".
peS peES

Viewing the F) as functions on € (by restriction), they span the space Vs of
(8.3). This follows from the above discussion.

8.4 RELATION BETWEEN f AND jigT

We continue to assume that dx(o,0) > 0, so that for F) as above, we may
consider £(F)) as in (8.4).

o~

THEOREM 8.4. Let p € X*(T) = X.(T) be half the sum of the positive roots,
as in (3.10). Suppose that there exits € > 0 such that for all tuples A as above,

L(J] S(en,)) << [ p 20, (8.11)

pES peS

where cy, is the characteristic function of K,\p(p)K,. Then the measure
defined in (8.5) is given by

du(t) =) L(FA)Fa(t) dus (t),
x

where ug = Hpes wst s the product measure on Xg, and the above sum con-
verges absolutely and uniformly on €.
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Remarks: (1) Hypothesis (8.11) would follow from (a) adequate bounds on
the number of matrices A satisfying the conditions of Theorem 6.3, and (b)
adequate bounds for the local geometric integrals T4 ,(cy,) for p € S. (See
(9.3).) In Section 9, we will carry this out and prove Hypothesis (8.11) in the
special case n = 2, as an application of Theorem 6.3.

(2) It is not clear to us whether there is a closed form expression for the measure.

Proof. In Section 8.3, we saw that the set {F\| A € CT} is an orthonormal basis
for L?(Q, pust). Furthermore, it is dense in Vs, which in turn is dense in C(Q)
as discussed before Theorem 8.3. Hence, by the discussion in §8.2, it suffices
to prove that the given series is uniformly convergent under Hypothesis (8.11).

To ease the notation, we will first assume that S = {p} consists of just one

o~

prime. For any weight A € X*(T), define

Ay = Z (sgnw)w(N) € C[X*(T)].

For t € TC,

AN < | D (sgnw)w(N)(t)

weW

<D @) =Wl

weWw

By the Weyl character formula ([FH, Theorem 24.2]),

Axt
Fy, =<2 8.12
= (312)
It is well-known that
dusr(t) = |Ap(t)|2dt. (8.13)

(For example, compare (25.6) of [Bu] ((22.7) in the 2nd edition) with Lemma
24.3 of [FH]).

Therefore, for t € TC, we need to prove the convergence of

Do ILENEDIA@) = D 1LEN) A (DA 0] < WD L(F)]-

Aect Aect Aect

Next, we need to relate F to the functions S(c,) in order to make use of
Hypothesis (8.11). This is achieved by the following formula of Kato and
Lusztig, which holds in any split reductive p-adic group ([HKP, Theorem 7.8.1];
see also [Gr, (3.12) and Proposition 4.4]):

Fy=p~ 3" Poa(p)S(cp):

159
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Here, pu belongs to C*, and P, is the Kazhdan-Lusztig polynomial
Pya(p) = pPr) Z sgn(w)P(w(\ + pY) = (u+ p¥)),
weWw

where

Pe= > p =m0
p=3"n(aV)a
encodes the number of expressions of y as a linear combination of positive
co-roots with coefficients n(a*) > 0. We note that Py (p) = 1, [Gr, (4.5)].

Therefore, the quantity we need to bound is

ST ILEN = D [ S Puam)£(S(e)

Aect Aect p<A
< DT ELSE D] D Pw+pY) = (n+pY). (8.14)
pect A>pweWw
We claim that for w € W,
ST P +pY) = (u+pY)) <2 (8.15)
A>p

where d7 is the number of positive co-roots. Indeed, the left-hand side of (8.15)
is

DD 10

Azp Son(aV)aV
where the inner sum is extended over all expressions of the form

wA+pY) = (p+pY) = _n(a’)a"
with n(a") > 0 and o positive co-roots. The above expression is equivalent
to
)\:wfl(Zn(av)av +(u+p") —p". (8.17)
Thus we may exchange the order of summation in (8.16), so the left-hand side
of (8.15) is equal to
Z * p* > n(a ),
>Zn(aY)aY

where the * indicates that we consider only those expressions for which the

right-hand side of (8.17) is > u. The above is of course bounded by the sum
over all nonnegative linear combinations of positive co-roots

Z p—Zn(a ) — H Z -n(@’) < HQ,

S n(aV)aY av n(aV)=0
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proving the claim (8.15).
Combining (8.14) and (8.15), it follows that

Do ILEI < W] Y LS (en)]-
Aect pect
Using the given bound (8.11), the above is

< :E: p*EOMPX

pect

There exists a finite set {p1,..., ¢} € C* such that C+ C {Zle aip; |0 <
a; € Z}. Writing p = Zle aip;, the above is

This completes the proof when S = {p}.

The general case is proven in the same way, using

SLEI =D D T X Puyr, o) | £(] ] Sten,)
A

A |p<A \peS peS

<SS TT X2 27O 1P, )

PEeES PES Ap>pip
<> 1L Steunl [T e .
2 peES peES
Using Hypothesis 8.11, one shows as before that this is finite. |

COROLLARY 8.5. Write j1 = i, for the measure on T/W defined in (8.5) when
S = {p}. Then under Hypothesis 8.11,

Jim dpip(8) = dpsr ().

Proof. Let 0 € C* denote the element corresponding to the zero vector in Z"+!.
As in the proof of the previous proposition,

S LENRAOIAMP < > pE,

rec+—{o0} pnec+—{o}

Noting that (u, p) > 0 when p # 0, the right-hand side tends to 0 as p goes to
oo. Thus

lim dpy(6) = lim S £(F () duas(t) = £(Fo) Fo(t)dps (1) = dus (1),

p—)OO
xect

The last step follows by (8.4) and the fact that Fo =1 (cf. (8.12)). O
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9 LOCAL COMPUTATION WHEN n = 2

Here we refine the discussion from Section 7.4 for p € S, with the simplifying
assumptions that n = 2, and
ptddeto;. (9.1)

(Recall that det oy € $Z.) The main goal of this section is to prove the following
local bound.

ProrosiTioN 9.1. Under the above hypotheses, there exists a constant € > 0
such that
|IA,p(CA)| < p(1_8)<)‘1p>_8TP (92)

for all X € C*, where the implied constant depends only on p and ¢.

Before proving the proposition, let us observe how it implies the global Hy-
pothesis (8.11).

COROLLARY 9.2. Suppose n =2, 01 = 03 = 0, &(0,0) >0, and pt4deto for
all p € S. Then Hypothesis (8.11) holds.

