DOCUMENTA MATH. 995

THE MEAN CURVATURE OF TRANSVERSE KAHLER FOLIATIONS

SEOUNG DAL JUNG AND KEN RICHARDSON

Received: November 19, 2018
Revised: February 12, 2019

Communicated by Christian Bar

ABSTRACT. We study properties of the mean curvature one-form and
its holomorphic and antiholomorphic cousins on a transverse Kahler
foliation. If the mean curvature of the foliation is automorphic, then
there are some restrictions on basic cohomology similar to that on
Kaéahler manifolds, such as the requirement that the odd basic Betti
numbers must be even. However, the full Hodge diamond structure
does not apply to basic Dolbeault cohomology unless the foliation is
taut.
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1 INTRODUCTION

Let F be a foliation on a closed, smooth manifold M. A Riemannian foliation
is a foliation such that the normal bundle @ = TM/TF is endowed with a
holonomy-invariant metric gg. This metric can always be extended to a metric
g on M that is called bundle-like, characterized by the property that the leaves
of F are locally equidistant. The basic forms of (M, F) are locally forms on
the leaf space; that is, they are forms ¢ satisfying X 1¢ = X id¢ = 0 for any
vector X tangent to the leaves, where X denotes the interior product with
X. The set of basic forms yields a differential complex and is used to define
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basic de Rham cohomology groups Hj;(F). For Riemannian foliations, these
groups have finite rank, and their ranks are topological invariants ([13]). The
basic Laplacian Ap is a version of the Laplace operator that preserves the
basic forms. Many researchers have studied basic forms and the basic Lapla-
cian on Riemannian foliations. It is well-known ([2], [12], [27], [34]) that on a
closed oriented manifold M with a transversely oriented Riemannian foliation
F, HL(F) 2 HE(F) = kerA.

The basic component xp of the mean curvature one-form of the foliation is
always closed, and its cohomology class £ = [kp] € Hj (F) is invariant of the
choice of bundle-like metric; this was proved by in [2], and ¢ is called the Alvarez
class. Poincaré duality holds for the basic cohomology of a Riemannian foliation
(M, F,gq) if and only if the Alvarez class is trivial, if and only if (M, F) is
taut, meaning that there exists a metric for which the leaves of the foliation
are (immersed) minimal submanifolds.

In this paper, we consider foliations that admit a transverse, holonomy-
invariant complex structure, and in particular we consider holonomy-invariant
Hermitian metrics on ) that may or may not be Kéhler. The question is
whether the standard Kahler manifold structures on Dolbeault cohomology
such as the Hard Lefschetz Theorem, the dd.-Lemma, and formality apply to
the basic cohomology of transverse Kéhler foliations. The basic Dolbeault co-
homologies H”* (F) and H;:EB (F) can be defined as usual using only the
transverse holomorphic structure. The Hodge diamond structure does some-
times occur for basic Dolbeault cohomology for Kahler foliations, but it turns
out that two properties of the mean curvature are crucial:

1. Does the class n = [83/{%1] € Hg’lg (F) vanish? This class automat-
BUB

ically vanishes if the Alvarez class & vanishes, but it is possible for the
& # 0 while 7 = 0 (see Example 9.2). The class is nontrivial if and only
if the 30 p-Lemma fails to hold when applied directly to 83&%1. The
class ) is an invariant of the transverse complex structure (Theorem 4.3).

2. Is the mean curvature H = nﬁ automorphic (that is, does its flow preserve

the transverse complex structure)?

The condition (2) is equivalent to (k%')# = H"° being a transverse holomor-

phic vector field — that locally it has the form

HY =3 "H(2)0,,
J

in the transverse holomorphic coordinates, with each H Jl 0 (z) being a transverse
holomorphic function. Condition (1) is similar; only in that case each H Jl 0(2)
is required to be a transverse antiholomorphic function.

This paper is organized as follows. In Section 2, we review the known properties
of the mean curvature and basic Laplacian for Riemannian foliations. In Section
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3, we investigate transverse Hermitian structures on foliations with bundle-like
metrics. In Proposition 3.2 and Theorem 3.3, we show that the holomorphic
and antiholomorphic basic components HE’O and :‘i%l of mean curvature are dp-
closed, O-closed and represent basic Dolbeault cohomology classes in H, 61);30 (F)
and Hgg (F), respectively, that are invariant under the choices of bundle-like
metric and transverse metric that is compatible with a given transverse holo-
morphic structure. In fact, in Proposition 3.6, we show that the metrics can
be chosen so that &, k0, and %! are basic forms. When the foliation is
transversally Kahler, the metrics can be chosen so that x, £'°, and x%! are
simultaneously basic, A g-harmonic, [ g-harmonic, and Og-harmonic, respec-
tively (see Proposition 3.10; the Op and Op are the dp and dp Laplacians,
respectively).

In Section 4, we show that for transverse Hermitian foliations, the form aijgl
is Opdp-closed and generates a class 7 = [03,%%’1} € H;’B%B (F) that is in-
variant of the choices of bundle-like metric and compatible transverse metric
(Theorem 4.3). If the foliation is not taut and is transversally Hermitian,
Proposition 4.8 implies that if k%' = 0, then [kp] and [Jxp] are linearly
independent cohomology classes in Hy (F), so that dim Hj (F) > 2 in this
case. In Proposition 4.10, we derive formulas for dp and Op that are valid for
all transverse Hermitian foliations; for example,

EB = Ang({;B OHO’lJJrHO’lJOéB,

where H%! = (R}B’O)# and where Ag is the Dolbeault Laplacian on the local
quotients of foliation charts. In Corollary 4.10, we show for example that
if the foliation is transversely Kahler, then GBF;%’I = 0 if and only if Op =
Ag + Vpgo.

In Section 5, we investigate the properties of the operator L, exterior product
with the transverse Kédhler form. As a result, we show in Lemma 5.9 that for
transverse Kahler foliations,

Ag =0p +EB + Re (8BHO’1J+HO’1J(93) .

As a consequence (Corollary 5.10),
dim (H}, (F) N Q5 (F)) < dim Hy;* (F)

for all transverse Kéhler foliations. Then it turns out that the Hard Lefschetz
Theorem for basic cohomology holds if and only if the class n = 0 (Theorem
5.11 and Corollary 5.12). Further, for transverse Kéhler foliations, n = 0 if and
only if ¢ = 0, which is false in general, and this condition in turn implies that
the metric can be chosen so that kK = kg = 0.

In Section 6, we investigate the condition that the mean curvature xp is au-
tomorphic, meaning its flow preserves the transverse holomorphic structure.
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The basic Laplacian satisfies Ag = Op + Op if and only if it preserves the
(r, s)-type of form if and only if the mean curvature is automorphic (Theorem
6.5 and Corollary 6.6).

In Section 7, we show that the dd.-Lemma of Kéahler manifolds works only
for taut Kéahler foliations (Lemma 7.3). In Section 8, Theorem 8.1 shows on
transverse Kahler foliations that if the mean curvature is automorphic, then
symmetry of a version of the Hodge diamond follows, and then we also have

dimHj, (F)= > dimHL> (F).
r4+s=j; r,s>0

However, the full power of the Hodge diamond with restrictions to basic Dol-
beault cohomology follows from the Hard Lefschetz theorem, which applies only
if the foliation is taut.
In Section 9, we provide examples of nontaut Kéhler foliations and calculate
their cohomologies. Also in this section, we show that for a nontaut foliation,
it is possible for one transverse Hermitian structure to be Kéhler with n # 0
and mean curvature not automorphic and for another transverse Hermitian
structure to be nonKéahler with 7 = 0 and mean curvature automorphic. These
examples manifest another interesting property of nontaut transverse Kahler
foliations; the Kéahler form w always yields a transverse volume form w™ that
is exact, and the Kéahler form itself may be exact.
Foliations that admit a transverse Kéhler structure have been studied by many
researchers, but primarily in the case when the foliation is taut (k = 0 for some
metric). For example, Sasaki manifolds are not Kéhler but admit transverse
Kéhler structures on the characteristic foliation, which is homologically ori-
ented. Since the mean curvature vanishes, many Kéhler manifold facts apply
to the basic Dolbeault cohomology (see [5, Section 2], [4, Proposition 7.2.3],
[39]). The authors in [6] prove the hard Lefschetz theorem for compact Sasaki
manifolds, which again is a simple case of the results of this paper with x = 0.
The cosymplectic manifold case is treated in [3]. A. El Kacimi proved in [11,
Section 3.4] that the standard facts about Kéhler manifolds and their coho-
mology carry over to basic cohomology in the homologically orientable (taut)
case. Also, L. A. Cordero and R. A. Wolak [9] studied basic cohomology on
taut transverse Kéhler foliations by using the differential operator A, which
is different from Ap (F is minimal if and only if Ax = Ap). We note other
recent work on transverse Kéhler foliations in [22], [20], [16], [28], [24].

