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Abstract. We study genus 2 Hilbert-Siegel varieties, i.e. Shimura

varieties SK 
orresponding to the group GSp4,F over a totally real �eld

F , along with the relative Chow motives

λV of abelian type over SK

obtained from irredu
ible representations Vλ of GSp4,F . We analyse

the weight �ltration on the degeneration of su
h motives at the bound-

ary of the Baily-Borel 
ompa
ti�
ation and we �nd a 
riterion on the

highest weight λ, potentially generalisable to other families of Shimura

varieties, whi
h 
hara
terizes the absen
e of the middle weights 0 and

1 in the 
orresponding degeneration. Thanks to Wildeshaus' theory,

the absen
e of these weights allows us to 
onstru
t He
ke-equivariant

Chow motives over Q, whose realizations equal interior (or interse
-

tion) 
ohomology of SK with Vλ-
oe�
ients. We give appli
ations

to the 
onstru
tion of homologi
al motives asso
iated to automorphi


representations.
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Introduction

Background: motives for automorphic representations.

Let SK be a Shimura variety asso
iated to a redu
tive Q-group G and to a neat

open 
ompa
t subgroupK of G(Af ). The variety SK is then smooth and quasi-

proje
tive, and de�ned over its re�ex �eld E (a number �eld). Every algebrai


representation V of G de�nes a lo
al system µ(V ) on SK(C), whose interior


ohomology H∗
! , i.e. the image of 
ohomology with 
ompa
t supports into ordi-

nary 
ohomology, 
ontains very ri
h analyti
al and arithmeti
 information: in

parti
ular, the K-invariants of 
ohomologi
al 
uspidal automorphi
 representa-

tions of G(A) appear exa
tly inside the spa
es of the form H∗
! (SK(C), µ(V )).

On the other hand, for every prime ℓ, V also de�nes an ℓ-adi
 sheaf µℓ(V )
on SK , whose étale 
ohomology spa
es are equipped with a Galois a
tion and

the a
tion of He
ke operators. The study of the intera
tion of these di�erent

stru
tures plays a pivotal role in the Langlands program.

Hen
e, following the general philosophy explained for example in [Cloz90℄, it

is desirable to 
onstru
t a Chow motive whose realizations equal interior 
oho-

mology - a subspa
e of the 
ohomology whi
h is of pure weight, in the Galois

or Hodge-theoreti
 sense. Moreover, one would like this 
onstru
tion to be

fun
torial, in order to further de
ompose su
h a motive a

ording to the He
ke

a
tion (maybe swit
hing to homologi
al motives). The �rst su

essful exam-

ple of su
h a 
onstru
tion was given by S
holl ([S
h90℄), who de�ned motives

realizing to the Galois representations asso
iated by Deligne to weight k ≥ 2
modular 
usp forms ([Del69℄).

The results of this paper imply that analogous motives exist for most 
oe�-


ient systems in the 
ase of genus 2 Hilbert-Siegel varieties, whi
h are Shimura

varieties SK asso
iated to (a subgroup of) the group G = ResF |QGSp4,F over a
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On the Motive of Genus 2 Hilbert-Siegel Varieties 1035

totally real �eld F of degree d over Q. More pre
isely, let IF be the set of real

embeddings of F , and let Vλ be an irredu
ible representation of G of highest

weight λ: su
h a weight is in parti
ular spe
i�ed by a 
ouple of ve
tors of non-

negative integers (k1,σ)σ∈IF , (k2,σ)σ∈IF su
h that k1,σ ≥ k2,σ ≥ 0 for every

σ (i.e., the weight is dominant). It is 
alled regular at σ if k1,σ > k2,σ > 0,
and regular if it is regular at σ for every σ. Denote moreover by CHM(Q) the

ategory of Chow motives over Q. Then, the main 
onsequen
e of our results

is the following:

Theorem 1. (Corollaries 3.1.0.2 and 3.1.0.5.(2) and Rmk. 3.1.0.6.(2)) If λ is

regular, there exists an obje
t s∗j
λ
!∗V of CHM(Q) whose Hodge-theoreti
al, resp.

ℓ-adi
 realization, equals H3d
! (SK(C), µ(Vλ)), resp. H

3d
! (SK×Q Q̄, µℓ(Vλ)), and

su
h that every element

1

of the He
ke algebra H(K,G(Af )) a
ts naturally on

it.

A
tually, we show that a fun
torial Chow motive realizing to interior 
oho-

mology exists under a less restri
tive hypothesis on the weight λ. To see how

this is a
hieved, let us sket
h the a
tual 
ontents of this work, and explain the

interest of the parti
ular family of Shimura varieties whi
h we 
onsider.

The role of the boundary motive.

Let us �rst 
ome ba
k to the general 
ase of a Shimura variety SK over E, and
denote by j : SK →֒ S∗

K the open immersion into the Baily-Borel 
ompa
ti�
a-

tion (a proje
tive variety, still de�ned over E) and by i : ∂S∗
K →֒ S∗

K the 
losed

immersion of the boundary ∂S∗
K := S∗

K\SK . The latter is itself strati�ed by

(quotients by the a
tion of a �nite group of) Shimura varieties, still de�ned

over E.
Assume SK to be of PEL type (loosely speaking, a moduli spa
e of abelian vari-

eties equipped with polarizations, endomorphisms and level stru
ture). Then,

a

ording to [An
15℄, every irredu
ible representation Vλ of G of highest weight

λ gives rise, in a fun
torial way, to an obje
t

λV of the 
ategory CHM(SK)
of Chow motives over SK , whose ℓ-adi
 realization is µℓ(Vλ). In this 
ontext,

the theory developed by Wildeshaus (espe
ially the works [Wil09℄, [Wil17℄,

[Wil19a℄) implies that there exists a 
ohomologi
al 
ondition on the degen-

eration at the boundary i∗j∗µℓ(Vλ) of the ℓ-adi
 sheaves µℓ(Vλ), whi
h, on
e
satis�ed, allows for the 
onstru
tion of a Chow motive with the properties

stated in Theorem 1: the 
ondition 
onsists in the absen
e of weights 0 and

1 in the latter 
omplex of ℓ-adi
 sheaves, where the weights are those de�ned
by the Galois a
tion. More pre
isely, this hypothesis allows to 
onstru
t a

fun
torial Chow motive whi
h realizes to interse
tion 
ohomology with values

in µℓ(Vλ) (hen
e the name interse
tion motive) and to identify the latter with

interior 
ohomology (
fr. Cor. 3.1.0.5). Moreover, the 
riterion 
ontained in

[Wil19a℄ (re
orded here as Theorem 1.6) implies that, in order to dete
t this

1

We adopt this phrasing in order to stress that this is not known to be an algebra a
tion,

see Footnote 6.
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1036 Mattia Cavicchi

weight avoidan
e, it su�
es to analyse the weights of the perverse 
ohomology

obje
ts of su
h 
omplexes, stratum by stratum on the boundary: this is what

we a
tually do in this paper. Noti
e that the 
omplex i∗j∗µℓ(Vλ) is a
tually the
ℓ-adi
 realization of the (relative) boundary motive i∗jλ∗V , an obje
t of the 
at-

egory DMB,c(∂S
∗
K) of 
onstru
tible Beilinson motives over ∂S∗

K , de�ned over

general bases in [CD12℄, along with its six fun
tors formalism. If s̃ denotes the
stru
tural morphism of SK , the interse
tion motive should be then thought as

the �lowest weight-graded obje
t� of the motive s̃λ∗V ∈ DMB,c(E), in the sense

of the weight stru
ture introdu
ed by Bondarko ([Bon10℄).

The analysis of the weight �ltration brings into 
onsideration 
ontributions


oming from di�erent variants of group 
ohomology: abstra
t 
ohomology of

arithmeti
 and �nitely generated free abelian groups, and 
ohomology of al-

gebrai
 groups. In previous work ([Wil12℄ for Hilbert-Blumenthal varieties,

[Wil15℄ for Pi
ard surfa
es, [Cloî17℄ for Pi
ard varieties of arbitrary dimension

and [Wil19b℄ for Siegel threefolds), these fa
ts have been employed in order

to show that regularity of the 
oe�
ient systems implies the avoidan
e of the

weights 0 and 1 at the boundary. Two natural questions then arise. First: does

this hold for other families of Shimura varieties? Se
ond, sin
e, in the �rst and

third 
ase above, it 
an be seen that there exist non-regular representations,

whi
h nonetheless satisfy the weight avoidan
e, one is lead to ask: does there

exist a general 
ondition on the highest weights of irredu
ible representations of

G, whi
h is equivalent to the absen
e of the weights 0 and 1 in the degeneration

at the boundary? In this paper we answer both questions in the 
ase of genus

2 Hilbert-Siegel varieties.

Before explaining what the response is, let us just dis
uss the role of this

spe
ial 
ase. In the �rst three of the examples studied before, the strata of the

boundary of the Baily-Borel 
ompa
ti�
ation are simply of dimension 0, while

one-dimensional strata appear in the boundary of Siegel threefolds: this makes

the analysis sensibly more di�
ult and for
es one to use the relative formalism

of Beilinson motives. Genus 2 Hilbert-Siegel varieties represent then a natural

following step: the boundary still presents only two types of strata, but the

higher-dimensional ones 
an be of arbitrary dimension - equal, in fa
t, to the

degree of the �eld F over Q. More importantly, for the �rst time with respe
t

to the pre
eding 
ases, the phenomena, whi
h are 
aused by the three types

of 
ohomology listed before, make their appearan
e all together (espe
ially

be
ause of the arithmeti
 of the �eld F , a point whi
h we will 
omment on

later in more detail).

Let us now de�ne the 
orank of a weight λ = ((k1,σ)σ, (k2,σ)σ) as 0 if k2,σ is not

the same integer for every σ, as 1 if k2,σ is 
onstant but there exists a σ su
h that

k1,σ 6= k2,σ, and as 2 if there exists an integer κ su
h that k1,σ = k2,σ = κ for

every σ. Moreover, let us 
all the weight 
ompletely irregular if, for every σ, it
is not regular at σ. Then, for genus 2 Hilbert-Siegel varieties, as a 
onsequen
e
of our main te
hni
al result (Thm. 2.2), we are able to exhibit the sought-for


hara
terization of the absen
e of weights, by showing that it is pre
isely the
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notion of 
orank whi
h allows for its formulation:

Theorem 2. (Cfr. Cor. 2.1.0.2) The weights 0 and 1 appear in the 
omplex

i∗j∗µℓ(Vλ) if and only if λ is 
ompletely irregular of 
orank ≥ 1.

Noti
e that, in parti
ular, we are saying that either both weights 0 and 1 ap-

pear, or none of them appears. By the theory 
ited above, and explained in

more detail in Subse
tion 1.5 and Se
tion 3, Theorem 2 implies the validity

of Theorem 1, and more generally of the following fa
t: a Chow motive whi
h

realizes to interior 
ohomology, equipped with a He
ke a
tion, exists as soon

as the weight λ is either not 
ompletely irregular or of 
orank 0.

The 
hara
terization given by Theorem 2 subsumes the previously treated 
ases

of Hilbert-Blumenthal varieties and Siegel threefolds, and lends itself to further

generalization. In order to 
on
lude this introdu
tion, let us put this result into

perspe
tive, by explaining why we think of the 
orank as an important invariant

for the study of the 
ohomology of Shimura varieties.

Corank and weight filtration in the cohomology of Shimura vari-

eties.

For a general (smooth) Shimura variety SK , it is a very important problem

to des
ribe the weight �ltration (say, in the Hodge-theoreti
al sense) on the

spa
es Hn(SK(C), µ(V )). Suppose the variation of Hodge stru
ture µ(V ) to
be pure of weight w. Consider moreover the long exa
t sequen
e asso
iated to

the 
omplementary, 
losed-open immersions i and j given by any (topologi
al)


ompa
ti�
ation S̄ of SK(C) and by its boundary ∂S̄. By Hodge theory, one

then sees that, for ea
h n, interior 
ohomology is 
ontained in the weight n+w
subspa
e of Hn(SK(C), µ(V )) (the pure part, of lowest possible weight), while

the rest of the weight �ltration is determined by a subspa
e of the boundary


ohomology ∂Hn(SK(C), µ(V )) := Hn(∂S̄, i∗j∗µ(V )). The latter is pre
isely

the hyper
ohomology of (the Hodge-theoreti
al analogues of) the 
omplexes

studied in this paper.