Proof. In Section 7.2, we saw that 4, = 1 for primes p ¢ S. From the
definition (8.4) of £, Theorem 6.3, and Lemma 8.2, it follows that

Cnko c ITap(en,
E(H S(er,)) = La 5k(UHI;)Scn:_ rp) - 51{(; o) Z HIA,p(C)\p)v (9.3)

peES A peS

where A runs through the rank-2 matrices in My (Z)/{+£1} satisfying r ‘A=t €
M>5(Z) and 'Ac A = ro. In particular, writing

= ") A=(I Y)em

we have az? + brz + cz? = ra. Hence
4ra® = (2ax + bz)? — (b? — 4ac)z? = (2ax + bz + V' Dz)(2ax 4 bz — VDz),

where D = b? — 4ac < 0. Thus, in the ring of integers @ C Q[v/D], the ideal
(2ax + bz +v/Dz) is a factor of the ideal (4ra?). The number of ideal factors
of (4ra?) is < r*/2. In view of the fact that |O*| < oo, the number of possible
choices for z, z is < r¢/2. Similarly, the number of choices for y, w is < r¢/2.
So the number of terms in the sum is < r¢ =[] g p™*°. It follows from (9.2)
that the above is
< H p(l—s)(kzup)’
pES

as required. O
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The proof of Proposition 9.1 is given in Section 9.3. In the intervening sections,
we describe how to compute the local integral 14, explicitly, with the goal of
producing the upper bound (9.2). In many situations, the trivial bound (7.13)
is adequate, so an explicit computation is not necessary. In the remaining
cases (which, in the notation below, occur when 5 —1 < t), we give a complete
treatment of the local integral.

9.1 PRELIMINARIES

Without loss of generality, we consider the case where f, = cy is the charac-
teristic function of the double coset Z, K,\(p)K,, where

Ap) = diag(1,p",p",p" ") (9.4)

for 0 <t < 7/2asin (3.21). Thus we write 7 in place of , (for the purpose of
eliminating a subscript).

By Proposition 7.4, we need only consider matrices D of the form
D =diag(p®,p®), 0<a<p, a+f=r
Write
oy = Uo U = (bL/LQ bé2) .

Note that oy is half-integral, and det oy = det o1. So by (9.1), either p t b or
p 1 ac. We would like to compute the integral

D pSD!
In, :/ ! (< oD ))9 (tr o1 ) dS. (9.5)
' Js@p P\ pTDH )T

Writing S = (ac y), we let
y z

(63

p* 0 pPx py

M= D p’SD™! _ 10 p? PPy poz
O p D! 0o 0o pf 0

0 0 P>

By Proposition 3.2, M € supp f, if and only if the fractional ideal generated
by all the entries is (1) = Z, and the fractional ideal generated by the deter-
minants of all 2 x 2 submatrices is (p') = p'Z,,. The determinants of the 2 x 2
submatrices of M are shown in the table below:
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cols |9 1,3 14 2,3 2.4 3.4
TroOws

1.2 poTP p TRy p?a —pPa —pTFy pTP (22 — y?)
1,3 0 p>tB 0 0 0 —ptBy
1,4 0 0 P2 0 0 p By

2,3 0 0 0 p?P 0 o
2.4 0 0 0 0 poth p Py

3,4 0 0 0 0 0 poth

Using a < § and o + 3 = 7, we see that M & supp f, if and only if

(p*, Pz, p*y, p*2) = (1) (9.6)

and
(p**, p"x, pTy, p**z, pT (zz — y?)) = (p"). (9.7)

Let
o =plx, Y =py, 2 =pz (9.8)

Then (9.6) is equivalent to

" 2"y, 2") = (1) (9.9)
and (9.7) is equivalent to
(o7 (o7 (67 — 2
(p*,pa,p7y 2 ' = PPy = (). (9.10)
If a # 0, then (9.6) is equivalent to
(=',y',2") = (1), (9.11)

ie., 2,y 7 € Z, and at least one of them is a unit.

9.2 EVALUATION OF THE INTEGRAL [4

We continue with the notation from above. Given a Borel subset S’ C S(Q,),
we define

D rSD™!
Ig = /S/ fp((O D-1 ))Gp(traUS)dS.

Define
So = {(i Z) € 5(Qp)| z,y, z satisty (9.6) and (9.7)}.

Then Ig, = I4 ), is the integral (9.5) we need to compute.

1 0 0 0 0 1
Let E11 = (0 0), EQQ = (0 1) and Ei? = <1 0> .
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PROPOSITION 9.3. Let S’ be a Borel subset of So. Suppose pta (resp. ptb,
Ty ’ . Ty 1 Ty 1
p1c). Suppose (y z) € S’ implies that <y z> + S En ((y ) + S El,

z

(gyc Z) + %Egg respectively) belongs to S’. Then Is = 0.

Proof. Suppose p 1 a. The other cases can be handled similarly. By the given
x vy , - e [Ty 1 l
property, (y z) € 5" if and only if (y z) + ;Eu € S’. Hence

IS/ / 9 tI‘O’US dS = 9 (tI‘O’U(S— —EH))dS = 6( )IS/
p
The proposition follows. O

PROPOSITION 9.4. Suppose (z Z) € Sy. Then:
(i) If B>2, 7—1>t+1 and p**|pP=12’, then <;C Z) + %EU € 5.
(ii) Ifa >2, 7 —2>t+1 and p|pP~1y/, then (; Z) + %E{Q S

(i) If « > 2, 20— 1 >t + 1, ptTHpe~1a’, then (; ‘z) + B € S

Remarks: 1) If in (9.10), (p®®, p®a’,pPy’, p®2') = (p'), then the last condition
of (i) (resp. () (iii)) can be replaced by the weaker condition p*[p?~12’ (resp.

ptpP~1y', pt|p®~'a’), and the second condition of (i) can be weakened to

T—22>1.
2) There are some other variants; for example, if (2/,2’) = 1 and « = ¢, then
in (ii), the conditions can be replaced by o > 1, 7 — 2 > ¢, and pt|p®~1y/.

Proof. (i) Replace x by x + % in (9.6) and (9.7). The left-hand side of (9.6)
becomes

(p*, pPa £ 771 py,p”2).
The left-hand side of (9.7) becomes

(P> p £ p" Ty, p" 2 p (w2 — y?) £ 712,
Under the given hypotheses, p®~1 € (p), p”~! € (p'™!) and p?~12" € (p'™h).
Hence (;j g) + %EH satisfies (9.6) and (9.7).

(ii) Replace y by y + 1—17 in (9.6) and (9.7). The left-hand side of (9.6) becomes
(p*, PP, p™y £ p2).
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The left-hand side of (9.7) becomes
(P** pTa,pTy £ 7 PP pT (w2 — y?) F 207 - pT ).

Under the given hypotheses in this case, p*~ € (p), p” "2 € (p!*1) and p 1y €
(ptt1). Hence (i Z) + %E{Q satisfies (9.6) and (9.7).
Assertion (iii) and the remarks can be proven similarly. O
COROLLARY 9.5. Suppose pta, and that

(i) B> 2,

(ii)) T—=1>t41,

(iii) B—1>t+1.

Then Ia, = 0.

Proof. Suppose <z Z) € So. Then by (9.9), 2’ € Zy, so by the third hypoth-
esis, p*1[pP~12’. By Proposition 9.4, <9yc Z) + %Eu € Sp. The assertion now
follows by Proposition 9.3. O
COROLLARY 9.6. Suppose ptb, and

(i) a>2,

(i) T—2>t+1,

(iii) B—1>t+1.
Then Ia, = 0.