2 PROPERTIES OF THE MEAN CURVATURE FOR RIEMANNIAN FOLIATIONS

Let (M, gg,F) be a (p+ g)-dimensional Riemannian foliation of codimension
g with compact leaf closures. Here, gg is a holonomy invariant metric on
the normal bundle Q = TM/TF, meaning that Lxgg = 0 for all X € TF,
where Lx denotes the Lie derivative with respect to X. Next, let gy be a
bundle-like metric on M adapted to gg. This means that if T'F L is the gar-
orthogonal complement to T'F in TM and o : Q — TF=* is the canonical
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bundle isomorphism, then go = o* (ga|prr). We do not assume that M is
compact, but we assume it is complete with finite volume.

In this section, we review some known results for this Riemannian foliation
setting. Let V be the transverse Levi-Civita connection on the normal bundle
@, which is torsion-free and metric with respect to gq [37]. Let R and Ric®
be the curvature tensor and the transversal Ricci operator of F with respect
to V, respectively. The mean curvature vector 7 of F is given by

T= Zﬂ'(V%fi), (1)

i=1

where {fi}i=1,... p is a local orthonormal basis of TF and 7w : TM — Q@ is
natural projection. Then the mean curvature form k is defined by

(X)) = go(7,m(X)) (2)

for any tangent vector X € T'(T'M). An r-form ¢ is basic if and only if X s =0
and Lx¢ = 0 for any X € I' (T F), where X denotes the interior product. Let
Q% (F) be the space of all basic r -forms. The foliation F is said to be minimal
if K = 0. We note that Rummler’s formula (from [35]) for the mean curvature
is

where xr := flb A A f; is the characteristic form, the leafwise volume form,
and * is the Hodge star operator associated to gas; we assumed M is oriented
to make the property of ( easier to state.

The exterior derivative d maps Q7 (F) to Q5™ (F), and the resulting cohomol-
ogy groups are called the basic cohomology groups: for r > 0,

These groups are smooth invariants of the foliation and do not depend on
the bundle-like metric and also do not even depend on the smooth foliation
structure (see [13]).

The metric gy induces a natural metric on A*T* M and L? metric on L2Q* (M).
Let L2Q%(F) denote the closure of Q% o(F), the space of compactly supported
basic forms, in L2Q* (M).

PROPOSITION 2.1. (Proved in [3/] for the closed manifold case) Let (M, gg,F)
be a Riemannian foliation with compact leaf closures and bundle-like metric.
The orthogonal projection P : L?*Q* (M) — L?Q% (F) maps smooth forms to
smooth basic forms. For all « € L*Q* (M), P («) (x) is computed by an integral
over the leaf closure containing x and only depends on the values of o on that
leaf closure.
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Proof. The proof in [34] applies in this slightly more general case, where it is
not assumed that M is compact. O

Now we recall the transversal star operator * : Q7 (F) — Q%" (F) given by

#p = (1" x (9 A xF),

where * is the Hodge star operator associated to gps; this is actually well-
defined as long as (M, F) is transversely oriented. Trivially, ¥2¢ = (—1)"(4"")¢
for any ¢ € Q5 (F). Let v be the transversal volume form; that is, v = xr
as long as M is oriented. Then the pointwise inner product (-,-) on A"Q* is
defined by (¢, ) = ¢ A ¥1p. The global inner product on L?Q%(F) is

< 6,0 >>=/M<¢,w>uM =/M¢Awaf,

where s = v A xr is the volume form with respect to gas.
In what follows, let kg = Pk. Also, let

dp =d

oy (F), dr =dp —€(kp), (4)

where e(a)) = a A1 for any o € QL (F). The interior product vi of v € Q &
TF+ on differential forms satisfies

*
wze(vb) ,

where * denotes the pointwise adjoint.

PROPOSITION 2.2. (In [2], [3/] for the compact case; [2/, Prop. 2.1]) Let
(M, gq,F) be a Riemannian foliation with compact leaf closures and bundle-
like metric. The formal adjoint operators 6 and d1 of dg and dp with respect
to < -, > on basic forms are given by

630 = (~1)1 D 5drzg = (7 + 1o ) 6, g = (1)1 dpo,

on basic r-forms ¢.

LEMMA 2.3. The transversal divergence satisfies

q

op ==Y (Eas) Vg,

a=1
where the sum is over a local orthonormal frame {E,} of Q.

Proof. 1t follows from the fact that dr is locally the pullback of the ordinary
divergence on the local quotients of foliation charts. |
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PROPOSITION 2.4. (Proved in [2] for the closed manifold case) Let (M, gq,F)
be a Riemannian foliation with compact leaf closures and bundle-like metric.
The form dkp = 0, and kp determines a class in Hé; (F) that is independent
of the choice of gy or of gg.

Proof. The proof in [2] is primarily a calculation confined to a neighborhood
of a leaf closure, so that it applies in this slightly more general case. For the
sake of exposition, we show the proof that kp is closed: We have

0B :(5T—|—/€uBJ

where 7 is the divergence on the local quotient manifolds in the foliation
charts. In particular, d7 only depends on gg. Thus,

and also
2
dp = 0.
Taking adjoints with respect to basic forms, from the three equations above we

have
dT :5; :dB—e(nB)

d2 =0, (65)*=0.

Then
dr (1) = (dp —e(kp)) (1)
and
dpkp = (dT+6(I€B))KB
= dT,‘iB
— dr(—drl) = 0.

O

PROPOSITION 2.5. ([10])Let (M, gq,F) be a Riemannian foliation on a closed
manifold. Then there exists a bundle-like metric compatible with gg such that
K s a basic form; that is, Kk = Kp.

PROPOSITION 2.6. (/29] and [30]) Let (M, gq,F) be a Riemannian foliation
on a closed manifold. Then there exists a bundle-like metric compatible with
gq such that k is basic harmonic; that is, Kk = kp and dpk = 0.

COROLLARY 2.7. Let (M, gg,F) be a Riemannian foliation on a closed man-
ifold, and let o be any element of the class [kp) € Hy (F). Then there exists
a bundle-like metric compatible with gg such that k = o. The representative
a corresponding to a bundle-like metric such that a = k is basic harmonic is
uniquely determined. For that metric, k is the element of [kp] of minimum
L?-norm.
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Proof. Given any bundle-like metric with basic mean curvature x as in Propo-
sition 2.5, any element of [k] = [k ] is of the form k+df for some basic function
f. If p = dim F, multiplying the leafwise metric by e~(3/P)f yields a new char-
acteristic form x’r = e fx7 so that the new mean curvature form from (3)
satisfies

K AXF+eo = d(XF)
—df AN X5+ e dxr
= —(k+df) N5+ 0.

The second part comes from the proof in [29], where the volume form v A x'-
is uniquely determined (up to rescaling, which does not change ). The third
part comes from the fact that if dpr = dk = 0,

LK K+df,k+df > = <K,E> 2L, x>+ <L df,df >
= <K 2L f,opr >+ < df, df >
= KK,k>+df,df > .

The basic Laplacian Ap is the operator on basic forms defined as
Ap = dpdp +dpdp.

We define the operator A on basic forms as the corresponding Laplacian on
the local quotient manifolds. Specifically,

A1 = 6rdp + dgor.

The operator A7 is not essentially self-adjoint on the space of basic forms, but
the operator Ap is.

LEMMA 2.8. The basic Laplacian is the restriction of the operator
Ap =Ap+ ﬁnﬁ'
Proof. From Proposition 2.2,
Ap = (or+nfo)ds+ds (57 + %)
= Ar+ (mﬁJ) dp +dp (HgJ) .
The result follows from Cartan’s formula for the Lie derivative. O
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3 PROPERTIES OF THE MEAN CURVATURE FOR TRANSVERSE HERMITIAN
FOLIATIONS

We now suppose that (M, F) is a foliation of codimension 2n and is endowed
with a holonomy-invariant transverse complex structure J : @ — @ and a
holonomy-invariant Hermitian metric on the complexified normal bundle; we
call such a foliation a transverse Hermitian foliation. So in particular the
foliation is Riemannian. When it is convenient, we will also refer to the bundle
map J' : TM — TM defined by J'(v) = J(mw(v)) and abuse notation by
denoting J = J'. In what follows, we use notation similar to [24].

For Q¢ = Q ® C, we let

QYW ={zecQIz=iz}, Q™ ={Z2ecQJz=-iz}.

Elements of Q1'% and Q%! are called complex normal vector fields of type (1,0)
and (0, 1), respectively. We have Q¢ = Q" & Q%" and

QM ={X—iJX| X €@}, Q" ={X+iJX|X cQ}.