In this 
ontext, one approa
h to understanding the 
ohomology of i∗j∗µ(V )

onsists in taking a 
losed 
over of ∂S̄ and in studying the asso
iated spe
tral

sequen
e, abutting to ∂H∗(SK(C), µ(V )). For S̄ equal to the analyti�
ation

of a smooth toroidal 
ompa
ti�
ation

2

, the study of this spe
tral sequen
e (of

mixed Hodge stru
tures) is the subje
t of [HZ94℄, [HZ01℄. In these works, the

authors remark (in a slightly di�erent language) that the intera
tion between

the two �ltrations of i∗j∗µ(V ), the one 
oming from the 
losed 
over of the

boundary and the weight �ltration, is far from being understood. The same is

then true for the two 
orresponding �ltrations on the spa
es Hn(SK(C), µ(V )).
On the other hand, after [Na13℄, these same spa
es are endowed with a third in-

teresting �ltration, whose graded obje
ts are equipped with semisimple mixed

2

But also, in the - a priori - purely topologi
al 
ase, equal to the Borel-Serre 
ompa
ti-

�
ation of SK . The fa
t that this non-algebrai
 
ompa
ti�
ation still gives rise to spe
tral

sequen
es of Hodge stru
tures represents one of the most important dis
overies in [HZ94℄.
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Hodge stru
tures: in lo
. 
it., the author uses the work of Franke ([Fra98℄) to

show in parti
ular that this �ltration has an automorphi
 origin. On
e again,

the pre
ise relationship with the weight �ltration remains mysterious.

In order to read our main result in the light of the above 
onsiderations, let

us 
ome ba
k to the situation of a genus 2 Hilbert-Siegel variety SK . One

knows (
fr. paragraphs 1.3.1-1.3.2) that the boundary ∂S∗
K of its Baily-Borel


ompa
ti�
ation admits a strati�
ation of the form

∂S∗
K =

1
⊔

i=0

⊔

g∈Ci

Si,g,

where the Ci's are some �nite subsets of G(Af ) and the open, resp. 
losed

subs
hemes S1,g, resp. S0,g of ∂S∗
K are (quotients by the a
tion of a �nite

group of) Shimura varieties of dimension d, resp. 0, for d the degree of F over

Q.

For an irredu
ible representation Vλ of G determined by a dominant weight

λ, let us re
all without de�nition, just for the needs of this introdu
tion, the

asso
iated automorphi
 (
oherent) sheaf ω(λ) over a �xed toroidal 
ompa
ti�-


ation SK,Σ of SK . By pushforward along the proje
tion π : SK,Σ → S∗
K , this

sheaf gives rise to a 
oherent sheaf on S∗
K , whose spa
e Mλ,K of global se
tions

over S∗
K is 
alled the spa
e of λ-automorphi
 forms of level K (non-standard

terminology). Then, pose the following:

Definition. (
fr. [BR16, Def. 1.5.3℄) Let f ∈ M λ,K be a non-zero automor-

phi
 form. Let q be the maximal integer in {−1, 0, 1} su
h that ⊕g∈Cq
f |Sq,g

= 0

(with C−1 = ∅ by 
onvention). The 
orank of f is then de�ned as 
or(f) :=
1− q.

Noti
e that this notion gives a measure, in some sense, of the degree of 
usp-

idality of f : for example, 
or(f) = 0 ⇐⇒ f is 
uspidal, and we 
ould de�ne


ompletely non-
uspidal forms those f 's for whi
h 
or(f) = 2. The notation

would have been more natural if we had ordered the strata by de
reasing di-

mension, but we have preferred to remain 
oherent with the notation in the

rest of the paper.

Re
all then the following theorem from [BR16℄ (where the role of λ, resp. Mλ,K ,

is played by k, resp. Mk(H, R)), in whi
h the notion of 
orank of λ as de�ned

before arises in an essential way:

Theorem. ([BR16, Thm. 1.5.6℄) If f ∈ Mλ,K is non-zero, then 
or(λ) ≥

or(f).

This implies for example that, in order to have non-zero non-
uspidal forms,

it is ne
essary for λ to be of 
orank ≥ 1; moreover, in order to have non-zero


ompletely non-
uspidal forms, it is ne
essary for λ to be of 
orank 2, and in

parti
ular 
ompletely irregular.
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Observe now that, reasoning along the lines of Corollary 3.1.0.1.(1), we 
an

immediately dedu
e the following

3

from Theorem 2:

Theorem 3. Let Vλ be an irredu
ible representation and let w be the weight

of the pure variation of Hodge stru
ture µ(Vλ). Then, there 
an exist a n su
h

that weight n + w + 1 appears in Hn(SK(C), µ(Vλ)) only if λ is 
ompletely

irregular and of 
orank ≥ 1.

Even if the proofs of Theorem 2 and of the theorem from [BR16℄ are 
ompletely

independent, the analogy between the two is striking. In fa
t, thanks to the

notion of 
orank, we see that weight 1 
an appear in the 
omplex 
omputing

Vλ-valued 
ohomology of SK only if λ is 
ompletely irregular and satis�es the

ne
essary 
onditions for the presen
e of a non-zero non-
uspidal form on SK .

Here we have in mind a non-zero non-
uspidal form as giving a 
lass in the

quotient of Hn(SK(C), µ(Vλ)) of weight stri
tly bigger than n + w, for some

n. Sin
e the 
orank of an automorphi
 form is in turn de�ned in terms of

its behaviour along the di�erent types of strata in ∂S∗
K , Theorem 3 pushes

us to think of our result as a (very little!) hint towards the understanding

of the links between the weight �ltration, the �simpli
ial� �ltration 
oming

from the strati�
ation of the boundary and the �automorphi
� �ltration in the


ohomology of Shimura varieties. One 
ould ask if investigating the relationship

with the �ltration by holomorphi
 rank 
onsidered in [HZ01, Se
. 4.4-4.5℄ 
ould

be a good starting point for studying su
h questions.

Noti
e that, in order to prove the presen
e of the weights 0 and 1, we need

exa
tly the existen
e of a non-zero automorphi
 form of a 
ertain type. How-

ever, su
h a form is a 
uspidal Hilbert modular form over a �virtual� Hilbert-

Blumenthal variety, whi
h does not appear in ∂S∗
K (
fr. Prop. 2.2.3.2 and

Rmk. 2.5.1.6).

As a last remark, let us stress the fa
t that the non-triviality of the totally real

extension F gives rise to an a
tion of some subgroups of units of the integers

of F , whi
h 
oin
ides with the a
tion of the lo
al He
ke operator from [LR91℄

(whi
h, by the way, plays a 
ru
ial role for the results of [Na13℄ 
ited before)

and puts essential restri
tions on the possible weights (
fr. Rmks. 2.2.2.4

and 2.3.2.3). This manifestation of the intera
tion between di�erent group


ohomologies, alluded to before, is the main phenomenon whi
h leads us to the

notion of 
orank for λ.

3

The results stated so far 
on
ern a priori the weights of the 
omplexes of ℓ-adi
 sheaves

obtained from the ℓ-adi
 realization of i∗jλ
∗
V , but they a
tually give information on the weight

�ltration in the sense of Bondarko ([Bon10℄) on the boundary motive itself. This doesn't

imply dire
tly anything on the Hodge side, be
ause the Hodge realization fun
tor on Beilinson

motives over singular bases (as ∂S∗
) has not been 
onstru
ted yet. However, thanks to the


omplete formal analogy between the results of [Pin92℄ (ℓ-adi
 
ontext) and [BW04℄ (Hodge-

theoreti
 
ontext), and between the formalisms of six fun
tors in the respe
tive derived


ategories, our 
omputations are also valid in the 
ase of mixed Hodge modules; it is in fa
t

the Hodge theoreti
 pi
ture whi
h guides these 
omputations (
fr. Rmk. 1.4.2.1.(1)).
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Organisation of the paper

In the preliminary Se
tion 1 we �rst introdu
e the Shimura datum (G,X) un-
derlying the Hilbert-Siegel varieties SK . Se
ond, we re
all the stru
ture of the

Baily-Borel 
ompa
ti�
ation S∗
K and we introdu
e the 
anoni
al 
onstru
tion

fun
tors, whi
h produ
e a variation of Hodge stru
ture µH(V ) or an ℓ-adi

sheaf µℓ(V ) over SK from a representation V of G, along with the relative

Chow motives

λV over SK asso
iated to irredu
ible representations Vλ. Third,

we re
all the 
riterion whi
h we will 
ru
ially make use of, i.e. Thm. 1.6: it

redu
es the weight avoidan
e for the Beilinson motive i∗jλ∗V to an equivalent


ondition on the weights of the ℓ-adi
 perverse 
ohomology sheaves of ea
h of

its restri
tions to a stratum of the boundary. Finally, we re
all some useful

tools to study the weights of the latter sheaves: (a) a theorem of Pink, whi
h

gives a formula for the ℓ-adi
 
lassi
al 
ohomology sheaves of the restri
tion of

the degeneration to ea
h stratum, in terms of 
ohomology of unipotent alge-

brai
 groups and of arithmeti
 groups; (b) a theorem of Kostant, whi
h allows

one to express the 
ohomology of unipotent groups in terms of representations

of subgroups, whi
h are atta
hed to the Shimura data underlying the strata

of the boundary; (c) some general lemmas whi
h are useful for studying the


ohomology of free abelian subgroups of arithmeti
 groups.

In Se
tion 2, the heart of the paper, we begin by stating the main result (the

des
ription of the limit weights of i∗jλ∗V in terms of the 
orank of λ, Thm. 2.2)

and by showing its main 
onsequen
e (the 
hara
terization of the absen
e of

weights 0 and 1, Cor. 2.1.0.2, our Theorem 2 here). The rest of the se
tion is

o

upied by the proof of Thm. 2.2, whi
h is divided in the following steps:

� we begin by studying separately the 
lassi
al 
ohomology sheaves of the

degeneration along the 0-dimensional strata (Subse
tion 2.2) and along

the strata of dimension d = [F : Q] Subse
tion 2.3), via Pink's theorem;

� in ea
h of the two above 
ases, we de
ompose the 
ohomology of unipo-

tent groups into a sum of irredu
ible representations 
arrying pure Hodges

stru
tures (paragraphs 2.2.1, 2.3.1); this is done thanks to Kostant's the-

orem and to a detailed study of the representation theory of GSp4. Thus,
we get a list of the possible weights appearing;

� in ea
h 
ase, we use the 
ohomology of arithmeti
 groups to give restri
-

tions on the non-triviality of the o

urring spa
es, and hen
e to give ne
-

essary 
onditions for 
ertain weights to appear (paragraphs 2.2.2, 2.3.2).

The main te
hni
al ideas here 
onsist in exploiting, often by spe
tral se-

quen
e arguments, the aforementioned a
tion of suitable subgroups of

units of F on the �bers of the degeneration (Lemmas 2.2.2.3, 2.2.2.6 -

where the a
tion is exploited in two �orthogonal� ways, Lemma 2.3.2.2)

and some vanishing theorems on the 
ohomology of lo
ally symmetri


spa
es (Lemma 2.2.2.7);

� some additional work is needed (as an existen
e statement for suitable
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non-zero Hilbert 
usp modular forms, Prop. 2.2.3.2) to show that the

above 
onditions are also su�
ient for some weights to appear;

� �nally, we have to relate the weights of the 
lassi
al 
ohomology sheaves

to those of the perverse 
ohomology sheaves appearing in Thm. 1.6. For

this, we are led to study the double degeneration along the 
usps of the d-
dimensional strata, along the same lines as before (Subse
tion 2.4), and to

use the properties of the intermediate extension of ℓ-adi
 perverse sheaves
(Subse
tion 2.5, where we 
omplete the proof of the main theorem, i.e.

we �nd the des
ription of the relation between λ and the weights of the

motive i∗jλ∗V).

In Se
tion 3 we give the appli
ations of our result: the 
onstru
tion of a He
ke-

equivariant Chow motive whi
h realizes to interior 
ohomology of SK with


oe�
ients whi
h are not 
ompletely irregular of 
orank ≥ 1. In the 
ase of reg-

ular 
oe�
ients, we des
ribe the 
onsequen
es of the above for the 
onstru
tion

of motives asso
iated to automorphi
 representations, obtaining in parti
ular

(homologi
al) motives 
orresponding to the representations studied in [Fli05℄

(
fr. Rmk. 3.2.0.4).

Notations

The symbols A, resp. Af will denote the ring of adèles, resp. �nite adèles.

Throughout the whole paper, F will be a �xed totally real �eld of degree d
over Q, IF its set of real embeddings (thus, of 
ardinality d), and L a �xed

Galois 
losure of F in C. An empty entry in a ring-valued matrix will mean

that the 
orresponding 
oe�
ient is zero.

We will use the symbol π0(X) for the set of 
onne
ted 
omponents of a topo-

logi
al spa
e X .

If C is a 
ategory, then GrZC will denote its 
ategory of graded obje
ts. If A is

an abelian 
ategory, Db(A) will denote its bounded derived 
ategory.
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1 The Shimura datum, the Baily-Borel compactification and the

canonical construction

In this preliminary se
tion we introdu
e the basi
 obje
ts of interest: the

Shimura datum (G,X) whi
h de�nes the genus 2 Hilbert-Siegel varieties SK ,

their Baily-Borel 
ompa
ti�
ations S∗
K and the relative Chow motives

λV over

SK asso
iated to irredu
ible representations Vλ of G.

1.1 The group for the Shimura datum

1.1.1 The group of symplectic similitudes and the group G.

De�ne, for every positive integer n, the 2n× 2n matrix

Jn :=

(

In
−In

)

∈ GL2n(Q).