Proof. This follows in the same way as the previous corollary, using Proposition
9.4 (ii), and Proposition 9.3. O

PROPOSITION 9.7. Suppose condition (iii) of the above corollaries fails to hold,
i.e., B—1<t. Then exactly one of the following is true:

1. 7=27+1isodd, a=7,8=74+1, and t = 7/,
2. 7=27""iseven, a=7 -1, =7 +1, and t =7/,
8. 7=27"4iseven, anda=B=t=1',

4. 7=27"4iseven, a=B=17,andt =71 — 1.
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Proof. Suppose 8 < t + 1. Then because we always have t < [%} (where

brackets denote the floor), it follows that 8 <t +1 < [%} + 1. On the other
hand, 7 = a4 8 < 243, which gives the lower bound in the following inequality:

lenslgln

(Here, [-] denotes the ceiling.) Using 8 —1 < ¢ < [Z], the result follows easily
by considering the possible cases. |

PROPOSITION 9.8. Suppose «, B, t, T satisfy Proposition 9.7 (1), i.e., T = 27"+
La=7,8=74+1,andt=7". Then if 7/ > 2, I4, =0.

Proof. Let (; ZZ/) € Sp. Then (9.10) is satisfied, and since o = 7" > 2, (9.11)
is also satisfied. In particular, by (9.10),

22 =py®  (mod p?). (9.12)

It follows that either 2’ or 2’ is a unit. Indeed, if p|z’ and p|z’, then ¢ is a
unit by (9.11), leading to an obvious contradiction in (9.12). In fact, by (9.12),
p|z’z" and hence exactly one of 2’ or 2’ is a unit.

First suppose p1b. Note that (2/,2') =1, a =t > 2,

T—2=27"-1>27 — 7 =1t

and p*[p®~1y’. By the second remark after Proposition 9.4, (; ZZ/) + %E{Q €
So. By Proposition 9.3, 4, = Is, = 0.

Finally, suppose p|b. Then as noted earlier, p { a. Since one of 2’ or 2z’ is a unit,
(p*a’,p®2") = (p'). Furthermore, p‘[p®~'2', and as above, 7 — 2 > t. By the
first remark after Proposition 9.4, (ﬂyc g) + %EH € Sp. By Proposition 9.3,
Iap, =15, =0. O

PROPOSITION 9.9. Suppose «, 8,t, 7 satisfy Proposition 9.7 (2), i.e., T = 27
iseven,a =717 —1,B=7+1, andt =7". Then if 7' > 3, L1, = 0. In fact,
if ptac, then Inp, =0 4if 7 > 2.

Proof. Let (; z> € Syo. Suppose 7 > 2. By (9.10), p” [p” ~'a’ and

pTl|pTL1,z’, and hence p|a’ and p|z’. Therefore by (9.11), ¢/ is a unit.
Suppose p { ac. Because p|z’, we have p'*1[p#~12’. Hence by Proposition 9.4,
(5 Z) + %Eu € So. By Proposition 9.3, Is, = 0.

Next suppose ptb and 7" > 3. Write 2’ = pz” and 2’ = pz”, with 2" and 2’ €
Z,. By (9.10), p?z"2" = p*y’? (mod p'), so 2’2" = y/*> (mod p” ~2). Because
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7/ > 3, it follows that 2/ and z” are units. Therefore (p®a’) = (p'). Obviously
p'[p?~1y’. By the first remark after Proposition 9.4, (§ %) + %E{Q € Sy. By
Proposition 9.3, 4, = Ig, = 0. O

PROPOSITION 9.10. Suppose «, 3,t, T satisfy Proposition 9.7 (3), i.e. T = 27
and « = B =t = 1'. Suppose further that 7" > 2. Then the integral I, is
given explicitly by (9.14) below.

Proof. Suppose <;C Z € So. Then (9.11) implies (p'z’, ply’ pt2") = (pb).

Hence (9.11) and (9.10) taken together are equivalent to (9.11) and
2 =y? (mod p). (9.13)

If 3 is not a unit, then by (9.13) and (9.11), exactly one of 2’ or 2’ is a unit.
So there is a partition

Sop =51 US2U S5,

where

z

S1= {(; y) € Sy: 2y, 2 are units},
S — r y . / ’ /- .
2—{( Z)GSo.p|y,p|z,andx is a unit},

Sy = {(‘z g) € So: ply', plo’, and 2’ is a unit}.
We claim that Is, = Is, = 0. Let (3 Y) € S2. Then (p®2’) = (p'), p'|p" 12/,
and 7—1 > t+1. By the first remark after Proposition 9.4, (; z) i%EH € 5.
In fact, this matrix belongs to Sy since p”(z + 1—17) = 2/ +pP71 is a unit.

Hence by Proposition 9.3, Ig, = 0 if p { ac. If plac, then p t b. In this
case, (p®z') = (p), ptlp®~'y/, and 7 — 1 > t + 1. By the first remark after

Proposition 9.4, gyc Z + %E{Q € Sp. In fact, the matrix belongs to S5 since
p*(y + %) =y +p* ! € pZ,. By Proposition 9.3, Is, = 0. The proof that
Is, = 0 is similar.

For the integral over Sy, note that the validity of (9.11) and (9.13) depends
only on 2,9/, 2’ (mod p™'), which also means that S; = S; +52(Z,,) (where Sy

here denotes the symmetric matrices). Hence, writing x, y, z for the congruence
’
classes of 2/, 3’, 2’ mod p™,

Iap=1Ig, z/ Op(tr(oyS))dS
S1
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= Z / / / Op(ax + by + cz)dzdydz
ﬁJer Tf_,Jer p%Jer

’
x,y,2€(Zp /7 Zp)*,
x2=y2 (mod p7’)

_ Z e(_;)z) Z e(_ax—i—cz)

YE(Zp/p™ Zp)* x2€2Zp/p7 Zp
xz=y2 (mod pT')

-y e@j%) S Yt

yE€(Zp/p™ Zp)* x,262Zp/p7 Zp

xz=1(mod p7’)

- ¥ 3 (LYlaxteztb) ) (9.14)

pT
’ ’

x2€2Zp/p" Zp \YE(Zp/p™ Zp)*

xz=1(mod p7’)

We remark that the computation here is valid for 7/ > 1. The sum over y can
be evaluated using (9.20) below. O

PROPOSITION 9.11. Suppose «, 8,t, T satisfy Proposition 9.7 (4), i.e. T = 27
is even, « = 8 =17, and t = 7' — 1. Suppose further that 7/ > 2. Then the
integral 1a , ts given by (9.18) below.

Proof. In this case, (9.11) and (9.10) are equivalent to (9.11) and

(x/z/ _y/2) _ (p'r’fl)’ (9-15)
ie.,
7 =y” (modp” Y (9.16)
but )
22 %y (modp”) (9.17)

As in the previous proof, we integrate over Si, 52 and Ss. We first show that
Is, = Is, = 0. Suppose (%) € So, s0 2’ € Z;, ply', and p[z’. Then the

conditions of Proposition 9.4(i) are satisfied, so (i Z) + %Eu € Sp. Since
PP (z+ %) = 2/ +p”~ 1 is a unit, this matrix in fact belongs to Ss. By Proposition
9.3, Is, = 0, assuming p {f ac. On the other hand, if plac, then p { b. The
hypotheses to Proposition 9.4(ii) are satisfied, so <Z Z) + %Eig € Ss, and
once again Proposition 9.3 gives Ig, = 0. The proof that Ig, = 0 is similar.