Let Qf be the real dual of QC: at each x € M, (Q¢), is set of C-linear maps
from QS to C. Letting AcQ* denote AQF, we decompose AICQ* = Q1,09Q0,1,
where the sub-bundles (1,9 and Q.1 are given by

Quo = {§€AQ7€(2)=0,¥Z € Q™},

Qon = {£€AQ*€(2) =0, VZ € Q™).
Also

Quo={0+1iJ0|0€Q"}, Qor={0-1iJb|0ecQ},

where (J0)(X) := —0(JX) for any X € @ and is extended linearly. Let Q3°(F)
be the set of the basic forms of type (r, s), the smooth sections of A2*Q*, which
is the subspace of Ac@Q* spanned by £ A n, where € € A"Q1,0 and n € A°Qo,1.
We choose {E,, JEq}q=1,... n s0 that it is a local orthonormal basic frame; we
call it a J-basic frame) of Q. Let {0%, J0*}4=1,... », be the local dual frame of
Q*. We set V, = %(Ea —iJE,) and w®* = %(9“ +4J6%), so that

w* (Vo) = @ (V3) = dap, w*(V3) = @"(V3) =0.

The frame {V,} is a local orthonormal basic frame field of Q*°, a normal frame
field of type (1,0), and {w®} is the corresponding dual coframe field.
The following 2-form w is nondegenerate. Letting 6" = J#% for a = 1, ..., n,

1 2n
w = 729%J@ﬂ
a=1
— 7% <i9a/\J9“+iJ9a/\J29“>
a=1 a=1
= —i@“/\J@“.
a=1
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In the event that w is closed, this is the Kahler form, and the foliation is

transversely Kahler.
We define aB|QES(]__) — JIrt+bs dB|QES(]-'); where II7% - Qgrs (]_-) N QES (]_-)

is the projection, and similarly dp

_ s+1 ..
oy (F) = I dB|QES(f)' Similarly, we

define 7 and Or, using dr from (4). We now write kp = R}B’O + K%l, with
1 . 0
Ky = S(hp +idrp) € QR0(F), &5 = kg € QBNF).

Let H = /ﬁﬁ be the basic mean curvature vector field, and let
O = (k) = (n°) = 5h - ik eT (@), ()
H®' + =HWer(Q"). (6)

In what follows, we extend the definitions of exterior product and interior
product linearly to complex vectors and differential forms. Observe that V . is
by definition the adjoint of € (Vb) on real vector fields, but on complex vector
fields the following holds. If v, w are real tangent vectors,

(v+iw)s = (va)+i(ws)= (e (’Ub) — i€ (wb))*
- (o))
so that for complex vectors V,
(Vi) =e (Vb) , (e (Vb))* =V..

Now, let (-,-) be a Hermitian inner product on AZ’(F) induced by the trans-
verse Hermitian structure, and let % : AZ*(F) — AL """ (F) be the star
operator defined by

AT = (d, P,

where v is the transverse volume form. Then for any ¢ € A2’ (F),

F=wh, o= (1R
Then for complex vectors V it follows that

*e (Vb) ¥=V.i, (Vi) ¥ = —¢ (Vb) .
Now, by applying the projections to IT** to (4), we have
Or =0 — G(HEO), Or = 0 — G(Ii%ll).

Then, since (M, F, J) is transversely holomorphic,

dp = 0 + 0, dr = Or + Or.
Taking L? adjoints with respect to basic forms of the formulas above, we have

(532624-5%, 6T:6;+5}
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PROPOSITION 3.1. [2/, Prop. 3.6] Let (M, gq,F) be a transverse Hermitian
foliation with compact leaf closures and bundle-like metric. The formal adjoint
operators 05 and 0} of Op and Or with respect to < -,- > on basic forms are
given by

Opo = —x0px¢ = (05 + H''.) ¢, 0y = —x0p*¢,
on basic r-forms ¢.

Again, we note that 07 is the holomorphic divergence on the local quotient
manifolds in the foliation charts, and it only depends on the transverse metric
and holomorphic structure.

Thus,

E=0.

Also, since Jp is the same as the holomorphic differential on the local quotient
manifold in the foliation charts,

0% = 0.

Taking adjoints with respect to basic forms, from the three equations above we
have

Oy 1= (02)" = 0 — ¢ (ﬁgo)
07 =0, (9p)* =0.

Then
or (1) = (95 — c(ry")) (1) = —r}° (™)

and
831-;}19’0 = (8T + G(Hgo)) HEO = ani}éO = Or (7(91“1) =0.

It also follows that
aTFLgO =0.

Similarly,
53%%1 = 51#1%’1 =0.

Since dkg = 0, we have
0= (63 + 53) (F&go + H%l) = aBli%ll + gBFLgO.

So
Re (83&%’1) =0.

We summarize these results in the following Proposition.
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PROPOSITION 3.2. Let (M, F,J,gq) be a foliation with a holonomy-invariant
transverse complex structure and transverse Hermitian metric. Given a bundle-
like metric for (M,F) compatible with the Hermitian metric, let kp =

0 0,1 . .
+ kg~ be the basic component of the mean curvature one-form, with

1,0 _ 1 . 1,0 01 _ “1,0
kg =5 (kB +iJkp) €Qp , kg =kg . Then

6351 0 = 53&%’1 =0; Re (03&?3’1) =0;
GTnl ,0 = aTHO ! =0
We do not expect that dgkly' = —dpry’ € Q5" (F) would be in general zero

for any metric. Consider Example 9.1. In the next section we will examine this
form more closely.

THEOREM 3.3. Let (M, F,J,gq) be a foliation with compact leaf closures with
a holonomy-invariant transverse complex structure and transverse Hermitian
metric. Given a bundle like metric for (M,F) compatible with the Hermitian

metric, let kp = /i o4 /ﬁ%l be the basic component of the mean curvature

1,0 0,1 1,0
€ Oy, =

one-form, with HlB kg = kg . Then the cohomology classes of ngo

and fi%’l in Hé}f (F) and HgBl (F), respectively, are invariant with respect to
the choice of bundle-like metric and transverse metric compatible with the holo-
morphic structure.

Proof. By [2] (Proposition 2.4), any change of compatible bundle-like metric
and transverse metric changes kp to k3 = kp + df for some basic function f.
Then ( L 0) = 1 (kg +iJkp)+3 (df +iJdf). Using local coordinates, one can
show that on real-valued basic functions dp = I1%%d where 110 : QL (F) —
Q3% (F) is the projection a — 3 (a+iJa), we have (KIBO) = k" + Opf.
Thus [f@ I ] € Hy 20 ' (F) is independent of the choice of the metric choices. The

1. .
analogous proof for K% is similar. O

REMARK 3.4. As in Corollary 2.7, we can may multiply the metric along the

!
leaves by a conformal factor to yield any possible element (H}B’O) € |:Ii}3;01|.

REMARK 3.5. Because ngo = %(HB +iJkp) and kp = fiB + HB , M is taut

i.e. kp 1s dp-exact) if and only i k50| is trivial.
( Y B

PROPOSITION 3.6. Let (M, F,J, gq) be a foliation with compact leaf closures
with a holonomy-invariant transverse complex structure and transverse Her-
mitian metric. Then there exists a bundle-like metric compatible with the

tmnsverse Hermitian metric, such that k° and k%' are basic forms; that is,
10 — 0,1 _ .01
:‘iB and K° = Kg.
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Proof. By [10] (Proposition 2.5), there exists a bundle-like metric that does not
change the transverse structure such that k = k. Now apply the projections
1'% and 1% |

Let

Op = 8;83 + 8383, EB = 5%53 + 535%
On a closed manifold M, it is clear that a basic form « satisfies Upa = 0 if and
only if Opa = 0 and 0 = 0. Also, if « G_QEO (F), automatically 0o = 0,
so that 9pa = 0 implies that pa = (95 + 05) a = 0, where dp is the adjoint
of d restricted to basic complex-valued forms.

LEMMA 3.7. Let (M, F,J,90) be a transverse Kdhler foliation on a closed
manifold. Then for any complex-valued basic function f,

Srdpf =2050pf = 20705 f.
In particular, the operator 05.0p is a real operator on functions.

Proof. Since dr, 9% and 0% correspond to the divergences d*, 9*, 0* on the
local quotient manifold, this Lemma follows directly from the local fact that
Ag = 2Ap = 2A5 on Kahler manifolds. O

With our string of successes of projecting using II"™°, one would hope that
an analogue of Proposition 2.6 can be found just as easily. However, as the
following remark shows, we are not so lucky.

REMARK 3.8. Let (M,F,J,gq) be a foliation on a closed manifold with a
holonomy-invariant transverse complex structure and transverse Hermitian
metric. By Proposition 2.0, choose gy to be a bundle-like metric on M com-
patible with the transverse Hermitian structure and chosen so that the mean
curvature K is basic harmonic — that is, so that kK = kg, dpk = 0. Then
observe that

0 = (SBH
(05 + 05) (k10 + k™)
= 0pk"0 4+ 05K10 = 2Re (05K"Y).

Hence, Proposition 2.6 gives us no control over the imaginary part of Ogr"°.
On the other hand, suppose we are able to find a bundle-like metric gy such
that

Ikt =0.

Then by the calculation above, 0 = dpk, so in fact k is basic harmonic. How-

ever, by Corollary 2.7, the leafwise volume form xr is determined up to a
constant scale factor, so the form k is uniquely determined.

