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ABSTRACT. We formulate an analogue of the conjecture of Birch and
Swinnerton-Dyer for Abelian schemes with everywhere good reduc-
tion over higher dimensional bases over finite fields of characteristic
p. We prove the prime-to-p part conditionally on the finiteness of the
p-primary part of the Tate-Shafarevich group or the equality of the
analytic and the algebraic rank. If the base is a product of curves,
Abelian varieties and K3 surfaces, we prove the prime-to-p part of the
conjecture for constant or isoconstant Abelian schemes, in particular
the prime-to-p part for (1) relative elliptic curves with good reduction
or (2) Abelian schemes with constant isomorphism type of 27 [p] or (3)
Abelian schemes with supersingular generic fibre, and the full conjec-
ture for relative elliptic curves with good reduction over curves and
for constant Abelian schemes over arbitrary bases. We also reduce
the conjecture to the case of surfaces as the basis.
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1 INTRODUCTION

If K is a global field, i.e. a finite extension of Q or of F,(¢), the conjecture
of Birch and Swinnerton-Dyer for an Abelian variety A/K relates global in-
variants, like the rank of the Mordell-Weil group A(K), the order of the Tate-
Shafarevich group IIT(A/K) (a group measuring the failure of the Hasse prin-
ciple for principal homogeneous spaces of A/K) and the determinant of the
height pairing A(K) x A*(K) — R with A’ the dual Abelian variety to the van-
ishing order of the L-function L(A/K,s) (built up from the number of points
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of the reduction of A at the primes of K) at s = 1 and the special L-value at
this point. The aim of this article is to extend this setting from the classical
situation of a curve over a finite field to the case of a higher dimensional basis
over finite fields.

Even for elliptic curves over the rationals, this is a difficult problem. The
function field case is more accessible since the situation is more geometric as
one has a ground field the algebraic closure of which one can pass to, but up to
now, there have been only (mostly conditional) results over curves over finite
fields: For Abelian varieties over global function fields, John Tate [ ]
considered the problem for Jacobians of curves, and the first result is due to
James Milne | ]: He proved the conjecture of Birch and Swinnerton-Dyer
for constant Abelian schemes over global function fields, i.e. Abelian schemes
of the form & = A X, X with A/k an Abelian variety over a finite field
k and X/k a smooth projective geometrically connected curve. Later, Peter
Schneider | ] proved a conditional result for Abelian varieties over global
function fields, namely that the prime-to-p part of the conjecture of Birch and
Swinnerton-Dyer (p the characteristic of the ground field) holds iff for one £ # p,
the ¢-primary part of the Tate-Shafarevich group is finite. In | ], Werner
Bauer proved an analogue of Schneider’s result for the prime-to-p part of the
conjecture, but only for Abelian varieties with good reduction; finally, Kazuya
Kato and Fabien Trihan | ] extended Bauer’s result to the case of bad
reduction. Tate and Shafarevich | ] gave examples of elliptic curves over
F,(t) of arbitrarily large rank and Douglas Ulmer | ] proved the conjecture
for certain non-isoconstant elliptic curves over F,(t) with arbitrarily large rank.
In section 2, we proceed by generalising Schneider’s arguments to the case of
a higher dimensional basis X over a finite field k. A key point is to find the
correct definition of the L-function in the higher dimensional setting. Let o/ /X
be an Abelian scheme. The Kummer sequence for & /X on the small étale site
of X induces a short exact sequence

0— o(X)®z Zp — H (X, Tyet) — T, (/X)) — 0

with HY(X, Tyo/) = lim HY(X, «/[¢"]). Since II(«//X)[¢>] is cofinitely gen-
erated, TyIII(«//X) = 0 iff (o /X )[¢>°] is finite. This gives us the link
between the algebraic rank rkz o/ (X) and H'(X,T;.<7). Using the Hochschild-
Serre spectral sequence HP(Gy, H(X,T,o/)) = HPTI(X,T,o/), one relates
HY(X, Tye/) to H (X, Tyo/)%*. Then one uses Lemma 2.5.7 to relate the van-
ishing order of the L-function to the algebraic rank and the special L-value
at s = 1 to orders of cohomology groups and determinants of cohomologi-
cal pairings. The proof is complicated by the fact that one has more non-
vanishing cohomology groups than in the case of a curve as a basis. For ex-
ample, setting d = dim X, if d = 1, Poincaré duality is a pairing between
HY(X,Z7) x HY(X, #V(1)) — Zy, whereas for general d > 1, it is a pairing
HY(X,.7) x B2~ Y(X, Z#V(d)) = Zy.

In section 3 and 4, we study two cohomological pairings given by cup product
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in cohomology:
(e HYX, Toe )y x H2Y(X, Ty(#?)(d — 1))ne — H2H(X, Zy(d)) — Zy
(- )e s B2(X, Tya )y x H2 N (X, Ty(?)(d — 1))ue — H>Y(X, Zy(d)) = Z¢

If one ¢-primary component of the Tate-Shafarevich group of 7/X is finite,
we relate the pairing (-,-); to the Néron-Tate height pairing, and show that
the determinant of the pairing (-,-)¢ equals 1. This is done by generalising
Schneider’s arguments comparing (-, -)¢ with Bloch’s height pairing from [ ]
Again, the higher dimensional case is more involved.

In section 5, we specialise to the case of an isoconstant Abelian scheme, and
deduce in section 6 from a descent theorem of our previous article | , P- 238,
Theorem 4.29] our analogue of the conjecture of Birch and Swinnerton-Dyer
for relative elliptic curves or Abelian schemes with constant isomorphism type
of o7[p] over products of curves and Abelian varieties by showing these are
isoconstant since the moduli scheme Y (N) is affine for N > 3 resp. since the
Ekedahl-Oort stratification is quasi-affine. We also prove the conjecture for
supersingular Abelian schemes.

In section 7, we reduce the conjecture to the case of a surface (and in special
cases also of a curve) as a basis using Poonen’s Bertini theorem for varieties
over finite fields.

Our main results are as follows:

In section 2, we first introduce a suitable L-function L(<7/X,s) for Abelian
schemes o/ over a smooth projective base scheme X over a finite field of char-
acteristic p (see Remark 2.6.6 for a motivation):

_ det(1 —tFrob, ' | H'(X, Vi)
~ det(1 — tFrob, ' | HO(X, Vp.e?))

L(//X, 1)

We then prove that an analogue of the conjecture of Birch and Swinnerton-
Dyer holds for the prime-to-p part, with two cohomological pairings (-, ), and
(+,-)¢ in place of the height pairing, provided that for one ¢ # p the ¢-primary
component of the Tate-Shafarevich group II(«7/X) := H} (X, &) is finite or,
equivalently, if the analytic rank equals the algebraic rank.

The Tate-Shafarevich group is studied in a previous article [ , section 4],
especially Theorem 4.4 and 4.5. There, we show:

(< /X) = ker (Hl(K, o) — [ &2 ,Qf)),
€S

where K" = Quot(ﬁ)sgfz), and S is either (a) the set of all points of X, or (b)
the set | X| of all closed points of X, or (c) the set XY of all codimension-1
points of X, and & = Pic% /x for a relative curve % /X with everywhere good
reduction admitting a section, and X is a variety over a finitely generated field.
Here, one can replace K" by KI' = Quot(0% ) if s(z) is finite, and K" and
K! by Quot(ﬁAf(}fI) and Quot(ﬁ}?yx), respectively, if z € X1,

More precisely, we get the following first main result:
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THEOREM 1 (Theorem 2.7.19). Let X/k be a smooth projective geometrically
connected variety over o finite field k = Fy and o7 /X an Abelian scheme. Set
X = X X k and let £ # chark be a prime. Let p be the vanishing order
of L(«//X,s) at s = 1 and define the special L-value ¢ = L*(&//X,1) of
L(/X,s) at s=1 by

L(/X,s)~c-(1—¢"7%) ~c-(logq)(s —1)" fors— 1.

Then one has p > rkz o7 (X), and the following statements are equivalent:
(a) p =rkz o/ (X)

(b) (o7 /] X)[£°] is finite

If these hold, one has for all ¢ # char k the equality

o7 = I/ X)[E]] - Re( [ X)
C 1 (O ons| - [HR(X, Teed )T |

and the prime-to-p part of the Tate-Shafarevich group (< /X )[non-p] is fi-
nite. Here o/ (X) = A(K) with A the generic fibre of @/ /X and K = k(X)
the function field of X, and the regulator Re(</ /X)) is the determinant of a co-
homological pairing (-,-); (2.18) divided by the determinant of a cohomological
pairing (-,-)e (2.19).

For example, (a) holds if L(<//X,1) # 0 (Remark 2.7.20(a)), and (b) holds
under mild conditions if «7/X is isoconstant (Theorem 5.1.14, Remark 5.1.15
and Theorem 6.3.5).

In section 3 and 4, we construct a higher-dimensional analogue

() s A(K) x A K) — logq - Z

of the Néron-Tate canonical height pairing with A? the dual Abelian variety,
and show the second main result, which identifies the cohomological regulator
Ry(#7/X) in Theorem 1 with a geometric one:

THEOREM 2 (Theorem 3.5.2 and Theorem 4.0.4). Let £ be a prime different
from char k. Assume that III(<f / X)[(>°] is finite.

(a) The Néron-Tate canonical height pairing (-,-) gives the pairing (-,-)e af-
ter tensoring with Z; up to a known factor, the integral hard Lefschetz defect,
see Definition 3.1.11.

(b) The cohomological pairing (-,-)¢ has determinant 1.

More precisely, the pairing (-,-) depends on the choice of a very ample line
bundle on X, but the comparison isomorphism also, and the two choices cancel
each other; see Remark 3.5.3. For (a), see Theorem 3.5.2, and Theorem 4.0.4 for
(b). In Theorem 5.1.12, we identify the cohomological pairing (-, -), with a trace
pairing in the case of &7 /X a constant Abelian variety, and in Theorem 5.2.3
with another pairing if X is a curve.

We prove our analogue conjecture of Birch and Swinnerton-Dyer for constant
Abelian schemes unconditionally:
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THEOREM 3 (Theorem 5.1.27). Let X/k be a smooth projective geometrically
connected variety over ¢ finite field k = Fy and B/k an Abelian variety of
dimension d. Set X = X x k and o/ = B x; X, and let K = k(X) be the
function field of X. The L-function of o/ /X is defined in Definition 5.1.20.
Assume

(a) the Néron-Severi group of X is torsion-free and

(b) the dimension of Hy, (X, O%) as a vector space over k equals the dimension
g of the Albanese variety of X /k.

Then:

1. The Tate-Shafarevich group (<7 /X) is finite.

2. The vanishing order equals the Mordell-Weil rank r: ords—y L(</ /X, s) =
rko/(X) =k A(K).

3. There is the equality for the leading Taylor coefficient

-/ X)| - R( [ X)

L*(o//X,1) = ¢V (log q) o]

Here, R(o//X) is the determinant of the trace pairing
Hom(A, B) x Hom(B, A) — End(A4) 5 Z

with A the Albanese variety of X, or, see Theorem 5.1.12, the determinant of a
cohomological pairing, and, if X is a curve, the determinant of another pairing
or the Néron-Tate canonical height pairing, see Theorem 5.2.5.

Combining the finiteness of III(«7/X) for constant <7 /X | , p- 98, Theo-
rem 2] and the descent of finiteness of IIT under ¢'-alterations | , p- 238,
Theorem 4.29] we obtain:

THEOREM 4 (Theorem 5.1.14 and Theorem 6.3.5). Let X/k be a smooth pro-
Jjective geometrically connected variety over o finite field k = Fy and o/ /X
an isoconstant Abelian scheme, 1. e. such that there exists a proper, surjective,
generically étale morphism f : X' — X such that f*of = of xx X'/X' is
constant. Assume that (a) the Néron-Severi group of X' is torsion-free and (b)
the dimension of HY (X7, Ox) as a vector space over k equals the dimension
of the Albanese variety of X'/k. Then the prime-to-p part of the conjecture of
Birch and Swinnerton-Dyer holds for of /| X .

Note that we do not need f to be of generical degree prime to ¢ since &7 /X
is ¢’-isoconstant (isoconstant for a generically étale morphism f : X’ — X of
generical degree prime to ¢) for some ¢, and then we can use (a) = (b)
from Theorem 2.7.19 to get independence from ¢. This also extends the known,
classical results for Abelian varieties over one-dimensional global function fields,
where the constant case had be settled by Milne [ , p- 100, Theorem 3].
In Theorem 6.3.1, we prove that relative elliptic curves are isoconstant and
conclude with
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THEOREM 5 (Corollary 6.3.6 and Corollary 6.3.7). Let X be a product of smooth
proper curves, Abelian varieties and K3 surfaces over a finite field of charac-
teristic p. Now let &/ be an Abelian X -scheme belonging to one of the following
three classes:

1. a relative elliptic curve
2. an Abelian scheme such that the isomorphism type of <f[p| is constant
8. an Abelian scheme with supersingular generic fibre

Then the prime-to-p part of our analogue of the conjecture of Birch and
Swinnerton-Dyer holds for o /X and, if @//X is a relative elliptic curve,
Br(&)[non-p] is finite. If X is a curve, the full conjecture of Birch and
Swinnerton-Dyer holds for o/ /X. Furthermore, the Tate conjecture holds in
dimension 1 for <.

Let C/Fy be a smooth proper geometrically connected curve and &/C be a
relative elliptic curve. Then Br(&) = HI(&/C) is finite and of square order,
and the Tate conjecture holds for & .

In the final section 7, we reduce the conjecture to the case of a surface as a
basis:

THEOREM 6 (Theorem 7.0.1). If the analogue of the conjecture of Birch-
Swinnerton-Dyer holds for a prime £ invertible on the base and for all Abelian
schemes over all smooth projective geometrically integral surfaces, then it holds
over arbitrary dimensional bases.

More precisely, if there is a sequence S — ... — X of ample smooth projective
geometrically integral hypersurface sections with a surface S and the conjecture
holds for </ /S, then it holds for o/ /X .

If there is a smooth projective ample geometrically integral curve C — S with
rk o/ (S) = rk &/ (C), the analogue of the conjecture of Birch and Swinnerton-
Dyer for o7 /S is equivalent to the conjecture for of /C.

NoTATION. Let N = {0,1,2,...} be the set of natural numbers. Canonical
isomorphisms are often denoted by “=".

We denote Pontrjagin duality by (=) (see [ , §1]), duals of R-modules
or (-adic sheaves by (—)V, and duals of Abelian schemes and Cartier duals by
().

The (-adic valuation | - |, is taken to be normalised by |¢|, = ¢~ 1.

If T is a group acting on an Abelian group A, we denote by A' invariants and
by Ar coinvariants. By X (9, we denote the set of codimension-i points of a
scheme X, and by | X| the set of closed points. For an Abelian variety A, we
denote its Poincaré bundle by 4.

For an Abelian group A, let Agos be the torsion subgroup of A, and Ay =
A/Ators. Let Agiy be the maximal divisible subgroup of A (in general strictly
contained in the subgroup of divisible elements of A, but see item (iii) below)
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and Apq = A/Agiv. For an integer n and an object A of an Abelian category,
denote the cokernel of A ™% A by A/n and its kernel by A[n], and for a prime
p the p-primary subgroup lim Alp"] by A[p*>]. Write A[non-p] for H_r)np)m Aln].
For a prime ¢, let the f-adic Tate module Ty A be lim A[¢™] and the rationalised
l-adic Tate module V;A = Ty A ®z, Q. The corank of A[p>] is the Z,-rank of
Alp>=P =T,A.

Denote the absolute Galois group of a field k£ by G.

Varieties over a field k are schemes of finite type over Spec k. For the class [.Z]
of a line bundle in the Picard group of a scheme, we write .Z. If not stated
otherwise, all cohomology groups are taken with respect to the étale topology.
An (-adic sheaf on a scheme X is a projective system (%, )nez of étale sheaves
on X such that all .%,, are constructible, .%,, = 0 for n < 0, /*T1.%,, = 0 for
n > 0and Zp 41 /0" 5 F,, (see | , p- 122, Definition 12.6]). For example,
the f-adic Tate module Tpo? = (& [("])nen is an f-adic sheaf on X for &7 /X
an Abelian scheme and ¢ invertible on X (see Corollary 2.4.13).

2 THE L-FUNCTION AND THE COHOMOLOGICAL BSD FORMULA

The main theorem Theorem 2.7.19 of this section is a conditional result on our
analogue of the conjecture of Birch and Swinnerton-Dyer over higher dimen-
sional bases over finite fields.

The results in this section are a generalisation of results of Schneider | ,
p. 134-138] and | , D. 496-498].

Let k = F, be a finite field with ¢ = p™ elements and let £ # p be a prime. For
a variety X/k denote by X its base change to an algebraic closure k = k%P of
k.

Denote by Frob, the arithmetic Frobenius, the inverse of the geometric Frobe-
nius as defined in | , p- 5] and by T the absolute Galois group of the finite
base field k.

Let X/k be a smooth projective geometrically connected variety of dimension
d, and let &/ /X be an Abelian scheme.

2.1 TATE MODULES OF ABELIAN GROUPS
We often use the following basic properties of the Tate module:
LEMMA 2.1.1. Let A be an Abelian group and £ a prime.
(i) There is a canonical isomorphism Hom(Qg/Zy, A) = T, A.
(i1) If A is finite, TpA is trivial.
(iii) If A is an L-primary torsion group such that A[f] is finite, then A is

cofinitely generated and the mazimal divisible subgroup Agiv of A coincides
with the subgroup of divisible elements of A.

DOCUMENTA MATHEMATICA 24 (2019) 915-993



922 TiMmo KELLER

(i) If A is an C-primary torsion group and cofinitely generated, TyA = 0
implies A finite.

(v) The Zg-module Ty A is torsion-free.

Proof. The statements (i), (ii) and (v) are well-known.

(iii): Equip A with the discrete topology. Applying Pontrjagin duality to
0— Al — A 4L A gives us that AP /{ is finite, hence by | , p- 179,
Proposition 3.9.1] (AP being profinite as a dual of a discrete torsion group),
AP is a finitely generated Z,-module, hence A a cofinitely generated Z,-module.
For the second statement see [ , p- 30, Lemma 3.3.1].

(iv): Since A is a cofinitely generated ¢-primary Abelian group, A & B &
(Qe¢/Z,)" with B finite and r € N (by the structure theorem of finitely gener-
ated modules over the principal ideal domain Z, since the Pontrjagin dual of
A is a finitely generated Z,-module), so TyA = TyB @ Z}, = Zj by (ii), hence
r = 0 since Ty A is finite, so A = B is finite. O

Remark 2.1.2. Note that, in contrast, for an (-adic sheaf (%,)nenN,
Jm HY(X,.Z,) need not be torsion-free.

2.2 THE YOGA OF WEIGHTS

DEFINITION 2.2.1. A Qg[I']-module is said to be PURE OF WEIGHT m if all
eigenvalues o of the geometric Frobenius automorphism Frobq_1 are algebraic

integers which have absolute value ¢"/% under all embeddings ¢ : Q(a) — C.

For the definition of a smooth sheaf see | , p. 7f., Definition 1.2] and of a
sheaf pure of weight n, see | , - 13, Definition 2.1 (3)]. We often use the
yoga of weights (without further mentioning):

THEOREM 2.2.2. Let f : X — Y be a smooth proper morphism of schemes of
finite type over F, and F a smooth sheaf pure of weight n. Then R'f..Z is a
smooth sheaf pure of weight n +1i for any i.

Proof. Apply Poincaré duality to | , p- 138, Théoréme 1]. O
DEFINITION 2.2.3. Let V' be a Z¢[l']-module. Its i-TH TATE TWIST V(i) is
defined as V(i) =V ®z, Z(i) where Zy(i) = Jm pSlifi >0 (let p$ = Z/e")
and Zy(i) = Zg(*i)v if i <O0.

LEMMA 2.2.4. Let V., W be Qq[I']-modules pure of weight m and n, respectively.
(a) The tensor product V ®@q, W is a Q[I']-module pure of weight m + n.

(b) Homgq, (V,W) is a Q[I']-module pure of weight n —m. In particular, V"

is pure of weight —m.
(¢) The i-th Tate twist V(i) is pure of weight m — 2i.

Proof. This follows from | , D- 154, (1.2.5)]. O
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LEMMA 2.2.5. If V and W are Qq[['|-modules pure of weights m # n, every
I-morphism V. — W is zero.
Consequently, if V is a Q[[']-module pure of weight # 0, Vr = VI = 0.

Proof. For the first statement, see [ , D- 4, Fact 2].