For the integral over Si, just as in the proof of the previous proposition, we
have
IA,p :IS1 = Gp(traUS)dS
S1
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Z / / / Op(azx + by + cz)dzdydz
2 +Zy #J"Zp ﬁJer

pT

x.y,2€(Zp /p7 Zp)*,
xz=y2 (mod p7™' = 1), xz#y2 (mod p7’)

by ax + cz
= E 6(— p ) § 6(— p )
/ p y p
YE(Zyp/p™ Zp)* X,ZGIZp/p" Zp ,
xz=y2 (mod pT' —1) xz#y2 (mod pT")

3 by 3
6(7 / )
ye(Zp/p™ Zp)* x2€Zp/p7' Zp
xz=1(mod pT —1) xz#1(mod p7’)

y(ax+cz+b)
2. D el IERCAL)
x2€2Zp/p™ Zp yE(Zp/p™ Zp)*

xz=1(mod pT™' —1),xz#1(mod p7’)

p—1

Z Z Z ( y(ax+cz+b))

= e(———-—-—
pT
h=1 %2€2Zp /07 Zp YE(ZP/PT,ZP)*
xz=1+hp™ —1(mod p7’)

Once again, this computation is valid for 7/ > 1. We remark that (9.18) can

be rewritten as

Cylaxtcz+b) |
> P — )| = (9.14). (9.195)

x2€2Zp/p7 Zp YE(Zp/p™ Zp)*

xz=1(mod p7 —1)

COROLLARY 9.12. Suppose 3 —1 <t and T > 5. Then I, <, p37/4.

Proof. By Propositions 9.7-9.11, we may assume that 7 = 27’ is even, and 14,
is given by (9.14) or (9.18). Recall the formula for the Ramanujan sum

” pT—pT Tl i pT |,
>, =g it pm e, (9.20)
0 if p7 1t e

YE(Zp/P™ Zp)*

([Hua, Theorem 4.3]). Thus the summation over y in (9.14) is nonzero only if
ax+cz+b=0 (modp” ). (9.21)

Since xz =1 mod pTl, this is equivalent to
! (9.22)

ax’ +bx+¢=0 mode/_ ,
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and also to
iz’ +bz+a=0 modp” . (9.23)

Suppose pla and ple, so that p { b. Then (9.21) has no solution, so the sum-
mation is zero. If p ta (resp. pt c¢), then the number of x mod p”™ satisfying
(9.22) (resp. z mod p” satisfying (9.23)) is < pp(™ ~V/2 <, p7 /2 (cf. [KL3,
Lemma 9.6]). Now applying (9.20), we see that (9.14) is O(p?™ /2).

Similarly, (9.18) is

p—1 ,
’ 2 ' =1 ’ ’ 2
<<E E p" < pPpE opT < piT /2 O
h=1 X,ZEZp/pT/Zp
xz=1+hp™' =1  (mod p7'),
ax+cz+b=0 (mod p7 —1)

9.3 PROOF OF PROPOSITION 9.1

For p € S, we require a bound for the local integral I, given in (9.5).
We continue to use the notation of Section 9.1. Thus, 7 = rp, A(p) =
diag(1,pt,p7,p" ") for 0 < t < 7/2, D = diag(p®,p”) for 0 < a < B with

_ _ [ a b/2
a—l—ﬁ—T,andaU—tUalU—(b/2 .
By (3.10)
3
p= 560 — 2e1 — eo,
0

(A, p) = 230—251 —ly = ST—t.
To prove Proposition 9.1, we must show that for some & > 0,
|IA,p(C)\)| < p(17€)</\,p)7€'r _ p(lfs)(%'rft)fsr. (9.24)
By the trivial bound (7.13),
[a,p| < p2a+'6 = ptT.

Therefore (9.24) is certainly satisfied when
3
a+T1< (1*6)(57'70 — €T, (9.25)
or equivalently,
1—5e
2

Note that (1 —¢)(37 —t) —e7 is a decreasing function of . Therefore if (9.24)
holds for some particular € = ¢¢, then it holds for all smaller positive €. For

a+(l—en<

T.
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concreteness, we will verify it for €9 = 0.01, in which case the above inequality
takes the form
a+0.99t < 0.4757. (9.26)

For any given value of 7, there are only finitely many permissible values for ¢, «
and g, so the associated integral is bounded by a constant depending only on
7. Therefore we may assume that

T>T. (9.27)

If p+b (resp. pfac) and the conditions of Corollary 9.5 (resp. Corollary 9.6)
hold, the integral vanishes and the desired bound is trivially satisfied.

Suppose condition (iii) of either Corollary 9.5 or Corollary 9.6 fails. Then by
Corollary 9.12,
IAp < p37/4 < p(1—26)7'
when € < 1/8. If t = 7/2 (as is the case in Proposition 9.10), then
p(1—28)‘l’ _ p(l—a)(%‘r—t)—a‘r.
If t =7/2—1 (as is the case in Proposition 9.11), then
p(1725)'r < p(1725)7'+(17€) — p(lfs)(%'rft)fs'r-
Either way, we obtain the desired bound for I4 , when ¢ < 1/8.

Suppose condition (i) of either Corollary 9.5 or Corollary 9.6 fails. Then (using
a < f in the first case) o < 1. By (9.7), ¢ < 2. Hence by (9.27),

a+0.99t < 3 <3.325 =0.475 x 7 < 0.4757,

50 (9.26) is satisfied in this case, and the desired bound holds.

Suppose condition (ii) of either Corollary 9.5 or Corollary 9.6 fails. Then
7 —2 <t < Z, which means that 7 < 4, contradicting (9.27).

This proves (9.24) and hence Proposition 9.1.

A DISCRETE SERIES MATRIX COEFFICIENTS FOR GSp(2n)

Here we explicitly compute certain discrete series matrix coefficients for
GSps,, (R) using ideas of Harish Chandra. Our main references for the back-
ground material are [AS] and [Kn].
A.1 RooT SYSTEM
The Lie algebra of Sp,,, (R) is

g={X|JX+'XJ =0}

A B
{<c D) € Mon(R)|A=—'D, B='B, C = tc}.
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We have
g=top,

where

- {<_AB i) € My (R)| A= —'4, B = tB}

is the Lie algebra of KT

b= {(g _BA> € My (R)| A= 4, B = tB}.

Let h C tc denote the real subspace consisting of all matrices of the form

ay
az

—aq an 9 (Al)

—ao

—an

for a; € iR (i> = —1). Then b is a compact Cartan subalgebra of gc. For each
j=1,...,n, define a linear form e; on hc by taking the above matrix to ia;.
Let A = A(hc, gc) C h§ be the set of roots. One finds that

A = {£2e;,+(ej +ex), e —ex| j # k}.
The compact roots (i.e. those whose root spaces belong to £c) are
Ak ={ej —exlj # k}

Let A, = A — Ak denote the set of noncompact roots. We fix the inner
product in A determined by

<€i; €j> = 51]
We set ¢; = —e;, and fix the following ordered basis for h:
{e1+e2+ - +6n, €n—En-1, En—1—En—2, ..., €2 —E1}.