The group GSp2n of symple
ti
 similitudes of dimension 2n is the algebrai


group over Q de�ned, for every Q-algebra R, by posing

GSp2n(R) :=
{

g ∈ GL2n(R)|tgJng = ν(g)Jn, ν(g) ∈ Gm(R)
}

.

It is a redu
tive group, whose 
enter Z is isomorphi
 to Gm and whose derived

subgroup is isomorphi
 to Sp2n, the usual symple
ti
 group over Q of dimension

2n. The morphism ν : GSp2n → Gm is 
alled the multiplier (or similitude

fa
tor).

For the rest of this paper, �x n = 2. Re
all that we have �xed a totally real

�eld F of degree d over Q along with a Galois 
losure L, and that we denote

by IF the set of real embeddings of F . De�ne then the Q-algebrai
 group G̃
by posing

G̃ := ResF |QGSp4,F .

For every sub�eld k of C 
ontaining L, one has, for every k-algebra R, an
isomorphism

F ⊗Q R→̃
∏

σ∈IF

R, f ⊗ r 7→ (σ(f) · r)σ (1.1)

whi
h indu
es a 
anoni
al isomorphism

G̃k ≃
∏

σ∈IF

(GSp4,k)σ,

Consider now the 
anoni
al adjun
tion morphism Gm → ResF |QGm,F , in-

du
ed by the fa
t that Weil restri
tion is right adjoint to base 
hange, and

the morphism G̃ → ResF |QGm,F , indu
ed by fun
toriality by the multiplier

ν : GSp2n → Gm.
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Definition 1.1. The redu
tive Q-group G is de�ned by

G := Gm ×
ResF |QGm,F

G̃, (1.2)

where the �bred produ
t has been taken with respe
t to the pre
eding mor-

phisms.

Remark 1.1.1.1. (1) The isomorphism (1.1) indu
es, for every sub�eld k of C


ontaining L, an isomorphism

Gk ≃ Gm × ∏

σ∈IF

(Gm,k)σ,
∏

ν

∏

σ∈IF

(GSp4,k)σ. (1.3)

(2) The 
enter of G is su
h that Z(G) ≃ Gm ×
ResF |QGm,F ,x 7→x2 ResF |QGm,F .

Its neutral 
omponent is then isogenous to Gm.

1.1.2 The structure of parabolic subgroups of G.

The group GSp4,F (F ) a
ts on F⊕4
through the natural a
tion indu
ed by its

in
lusion into GL4,F (F ).
The standard F -basis {e1, e2, e3, e4} gives then a symple
ti
 basis for the non-

degenerated, F -bilinear alternated form de�ned by J2 ∈ GSp4,F (F ), whi
h we

will also denote J2. Fix as a maximal torus of GSp4,F the standard diagonal

torus T̃ de�ned on F -points by

T̃ (F ) := {diag(α1, α2, α
−1
1 ν, α−1

2 ν) | α1, α2, ν ∈ Gm(F )}, (1.4)

along with the standard Borel B̃ 
ontaining it, de�ned on F -points as the

subgroup of matri
es in GSp4,F (F ) of the form









∗ ∗ ∗ ∗
∗ ∗ ∗

∗
∗ ∗









One knows that the paraboli
 subgroups of GSp4,F (F ) 
orrespond bije
tively

to subgroups of the form Stab(V ), for V a sub-F -ve
tor spa
e of F⊕4
whi
h is

totally isotropi
 for the form J2. The 
ase V = {0} 
orresponds to the whole

group GSp4,F (F ), while V = 〈e1〉 gives the Klingen paraboli


Q̃1(F ) := {









α ∗ ∗ ∗
a ∗ b

β
c ∗ d









|ad− bc = αβ ∈ Gm,F (F )} ∩GSp4,F (F )

and V = 〈e1, e2〉 gives the Siegel paraboli
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Q̃0(F ) := {

(

αA AM
tA−1

)

|α ∈ Gm,F (F ), A ∈ GL2,F (F ),t M = M}.

Every other paraboli
 subgroup is 
onjugated to one of the above.

One also knows that a maximal torus, resp. a Borel, of G̃ are given by

ResF |Q(T̃ ), resp. ResF |Q(B̃), whi
h we will still denote by T̃ , B̃ in the fol-

lowing; note that T̃ is not split over Q. A maximal torus and a Borel 
on-

taining it in G are then respe
tively de�ned by T := Gm ×
ResF |QGm,F

T̃ and

B := Gm ×
ResF |QGm,F

B̃.

In the same way, the standard maximal paraboli
s of G̃ 
orresponding to the


hoi
e (T̃ , B̃) are exa
tly given, up to 
onjugation, by ResF |QQ̃0, ResF |QQ̃1,

whi
h we will still denote by Q̃0, Q̃1. Then, Q0 := Gm ×
ResF |QGm,F

Q̃0, Q1 :=

Gm ×
ResF |QGm,F

Q̃1 are the standard maximal paraboli
s of G with respe
t to

(T,B), still 
alled the Siegel and the Klingen one.

1.1.3 The Levi components of parabolic subgroups.

Let W0 and W1 be the unipotent radi
als of the groups Q0 and Q1 de�ned

above. The quotients Qi/Wi will be 
anoni
ally identi�ed with subgroups of

the Qi's, thanks to the Levi de
omposition of the latter.

Fix now a sub�eld k of C whi
h 
ontains L. One has the following expli
it

des
ription of the diagonal embedding of Q0/W0(Q) into Q0/W0(k):

Q0/W0(Q) ≃ {(

(

ασ(A)
(σ(A)−1)t

)

)σ∈IF |α ∈ Q×, A ∈ GL2(F )} →֒

→֒ Q0/W0(k) = {(

(

αAσ

(A−1
σ )t

)

)σ∈IF |α ∈ k×, Aσ ∈ GL2(k) for every σ}

and of the diagonal embedding of (Q1/W1)(Q) into (Q1/W1)(k):

Q1/W1(Q) ≃ {(









σ(t) · (ad− bc)
σ(a) σ(b)

σ(t−1)
σ(c) σ(d)









)σ∈IF |t ∈ F×,

a, b, c, d ∈ F su
h that ad− bc ∈ Q×} →֒

→֒ Q1/W1(k) = {(









tσ · (aσdσ − bσcσ)
aσ bσ

t−1
σ

cσ dσ









)σ∈IF |
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tσ ∈ k×∀ σ ∈ IF ,

aσ, bσ, cσ, dσ ∈ k su
h that aσdσ − bσcσ = aσ̂dσ̂ − bσ̂cσ̂ ∈ k× ∀ σ, σ̂ ∈ IF }.

Thus, there is an isomorphism

Q0/W0 ≃ Gm × ResF |QGL2,F , (1.5)

given on k-points by

(Q0/W0)(k) ≃ Gm(k)× (
∏

σ∈IF

(GL2(k))σ)

(

αAσ

(A−1
σ )t

)

)σ∈IF 7→ (α, (Aσ)σ∈IF ),

and an isomorphism

Q1/W1 ≃ (ResF |QGL2,F ×
ResF |QGm,F ,det Gm)× ResF |QGm,F (1.6)

given on k-points by

(Q1/W1)(k) ≃ ((
∏

σ∈IF

(GL2,k)σ)× ∏

σ∈IF

(Gm,k)σ Gm,k)(k)×
∏

σ∈IF

(Gm(k))σ

(









tσ · (aσdσ − bσcσ)
aσ bσ

t−1
σ

cσ dσ









)σ 7→

(

(

(

aσ bσ
cσ dσ

)

)σ, (tσ)σ

)

1.1.4 Characters and dominant weights.

Consider our �xed Galois 
losure L of F . Using the isomorphism (1.3) (for

k = L) and Eq. (1.4), we get the following des
ription for the points of the

maximal torus TL of GL:

TL(L) = {(diag(α1,σ, α2,σ, α
−1
1,σν, α

−1
2,σν))σ∈IF | α1,σ, α2,σ ∈ L∗, ν ∈ Q×}

This des
ription naturally identi�es TL with a subtorus of rank 2d + 1 of the

rank-3d torus

∏

σ∈IF

Tσ, where ea
h Tσ is a 
opy of the diagonal maximal torus

of GSp4,L.

The elements λ of the group X∗(TL) of 
hara
ters (or �weights�) of TL (a sub-

group of

⊕

σ∈IF

X∗(Tσ)) are then parametrized by the (2d+1)-tuples of integers

of the form

((k1,σ , k2,σ)σ∈IF , c) su
h that

∑

σ∈IF

(k1,σ + k2,σ) ≡ c (mod 2) (1.7)

Documenta Mathematica 24 (2019) 1033–1098



1046 Mattia Cavicchi

where the 
hara
ter λ((k1,σ , k2,σ)σ∈IF , c) 
orresponding to ((k1,σ , k2,σ)σ∈IF , c)
is de�ned by sending

(diag(α1,σ, α2,σ, α
−1
1,σν, α

−1
2,σν))σ∈IF

to

∏

σ∈IF

α
k1,σ

1,σ ·
∏

σ∈IF

α
k2,σ

2,σ · ν

1
2 ·[c−

∑

σ∈IF

(k1,σ+k2,σ)]

(1.8)

The dominant weights are the 
hara
ters su
h that k1,σ ≥ k2,σ ≥ 0 ∀σ. A

weight is 
alled regular at σ if k1,σ > k2,σ > 0 and regular if it is regular at σ
for every σ.

1.1.5 Root system and Weyl group.

Take the 
ouple (T,B) �xed at the end of 1.1.2 and apply base 
hange to

our �xed Galois 
losure L of F . By 
hoosing the resulting 
ouple (TL, BL) as
maximal torus and Borel, we identify the set of roots r of GL with

⊔

σ∈IF

rσ,

where ea
h rσ is a 
opy of the set of roots of GSp4,L 
orresponding to the

diagonal torus and the standard Borel. For every �xed σ̂ ∈ IF , rσ̂ 
ontains

two simple roots ρ1,σ̂ and ρ2,σ̂, whi
h, through the in
lusion of rσ̂ into r, 
an

respe
tively be written ρ1,σ̂ = ρ1,σ̂((k1,σ, k2,σ)σ∈IF , c), with

k1,σ =

{

1 if σ = σ̂
0 otherwise

, k2,σ =

{

−1 if σ = σ̂
0 otherwise

, c = 0,

and ρ2,σ̂ = ρ2,σ̂((k1,σ, k2,σ)σ∈IF , c), with

k1,σ = 0 ∀σ, k2,σ =

{

2 if σ = σ̂
0 otherwise

, c = 0.

The Weyl group Υ of GL is in turn isomorphi
 to the produ
t

∏

σ∈IF

Υσ, where,

for every �xed σ̂ ∈ IF , Υσ̂ is a 
opy of the Weyl group of GSp4,L. The latter

is a �nite group of order 8 a
ting on X∗(Tσ̂), generated by two elements s1
and s2, whose images sρ1,σ̂

and sρ2,σ̂
through the in
lusion Υσ̂ into Υ are


hara
terized as follows by their a
tion on the elements of X∗(TL): if λ =
λ((k1,σ , k2,σ)σ∈IF , c), then sρ1,σ̂

.λ = λ((h1,σ , h2,σ)σ∈IF , c), with

h1,σ =

{

k2,σ if σ = σ̂
k1,σ otherwise

, h2,σ =

{

k1,σ if σ = σ̂
k2,σ otherwise

and sρ2,σ̂
.λ = λ((h1,σ, h2,σ)σ∈IF , c), with

h1,σ = k1,σ ∀σ ∈ IF , h2,σ =

{

−k2,σ if σ = σ̂
k2,σ otherwise

.

These des
riptions mean that sρ1,σ̂

orresponds to the re�e
tion asso
iated to

ρ1,σ̂ and that sρ2,σ̂

orresponds to the re�e
tion asso
iated to ρ2,σ̂.
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1.1.6 Irreducible representations.

Irredu
ible representations of a split redu
tive group over a �eld of 
hara
ter-

isti
 0 are parametrized by its dominant weights. By the des
ription of the

dominant weights of GL given in (1.7), we see that isomorphism 
lasses of

irredu
ible L-representations of GL are in bije
tion with the set

Λ := {λ((k1,σ, k2,σ)σ∈IF , c)) | k1,σ, k2,σ, c ∈ Z and k1,σ ≥ k2,σ for every σ,
∑

σ∈IF

(k1,σ + k2,σ) ≡ c mod 2)}.

1.2 Hilbert-Siegel varieties

In this subse
tion, let G denote the group de�ned in 1.1. We are going to de�ne

a pure Shimura datum (G,X) in the sense of [Pin90, Def. 2.1℄.

Definition 1.2. The 
omplex analyti
 spa
e H2 is the subspa
e of M2(C)
formed by 
omplex 2 × 2 matri
es whi
h are symmetri
 and whose imaginary

part is de�nite (positive or negative).