The second statement follows from the first one: For V pure of weight m, Vr
and VT are pure of weight 0 since I acts as the identity. The inclusion VI < V
is a I'-morphism and if the weight m of V is # 0, this morphism is zero and
injective, so V' = 0. Analogously, consider the I'-morphism V — Vp. O

2.3 ISOGENIES OF COMMUTATIVE GROUP SCHEMES

DEFINITION 2.3.1. An ISOGENY of commutative group schemes G, H of finite
type over an arbitrary base scheme S is a group scheme homomorphism [ :
G — H such that for all s € S, the induced homomorphism fs : G — Hg on
the fibres over s is finite and surjective on identity components.

Remark 2.3.2. See | , p- 180, Definition 4]. We will usually consider
isogenies between Abelian schemes, for example the finite flat n-multiplication,
which is étale iff n is invertible on the base scheme.

LEMMA 2.3.3. Let G,G’ be commutative group schemes over a scheme S which
are smooth and of finite type over S with connected fibres and dim G = dim G’
and let f : G' — G be a morphism of commutative group schemes over S.

If f is flat (respectively, étale) then ker(f) is a flat (respectively, étale) group
scheme over S, f is quasi-finite, surjective and defines an epimorphism in the
category of flat (respectively, étale) sheaves over S.

Proof. (This is the (corrected) exercise 2.19 in [ , p. 67, I1§2].) Since
ker(f) — S is the base change of f along the unit-section of G, it is flat (re-
spectively, étale). That f is surjective and quasi-finite can be checked fibrewise
for s € S. By the flatness and | , p- 178, §7.3 Lemma 1], we have that
fs is finite and flat. So the image of fs is open and closed in Gg. Since Gy is
connected by assumption, fs must be surjective.

Now let T be an S-scheme, g € Homg (T, G) and T" the fibre product of G’ and
T along f and g¢:

Then the base change f’ of f is again flat (respectively, étale) and surjective,
and so is a covering in the stated topology. Hence, then the base change
g € Homg(T',G") of g is a local lift of g in that topology. So the claim
follows. O
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LEMMA 2.3.4. Let S be a scheme and f : G — S be a smooth commutative group
scheme over S and n an integer invertible on S. Then the multiplication map
[n] : G = G is étale and the n-torsion subgroup scheme G[n] := ker([n]) — S
is an étale group scheme over S.

If, furthermore, f is of finite type with connected fibres, then [n] is surjective
and induces an epimorphism in the category of étale sheaves over S.

Proof. For the first statement use [ , p- 179, §7.3 Lemma 2 (b)]. Note
that the assumption “of finite type” is not needed here (see also | , 113.9.4]).
The morphism ker([n]) — S is just the base change of [n] along the unit-section.
For the second part apply Lemma 2.3.3. o

COROLLARY 2.3.5 (Kummer sequence). Let o/ /S be an Abelian scheme and
let ¢ be invertible on S. Then one has for every n > 1 a short exact sequence

Oﬁd[ﬁn]%d[ﬁ]dﬁo
of étale sheaves on S.

Proof. This follows from Lemma 2.3.4 since [¢("] is étale by [ , p. 147,
Proposition 20.7] and since Abelian schemes have connected fibres. (]

2.4 TATE MODULES OF ABELIAN SCHEMES

DEFINITION 2.4.1. Let k be a field, £ # char k be a prime and A/k be an Abelian
variety. The £-ADIC TATE MODULE Ty A is the Zy|G]-module lim A[™](k®eP).

Note that A[¢"]/k is finite étale since £ is invertible in k, and hence A[¢"](k5P) =

Al (k).
PROPOSITION 2.4.2. Let K be an arbitrary field, £ # char K be prime and A/ K
an Abelian variety. Let A = A X K. Then we have an isomorphism of (-
adic discrete) G g -modules, equivalently, by [ , p. 58, Theorem II.1.9], of
(¢-adic) étale sheaves on Spec K,
Ty(A) = H'(A, Zy)".

In particular, Te(A) is pure of weight —1.
Proof. Consider the Kummer sequence

1~>/Lgn~>GmgGm~>1
on A. Taking étale cohomology, one gets an exact sequence of G x-modules

0 — G (A) /0" — H (A, pen) — HY(A, G)[0"] — 0.
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Since I'(4, 05) = K is separably closed and £ # char K, G, (A) is {-divisible
(one can extract ¢-th roots), and hence

HY (A, pgn) = H (A, G )["] = Pic(A)["] = Pic”(A)[¢"],

the latter equality since NS(A) is torsion-free by | , p- 178, Corollary 2].
Taking Tate modules mn yields

H' (4, Z(1)) = T, Pic’(4), (2.1)
so (the first equality coming from the perfect Weil pairing (2.3))

Hom(Ty A, Zy(1)) = To(A") = H' (A4, Z,(1)),

S0
(T, A)Y = Hom(T, A, Z,) = H' (A, Zy),
S0 B
T,A=H'(A,Z)".
Alternatively, m1(A4,0) = [[,Tv(A) by [ , p. 171], and H'(A,Z;) =
Hom(m(A4,0),Z¢) by | , D. 231, Proposition 4.14]. O

Remark 2.4.3. Note that both T,(—) and H'(—,Z,)V are covariant functors.

PROPOSITION 2.4.4. Let S be a locally Noetherian scheme, w : o/ — S be
a projective Abelian scheme over S. Let £ be a prime number invertible on
S. Then we have a canonical isomorphism Rm.Zy(1) = T/t as (-adic étale
sheaves on S. In particular, Ty has weight —1.

Proof. Applying the functor 7, on the exact Kummer sequence

1= pen = Gy e—) Gn,o — 1
of étale sheaves on o7, we get an exact sequence
1= TG 0" = Rimpin — RUM.Gop o [07] — 0.

of étale sheaves on S. The first term will vanish by following arguments. Since
w: o/ — S is proper and its geometric fibres are integral by definition, we get
the isomorphism €g = 7,04 by the Stein factorization (cf. | , p- 348,
Theorem 12.68]). Hence we have G,,,,s = 7. Gy, or. But since £ is invertible on
S, the map " : Gy,,s = Gy, s is an epimorphism and we get

F*Gm7Q¢/€n = Gm7s/€n =1.

For the last term in the above sequence by | , D- 203, §8.1] we get the
canonical isomorphism R'7, G, » = Pic,, /s since 7 is smooth and proper.
Note that since &/ — S is projective and flat with integral fibres, the Picard
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scheme exists by | , P- 263, Theorem 9.4.8]. Let NS,/ /5 be defined by
the short exact sequence of étale sheaves:

0 — Pic), /5 — Pic,y s — NSy /g — 0.

Here Picg{ /s is the identity component of Pic, /s and coincides with the dual
Abelian scheme @* by | , P 234, §8.4 Theorem 5]. This implies that
Picy /s is a smooth commutative group scheme over S. Taking £"-torsion,
which is left exact, we get a short exact sequence:

0 — PicY, /g[t"] — Picys[t"] — NS /s[C"].

We now prove that Picg{/s[fn] — Picg g[¢"] is an isomorphism by looking
at the stalks. Since the first two groups are étale over S, by Lemma 2.3.4 it
suffices to look at the sequence over the geometric points 5 of S by [ , p. 34,
Proposition 1.4.4]. But by | , p- 165, IV § 19 Theorem 3, Corollary 2], the
group NS, (3) is a finitely generated free Abelian group (since we are over a
field) and its torsion part vanishes. So, all together, we have the isomorphisms:

R'Tpon = R Gy o [07] = Picy s[0"] = Pic), g[0"] = o/ ["].

By taking the projective limit over all n we then get the claim: Rlm.Z,(1) =
Tyalt.

The statement on the weight follows from Lemma 2.2.4 and Theorem 2.2.2:
Z(1) has weight —2 and 1 —2 = —1. O

LEMMA 2.4.5. Let f : A — B be an isogeny (not necessarily étale) of Abelian
varieties over a field k and £ # chark. Then f induces an Galois equivariant
isomorphism V; A 5 Vi B of rational Tate modules.

Proof. There is an exact sequence of ¢-divisible groups
0 — ker(f)[¢>°] = A[£>°] — B[¢*°] — 0

with A[¢>°] and B[¢*°] étale since £ is invertible in &k and ker(f)[¢>°] a finite étale
group scheme. Since for an Abelian group M, one has Ty M = Hom(Q¢/Z¢, M)
by Lemma 2.1.1 (i), applying Hom(Q¢/Z¢, —) to the above exact sequence yields
an exact sequence

0 — Tyker(f) — Ty A — TyB — Ext*(Qq/Zq, ker(f)[£>)).

Since ker(f) is a finite group scheme, we have Ty ker(f) = 0 by Lemma 2.1.1 (ii).
Since TyA and T;B have the same rank as f is an isogeny (or since
Ext!(Qq/Zy, ker(f)[£>]) is finite), tensoring with Qy yields the desired isomor-
phism. o

COROLLARY 2.4.6. Let f : o — % be an isogeny (not necessarily étale) of
Abelian schemes over S and £ invertible on S. Then f induces an isomorphism

Vid 5 Vi B of L-adic sheaves.
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Proof. We check the isomorphism Vyo/ — V,% on stalks. Let m : &/t — S
and 7 : ' — S be the structure morphisms of the dual Abelian schemes
and 7,7, the base changes of m, 7’ by {x} — S. By Proposition 2.4.4, we
have V. = R'm.Qe(1) and V; 2 = R17,Q,(1). Since 7 and 7’ are proper, by
proper base change | , D- 224, Corollary VI.2.5], (Z,(1) is an inverse limit
of the torsion sheaves pn), (Vo) = R'm.Qu(1), = Rl o Qu(1) = Vi(y)
and analogously for Z. So one can assume S is the spectrum of a field. Then
the statement is just Lemma 2.4.5. O

LEMMA 2.4.7. Let m : X — Y be a morphism of schemes and . an (-adic
sheaf on X. Then Rim (Z(n)) = (Rim.F)(n).

Proof. We have

Ri7.(F(n)) = Rim. (F @ Zy(n))
=R'm.(F @7 Zy(n)) since 7 pupn = jign
=R'm.(F) @ Ze(n)
— (Rin.F)(n)

by the projection formula | , D- 260, Lemma VI.8.8] since Z¢(n) is flat. O

DEFINITION 2.4.8. Let S be an arbitrary base scheme and </ /S be an Abelian
scheme. A POLARISATION of &7 /S is an S-group scheme homomorphism X :
o — " such that for all s € S, the induced homomorphism s : o5 — o2
on geometric fibres is a polarisation in the classical sense, i. e. it is of the form
a2 L @ L7 for £ € Pic(As) ample.

A polarisation is called PRINCIPAL if it is an isomorphism.

Remark 2.4.9. See [ , D 126, §13] for the definition of a polarisation
for Abelian varieties and | , p- 120, Definition 6.3] for the definition of a
polarisation over a general base scheme.

Since a polarisation is fibrewise an isogeny, it is globally an isogeny in the sense
of Definition 2.3.1.

PROPOSITION 2.4.10. Let X be a normal Noetherian integral scheme and o7 | X
an Abelian scheme. Then there is a polarisation o/ — </'*.

Proof. Since being an isogeny is defined fibrewise, we have to show that there
exists a relatively ample line bundle for «7/X since ample line bundles induce

polarisations (see [ , p- 126, §13]). This follows from | , p. 170,
Théoréeme XI.1.13] and by property (A) in | , D- 159, Definition XI.1.2]
and by the existence of an ample line bundle on the generic fibre | , p. 114,
Corollary 7.2]. O
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Remark 2.4.11. Note that

Py(o/ [|X,q*) = det(1 — ¢~* Frob, ' | H(X,R'1.Q))
=det(1—¢~* Frob;1 | HY(X, V() (— 1))) by 2.4.4
=det(l —¢~° Frob;1 | (X, Ve(«/"))(~1)) by 2.4.7

= det(1 — ¢~ *qFrob, ' | H'(X, V"))

=det(1—¢ °q Frobq_1 | H(X, Vie?))

= Li(/ /X, q"*),

) by 2.4.6 and 2.4.10

so the vanishing order of P;(«7/X,q~*) at s = 1 is equal to the vanishing order
of Li(e//X,t) at t = ¢~ 1! = ¢ = 1, and the respective leading coefficients
agree.

The following is a generalisation of [ , p- 134-138] and | , D. 496—
498].

LEMMA 2.4.12. Let (Gp)nen be a Barsotti-Tate group consisting of finite étale
group schemes. Then it is an £-adic sheaf.

Proof. By | , p- 161, (2)],

0 — ker[{] = Gri1 [ﬂ G, —0

is exact. But ker[(] = ("G,,+1. Furthermore, G,, = 0 for n < 0 and "*'G,, =0
by | , p. 161, (ii)]. Finally, the G,, are constructible since they are finite
étale group schemes. O

COROLLARY 2.4.13. For ¢ invertible on X, Tyof = (A [0"])nen is an L-adic
sheaf.

Proof. This follows from Lemma 2.4.12 since £ is invertible on X, so @7[¢"]/X
is finite étale by | , D. 147, Proposition 20.7]. O

THEOREM 2.4.14. Let f : o — &/’ be an X-isogeny of Abelian schemes with
dual isogeny ft: /'t — o&/*. The WEIL PAIRING

(o) f ker(f) xx ker(f") = G,

is a non-degenerate and biadditive pairing of finite flat X -group schemes, i. e.
it defines a canonical X -isomorphism

ker(f") = (ker(f))".

Moreover, it is functorial in f.
If X = Speck, it induces a perfect pairing of torsion-free finitely generated
Z[T']-modules

TgJZ{ X Tg(JZ{t) — Zg(l) (2.2)
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and this a canonical isomorphism of Z[T']-modules
Hong (TgJZ{, Z@) = Tg(%t)(—l). (23)

Proof. See | , p- 186] (for Abelian varieties) and [ , p- 661f., Theo-
rem 1.1] (for Abelian schemes). Note that it is not assumed that f is étale. O

2.5 ETALE COHOMOLOGY OF VARIETIES OVER FINITE FIELDS

LEMMA 2.5.1. Let k be a finite field. Then k-isogenous Abelian varieties have
the same number of k-rational points.

Proof. Let f: A — B be a k-isogeny. Note that the finite field k is perfect.
Take Galois invariants of

0 — (ker f)(k) — A(k) — B(k) = 0

and using Lang-Steinberg | , p- 205, Theorem 3] in the form H*(k, A) =
0 = H'(k, B) and the Herbrand quotient h((ker f)(k)) = 1 (since (ker f)(k) is
finite) yields |A(k)| = |B(k)]-

(Alternatively, use that A(F;.) = ker(1 — Froby) and f(1 — Froby) = (1 —
Froby) f and deg f # 0 is finite, take degrees and cancel deg f.) O

Remark 2.5.2. For the much harder converse: By | , p- 139, Theo-
rem 1 (cl) <= (c4)], two Abelian varieties over a finite field k are k-isogenous
iff they have the same number of k’-rational points for every finite extension
k' of k. For the question how many k' suffice, see | ].

THEOREM 2.5.3. Let X be a proper scheme over a separably closed or finite
field K and Z be a constructible étale sheaf on X. Then HY(X,.F) is finite
for all g > 0.

Note that | , p- 224, Corollary VI.2.8] does not hold in general (consider
X = Spec Q with H*(Spec Q, 1) = Q* /n)!

Proof. By the proper base change theorem | , P- 223, Theorem VI1.2.1], the
claim follows for separably closed fields. For a finite field K with absolute Galois
group I, the claim follows by passing to a separable closure K of K and the
usage of Hochschild-Serre spectral sequence HP(I',HY(X,.7)) = HP+(X,.F)

with X := X xg K, which degenerates by | , D- 124, Exercise 5.2.1]
because of c¢d(T') =1 by | , p- 69, (1.6.13) (ii)] as ' = Z into short exact
sequences

0—H X, Z)r - H(X,7) - HX,Z)" =0

with the outer groups being finite by the case of a separably closed ground
field. O
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LEMMA 2.5.4. Let X be a variety over a finite field k with absolute Galois group
T. Let (Zp)nenN, & = ]&nn Fn be an L-adic sheaf. For every i, there is a short
exact sequence

0—H 'YX, Z)r - H(X,7) - HX,Z" =0 (2.4)
with H(X,.%) and H(X,.F) finitely generated Z,-modules.

The following argument is a generalisation of | , D. 78, Lemma 3.4].

Proof. Since I' = Z has cohomological dimension 1 by | , p- 69,
(1.6.13) (ii)], we get from the Hochschild-Serre spectral sequence for X /X
(see [ , p- 106, Remark I11.2.21 (b)]) by | , p- 124, Exercise 5.2.1]
short exact sequences for every n and ¢

0— HYX,.Z,)r — H(X, %, — H(X,Z,)" —0.

Since all involved groups are finite (because the two outer groups are finite
by Theorem 2.5.3 since X /k is proper over k separably closed and .%,, is con-
structible by definition of an f-adic sheaf), the system satisfies the Mittag-
Leffler condition, so taking the projective limit yields an exact sequence

0 — Jm(H" (X, Z,)r) = H'(X, ) = im(H'(X, #,)") = 0.

n n

Write M, for H'(X,.%,). Breaking the exact sequence

0— M(I;l) — M(n) Fri;l M(n) — (M(n))r —0

into two short exact sequences and applying @n, one obtains, setting Q,) =
(Frob —1)M(n), exact sequences

. . Frob —1 ;. .
0= Lim My — lim M) "= lim Q) — Him "M, (2:5)
0 = Hm Q) — lim M) = lim(M))r — lim ' Q). (2:6)

Since the M), and hence the M (1;1 ) are finite (argument as above), they form
a Mittag-Leffler system, and hence one gets from (2.5) exact sequences

0— ]&DM(I;) — ]&DM(n) Fri;l ]&1@(7}) — 0.
Similarly, the Q) € M) are finite, and hence
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is exact from (2.6). Combining the above two short exact sequences, one gets
the exactness of

0 — lim M, — lim My 25" Jim M) = Jm(Ma)r — 0,

which shows that for all 7

Frob —1 ..

ob + @M(n)) — H/(X, 7)"

n

lin(H (%, Z)7) = lim M, = ket (@M(n)

and
Jm(H'(X, Zp)r) = Gm(M))r = coker ( m M, " 1£1M<n>)
=H'(X,7)r,
which is what we wanted. O
Lemma 2.5.4 implies
H2Y(X, Ty )r = H*TY(X, Tyo) (2.7)
since H24+1(X ,Ty/) = 0 by | , p- 221, Theorem VI.1.1] as dim X =

d. Because of H'(X,Tyo/) = 0 for i > 2d for the same reason, it follows
from Lemma 2.5.4 that HY (X, Ty«7) = 0 for i > 2d + 1. Furthermore, one has

Zo = (Zo)r = H*(X, Zo(d))r = H*TY(X, Zy(d)), (2.8)

the second equality by Poincaré duality | , P- 276, Theorem VI.11.1 (a)]
and the isomorphism by Lemma 2.5.4 since H24+1(X, Zy(d))F =0 by |
p. 221, Theorem VI.1.1] as dim X = d.

)

DEFINITION 2.5.5. Let f : A — B be a homomorphism of Abelian groups.
If ker(f) and coker(f) are finite, f is called an ISOMORPHISM UP TO FINITE
GROUPS, in which case we define

coker( f
o) = D]
[ker(f)]
Remark 2.5.6. An isomorphism up to finite groups is called quasi-isomorphism
in [ , P- 433], but we avoid this term because one may confuse it with a

quasi-isomorphism of complexes.
The following lemma is crucial for relating special values of L-functions and
orders of cohomology groups.

LEMMA 2.5.7. Let Frob be a topological generator of I' and M be a finitely gen-
erated Zy-module with continuous I'-action. Then the following are equivalent:

1. det(1 — Frob | M ®z, Q¢) # 0.
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2. HY(T, M) = MV is finite.
3. HY(T, M) is finite.
If one of these holds, we have HY(I', M) = Mr and

[HO(T", M) ~|M"]  |ker (1 — Frob)]
[HI(T,M)| ~ |Mr| — |coker (1 — Frob)]
q(1 — Frob)™*

| det(1 — Frob | M ®z, Q¢)|¢ =

Proof. See | , p- 42, Lemma (3.2)]. If M is torsion, HY(I', M) = Mr
by [ , D- 69, (1.6.13) Proposition (i)]. O

COROLLARY 2.5.8. Let Frob be a topological generator of I' and M be a finitely
generated Zo-module with continuous I'-action. If M ®z, Q¢ has weight # 0,
MY and My are finite.

Proof. Since M ®z, Q; has weight # 0, Frob has all eigenvalues # 1 = ¢°/2,
hence det(1—Frob | M®z,Qy¢) is # 0, so the corollary follows from Lemma 2.5.7.
O

2.6 L-FUNCTIONS OF ABELIAN SCHEMES

DEFINITION 2.6.1. Let w: o/ — X be an Abelian scheme. Then for £ invertible
on X let

L)X, s)= [ det(1—q 9@ Frob ' | (R'm.Qu)z)

z€|X|

. . _ . . . 1 . .
as a power series in q—° with coefficients in Qg. Here, Frob = is the geometric

Frobenius of the finite field k(x).