This determines a good ordering of A (i.e. A, > AF)in which AT = A UAL
is given by

26]', 1 S ] S n +

gjter, 1<j<k<n } ne

er—egj, 1<j<k<n }AL.

fIn this appendix, K denotes the compact subgroup (3.4) which was denoted Koo else-
where in the paper.
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Then

1
5G:§Za:€1+2€2+...+n€n- (A2)
aeA+

Remark: The positive system (here denoted A’") considered in [AS] is the
one used in Chapter IX of [Kn]. The relationship to the present system is
Alt = AL and A/ P = —Af . In other words, AT = —wx (A'"), where wg
is the element of the Weyl group Wy taking A} to —Aj. (See Remark (1)
after Theorem 9.20 in [Kn].)

For each root o € A, let g, C gc be the associated root space. Define the
following subalgebras of gc¢:

A —iA
=P ga={(iA ZA)|A:tAeMn(C)},
aeAio

and

b= P g_a:{(i i‘i)M:tAeMn(C)}.

acAL.

The corresponding analytic subgroups of Sp,,, (C) are

Pr=ene) = { (01 ) 14= a e o)

and
_ _ I,+A 1A
P exp(p){( iA In—A)|AtA€M”(C)}'
We also have

K¢ = exp(tc) = {<_AB i) € GLon(C)| (A +iB) (A —iB) = In} .

Since A and B are complex, the condition on (A+iB) is equivalent to A+iB €
GL,(C), reflecting the fact that U(n, C) = GL,(C).

A.2 REALIZATION IN SU(n,n)

Recall that

sunn) = {oesta@ig ("™ Ya=(" )}

G' ={g€SU(n,n)|'qJg = J}.

Define
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One can show that

G = {<% g) € SLy, (C)

I, il,
Let 7 = (i]n In) . Then the map

"o — tﬁB =1I,
Ba="'ap |

g9 =7'gr

is an isomorphism from Sp,,(R) into G’. For any object O associated to
Sps, (R), we let O' denote the corresponding object for G'. Writing g =

(A B), we have

((A+D)+z‘(BC) (B+C)+z'(AD))-

(B+C)—i(A—D) (A+D)—i(B-C) (A.3)

B ;L
_B A) € K, we see that ¢’ = (
A + Bi is unitary. Thus

K =r'Kr = {(O‘ tal) la e U(n)} .

A+ Bi

Taking g = A Bi)’ where

Likewise,
Kg=1"'Kcr = {(a tozl) | e GLn(C)}
P =7"1ptr = {<_§’;A IOn> |A="A¢ Mn(C)}
and

J A {(IO” 2}“‘) A=A e Mn(C)}.

A.3 HOLOMORPHIC DISCRETE SERIES

We recall without proof some properties of the holomorphic discrete series for
the group G = Sp,,, (R). This material is due to Harish-Chandra [HC]. We
follow the exposition in Chapter VI of [Kn]. Suppose A € h§ is analytically
integral (i.e. N(H) € 2miZ whenever exp(H) = 1) and dominant with respect
to K (i.e. (\,a) > 0 for all @ € AJ). Let (®),V) denote the irreducible
unitary representation of K with highest weight A\. Let vy € V be a highest
weight unit vector (unique up to unitary scaling).

Extend @ to a holomorphic representation of K. For g € G, let u(g) € K¢
denote the middle component in the Harish-Chandra decomposition

G C PYKcP~™
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([Kn, Theorem 6.3]). Define

Ualg) = (®A(1(9)) Mor, va),, -

Then under the condition

(A+6dg,a) <0 forall ae€A]

nc?

(A.4)

¥ is a nontrivial square-integrable function on G ([Kn, Lemma 6.9]), and its
translates under the left regular representation generate an irreducible square-
integrable representation (my,V)) of G ([Kn, Theorem 6.6]). Furthermore, by
[Kn, p. 160 (6)],

(T (@)x; x) 2 = alg™ D llall>.

To each v € V' we associate the function <<I>>\(,u(g))_1v,v>\> € V. This defines
a K-equivariant embedding V' — V), and hence ®) occurs as a K-type in 7y,
with highest weight vector ). In fact, this K-type occurs with multiplicity
one and wy = % € V, is a highest weight unit vector ([Kn, p. 160 (5)]).
Our aim is to compute the matrix coefficient

(ma(g)wx, wx) = Palg™") = (@alulg™) " va, va)y, - (A.5)
We will use the realization of G in SU(n,n) since it facilitates the computation
of u(g). Let ¢’ = (% g) € G'. Then the Harish-Chandra decomposition is

given explicitly by

o B\ (I, O\(a O)\(IL, a’'p
GO D6 )6 o
To verify this decomposition, note that the lower right corner on the right-hand
side is fa™! + Ba~'B. By the fact that ‘oo = I,, + 435,

T = tafl + tafl%ﬂ.

— — S |
Also Ba = faf = fa~' = Ba~ '8 . Substituting this into the second
term above, we see that the lower right-hand corner is equal to @ as needed.

Let g = (g IB;) € Spy,(R), and let ¢’ = (% g) € G’ as in (A.3). By

t—
(A.6), we see that u(g’') = <g tO_1>_ Now ¢'~1 = ( a ) ﬂ), ©

o -8 o

«

= (5 ). (A7)
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A.4 EXPLICIT FORMULA FOR THE MATRIX COEFFICIENT

Although it is possible to compute the matrix coefficient of 7 explicitly for
any A (at least when n = 2), for simplicity, we have chosen here to treat just
the case where dim ®, = 1. This discussion is valid for any n > 2.

For k € Z, let ®y be the character of K = U(n) defined by

By (_AB f)) — det(A + Bi)~. (A.8)

Its holomorphic extension to U, (C) = GL,(C) is given by the same formula.
The (unique) weight of this character is

e = —Kk(e1 + -+ &) (A.9)
This weight satisfies condition (A.4) exactly when k > n.

PROPOSITION A.1. The character ®, = det® arises as the minimal K -type of a
holomorphic discrete series representation 4 of Spa, (R) if and only if k > n.
If this holds and wy is a unit vector of weight X\, then for any g = (é g) €
Spa, (R) we have

2nk

(i (9w, we) = det(A+ D +i(—B+ C))<’

Proof. By (A.5) and (A.7),

(i (g)we, we) = Sx(p(g ™))~ = det("@) ™.

o= %((A—FD) Li(B=C)). (A.10)

The given formula now follows. O

COROLLARY A.2. For g = (é g) € Sp,,(R), define fif (g) = (mc(g)wy, wy).
Then

2nk

1) = det(A+ D +i(B— Q)

(A.11)

COROLLARY A.3. Fork >n and g = (é g) € Sp,,,(R), |fi (9)| equals
2nk

det(2l, + AtA+ BB+ C*C + D'D +i(A'C — C'A+ B'D — D'B))¥/?

Proof. For a = A+ D +i(B — C), |det a|? = det adet '@ = det a'a. Expand
this using the relations given in (3.1) and (3.2). The corollary then follows
immediately. O
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With the formula for the matrix coefficient in hand, we can compute its LP-
norms. The formulas above and the calculations below closely parallel those
for GL2(R) given in [KL1, §14].