From the discussion in the remark above we at least have the following.
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PROPOSITION 3.9. Let (M, F,J,gq) be a foliation on a closed manifold with
a holonomy-invariant transverse complex structure and transverse Hermitian
metric. Suppose that there exists a bundle-like metric compatible with the trans-
verse structure such that 9k’ = 0. Then the mean curvature r is basic
harmonic, and k is the unique element of [k] € H}y (F) with this property.

If (M, F, J,gq) is transversely Kéhler, then the situation of the previous propo-
sition always occurs.

PROPOSITION 3.10. Let (M,F,J,gq) be a transverse Kdihler foliation on a
closed manifold. Then there exists a bundle-like metric compatible with the
Kdhler structure such that k is basic harmonic; that is, kK = kg and dpk = 0.

For that same metric,
8%&170 =6prt? =0,

so that also
Opkt? =0, 52;/10’1 =6p"t =0, Opk™ = 0.

Proof. Let the bundle-like metric be chosen as in Proposition 2.6, so that x =
kp and gk = 0. Since the foliation is transversely Kéahler, 97.0p on functions
is a real operator, as is its adjoint 05507, by Lemma 3.7. But then

O50r (1) = —05ky°
is a real-valued function, so that

1,0

1,0 1.0
Opkp = (GERB —l—aEHB)

(agngo n 5;;,,15;1)

=N =N =

1
(53%}510 +5BK%}1) = 553%3 =0.

O

REMARK 3.11. After examining the proof in [29] (Proposition 2.6), it does
not appear that Proposition 3.10 is true in the more general transverse Herma-
tian foliation case. Finding such a metric is tantamount to finding a smooth,
positive basic function 1 such that

d5drb = 0.

From the original proof, there is a 1) that is unique up to a multiplicative con-
stant such that
Re (8;8Tw) =0.

However, it seems unlikely that the imaginary part would also vanish for this

.
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For future use, we recall the Hodge theorem for basic Dolbeault cohomology.

THEOREM 3.12. (Proved in [11, Théoreme 3.3.3] for general tranversely Her-
mitian foliations on a compact manifold, stated in general in [2/, Theorem
3.21]) Let (M, F, J,gq) be a transverse Kahler foliation on a compact Rieman-
nian manifold with bundle-like metric gpr. Then

Q3 (F) 2 Hy © Imdp @ Imdy,

where HYy® = KerOp is finite dimensional. Moreover, Hy® = H5".

4  ANOTHER CLASS IN BASIC DOLBEAULT COHOMOLOGY

Let (M, F,J,gq) be a foliation with compact leaf closures with a holonomy-
invariant transverse complex structure and transverse Hermitian metric. By
Theorem 3.3, the cohomology classes of r;’ and k%' in Hy? (F) and Hy'' (F),
B 0.
respectively, are invariant with respect to the choice of compatible bundle-like
metric. Observe that we may obtain an additional invariant basic Dolbeault
cohomology class from the transverse holomorphic structure. Note that for any

transversely holomorphic foliation, 950 = —0rds, and (8353)2 =0, so that
Q00 (F) %288 Ul () %288 22 () 288 9588 gnn ()
forms a differential complex, and so that the cohomology H g); 5s (F) is well-
defined.
Also, observe that, with * denoting the adjoint with respect to basic forms,
AﬁBéB = (8353)* 8353 + 8353 (8353)* .
Also, for ¢ € Qjéj (F), Dy, = 0if and only if
835390 =0 and ag({;EQO =0.
We get the resulting Hodge theorem, since Ay _ 5., is strongly elliptic on basic
forms on a Riemannian foliation.
PROPOSITION 4.1. Let (M, F,J,gq) be a transverse Hermitian foliation on a

compact Riemannian manifold with bundle-like metric gpr. Then

O (F) = Hy 5 @ Imdpdp @ Imdpdg,

where Hg;és = ker (AaBgB ‘Qm(;)) = HgggB (F) is finite dimensional.

REMARK 4.2. The Ay, 5,-harmonic form representatives in the classes in
Hg’;éB (F) are precisely those with minimum L*-norm. The usual proof works:
if a is one such Ay g, -harmonic (r,r)-form and § € Q""" (F), then
< a+ 0p0pf, o+ Opdsf >
= < a,a> +2Re < 950pB,a > + < 9p0pB,050pS >
< a,a> +2Re < B, (0508)" o> + < dpdpf, 0p0ph >
= <a,a>+ < 0piph,0pdpBl>><a,a>.

DOCUMENTA MATHEMATICA 24 (2019) 995-1031



1010 SEOUNG DAL JUNG AND KEN RICHARDSON

THEOREM 4.3. Let (M, F,J,gq) be a foliation with compact leaf closures with
a holonomy-invariant transverse complex structure and transverse Hermitian
metric. For a given compatible bundle-like metric, let mgo and :‘i%l be the
corresponding basic components of the mean curvature 1-form k. Then the form

83&%’1 is OgOp-closed, and its cohomology class in H;QEB (F) is invariant of

the choice of transverse metric and bundle-like metric. A similar result is true

for [53&}3’0} =-— {83/193’1} € H;;:E)B (F).

P’r’OOf. Since 0 = dQB = (83 +(§B)2, 53 (83%%1) = *83 (53%%’1) = 0, SO

83&%’1 is Op-closed and thus 0pdz-closed. By 3.3, any other choice of compat-
/ _

ible transverse metric and bundle-like metric yields (Fa%l) = :‘i%l + dpf for

some complex-valued function f. Then
!/ —
o (ny') = onsl +0p0f
= 8Bn%’1 + 5383 (—f) .
Applying conjugation, we get a similar result for 535}3’0. |

REMARK 4.4. The reader may wonder why the class of 83/@09’1 mn Hg; (F)
is not considered, as the same proof shows that this class is an invariant of
the choice of transverse metric and bundle-like metric. However, this class is
always zero, because 83/1%’1 = 75]3/1}3’0 is always 0-exact. However, 83/1%’1 1
not always OpOp-exact. See Example 9.2 for a nontaut Riemannian foliation
with two different transverse holomorphic structures, and in one case 83&%’1 18
not Odp-exact and in the other case 83/@09’1 is Og0p-exact, and in both cases
kg 18 not dg-exact.

REMARK 4.5. By Proposition 5.2, 83&%1 and 53/&]13’0 are pure imaginary forms.
REMARK 4.6. If (M,F) as above is a taut foliation, i.e. kp is d-exact, then

the class {835%’ } is trivial because H% is Og-exact. However, the converse is

false; see Example 9.2.

REMARK 4.7. It is clear from the proof of Theorem /.5 that we may modify the
metric along the leaves of the foliation so that any purely imaginary element

of the class [03&?3’1} € Hél);a—B (F) may be realized, since by multiplying the
leafwise metric by a conformal factor results in an arbitrary real-valued f such

!/ —
that Op (Fa%l) = 83&%14—0383]‘. That is, if for some complex-valued function

7 _ /
h, Op (H%’l) = 83&%1 + 0gdgh, then since Op (H%’l) and 83&%1 are pure

imaginary, we have
8B(§Bh = *8B(§Bh = *5383% = 8353% = 8353 (Re (h)) s

so that h may always be taken to be real.

DOCUMENTA MATHEMATICA 24 (2019) 995-1031



MEAN CURVATURE OF KAHLER FOLIATIONS 1011

PROPOSITION 4.8. Let (M, F, J,gq) be a nontaut foliation with basic harmonic
mean curvature kg on a compact manifold with a holonomy-invariant trans-
verse complex structure and transverse Hermitian metric. Then 63&%’1 =0
if and only if d(Jkp) = 0. If dpky" = 0, then [kg] and [Jrp] provide two
linearly independent basic cohomology classes, so that dim Hb1 (F)>2.

Proof. The condition 83/1%’1 = 0 is equivalent to

1
0= d/i%’l = 5 (d/ﬁB - idJHB) )

which is equivalent to d (Jkp) = 0. Next, suppose that Jxp # kp are in the
same cohomology class, so that Jkp — kg = df for some nonzero exact 1-form.
Observe that < kp, Jkp > is necessarily zero since J is an isometry, and also
< Kkp,df > = 0 since kp is basic harmonic. But then xp is orthogonal to
itself because kg = Jkp — df, which is possible only if kg = 0. The conclusion
follows. O

We will see that the differential form 83&%’1 has particular significance for
Kéhler foliations.

LEMMA 4.9. Let (M, F,J,g0) be a foliation with compact leaf closures, a
holonomy-invariant transverse complex structure and transverse Hermitian
metric. Let V € I'p (Ql’o), so that V’ € Q%’l (F). Then the following are
equivalent.