THEOREM 2.6.2. Let 7 : .o/ — X be an Abelian scheme of (relative) dimension
d. One has

2d

o qyitl

L(]X,s)= Hdet (1-q° Flrob;1 | H' (X, Rlﬂ'*Qg))( 2 )
i=0

where the Frobenius acts via functoriality on the second factor of X = X X k.

Proof. This follows from the Grothendieck-Lefschetz trace formula | ,p- 7,
Theorem 1.1]. O

COROLLARY 2.6.3. The power series L(</ /X, s) is a rational function in ¢—*
with coefficients in Q independent of £ # p.
The factors in Theorem 2.6.2 for different i are polynomials with coefficients in

Q independent of £ # p.
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Proof. The right hand side in Theorem 2.6.2 is a polynomial in ¢—° with coef-
ficients in Qg. These are contained in Q and independent of ¢: Using Defini-
tion 2.6.1, by Proposition 2.4.4, Proposition 2.4.2 and (R'm,Q¢)z = H! (%, Q¢)
by proper base change [ , D. 224, Corollary VI.2.5]

det(1 — t Frob, ' | H' (%, Q;)) = det(1 — t Frob, ' | (Vo))

is in QJt] independent of ¢ # p since this is true for the ¢-adic Tate module
by [ , D. 167, Theorem 4].

By the yoga of weights, the characteristic polynomials in Theorem 2.6.2 for
different ¢ do not cancel since their roots have different absolute values for all
complex embeddings. Since their alternating product is in Q(¢) independent of
£ # p, this holds for all factors individually. O

DEFINITION 2.6.4. For an Abelian scheme 7 : &/ — X let
Py(o/ /X ,t) = det (1 — tFrob, ' | H (X, R'm. Q).

for £ invertible on X and define the RELATIVE L-FUNCTION of an Abelian
scheme o/ | X by
_ B /X q)

L /X.8) = X, )

For our purposes, it is better to consider the following L-function:

DEFINITION 2.6.5. Let
Li(«/ /X, t) = det(1 — tFrob, ' | H'(X, Vo))
for ¢ invertible on X.

Remark 2.6.6. This definition is motivated in Remark 5.1.23 below. It is ex-
plained there why we omit the cohomology in degrees > 1 in contrast to Theo-
rem 2.6.2 coming from the usual Definition 2.6.1.

The P;(«7//X,t) are polynomials with rational coefficients independent of ¢
by Corollary 2.6.3. Using Proposition 2.4.4, the proof of Corollary 2.6.3 also
shows this for the L;(«7/X,t).

2.7 THE COHOMOLOGICAL FORMULA FOR THE SPECIAL L-VALUE
L* (o /X,1)
COROLLARY 2.7.1. Ifi # 1, H(X,Ty)' and W (X, Ty )r are finite, and

one has

|H! (X, Ty )"

| _ )|
|Lz("Q{/Xa1)|€* ‘HZ(Y,TeJZ{)F‘

Proof. This follows from Lemma 2.5.7 2 and Lemma 2.2.5 since H* (X, V,.«7) has
weight ¢ — 1 by Theorem 2.2.2 and Proposition 2.4.2, which is # 0 ifi #1. O
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After Corollary 2.7.1, one can concentrate on i = 1.

LEMMA 2.7.2. Infinite groups in the short exact sequences in (2.4) can only
occur in the following two sequences:

0 —— HY(X,Tyo)r b, H?(X, Tyo/) —— B3(X, T/ )" —— 0

0 — H'(X,Tyo/)r —— HY(X,T).o?) —2— HY(X, Ty./)' —— 0
. (2.9)
Here, f is induced by the identity on H (X, Tyo?). The morphisms o and 3 are
isomorphisms up to finite groups, and « is surjective and [ is injective.

Proof. Since T;/ has weight —1 by Proposition 2.4.4, H*(X, Ty</) has weight
t — 1 by Theorem 2.2.2. So the conditions of Lemma 2.5.7 are fulfilled for the
I-module M = H(X,T,«/) and i # 1. Therefore infinite groups in the short
exact sequences in (2.4) can only occur in the two sequences of diagram (2.9).
Since H2(X, Tp.«7)" and H(X,Ty</ )r are finite (having weight 2 — 1 # 0 and
0—1 # 0, so Corollary 2.5.8 applies), a and S are isomorphisms up to finite
groups, and « is surjective and £ is injective. O

Recall from Definition 2.6.5 that
Ly (/X t) = det(1 — tFrob, ' | H'(X, V,.)).
Define il(;z{/X, t) and the ANALYTIC RANK p by
p:g)i(liLl(;z{/X,t) eN, (2.10)
Li(o /X, t) = (t— 1) Li(o/ /X, t). (2.11)

Note that Ly (&7 /X,1) # 0 and L, (<7 /X, t) € Qult].

The idea is that for infinite cohomology groups H* (X, T;<7), one should insert
a regulator term ¢(f) or ¢((8fa)nt) with (8fa)nt induced by 8fa by modding
out torsion.

LEMMA 2.7.3. Let p be as in (2.10). One always has p > kg, HY (X, Tyo/) with
equality iff f in (2.9) is an isomorphism up to finite groups. In this case,

= 1 | coker f|

[Li(o/ /X, 1)[, " =q(f) = Trer | and

~ 1 E X )| [HA(X, Tedd )vors|
el /Xl = al(Bfetn) [H2(X, Ty )T| [HY(X, oo )tors|

with Ly(/ | X,t) from (2.11).
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Proof. By writing Frobq_1 in Jordan normal form, one sees that p is equal to

dimq, | J ker(1 — Frob, )" > dimq, ker(1 — Frob, ') = dimq, H'(X, V;./)",

n=1

p > dimq, H*(X, Voe)",

and that equality holds iff the operation of the Frobenius on H!(X,V,.«) is
semi-simple at 1, i.e.

dimgq, U ker(1 — Frob(;l)" = dimq, ker(1 — Frob(;l),

n=1

i.e. the generalised eigenspace at 1 equals the eigenspace, which is equivalent
to fq, in (2.9) being an isomorphism, i.e. f being an isomorphism up to finite
groups.

From (2.9), since H(X, T,</)r is finite, one sees that

dimq, H* (X, V;. )" = rkg, HY(X, T,/ )" = kg, HY (X, Ty.).

Hence, the inequality p > rkz, H' (X, T;</) and the first statement follows.
Assuming f being an isomorphism up to finite groups, one has by Lemma 2.5.7
and arguing as in | , D. 136, proof of Lemma 3]

[[(Frob, —1)H! (X, Ty/)|"|
[[(Frob, — D) (X, Tp/)lr]
[[(Frob, —1)H! (X, Tver)|"|
|(Frob, —1)H(X, Tye/) : (Frob, —1)2H! (X, Ty )|

|1Li(e /X, 1)| =

_ fkerf] -
| coker f| =7
For the second equation,
q(f) = % ~q((Bf)nt) by [ , P- 306-19-306-20, Lemma 7.1-2.4]
1 ‘(HQ(Xa de)l—‘)tors‘

B ‘H2(7’ TZ’Q{)F‘ . ’(Hl(yaT@Q{)F)tors’ q((ﬁf)nt)
’HO(Y’ Tg&{)p‘ . ‘HQ(Xa TZV‘Z{)tors
[H2(X, Ty )T|  HY(X, Te sors|

since coker(a) =0. O

= q((Bf ) -

LEMMA 2.7.4. Let £ # p be invertible on X. Then there is an exact sequence
0— o(X)®Qu/Z¢ — H (X, o [(>]) — H' (X, o) [(>] — 0.
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Proof. Since ¢ is invertible on X, one has the short exact Kummer sequence of
étale sheaves 0 — Z/[{"] — &/ — &/ — 0, which induces

0— o/ (X)/0" — HY(X, Z[("]) - H (X, )[¢"] = 0. (2.12)
Passing to the colimit hﬂn yields the result. O
Remark 2.7.5. This reminds us of the exact sequence
0— A(K)/n — Sel™(A/K) — II(A/K)[n] — 0

for an Abelian variety A over a global field K with n invertible in K.

Recall our definition of the Tate-Shafarevich group, III(«//X) = H (X, o),
from | , p- 225, Definition 4.2].

LEMMA 2.7.6. Let ¢ be invertible on X. Then the Z;-corank of (o /| X)[(>°]
is finite.

Proof. From (2.12), one sees that H'(X,o)[(] is finite as it is a quotient
of HY(X, /[f]) and «/[{]/X is constructible, and the cohomology of a con-

«

structible sheaf on a proper variety over a finite field is finite by Theorem 2.5.3
Hence (o7 /X )[£*°] is cofinitely generated by Lemma 2.1.1 (iii). O

For an (-adic sheaf .#, denote by .#(n) the n-th Tate twist of .#, F(n) :=
F @z, Zy(n), see Definition 2.2.3.

LEMMA 2.7.7. Let X/k be proper over k separably closed or finite, and let £ be
invertible on X. There is a long exact sequence

o= HY(X, Ted (n)) — H(X, Tyee? (n)) @z, Qe — H (X, [(°°](n)) — ...
which induces isomorphisms
H (X, o/ [0%°](n))na — HY(X, Tp (n) tors
and short exact sequences
0 — HY(X, T (n))ne — H(X, Ty (n)) @z, Qr — H (X, Z[£>](n))agiv — 0.

Proof. Consider for m,m’ € N invertible on X the short exact sequence of
étale sheaves

0 — @/ [m](n) — o [mm/](n) = o/ [m'](n) — 0.
Setting m = ¢#, m’ = £¥, the associated long exact sequence is
o= HY(X, @[04 (n)) — HY(X, Z[0"T](n)) — HY(X, Z[0"](n)) — ....

Passing to the projective limit @ and then to the inductive limit H_r}ny yields
the desired long exact sequence since all involved cohomology groups are finite
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by Theorem 2.5.3 since X/k is proper over a separably closed or finite field and
our sheaves are constructible. Here, we use that lim is exact on finite groups,
see | , p- 83, Proposition 3.5.7 and Exercise 3.5.2].
For the second statement, consider the exact sequence

Hi~Y (X, Tyt (n)) @z, Q¢ & HI~L (X, #[0°](n)) SH (X, Tye/ (n)) %
H (X, Ty’ (n)) @z, Q.

Since HY(X, T,/ (n)) is a finitely generated Zs,-module (since (&/[("])nen
is an f-adic sheaf) and g is induced by the identity, we have kerg =
HY (X, Ty (n))tors; note that HY(X, Tyef (n)) = Z3* @ HY(X, Tp.o/ (n))tors and
that the codomain of g is isomorphic to QI¥. Since H'~!(X,T,e/(n)) is a
finitely generated Z,-module and H*=(X, &7[¢>°](n)) is a cofinitely generated
(-torsion module isomorphic to (Qg/Z¢)™ @ H! (X, Ty.27 (n))tors, S0 the divisible
part is (Qg/Z¢)™, we have im f = H ™1 (X, &/ [>*](n))qiv- The claim follows
from the exactness of the sequence.

For the third statement, consider the exact sequence

H (X, Tyt (n)) 5 W (X, Tpt (n)) @z, Qo B HI(X, o/ [£%](n)).

Since H(X,Tyo/(n)) is a finitely generated Zg,-module (since (<[¢("](n))neN
is an f-adic sheaf) and g is induced by the identity, we have kerg =
HY (X, Ty (n))tors; note that HY(X, Tyef (n)) = Z3* @ HY(X, Tp.o/ (n))tors and
that the codomain of g is isomorphic to QI¥. Since H' (X, T;.7(n)) is a finitely
generated Zy-module and H*(X, &/[¢>°](n)) is a cofinitely generated ¢-torsion
module isomorphic to (Qg/Z¢)** @ H (X, Tpe? (n))tors, s0 the divisible part is
(Qe/Zy)™, we have im f = HY(X, [(*](n))aiv. The claim follows from the
exactness of the sequence. o

THEOREM 2.7.8 (Mordell-Weil(-Lang-Néron)). Let K be a field finitely gener-
ated over its prime field and A/K an Abelian variety. Then the Mordell-Weil
group A(K) is a finitely generated Abelian group.

Proof. See | , p- 42, Theorem 2.1]. O
Note that o7 (X) = A(K) by the Néron mapping property:
THEOREM 2.7.9 (Néron mapping property). Let S be a regular, Noetherian,
integral, separated scheme with g : {n} — S the inclusion of the generic point.
Let o/ /S be an Abelian scheme. Then

o5 g.gtad
as sheaves on the smooth site Sqy of S.

Proof. See | , p- 222, Theorem 3.3]. O
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LEMMA 2.7.10. Assume ¢ is invertible on X. Then one has the following iden-
tities for the étale cohomology groups of X :

HY(X,Tye?) =0 forig{1,2,...,2d+1} (2.13
H' (X, Ty )tors = HO(X, & [(7])na = HO(X, &) [0>°] (2.14

H2(X, o )tors = HY (X, o [0°°])na (2.15

HY(X, o [0°))na = (7 / X)[£>] if (o7 ) X)[£>)] is finite (2.16
Proof. (2.13): For i > 2d + 1 this follows from (2.4) (using the fact that
HY(X,Tyo/) = 0 for i > 2d, as noted earlier below (2.7)), and it holds for
i = 0 since HY(X, & [¢"]) C & (X )tors is finite (since o7 (X) is a finitely gener-
ated Abelian group by the Mordell-Weil theorem Theorem 2.7.8 and the Néron

mapping property Theorem 2.7.9) hence its Tate-module is trivial.
(2.14) and (2.15): From Lemma 2.7.7, we get

HY(X, Tp.o )iors = H (X, A [0°°])na

)
)
)
)

The desired equalities follow by plugging in ¢ = 1, 2.

Further, one has H%(X, & [(*])na = HY(X,)[(>],, . in (2.14) because
HO(X, «/[¢>°]) is cofinitely generated by the Mordell-Weil theorem and the
Néron mapping property Theorem 2.7.9.

Finally, (2.16) holds since by Lemma 2.7.4, H'(X, &/ [(*°])nq = H' (X, &)[(*°]
if the latter is finite, and this equals III(o// X)[€*°]. O

Now we have two pairings given by cup product in cohomology
(Ve HY (X, Todl Yo x B2 (X, Typ(e7')(d — 1)) ne — H*(X, Zo(d))  (2.17)
(X, Zo(d)) = Ze,

(2.18)
and
() s HA(X, Tpo! Ve x H2H(X, Ty( /) (d — 1)) ny — H2TYX, Zy(d)) = Zy.
(2.19)

LEMMA 2.7.11. Let A, A’ and B finitely generated free Z;-modules. Consider
the commutative diagram

<'a'>

X B%Zg

A
ol

A x B Z,

where (-,+) is a non-degenerate pairing.

Then f is an isomorphism up to finite groups iff (-,-) is non-degenerate, and in
this case one has )
det<'7 > -

q(f) = det(- )

4
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Proof. Since the Zy,-modules are finitely generated free, the pairings are non-
degenerate iff they are perfect after tensoring with Q. So f is an isomorphism
up to finite groups iff f ®z, Q is an isomorphism iff f§, : Homgq, (4g,, Qe) 5
Homgq, (Aq,, Qr) = Bq, is an isomorphism iff (-, -)q, is perfect (the last equal-
ity coming from the following facts: (a) (-, )q, is perfect, (b) a non-degenerate
pairing of finite dimensional vector spaces is perfect and (c) the non-degeneracy
of a pairing is preserved by localisation).

The statement on ¢(f) follows by considering the dual diagram

A—— BY

e

A —— BY.
from | , p- 4331f., Lemma z.1 and Lemma z.2]. O

LEMMA 2.7.12. Recall the maps «, B, f from diagram (2.9). The pairing
(,)e (2.19) is non-degenerate. The regulator term q((Bfa)nt) is defined iff
f is an isomorphism up to finite groups, and then it equals
det<'7 '>Z -
det(-, -)g

4

where both pairings are non-degenerate. Conversely, if the pairing (-,-); (2.18)
is non-degenerate, f is an isomorphism up to finite groups.

Proof. Using H24tY(X,Z(d)) = Z¢; and H*¥(X,Z,(d)) = Z; by (2.8), there is

a commutative diagram of pairings

BOCT s BT D)o

] E

(H' (X, Do) x (HH X T (d = 1) e — Ze

fur|

(HY(X, Tp.?) ) % (H2 =YX, To(/*)(d — 1) )y —2— Zy

antTg T’E <.7.>€

H' (X, Tr.o/ )t ¥ 2N (X, To(o/ ') (d = 1))e ——— Z,

Z,

where the maps ayt, Bnt and fi: are induced by the maps « resp. 8 resp. f in
diagram (2.9). Note that by Lemma 2.7.2, ayy is an isomorphism and Syt is
injective with finite cokernel.

As in | , p- 137, (5)], this diagram is commutative with the pairing in
the second line non-degenerate: By Poincaré duality [ , p- 276, Theo-
rem VI.11.1] (using that T;%7 is a smooth sheaf since the o7[¢"] are étale), the
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pairing in the second line is non-degenerate, hence the pairing in the first line is
also non-degenerate since § is an isomorphism up to finite groups. The upper
right and the lower right arrows (note that these are the same morphism) are
isomorphisms since their kernel is (H2?~2(X, T;(«/*)(d —1))n by Lemma 2.5.4,
which is 0 for weight reasons by Corollary 2.5.8: (2d — 2) + (=1) —2(d — 1) =
—1 # 0; the lower left arrow «y is an isomorphism since « is an isomorphism
up to finite groups since it is surjective by (2.9) with finite kernel again by (2.9)
(the kernel H*(X,T,«7)" is finite since H*(X,Ty«/) has weight —1 4+ 0 # 0
by Proposition 2.4.4, so the I'-invariants are finite by Corollary 2.5.8).

Hence if f is an isomorphism up to finite groups, the pairing (-,-), is non-
degenerate by Lemma 2.7.11, and then the claimed equality for the regulator
q((Bfa)nt) = |coker(B fa)nt| follows since ker(Sfa)y, = 0 by Lemma 2.7.11.
Conversely, if (-, ), is non-degenerate, f is an isomorphism up to finite groups
by Lemma 2.7.11. O

LEMMA 2.7.13. Let £ be invertible on X. Then one has a short exact sequence

0 — o(X) @z Zp > H' (X, Tp/) — lim(H' (X, #/)[£"]) = 0.

If MI(o/ ) X)[¢>°] = HY (X, o) [(>] is finite, § induces an isomorphism
A (X) @z Zy = HY (X, Tpol).

Proof. Since ¢ is invertible on X, the short exact Kummer sequence of étale
sheaves N
0%%[5"]%%5%%0

induces a short exact sequence
0— o/(X)/0" S HYX, [0"]) — HY(X, &)[("] — 0

in cohomology, and passing to the limit lgln gives us the desired short ex-
act sequence since the o7 (X)/¢™ are finite by the Mordell-Weil theorem Theo-
rem 2.7.8 and the Néron mapping property Theorem 2.7.9, so they satisfy the
Mittag-LefHler condition and limi o (X)/l" =0.

The second claim follows from the short exact sequence and since the Tate
module of a finite group is trivial by Lemma 2.1.1 (ii). O

LEMMA 2.7.14. Consider the following statements:

(1) (-, )¢ is non-degenerate.

(2) The morphism f, where f is as in (2.9), is an isomorphism up to finite
groups.

(3) In the inequality p > tkgz, HY(X, Ty from Lemma 2.7.3, equality holds:
p = rkz, HY(X, T,o).

(4) The canonical injection o7 (X) ®z Zy RN T (X, Tee?) is surjective.

(5) The L-primary part of the Tate-Shafarevich group 11(7 /X )[€°°] is finite.
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Then (1) <= (2) < (3) and (4) <= (5); further (3) <= (4) assuming
p =rkz & (X).

Furthermore, the following are equivalent:

(a) p =rkz o/ (X) (weak Birch-Swinnerton-Dyer conjecture)

(b) (-, )¢ is non-degenerate and the {-primary part of the Tate-Shafarevich group
(o7 / X)[€>°] is finite.

Proof. (1) <= (2): See Lemma 2.7.12.

(2) <= (3): This is Lemma 2.7.3.

(3) <= (4) assuming p = rkz & (X): One has p = rkzZ(X) =
rkz, (7 (X)®zZ,) and by Lemma 2.7.13 rkz, (o7 (X)®zZ) < kg, H'(X, Ty ),
so this is an equality iff § in 4. is onto.

(4) <= (5): By Lemma 2.1.1 (iv), @n(Hl(X,M)[K"]) = T,(H(X, o)) is triv-
ial iff HY (X, .o7)[¢>°] = HI(.«/ / X)[¢°°] is finite since I1I(.e7 / X )[¢>°] is a cofinitely
generated Zg-module by Lemma 2.7.6.