PROPOSITION A.4. For any real number £ > 0, the function |f.F|* is integrable
over G = Sp,,,(R) if and only if ¢k > 2n. If this condition holds, then with
Haar measure normalized as in the proof below,

2n(n+1) anl ]'

+(\ldg = e
/Glfk (9)I"dg = [icicjcn (e —(i+3))

Proof. The matrix coefficient f; is bi-K-invariant, so it is convenient to use
the Cartan decomposition G = K AT K, where
AY ={a = diag(a1,...,an,a;t,...,a; )1 <a; <ay <---<ay}

We may view AT as the set of positive roots relative to the action of the
diagonal subgroup on g, and AT = exp(a™), where a't is the positive Weyl
chamber. By a standard integration formula ([vdB, Lemma 4.2]), when dg is
suitably normalized we have

/ gy = / it Unaka) | T (0 — o) dindadia,
G KxA+xK

aeAt

where the Haar measure of the compact group K is taken to be 1. Note that
(a® —a~*) > 0 by the definition of AT. We now change notation and write
a = diag(aq,. .., ay,). Using Corollary A.3, the above is

ni. oy N B
N 2 ‘ /GEGLTL(R) diagonal, det(QIn + a2 + a 2) k/2 H (a —a )da/

1<aj<---<ap aEAT

o0 00 00 n
= 2"@‘/ / e [[@+ai+a3?)~"(af - a®)
1 a Gn—1 g—1

da da
—1 -1 -1 _ -1 n 1
X | | (aiaj —a; a; )(aja; " —aj a;)— - —.
= Qnp ai
1<i<j<n

To ease notation below, set x = fk. Then letting u; = 2 + a? + a;Q, the above
is

— 2nnfn/ / / Hu;H/Q H (Uj —ui)dun---dm. (A.12)
4 U1 Un—1 g=1 1<i<j<n

This can be evaluated using the Selberg integral, but we have chosen to give
a self-contained treatment since it does not take much more space to do so.

Observe that
H(Uj —u;) = Z sgn(o)u‘f(l)*1 A

i<j oeS,
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Hence (A.12) becomes

o sgn(o /// / W D712 o)==k 2y L gy

oESR
_ )n4a(1)+a’(2)+---+o’(n)7nl<a/2

sgn o)(
Z [li(e) +o(n—1)+ - +o(n—j+1) - jr/2)

ocES,

_on? sgn(o)
2 Z (ﬁ/Q—U(n))(Fa—a(n)—a(n—l))---(nﬁ/Q—a(n)—---—a(l))’

ocES,

provided k > 2n (otherwise the integral diverges). Replace o by o7, where
7(i) =n—1i+1for all 1 <i <n. The above is then

_on® sgn(oT)
=2 a;n (,{/270'(1))([&70'(1)70'(2)) (n’i/270—(1)770'(n))

Applying Lemma A.5 below with b; = k/2 — i, the above is

_ 2n2+n sgn(7) Hi<_j (i —7) _ gn(n+1) Hi<j (j—1)

[lic; (5 =G +35) [Lic; (v = (i +7))
by the fact that sgn(r) = (—1)(3) (both are 1 iff n = 0,1 mod 4). The
proposition now follows. O

LEMMA A.5. Let F be a field of characteristic 0, and let by, ..., b, be indeter-

minate variables. Then in the field F(by,...,by) of rational functions,
. (bj —b;
3 gn(o) el =0 )
2= boy o) + bo@) (oo bo) iy (B + 0y)

Proof. Let A(by,...,by,) denote the left-hand side of (A.13). Then

i A b1 b¢,1 bg+1 bn)
A(by, ... = 1)t ARAE AL hech SRR RLV A4
1oob ; T S—— (A.14)

To see this, write A(b1,...,b,) as

1 sgn(o)
b+ + by ; Z bo(1)(bo(1) + bo(2) +* (bo() + -+ +bo(n-1))

o oty if1<o(i)<¢
=ty =1 it 01 <ol <n.
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Then o is the composition of ¢’ with n — ¢ transpositions, so sgn(o) =
(—1)"“sgn(o’). Since o + o' defines a bijection between the set of such
o and S,—1, (A.14) follows.

We may now prove (A.13) by induction on n. The base case n = 2 is easy to
check by hand. Applying the inductive hypothesis to (A.14),

n

Z(_l)n_g Hi<j;i,j7£€(bj - bi)_
R [licjiijve(bi b))

2n—1
A(by, ... by) =

Let

B(bl,...,bn):blj;'n'i_'jb"< 11 (bi—i—bj))A(bl,...,bn) (A.15)

1<i<j<n

=i<—1>”-f( i <bj—bi>> <ﬁ(bi+be)>- (A16)

i<ji,j£L i=1

This is a homogeneous polynomial of degree w;nd) +n = @ + 1.
Because

A(bl, ceey bn) = Sgn(o)A(bU(l), ceey bo(n))

for all permutations o € S,,, B inherits this property from (A.15). In particular,
B(blv"'abn):7B(b0'(1)a"'abo'(n)) (A17>

if o = (i j) is any 2-cycle. It follows that B(b1,...,b,) = 0 if b; = b; for any
i # j. Hence [[,_;(b; — b;) divides B(b1,...,b,), and

B(by,....by)
Hi<j(bj - bi)

is a homogeneous symmetric polynomial of degree @ +1-— @ = 1.
Hence it has the form ¢(by + -+ + b,,) for some constant ¢. The monomial
b2 [0, bi~! appears in (A.16) with coefficient 2 (take £ = n), and in (b +
-+ ++by) [ [, ;(bj—b;) with coefficient 1. Therefore ¢ = 2, and (A.13) follows. [

A.5 INTEGRABILITY

An irreducible unitary representation m of G = Sp,,,(R) is said to be integrable
if it has a nonzero matrix coefficient belonging to L!(G), or equivalently, if all
of its K-finite matrix coefficients belong to L'(G). Applying Proposition A.4
with ¢ = 1, we immediately obtain the following.

PROPOSITION A.6. The representation ! is integrable if and only if k > 2n.
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More generally, let 7y be the discrete series representation of G (holomorphic
or not) with Harish-Chandra parameter A. Then by a theorem due to Trombi,
Varadarajan, Hecht and Schmid, 7 is integrable if and only if

LB >3 3 [(a.B)| forall Be A, (A.18)
aEAT

([TV], [HS]; see also Milici¢ [Mi]). With notation as in (A.2) and (A.9), the
Harish-Chandra parameter of ;' is

A=X+0c=(1-%e1+(2—-k)ea+ -+ (n—k)eg, (A.19)
(see Remark (1) after Theorem 9.20 of [Kn]). Note that for any j, ,
| (M + 06,65 +e0) | =[(J+0) — 2k| =2k — (j + £). (A.20)

Using this, one may easily verify that (A.18) holds for A exactly when k > 2n,
for an alternative proof of Proposition A.6.

A.6 FORMAL DEGREE

Recall that the formal degree of m = 7y is the constant d, > 0 (depending only
on the choice of Haar measure on G = Sp,,, (R)) satisfying

[
d
[ 1ma(apo. ) g =

for all v,w € V,. Applying Proposition A.4 with ¢ = 2, we immediately find
the following.