1. OV’ =0.

2. OpoV i+ V_i00p = Vy as an operator on locally defined basic differential
forms.

3. VzV =0 forall Z €T (Q").
4. Conjgugates of the above statements.

Proof. We assume that at the point we are evaluating the operators, the local
bases {V,} and {w,} are chosen so that all covariant derivatives vanish (we can
do that because these are locally basic sections of @) and Q*). Statement (1)
is equivalent to

> Wt AV V=0
Since Vy, V? is type (0,1), this is equivalent to Vy, V? = 0 for all a, which is
equivalent to VzV? = 0 for all Z € Q°, i.e. statement (3). Next, assume (3):
Then Vy,V =0 (1 <a <n). Then for any ¢ € Q3 (F),
05 (Vad)=> w'A(VyV)id+ > w*AViVy,¢

-V 3B¢ + Vv,
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since w*A (V1) + Vi (w®A) = (V,V,). Next, consider (2). If V satisfies (2),
then V =3 f; V4 for some basic functions f;. Then for all b,

OV Wb + V. anb = (9be — Z fbwa A (%J) Vvawb + fbVwab = 3be

Z (Vafb) wt = 0,

a

So at the point in question, (2) implies that V, f, = 0 for all a, b at that point.
On the other hand, (3) is equivalent to

Vv,V = Z (Vo) Vo + Z HVv. Ve
= > (Vaf) Vo =0
for all a if and only if V, f;, for all a, b as well. O

PROPOSITION 4.10. Let (M, F,J,gq) be a foliation with compact leaf closures
with a holonomy-invariant transverse complex structure and transverse Herma-
tian metric. Then

DB:A§+830H1’OJ+H1’04083,

where Ag = 05.0p +0p03 is the 0-Laplacian on differential forms on the local
quotients of foliation charts. Similarly,

EB = Ag JréB OHO’lJJrHO’lJOéB
Proof. From Proposition 3.1,
Op = (8} + Hl’OJ) Op + 0B (8% + HI’OJ) .
O

COROLLARY 4.11. Let (M, F,J,g¢0) be a foliation with compact leaf closures
with a holonomy-invariant transverse complex structure, transverse Hermaitian
metric, and compatible bundle-like metric. Then the following are equivalent:

1. Op = Ag + V1.0 as operators on locally defined basic differential forms.
2. Op = Ag + Vo1 as operators on locally defined basic differential forms.
3. 83/-@%’1 =0.

Proof. Apply Lemma 4.9 to V.= H"0, V’ = %" and Proposition 4.10. O

REMARK 4.12. The condition 83/1%’1 = 0 is equivalent to the condition that if

we write
1,0
L0 — Z H;°(2)0.,
J

in local transverse coordinates, then the functions H;’O(z) are antiholomorphic.
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THEOREM 4.13. Let (M, F,J,gq) be a transverse Kdhler foliation with com-

patible bundle-like metric. If the class {83/-@%’1} € H;’BIE,B (F) is trivial, there

exists a bundle-like metric such that as operators on basic differential forms,
DB = EB — iVJH.
Proof. If (M, F,J,gg) is a transverse Kéhler foliation with compatible bundle-
like metric so that Ag = Ag, the class [83&%1} € Hg]’;éB (F) is trivial if and
only if there exists a compatible bundle-like metric such that 63&%’1 = 0. By
Corollary 4.11, aijgl = (0 implies that on basic forms,
— Q
O = AB + Vo
= Ag + VHl,o
= Ag + Vo1 +Vgio_goa
= Op+V_isnH.
O

COROLLARY 4.14. Let (M, F,J,gq) be a transverse Kahler foliation with com-
patible bundle-like metric. Suppose that the 83/@09’1 = 0. Then

ker (Tplg, ) Nker (Oploye) = ker (Tply. ) Nker (Vonloge )
= ker(DB|Qgs) ﬂker(v‘]Hh)gs).
Proof. This follows directly from Theorem 4.13. O

Note that the hypothesis on 63&%’1 is needed, as Example 9.1 shows.

5 LEFSCHETZ DECOMPOSITIONS

We begin with some notation. Let (M, F, J, gg) be a transverse Kéhler foliation
with compatible bundle-like metric, with associated Kéahler form w. Let L :
Qp(F) — Q5(F) and A : Q(F) — Q% 3(F) be given by

L) =whé AG) =wad
respectively, where (81 A fB2)o = Bi.B% for any basic 1-forms B;(i = 1,2). It
follows that (Lo, 1) = (¢, Av) and A = (—1)?%L* on basic j-forms. For X € Q,
from [19] we have

[La XJ] = e(JXb), [A7 G(Xb)] = 7(JX)47 (8)
[L,e(X%)] =[A, X1 =0.
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The formulas above extend is exactly the same way to complex vectors X. We
extend the complex structure J to Q% (F) by the formula

2n
Jo=> J0" N Ess¢.

a=1

This formula is consistent with (J6)(X) = —6(JX) for one-forms #, and for
instance (Jv)” = Ju’ for vectors v. The operator J : QR°(F) — Q5 (F)
is skew-Hermitian: (J¢, ) + (¢, Jy) = 0, and J¢p = i(s —r) ¢ for any ¢ €
Q% (F). This is not the same as the operator C' induced from the pullback J*
used often in Kéahler geometry.

We quote some known results as follows.

PROPOSITION 5.1. [19, Proposition 8.5] If (M, F, J,gq) is a transverse Kdhler
foliation on a compact Riemannian manifold with bundle-like metric gy,

[L7 ‘]] = [A7 ‘]] = [LvdB] = [Av(sB] =0.
COROLLARY 5.2. [19, Proposition 3.4]With the same hypothesis,

[LvaB] = [LﬂéB] = [A,(?E] = [Ang] = 07 (9)
[L,0%] = —i0r, [L,05] =i0r, [A,0B] = —id4, [A,0B] = i0;. (10)

REMARK 5.3. All equations above in Proposition 5.1 and Corollary 5.2 continue
to hold if we exchange the operators (-)p and (-)r. These results were shown
in [11, Lemma 8.4.4] in the minimal foliation case, when (\)g = (*)r.

PROPOSITION 5.4. If (M, F,J,gq) is a transverse Kdhler foliation on a com-
pact Riemannian manifold with bundle-like metric gyr, we have

O, L] =i ¢ (9pry")
as operators on basic forms. Similarly,
[Op,L]=ie (53@370) .
Proof. By the corollary above, we have
Opl = 030pL+ 00l
= 5%]453 + 5BL(§E — igBéT
= LéEéB + LéBég — iéBé?T — i@TéB
= LEB —1 (53(93 + 8353 — 536 (H}B’O) — € (H}B’O) 53)
= LOp +ie (53&}3’0) .

The second part follows from noticing that 53/-@]19’0 is pure imaginary and from
taking conjugates. O
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LEMMA 5.5. We have the following identities.

1. [A,L] = > (n—7)P. as an operator on basic forms, where P.
05 (F) — Q5 (F) is the projection.

2. D>(n—r)P., Al = 2A.
3. X (n—r) P, L] = —2L.

Proof. If v € Q' (F),

A, L= > JE,E, 0" AJO" Ao — 0 AJO" A JEy.Epo-

a,b=1

It is easy to see that for a simple r form o = 0% A ... A 01 A JOIT A LA O
the term w_wA will contribute 71, the number of a such that F,.a = 0 and
JE, a0 = 0, and the second term w A w. will contribute —75, the number of
b such that JE,_ Ep a0 # 0. All other contributions cancel between the two
terms. Then by counting we see that n = ry +ro + 71 — 72 = r + (11 — T2).
Equation (1) follows.

On the other hand, since Ao € Q752 (F) for a € QY (F), we have by (1)

[A,L],Ala = [ALJAa—AA L«
= (n—r+2)Aa—(n—r)Aa =2Aaq,

proving (2). Taking adjoints, we obtain (3). O
. 0 1 0 0 1 0
Letting X = ( 0 o0 ) Y = ( 10 ), A= ( 0 —1 ) be the generators

of sy (C), we note that the relations are
(X, Y]=A, [A,X]=2X, [AY]=-2Y.

LEMMA 5.6. The maps X — L, Y — A, A— > (n—r)P, induces an sly (C)
representation on the fibers of Q% (F).

Proof. The relations are easily checked using the Lemma above. |

In what follows, we call an element £ € A*Q* PRIMITIVE if
AE=0.

COROLLARY 5.7. Fach fiber of the bundle A*Q* decompose into irreducible
representations of sly (C), A*Q* = @y<p<,, Vi, where each Vi of dimension
k+ 1 has the form

Vi = Ca+ CLa + ... + CLFa,

where o € (ker A) N A" ~FQ* is primitive, Lo € (Q*)n_k+2T foro<r <k.
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Proof. Direct application of the sly (C) representation theory. O

By the Kéhler conditions that V.J = 0 and dw = 0, the tensor field A is parallel
and has constant rank on Q7 (F). Hence its kernel ker A C Q7 (F) is a parallel
subbundle of Q% (F). We let

5p(F)=TpkerANA"Q") C QF (F).
denote the space of primitive basic forms.