(a) = (b): Since § in (4) is injective, one has tkz 7 (X) < rkz, HY(X,T,o/) <
p. Therefore, p = rkz o7 (X) implies equality, and (3) and (4) follow, so (1)—(5)
hold.

(b) = (a): from (b) follows (5) = (4) and (1) = (2) = (3), so from
(4) one gets o (X) ®z Z, = HY (X, Tyo7), but by (3), p = rkz, HY(X, T,o/) =
rkg o/ (X). =

Remark 2.7.15. We have

1—¢"*=1—exp(—(s—1)logq) = (logg)(s — 1) + O((s — 1)?) for s —1
using the Taylor expansion of exp.

DEFINITION 2.7.16. Define ¢ by

L(e//X.8)~c-(L—q'7%)"
~c-(logq)’(s—1)" fors—1, (2.20)

see Remark 2.7.15.

Remark 2.7.17. Note that ¢ € Q since L(«7/X, s) is a rational function with
Q-coefficients in ¢~*, and ¢ # 0 since p is the vanishing order of the L-function
at s = 1 by definition of p and the Riemann hypothesis.

COROLLARY 2.7.18. If p = tkg, HY(X, Ty, then

|H2 (Xa Téﬂ)tors‘

-1 .
|C|Z - q((ﬁfa)nt) |H1(AXV7 Tz%)tors| : |H2(Y’ TZJZ{)F| .
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Proof. Using Lemma 2.7.3 for L; (<7 /X, t) and Corollary 2.7.1 for Lo(</ /X, 1),
one gets

|C|_1 =q((Bfa)nt) - ‘HO(Y’ TNZ{)F’ . ’HQ(Xa Ty )rors . ’HO(Y, TgJZ{)F’
¢ nt ‘HQ (Y, TUZ{)F’ |H1 (X, T@fQ{)tors| ’HO (7’ TZM)F’
— 1 |H2(Xa de)tors} |HO(Y, TgJZf)F|

= Q((ﬂfa)nt) . ‘HQ(Y, TeuQ{)F| . |H1 (X, Ted)tord . - )

For 0 = HO(X, Ty.e/) 5 HY(X, T;/)" use (2.4) with i = 0 and (2.13). O

THEOREM 2.7.19 (analogue of the conjecture of Birch and Swinnerton-Dyer for
Abelian schemes over higher dimensional bases, cohomological version). Recall
that k is a finite field of characteristic p, X/k is a smooth projective geomet-
rically connected variety and <7 /X is an Abelian scheme with analytic rank
p = ordi—1 L(//X,t). One has p > tkgz, HY (X, Tyo/) > tkz o/ (X) and the
following are equivalent:

(G,) p:rkz,sz{(X) = I‘sz(K)

(b) For some £ # p = chark, (-,-)¢ is non-degenerate and I(<//X)[(>] is
finite.

If these hold, we have for all £ # p

det<~, ~>g
det(~, ~>g

- (e /X) (0]
¢ 1 (X)) ors| - [H2(X, Toe?)T|

et =

where the special L-value ¢ is defined by (2.20), and the prime-to-p torsion
(%7 / X )[non-p| is finite.

Proof. Note that p = ord;—y L1(«//X,t) = ordi—; L(«//X,t) by Remark 2.6.6,
and that rkz, H' (X, T;«7) > rkz «/(X) by the injection from Lemma 2.7.14 (4).
The first statement is Lemma 2.7.14 (a) <= (b). Now identify the terms
in Corollary 2.7.18 using Lemma 2.7.10 (cohomology groups) and Lemma 2.7.12
(regulator).

By Theorem 2.7.19(b) for ¢ =— (a) independent of { — (b) for ¢,
(&7 / X)[¢'>] is finite for every ¢’ # p. But since ¢ # 0, and by the rela-
tion of |c[,' and |ITI(«//X)[£">]|, the prime-to-p torsion is finite. O

Remark 2.7.20. (a) For example, Theorem 2.7.19 holds unconditionally if
L(«//X,1) # 0 since one then has 0 = p > rkz &/(X) > 0. For examples
when ITI(«7 / X)[€°°] is finite, see section 5.

(b) The (determinants of the) pairings (-, -)¢ and (-, -); are identified below: One
has det(-,-)¢ = 1 and det(-, -), is the regulator, see especially Remark 3.5.3.

(c) For the vanishing of H?(X, Ty« )" see Remark 5.1.29 below.

(d) Assume II(«7/X)[¢*°] finite. Then, the pairing (-,-); has determinant 1,
see the discussion in subsection 4 below, and is thus non-degenerate. The
pairing (-, )¢ equals the height pairing, see subsection 3 below, and is therefore
non-degenerate by [ , D- 98, Theorem 9.15].
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Remark 2.7.21. This remark is about the independence of the analytic rank
ords—1 L(&7 /X, s) on the model &/ /X of A/K.

Note that the vanishing order of L(%7 /X, s) at s = 1, the analytic rank, only de-
pends on Li(e//X,s) since Lo(2//X,1) = det(1 — Frob;1 | HO(X, V,.?)) # 0
by Lemma 2.5.7 “2 = 1” since H%(X, V;.«7) is pure of weight 0 — 1 # 0
by Proposition 2.4.4 below, so its invariants H°(X, Vz.7)' are finite by Corol-
lary 2.5.8. Furthermore, the vanishing order of L; at s = 1 only depends on the
generic fibre A/K (and not on the model X) assuming the conjecture of Birch
and Swinnerton-Dyer for 2/ /X by an a posteriori argument: If the conjecture
holds, by Theorem 2.7.19, the vanishing order at s = 1 of L(&//X,s) equals
the (algebraic) rank of A(K).

For dim X = 1, there is a canonical model X of K. In contrast, for higher di-
mensional X, there is no canonical model (one can e. g. blow up smooth centres),
and the special L-value depends on the model. If every birational morphism of
smooth projective k-varieties of dimension d is given by a sequence of monoidal
transformations (e. g. for surfaces, see | , p- 412, Theorem V.5.5] over alge-
braically closed fields), the vanishing order of Lq(2//X,1) = det(1 — Frobq_1 |
H!(X,Vy/)) is independent of the model of X by calculation of the étale co-
homology of blow-ups of torsion sheaves | , section 0OEW3]: If X' is the
blow-up of X along a closed point Z with exceptional divisor E = P%ﬁl, then

there is an exact sequence of proper varieties over k
HO(E, Vi?) — H (X, Vo) —» H'(X , Vot ) ® H(Z, Vot ) — H'(E, Vo.l).

Here, H'(Z,Vy.9/) = 0 since cd,Z = 0, H*(E, V;.<7) is pure of weight 0 — 1 #
0 and &/ [("]|5 = uy? since ﬁft(P%l) = 0 and #/[¢"]/X is finite étale, so
HY(E, Vee/) = H(PSH, Qu(1)) = 0.

3 COMPARISON OF THE COHOMOLOGICAL PAIRING (-, )¢ WITH GEOMETRIC
HEIGHT PAIRINGS

The objective of this section is to show that the cohomological pairing (-, ),
discussed above coincides, up to multiplication by a certain integral hard Lef-
schetz defect (see Definition 3.1.11), with certain other geometric pairings de-
fined in subsection 3.1 below, namely the generalised Bloch and the generalised
Néron-Tate canonical height pairings (see Definition 3.1.5 and Definition 3.1.6,
respectively). The equality of these three pairings (up to the indicated inte-
gral hard Lefschetz defect) is the content of the main Theorem 3.5.2 of this
section, which is essentially equivalent to the commutativity of diagram (3.17)
in Proposition 3.5.1. To establish the commutativity of diagram (3.17), we first
compare (in subsection 3.2) (-,-); with a certain Yoneda pairing. The main
results in this subsection are Proposition 3.2.6 and Proposition 3.2.7, which
establish the commutativity of subdiagrams (1) and (2) in diagram (3.17). In
subsection 3.3, the Yoneda pairing is compared with the generalised Bloch pair-
ing and, in subsection 3.4, the generalised Bloch pairing is shown to coincide
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with the generalised Néron-Tate canonical height pairing (see Corollary 3.4.4).
The developments in subsection 3.3 and 3.4 yield the commutativity of subdia-
gram (3) in (3.17), thereby establishing the commutativity of the full diagram
and thereby proving Theorem 3.5.2.

3.1 DEFINITION OF THE GEOMETRIC PAIRINGS

We wish to define a GENERALISED BLOCH PAIRING
() A(K) x AY(K) — R,

see Definition 3.1.5 below. To this end, we need some preparations.
Let X be a k-variety and K = k(X) be the function field of X. Define for
S c XM finite the S-adele ring of X as the restricted product

AK,S = H K:n X H ﬁX,x
zeS veXM\S

where K is the quotient field of the discrete valuation ring Ox , with discrete

valuation v, : KX — Z and absolute value | - |, , = ¢~ 9 {e}0:()  and the
ADELE RING of X as

Agx= lim Aggs.
K lim K,S
SCX finite

PROPOSITION 3.1.1 (adele valued points). Let X be a k-variety and S C XM
be a finite set of places. Then

limXS/(A]QS/) = Xs(AK) = X(AK)

—)

S/
and

Xs(Axs) = [[ Xo(Eo) x [] Xs.0(0x.0)
veS vgS

as sets with the notation from [ , p. 70]. This bijection is used to define
a topology on Xs(Ak.s).
Proof. See | , p- 70f., (3.1) and Theorem 3.6]. O

LEMMA 3.1.2. Let (R;)ier be a family of rings with Pic(Spec R;) = 0 for every
i € I. Then Pic(]],c; Spec R;) = 0. (Note that the infinite fibre product exists
and is affine by [ , Tag OCNH].)

Proof. Line bundles correspond to G,,-torsors, and a torsor is trivial iff it has
a section. So let £ be a line bundle on [],.; Spec R;. Since line bundles on
affine schemes are affine, .Z is represented by an affine scheme X. One has

X([]spec Bi) = [[ X (R),

icl i€l
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by [ , p. T21L., proof after (3.3)]. Each of the factors has a non-trivial
element by Pic(R;) = 0. Hence, the product is non-empty by the axiom of
choice. O

COROLLARY 3.1.3. The Picard group of the adele ring A is trivial.

Proof. By the previous Lemma 3.1.2, Pic(A g g) = 0 since line bundles on the
local rings K, and Ox , are trivial, and Pic(Ax) = ligs Pic(Ak,s) by the com-
patibility of étale cohomology (Pic(X) = HY(X, G,,)) with limits, see | ,
p. 88f., Lemma II1.1.16]. O

Let a € A(K) and ' = (1 —» G, = 2 — & — 0) € &xti (A, Gy) =
X)) = AY(K). By descent theory, 2" is a smooth commutative X-group
scheme, and by Hilbert’s theorem 90, the sequence

1= Gn(K)—= Z(K)— o (K)—H(K,G,,) =0 (3.1)
and, by Corollary 3.1.3,
1—= Gn(Ax) —» Z(Ak) = @ (Ak) — H (Ak,G,,) = Pic(Ax) =0 (3.2)

are still exact.

Fix a closed immersion ¢ : X < P2 with the very ample sheaf Ox (1) :=
Lt ﬁPkN(l). There is a natural homomorphism, the LOGARITHMIC MODULUS
MAP,

1:Gp(Ak) = logq-Z C R, (a) = Y loglagl,. =

zeXxX
—logq - Z deg, {z} - va(az). (3.3)
zeXx @)
By the product formula (see | , D. 146, Exercise 11.6.2 (d)]), (G (K)) =

I(K*) =0. Scale the image of I such that [ is surjective.

LEMMA 3.1.4. The homomorphism | : G, (Ak) — logg-Z C R (3.3) has a
unique extension lye : 2 (Ag) — R, which induces by restriction to 2 (K) a
homomorphism

lat : A(K) — R.
Proof. Define Gl as the kernel of [, and 27! as

2V ={ae X (Ak):In€Zs1,nac X'}

the rational saturation of f L with

21 =6 [I 2 (@0x.) < 2 (Ax).

veX )
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Consider the following commutative diagram (at first without the dashed ar-
rows) with exact rows by (3.1) and (3.2) and injective upper vertical morphisms
and exact left column:

! 9
| i
1 Gl 21 ' (Ag) —— 0
| | H
I — Gp(Ag) — Z(Ak) — J(Ag) — 0 (3.4)
L L
logq-7Z ======: logq-Z
| |
0 0

For the commutativity of the diagram, it suffices to show that (1) G}, =
%1 N Gm(AK) Q <%f(xAK) and (2) 3{1 —» JZf(AK)

Assertion (1) is true because of the following: One has G!, C G,,,(Ag) N 27!
by definition of 2! and Gl . For the other inclusion 2% N G,,(Ax) C Gl ,

note that
I I Gu(Ox.)) =0

veX (1)

since log |ay|,» = 0 for a, € 0%, hence

G, ] Gm(ox.) C G,

veX @)
S0 -
2 NGm(Ak) =Gl - [[ Gm(0x.) <SG,
veX (1)
but G, (Ak)/GL, < R is torsion-free, hence the inclusion 2t N G, (Ak) C
GL.

Assertion (2) is true because of the following: By the long exact sequence asso-
ciated to the short exact sequence 1 - G, =& £ — & — 0 and Lemma 3.1.2,
there is a surjection

Z( I Oxa) = ( II Ox:) = (Ax),
zeX® zeX®

the latter equality by Proposition 3.1.1 and the valuative criterion for proper-
ness. But obviously

2( I ox.)c 2™ (3.5)

zeX ™)
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By the snake lemma, the diagram completed with the dashed arrows is also
exact and there exists the sought-for extension l,: : Z(Ak) — logq - Z of
l: Gn(Ag) — logq-Z. The homomorphism [,: induces by restriction to
Z (K) a homomorphism

lat : A(K) — R,

since {(G,(K)) = 0 by the product formula. O
DEFINITION 3.1.5. Define the GENERALISED BLOCH PAIRING (-,-) : A(K) x

AYK) —logq-Z as follows: Let a € A(K) and a* € A*(K). Let {a,a’) be the
image of a under the composition of the maps

A(K) = 2 (K) G (K) = 2 (Ak) /G (K) 4 log g - Z
with l,e coming from Lemma 3.1.4.

(The first identity comes from (3.1). Note that G,,(K) C G by the product
formula.)

Now we wish to define the GENERALISED NERON-TATE CANONICAL HEIGHT
PAIRING }ALKﬁL.

For the definition of a generalised global field see [ , D- 83, Definition 8.1].
Let us recall CONRAD’S HEIGHT PAIRING FOR GENERALISED GLOBAL FIELDS
from | , p- 821f., section 8]. Let X be a smooth projective geometrically
connected variety over a finite ground field k¥ = F, and K = k(X) the function
field of X. Choose a closed k-immersion ¢ : X < P¥. For x € XM et

Con=0q degy,, {=} €Qn(0,1).

For the definition of the degree of a closed subscheme of projective space

see [ , p- 52]. Then the absolute values
[l - be = Cgf?gﬂ(.)
on K, where € XU satisfy the product formula by [ , p- 146, Exer-

cise 11.6.2 (d)]. Conrad calls the system of these valuations the structure of a
GENERALISED GLOBAL FIELD on K. This induces a height function

n (o 1 n
hK,n,L : PK(K) — Rzo, hK,n,L([tO Dot tn]) = m Z/r?:ag(log ||tiHv’,L
on projective space over K, see | , p- 86 1], with the finitely many lifts

vofv=2e XD to K'/K finite, where K C K’ C K is a finite subextension
over K that contains the ¢; and we canonically endow K’ with a structure of
generalised global field via the algebraic method as in [ , D. 86]; this is
independent of the choice of K’, see [ , p. 871
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Now, we construct a canonical height pairing
h, = hg,: (X)) x 7'(X) >R

as follows. If .Z is a very ample line bundle on a smooth projective geometrically
connected K-variety X, the induced closed immersion

1: X = PHYX,.2))

defines a height function

hK,f,L = hK,HO(X,g),L oLy : X(?) — R,
where hy po(x, ), = hin, if dimg H(X,.#) = n. By linearity, since one
can write any line bundle on X as a difference of two very ample line bundles
(see [ , p- 186, 1. 8]), this extends as in [ , p- 184, Theorem B.3.2]
(Weil’s height machine) to a homomorphism

Pic(X) = R¥X®)/0(1),

where O(1) := {f : X(K) — R : f is bounded} ¢ R¥) is the vector sub-
space of bounded functions.
Our K-variety X will now be an Abelian variety A/K arising as the generic
fibre of an Abelian scheme.

DEFINITION 3.1.6 (generalised Néron-Tate canonical height pairing). Now let
/X be an Abelian scheme. In this case, one can, by the Tate limit argument,

define a canonical height pairing, taking values in RAK) (not modulo bounded
functions)

hi.g,:(X)=A(K) =R

" hi,: (X)) x ' (X) = A(K) x A(K) = R,

respectively as in [ . p. 284 f.]. One has hi (x,L) = hic 2. (2).

PROPOSITION 3.1.7. Let K be a generalised global field, A/ K an Abelian variety
and P € Pic(A x i A?) the Poincaré bundle. Then

for z € A(K) and £ € A'(K).
Proof. See | , D- 292, Corollary 9.3.7]. O

LEMMA 3.1.8. Let o/ /X be a projective Abelian scheme over a locally Noethe-
rian scheme X. Let x € «/(X) and £ € Picgf/X(X) = «/'(X). By the
universal property of the Poincaré bundle [ , p. 262f., Ezxercise 9.4.5],
there is a unique X -morphism h : X — /' such that £ = (idy xh)*Py.
Then o*% = (x,h)* Py .
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Proof. Note that the map (z,h) : X — & x x @/* factors as

XLJZ%XXXIM}LJZ{XX%)E.

Consequently, 2*.% = 2*(idgy xh)* Py = (2, h)* P . O
Now we need to define the INTEGRAL HARD LEFSCHETZ DEFECT.

THEOREM 3.1.9 (hard Lefschetz for finite ground fields). Let k be a finite field,
£ # char k be prime and X /k be a smooth projective variety of pure dimension d.
Let n € H2(X, Zy(1)) be the first Chern class of Ox (1) € Pic(X) (the image of
Ox (1) under the homomorphism Pic(X) — H%(X, Z,(1)) from [ , p. 271,
Proposition VI.10.1]) and o/ /X be an Abelian scheme. Then the iterated cup
products

(Un)' - HY(X, Voot ) — HT(X, Vet (i)

are isomorphisms.

Proof. This follows from the hard Lefschetz theorem | , p.- 144,
Théoreme 5.4.10] for the projective morphism f : X — Speck since & :=
VeaZ[d] is a pure perverse sheaf: The sheaf % is pure of weight —1 by Proposi-
tion 2.4.4. Tt is perverse: The sheaf V;.&7 = Rl7,.Qy(1) with the smooth projec-
tive morphism 7 : &/* — X is smooth by proper and smooth base change | ,
p. 223, Corollary VI.2.2 and p. 230, Corollary VI1.4.2]. If % is a smooth sheaf on
a smooth pure d-dimensional variety, then #[d] is perverse by [ , p- 149,
Corollary I11.5.5]. O

COROLLARY 3.1.10 (integral hard Lefschetz for finite ground fields). The inte-
gral hard Lefschetz morphism

(Un)* =1 (X, T )y — H2HX, To(7") (d = 1)
is injective with finite cokernel.

Proof. By the hard Lefschetz theorem Theorem 3.1.9, it follows that the kernel
and the cokernel tensored with Qg are trivial, hence torsion, hence finite. Now
note that all groups are taken modulo their torsion subgroup, so the kernel is
trivial. O

DEFINITION 3.1.11. We call the order of the cokernel of the integral hard Lef-
schetz morphism from Corollary 3.1.10 the INTEGRAL HARD LEFSCHETZ DE-
FECT.
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3.2 COMPARISON OF THE COHOMOLOGICAL PAIRING WITH A YONEDA PAIR-
ING

In the rest of this section, if we deal with Ext-groups or &xt-sheaves, we always
mean them with respect to the fppf topology in order to have the Barsotti- Weil

formula é"xtﬁqppf (o, Gpm) = o (] , p- 121, 1. —11] or | , p- II1.18-
1, Theorem III.18.1]). Although we are also dealing with étale cohomology,
there is no problem since by [ , p- 116, Remark 3.11 (b)] the étale and fppf

cohomology of sheaves represented by smooth group schemes (we are using <7,
"], Gy, and pen with £ invertible on X) agree.
Note that one has a Yoneda Ext-pairing

V1 Ext"(A, B) x Ext®(B, C) — Ext" (4, C),

in Abelian categories with enough injectives, see | , p- 167]; we will use
this several times below. This induces pairings

V:H (X, 7) x Ext%(#,9) - H T (X,9).
See also | , p- 1661.].