PROPOSITION A.7. The formal degree of m is the following polynomial in k
of degree n + (%) = @
de=a [ (2x-(i+7)), (A.21)
1<i<j<n
where a is a nonzero constant depending on dg.
Remarks: (1) Harish-Chandra proved that there exists a choice of Haar measure
for which A+ 56, 58)
+0a;
o= 115
peat ’

for all A ([HC] §10). If X is given by (A.19), then by evaluating the above
expression explicitly as in (A.20), we obtain an alternative proof of (A.21).
(2) With measure normalized as in the proof of Proposition A.4, a =
(Qn(n-i-l) H;L:_ll _7')_1
(3) If we adopt the classical normalization of measure, so that

dxXdy

=1JAWQF@=iLnfJ(”ﬁ)Uﬂﬂylm”‘@Q}WEP

then a = 27" +2)r—n(n+1)/2 (PSS, §A.1]).
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A.7 EXTENSION OF m TO GSp,,

We can extend 7, to a representation of GSp,,, (R) in the following way. First
induce 7, to the group of symplectic similitudes with multiplier +1, namely

I,
Spg:n<< _I>>Sp2n'

Let VT be the space of ;. Then the new space is

V = {f:Sp3,(R) = V| f(g2) = m (9)f () for all g € Spy, (R)},
and Spi, (R) acts by right translation. Note that any f € V is determined
by f((I” 1)) and f((I” 7In))' We identify V* with the subspace of V*

n

consisting of functions which vanish on (I" I ) Letting V'~ denote the space

n

of functions vanishing on the identity element, we have
V=VteVv". (A.22)
We make V into a Hilbert space by defining
(f:0) = (F(1); h(D))y+ + (f(0), h@))y (A.23)

where o = (In > Then (A.22) is an orthogonal direct sum.

—I,
Denote this representation on V' by m,. One easily sees that each subspace in
(A.22) is stable under Sp,, (R), and my|sp, (r) = ™ & 7, where m, is also
irreducible and square integrable. Let

zt = {(ZI" ZI”) |z >0}

GSp,,, = Z* x Sp3, .

Extend 7 to a representation of GSp,, (R) by requiring Z% to act trivially.
This is an irreducible square integrable representation, also denoted m,. For
any z € Z(R) and f € V, we have

me(2)f(g9) = f(sgn(z)g) = m/ (sgn(2))f(g) = sgn(2)"f(9)
by (A.8). This shows that the central character of my is
X (2) = sgn(z)"~. (A.24)

Then

As before, let wy, € V' denote a unit vector of weight ). Define ¢9 € V by

¢0(<In In))wk and ¢0(<In —In>)0'

This is a lowest weight vector, spanning the minimal K-type of m, which is
+
the two-dimensional representation Indg (®y), where KT = K U K( . I, )
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ProroSITION A.8. The representation my is irreducible, unitary, and square-
integrable when k > n. It is integrable exactly when k > 2n, and in this case,
the formal degree of m. coincides with that of m given in (A.21).

Proof. Everything follows more or less immediately from the corresponding
properties of 7,7 . Indeed, define the matrix coefficient

fe(g) = (me(g)do, do)- (A.25)

Unraveling the definitions, we see that fi(g) = fi (g) for g € Sp,,(R), and
fx(9) = 0if r(g) < 0. Using the fact that m is Zt-invariant, we have

ld _ ld _ ed _ n ld .
/GSPM(R)/ZIfk(g)I 9 /spgn f(9)I"dg /Sp |fe(9)|"dg /Sp £+ ()| dg

The assertions now follow from Proposition A.4. O
THEOREM A.9. For g = <g g) € GSp,, (R),

r(g) % 2"«
det(A+ D +i(—B 1 O)F

if r(g) >0
(me(9) b0, Po) =

0 if r(g) < 0.

Proof. Let r = r(g). Suppose r < 0. Then mc(g)do(z) #0 <= r(z) <0, i.e.
me(g)do € V7, so it is orthogonal to ¢g € V. Thus (m(g)¢o, do) = 0 in this
case.

Now suppose r > 0. Let

_ r1/24 p-1/2B
h=r 1/2g — <T_1/20 r_1/2D> .

It is easy to see that r(h) = 1, i.e. that h € Sp,,(R). By definition of my,
7 (g)po = me(h)do. Therefore by (A.23),

(me(9)¢0, ¢0) = (me(R) o, P0) = (M (R)wi, wic ),

2nk

~rE/2det(A+ D+ i(—B+ C))k
by Proposition A.1. O

The following corollaries are easily proven as in §A.4.
COROLLARY A.10. For fix(g9) = (m(g)d0, P0), if 7(g) > 0, then

r(g) % 2m™

) = AT Do

If r(g) <0, then fx(g) = 0.
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CoroLLARY A1l. If g = (£ 5) € GSpy,(R) with r(g) > 0, then |fu(g)]
equals

r(g)%2m™
det(2r(g)I, + A*A+ BB+ CtC + D'D +i(A'C — C'A+ B'D — D'B))x/2’

In the special case n = 2, we can make the above more explicit and provide a
convenient upper bound for the matrix coefficient.

PROPOSITION A.12. Suppose n =2, and r(g) > 0. Then
r(g)* 4
3 )
(4r(9)? + 2r(9) Z” 91'23' +2 s X7 )k/?

where g;; are the entries of g, and the X; are the bilinear forms in these entries
defined in the proof below. Consequently,

|f(9)] =

(8r(g))*/?
| fe(g)] < CROERE (A.26)

Proof. Write g = (4 B). Let A;; denote the (i, j)-th entry of A, and likewise
for the entries of B,C, D. Then

det(2r(g)ls + A'’A+ B'B4+C'C+ DD +i(A'C — C'A+ B'D — D'B))
=(2r(g) + A}, + A%y + B}, + B, + B}, + Cf, + D}, + D},) (A.27)
x (2r(g) + A3, + A3, + B3, + B3, + C3, + C3, + D3, + D3,) — X7 — X3,

where
X1 = AnAs+A1242+B11Bo1+B12Bas+C11C21+C12Ce24+ D11 Do +D12Das,

Xo = A11C21+A12Co0+B11 D21+ Bia Dag—Ch1 A1 —Cia A2 — D11 Boy — D12 Bas.
By Degen’s eight-square identity,

(A3,+A%, + BY, + B, + Cf, + Cfy + D3, + Diy)

8
X (A3 + A3y + B3, + Bl + C3y + O3y + D3y + D3,) = ZXi27
i=1

for X1, X5 as above, and
Xz = A11Ase—A12A21+B11D2o—B12 D21 —C11Co2+C12C21 —D12Bo1+ D11 Baa,

Xy = A11C20—A12C01+B11Baa—B12B21 —C12A21+Ch1 Asa— D11 Das+ D12 Doy,
X5 = A11Bo1—A12D29—B11 A21+B12C22—C11 D21 —Ci2Bas+ D12 A2+ D11 Co1,
X¢ = A11D21—A12B22—B11C21+B12A22+C11B21+Ci2Dag— D11 A21 —D12C5,
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X7 = A11Doo+A12B21—B11Aga—B12C21+C11Bas—Cli2D21+D11Cos— D12 As1,
Xg = A11Bos+A12D21—B11Co0—B12A21 —C11 D22+ C12Bo1 — D11 Ao +Ca1 Dia.
Therefore (A.27) equals

8
4r( —|—2r Zgw ZX2
i=3

and the proposition follows from Corollary A.11. O

B OFF-DIAGONAL TERMS

In this appendix, we give a very rough estimate for the off-diagonal terms in the
relative trace formula to obtain the following quantitative version of Theorem
6.3 for a fixed level N, valid when n = 2.