PROPOSITION 5.8. Let (M, F,J,gg) be a transverse Kdhler foliation of codi-
mension 2n on a compact Riemannian manifold with bundle-like metric gps.
We have the following.

1. Qp p(F)=0ifr>n.

2. If a € Qp p(F), then Lia # 0 for 0 < j < n—7r and LFa = 0 for
k>n—r.

8. The map LF : Qi (F) — Q32 (F) is injective for 0 <k <n —r.
4. The map L¥ : Qy (F) — QPR (F) is surjective for k =n —r.
5 U (F) = Bz LU 2 (F)-

Proof. We apply the Lemma and Corollary above to get (1) and (2) imme-
diately. Statement (3) follows from (2). For (4), note that pointwise the
transverse Hodge star ¥ is an isomorphism from Q7 (F) — Q%" (F), so the
bundles have the same rank. Thus L"”~" is a vector bundle isomorphism from
Q (F) — Q277 (F), so for all B € Q2" (F), (L") '8 € Qp (F) gets
mapped to 3, so LF is surjective for k = n — r.

Statement (5) follows from the fact that every sls (C) representation is a direct
sum of irreducible representations. O

LEMMA 5.9. Let (M, F,J,gg) be a transverse Kdhler foliation with compact
leaf closures and a compatible bundle-like metric. Then

Ap =0p +EB +8BH0714+H0*1483 Jr({;BHl’OJJrHl’OJgB.

Proof. Since d3, = d} = 0, 0 = 0% = 0pdp + Opdp = 0 and 0% = 0% =
OrOr + 0r0r = 0. By direct calculation, we have
Ap = 0Op +EB + (5}38% + 6%53) + (635% + 5%63)
= Op+0p+0p (05 +HYI)+ (05 + HY°1) 9B)
+(0p (07 + HO' ) + (05 + H*'1) 9B)
= Op+0p + 0505 + 0y + 0705 + 0pd;
—l—éBHl’OJ + Hl’OJéB + aBHO’1J + HO’IJaB
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Observe that the term 0505 + Opdy is just the term 0*9 + 00* on the local
quotient manifolds of the foliation charts, and also 940p + 050 is 9*0 + 00*.
The sum of these two terms is the same as A — O — O on the foliation chart
quotients, which is zero since (M, F, J, gq) is transversely Kéhler. O

Let H% (F) = ker (A%) = ker (AB|QJJ-3(]_.)).

COROLLARY 5.10. Let (M, F,J,gq) be a transverse Kdhler foliation of codi-
mension 2n on a compact manifold. Then for 0 < j < 2n, r,s > 0 such that
s =j,

dim (H}; (F) N Q5 (F)) < dim H};* (F).

Proof. From the Lemma above, for any (r, s)-form ¢, we have A N QE° =
(DB¢ + DB¢), SO

< App, ¢ >=<UOpg,¢p > + < Upo,d > .

Since Ap, Op, Op are nonnegative operators, if ¢ € Hl, (F) N Q5° (F), then
Op¢ = 0. The result follows from the Hodge theorem. O

THEOREM 5.11. (HARD LEFSCHETZ THEOREM. Proved in [11, Théoréme
3.4.6] for the case of minimal transverse Kdhler foliations) Let (M, F,J, gq) be
a transverse Kahler foliation of codimension 2n on a compact Riemannian man-

ifold with bundle-like metric gns. Suppose that the class [agﬁ%’l} € H;’BIE,B (F)
1s trivial. Then the Hard Lefschetz Theorem holds for basic Dolbeault cohomol-
ogy. That is, the map

LF: Hp (F) — HG 7 (F)

is injective for 0 < k < n—r and surjective for k > n—r, k > 0. Furthermore,

Hp(F) = @rrag i F). (11)
k>0

Hp*(F) = @LFHL 7 (F). (12)
k>0

Proof. If [63%%’1} € H 61);3153 (F) is trivial, we first modify the leafwise metric
as in Remark 4.7 without changing the transverse Kéhler structure, so that
83/-@%’1 = 0. By Proposition 5.4, in the new metric, [L, Op + DB] =0, so that
by Lemma 5.9, we have
[L,Ap] = [L,0gH%'.]+[L,H" .0p]+ [L,0pH" ] + [L,H"*.0p]

= OJp [L, Ho’lJ} + [L, Ho’lJ] op + 53 [L, HLOJ} + [L, Hl’OJ} 53

= —i {836 (R}B’O) + € (R}B’O) 83} +1 {336 (n%l) + € (n%l) 33} ,

— —’L'G (aBHEO) + i€ (53,‘{,%1) — 0,
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using (9), (8), and the fact that

(JHY = —ikk?, (JH™) = ix%,

which follows from (5). The first statement, (11), and (12) follow from this
calculation, the fact that [L,EB] = [L,dp] =0, and Proposition 5.8. O

COROLLARY 5.12. Let (M, F,J,gq) be a transverse Kdhler foliation of codi-
mension 2n on a compact Riemannian manifold with bundle-like metric gps.
Then the following are equivalent:

1. The class [kp] € Hy (F) is trivial; that is, (M, F) is taut.
2. The class [83/-@%’1} € H;’BlgB (F) is trivial.
3. The Hard Lefschetz Theorem holds for basic Dolbeault cohomology.

Proof. (1) clearly implies (2), and (2) implies (3) by Theorem 5.11. Suppose
that (3) holds. Then L™ : HY (F) — H%"(F) is an isomorphism. If (M, F) is
not taut, HY (F) is nonzero and H2" (F) = {0}, a contradiction. Thus, (M, F)
must be taut, so (1) holds. O

REMARK 5.13. On nonKdhler transverse Hermitian foliations, it is quite pos-
sible for (M, F) to be nontaut and for [03&?3’1} € Hél);a—B (F) to be trivial, even

zero. See the Examples section.

REMARK 5.14. The corollary implies that tautness for transverse Kdhler fo-
liations is characterized by the weaker condition that [83/-@%’1} € H;’BléB (F)

is trivial. Also, it tell us that if the class is nontrivial for a nontaut trans-
verse Hermitian foliation, that foliation does mot admit a transverse Kdhler
structure. Thus, the Hard Lefschetz Theorem in [11] cannot be generalized to
nontaut transverse Kdhler foliations.

REMARK 5.15. Since 83/193’1 is Og-exact and dp-closed and d-closed, the class
{83/-@%’1} measures the failure of the classical 00-lemma (or dd.-Lemma) to

hold in the case of transverse Kahler foliations, specificially applied to the mean
curvature form. Thus, in general we do not expect the basic cohomology to be
formal or to satisfy the typical properties of that of ordinary Kdhler manifolds.
In Section 7, we find sufficient conditions for the transverse dd.-Lemma to
hold.

6 CASE OF AUTOMORPHIC MEAN CURVATURE

The set of foliate vector fields is
V(F)={Y e (TM):[X,Y]eT'(TF) forall X e T'(TF)},
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and it consists of the set of vector fields whose flows preserve F. For any
X € V(F), m(X) is a basic section of (), meaning that V,7 (X) = 0 for every v
in TF. We say that a vector field Y € V (F) is TRANSVERSELY AUTOMORPHIC
if Ly J = 0,s0that [V, Jr (X)] = Jr [Y, X] for all X € V (F). Such vector fields
are infinitesimal automorphisms of the foliation that preserve the transverse
complex structure. Sometimes we also refer to the image 7 (V) € T'(Q) as
being transversely automorphic, because the property only depends on the
properties of 7 (V).

For a complex basic normal vector field Z € I'gQ"0, we say Z is TRANSVERSELY
HOLOMORPHIC if V;Z = 0 for V € Q%!. This is equivalent to Z being a basic
vector field that can be expressed as a holomorphic vector field in the transverse
variables of the local foliation charts. The following results have been previously
proved.

LEMMA 6.1. [2/, Proposition 3.3]Let (M,F,J,gq) be a transverse Kdhler fo-
liation with compatible bundle-like metric. The field X € V (F) is transversely
automorphic if and only if Vyym (X) = JVyn (X) for allY € V (F).

LEMMA 6.2. [2/4, Proposition 3.3]Let (M, F,J, gq) be a transverse Kihler folia-
tion with compatible bundle-like metric. The field X € V (F) is transversely au-
tomorphic if and only if the complex normal vector field Z = n(X) —iJnw(X) €
I'pQ"° is transversely holomorphic. A complex basic normal vector field
W € TpQ"° is transversely holomorphic if and only if the field W +W € I'pQ
18 transversely automorphic.

As in the last section, we use local orthonormal basic frames {V,} for QY and

{wa} for (QY°)" = Q1.

PROPOSITION 6.3. [2/, Lemma 3.15[Let (M, F,J, gq) be a transverse Hermi-
tian foliation. Let Z € TgQY°. Then the following are equivalent.