LEMMA 3.2.1. Let o/ /X be a projective Abelian scheme over a locally Noethe-
rian scheme X. Then the following diagram commutes:

d(X) x  dX) —— Pic(X)
H

gT gT

H(X, o) x Exti(e,Gn) —1 H(X,Gpn)

Here, the upper pairing is gwen by (z,Z) — x*¥ = (2, L)* P (the equality
by Lemma 5.1.8) for v € o/ (X) and £ € ' (X) = Picg{/X(X) with (z,.%) :
X — o xx @, and the lower pairing is the Yoneda pairing.

Proof. The morphism Ext% («/,G,,) — </*(X) is an isomorphism by the
Barsotti-Weil formula.

Given z € (X)), ie.z: X - ,ande: (1 - G, > G = & — 0) €
Ext (<7, Gn), (z,e) maps to G X X under the Yoneda pairing (composition
in the lower row). This is a G,,-torsor on X, namely 2*.%Z if G = £\ 0 (0 the
zero-section), which is the composition in the upper row. O

LEMMA 3.2.2. Let n be invertible on X. Then one has

Homx (7, Gp) =0 and Homx (<, pn) = 0.
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Proof. This holds since G, and pu,, are affine over X and &/ /X is proper and
has geometrically integral fibres using the Stein factorisation. (]

COROLLARY 3.2.3. Let £ be invertible on X. Then the local-to-global FExt spec-
tral sequence HP (X, Ext (o, puen)) = Bxth (o, pen) gives an injection

HY(X, &xt (o, pon)) = Extx (o, pun). (3.6)

Proof. This follows since s omy (&7, =) = 0 by Lemma 3.2.2, so EY° = 0 for
all p in the Ext spectral sequence. O

LEMMA 3.2.4. Let ¢ be invertible on X. Then one has
Exti (o, pon) = Exti (o, G [0"] = 1 [07].
Proof. One has a short exact sequence of sheaves
0= Exti (o, G)[f"] — Exth (o, Gm) S Exth (o, Gm) >0 (3.7)

since one can check &xtl (&7, G,) /" = o/t /€™ = 0 on stalks by the exactness
of the Kummer sequence.

The short exact Kummer sequence yields by Lemma 3.2.2 a short exact se-
quence

Homx (o, Gp) =0 = Exth (o, pgn) — Exth (o, G,)
5 exth (o, Gn) =0, (3.8

the 0 at the right hand side by (3.7).
Combining (3.7) and (3.8), one gets the first equation in Lemma 3.2.4. The
second equation follows from the Barsotti-Weil formula. O

LEMMA 3.2.5. Let £ be invertible on X. Then one has an isomorphism
8 Homy (A [0"], pen) = Extie (o, pgn) = 1 [07].

Proof. Applying the functor sZomx (—, ) to the short exact Kummer se-
quence 0 — "] — &/ — o/ — 0 gives an exact sequence

0 = Homy (o, pun) — Homx (L[], uen) > Extl (o, puen)
L exti (o, um),

the first equality by Lemma 3.2.2. But multiplication by " kills &xt} (o7, pign),
so the last arrow is zero. Hence J is an isomorphism.
The equality &xti (o7, ) = &7t[€"] is Lemma 3.2.4. O
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The following is commutativity of part (1) of diagram (3.17).

PROPOSITION 3.2.6. Note that under the assumption 1I(f/ | X)[€>°] finite, one
has from Lemma 2.7.13 an isomorphism

6 (X) @z Zy = HY(X, Tod). (3.9)

induced by the boundary map of the long exact sequence induced by the short
exact Kummer sequence Corollary 2.5.5. Denote the analogous map for o/t by

ot Jth(X) Rz 2y 5 Hl(X, Tg%t»
Then the diagram
HY(X, Tyl e x HY (X, Tyt )y —2— H2(X, Zo(1))nt
(5.6 5
(X))t @z Zg x (X)) @z Zp — Pic(X)n @z Zy
commutes.

Proof. The pairing in the lower row identifies with HY(X, &) x
Ext% (<7, Gp) — H' (X, G,,) by Lemma 3.2.1.
In the rest of the proof, we show that the following diagram commutes:

HY(X, (") x HY(X,&'[") —Ls H2(X, pen)

5 5] o] (3.10)

H(X,) x H' X, o' —— HY(X,G,,)

Here, the pairing in the upper line is induced by the Weil pairing, and the
pairing in the lower line is given by Lemma 3.2.1. The morphism ¢’ is the
connecting morphism of the Kummer sequence. Since H!(X, «7[¢"]) is killed
by ¢™, § factors through &y, and analogously for 6¢ and &'

By Lemma 3.2.1, the pairing &7 (X) x «/*(X) — Pic(X) identifies with

H(X, o) x Exty (o, G,,) = HY(X, G).

The diagram

H)(X, o) x Exti(«,G,) — H(X,G,)

| e I

HY(X, /) x Bxti (o, pem) — HA(X, pgn)
commutes, where the horizontal maps are Yoneda Ext-pairings, by the 6-
functoriality [ , p- 67, Theorem 1.1], so we are left with proving that the

lower pairing of this diagram and the upper pairing of
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the diagram (3.10) are equal. In order to show this, we prove the commutativity
of

HO(X, o) X Ext3 (o, pugn) ——— HA(X, pen)

ls ] H

HY(X, (") x HYX,Exth (o, um)) —— HA(X, pagn) (3.11)

HY (X, o/ [0™]) X HY X, &' [("]) ———— HA(X, pen);

note that &xt% (o, pen) = [("] by Lemma 3.2.4 and use the injection (3.6).
By adjunction, rewrite the two upper rows of the diagram (3.11) as

Ext? (o, jupn) ——— Hom(H®(X, o), H2(X, j1en))

J al

HY(X, &xt (o, pn)) —— Hom(H' (X, &/ [("]), H*(X, 1en))

with the injectivity by (3.6). Now, the low term exact sequence as-
sociated to the local-to-global Ext spectral sequence gives an embedding
HY(X, #omx (o [0"], uen)) — Exty(&/[("], pen). But by Lemma 3.2.5, one
has an isomorphism &; : HY (X, #omx (& [0"], pen)) = HY(X, Extl (o, puen)).
Now, the square in the diagram

Ext3 (o, pen) —— Hom(H°(X, &), H* (X, gn))

5] 5]

Ext) (o [€"], pen) —— Hom(H' (X, /[¢"]), H(X, jugn))

/

HY(X, &xti (o, pen))

commutes by d-functoriality [ , . 67, Theorem 1.1] with the injection (3.6).
The lower triangle commutes by definition and the upper left triangle by func-
toriality of the Grothendieck spectral sequence and its low term exact sequence
applied to the special case of the local-to-global Ext spectral sequences
By =P (X, Exty (o, pen)) =BT = Exth (o, jn)
'EPY = HP(X, Ext (o [0, pen ) = EPTY = BExtB (o7 [0, puen)
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defined on derived categories with edge maps k1, k1 and the exact tri-
angle #[("] — o — o 5 ["[1] inducing Homx (o, ppm)
%Omx (JZ{[K"] [1], ,wn):

E2171 K1 E2
S
"k
110 L, gt
O
The following is commutativity of part (2) of diagram (3.17).
ProproOSITION 3.2.7. The diagram
un?—! pri - o~
H2(X,Zp(1))ns ———— H?4(X, Zy(d))nt —— H?H(X,Z(d)) —— Z,
§2 = cl&]\ i clg(T CI%T
NOx(1)¢~ ¥ — d
CH! (X)ne ®7 Ze noxW™, CHY (X )t ©7 Zp —55 CHY (X )mt @7 Zo —23 7 @, Zy

commutes.

Proof. Since the category of Zy-modules modulo the Serre subcategory of tor-
sion Zg-modules is equivalent to the category of Qg-modules, see | , Tag
0BOK], we can prove the statement after tensoring with Q. There is a ring
homomorphism

d d
oy @ CH (X) —» @ H* (X, Qu(i)),
=0 =0
see | , p. 270, Proposition V1.9.5] (intersection product on the Chow ring
and cup product on the cohomology ring) or | , D. 243, Lemma (6.14)],
and CHY(X) — H24(X, Q(d)) = Q, maps the class of a point to 1, see [ ,
p. 276, Theorem VI.11.1 (a)]. O

3.3 COMPARISON OF A YONEDA PAIRING WITH THE GENERALISED BLOCH
PAIRING

This is a generalisation of | | and | .
Recall that d = dim X. We want to show that the pairing

Nox(1)*!
() (X) x Ext, (¢, Gmn) —— H'(X,Gn) nox)_, CH*(X) deg,
(3.12)

(note that the Yoneda pairing V identifies with &7 (X) x &*(X) — Pic(X)
by Lemma 3.2.1) coincides up to a factor —logq with the generalised Bloch
pairing

h:AK)x AY(K) —logq-Z CR (3.13)

from Definition 3.1.5:

DOCUMENTA MATHEMATICA 24 (2019) 915-993



TOWARDS A HIGHER DIMENSIONAL BSD CONJECTURE 955

ProrosiTiON 3.3.1. The diagram

AK)  x  A(K) —M LR

H %T (= qu)]
AK)  x Exty, (o,Gp) Q Z

commutes.

Note that </ (X) = Homx,, ,(Z,.27). The Yoneda pairing V : Homx, . (Z, o)x
Extﬁ(fppf (o,Gp) — HY (X, G,,) maps (a,a’) to the extension a V a® defined by

aVal: 1 G, ay Z 0
H l la (3.14)
at: 1 G, A o 0.

By composition, one gets an extension

lovar : ¥ (Ax) — 2 (Ag) R
of I : Gp(Ak) — R to #(Ak), which induces because of (G, (K)) = 0 in

the exact sequence a V a' by restriction to #(K) a homomorphism

l

lovar 1 Z %5 A(K) % R,

so one obviously has
h(a,a®) = lui(a) = layat (1). (3.15)
By (3.4) and (3.5)
zat( I1 %(ﬁx,z)) —0, hence zmt( I1 @(ﬁx,z)) —0,
rzeX () reX ()
by the diagram (3.14) defining a V a’.

LEMMA 332, Let (1 = Gp — % — Z — 0) = e € Exty, (Z,Gy) =
HY(X,G,,) = Pic X be a torsor representing £ € Pic X, and letl. : ¥ (Ak) —
R be an extension of I which vanishes on [[,cxa) % (Ox,z). Then one has for
the homomorphism lo : Z — R (since lo(Gm(K)) = (G (K)) = 0) defined by
restriction to ¥ (K):

l.(1) = —logq - deg(Z N ﬁx(l)dfl),

where Ox (1)~ denotes the (d — 1)-fold self-intersection of Ox(1).
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(Note that for every e there is a extension [, as in the Lemma using the dia-
gram (3.14) and Lemma 3.1.4.)

Proof. Considering e as a class of a line bundle . on X, write Y (%) :=
V(£)\{0-section} for the G,,-torsor on X defined by .. Then e is isomorphic
to the extension

1— Gy — HY(‘X@”)%Z%O.
nez

For every = € | X|, choose an open neighbourhood U,, C X such that 1 € Z has
a preimage s, € % (U,) (these exist by exactness of the short exact sequence
e of sheaves; note that Pic(X) = Hy, (X,Gn) = Hp (X,Gn) by [ ,
p. 124, Proposition I11.4.9], so there is indeed such a Zariski neighbourhood,
not just an fppf one). Let further s € #'(K) be a preimage of 1 € Z (note that
0= G(K) - #(K) = Z(K) — 0 is exact by Hilbert 90). Then one has
s;1s€ Gp(K)=KX*. Since X is Jacobson, the U, for x € | X| cover X.
For every € X choose an Z € |X| such that x € Uz and set s, = sz and
U, = Us. These define a Cartier divisor as (s; ' -s) - (s, ' -s)7! =57 -5, —
1-1=0¢€Z,soonehas (s;'-5)- (s, -5)7" € G, (U, NU,) by the exactness
of 1 5 Gy =% —Z— 0, and [(Uy,s;1).] = & since

LUy, Ox((Uy,s;2)) = {f € K : fs;* € I(U,, Ox)} = T(U,, ).

One has to compare the line bundle . with the G,,-torsor %". Now one
calculates

le(1)

(s) mnote that l.(Gy,(K)) = 1(Gp(K)) =0and s — 1

e(( ;1 -8)) since le(erx(l)@(ﬁX,Z)) =0
((s;'-s)) sinces;! se G,(K) and I, extends I

V)

l
l
l

= —loggq- Z deg, v - vy (s; '+ s) by definition of I,

rzeX )

note that (s;1-5),; € Gy (Ak).
On the other hand, by the above description of e, since the (U, s; ! - s) define

a Cartier divisor on X with associate line bundle isomorphic to £, one has for
deg: CHY(X) = Z

deg(Z NOx (1)) = Z deg, x - vy (s, - s)
zeX @)

since deg, z = deg({t(z)} N H4~!) for a generic hyperplane H — P and
Ox(1) = [H] € CH'(X) = Pic(X).
Combining the formulae gives the claim. O
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Applying Lemma 3.3.2 to the above situation a € A(K),at € A*(K) gives us

h’(a’a at> = la\/at(1> by (315)
= —logq-deg([aVa']NOx(1)*1) by Lemma 3.3.2
= —logq-(a,a") by (3.12).

(Note that ¢ and @x (1) occur in [ and thus in h.) This finishes the proof
of Proposition 3.3.1.

3.4 COMPARISON OF THE GENERALISED BLOCH PAIRING WITH THE GENER-
ALISED NERON-TATE HEIGHT PAIRING

Let K, be the (completion) of K = k(X) at v € X(1), which is a local field.
Let A be a divisor on A defined over K, algebraically equivalent to 0 (this
corresponds to Ext (¢, G,,) = #4(K,) = AYK,) = Pic%/k(Ku)). The
divisor A corresponds to an extension

152G, > ZAr—>d =0 (3.16)

in Exty (e, Gp,). Let Za be the line bundle associated to A. Then 2a =
V(Za) \ {0} with LA = Oy (A) as a Gy,-torsor. The extension (3.16) only
depends on the linear equivalence class of A.

Restricting to K, the extension (3.16) is split as a torsor over A\ |A| (since a
line bundle associated to a divisor A is trivial on X \ A) by oa, : A\ |[A] —
XAk, With oa canonical up to translation by G,,(K,) (since the choice of
oa,w 18 the same as the choice of a rational section of ZA). Let Za i, be
the group of zero cycles 2 = > n;(p;), pi € A(K,), on A defined over K,
such that > n;degp; = 0 and suppA C A\ |A]. We get a homomorphism
OAaw : Za K, — Za(Ky) (since Za is a group scheme).

We now prove a local analogue of Lemma 3.1.4.

LEMMA 3.4.1. There is a commutative diagram with exact rows and columns:

1 K 2ZA(K,) —— A(K,) —— 0
lv ilpA,v
YAEEEEEEECEEERY A
0 0
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Proof. The map labelled [, is the valuation map. The short exact sequence in
the middle row is (3.16) evaluated at K, and the short exact sequence in the
upper row is (3.16) evaluated at Ok, : One is left showing that 21 — A(K,)
is surjective. But this follows from the long exact sequence associated to the
short exact sequence of sheaves on O,

1-G,, - % -« —0

and Hilbert’s theorem 90: H!(Spec O, ,G,,) = 0 since O, is a local ring.
Further, one has & (K,) = &/(Ok,) = A(K,) by the valuative criterion of
properness and the Néron mapping property. O

Now let ¥a » 1 ZA(K,y) — Z be the map defined in the previous lemma. For
A € Za K, define
<A,Ql>v = wA,UO’Aﬂ,(Ql).

THEOREM 3.4.2. Let K = k(X). Let a € A(K) and a' € AY(K). Let A resp.
A be a divisor algebraically equivalent to 0 defined over K resp. a zero cycle of
degree O over K on A such that [A] = a* resp. 24 maps to a. Assume supp A
and supp A disjoint. Then

<aaat> = 1qu : Z <Aam>v
veX @)
with {a,at) defined as in Definition 3.1.5.

Proof. Let
1-G,, > ZAr— A —0

be the G,,-torsor represented by a", and OAw : ZAK — ZA(K) be as in the
local case. One has to show that the map

lat + Za(Ak) —logg-Z

(of the above definition in Lemma 3.1.4; note that Za(Ak) — 2 (Ak)) coin-
cides with the sum of the local maps

’l/)AJJ : %A(Kv) — 7

multiplied by logq - deg, v for v € X1 defined above.
Consider the commutative diagram

G, —— %A(AK)/H%A(@K”) — %A(AK)/%AI — 0

JXU: deg, v - v(-) jz deg, v - Ya v Jla*
v 10 :
0o —— ker(Z) @ z = Z

veXx (1)

logg-Z — 0.
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One has [, Za(Ok,) € Zx and G,, C Za(Ak) by the commutative dia-
gram (3.4.1) in Lemma 3.1.4, so the exactness of the upper row follows. The
exactness of the lower row is clear.

The left square commutes obviously. The right square commutes since
by Lemma 3.1.4 the extension of [ to 2 (Ak) is unique and ), deg, v - YA .
is well-defined (since ¥a , vanishes on Za (0, ) and in the adele ring, almost
all components lie in Za(Ck,)) and restricts to [ : G, (Ax) — R since ¥a
restricts to [, by Lemma 3.4.1.

Now let # € 2a(Ag)/2Zi with lp(x) = h. Lift it to & €
Za(Ak)/ 11, Za(Ok,). Then logq - >, deg, v - ¢a(Z) = h by commu-
tativity of the right square. If one chooses another lift, their difference comes
from d € G},, which has height 0, so logq- >, deg, v - ¢a ,(Z) only depends

on . O

PROPOSITION 3.4.3. The local pairings (A,2A), coincide with the local Néron
height pairings (A, 2A)Neéron,v-

Proof. This follows from Néron’s axiomatic characterisation in [ , p- 3041,
Theorem 9.5.11], which holds for (A, 2l), by the same argument as in | ,
p. 73fF., (2.11)-(2.15)]. O

COROLLARY 3.4.4. The generalised Bloch pairing coincides with the canonical
Néron-Tate height pairing.

Proof. This is clear since the local Néron-Tate height pairings sum up to the
canonical Néron-Tate height pairing, see | , p- 307, Corollary 9.5.14]. O

3.5 CONCLUSION

We are now ready to combine the main results of subsections 3.2, 3.3 and 3.4
into

PROPOSITION 3.5.1. Let ¢ be invertible on X and assume (o /X)[(>] is
finite. Then there is a commutative diagram
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960

I ———— 12207

(3.17)

172 2R Y(X), /7 X 1Z 2Q " (X) &

()oY
| [ © |
17— 77 Z® *(X) ,HO 1Z Z® (D 'X) H ———— "Z ZQ (X)), X 1Z ZR " (X) &
3op ﬁlﬁﬁﬂvvaC A

: @) [ (0 S

17— ((P)Z2°X) . H A Y(P)7Z°X) pH A§ M(1)?Z X)) H ¢——x—— ()L 'X) H X *™(#°L'X) H

R R Lo e

1Z +—— ((P)Z°X) pH o )z ‘X)) peH 5 U1 =)L X) _pH X (LX) H
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Here, n € H?(X,Z¢(1)) is the cycle class associated to Ox(1) € Pic(X) =
CH'(X) (X is regular) by Pic(X) — H2(X,Z(1)) (this map comes from the
Kummer sequence, see [ , p. 271, Proposition VI.10.1]), where Ox (1) =
Lt ﬁp%(l) for the closed immersion v : X — PX which defines the structure of
a generalised global field on the function field K = k(X)) of X. Further,

V :JZ{(X)nt Rz Ze X uQ{t(X>nt Rz Z,@ =
«Q{(X)nt Rz ZZ X EXtﬁ( ((52{, Gm)nt Kz ZZ — Hl (Xa Gm)nt Kz ZZ

is the Yoneda Ext-pairing (the equality «/*(X) = Ext (<7, G,,) comes from the
Barsotti- Weil formula). The pairing in the lower row is the generalised Néron-
Tate canonical height pairing divided by —logq. The left vertical isomorphism
(6,8%) comes from (3.9), and the injection Un®=1 from Corollary 5.1.10.

Proof. Diagram (0) commutes by associativity of the U-product. Diagram (1)
commutes by Proposition 3.2.6 and (2) by Proposition 3.2.7. Diagram (3)
commutes by Proposition 3.3.1 and by Corollary 3.4.4. O

The above proposition and the definition of the integral hard Lefschetz defect
(Definition 3.1.11) yield the following statement, which is the main theorem of
this section:

THEOREM 3.5.2. The cohomological pairing (-, )¢ from Theorem 2.7.19 equals
the generalised Bloch pairing (see Definition 3.1.5) and the canonical Néron-
Tate height pairing (see Definition 3.1.6) up to multiplication by the integral
hard Lefschetz defect (see Definition 5.1.11).