Re
all that G(R) = {(Aσ)σ∈IF ∈
∏

σ∈IF
GSp4(R) su
h that ν(Aσ) =

ν(Aσ̂), ∀ σ, σ̂ ∈ IF } and that |IF | = d. Then, G(R) a
ts on Hd
2 by analyti
al

isomorphisms. Let J2 be the element of GSp4(R) introdu
ed in 1.1.2.

Proposition 1.2.0.1. Let h : S → GR be the morphism de�ned on real points

by

S(R) → G(R)

x+ iy 7→ ((xI2 + yJ2)σ)σ∈IF

The G(R)-
onjuga
y 
lass X of h has a 
anoni
al stru
ture of 
omplex analyti


spa
e (of dimension 3d), su
h that there exists a G(R)-equivariant isomorphism

X ≃ Hd
2 as 
omplex manifolds. Moreover, (G,X) is a pure Shimura datum.

Fix now a 
ompa
t open subgroup K of G(Af ) whi
h is moreover neat ([Pin90,

Se
tion 0.6℄). Then, the double quotient G(Q)\X×G(Af )/K has the stru
ture

of a smooth 
omplex analyti
 variety, whi
h is the analyti�
ation of a 
anoni
al

smooth quasi-proje
tive variety S(G,X)K (the Shimura variety 
orresponding

to the datum (G,X) and to the subgroup K), de�ned over a number �eld

E(G,X), the re�ex �eld of (G,X) (independent of K). In our 
ase, the re�ex

�eld is just Q, SK := S(G,X)K is of dimension 3d and it is 
alled the genus 2

Hilbert-Siegel variety (of level K, asso
iated to F ).

Remark 1.2.0.2. The datum (G,X) is a PEL datum. In parti
ular, a

ording to

[Del71, 4.12℄, SK admits an interpretation as moduli spa
e of abelian varieties

of dimension 2d with additional stru
tures, among whi
h real multipli
ation

by a sub-algebra O of F of rank 2d over Z, whi
h depends on K. Thus, there

exists a universal family p : AK → SK of abelian varieties over SK .
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1.3 The Baily-Borel compactification

Let SK be a Shimura variety 
orresponding to a general pure Shimura datum

(G,X) and to a neat 
ompa
t open subgroup K ⊂ G(Af ). Re
all that SK has a


anoni
al 
ompa
ti�
ation S∗
K , 
alled Baily-Borel 
ompa
ti�
ation, a proje
tive

variety, in general singular, de�ned over the re�ex �eld E(G,X) ([Pin90, Main

Theorem 12.3, (a), (b)℄), in whi
h SK embeds as an open dense sub-s
heme.

In the 
ase of Hilbert-Siegel varieties, S∗
K is then de�ned over Q.

1.3.1 Structure of the stratification of S∗
K .

The variety S∗
K admits a strati�
ation by lo
ally 
losed strata, amongst whi
h

SK is the only open stratum. The other ones form a strati�
ation of the

boundary ∂S∗
K := S∗

K\SK . If (Qm)m∈Φ is any ordering of any (�nite) set

of representatives of the 
onjuga
y 
lasses of admissible paraboli
 subgroups

([Pin90, Def. 4.5℄) in G, one sees from [Pin92, Se
tion 3.6-3.7℄ that, for every

m ∈ Φ, there exist suitable �nite subsets Cm of G(Af ) su
h that the set of

strata of ∂S∗
K is given by

{Sm,g|m ∈ Φ, g ∈ Cm}. (1.9)

Here, the lo
ally 
losed subs
heme Sm,g of ∂S∗
K is the image of a 
anoni
al

morphism

ig : Sπm(Km,g) := Sπm(Km,g)(Gm,Hm) → S∗
K (1.10)

where the 
ompa
t open subgroup πm(Km,g) and the pure Shimura datum

(Gm,Hm) de�ning the Shimura variety Sπm(Km,g) are given as follows: there

exists a 
anoni
al normal subgroup Pm of Qm ([Pin90, 4.7℄) whose unipotent

radi
al Wm 
oin
ides with the unipotent radi
al of Qm (
fr. [Pin90, proof of

Lemma 4.8℄), and we denote Km,g := Pm(Af )∩g ·K ·g−1
, πm : Pm → Pm/Wm

the natural proje
tion, (Gm,Hm) the pure Shimura datum obtained by quotient-

ing by Wm any of the rational boundary 
omponents ([Pin90, 4.11℄) asso
iated

to Pm. In parti
ular, Gm is a redu
tive subgroup of the Levi 
omponent of Qm.

In the rest of the paper, we will rather use the strati�
ation of ∂S∗
K indexed

by m ∈ Φ, ea
h of whose strata Zm 
orresponds to the m-th 
onjuga
y 
lass of

admissible paraboli
s of G and 
oin
ides with the disjoint union of those sub-

s
hemes Sm,g with g ∈ Cm. The latter will be 
alled strata of ∂S∗
K 
ontributing

to Zm.

Remark 1.3.1.1. Suppose that the pure Shimura datum (G,X) satis�es 
ondi-
tion (+) from [BW04, page 7℄. Then, it follows from [Wil17, Lemma 8.2℄ that

the stratum Sm,g equals the quotient of Sπm(Km,g) by the a
tion of a suitable

�nite group and is smooth over E(G,X). Thanks to Remark 1.1.1.1.(2), the


ondition is in parti
ular satis�ed by the Shimura datum (G,X) of 1.2.0.1.
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1.3.2 Explicit description of strata in the boundary of genus 2

Hilbert-Siegel varieties.

Let us now des
ribe in detail the (pure) Shimura data underlying the strata of

∂S∗
K in the 
ase of the Hilbert-Siegel datum (G,X) of Proposition 1.2.0.1.

Ea
h admissible paraboli
 subgroup Q of G is 
onjugated to exa
tly one of the

subgroups Q0 (Siegel paraboli
) or Q1 (Klingen paraboli
) de�ned in 1.1.2.

Denote respe
tively by P0 and P1 the 
anoni
al normal subgroups of Q0 and

Q1 
onsidered in 1.3.1. Denote also by G0, resp. G1 their quotients by the

respe
tive unipotent radi
als, and by (G0,H0), resp. (G1,H1) the asso
iated

Shimura data. An immediate generalisation to ResF |QGSp4,F (and then to G)
of [Pin90, 4.25℄ (whi
h treats the 
ase of GSp4) gives us the following:

• The group G0 is identi�ed with the fa
tor Gm inside Q0/W0 ≃ Gm ×
ResF |QGL2,F (remember (1.5)). Moreover, let k be the morphism S → G0,R

whi
h indu
es on real points, via the above identi�
ation,

S(R) → G0(R)

z 7→ (

(

zz̄ · I2
I2

)

)σ∈IF (1.11)

and let H0 be the set of isomorphisms between Z and Z(1). Consider the

unique transitive a
tion of π0(Gm(R)) on H0 and denote by h0 the 
onstant

map H0 → {k} ⊂ Hom(S, G0,R)). Then, the Shimura datum 
orresponding

to G0 is given by (G0,H0). Thus, G0 
ontributes with 0-dimensional strata

to ∂S∗
K .

• The group G1 is identi�ed with the fa
tor ResF |QGL2,F ×
ResF |QGm,F

Gm

inside

Q1/W1 ≃ (ResF |QGL2,F ×
ResF |QGm,F

Gm)× ResF |QGm,F

(remember (1.6)). Denoting by H1 the G1(R)-
onjuga
y 
lass of the mor-

phism

h1 : S(R) → G1(R)

x+ iy 7→ (









x2 + y2

x y
1

−y x









)σ∈IF (1.12)

the Shimura datum 
orresponding to G1 is then given by (G1,H1). Thus,

G1 
ontributes with d-dimensional strata to ∂S∗
K . The des
ription of the

Shimura datum shows that these strata are in parti
ular isomorphi
 to (quo-

tients by the a
tion of a �nite group of) Hilbert-Blumenthal varieties.
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By the des
ription in (1.9), ea
h stratum of ∂S∗
K 
orresponds to a Shimura

datum of one of the above two types. In parti
ular, it is either of dimension 0

(and it will be then 
alled a Siegel stratum) or of dimension d (and it will be

then 
alled a Klingen stratum).

1.4 The canonical construction functor and its motivic version

1.4.1 Conventions for Hodge structures.

Let w : Gm,R → S be the 
o
hara
ter whi
h indu
es the in
lusion R× →֒ C×
on

real points. A representation (ρ, V ) of S indu
es a (semisimple) mixed Hodge

stru
ture on the real ve
tor spa
e V ; 
oherently with the 
onvention of [Pin90℄

1.3, we will say that the subspa
e of V where ρ ◦ w a
ts as multipli
ation by

t−k
is the subquotient of V of weight k.

Moreover, if (G,X) is a Shimura datum, de�ned by h : X → Hom(S,GR), then
every representation ρ : G → GL(V ) gives rise, for every x ∈ X, to a Hodge

stru
ture on V , by applying the above observation to ρ ◦ h(x) ◦w.

1.4.2 The canonical construction functor.

Let (G,X) be a Shimura datum satisfying 
ondition (+) from [BW04, page 7℄,

K a neat 
ompa
t open subgroup of G(Af ), and SK the 
orresponding Shimura

variety. Denote by Rep(GR) the Tannakian 
ategory of algebrai
 representa-

tions of G in �nite dimensional R-ve
tor spa
es. If R is a sub�eld of R, we write

MVarR(SK(C)) for the 
ategory of graded-polarizable admissible variations of

mixed R-Hodge stru
ture over SK(C). Then, we have at our disposal ([Wil97,

Part II, Chap. 2℄) the (exa
t tensor) Hodge 
anoni
al 
onstru
tion fun
tor

µK
H : Rep(GR) → MVarR(SK(C)). (1.13)

Moreover, let R be �nite over Q, let ℓ be a �xed prime and �x a prime l of
R above ℓ. Write Etℓ,R(SK) for the Rl-linear version of the 
ategory of lisse

ℓ-adi
 sheaves over SK . We have then ([Wil97, Part II, Chap. 4℄) the (exa
t

tensor) ℓ-adi
 
anoni
al 
onstru
tion fun
tor

µK
ℓ : Rep(GR) → Etℓ,R(SK). (1.14)

Remark 1.4.2.1. (1) If (G,X) is a Shimura datum of abelian type, and SK any

of the 
orresponding Shimura varieties, then the fun
tor µK
ℓ takes values in the

full sub
ategory Et

M
ℓ,R(SK) of Etℓ,R(SK) formed by the mixed lisse sheaves with

weight �ltration, in the sense of [Wil97, Part I, De�nition before Theorem 2.8℄.

Moreover, if V ∈ Rep(GR), then the weights of µK
ℓ (V ) in the sense of the latter

de�nition are identi
al to the weights of µK
H(V ) as a variation of mixed Hodge

stru
ture. These fa
ts follow from [Pin92, Proposition (5.6.2)℄. The hypothesis

is in parti
ular satis�ed by PEL type Shimura data, and so by the data (G,X),
(G0,H0) and (G1,H1) de�ned in Subse
tions 1.2 and 1.3.
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(2) If G is the group de�ned in 1.1 and Vλ is an irredu
ible representation of G
of highest weight λ = λ((k1,σ, k2,σ)σ∈IF , c)), then µK

H(Vλ), resp. µK
ℓ (Vλ), is a

variation of Hodge stru
ture, resp. an ℓ-adi
 sheaf, pure of weight w(λ) := −c
(
fr. the 
onvention �xed in 1.4.1, whi
h is extended to variations of Hodge

stru
ture in the obvious way).

Remark 1.4.2.2. (1) Let VarR(SK(C)) denote the 
ategory of pure polarizable

variations of R-Hodge stru
ture. In the following, we will abusively denote by

the same symbol µK
H the obvious fa
torization of the latter fun
tor through

the 
ategory GrZVarR(SK(C)). Analogously, if (G,X) is a Shimura datum

of abelian type, Rmk. 1.4.2.1.(1) will give us an obvious fa
torisation of the

fun
tor µK
ℓ through the 
ategory GrZEtℓ(SK), still abusively denoted by µK

ℓ .

(2) The exa
t fun
tor µK
ℓ extends to a triangulated fun
tor, denoted by the

same symbol,

µK
ℓ : Db(Rep(GR)) → Db

c(SK)R, (1.15)

where Db
c(SK)R is the Rl-linear version of the �derived� bounded 
ategory of

ℓ-adi
 
onstru
tible sheaves over SK ([Eke90, Se
tion 6℄).