1. Z is transversely holomorphic.

2. Z satisfies OpZa+Z.i05 =0.

REMARK 6.4. It is interesting to determine the relationship between the con-
dition above and the condition dpZ° = 0. Note that if Z € TpQ"°, Z° ¢
Q%’l (F), and if dpZ° = 0, then making the usual choices of frame (with co-
variant derivatives vanishing at the point in question) we have

0 = Y @"AVy, ((Z W)
a,b
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so that OpZ° = 0 is equivalent to <V‘7GZ,VZ,> = <V‘7bZ, Va> for all a,b. So it
is definitely the case that if Z is transversely holomorphic, then OpZ® =0, but
the converse is false in general. (In the Examples section, we will see cases
where H™ is not transversely holomorphic but where (as always) 0pr®' =

By ()" =0.)

We would now like to apply these results about automorphic vector fields to
the mean curvature.

THEOREM 6.5. Let (M, F,J,gg) be a transverse Kdhler foliation with compact
leaf closures and a compatible bundle-like metric. Then the mean curvature of
(M, F) is automorphic if and only if

Ap =0p +EB.

Proof. Suppose the mean curvature is automorphic. Then by Lemma 6.2 and
Proposition 6.3,

5BH1’OJ + HYO, 5]3 =0,
and also by conjugating, 0 H%', 4+ H%',0p = 0. By the formula in Lemma
-r)‘f), AB = DB +EB
Conversely, suppose that dg H'0, + H'0,0p + 0pH' L+ H*' 10 = 0. Ap-
plying this operator to w®, we obtain as in the proof of Proposition 6.3 that

> (Vi HYOLwh)@® +0 =0,

a

so that Vy, H%? = 0 for all a. Thus, H"* is transversely holomorphic, making
the mean curvature automorphic. |

Another consequence of Lemma 5.9 and Proposition 6.3 is the following.

COROLLARY 6.6. Let (M, F,J,gq) be a transverse Kdhler foliation with com-
pact leaf closures and a compatible bundle-like metric. Then the mean curvature
of (M, F) is automorphic if and only if Ap preserves the (r,s) type of a form.

COROLLARY 6.7. Let (M, F,J,gq) be a transverse Kdhler foliation of codimen-
sion 2n on a compact manifold such that the mean curvature is automorphic.
Then for 0 < j < 2n,

dim (H{B (]—“)) < HHZT B dim H® (F).

Proof. From the theorem and corollary above, under these conditions, for any
differential j-form ¢,

<L Ao, >=<Opd,¢>> + < UOpo,d>> .

Since Ap, Op, Op are nonnegative operators, if ¢ € H‘é (F), then 0o = 0
as well, so each (r,s) component of ¢ is [g-harmonic. The result follows from
the Hodge theorem. O
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7 THE dd. LEMMA

We would like to use the power of the dd. Lemma from Kahler geometry to
use in our setting. In the foliation setting, we will need some assumptions. Let
(M, F,J,gq) be a transverse Kéhler foliation of codimension 2n on a compact
manifold. First we extend the almost complex structure J by pullback to the
operator

C: Q5 (F)—= Q5 (F).

C= Y i "Puy,

0<a,b<n

Note that

where P,p : Q% (F) — Q%" (F) is the projection. Then C* = C~' =
b—a

Zoga,bgn v ab-
For 0 < k < 2n, let d.. : Q% (F) — Q5™ (F) be defined by

d.=1i(0p — 9p) = C*dC = C~'dC.
Note that d. is a real operator, and its adjoint with respect to basic forms is
d: = C*6pC = C~15RC.

Note that
dd,.

a3, (F) = 200505 = —2i0p0p = —d.d|g, (5)-

Let
ANy, =dcd; +did. = C'ApC.

LEMMA 7.1. Let (M,F,J,gq) be a transverse Kdhler foliation with compact
leaf closures and a compatible bundle-like metric, such that the mean curvature
of (M, F) is automorphic. Then

Ap =C'ApC = Ay,

Proof. By Corollary 6.6, Ap preserves the type of differential form, so that C'
is just multiplication by a scalar on forms of type (7, s). The result follows. O

LEMMA 7.2. Let (M,F,J,gq) be a transverse Kdhler foliation with compact
leaf closures and a compatible bundle-like metric, such that the mean curvature
of (M, F) is automorphic. Then Ok’ = 0 if and only if

5Bdc + dcéB = vJH7
and this is true if and only if M is taut and

opd. +d.0p = 0.
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Proof. We have

6pde +deop = i(0p+05+HY .+ H™ ) (0 — 0B)

+i(0p — 0B) (05 + 0 + HOu+ H"' )

= (07 +07) (0 — 0B) +i (0 — 9B) (0F + Or)
+1 (HLOJ + Ho’lJ) (53 — 83)
+i (9 — 0p) (H"Oa+ H™'.)

= (07 — Or + 07:0p + 0pd7 — 07:0p — 0pdr)
+i(H".0p + 0pH" 5+ H*' Lop + 0p H' |
—H" .05 — 0pH", — H*' Lo — opH"' ).

By Corollary 5.2, 715}1 :_[A, 83], SO —1 (5%83 + 835}) = 0JgAdp — OpA\Op =
0, and similarly 05.0p + dp0;. = 0. Since the foliation is transversely Ké&hler,
Or — Op = 0. By Lemma 6.2 and Proposition 6.3,

5BH1’OJ + HYO, 53 =
aBHO’lJ + HOL op =

so that

opd. +d.0p = Ho’ljéB + 5BHO’1J — Hl’OJaB — aBHl’OJ
= 2Im (Hl’OJag + 3BH1’OJ) =Vm,

by Lemma 4.9 and Proposition 3.2, since Op (HLO)b = 0pk®! = 0. The rest
follows by Corollary 5.12. O

Because of this Lemma, we do not expect the dd. Lemma from Kéahler geometry
to hold in our setting, except in the special case when the mean curvature is
zero, since dpd. + d.6p = 0 is needed strongly. For this case, we prove the dd,
Lemma in the usual way.

LEMMA 7.3. (dd. LEMMA) Let (M, F, J,gq) be a taut, transverse Kihler folia-
tion on a compact manifold, with a compatible bundle-like metric. Suppose that
o € Q% (F) is de-ezact and d-closed. Then there exists a form B € Q%72 (F)
with o = dd.f3.

Proof. 1f o = dy, we write v = dr+n+ & by the Hodge decomposition, with
1 basic harmonic. By hypothesis, 17 is 0p and 0p-closed and thus d.-closed as
well, so

dey = de. (dT +n+ 5B§)
dedt 4+ d0pE
dd. (—7‘) + d.dBE.
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By the Lemma above,

0 = dchdec(ng
= *déBdcgv

SO
0 = (ddpdet, def) = [[9pdeg]|” = |donE]l”,
so the equation above is
a=dey=dd.(—7).
O

From this it follows that the basic cohomology is formal, as in the case of
ordinary cohomology of Kéhler manifolds.

8 THE HODGE DIAMOND

On a transverse Kahler foliation with compact leaf closures and compatible
bundle-like metric, by Corollary 6.6 the basic Laplacian A g preserves the (r, s)
type of form if and only if the mean curvature is automorphic. For the purposes
of what follows, we will consider the case when the basic mean curvature is
automorphic, and we consider the Apg-harmonic forms of type (7, s). Let

HX® (F) ={a € QF° (F): Apa =0} .

THEOREM 8.1. (HODGE DIAMOND THEOREM) Let (M, F,J,gq) be a trans-
verse Kdahler foliation of codimension 2n on a compact manifold. If there exists
a compatible bundle-like metric such that the mean curvature of (M,F) is au-
tomorphic, then the spaces 'HTAZ (F) and basic cohomology groups have the
following structure:

1. (HODGE SYMMETRY) For all r,s such that 0 <1 < s <n, HX" (F) =
HE, (7).

2. For all j such that 0 < j < 2n, dimH} (F)= Y dimH (F).
r+s=j; r,s>0

3. dim HY (F) is even if v is odd, and dim Hy (F) = 2dim'Hk% (F) is a
topological invariant.

4. If in addition the class {GBH%;I} € Hg;jgb (F) is trivial, then the Alvarez
class [kp] € Hp (F) is trivial, the spaces HR® = Hp5" (F) have the fol-

lowing structure:

(a) The map L* : Hyy (F) — Hy " (F) is injective for 0 <k <n —r
and surjective for k >n—r, k> 0.
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(b) We have Hp(F) = Do Lklea,_zgk (F), HE(F)
Do LH 27" (F).

(¢) (KODAIRA-SERRE DUALITY) For all r,s such that 0 < r < s < n,
Hp™ (F)=Hg ™" (F).

(d) All of the HY® (F) in (1),(2),(3) above may be replaced with
Hg® (F).