Remark 3.5.3. Note that the cohomological pairing (-, -), does not depend on
an embedding ¢ : X < P¥, but all other pairings in (3.17) depend on a line
bundle ¥ or cohomology class n € H?(X, Z,(1)), which manifests in the integral
hard Lefschetz defect in the commutative square (0). The two choices, in the
integral hard Lefschetz defect in the commutative square (0) and in the other
pairings, cancel.

Here is an example where the integral hard Lefschetz morphism is an isomor-
phism:

THEOREM 3.5.4. Let A/k be an Abelian variety of dimension d over an alge-
braically closed field of characteristic # £ with principal polarisation associated
to £ € Pic(A). Denote by 9 € H%(A,Zy(1)) the image of £ under the homo-
morphism Pic(A) — H2(A,Z(1)). Then the integral hard Lefschetz morphism
(UY)I—1 : HY(A,Z)) — H2IY(A, Zy(d — 1)) is an isomorphism.

Proof. Using that 9 is a principal polarisation, write ¥ = Zle e; Ne;in a

symplectic basis (with respect to the Weil pairing A : Ty A x Ty(AY) — Zg(1);
using the principal polarisation A = A?, the Weil pairing becomes a symplectic
pairing TpA x TyA — Z4(1) by | , p. 132, Lemma 16.2 (¢)]) and use that
the cohomology ring H*(A, Z¢) = \* H'(A, Z;) is an exterior algebra.
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By | , p- 130], one has H*(A,Z,;) = (A" T,A)Y (here we use that the
ground field is algebraically closed).

Note that, via the identifications of the cohomology ring with the exterior
algebra, proving that (U)9~! is an isomorphism is equivalent to showing that
this morphism sends a basis of A’ TyA to a basis of A** ' TyA. A basis of
N T, A is e1,€l,...,eq,€ey, and a basis of /\QdfngA is (a hat denotes the
omission of a term)

et NeyA . ENELN. Neg el

and the same for e} instead of e;. Now,

d
AN :Z(el NEYN...eg NebN...Neg Ney).
i=1
Thus,
NI = e NN AN LG NELN. . NegNel
and the same for e;, gives a basis of /\M_1 T,A. O

COROLLARY 3.5.5. Let &/ = B x;, X be a constant Abelian scheme with
X = A a principally polarised Abelian variety of dimension d over an alge-
braically closed field k. Then the integral hard Lefschetz morphism (U9)?~! :
HY (o, Z¢) — B2 Yo/, Zy(d — 1)) is an isomorphism.

Proof. Note that H' (A, Ty/) = H'(A,Z;) x T;B by Lemma 5.1.12 and the
projection formula. O

COROLLARY 3.5.6. Let & = B x;, X be a constant Abelian scheme over X with
X = A a principally polarised Abelian variety of dimension d over finite field k.
Then over the maximal £-extension kg, the integral hard Lefschetz morphism
(U941 HY (Ayoo , Zip) — 2 (Hhyoo, Zo(d — 1)) is an isomorphism.
Furthermore, for some finite (-extension K/k the integral hard Lefschetz mor-
phism (U941 HY (o, Zy) — H2 Y (e, Zg(d — 1)) is an isomorphism.

Proof. By | , D- 259, Proposition 5.9.2 (iii)], the integral hard Lefschetz
homomorphism over % is the direct limit over all K/k finite. The transition
morphisms are injective since corg , oresg/, = [K : k| is injective, and isomor-
phisms for ¢ { [K : k| since then multiplication by [K : k] is an isomorphism,
in particular surjective. It follows that the integral hard Lefschetz morphism
is an isomorphism over the maximal /-extension kg of k.

Since the integral hard Lefschetz morphism over k¢~ is the filtered direct limit
over the base changes of (U)¢~! of the finite f-extensions of k and since
H24~ (A, , Zo(d — 1)) is a finitely generated Z,-module, there is a finite /-
extension K/k such that (U9)9~1 : HY (o, Zy) — H2 Y (aty, Zo(d — 1)) is
surjective [ , b 46, (5.2.3))], hence an isomorphism. O
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4 THE DETERMINANT OF THE PAIRING (-, )¢

LEMMA 4.0.1. Assume (7 /X)[€>°] is finite. Then one has a commutative
diagram with exact columns

0 0 0
| | 1 |
(AH(X) @ Zg)nt ——— HY(X, Tot )t H24= (X, Ty (o) (d — 1))t

L ] l

AN X)© Qp ———— HY(X, V) (U"—:l> H24- (X, Vo () (d — 1))

S © Qe/Ze —Z (X, 0] T H24 (X, o7 [0¥](d = 1)
0

0
(4.1)
with the cokernel of HY (X, Tpa/? ) — H2Y( X, Ty(*)(d — 1))n being finite.

(Ung, )%~
—t

S — 3

Proof. The upper left arrow is an isomorphism by Lemma 2.7.14. For the
lower left arrow being an isomorphism: By Lemma 2.7.4, one has a short exact
sequence

0— o (X)®Qu/Z; — HY (X, [(>*]) — H (X, &)[(*°] — 0.

Since &/ (X) ® Qu/Z; is divisible, one gets an inclusion &(X) ® Q¢/Z; —
HY (X, & [°°])aiv. Since II(«//X)[¢>°] = H} (X, o )[£>] is finite, if an element
from H!(X, &/[¢°°])aiv is mapped to HY (X, &7)[¢>°], it has finite order and is
divisible, so it is 0, hence it comes from &7 (X) ® Q./Z;.
The upper and middle right arrows are induced by the integral hard Lefschetz
theorem Corollary 3.1.10 (injective) and the hard Lefschetz theorem Theo-
rem 3.1.9 (isomorphism), respectively, and the lower one by functoriality of
the coker-functor. So the lower one surjective by the snake lemma.
For the exactness of the columns: Left column: This column arises from ten-
soring

0—)Z¢—>Q@%Q@/Z@—)O

with @*(X)y = Z™“"(X) over Z. (By the theorem of Mordell-Weil The-
orem 2.7.8 and the Néron mapping property Theorem 2.7.9, «7(X) is a
finitely generated Abelian group). Middle and right column: This follows
from Lemma 2.7.7. O

LEMMA 4.0.2. The homomorphisms induced by the commutative diagram (4.1)

Hom(H?? (X, Ty (/") (d — 1)) e, Z¢) — Hom((/ (X)) ® Zg)ns, Ze)  and
Hom(H** (X, &' [¢>°](d — 1)), Q¢/Z¢)ai — Hom(/*(X) ® Qu/Ze, Qu/Zy)

are injective with finite cokernels of the same order (even isomorphic).
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Proof. Write

0 A A A" 0
j f F ig (4.2)
0 B B B 0

in short for two right columns of the big diagram (4.1): A’ = HY(X, Tp.& "),
A = HY(X,Vp&?), A7 = HYX,[(*])aiy for the middle column and
B’, B, B” for the corresponding groups in the right column.
The snake lemma gives us ker(g) — coker(f) since the middle vertical arrow
in (4.2) is an isomorphism.
Applying Hom(—, Z,) to the short exact sequence 0 — A" — B’ — coker(f) —
0 gives
0 — Hom(coker(f), Z;) — Hom(B', Z;) — Hom(A’, Zy)

— Ext'(coker(f), Z¢) — Ext'(B’, Zy).
Since coker(f) is finite, the first term vanishes and Ext'(coker(f),Z,) =
coker(f), and since B’ is torsion-free and finitely generated, hence projective,
the last term vanishes. So Hom(f, Zy) is injective with finite cokernel isomor-
phic to coker(f).
Applying the exact functor Hom(—, Q¢/Z¢) (Q¢/Z; is divisible, hence injective)
to the short exact sequence 0 — ker(g) — A” — B” — 0 gives

0 — Hom(B",Q¢/Z¢) — Hom(A”,Q,/Z;) — Hom(ker(g), Q¢/Z¢) — 0

and Hom(ker(g), Q¢/Z¢) = ker(g) since ker(g) = coker(f) is a finite £-primary
group. So Hom(g, Q¢/Z) is injective with finite cokernel isomorphic to ker(g).
O

LEMMA 4.0.3. One has an isomorphism
H2(X, T0o )ne — Hom(H* (X, &' [0°°](d — 1))aiv, Qe /Ze)  (4.3)
induced by the cup product.

Proof. Poincaré duality for the absolute situation | , p- 183, Corol-
lary V.2.3] (easily generalised to higher dimensions) gives non-degenerate pair-
ings of finite groups for all n € N

H2(X, o/ [0"]) x H* (X, ' [0"](d — 1)) — Qu/Zs.
This is the same as isomorphisms
H?(X, &/[0"]) = Hom(H**~H(X, &/ [€")(d - 1)), Qe/Ze),
and passing to the projective limit gives us an isomorphism

H?(X, Tpe?) = Hom(H?* (X, o/ [(>°](d — 1)), Qe /Zo).
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Write M = H3(X,Ty/) and N = H24~1(X, &7 [¢><](d — 1)), so one has M =
NP. These are finitely and cofinitely generated, respectively. One has

My, = NP /lim NP[0"] = NP /(lim N/¢)P = NP /NP

since 0 — Ngiv &> N i> N is exact with N the f-adic completion of N. As N &
(Q¢/Z¢)" ® T with T finite, one has N 2 T (since the f-adic completion of the
divisible group Qg/Z; is trivial) and h surjective. Dualising gives 0 — N —
NP = NP — 0,50 N°/NP = NP . Summing up, we get My, = NP,. O

THEOREM 4.0.4. Assume II(o//X)[(>] is finite. Then one has det(-,-)¢ = 1
for the pairing

(-, )e s H3(X, Tpe? )y x H2 N (X, Ty(#?)(d — 1)) = H> 7YX, Zy(d)) = Zy
from (2.19).

Proof. Consider the commutative diagram

Hom(H** (X, Ty(«7")(d — 1))nt, Ze) —— Hom((7 (X)) ® Z¢)ns, Zi)

I

H?(X, 0 )t

lg

Hom(H**™ (X, & [6](d — 1)) aiv, Q¢ /Z¢) — Hom(/*(X) ® Q¢/Ze, Qe/Ze)
(4.4)
with the lower left isomorphism by (4.3). The horizontal maps are injective
with cokernels finite of the same order by Lemma 4.0.2.
The right vertical map is an isomorphism: A homomorphism h : Z;, — Z,
induces a morphism Qy — Q by tensoring with Q and hence a mor-
phism between the cokernels Q¢/Z; — Q¢/Z¢. This is an isomorphism: By
the Mordell-Weil theorem and the Néron mapping property Theorem 2.7.9,
(ﬂt(X) ® Zo)nt =2 szgﬂ(X) and szt(X) ® QZ/ZZ ) (QE/ZE)rk@ft(X)’ and
Hom(Q¢/Ze, Qe/Z¢) = (Qu/Ze)” = (limy 5 Z/Z)P =lim Z/("Z = Z.
It follows from Poincaré duality for the absolute situation [ , p.- 183, Corol-
lary V.2.3] that one has a non-degenerate pairing

IR

()¢ : HY(X, Ty )ug x H2U(X, To( M) (d — 1))ng = H2HY(X, Zg(d)) = Zo,
so the upper left vertical arrow in (4.4)
H?(X, Ty ) e — Hom(H* (X, Ty(o/*)(d — 1)) e, Zo)

is injective with cokernel of order det(-,-),. By comparison of the terms in
the commutative diagram (4.4) and using that the horizontal morphisms are
injective with cokernels of the same order, see Lemma 4.0.2, it follows that
det(-,-)p = 1. O
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5 PROOF OF THE CONJECTURE FOR CONSTANT ABELIAN SCHEMES

5.1 THE CASE OF A BASIS OF ARBITRARY DIMENSION

LEMMA 5.1.1. Let A be an Abelian variety over a finite field k, X/k be a variety
and o = A X, X be a constant Abelian scheme over X .

1. There is an isomorphism </[m] = Alm] x; X of finite flat group schemes
resp. of constructible sheaves (for chark{m) on X.

2. There is an isomorphism Tyof = (T, A) x, X of l-adic sheaves on X for

{#Dp.

3. There is an isomorphism of Abelian groups
o (X) = Morx (X, ) = Morg(X, A),(f : X — &)+ pry of,

and under this isomorphism & (X )iors corresponds to the subset of constant
morphisms

‘Q{(X)tors = {f X = A | f(X) = {a}} = Homk(kaA) = A(k)

Proof. 1. Consider the fibre product diagram

and apply — x X.

2. This follows from 1 by passing to the inverse limit over m = ¢, n € N.

3. The inverse is given by (f : X = A) — ((f,idx) : X = A x; X = &).

For the second statement: If f: X — A takes on the constant value a, (f,idx)
has finite order orda in A(k) since k and thus A(k) is finite. Conversely, if
f + X — & has finite order n, the image of pry of lies in the discrete set of
n-torsion points (since pry : A X} X — A is a morphism of group schemes), so
is constant because X is connected. O

COROLLARY 5.1.2. Assume X has a k-rational point xo. Then there is a com-
mutative diagram with exact rows

0 ——— A(k) ——— (X) —— Homy(Albx/p, A) —— 0

o F

0—— M(X)tors E— e!Z{(X) _— M(X)m _ 0,

and
rkz & (X) = r(fa, famy,,) = dimq, Homq, (6] (VeA, Ve Albx ),

DOCUMENTA MATHEMATICA 24 (2019) 915-993



TOWARDS A HIGHER DIMENSIONAL BSD CONJECTURE 967

with fa, fp the characteristic polynomials of the Frobenius on A, B/k and

r(fa, fB) = >, vp(fa)vp(fp)deg P

PeQ[T] irreducible

(see [ , p. 138]).

Proof. The lower row is trivially exact. By the universal property of the
Albanese variety (use that X has a k-rational point zp), one has {f €
Mori (X, A) | f(zo) = 0} = Homg(Alby,;, A). Thus the upper row is ex-
act. The left hand vertical arrow is an isomorphism because of Lemma 5.1.1 3.
Now the five lemma implies that the right hand vertical arrow is an isomor-
phism since it is a well-defined homomorphism: Precompose f : Albx/, — A
with the Abel-Jacobi map ¢ : X — Albx/, associated to .

The equality for the rank follows from [ , - 139, equation (5) and Theo-
rem 1 (a)]. O

Ezxample 5.1.3. The rank of the Mordell-Weil group of a constant Abelian va-
riety over a projective space is 0, since there are no non-constant k-morphisms
P} — A, see | , p- 107, Corollary 3.9].

LEMMA 5.1.4. Let M and N be torsion-free finitely generated Zg-modules, resp.
continuwous Z¢[T'|-modules. Then one has

M ®z, N = Homgz, moda(M", N)
(M ®z, N)" = Homg, [r)-Moa(M ", N)

Proof. For the first equality, see [ , p- 628, Corollary XVIL.5.5]. Note that
finitely generated torsion-free modules over a principal ideal domain are free.

The second equality follows from Homp (M, N)' = Hompgry(M, N) for any
commutative ring R with 1, group I' and R-modules M, N and the first equality
and using MT = MZ% for M a discrete Z;[I']-module since Z C T is dense. O

LEMMA 5.1.5. Let_,cf = A x, X be a constant Abelian scheme. Then one has
HY(X,Tyo/) = H(X,Z¢) ®z, Ty A as (-adic sheaves on the étale site of k.

Proof. This follows from Lemma 5.1.12 and the projection formula. O

THEOREM 5.1.6. Let X/k be a smooth projective geometrically connected variety
with a k-rational point. Then the reduced Picard variety (Picg(/k)red 1s dual to

Alby ;. and Picg(/k is reduced if and only if dim Picg(/k = dim H}, (X, Ox).

Proof. By | , Proposition A.6 (i)] or [ , D- 289f., Remark 9.5.25],
(Pic%/)red is dual to Albx . By [ , p. 283, Corollary 9.5.13], the Picard
variety is reduced (and then smooth and an Abelian scheme) iff equality holds
in dim Pic ;, < dimg Hj, (X, Ox). O

DOCUMENTA MATHEMATICA 24 (2019) 915-993



968 TiMmo KELLER

Remark 5.1.7. The integer o(X) := dimy H}, (X, Ox) — dimPicg(/k >0 is
called the DEFECT OF SMOOTHNESS.

Ezample 5.1.8. One has a(X) = 0 iff the Picard scheme of X/k is smooth (since
a group variety is smooth iff it is reduced) iff the dimension of Hy, (X, O%) as a
vector space over k equals the dimension of the Albanese variety of X /k | ,

p. 94, Remarks to Theorem 1]:

This holds true for K3 surfaces since HY, (X, 0%) =0 by | , p- 1, Defini-
tion 1.1]. In characteristic 0, this is always the case | , P- 94, Remarks to

Theorem 1]. For examples of non-reduced Picard schemes of smooth projective
surfaces in positive characteristic see | .

LEMMA 5.1.9. Let f : A — B a homomorphism of an Abelian varieties and
ea : TyA x TyAt — Zy(1) and e : TyB x TyBt — Z¢(1) be the perfect Weil
pairings from Theorem 2.4.14. Then

ep(f(a),b) = ea(a, f1(b))

for all a € T;A and b € TyBY, i. e. the diagram

TZA X TgAt i> Zg(l)

[ |

T,B x TB' 55 7,(1)

commutes.
Proof. See | , p- 186, (I)]. O

COROLLARY 5.1.10. Let f: A — A be an endomorphism of an Abelian variety
A. Then

Tr(f) = Ter, (a)(f) = Trryan (fF) = Te(f1).

~

Proof. Choosing an isomorphism Z,(1) = Z,' dualising the diagram
in Lemma 5.1.9 and using that the Weil pairing is perfect by Theorem 2.4.14,
gives us a commutative diagram

TzA L TzA

|= |=

1Aty YL o, atyv,

Now use that dualising does not change the trace.
The trace of an endomorphism can be calculated on ¢-adic Tate modules
by [ , p- 125, Proposition 12.9]. O

Ta heresy! | , p- 194, 1. —6]
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such that Picx/y is reduced. Consider the following diagram of finitely gener-

of dimension d with Albanese variety A associated to a base point xg € X (k)
ated free Zg-modules:

LEMMA 5.1.11. Let X/k be a smooth projective geometrically connected variety

(5.1)

17 2® (Y/Xqry ‘y)twol X 77 ZQ (v ‘1/Xqry)twopy
w )=
————————— 1728 (,v)pud 17 2® (,y <1/ Xord)4woy x 7z Z® (V/Xord ‘) twon

1L
/ﬁm (9) %m

A — (,vir)Pern-l’Zpuy Fﬁwrm&\vmomnﬁrmv Po-1117Zwopy x A&\Momnﬁ&“««@mv Pon-L1 7 Zwoy

(¢) T

—— (WL ((1=)(v2p))) Perelal’Zwoy «—— ((,v)ar ¥/ Xora7r) PoW i’ Zwoy x (*/Xorgir , ((1-)(v2r))) Per-l1?Zuoy

(7) Hm

g 2 70 (V¥orain)pua G 7ze | (VXorair)) x ((1-)(var) 2@ */Xorair)
(€) Hm
72720 ((P)?Z ' X) e - (V)AL 20 (1 —P)7Z°X) _peH) X ((1-) (VD) "2® ((1)72 ‘X) H)
: (@) =
= (('2°X),H HLa=-p)(P)L X)) _pHX (#ILX)H
(1) HEH
(1 =P)GA)VLX) _ppH X M(PILX) H

/X
g 'z 2@ (VXaw)'pua S

~

n

= (PZ°X)pH < (P)'Z°X), H =
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We claim that the above diagram (5.1) commutes and that the left-hand vertical
arrows are indeed isomorphisms.

Proof. First we will justify that the left-hand vertical arrows in diagram (5.1)
that are claimed to be isomorphisms are indeed so.
For the vertical isomorphisms in the first factor in the left column of (5.1): One
has
HY(X, Ty ) = H'(X, Toe?)" by (2.9)
= (H'(X, Ze(1)) ®z, (TvA)(—1))" by Lemma 5.1.5
= (TvPick i @z, (TeA)(—1))"
= Homz, r1-Mod (((T[A)(—l))v 7T¢Pic§(/,€) by Lemma 5.1.4
= Homz, r}-Moa (Homz, moa(Ti(A"), Ze)Y, TiPick /) by (2.3)
= Hong [T]-Mod (TZ(At)y TZPiC())(/k)
= Homy (A, PicOX/k) ®z Z; by the Tate conjecture | ]

by the Kummer sequence

= Homy (Alby,y, A) ®z Z, since (—)" is an autoduality.

Note that H'(X, Tp«7)" is torsion-free since H! (X, Tp.27) is so, and this holds
because of the Kiinneth formula and since H* (X, Z,(1)) = TgPicg(/k is torsion-

free by Lemma 2.1.1 (v). Therefore, in (2.9), ker a = H(X, T,/ )r is the whole
torsion subgroup of H' (X, Ty.<7).