1.4.3 The motivic version of the canonical construction.

Let us adopt again the notation of the beginning of 1.3, applied to the

Hilbert-Siegel Shimura datum (G,X) of 1.2.0.1. Re
all, for a base s
heme

X (say, for our purposes, a separated, �nite type Q-s
heme), the triangu-

lated R-linear 
ategory DMB,c(X)R of 
onstru
tible Beilinson motives over

X ([CD12℄) and the ℓ-adi
 realization fun
tor Rℓ on it, with values in the


ategory Db
c(X)R of (1.15) ([CD16, Se
. 7.2℄). In our 
ase, we will 
on-

sider a base S ∈ {SK , S∗
K , ∂S∗

K} ∪ {strata of ∂S∗
K}. Then, 
omposition with

the 
olle
tion of 
ohomology fun
tors, resp. perverse 
ohomology fun
tors,

R∗ : Db
c(S)R → GrZEtℓ,R(S), resp. H∗ : Db

c(S)R → GrZPerv(Et)ℓ,R(S)
(where Perv(Et)ℓ,R(S) is the Rl-linear version of the 
ategory of ℓ-adi
 per-

verse sheaves over S), gives rise to the ℓ-adi
 
ohomologi
al realization, resp.

perverse 
ohomologi
al realization fun
tors.

Consider in parti
ular the 
ase S = SK . The R-linear, tensor pseudo-abelian

ategory of Chow motives over SK ([CH00℄), denoted by CHM(SK)R, faith-
fully embeds into DMB,c(SK)R (more on this in paragraph 1.5.1). If S = SK ,

the restri
tion of R∗ ◦ Rℓ to CHM(SK)R (still denoted by Rℓ) equals the

usual ℓ-adi
 
ohomologi
al realization on this 
ategory; overCHM(SK)R, there
also exists the Hodge 
ohomologi
al realization, with values in the 
ategory

GrZVarR(SK(C)) of Rmk. 1.4.2.2. (1), denoted by RH (one 
onstru
ts su
h

realizations on relative Chow motives as in [DM91, 1.8℄).

Re
all now the universal family p : AK → SK from Remark 1.2.0.2. The

following result, valid for every PEL-type Shimura variety, is 
ru
ial:

Theorem 1.3. ([An
15, Thm. 8.6℄, stated as in [Wil19a, Thm. 5.1℄)
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Let R be a sub�eld of R. There exists a R-linear tensor fun
tor

µ̃ : Rep(GR) → CHM(SK)R (1.16)

with the following properties:

1. The 
omposition of µ̃ with the Hodge 
ohomologi
al realization is isomor-

phi
 to µK
H (with the 
onvention of Rmk. 1.4.2.2. (1)).

2. for every prime ℓ, the 
omposition of µ̃ with the ℓ-adi
 
ohomologi
al

realization is isomorphi
 to µK
ℓ (with the 
onvention of Rmk. 1.4.2.2.

(1)).

3. µ̃ 
ommutes with Tate twists.

4. If V is the standard GR-representation on R⊕4
, then µ̃ sends V to the dual

of the Chow motive p1∗1AK
over SK (the �rst Chow-Künneth 
omponent

of the Chow motive p∗1AK
over SK, 
fr. [DM91, Thm. 3.1℄).

Remark 1.4.3.1. For every positive integer n, let pn : An
K → SK be the n-

fold �bred produ
t of AK with itself over SK . Observe that the dire
t sum

V ⊕V ∨
of the standard representation V with its dual generates the Tannakian


ategory Rep(GR), by taking tensor produ
ts and dire
t summands. Hen
e,

Theorem 1.3 implies that every obje
t in the essential image of µ̃ is isomorphi


to a �nite dire
t sum

⊕

i

Mi, where ea
h Mi is a dire
t fa
tor of a Tate twist

of a Chow motive of the form pni,∗1A
ni
K
, for suitable ni's.

Let now Vλ be a irredu
ible L-representation of GL of highest weight λ, where
the latter is as in 1.1.6.

Definition 1.4. The Chow motive

λV over SK is de�ned by

λV := µ̃(Vλ).

Remark 1.4.3.2. (1) Sin
e µK
H(Vλ) and µK

ℓ (Vλ) are pure of weight w(λ) (
fr.

1.4.2.1.(2)), the Hodge, resp. ℓ-adi
 
ohomologi
al realizations of

λV are zero

in degree 6= w(λ), and identi
al to µK
H(Vλ), resp. µ

K
ℓ (Vλ), in degree w(λ).

(2) Sin
e SK is a variety of dimension 3d, (1) 
an be reformulated by saying

that the perverse Hodge, resp. ℓ-adi
 
ohomologi
al realizations are zero in

perverse degree 6= w(λ)+3d, and identi
al to µK
H(Vλ), resp. µ

K
ℓ (Vλ), in perverse

degree w(λ) + 3d.

(3) Let Dℓ,SK
denote the ℓ-adi
 lo
al duality endofun
tor over SK . Then

Rℓ,SK
(λV) = µK

ℓ (Vλ)[−w(λ)] (1.17)

and Dℓ,SK
(Rℓ,SK

(λV)) ≃ Rℓ,SK
(λV)(w(λ)+3d))[2w(λ)+6d], as 
an be seen by

imitating the �rst part of [Wil19b, proof of Thm. 1.6℄.
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1.5 A criterion for the existence of the intersection motive

Let

λV be one of the Chow motives over the Hilbert-Siegel variety SK intro-

du
ed in 1.4.3, and let s̃ : SK → SpecQ be the stru
tural morphism. Having

in mind the problem of de�ning motives asso
iated to 
uspidal automorphi


representations, we want to 
onstru
t the lowest weight-graded obje
t of s̃∗
λV

as a 
anoni
al Chow motive over SpecQ. The �rst aim of this subse
tion is to

re
all a 
riterion (Theorem 1.6) whi
h allows one to perform this 
onstru
tion,

formulated in the language of weight stru
tures. The se
ond aim is to gather

some tools (paragraphs 1.5.2-1.5.4) whi
h we will use in order to 
hara
terize

the validity of this 
riterion in the 
ase of genus 2 Hilbert-Siegel varieties. This


hara
terization (Corollary 2.1.0.2) will then be a 
onsequen
e of our main

result, Theorem 2.2.

1.5.1 Weight structures and a criterion for the weight avoid-

ance

Fix a sub�eld R of R and a s
heme X of �nite type over Q. A

ording to

[Héb11℄, the 
ategory DMB,c(X)R (see 1.4.3) is equipped with a 
anoni
al

weight stru
ture, the motivi
 weight stru
ture, whose heart (the sub
ategory of

weight 0 obje
ts) is denoted by CHM(X)R and 
alled the (R-linear version
of the) 
ategory of Chow motives over X . If X = SK as in paragraph 1.4.3,

then, after [Fan16℄, this 
ategory is equivalent to the homonymous 
ategory

introdu
ed in that paragraph.

Definition 1.5. (
fr. [Wil09, Defs. 1.6-1.10℄) Let M ∈ DMB,c(X)R and let

α, β be integers. We say that M avoids weights α, . . . , β if α ≤ β and there

exists an exa
t triangle in DMB,c(X)R

M≤α−1 → M → M≥β+1 → M≤α−1[1]

su
h that M≤α−1 is of weight at most α−1 and M≥β+1 of weight at least β+1.
Su
h a triangle is 
alled a weight �ltration of M avoiding weights α, . . . , β.

Let now Vλ be the irredu
ible representation of GL of highest weight

λ = λ((k1,σ , k2,σ)σ∈IF , c)),

(de�ned in (1.1.6)), SK the genus 2 Hilbert-Siegel variety of levelK 
orrespond-

ing to (G,X) and λV ∈ CHM(SK) the Chow motive over SK introdu
ed in

De�nition 1.4. Let moreover j : SK → S∗
K , resp. i : ∂S∗

K → S∗
K denote the

open, resp. 
losed immersion in the Baily-Borel 
ompa
ti�
ation S∗
K of SK

(as in Subse
tion 1.3). The theory of [Wil19a℄ tells us that we will be able to


onstru
t the desired Chow motive des
ribed at the beginning of this subse
-

tion (the interse
tion motive) whenever the Beilinson motive i∗jλ∗V over ∂S∗
K

avoids weights 0 and 1.

For a dis
ussion of the de�nition of the interse
tion motive when the weights 0

and 1 are avoided, of its properties, and of the appli
ations to the 
onstru
tion
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of motives asso
iated to automorphi
 representations, we refer to Se
tion 3.

Here we re
all instead a 
riterion whi
h allows one to prove the avoidan
e of

su
h weights, by looking at the stru
ture of ∂S∗
K . By 1.3.1, ∂S∗

K admits a

natural strati�
ation ∂S∗
K = Z0 ⊔ Z1, indexed by Φ := {0, 1}. We denote by

i0 : Z0 →֒ ∂S∗
K the immersion of the disjoint union of strata 
orresponding to

the 
onjuga
y 
lass of the paraboli
 Q0 (i.e. of the 
losed, 0-dimensional Siegel

strata), and by i1 : Z1 →֒ ∂S∗
K the immersion of the disjoint union of strata


orresponding to the 
onjuga
y 
lass of the paraboli
 Q1 (i.e. of the open,

d-dimensional Klingen strata). Given this, one 
an prove the weight avoidan
e

by redu
tion to a stratum-by-stratum study of the weights (over ∂S∗
K) of the

ℓ-adi
 realization of i∗jλ∗V . Consider in fa
t the intermediate extension fun
tor

j!∗ from the 
ategory Perv(Et)ℓ,L(SK) to the 
ategory Perv(Et)ℓ,L(S
∗
K) (
fr.

1.4.3). Then, [Wil19a℄ gives us the sought-for 
riterion:

Theorem 1.6. Let β ≥ 1 be an integer and �x a prime number ℓ. For any

stratum Z of ∂S∗
K, denote by Hn

the n-th perverse 
ohomology fun
tor on

Db
c(Z)L and write j!∗(Rℓ(

λV)) for
(

j!∗(Rℓ(
λV)[w(λ) + 3d])

)

[−w(λ)− 3d].

The following assertions are then equivalent:

(1) the motive i∗jλ∗V avoids weights −β + 1,−β + 2, . . . , β;

(2) for every n ∈ Z, Hni∗0i
∗j!∗(Rℓ(

λV)) and Hni∗1i
∗j!∗(Rℓ(

λV)) are of weights
≤ n− β.

Proof. Reasoning exa
tly as in the proof of [Wil19b, Thm. 2.2℄, we see that the

motive i∗jλ∗V ∈ DMB,c(∂S
∗
K)L is of abelian type, and that the strati�
ation Φ

is adapted to i∗jλ∗V ([Wil19b, Def. 2.1℄). Then, it su�
es to use the fa
t that

the ℓ-adi
 realization of the motive

λV is 
on
entrated in only one perverse

degree (Remark 1.4.3.2.(2)) together with its auto-duality (up to a twist and a

shift) (Remark 1.4.3.2.(3)) in order to apply [Wil19a, Corollary (4.6)(b)℄.

1.5.2 Pink’s theorem.

With notation as in the previous paragraph, Thorem 1.6 leads us to analyze

the weights of the perverse sheaves

Hni∗mi∗j!∗(Rℓ(
λV)),

for m ∈ {0, 1}. This will be done by studying �rst some strongly related


lassi
al sheaves, whi
h we des
ribe now in the general setting. Hen
e, let

j : SK →֒ S∗
K be the open immersion of a Shimura variety SK , asso
iated to

a datum (G,X) and to a neat 
ompa
t open subgroup K ⊂ G(Af ), into its

Baily-Borel 
ompa
ti�
ation. Re
all the �nite strati�
ation (Zm)m∈Φ of ∂S∗
K

introdu
ed in 1.3.1 and for m ∈ Φ, denote by im : Zm →֒ ∂S∗
K the 
orrespond-

ing lo
ally 
losed immersion. In the 
ase of the Hilbert-Siegel Shimura datum

of 1.2.0.1, this gives ba
k the notation used to state Thm. 1.6.
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In the following, with the notation of 1.3.1, denote by Z a �xed stratum Sm,g of

∂S∗
K 
ontributing to Zm, and denote by πm(Km) the asso
iated 
ompa
t open

subgroup πm(Km,g) of Gm(Af ) (i.e., drop the subs
ript g), so that Z is the

quotient of a Shimura variety Sπm(Km). Asso
iated to Z, there is a non-trivial

arithmeti
 subgroup Γm of Qm/Wm(Q), as de�ned in [BW04, Se
. 2℄) (where

it is denoted by H̄C).

Notation 1.5.2.1. Sin
e Qm/Wm is redu
tive, there exists a 
omplement Mm of

Gm inside Qm/Wm, i.e. a normal subgroup Mm of Qm/Wm whi
h is 
onne
ted

and redu
tive and su
h that Qm/Wm ≃ Gm ·Mm, with Gm ∩Mm �nite.

Remark 1.5.2.2. Sin
e K is neat, Γm is torsion-free. Moreover, it is su
h that

Γm ∩ Gm(Q) = {1} (
fr. [BW04, Se
. 2℄). We will then see Γm as a subgroup

of the 
omplement Mm(Q) introdu
ed above.