5. If the class [83/-@%’1} € Hé’Bléb (F) is nontrivial, then (4a), (4b), (4c) are
false.

Proof. By Theorem 6.5, Ap is a real operator, so that (1) holds by conju-
gation. By Corollary 6.6, Apg-harmonic forms correspond exactly to sums of
A p-harmonic forms of type (r, s), so that (2) follows, and (1) and (2) imply (3).
By the proof of the Hard Lefschetz theorem Theorem 5.11, [L, Ag] = 0 when
63&%’1 = 0, so we choose the leafwise metric so that this equation holds, and
this change does not alter the dimensions of the harmonic forms (and certainly
not the basic cohomology groups). Then (4a) and (4b) follow as in the Hard
Lefschetz theorem. Corollary 5.12 implies [kp] € Hy (F) is trivial, so we mod-
ify the bundle-like metric (without changing the cohomology groups) so that
kp = k = 0, and then Theorem 4.13 and Lemma 5.9 imply in addition that
Ap = 20p = 20p5. Then (4c) and (4d) follow. Statement (5) is a consequence
of Corollary 5.12. O

REMARK 8.2. Items (4a) through (4d) of the theorem above were essentially
already known, because the minimal foliation case was shown in [11].

REMARK 8.3. The theorem above gives topological obstructions to the existence
of transverse Kahler foliations with automorphic mean curvature, and further

obstructions if we require that [83/-@%’1} € H;j’:gb (F) is trivial.

9 EXAMPLES

ExAMPLE 9.1. Note that in contrast to the situation of a Kéhler form on an
ordinary manifold, it is possible that w is a trivial class in basic cohomology.
This always happens when we consider nontaut codimension 2 foliations. We
consider the Carriere example from [7]. Let A be a matrix in SLa(Z) of trace
strictly greater than 2. We denote respectively by v; and ve unit eigenvectors
associated with the eigenvalues A and % of A with A > 1 irrational. Let the
hyperbolic torus T3 be the quotient of T x R by the equivalence relation which
identifies (m,t) to (A(m),t + 1). The flow generated by the vector field V5 is
a Riemannian foliation with bundle-like metric (letting (z,s,t) denote local
coordinates in the vy direction, v; direction, and R direction, respectively)

g = \"2da? + N2ds® + dt’.
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Note that the mean curvature of the flow is k = kg = log()\)dt, since
XFr = A 'dx is the characteristic form and dyr = —log(A\) A\7'dt A dx =
—kAxF. Then an orthonormal frame field for this manifold is {X = \'9,, S =
A"t9s, T = 0O} corresponding to the orthonormal coframe {X* = yr =
A tdx, S* = \'ds, T* = dt}. Then, letting J be defined by J(S) =T, J(T) =
—S, the Nijenhuis tensor

Ny(S,T)=[S,T)+ J([JS,T)+ [S,JT]) — [JS, JT)]

clearly vanishes, so that J is integrable. (This is also easy to see with other
means.)

The corresponding transverse Kihler form is seen to be w = T* A S* = \dt A
ds = d(-15 S*), an exact form in basic cohomology. From the above,

log A
k = kp=log(\)dt=log(\)T
1 1
S* = MNds, Z* = 3 (S* +iT*) = 3 (A'ds +idt) ,
SO
kg = —i(log)\)Z* +i(log\)Z*
1 _
= —i(log\) 5 (N'ds + idt) + i (log \) Z*
Then
kY = —ilog(\) Z* = _% (log ) (\ds + idt)
dprk’ = dxl’ =2 5 (log \)? X'ds A dt

- %(log)\) S* AT
= (log\)’Z* A Z*.

It is impossible to change the metric so that this is zero. The reason is that
from [2] the mean curvature s’z for any other compatible bundle-like metric
would satisfy k3 = kp + df for some real basic function f, which would imply
that (/1]13’0)' = Hgo +0pf,and Opf = Z(f)Z*. Since f is a periodic function
of t alone, this is dpf = —i(0¢f) Z*. Then in that case

Op(rky’) = dsg’ —i(0if) Z7)
d (—— (log A + 20, f) (A'ds + idt))

( (log \) —i—i@ff—l—i(log)\)(')tf)) Mds A dt

= (( log \)? +282f+2(10g)\)8tf) Z*NZ*

DOCUMENTA MATHEMATICA 24 (2019) 995-1031



1026 SEOUNG DAL JUNG AND KEN RICHARDSON

Since the term in parentheses is never zero for any periodic function f, we
conclude that 5/{}3’0 is a nonzero multiple of Z* A Z* for any compatible bundle-
like metric. This is not surprising, because this being zero would imply (M, F)
is taut by Corollary 5.12.
For later use, we compute that basic Dolbeault cohomology in this example.
One can easily verify that

HY? :kergg’o = span{l}
HY =kerdy’ = {0}
—=0,1
ker 0
H%l — .er_o{go = span{S* —iT"}
imdg
QL
1,1
Hy :% = {0},
imdpg

where the last equality is true because one can show that every element of leg’l

is Op-exact. Now we compute H;’% (F): because Opdpf = fiABf dz Ndz
BUB

integrates to zero, we have

0,0 ~ . 1,1 . 7% *\ Ay
Hy > (F) = C; Hy 5, (F) =span{Z* N Z*} = C,

0,17 .
and as expected, [63& B } is nonzero and thus a generator.

Then observe that the ordinary basic cohomology Betti numbers for this folia-
tion are hY; = hl; = 1, h% = 0, we see that the basic Dolbeault Betti numbers

satisf
Y ROO 0l 1 pLO Ll
B —nhp =4 B —hp =Y

So even though it is true that
= ¥k
r+s=j
and the foliation is transversely Kédhler, we also have (with n = 1)
hES # hg’l", h’gS # h'réfr,nfs.

Theorem 8.1 tells us that the mean curvature is not automorphic. We can also
verify this directly:

ilog A

HY = Z
2 Y
_ _ _ log \)2 _
(OpH" .+ H".095) k" = 0Op <%> +HY (log\)?Z* N 27
= f%(log/\)gz*ﬁé().
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Another way to see this is to choose local transverse holomorphic coordinates.
The reader may check that if we choose

2o = — (log A) s; yo = A"
and let zg = xg + iyo, then

1 A _
Oro = *@35, Oyo = *@8& dxo = — (log \) ds, dyo = — (log \) A~ "dt;

J (0zy) = Oyys J (Oyy) = —0ny; dzo = — (log A) (ds + i)ftdt) ,

and so
1,0 _ ¢

Kp = o dzg,
which is clearly not a holomorphic one-form.
The exactness of the basic Kéhler form causes the Kodaira-Serre argument,
the Lefschetz theorem, the Hodge diamond ideas to fail. Thus, for a nontaut,
transverse Kahler foliation, it is not necessarily true that the odd basic Betti
numbers are even, and the basic Dolbeault numbers do not have the same
kinds of symmetries as Dolbeault cohomology on Kéhler manifolds. Also, this
example shows that the even degree basic cohomology groups are not always
nonzero, as is the case for ordinary cohomology for symplectic manifolds (and
thus all Kéahler manifolds).

EXAMPLE 9.2. We now consider the product foliation on the product manifold
M =T3%xT3. We will put two different transverse Hermitian structures on M,
and the cohomological properties of the two transverse structures are different.
In both cases we have fixed the product metric.

1. First, we consider the product of the two transverse holomorphic struc-
tures on each copy of T3 separately. A simple calculation shows that the
foliation is transversely Kéahler, nontaut. The mean curvature is not au-

tomorphic, and the class [83&%1] on M is nontrivial. The Betti numbers
are
0 1 2
hy = 1, hp=2, hg=1,
0,0 _ 0,1 _ 0,2 _
hg = 1, hg =2, hg =1,
0,0 _ L1 1,1
hBBEB = 1, h6355 =2, h6355 =1,

with all the other Betti numbers zero.

2. Next, instead we use the following transverse complex structure. Using
the same notation as in Example 9.1 but using subscripts 1 and 2 to refer
to the different copies of T’ in the product, we define

JI (Ul) = Ug; J/ (UQ) = —Ul,
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where U denotes one of the unit normal vector fields S or T'. We then
have that the form w is

w = )\_tl_t2d$2 A dxq + )\t1+t2d82 ANdsy + dta Adtq,

which is clearly not closed, so the new transverse Hermitian structure is
not Kéhler. The foliation is the same as before, so it is again not taut.
The mean curvature is

kp = (logA) (dt1 +dts),
1 1
K0 = §(n3+iJ’nB) = 5 (log ) (1 —14) (dty + idts) .

This vector field is clearly holomorphic, and we also have
53&}3’0 = dm}g’o =0,

so that with this new holomorphic structure, the Op0p-class [03,%%’1} is

trivial (even though the foliation is not taut). The Betti numbers now

satisfy
Ry = 1, hh =2, h% =1,
0,0 0,1 ¢ _ 71,0 ;1,1 20 ;02
%Y = 1, B =1=hn3% hy' =2, B3 =0%% =1,
0,0 _ 1,1 _
haBEB = 1, h6355 =1,

with all other Betti numbers zero.

This set of examples shows that it is possible for the class |Jp 5%’1} to be trivial

for some transverse holomorphic structures and to be nontrivial in others. But
if this is the case, by Corollary 5.12 it must be nontrivial when the structure
is transversely Kahler.
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