Ty</ has weight —1 by Proposition 2.4.4 and Ty(</*)(d — 1) has weight —1 —
2(d—1) = —2d+ 1 and from (2.4), we have a commutative diagram (5.2) (see
page 971) with exact rows where only the four groups connected by f, « and
B can be infinite by Lemma 2.7.2 and as in (2.9).

The perfect Poincaré duality pairing

HY(X,Z(1)) x H*"YX,Zy(d — 1)) — B*(X,Zy(d)) > Z¢ (5.3)

identifies H2~ (X, Z(d — 1)) with (T;Pic% ;)"
For the vertical isomorphisms in the second factor in the left column of (5.1):
One has

HH X, To(r') (d = D)o = B*7H(X, To(@/")(d = 1) by (2.9)

J— T
- (HQd_l(X, Zi(d - 1)) @z, Te(At)) by 5.1.5

= ((TPick /1) ®z, Ti(A"))" by (5.3)

= Homg, [r}-moda (T¢Pick . Te(A")) by 5.1.4
= Homy, (Picg(/k, A" ®z Z, by the Tate conjecture
= Homy, (A, Albx;,) ®z Z¢  (—)" is an autoduality.

Now we will prove that the diagram commutes:
(1) commutes since U-product commutes with restrictions.
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(5.2)

0 +— (=)L X) 1_peH <5— (1= P)((2)LX) | _peH —— (1 —P)(,7)L ' X) g pgH — 0

04— [((1-P)(P)L X)pH ¢ (1 —P)(2)LX) peH % (1 —P) ()L ' X)1—peH 0
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(2) commutes because of the associativity of the U-product.
(3) commutes since, in general, one has a commutative diagram of finitely
generated free modules over a ring R

()

AxB /4 R

=

CxC¥V —— R

identifying B with the dual of C' = A with a perfect pairing (-,-) and the
canonical pairing C' x CV — R, (¢, p) — ¢(c): Choose a basis (a;) of A and the
dual basis (b;) of B; these are mapped to the bases (¢;) and (c}) of C and C"V.
Then, under the top horizontal map, (a;,b;) = d;; with the Kronecker symbol
di;, and under the bottom horizontal map (c;, c;) = d;;.

(4) commutes since, in general, one has using Lemma 5.1.4 a commutative
diagram of finitely generated free modules over a ring R

(M ®&rNY) x (MY @r N) — Endg(M) ®r Endg(N) 22 @r Ty 5

lz

Hompg (N, M) x Homp(M, N) ——2—— Endg(N) Try R.

For proving this, choose bases (a;) of M and (b;) of N and their dual bases (a})
of M and (b}) of NV. The element (a; @b, a;, ®@b;) of (M@x NY)x (MY @k N)
is sent by the upper horizontal arrows to d;;051, and by the left vertical arrow to
(b, — b;- (bm,)ai, an > aj,(ay)b;). The latter element is mapped by the lower left
horizontal arrow to by, = aj}, (b}(bm)ai)b; and the trace of this endomorphism
is 0j;0k;. Therefore, the diagram commutes.

(5) commutes because of precomposing with the isomorphism (7,27 (—1))
To(</*) coming from the perfect Weil pairing Theorem 2.4.14.

(6) commutes because of | , p. 186f., Theorem 3].

(7) commutes since Picg(/k is dual to Albx/, by Theorem 5.1.6 since Picy
is reduced and because of

v

Tr(Boa)=Tr((Boa)") by Corollary 5.1.10
= Tr(a' o BY)
=Tr(B' oa’) by]| , p- 187, Corollary 1].

O

THEOREM 5.1.12 (The cohomological and the trace pairing). Let X/k be a
smooth projective geometrically connected variety of dimension d with Albanese
variety A associated to a base point xo € X (k) such that Picx, is reduced.
Denote the constant Abelian scheme Bx, X/X by o/ /| X. Then the trace pairing

Homy (A, B) x Homy(B, A) > Endy(4) 3 Z
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tensored with Zy equals the cohomological pairing from (2.18)
() s HY (X, Tod Yne x B2 (X, To( /') (d — 1))ne — H*4(X, Zy(d))
512X, Z(d)) = Zo,

and this equals by Theorem 3.5.2 the Néron-Tate canonical height pairing up to
the integral hard Lefschetz defect (see Definition 5.1.11).

Proof. First note that the Kummer sequence for G,, on X gives us a short
exact sequence

1 =G, (X)/t" = H (X, juen) — Pic(X)[("] — 0,

the first equality since G, (X)/¢" =k /" = 1 since X/k is proper and ge-
ometrically integral, and passing to the inverse limit over n, an isomorphism
HY(X, Z(1)) = T; Pic(X) = T/Picky, the latter equality since 7; NS(X) = 0
since the Néron-Severi group is finitely generated by the theorem of the
base | , D- 215, Theorem V.3.25].

Now use Lemma 5.1.11. O

Ezxample 5.1.13. In particular, if the characteristic polynomials of the Frobe-
nius on Picg(/,€ and A’ are coprime, then Homk(At,Picg(/k) =0 =
Homk(Picg(/k,At) and the discriminants of the parings (-,-), and (-,-),
from (2.18) and (2.19) are equal to 1.

THEOREM 5.1.14. Let k = Fy, ¢ = p" be a finite field and X/k a smooth
projective and geometrically connected variety and assume X = X X, k satisfies
(a) the Néron-Severi group of X is torsion-free and

(b) the dimension of HZM(X, O%) as a vector space over k equals the dimension
of the Albanese variety of X /k.

If B/k is an Abelian variety, then HY (X, B) is finite and its order satisfies the

relation
gd H (1 _ _) }Hl X B Hdet alaﬁ]>|
a;#b;

where A/k is the Albanese variety of X/k, g and d are the dimensions of

A and B, respectively, (a;)?2, and (b; )Jd1 are the roots of the characteristic

polynomials of the Frobenius of A/k and B/k, (a;)i_, and (8;)i_, are bases for
Homy (A, B) and Homy (B, A), and {(a;, B;) is the trace of the endomorphism

ﬂjai OfA
Proof. See [ , - 98, Theorem 2]. O

Remark 5.1.15. Note that Homy(A, B) and Homy(B, A) are free Z-modules
of the same rank r = r(fa, fB) < 4gd by | , D- 139, Theorem 1 (a)],
with f4 and fp the characteristic polynomials of the Frobenius of A/k and
B/k. (Another argument for them having the same rank is that the category
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of Abelian varieties up to isogeny is semi-simple, decomposing A and B into
simple factors.) Furthermore, H'(X, B) = HY(X, B x; X) = III(B x; X/X)
since for U — X, one has B(U) = (B xj X)(U) by the universal property of
the fibre product.

Ezample 5.1.16. (a) and (b) in Theorem 5.1.14 are satisfied for X = A an
Abelian variety, a K3 surface or a curve: (a) because of | , p- 178, Corol-
lary 2] and | , p. 3851ff., Chapter 17], and (b) for curves and Abelian
varieties since A! = Picg /k 18 an Abelian variety, in particular smooth and
reduced, and by Example 5.1.8 for K3 surfaces. See also Theorem 5.1.6, Re-
mark 5.1.7 and Example 5.1.8.

LEMMA 5.1.17. Let k = Fy be a finite field, { invertible in k and A/k be an
Abelian variety of dimension g. Denote the eigenvalues of the Frobenius Frob,
on V;A by (ai)fil. Then «; — q/«; is a bijection.
Proof. The Weil pairing (Theorem 2.4.14) induces a perfect Galois equivariant
pairing

Vi A x Vi A' — Qu(1),

and, choosing a polarisation f : A — A?, by Lemma 2.4.5, we also have by
precomposing a perfect Galois equivariant pairing

(-, : ViA X VA — Qu(1).

Now let v; be an eigenvector of Frob, on V; A with eigenvalue c;. Then there is
exactly one eigenvector v; of Frob, on V; A such that (v;,v;) =1 # 0 (otherwise,
since the pairing (-, -) is perfect, we would have (v;,v;) = 0 for all eigenvectors
v;, but there is a basis of eigenvectors on the Tate module since the Frobenius
acts semi-simply). Now, since the pairing is Galois equivariant, ¢ = Froby (1) =
Frobg(vi,v;) = (Frobg v;, Frobg v;) = (a;v;, ajvj) = a;05(v;, v5) = a1, and
the statement follows. (|

DEFINITION 5.1.18. Define the REGULATOR R(<//X) of &/ /X as |det((-,-))]|.
By Remark 5.1.15, we get
COROLLARY 5.1.19. In the situation of Theorem 5.1.14, one has
a;
0 TT (1-7) = LB xx X/X)| R(7/ X).

a.;;ébj J
DEFINITION 5.1.20. Define the L-FUNCTION of B Xy X/X as the L-function
of the Chow motive

h'(B) @ (h°(X) @ b (X)) = h'(B) @ (h'(B) ® h'(X)),
namely
L(h'(B) ® h'(X),s)
L(h*(B), s)

L(B x; X/X,s) =
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Here, the Kiinneth projectors are algebraic by | , p- 217, Corollary 3.2].

THEOREM 5.1.21. The two L-functions Definition 2.6.5 and Definition 5.1.20
agree for constant Abelian schemes.

Proof. One has V,B = H'(B, Q)" by Proposition 2.4.2, (V;B)Y = (V,B')(-1),
Vi(B) = V,(B") by Lemma 2.4.5 and the existence of a polarisation [ ],
p. 113, Theorem 7.1, H(X,V,«/) = HY(X,Q;) ® V; B by Lemma 5.1.5 and
Vet = (VyB) X X by Lemma 5.1.1 since &/ /X is constant. Using this, one
gets

L(h'(X)® h'(B),t) = det(1 — Frob, ' t | H'(X, Q) ® H'(B, Qy))
= det(1 — Frob,’ Yt | H(X, Q) ® Vi(BY)(—1))
= det(1 — Frob, 't | H'(X, Q¢) ® Vi(B)(—1))
= det(1 — Frob, 't | H'(X, (Vi B) xx X)(—1))
= det(1 — Frob, ' ¢~ 't | H/(X, Vo./))
= Li(o//X,q"'1).
Now conclude using h'(B) = h%(X) ® h!(B) since X is connected. O

Remark 5.1.22. Note that
ord L(e/ /X, t) = ord L(+/ /X, 4™ 'q").

Remark 5.1.23. Now let us explain how we came up with this definition of
the L-function. We omit the characteristic polynomials L;(%//X,t) in higher
dimensions ¢ > 1 since otherwise cardinalities of cohomology groups would
turn up in the special L-value which we have no interpretation for (as in the
case i = 0 and the cardinality of the ¢-torsion of the Mordell-Weil group, or
in the case ¢ = 1 and the cardinality of the /-torsion of the Tate-Shafarevich
group). In the case of a curve C as a basis, our definition is the same as
the classical definition of the L-function up to an Ls(t)-factor. This factor
contributes basically only a factor |&7*(X)[(*°]iors| in the denominator. In the
classical curve case dim X = 1, the L-function can also be represented as a
product over all closed points z € | X| of Euler factors.

We expand
L(hY(B) ® h'(X),s)
L(h*(B), s)
H 12 (= aibjg)
Hji1(1 bja—*) .

By Lemma 5.1.17, one has for the numerator

L(B x; X/X,s) =

2d 2g 2d 29 w
[T - aba ) =TI (1~ 574"). (5.4)
j=1l4i=1 j=1li=1
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and the denominator has no zeros at s = 1 by the Riemann hypothesis (the
eigenvalues of the Frobenius (b;) on h'(B) have absolute value ¢'/2). Therefore

ord L(B x ), X/X,s) =(fa, fB)

is equal to the number 7(f4, fg) of pairs (4, j) such that a; = b;, which equals
by [ , p- 139, Theorem 1 (a)] the rank r of (B x; X)(X):

7(fa, fB) = rkz Homy (A, B)
= rkz Hom (X, B) by the universal property of the Albanese variety
= rkz Homx (X, B xj X),

see Corollary 5.1.2.

LEMMA 5.1.24. The denominator evaluated at s = 1 equals

2d

110 4% = 122 X0
i j el
Proof.
2d 2d 1
H(l _ qufl) _ H (1 — b—) by Lemma 5.1.17
j=1 j=1 I
B ﬁ by —1
1 b
2d
1—0b;
= H 7 L gsince 2d is even
=1
deg(idg — Frob
_ deg(ids e a) by 5.1.17 and | , p. 186f., Thm. 3]
q
B(F
_ | (dq | since idp — Froby is separable
q
B X X ors
_ 1B xk d)( Jeors| by Lemma 5.1.13. O
q

Remark 5.1.25. Note that, if X/k is a smooth curve, (Bx; X)(X) = B(K) with
K = k(X) the function field of X by the valuative criterion for properness since
X/k is a smooth curve and B/k is proper. For general X, setting & = B X X
and K = k(X) the function field, (B xx X)(X) = &/(X) = A(K) also holds
true because of the Néron mapping property.

Remark 5.1.26. One has |(B xx X)(X)ios] = [|B(k)] = |Bi(k) =
|(B xx X)¥(X)tors| by Lemma 5.1.13 and Lemma 2.5.1.
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Putting everything together, one has

. L(#/X,5) _ q%(logq)” a;

lim = 1—— by Lemma 5.1.24 and (5.4
=1 (=07 1 Xen] ( bj) Y (54)
i70;

(e /X)| - R(+//X)
|"Q%(X)tors|

= ¢4 (logq)" by Corollary 5.1.19.
THEOREM 5.1.27. In the situation of Theorem 5.1.1/, one has:

1. The Tate-Shafarevich group (<7 /X) is finite.

2. The vanishing order equals the Mordell-Weil rank r: ords—1 L(«/ /X, s) =
I‘kz qu(X) = I"kz A(K)

3. There is the equality for the leading Taylor coefficient

(7 /X)| - R( [ X)

L*(o//X,1) = ¢V (log q) o]

Combining Theorem 2.7.19 and Theorem 5.1.27 and using Theorem 5.1.21, one
can identify the remaining two expressions in Theorem 2.7.19:

COROLLARY 5.1.28. In the situation of Theorem 5.1.14, in Theorem 2.7.19
resp. Lemma 2.7.14, all equalities hold and one has

det (-, )el, ' =1,
|H*(X, Ty )| = 1.

Remark 5.1.29. For constant Abelian schemes &7 = A x; X (under the assump-
tion (a) above that NS(X) is torsion-free), one has [H*(X,Ty«/)"| = 1:* The
long exact sequence associated to the Kummer sequence yields the exactness
of

0— HYX,G,,) /0" — H*(X, ugm) — HA(X, G)[("] — 0.

Combining with the exactness of
0 — Pic’(X) — Pic(X) — NS(X) — 0

and the divisibility of Pic’(X) (since multiplication by ¢* on an Abelian vari-
ety is an isogeny, hence surjective, by [ , - 115, Theorem 8.2]), hence
HY(X,G,,)/¢" = Pic(X)/¢" = NS(X)/¢", and passage to the inverse limit
@n gives us

0 — NS(X) ®z Z, — H*(X,Z¢(1)) = T\H*(X,Gp,) — 0

since the NS(X)/¢™ are finite by | ; p- 215, Theorem V.3.25], so they sat-
isfy the Mittag-Leffler condition. As NS(X) is torsion-free (by assumption (a)

2this factor turns up in the Birch-Swinnerton-Dyer formula for the special L-value Theo-
rem 2.7.19
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above) and TyH?(X, G,,) too (as a Tate module), it follows that H?(X, Z(1))
is torsion-free, so also

H2(X, Tyo?)' = B3(X, 7% (T, A))' = H(X, % (T, A(—1)) ® Zg(1))"
= (H*(X, Z(1)) ®z, T, A(-1)F

by Lemma 5.1.12 (here we are using that <7/ X is constant) and the projection
formula for 7 : X — k (similar to Lemma 2.4.7), so

|H*(X, Tpo)'| =1

since this group is finite by Corollary 2.5.8 (having weight 2 — 1 = 1 # 0
by Theorem 2.2.2 and Proposition 2.4.4) and torsion-free (as a subgroup of a
tensor product of torsion-free finite rank groups).

5.2 THE CASE OF A CURVE AS A BASIS

Let X/k be a smooth projective geometrically connected curve with function
field K = k(X), base point 2y € X (k), Albanese variety A, Abel-Jacobi map
¢ : X — A with canonical principal polarisation ¢ : A = A!, and B/k be an

Abelian variety.
Let

(,+) : Homy (A, B) x Homy (B, A) = Z,(a, ) — (o, B8) :=Tr(Boa: A— A) e Z

be the trace pairing, the trace being taken as an endomorphism of A as
in | ]. By | , p- 186f., Theorem 3], this equals the trace taken as
an endomorphism of the Tate module T, A or H!(A, Z;) (they are dual to each
other by Proposition 2.4.2, so for the trace, it does not matter which one we
are taking).
We now show that our trace pairing is equivalent to the usual Néron-Tate height
pairing on curves and is thus a sensible generalisation to the case of a higher
dimensional base.

LEMMA 5.2.1. Let X, Y be Abelian varieties over a field k and f € Homy(X,Y).
Then
(f X idyt)*gzy = (idx Xft)*gzx

in Pic(X x5 Y?).

Proof. By the universal property of the Poincaré bundle &x applied to (f x
idw, )* Py, there exists a unique map f : X* — Y such that

(f xidy+)* Py = (idx x f)* Px. (5.5)
It remains to show that f = ft.
Let T/k be a variety and .2 € Pic’(Y x T) arbitrary. By the universal
property of the Poincaré bundle &y, there exists g : T — Y such that ¥ =
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(idy xg)*Py. We want to show f, : Y{(T) — X{(T),g — fg equals f* :
Pic’(Y x; T) — Pic’(X x, T), 2 +— f*.2. But we have

f{(&) = (f xidr)" &
=(f x idT)*(idy xg)* Py
=(fxg)"
idx ><g) (f X idy)* Py
(idx xg)*(idx xf)*gzx by (5.5)

= (idx xfg)* 2

= f*( )
for any . € Pic®(Y x;, T). O
LEMMA 5.2.2. Let 9~ be the class of [—1]*© with the Theta divisor as in [ ,
p. 272, Remark 8.10.8] and §, € Pic(X xj A) as in [ , p. 278, I. —4] the
Poincaré class. Let ¢ be the Abel-Jacobi map and py- as in [ , p. 252,

Theorem 8.5.1]. Let cx = m*9~ — prj 9~ — pry¥~ € Pic(A xi A) with m :
A xy A = A the addition morphism and pr; : A xi A — A the projections.
Then

(¢ xida)*ca = =01 (5.6)

and
(ida Xpy-)"Pa = ca. (5.7)
Proof. See | , D- 279, Propositions 8.10.19 and 8.10.20]. O

THEOREM 5.2.3 (The trace and the height pairing for curves). Let X/k be a
smooth projective geometrically connected curve with Albanese variety A. Then
the trace pairing

Homy (A, B) x Homy (B, A) > Endk(A) Z, (o, 8)— (o, B)
equals the following height pairing

(0, B 1= degx (—(v(),7'(8))" Pp) = degx (—(aw, B'cp)” Pp),

where ¢ : X — A is the Abel-Jacobi map associated to a rational point of X,
c: A5 At is the canonical principal polarisation associated to the theta divisor,
and y(a), v (B) are the following compositions

y(): X 545 B,
t
VB X B AS Al Bt

and («, B)nt is equal to the usual Néron-Tate canonical height pairing up to a
Sign.
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Proof. By | , p- 100], we have
(@, B) = degx ((idx, Bayp) "),
where ;1 € Pic(X xj, A) is a divisorial correspondence such that
(idx xp)*61 = Ax —{zo} x X — X x {xo}

with the diagonal Ax < X X X, see | , D- 279, Proposition 8.10.18].
Note the property Lemma 5.2.2 of the Theta divisor © of the Jacobian A of C'
on A (which is defined in | , p- 272, Remark 8.10.8]) and let 6~ = [-1]*©
with ¢ and ¥~ denoting the respecting divisor class. The Theta divisor induces
the canonical principal polarisation gy = ¢ : A = A?. Therefore

(ap x Blep)* P = (ap x cp)*(idx x5)" P
= (ap X cp)* (B xidae)* P4 by Lemma 5.2.1
= (Bap x cp)*Pa

= (Bap X pop)* Pa

= (Bap X )" (ida Xpy)" Pa

= (Bayp x p)"ca by (5.7)

= (¢ X Paw)*ca by symmetry of cs

= —(idx xBay)*d1 by (5.6)

Summing up, one has

(, B)ne = degx (—(idx, Bayp)*d1)
= 7<O‘aﬂ>'

By | , D. 72, Théoréme 5.4], the latter pairing equals the Néron-Tate
canonical height pairing. o

6 PROOF OF THE CONJECTURE FOR SPECIAL ABELIAN SCHEMES

We assume in this section that all varieties have a base point. This assumption
is needed for the existence of the Albanese variety in Proposition 6.1.1.