Denote now by µK
ℓ , µ

πm(Km)
ℓ the extensions of the ℓ-adi
 
anoni
al 
onstru
tion

fun
tors introdu
ed in Remark 1.4.2.2.(2), and by Rn
the n-th 
lassi
al, i.e.

non-perverse, 
ohomology fun
tor on the 
ategory Db
c(Zm)L (see 1.4.3), for

any stratum Zm of ∂S∗
K . Our �rst main tool for the analysis of the weights is

the following theorem of Pink:

Theorem 1.7. ([Pin92, Thms. (4.2.1)-(5.3.1)℄, stated in the shape of [BW04,

Thms. 2.6-2.9℄)

Let R be a sub�eld of R, V· ∈ Db(RepR(G)), m ∈ Φ and Z a stratum of ∂S∗
K


ontributing to Zm.

(1) There exists a 
anoni
al isomorphism in Db
c(Z)R

i∗mi∗j∗µ
K
ℓ (V·)

∣

∣

Z
≃

⊕

n

Rni∗mi∗j∗µ
K
ℓ (V·)

∣

∣

Z
[−n].

(2) For every n, there exists a 
anoni
al and fun
torial isomorphism in

Etℓ,R(Z)

Rni∗mi∗j∗µ
K
ℓ (V·)

∣

∣

Z
≃

⊕

p+q=n

µ
πm(Km)
ℓ (Hp(Γm, Hq(Wm,R,V

·))) .

(3) Suppose that the datum (Gm,Hm) is of abelian type. Then, denoting by W

both the weight �ltration in the sense of Remark 1.4.2.1.(1) and the one indu
ed

on Gm,R-representations as explained in 1.4.1, the sheaf Rni∗mi∗j∗µ
K
ℓ (V·)

∣

∣

Z
is

the dire
t sum of its weight-graded obje
ts (in parti
ular, it is a semisimple

obje
t) and there exist 
anoni
al and fun
torial isomorphisms in Etℓ,R(Z)

Gr

W
k Rni∗mi∗j∗µ

K
ℓ (V·)

∣

∣

Z
≃

⊕

p+q=n

µ
πm(Km)
ℓ

(

Hp(Γm,GrWk Hq(Wm,R,V
·))

)

.
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In order to explain the above statements, some remarks are in order:

Remark 1.5.2.3. (1) Reasoning as in [BW04℄, before De�nition 2.2, we see that

the fun
tor µ
πm(Km)
ℓ , a priori with values in Etℓ,R(Sπm(Km)), gives rise to a

fun
tor with values in Etℓ,R(Z), still denoted by the same symbol.

(2) (Qm/Wm)R (seen as a subgroup of Qm,R via the Levi de
omposition)

a
ts on Hq(Wm,R,V
·) via its a
tion on Wm and on V·

, and so it a
ts on

Hp(Γm, Hq(Wm,R,V
·)). Hen
e, the latter spa
e is seen as a representation of

Gm,R via the in
lusion Gm,R ⊂ (Qm/Wm)R.

(3) The statement of point (3) 
ontains in parti
ular the fa
t that

Gr

W
k Hp(Γm, Hq(Wm,R,V

·)) ≃ Hp(Γm,GrWk Hq(Wm,R,V
·)).

1.5.3 Kostant’s theorem.

The se
ond ingredient for the analysis of the weights is a theorem of

Kostant whi
h allows one to make expli
it the (Qm/Wm)R-representations
Hq(Wm,R,V

·) appearing in Theorem 1.7.

Fix a split redu
tive group G over a �eld of 
hara
teristi
 zero, with root system

r and Weyl group Υ. Denote by r+ the set of positive roots and �x moreover a

paraboli
 subgroup Q with its unipotent radi
al W . Let w be the Lie algebra

of W and rW the set of roots appearing inside w (ne
essarily positive). For

every w ∈ Υ, we de�ne:

r
+(w) := {α ∈ r|w−1α /∈ r

+}, (1.18)

l(w) := |r+(w)|, (1.19)

Υ′ := {w ∈ Υ|r+(w) ⊂ rW }. (1.20)

We 
an now state Kostant's theorem:

Theorem 1.8. ([Vog81, Thm. 3.2.3℄)

Let Vλ be an irredu
ible G-representation of highest weight λ, and let ρ be the

half-sum of the positive roots of G. Then, as (Q/W )-representations,

Hq(W,Vλ) ≃
⊕

w∈Υ′|l(w)=q

Uw.(λ+ρ)−ρ,

where Uµ denotes an irredu
ible (Q/W )-representation of highest weight µ.

In order to spell out the 
onsequen
es of this theorem in the 
ases of interest

to us, 
onsider our �xed Galois 
losure L of the totally real �eld F and the

group G underlying the Hilbert-Siegel Shimura datum of 1.2.0.1. We will apply

Kostant's theorem by 
hoosing G = GL and by setting Q/W equal to, for
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i = 0, 1, the Levi 
omponents (Qi/Wi)L of the standard paraboli
sQi,L, de�ned

as in 1.1.3. We have seen in 1.1.5 that the root system of GL is given by

r =
⊔

σ∈IF

rσ and that every 
omponent rσ 
ontains two simple roots ρ1,σ, ρ2,σ;

the other positive roots in su
h a 
omponent are then given by ρ1,σ + ρ2,σ and

2ρ1,σ + ρ2,σ.

Lemma 1.5.3.1. (1) Let Υ be the Weyl group of GL (
fr. 1.1.5) and denote

by Υ′
m, for m ∈ {0, 1}, the sets de�ned in (1.20), 
orresponding to the 
hoi
es

G = GL and Q = Qm,L. Then, in both 
ases, for every σ ∈ IF , there exist sets
Υ′

m,σ = {wi
σ}i=0,...,3 ⊂ Υσ su
h that l(wi

σ) = i for every i ∈ {0, . . . , 3} and that

Υ′
m =

∏

σ∈IF

Υ′
m,σ.

(2) For m = 0, 1, one has 0 ≤ l(w) ≤ 3d for every w ∈ Υ′
m. Moreover, for

every integer q ∈ {0, . . . , 3d}, there exists a bije
tion between the set {w ∈
Υ′

m | l(w) = q} and the set of q-admissible de
ompositions of IF

Pq := {de
ompositions IF =
⊔

i=0,...,3

IiF |

3
∑

i=0

i|IiF | = q}. (1.21)

Proof. (1) In the 
ase of (Q0/W0)L, by �xing a 
omponent rσ of the root

system of GL (
fr. 1.1.5), one easily sees that the positive roots whi
h are


ontained in su
h a 
omponent and whi
h appear in the Lie algebra of W0,L

are given by {ρ1,σ + ρ2,σ, 2ρ1,σ + ρ2,σ, ρ2,σ}.

Coherently with the notation of 1.1.5, denote by sρ the re�e
tion, belonging to
the Weyl group Υ, whose axis is orthogonal to the root ρ. By dire
t inspe
tion

of the a
tion of the 
omponent Υσ on rσ, we �nd that Υ′
0 =

∏

σ∈IF

Υ′
0,σ, where

the elements of the sets Υ′
0,σ = {wi

σ}i=0,...,3 are given by

w0
σ = id,

w1
σ = sρ2,σ ,

w2
σ = sρ1,σ+ρ2,σsρ2,σ ,

w3
σ = sρ1,σ+ρ2,σ .

These are the sets de�ned in the statement (for m = 0).

In the 
ase of (Q1/W1)L, �x again a 
omponent rσ of the root system of GL:

the positive roots 
ontained in this 
omponent whi
h appear inside the Lie

algebra of W1,L are given this time by {ρ1,σ, ρ1,σ + ρ2,σ, 2ρ1,σ + ρ2,σ}.

With notations as in the previous 
ase, we �nd that Υ′
1 =

∏

σ∈IF

Υ′
1,σ, where the

elements of the sets Υ′
1,σ = {wi

σ}i=0,...,3 ⊂ Υσ are given by
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w0
σ = id,

w1
σ = sρ1,σ ,

w2
σ = sρ1,σ+ρ2,σsρ1,σ ,

w3
σ = s2ρ1,σ+ρ2,σ .

Again, these are the sets appearing in the statement (for m=1).

(2) The pre
eding point implies that every w = (wσ)σ∈IF ∈ Υ′
m determines a

de
omposition

IF =
⊔

i=0,...,3

IiF

where IiF := {σ ∈ IF |wσ = wi
σ}. Hen
e, sin
e l((wσ)σ∈IF ) =

∑

σ∈IF

l(wσ), we get

the desired bounds on l(w). The bije
tion in the statement follows immediately.

Notation 1.5.3.2. For a integer q ∈ {0, . . . , 3d}, a q-admissible de
omposition

Ψ of IF will be denoted by Ψ = (I0F , I
1
F , I

2
F , I

3
F ). If only one of the four subsets,

say IiF , is non-empty, we will denote Ψ by the symbol IiF itself.

Fix now a irredu
ible GL-representation Vλ of highest weight λ =
λ((k1,σ , k2,σ)σ∈IF , c) (as de�ned in 1.1.6) and, for m = 0, 1, apply Theo-

rem 1.8 to identify the 
ohomology spa
es Hq(Wm,L, Vλ) as (Qm/Wm)L-
representations: employing the notation �xed in (1.21), we get isomorphisms

Hq(Wm,L, Vλ) ≃
⊕

Ψ∈Pq

V m,q
Ψ , (1.22)

where ea
h V m,q
Ψ is an irredu
ible (Qm/Wm)L-representation. With the nota-

tions of Lemma 1.5.3.1.(1), the expli
it 
omputation of w.(λ+ρ)−ρ for w ∈ Υ′
m

(as in [Lem15, Se
. 4.3℄) gives us the highest weight of su
h irredu
ible repre-

sentations, as stated in the following lemma:

Lemma 1.5.3.3. (1) Adopting Notation 1.5.3.2, the highest weight of the ir-

redu
ible (Q0/W0)L-representation V 0,q
Ψ in (1.22) is given by the restri
tion

(along the in
lusion (Q0/W0)L ⊂ Q0,L ⊂ GL) of the 
hara
ter

λ((η1,σ , η2,σ)σ∈IF , c), (1.23)

where

η1,σ =















k1,σ if σ ∈ I0F
k1,σ if σ ∈ I1F

k2,σ − 1 if σ ∈ I2F
−k2,σ − 3 if σ ∈ I3F

, η2,σ =















k2,σ if σ ∈ I0F
−k2,σ − 2 if σ ∈ I1F
−k1,σ − 3 if σ ∈ I2F
−k1,σ − 3 if σ ∈ I3F
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(2) Adopting Notation 1.5.3.2, the highest weight of the irredu
ible (Q1/W1)L-
representation V 1,q

Ψ is the restri
tion (along the in
lusion (Q1/W1)L ⊂ Q1,L ⊂
GL) of the 
hara
ter

λ((ǫ1,σ, ǫ2,σ)σ∈IF , c) (1.24)

where

ǫ1,σ =















k1,σ if σ ∈ I0F
k2,σ − 1 if σ ∈ I1F
−k2,σ − 3 if σ ∈ I2F
−k1,σ − 4 if σ ∈ I3F

, ǫ2,σ =















k2,σ if σ ∈ I0F
k1,σ + 1 if σ ∈ I1F
k1,σ + 1 if σ ∈ I2F
k2,σ if σ ∈ I3F

1.5.4 Cohomology of groups of units

We �nish this se
tion by re
alling, for the 
onvenien
e of the reader, some

standard arguments that will be useful in the analysis of the 
ohomology of

arithmeti
 groups appearing in Theorem 1.7.

Lemma 1.5.4.1. Let Γ be a free abelian group of �nite rank r, a
ting on a �nite-

dimensional ve
tor spa
e V over a �eld L by L-linear automorphisms. Suppose

that Γ a
ts through a 
hara
ter λ. Then, there exists an integer s su
h that the


ohomology spa
e Hs(Γ, V ) is non-trivial if and only if the a
tion of Γ on V is

trivial.

In this 
ase, Hs(Γ, V ) is non-trivial if and only if 0 ≤ s ≤ r, and for su
h

integers s we have (non-
anoni
ally)

Hs(Γ, V ) ≃ V (rs).

Proof. We pro
eed by indu
tion on the rank r, denoting by V Γ
the spa
e of

invariants of the Γ-a
tion on V and by VΓ the spa
e of 
oinvariants.

� If r = 1, we have Γ ≃ Z and it is then well-known that

Hs(Γ, V ) =











V Γ
if s = 0

VΓ if s = 1

{0} otherwise

Now, 
hoose a generator γ of Γ. Then, the spa
e V Γ
is non-trivial if and only if

there exists a non-zero element v ∈ V su
h that λ(nγ) · v = v for every n ∈ Z,

whi
h is equivalent to asking that λ(γ) = 1, i.e. that Γ a
t through the trivial


hara
ter. Analogously, the spa
e VΓ is non-trivial if and only if Γ a
ts trivially.

Thus, Hs(Γ, V ) ≃ V if s = 0, 1, and is trivial otherwise.
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� Suppose the assertion to be true for free abelian groups of rank r. If Γ ≃
Zr+1

, then 
hoose a basis of Γ as a Z-module and use it to de�ne an exa
t

sequen
e

0 → Zr → Γ → Z → 0 (1.25)

By the 
ase r = 1, the Lyndon-Ho
hs
hild-Serre spe
tral sequen
e asso
iated

to this exa
t sequen
e, i.e.