THEOREM B.1. Supposen = 2,k > 17, S is a finite set of primes, r = HpESpr
is the similitude attached to the local test functions f, as in (5.1), and N is a
fized level prime to S. Then with notation as in Theorem 6.3,

W r X € ()60 (0) T (51, t,)

2
mEll(N) p€Ex(m,N) el es

S A [0) k21/2(87“)k/2
Z/SZ(A) (O 12) (O TtA1))9(tr015)dS+O( Nk—12 )a

for an absolute implied constant.

Remarks: (1) The sum over A is dependent on k, but not on N.

(2) With extra work, one can increase the power of N in the error term, and
decrease the lower bound on k.

(3) As noted, this is a very rough estimate, which is meaningful only when k
is fixed. Indeed in the k-aspect, the “error term” is actually larger than the
“main term” when k is large, as the latter contains the factor ¢jxs, of Theorem
1.1 with very rapid decay in k.

Before specializing to the case n = 2, we give the general form of the Fourier
trace formula for a fixed level N and any n. With notation as in §5-6, define

=i f] Ko Bt ndne,
(N(Q)\N(A))?

By using the spectral and geometric forms of the kernel, we have

Loy @@l Mgy, = Mip) + B, (B

2
’l/)(N) 7€l (N) p€ Ex(m,N) ||80|| peES
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where

Z/ (O }9) (é Ttg—l))e(tra’ls)ds

is the “diagonal” term appearing in Theorem 6.3, and

_ L -1 O (n)
¥(N) //(N(Q)\N(A))2 2 Srtma(m)na)dmdn,

=(4 B)es@.oz0

is the off-diagonal contribution. (One checks readily that the integrand is
indeed invariant under N(Q) x N(Q).)

It is possible to express F(f) as a sum of explicit orbital integrals (cf. [KL2,
§2]), with the orbits determined via the Bruhat decomposition of G(Q). For
our more modest goal of proving Theorem B.1, it suffices to show that

K21/2 (8 )k/2
E(f) < 7]\715_12 (B.2)
when n = 2.
LEMMA B.2. Fork>2, A >0, and a € R,
i 1 _k+A dx
o (a4 B S TR g (o AT
Proof. Let
1
f(.%') - ((1, + a)2 4 A2)k/2'
k(x4 a)
Then f'(z) = — (@ T ) T A so that
+a)2 + AQ)I/Q k k
/ <k ((:L' — < — .
|f (ZE)| = ((x + a)2 i A2)k/2+1 ((x + a)2 + A2)1/2 f(x) = Af(ir)

By Euler’s summation formula ([MV, p. 495]),

/f )z — F(d){d} + f(e {c}+/{x}f

c<n<d

where {z} = x — [z] is the fractional part of x. Hence

2 /f d:c+/|f Mdx < (— +1/f

7k+A/ dx 7k+A/ dx .
A R ((z+a)2+A2)k/2 A R (1.2+A2)k/2'
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Proof of Theorem B.1. As before, for any set R, we let S3(R) denote the 2 x 2

symmetric matrices over R. For such a matrix S, let ng = (102 ISQ) Because

[0,1) x Z is a fundamental domain for Q\A,
1
E(f) = —— // > flng'yng)0(tr 028’ ~tr 01.5) dSdS’.
Y(N) JJsy(10,1)x2)2 B
v=(4 B)ec().czo0
Assuming ngﬁlnvnsfrm € supp ffn, by Proposition 5.1 we may take

r(nglynsr) =r(y) =+, (nglvnsf)ﬁn € M4(Z), C € My(N7Z).

In fact, because fx is supported on matrices with positive similitude, we can
take r(y) = r. By the fact that Sqn, Sh,, € S2(Z), it also follows that A, B,D €
Ms(Z).

For a square matrix g with real entries, define
2
Q(g) = Z 9ij

0]

where g¢;; is the (¢,j)-th entry of g. Then since |f(ny'yng)| <
1/1(N)|foo(nicl>07n2,oo)|, it follows by (A.26) that

1 /A B _
[E(f)] < 5d(8r)/* / > (@ +Qng' <c D> ng))¥/2dsds’.
S2([0,1))2 Glcesning

(B.3)
(The factor 1/2 accounts for the fact that we quotient by the center of G(Q).)
We first consider the sum over B:

S (orv oot (2 Bu) ™

BeM»>(Z)

A—SC B—SD+AS — 808\ /2
= 2 (2”9(( C CS' + D >)) :
BEM,(Z)

By four applications of Lemma B.2, the above is

,/2
A A-SC Y €
< [ re(MF osin)) e

Summing this over A, D, we find in the same way that

Z (2r + Q(ng* (g g) nS’)) -

A,B,DEM;(Z)
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—k/2
< k*? 2r + 9( XY ) dXdYdZ.
M:(R)3 ¢ z

We now have an expression that is independent of S, .S’ so using (A.21), (B.3)
gives

15 /@, \k/2 x v\, ¥’
|E(f)] < %'(8r) > 2+ 0[5 )) dXdYdZ.
0#£CeMy(NZ)’ M2(R)?

Because C' # O, the above integral is bounded above by

X Y
o) < ) “%20XdYdZ
/Mz(R)3 ( ¢ z )

= / (Q(X) +Q(Y) + Q(Z) + Q(C))™?dXdy dz.
M>(R)3

Replacing X,Y,Z with Q(C)Y/2X, Q(C)Y/2Y, Q(C)'/2Z respectively, the
above is

- / Q(C) /204Xy - dXood Y1y -+ dYaodZyy -+ dZ2y

S Jrer (U X X VR R Y+ 2R e 25
which converges if k > 13. Indeed, for such k, we find using spherical coordi-
nates that the above is

[e’e} 11
—k/246 P —6 /2 2 2 2 \—k/2+6
< Q(C) / /0 7(1 T p2)k/2 dp <k (Cll + 012 + 021 + 022)
since the integral over p is equal to %B(G, % —6) for the Beta function B(z,y),
and by Stirling’s formula, B(6, 5 —6) ~ I'(6)(5 — 6)~% as k — oc.
Finally, we need to sum over all O # C' € My(NZ). Write C;; = NC};. We

may assume C17 # 0. (The other cases can be handled by the exactly the same
method.) Thus

k9(87")k/2 /N2 /N2 /N2 I \2\—k/246
E(f)| < TNE-12 Z ((C11)” + (C13)" +(C31)" + (C52)7) .
Cl,€2,C},#0

k12(8r)k/2 / o
< Ne-12 Z / CH + 2 +y +z ) dxdydz (by Lemma B.2)
C11#0
K12(85)</2
R

c#0
k12 8r)¥/2

Nk—12 ch 15/ 1+p )E/2= 5 dp-

This converges as long as k > 17. The integral is equal to 1B(2,512) ~

2
iT(2)(552)~%/? « x3/2. Hence for k > 17, the above is < 1‘21;5,57,83”2 for an

absolute implied constant. This proves (B.2), and Theorem B.1 follows. O
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