6.1 PICARD AND NERON-SEVERI GROUPS OF PRODUCTS

PROPOSITION 6.1.1 (Picard scheme of a product). Let X,Y be smooth proper
varieties over a field k with a k-rational point. Then there is an exact sequence
of k-group schemes

0 — Picx /i xx Picy;, = Picxy,y/x — Homy,(Alby y, Picy. ),
which is short exact on geometric points.
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Proof. See | ] O

COROLLARY 6.1.2. Let X,Y be smooth proper varieties over an algebraically
field k with a k-rational point. If Picg(/k and Picg//k are reduced, so is

) _ pi0 0
Picy .,y = Picy,, xj Picy .

Proof. One has Picg(xky/k = Picg(/k X Picoy/,c from the exact sequence
in Proposition 6.1.1 by taking the connected component of 0 and since the Hom-
scheme is discrete. Now use that the fibre product of reduced varieties over an
algebraically closed field is reduced [ , D- 135, Proposition 5.49]. O

COROLLARY 6.1.3. Let X,Y be smooth proper varieties over an algebraically
closed field k with a k-rational point. If NS(X) and NS(Y) are free, so is
NS(X x;Y).

Proof. By Proposition 6.1.1 and Corollary 6.1.2, there is a commutative dia-
gram with exact rows

0 —— Pic®(X) x Pic®(Y) ——— Pic®(X x4 V) —— 0

[ l |

0 — Pic(X) x Pic(Y) —— Pic(X xj Y) —— Homy,(Pick /, Picy, /) — 0.
The snake lemma gives us a short exact sequence
0 = NS(X) x NS(Y)) = NS(X x; Y) — Homy (Pic% ;, Picy ;) — 0.

Now use that Homy (A, B) for Abelian varieties A, B over a field k is a finitely
generated free Abelian group, see | , D. 122, Lemma 12.2]. O

6.2 PRELIMINARIES ON ETALE FUNDAMENTAL GROUPS

LEMMA 6.2.1. Let X;, i =1,...,n be connected proper varieties over an alge-
braically closed field k. If X is an étale covering of X1 X ... Xy Xy, there are
étale coverings X; of X; and an étale covering X1 Xp ... X X — X.

Proof. By | , D- 203f., Corollaire X.1.7], the étale fundamental group of
a product of connected proper varieties over an algebraically closed field is
the product of the étale fundamental groups of its factors. Now use that for
an open subgroup H < G of a profinite group G = G; X ... x G, contains
an open subgroup Hy X ... x H, of G with H; < G; open. (One can take
H,=G,NnH.) O

PROPOSITION 6.2.2. Let G/S be finite étale over S connected. Then there is
a connected finite étale covering S’/S of degree dividing deg(G/S)! such that
G x5 58'/S" is constant.
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Proof. Choose a geometric point s of S. Let X be the 7¢%(S, s)-set corre-
sponding to G/S, and let H C 7§*(S, s) be the subgroup corresponding to the
elements that act as the identity on X, the kernel of 7$*(S,s) — Aut(X). Let
S’ be the finite étale covering corresponding to the m$*(S,s)-set 7¢*(S,s)/H,
which is connected as 7$¢(S, s) acts transitively on 7¢*(S,s)/H. The scheme
GxgS'/S" is constant by [ , p- 113, Corollaire V.6.5] applied to the functor
— x5 8" :FEt/S — FEt/S’ of Galois categories.

Note that |Aut(X)| = |X|! = deg(G/9)!, so deg(5'/S) = [x$¢(S,s) : H] |
deg(G/S)\. O

6.3 ISOCONSTANT ABELIAN SCHEMES

THEOREM 6.3.1. Let k be a field of characteristic p and S/k be proper, reduced
and connected. Let o/ /S be a relative elliptic curve or a principally polarised
Abelian scheme with constant isomorphism type of </ [p]. Then there is a con-
nected finite étale covering S'/S such that of xg S'/S" is constant.

Proof. If &/ /S is a relative elliptic curve: Choose N > 3 such that N is
invertible on S. Since &[N]/S is finite étale, by Proposition 6.2.2 there is
a connected finite étale covering S’/S such that there is an S’-isomorphism
&|N] xs §' = (Z/N)?. Since the fine (N > 3) moduli space Y (N) of elliptic
curves with full level-N structure is affine by | , p- 117, Corollary 4.7.2]
and S’ is reduced and connected, by the coherence theorem, the morphism
S’ — Y(N) classifying (& xg S’,&[N] xg S’) factors over a finite extension
field k' of k. Hence & xg S’ = &univ Xy (n) Spec(k’) is constant.

If &/ /S is a principally polarised Abelian scheme with constant isomorphism
type of &7 [p]: Use the same argument and use that there is a level-n structure
for some n > 3 not divisible by p after finite étale base extension and that
the Ekedahl-Oort stratification of the moduli space <71, ® F, for p { n is
quasi-affine | , p- 348, Theorem 1.2]. O

LEMMA 6.3.2. Let X be a normal Noetherian integral scheme with function
field K = k(X), o and B Abelian schemes over X and L/K be a separable
field extension. Given a homomorphism fr, € Homx (o7, BL), there exists a
finite étale covering X'/X with function field L' with L O L' 2 K and an
extension of fr to fx € Homy/(ox:, Bx:).

Proof. Since X is normal Noetherian integral, the Abelian schemes 7, % are
projective over X by | , p- 161, Théoreme XI.1.4]. Since X is Noetherian
and 7,9 are also flat over X, by | , p. 133, Theorem 5.23], there
exists the Hom-scheme Hom y (&7, %) over X, which is an open subscheme
of the Hilbert scheme Hilb/ . 4/x, which is separated and locally of finite
presentation over X. Since for a discrete valuation ring R with quotient field
Quot(R), arguing as in | , p- 15, proof of Proposition 1.2/8], there is
for fQuot(r) © @Quot(rR) — $Quot(r) & unique (by separatedness) extension to
fr : 9r — PBr, the connected components of Homx (<7, %) are proper over
X.
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By the infinitesimal lifting criterion for unramified morphisms,
Homx (&/,%) — X is also unramified: Let (R,m) be a local Artinian
ring with residue field k. Then Hompg(/r, Zr) — Homy (., By;) is injective
since Spec(R) consists of a single point: Namely, if f : @ — /g maps to
fr =0, f = 0 by the rigidity lemma [ , p- 115, Theorem 6.11)]. Hence
any component of Homy (27, %) that is dominant over X is finite (by Zariski’s
main theorem, since it is proper and quasi-finite) and étale over X (since X is
integral and normal, hence geometrically unibranch, so dominant, finite and
unramified implies étale by | , . 157, Théoreme 18.10.1]). O

For the definition of a supersingular Abelian variety see [ , p- 113, Def-
inition 4.1]. A supersingular Abelian scheme is an Abelian schemes with all
fibres supersingular Abelian varieties, equivalently (for an integral base) if the
generic fibre is supersingular (this follows from Theorem 6.3.3).

THEOREM 6.3.3 (supersingular Abelian schemes). Let X be a normal Noethe-
rian integral scheme of characteristic p > 0 and o/ /X be an Abelian scheme
with supersingular generic fibre. Then there exists a finite étale covering X'/ X,
a supersingular elliptic curve E/F, and an isogeny (E xg, X')9 = of xx X'.

Proof. Let K = k(X) be the function field of X. By | , p- 113, Theo-
rem 4.2], o/ is isogenous to E% with F=/K any (!) supersingular elliptic
curve (any two supersingular elliptic curves over an algebraically closed field
are isogenous, see | , . 113]). Note that for any prime p, there exists
a supersingular elliptic curve over F,, see | , p- 1481., Theorem V.4.1 (¢)]
for p > 2 and the text before this theorem for p = 2. By | , p. 146,
Corollary 20.4 (b)] applied to the primary field extension K /K®°P, there is a
separable field extension L/K and an isogeny EY — 7. Since E/F,, extends
to E xg, X over X, the claim follows from Lemma 6.3.2. O

DEFINITION 6.3.4. We call an Abelian scheme o /| X £'-ISOCONSTANT if there
is a proper, surjective, generically étale {'-morphism of reqular schemes f :
X" — X (an 0'-alteration) such that of xx X' is constant.

The following theorem about descent of finiteness of the Tate-Shafarevich group
together with Theorem 5.1.14 implies Theorem 4 from the introduction.

THEOREM 6.3.5 (invariance of finiteness of III under alterations). Let £ be a
prime invertible on X. Let f : X' — X be a proper, surjective, generically étale
V' -morphism of reqular schemes. If o is an Abelian scheme on X such that the
£ -torsion of the Tate-Shafarevich group (/' /X') of &' := f*of = o/ xx X'
is finite, then the £>-torsion of the Tate-Shafarevich group Ul(</ /X)) is finite.

Proof. See | , p- 238, Theorem 4.29]. O

COROLLARY 6.3.6. Let X be a product of smooth proper curves, Abelian vari-
eties and K3 surfaces over a finite field of characteristic p. Now let & be an
Abelian X -scheme belonging to one of the following three classes:
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1. a relative elliptic curve
2. an Abelian scheme such that the isomorphism type of </ [p] is constant
8. an Abelian scheme with supersingular generic fibre

Then the prime-to-p part of our analogue of the conjecture of Birch and
Swinnerton-Dyer holds for o/ /X and, if o//X is a relative elliptic curve,
Br(&)[non-p] is finite. If X is a curve, the full conjecture of Birch and
Swinnerton-Dyer holds for o/ /X . Furthermore, the Tate conjecture holds in
dimension 1 for o .

Proof. The conditions (a) and (b) from Theorem 5.1.14 are satisfied for S’
in Theorem 6.3.1 by Example 5.1.16 if the base scheme is a curve or an Abelian
variety as a finite étale constant connected covering of a curve or an Abelian
variety is again a curve or an Abelian variety, respectively: For curves, this is

clear, and for Abelian varieties see | , P- 155, Theorem of Serre-Lang]. So
one has (a) and (b) for a product from Corollary 6.1.2 and Corollary 6.1.3. A
K3 surface X/k has 7$*(X) = 7$t(k) by | , p- 131, proof of Theorem 1.1]

and the homotopy exact sequence 1 — 7% X xj k%P) — 7¢(X) — 7$t(k) —
1. Therefore, a connected étale covering of X is of the form X xj; K with
K/k a finite separable field extension. Since H}, (X, 0x) = 0, also H}(X x
K,0xx,x) =0by | , p. 189, Corollary 5.2.27]. Furthermore, Q%{ka =
Ox .k by | , D- 271, Proposition 6.1.24 (a)]. Now apply Theorem 6.3.5 to
the étale covering from Lemma 6.2.1 to get (a) and (b) for the covering.

For an Abelian scheme with supersingular generic fibre use the same argument
together with Theorem 6.3.3 and isogeny invariance of the finiteness of the
Tate-Shafarevich group [ , p- 240, Theorem 4.31].

Note that o/ /X is ¢'-isoconstant for some ¢ # char(k), and then we can use
(a) = (b) from Theorem 2.7.19 to get independence from ¢. Using [ ,
p. 286, Theorem 4.8], this proves the conjecture of Birch and Swinnerton-Dyer
for elliptic curves with good reduction everywhere over 1-dimensional global
function fields.

The finiteness of the prime-to-p part of the Brauer group of the absolute variety
& over an Abelian variety X follows from the finiteness of Br(X)[non-p] | ]
and | , p- 237, Theorem 4.27]. For X a curve, see the proof of Corol-
lary 6.3.7. For X a K3 surface, see | , p- 11405, Theorem 1.3] and |

p. 1, Theorem 1.1] and note that the Brauer group of a finite field is trivial.
The Tate conjecture holds in dimension 1 since the Kummer sequence gives an
exact sequence

3

0 — Pic(&) ®z Zy — HY(&,Z¢(1)) — T, Br(&) — 0
and Br(&)[¢>] is finite, so T; Br(&) = 0 by Lemma 2.1.1 (ii). O

The p-part will be covered in a forthcoming article | ]. There, we prove that
the Brauer group of an Abelian variety over a finite field is finite (including the
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p-part), descent of finiteness of the p>-torsion of the Tate-Shafarevich group
under alterations, and isogeny invariance of finiteness of the p®-torsion of the
Tate-Shafarevich group.

COROLLARY 6.3.7. Let C'/Fy be a smooth proper geometrically connected curve
and &/C be a relative elliptic curve. Then Br(&) = III(&/C) is finite and of

square order, and the Tate conjecture holds for & .

Proof. This follows from | , P- 237, Theorem 4.27] and Corollary 6.3.6, and
since Br(C) = 0 by class field theory, see | , p- 137, Remark 1.A.15 and
p. 131, Theorem I.A.7] and the Albert-Brauer-Hasse-Noether theorem [ ,
p. 437, Theorem 8.1.17].

The statement about the square order follows from [ ]. The Tate conjec-
ture in dimensions other than 1 is trivial for a surface. O

7 REDUCTION TO THE CASE OF A SURFACE OR A CURVE AS A BASIS

THEOREM 7.0.1. If the analogue of the conjecture of Birch-Swinnerton-Dyer
holds for a prime £ invertible on the base and for all Abelian schemes over all
smooth projective geometrically integral surfaces, then it holds over arbitrary
dimenstonal bases.

More precisely, if there is a sequence S — ... — X of ample smooth projective
geometrically integral hypersurface sections with a surface S and the conjecture

holds for < /S, then it holds for of /X .

The basic idea is using ample hypersurface sections, Poincaré duality, the affine
Lefschetz theorem and that the conjecture of Birch and Swinnerton-Dyer de-
pends only on III(«7/X) = H}, (X, &) in cohomological degree 1.

Proof. Let Y — X be an ample smooth geometrically connected hypersur-
face section (this exists by Poonen’s Bertini theorem for varieties over finite
fields | , Proposition 2.7]) with (necessarily) affine complement U < X.
Base changing to k and writing X = X xj k etc., one has by [ , - 94,
Remark II1.1.30] a long exact sequence

o o HUT, [07) — HI(X, #[07]) — H(Y, o [07]) — BT, A [07]) — ...

(7.1)
(Note that H'(X,.7) = H (X,.%) since X /k is proper, and likewise for Y.)
Since &7/ [¢™]/ X is étale, Poincaré duality [ , . 276, Corollary VI.11.2] gives
us

H(U, /[07)) = BT, (o [€")" (d)).

(Note that the varieties live over a separably closed field.) By the
affine Lefschetz theorem [ , p. 253, Theorem VI.7.2], one has
H24=4(U, (A [f"])V(d)) = 0 for 2d — i > d, i.e. for i < d. Analogously,
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HAY (U, /[¢"]) = 0 for i + 1 < d. Plugging this into (7.1), one gets an
isomorphism

HI(X, o/[0")) 5 Hi(Y, /[07)) (7.2)
for i+ 1 < d. Inductively, it follows that the cohomology groups of X in dimen-
sion ¢ = 0,1 are isomorphic to the cohomology groups of a smooth projective
geometrically integral surface (d =2) S/k.
Since edg(k) = 1, the Hochschild-Serre spectral sequence degenerates on the
FEs-page giving exact sequences

0— H X, Z")r — H (X, #["]) - H(X,Z[("])" =0

and similar for S, which implies isomorphisms H!(X, &/[("]) = H!(S, o/ [("])
for ¢ = 0,1 by the 5-lemma and (7.2).
It follows that there is a commutative diagram with exact rows

0 —— /(X)/0" —— HNX, o ["]) — LI(//X)[0"] — 0

| = !

0 —— (S)/0" —— HY(S, o/ [("]) — L(//S)[("] — 0.

Passing to the inverse limit lim ~and using l'm; &/ (X) /0™ =0 (and similar for
S) because the o7 (X)/¢" are finite by the (weak) Mordell-Weil theorem Theo-
rem 2.7.8 and the Néron mapping property <7 (X) = A(K) Theorem 2.7.9, one
has a commutative diagram with exact rows

0 —— F(X)2z2Z) —— H (X, Tp.o7) —— T,(F/X) — 0

l 2 )

0 —— A (S)®z Zy — HY(S,Tye/) —— T,1(a/)S) — 0.
(7.3)
By the snake lemma,

ker (T,1 (o7 /X) — T,11(</ /S)) = coker (& (X) ®z Z¢ — #(S) ®z Zy)
(7.4)
is a finitely generated free Z,-module (since T,111(.« /X ) is), so T,I1 (o7 / X ) =
T 1L(< /) iff tk o (X) = rk o7 (S).

ProrosiTioN 7.0.2. Let X be a smooth projective geometrically integral va-
riety over a finite field of characteristic p. Let Y — X be an ample smooth
projective geometrically integral hypersurface section with dimY > 2 and affine
complement U. Let o/ /X be an Abelian scheme. Then the restriction morphism
A (X) — A (Y) is an isomorphism (away from p).

Proof. By | , - 94, Remark II1.1.30], there is an exact sequence

0— HYU, &) - H(X, ) — H(Y, &) — HL(U, ).
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The injectivity of & (X) — &/ (Y) follows from (7.3) (or HY(U, &) = 0 since U is
affine). For the surjectivity of &/ (X) — &7 (Y) away from p, it suffices to show
that HL(U, & )[non-p] = 0 (or at least that H.(U, </ )[non-p| is finite/torsion
since the cokernel is torsion-free away from p by (7.4)). The Kummer exact
sequence 0 = & [{"] — & — o/ — 0 with ¢ invertible on U induces an exact
sequence

HL(U, /[0"]) — HL(U, &) 5 HA(U, o) — B2(U, o/ [0")).

Since HL(U, #/[¢"]) = 0 = HZ(U, [¢"]) because of dimU > 2 as above by
Poincaré duality and the affine Lefschetz theorem, HL (U, o) is ¢-divisible and
{-torsion free. The exact sequence | , - 94, Remark III.1.30]

A (X) = A (Y) = H(U, &) = () X) - U(A]Y)

shows, since the Mordell-Weil groups are finitely generated Abelian groups
by the theorem of Mordell-Weil Theorem 2.7.8 and the Néron mapping
property «7(X) = A(K) Theorem 2.7.9 and the ¢-primary components of
the (torsion) Tate-Shafarevich groups are cofinitely generated Abelian groups
by Lemma 2.7.6, that

HL (U, o) [non-p] = @ (Fr ® (Qe/Z)™) & Z"
#£p

with Fy finite Abelian ¢-groups and n,n, € N. It follows from H.(U, «)/¢ = 0
that n = 0 and then from HL(U, &)[¢] = 0 that H! (U, «/)[non-p] = 0. O

It also follows from H!(X,&/[("]) = HY(S,«/[("]) for i = 0,1 and Defini-
tion 2.6.5 that L(«//X,s) = L(&//S,s), so if the conjecture of Birch and
Swinnerton-Dyer holds for «7/S, rk &/ (X) = rk &7 (S) by Proposition 7.0.2 and
A (X) ®z Zy = (S) @z Zy. Hence, the analogue of the conjecture of Birch
and Swinnerton-Dyer for &/ /X is equivalent to the conjecture for «7/S. O

THEOREM 7.0.3. If there is a smooth projective ample geometrically integral
curve C' — S with tk o7 (S) = 1k &7 (C), the analogue of the conjecture of Birch
and Swinnerton-Dyer for o/ | S is equivalent to the classical conjecture for o /C.

Proof. For an ample smooth projective geometrically integral curve hypersur-
face section C' — S, one has still &7 (S)[("] = &/ (C)[{"] and at least an injection
H(S, [("]) — HY(C, (")) for all n > 0 and H'(S, Ty.e?) — HY(C, T,.o).
Arguing in the same way as above using the commutative diagram with exact
rows

0 —— JZ{(S) Rz Ly — HI(S,Tg,!ZV) — Tng(,SZ{/S) — 0

J I J

0 —— 7(C)®z 2y —— HY(C,Tyot) —— T,111(<7/C) — 0
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and the snake lemma
ker (T,11I(<7 /S) — T,11(</ /C)) < coker (o (S) ®z Zy — « (C) ®z Zy)

with T,III(«7/S) and hence the kernel being torsion-free, if the conjecture of
Birch and Swinnerton-Dyer holds for o7 /C and rk <7/ (S) = rk &/ (C), the ana-
logue of the conjecture of Birch and Swinnerton-Dyer holds for «7/S. O

Remark 7.0.4. So the question arises if there is always such a C' — § —
... = X with tk@7(S) = rk & (C), see | , Theorem 1.2 (ii)] and Proposi-
tion 1.5 (iii) (over uncountable fields).

One always has the inequality rk ./ (S) < rk.o/(C), so the analogue of the
conjecture of Birch and Swinnerton-Dyer for </ /X holds if there is such a
C — X with rk#7(C) =0, e.g. C 2 P} and «//C isoconstant, e.g. if &/ /C is

a relative elliptic curve.
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