E2 = Hm(Z, Hn(Zr, V )) ⇒ Hm+n(Γ, V ) (1.26)

has only two non-trivial 
olumns (for n = 0, 1). Hen
e, for ea
h s ≥ 1, we have
an exa
t sequen
e

0 → H0(Z, Hs(Zr , V )) → Hs(Γ, V ) → H1(Z, Hs−1(Zr, V )) → 0

and moreover

H0(Γ, V ) ≃ H0(Z, H0(Zr, V )).

By the indu
tion hypothesis, Hs(Γ, V ) 
an be non-trivial only if 0 ≤ s ≤ r+1.
Moreover, if the a
tion of Γ is non-trivial, the subgroup isomorphi
 to Zr

appearing in (1.25) 
an be 
hosen as a
ting non-trivially on V , and in this


ase, by indu
tion, Hs(Γ, V ) is trivial for every s. If, on the 
ontrary, Γ a
ts

trivially, then the indu
ed a
tion of Z on the spa
es Hn(Zr, V ) is again trivial,

so that, by the 
ase r = 1, we have

H0(Γ, V ) ≃ H0(Z, H0(Zr, V )) ≃ H0(Zr, V ) ≃ V

and for every s ∈ {1, . . . , r + 1},

Hs(Γ, V ) ≃ (non-
anoni
ally) H0(Z, Hs(Zr , V ))⊕H1(Z, Hs−1(Zr , V )) ≃

(by the 
ase r = 1)

≃ Hs(Zr , V )⊕Hs−1(Zr, V ) ≃

(by the indu
tion hypothesis, and setting V ( r
r+1) = {0} by 
onvention)

≃ V (rs) ⊕ V ( r
s−1) ≃ V (r+1

s ).

The pre
eding lemma leads to the problem of determining the triviality of the

a
tion of some free abelian groups, whi
h in our 
ase will arise as subgroups of

units of totally real �elds. This is the obje
t of the following lemma:

Lemma 1.5.4.2. Let OF be the ring of integers of F and �x (0, . . . , 0) 6=
(n1, . . . , nd) ∈ Zd

. Then,

∏

i=1,...,d

|σi(t)|
ni = 1 for every t ∈ O×

F

if and only if (n1, . . . , nd) ∈ Z · (1, . . . , 1).
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Proof. Choose a basis {γ1, . . . , γd−1} of O
×
F as Z-module. Write t =

∏

0,...,d−1

γai

i ,


hoose a d-tuple of integers (n1, . . . , nd) 6= (0, . . . , 0), and de�ne

Λ :=







log|σ1(γ1)| . . . log|σd(γ1)|
.

.

. . . .
.

.

.

log|σ1(γd−1)| . . . log|σd(γd−1)|







Then, we have

∏

i=1,...,d

|σi(t)|
ni = 1 ∀ t

⇐⇒
∑

j=1,...,d−1



aj
∑

i=1,...,d

nilog|σi(γj)|



 = 0

∀ (a1, . . . , ad−1) 6= (0, . . . , 0) ∈ Zd−1

⇐⇒ 〈







a1
.

.

.

ad−1






,Λ ·







n1

.

.

.

nd






〉 = 0, ∀ (a1, . . . , ad−1) 6= (0, . . . , 0) ∈ Zd−1

(where 〈·, ·〉 is the standard s
alar produ
t in Rd−1
) ⇐⇒ (n1, . . . , nd) ∈ ker Λ.

But by Diri
hlet's unit theorem, ker Λ = R · (1, . . . , 1).

Remark 1.5.4.3. (1) By 
hoosing adapted bases, Lemma 1.5.4.2 generalises im-

mediately to the 
ase where O×
F is repla
ed by a �nite-index subgroup of O×

F ,

and furthermore to the 
ase where it is repla
ed by an arithmeti
 subgroup of

F×
.

(2) Consider the norm morphism N : O×
F → {±1}. As the image of a neat

subgroup by a morphism is again neat, the elements of a neat subgroup of

O×
F are of norm 1. Thus, if the neat subgroup Γ0,Z is a �nite-index subgroup

of O×
F , we have that

∏

i=1,...,d

|σi(t)|
ni = 1 ∀ t ∈ Γ0,Z ⇐⇒

∏

i=1,...,d

σi(t)
ni =

1 ∀ t ∈ Γ0,Z , and, by (1), Lemma 1.5.4.2 tells us that the a
tion of Γ0,Z

on a ve
tor spa
e by multipli
ation by

∏

i=1,...,d

σi(t)
ni

is trivial if and only if

(n1, . . . , nd) ∈ Z · (1, . . . , 1). This equivalen
e 
ontinues to hold in the general


ase where Γ0,Z is a (neat) arithmeti
 subgroup of F×
, again via (1).

2 The degeneration of the canonical construction at the bound-

ary

In this se
tion we prove our main result (Thm. 2.2), i.e. the des
ription of the

interval of weight avoidan
e of the motive i∗jλ∗V ∈ DMB,c(∂S
∗
K)L in terms of

the 
orank of λ.
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2.1 Statement of the main result

Re
all the notations used and introdu
ed in 1.4.3. In order to state our 
entral

theorem, we need some more notions about λ, espe
ially the notion of 
orank

(see the introdu
tion for a motivation in the 
ontext of automorphi
 forms):

Definition 2.1. (
fr. [BR16, Def. 1.9℄) Let λ = λ((k1,σ , k2,σ)σ∈IF , c)) (
fr.

1.1.6) be a weight of GL.

(1) k1 := (k1,σ)σ∈IF or k2 := (k2,σ)σ∈IF is 
alled parallel if ki,σ is 
onstant

on IF , equal to a positive integer κ (and we write ki = κ). For ea
h κ ∈ Z,

the weight λ is 
alled κ-Kostant parallel if there exists a de
omposition IF =
I0F

⊔

I1F su
h that

{

k1,σ = κ ∀σ ∈ I0F
k2,σ = κ+ 1 ∀σ ∈ I1F

The weight λ is 
alled Kostant parallel if there exists a κ su
h that λ is κ-
Kostant parallel.

(2) We de�ne the 
orank 
or(λ) of λ by


or(λ) =











0 if k2 is not parallel

1 if k2 is parallel and k1 6= k2

2 if k2 is parallel and k1 = k2

(3) λ is 
ompletely irregular if (k1,σ, k2,σ) is irregular for every σ ∈ IF .

Assume λ to be dominant. We make some observations that may help enlight-

ening the above de�nitions and their mutual relationships:

� If 
or(λ) = 2, then λ is 
ompletely irregular.

� If 
or(λ) ≥ 1, then λ is κ-Kostant parallel with respe
t to the de
omposition

IF = I1F , with k2 = κ+ 1; this de
omposition and this κ are then the only ones

su
h that both I1F 6= ∅ and λ is Kostant-parallel with respe
t to them.

� If 
or(λ) = 1 and λ is 
ompletely irregular, then ne
essarily k2 = 0.

� If 
or(λ) = 0, then there are at most a κ and a de
omposition IF = I0F
⊔

I1F
with respe
t to whi
h λ is κ-Kostant parallel.

Remark 2.1.0.1. The terminologyKostant parallel 
omes from the more spe
i�


terminology that will be introdu
ed in De�nitions 2.3 and 2.5 (see also Remark

2.3.3.1) and expresses the fa
t that some linear 
ombinations of the 
oordinates

of the 
hara
ter λ are required to take a 
onstant (parallel) value over 
ertain

subsets of IF . As the 
omputations leading to those de�nitions will make


lear, this terminology is motivated by the fa
t that su
h linear 
ombinations

and subsets arise from Lemma 1.5.3.3, whi
h is an appli
ation of Kostant's

theorem, Thm. 1.8.
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We 
an now state our main result, in the language of weight stru
tures intro-

du
ed in 1.5.1:

Theorem 2.2. Let Vλ be the irredu
ible representation of GL of highest weight

λ = λ((k1,σ , k2,σ)σ∈IF , c)),

SK the genus 2 Hilbert-Siegel variety of level K 
orresponding to (G,X) and
λV ∈ CHM(SK) the Chow motive over SK introdu
ed in De�nition 1.4. Let

moreover j : SK → S∗
K , resp. i : ∂S∗

K → S∗
K denote the open, resp. 
losed

immersion in the Baily-Borel 
ompa
ti�
ation S∗
K of SK . Then:

1. If λ is not Kostant parallel, then the boundary motive i∗jλ∗V is zero.

2. Suppose that 
or(λ) = 0 and that λ is κ-Kostant parallel. Denote d1 :=
|I1F |. Then i∗jλ∗V avoids weights −d1−dκ+1, . . . , d1+dκ and the weights

−d1 − dκ, d1 + dκ+ 1 do appear in i∗jλ∗V.

3. Suppose that 
or(λ) = 1, with k2 = κ2, and that k1 is not parallel. Then

i∗jλ∗V avoids weights −dκ2+1, . . . , dκ2 and the weights −dκ2, dκ2+1 do

appear in i∗jλ∗V.

4. Suppose that 
or(λ) ≥ 1, with k2 = κ2, and that k1 = κ1. Denote

κ := min{κ1 − κ2, κ2}. Then i∗jλ∗V avoids weights −dκ+ 1, . . . , dκ. The
weights −dκ2, dκ2 + 1 do appear in i∗jλ∗V, and if κ1, κ2 have the same

parity

4

, then the weights −d(κ1−κ2), d(κ1−κ2)+1 do appear in i∗jλ∗V.

The proof of theorem 2.2 will be 
ompleted at the end of paragraph 2.5.2,

by invoking Theorem 1.6 and after having employed all the tools re
alled in

Subse
tion 1.5. Admitting this theorem for the moment, we 
an prove its most

important 
orollary for the appli
ations to the interse
tion motive (see Se
tion

3), i.e. the following 
hara
terization of the absen
e of the weights 0 and 1:

Corollary 2.1.0.2. The weights 0 and 1 appear in the boundary motive i∗jλ∗V
if and only if λ is 
ompletely irregular of 
orank ≥ 1.

Proof. Suppose λ to be κ-Kostant parallel with respe
t to (I0F , I
1
F ) (otherwise,

by point (1) of the above theorem, there is nothing to do).

If 
or(λ) = 0, then, by point (2) of the above theorem, the weights 0 and 1
appear if and only if d1 = 0 = κ. But d1 = 0 means that I1F = ∅, i.e. I0F = IF ,
and by de�nition of Kostant-parallelism this implies k1 = κ. Now, ne
essarily
κ > 0, be
ause otherwise k2 = 0 (remember that k1,σ ≥ k2,σ for every σ ∈ IF )
and 
or(λ) = 2, a 
ontradi
tion.

If 
or(λ) = 1, with k2 = κ2, then, by point (3) and (4) of the above theorem,

the weights 0 and 1 appear if and only if κ2 = 0; observe in fa
t that, even if

k1 = κ1, we have κ1 − κ2 > 0 (otherwise 
or(λ) = 2, a 
ontradi
tion). But if

κ2 = 0, λ is 
ompletely irregular.

4

Cfr. Footnote 5 for this supplementary hypothesis.
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If 
or(λ) = 2, then k1 = κ = k2; this means that λ is 
ompletely irregular, and

implies that, in point (4) of the above theorem, the parity 
ondition is trivially

satis�ed and that κ1 − κ2 = 0, so that the weights 0 and 1 appear.

To 
on
lude, we only have to observe that if 
or(λ) ≥ 1 and λ is 
ompletely

irregular, either k2 = 0 or k1 = κ = k2 (
fr. the observations after Def.

2.1).

The rest of this se
tion is devoted to the proof of Thm. 2.2, following the

outline given in the introdu
tion.

2.2 The degeneration along the Siegel strata

With notation as in the statement of Thm. 2.2, �x a irredu
ible GL-

representation Vλ of highest weight λ = λ((k1,σ , k2,σ)σ∈IF , c): we want to em-

ploy Theorem 1.7 to study the degeneration of µK
ℓ (Vλ) along the Siegel strata,

whose underlying Shimura datum is (G0,H0), where G0 ≃ Gm, as explained in

1.3.2.

2.2.1 Weights in the cohomology of the unipotent radical.

We start by identifying the possible weights appearing in the degeneration along

the Siegel strata, i.e. in the (Q0/W0)L-representations

Hq(W0,L, Vλ) ≃
⊕

Ψ∈Pq

V 0,q
Ψ , (2.1)

for q ∈ {0, . . . , 3d} (
fr. (1.22)). Re
all from (1.5) that we have

(Q0/W0)L ≃ Gm,L ×
∏

σ∈IF

(GL2,L)σ

Let us then 
ompute the weight of the pure Hodge stru
ture 
arried by ea
h

irredu
ible summand V 0,q
Ψ .

Lemma 2.2.1.1. For every q ∈ {0, . . . , 3d} and for every q-admissible de
ompo-

sition Ψ as in Notation 1.5.3.2, the a
tion of the Gm,L-fa
tor inside (Q0/W0)L
indu
es on V 0,q

Ψ a pure Hodge stru
ture of weight

w(λ) − [
∑

σ∈I0
F

(k1,σ + k2,σ) +
∑

σ∈I1
F

(k1,σ − k2,σ − 2)+

−
∑

σ∈I2
F

(k1,σ − k2,σ + 4)−
∑

σ∈I3
F

(k1,σ + k2,σ + 6)].

Proof. By the dis
ussion in 1.1.3, the L-points of the Gm,L-fa
tor are identi�ed

with the subgroup

{(

(

αI2
I2

)

)σ∈IF |α ∈ L×}
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of Q0/W0(L). With the notation of Lemma 1.5.3.3.(1) for the highest weight

of the representation V 0,q
Ψ , and re
alling (1.8), we see that Gm,L(L) a
ts on

V 0,q
Ψ via the 
hara
ter

α 7→ α

1
2 ·[c+

∑

σ∈IF

(η1,σ+η2,σ)]

, (2.2)

By the 
onvention �xed in 1.4.1 and the de�nition in (1.11) of the Shimura

datum (G0,H0), the expression for η1,σ and η2,σ given in Lemma 1.5.3.3.(1)

yields the formula in the statement.

Noti
e for later use that if V is the standard 2-dimensional L-representation
of GL2,L, the above 
omputations imply that the representation obtained by

restri
tion to the fa
tor

∏

σ∈IF

(GL2,L)σ of (Q0/W0)L is isomorphi
 to

(
⊗

σ∈I0
F

Sym

k1,σ−k2,σ
V⊗ det

k2,σ )⊗ (
⊗

σ∈I1
F

Sym

k1,σ+k2,σ+2
V⊗ det

−k2,σ−2)⊗

⊗(
⊗

σ∈I2
F

Sym

k1,σ+k2,σ+2
V⊗ det

−k1,σ−3)⊗ (
⊗

σ∈I3
F

Sym

k1,σ−k2,σ
V⊗ det

−k1,σ−3)

(2.3)

2.2.2 Cohomology of the arithmetic subgroup.

Consider now the arithmeti
 group Γ0 of Rmk. 1.5.2.2: a

ording to Theorem

1.7, and remembering (2.17), we need to identify the 
ohomology spa
es

Hp(Γ0, H
q(W0,L, Vλ)) ≃

⊕

Ψ∈Pq

Hp(Γ0, V
0,q
Ψ ) (2.4)

and their weight-graded obje
ts Gr

W
k Hp(Γ0, H

q(W0,L, Vλ)) ≃
⊕

Ψ∈Pq
Hp(Γ0,Gr

W
k V 0,q

Ψ ) (
fr. Remark 1.5.2.3(3)). As the 
ohomologi
al

dimension of W0,L is 3d, these spa
es 
an be non-zero only for q ∈ {0, . . . , 3d}.
We are now going to put further restri
tions on the non-triviality of su
h

spa
es.

Constru
tion 2.2.2.1. Γ0 is identi�ed with a neat (hen
e, torsion-free) arith-

meti
 subgroup of

ResF |QGL2,F (Q) = GL2(F )

(Remark 1.5.2.2). Let π be the proje
tion GL2(F ) ։ GL2(F )/Z(GL2(F ))
and de�ne Γ0,Z := Γ0 ∩ Z(GL2(F )) and Γ′

0 := π(Γ0) (non trivial, torsion-free

arithmeti
 subgroups of Z(GL2(F )) ≃ F×
, resp. PGL2(F )). Then, Γ0 
an be

written as an extension

1 → Γ0,Z → Γ0
π
−→ Γ′

0 → 1, (2.5)
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and applying the Lyndon-Ho
hs
hild-Serre spe
tral sequen
e to this extension

E2 = Hr(Γ′
0, H

s(Γ0,Z , V
0,q
Ψ )) ⇒ Hr+s(Γ0, V

0,q
Ψ ) (2.6)

we see that every subspa
e Hp(Γ0, V
0,q
Ψ ) is (non-
anoni
ally) isomorphi
 to a

dire
t sum

⊕

r+s=p

U r,s
(2.7)

where every U r,s
is a subquotient of Hr(Γ′

0, H
s(Γ0,Z , V

0,q
Ψ )). Thus, if

Hs(Γ0,Z , V
0,q
Ψ ) is zero for every s, then Hp(Γ0, V

0,q
Ψ ) is.

Lemma 1.5.4.1 gives ne
essary 
onditions for the non-triviality of the 
ohomol-

ogy of a free abelian group a
ting on a ve
tor spa
e. The following lemma tells

us when these 
onditions are veri�ed in a spe
i�
 
ase:

Lemma 2.2.2.2. Let Γ0,Z be the group de�ned in Constru
tion 2.2.2.1. Then,

its a
tion on on V 0,q
Ψ is trivial if and only if there exists an integer κ su
h that















k1,σ + k2,σ = κ ∀σ ∈ I0F
k1,σ − k2,σ − 2 = κ ∀σ ∈ I1F

−(k1,σ − k2,σ + 4) = κ ∀σ ∈ I2F
−(k1,σ + k2,σ + 6) = κ ∀σ ∈ I2F

(2.8)

(remembering Notation 1.5.3.2).

Proof. By Diri
hlet's unit theorem, we have that ResF |Q Gm,F (Z) ≃ O×
F ≃

Zd−1×Z/2Z. On the other hand, the torsion-free group Γ0,Z is 
ommensurable

to O×
F . The group Γ0,Z is then isomorphi
 to Zd−1

. By 
hoosing generators

γ1, . . . , γd−1, and remembering the dis
ussion in 1.1.3, it is then identi�ed with

the subgroup

{(









σ(t)
σ(t)

σ(t)−1

σ(t)−1









)σ∈IF |t = γp1

1 . . . γ
pd−1

d−1 , p1, . . . , pd−1 ∈ Z}

→֒ Q0/W0(L).

Re
alling the expression for the highest weight of the representation V 0,q
Ψ given

in Lemma 1.5.3.3.(1), we see that an element t = γp1

1 . . . γ
pd−1

d−1 ∈ Γ0,Z a
ts on

V 0,q
Ψ via multipli
ation by

∏

σ∈IF

σ(t)η1,σ+η′
2,σ =

∏

σ∈I0
F

σ(t)k1,σ+k2,σ ·
∏

σ∈I1
F

σ(t)k1,σ−k2,σ−2 ·

·
∏

σ∈I2
F

σ(t)−(k1,σ−k2,σ+4) ·
∏

σ∈I3
F

σ(t)−(k1,σ+k2,σ+6).

The 
ondition in the statement then follows by applying Lemma 1.5.4.2, via

Remark 1.5.4.3.
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Definition 2.3. If λ satis�es the above 
ondition with respe
t to a q-admissible

de
omposition Ψ and to κ ∈ Z, we say that λ is (κ, 0)-Kostant parallel with
respe
t to Ψ.

Definition 2.4. A q-admissible de
omposition Ψ is said to be (λ, 0)-admissible

if there exists κ ∈ Z su
h that λ is (κ, 0)-Kostant parallel with respe
t to Ψ.
The set of q-admissible de
ompositions whi
h are moreover (λ, 0)-admissible

will be denoted by P
(λ,0)
q .

With these de�nitions in hand, we 
an prove:

Lemma 2.2.2.3. For every s /∈ {0, . . . , d − 1}, the 
ohomology spa
e

Hs(Γ0,Z , V
0,q
Ψ ) is trivial. For every s ∈ {0, . . . , d − 1}, it is non-trivial if and

only if λ is (κ, 0)-Kostant parallel with respe
t to Ψ and one of the following

two 
onditions holds:

1. IF = I0F ⊔ I1F . In this 
ase, q ∈ {0, . . . , d} and Gr

W
w(λ)−dκV

0,q
Ψ 6= {0};

2. IF = I2F ⊔ I3F . In this 
ase, q ∈ {2d, . . . , 3d} and Gr

W
w(λ)−dκV

0,q
Ψ 6= {0}.

Proof. We make �rst a preliminary observation: suppose that λ satis�es (2.8)

for a 
ertain q-admissible de
omposition Ψ. We see then that if I0F ⊔ I1F is non

empty, then κ ≥ −2, and that if I2F ⊔ I3F is non-empty, then κ ≤ −4. This

follows from the formulae in (2.8) and from the fa
t that, sin
e λ is dominant,

k1,σ ≥ k2,σ ≥ 0 for every σ ∈ IF .

Now, Lemma 1.5.4.1 says that for ea
h s ∈ {0, . . . , d − 1}, Hs(Γ0,Z , V
0,q
Ψ ) is

non-trivial if and only if the a
tion of Γ0,Z is trivial, i.e. if and only if 
ondition

(2.8) is satis�ed. But in this 
ase, the previous observation says that only one

of the subsets I0F ⊔ I1F , I
2
F ⊔ I3F 
an be non-empty. Then, in both situations,

the assertion on q 
omes from the de�nition of q-admissible de
omposition (Eq.

(1.21)), while the assertion on the weight appearing in V 0,q
Ψ 
omes by 
omparing

the 
omputation of Lemma 2.2.1.1 with the formulae in (2.8).

Remark 2.2.2.4. The above lemma, whi
h is an essential step towards Theorem

2.2, impli
itly makes use of the �
oin
iden
es� in the 
omputations in Lemma

2.2.1.1 and in (2.8), i.e. of the fa
t that the linear 
ombinations of 
oordinates

of 
hara
ters that appear in the two 
ases are the same. This 
an be rephrased

as follows. With M0 as in Notation 1.5.2.1, let ι : Gm,L → Z(M0)L be the 
om-

position of the adjun
tion embedding Gm,L →֒ Gd
m,L and of the isomorphism

Gd
m,L ≃ Z(M0)L dedu
ed from the isomorphism (Q0/W0)L ≃ G0,L ×M0,L ≃

Gm,L ×
∏

σ∈IF

(GL2,L)σ. Let moreover w : Gm,R → S, resp. k : S → G0,R be the


o
hara
ter de�ned in 1.4.1, resp. the morphism de�ning the Shimura datum


orresponding to G0. Then, for every λ, Lemma 2.2.1.1 and (2.8) show that

we have

λ|G0,R
◦ k ◦ w = λ|Z(M0)R

◦ ιR. (2.9)
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In other words, the �Hodge weight�, determined by the restri
tion of λ to the


enter of the G0-
omponent of Q0/W0, equals the (a priori di�erent) 
hara
ter

obtained by restri
tion to the 
enter of the M0-
omponent.

This is indeed a general phenomenon, as we explain now. Denote by A the

maximal Q-split torus in the 
enter of (Q0/W0) ∩Gder

, whi
h is a subgroup of

Z(M0) isomorphi
 to Gm. If ιA is the isomorphism A ≃ Gm obtained in the

same way as ι, then λ|Z(M0)R
◦ ιR = λ|AR

◦ ιA,R. Hen
e, we see that (2.9) is

a 
onsequen
e of [LR91, Prop. 6.4℄: the proof in lo
. 
it. is valid for general

Shimura data and is based on the des
ription of the a
tion of A (through λ)
via lo
al He
ke operators.

Observe now that, by the 
onsiderations in Costru
tion 2.2.2.1, the ne
essary


onditions for non-triviality of the 
ohomology of Γ0,Z give ne
essary 
onditions

for non-triviality of the 
ohomology of the bigger group Γ0. Applying this, and

employing De�nition 2.4, the isomorphism from Theorem 1.7.(2) for a stratum

Z of ∂S∗
K 
ontributing to Z0 now be
omes

Rni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z
≃

⊕

p+q=n

µ
π0(K0)
ℓ (

⊕

Ψ∈P(λ,0)
q

Hp(Γ0, V
0,q
Ψ )). (2.10)

We are interested in the weight-graded obje
ts

Gr

W
k Rni∗0i

∗j∗µ
K
ℓ (Vλ)

∣

∣

Z
≃

⊕

p+q=n

µ
π0(K0)
ℓ (

⊕

Ψ∈P(λ,0)
q

Hp(Γ0,Gr
W
k V 0,q

Ψ )). (2.11)

We are going to �nd a se
ond set of ne
essary 
onditions for these obje
ts to

be non-trivial, through a dévissage whi
h is �orthogonal� to the one des
ribed

in Remark 2.2.2.1.

Constru
tion 2.2.2.5. The groups Γ0,ss := Γ0 ∩ SL2(F ), resp. det Γ0 are non-

trivial subgroups of SL2(F ), resp. F×
, whi
h are again arithmeti
 and torsion-

free. In parti
ular, det Γ0 ≃ Zd−1
(as in the proof of Lemma 2.2.2.2). Moreover,

Γ0 
an be written as an extension

1 → Γ0,ss → Γ0
det

−−→ det Γ0 → 1,

so that the Lyndon-Ho
hs
hild-Serre spe
tral sequen
e applied to this extension

E2 = Hr(det Γ0, H
s(Γ0,ss, V

0,q
Ψ )) ⇒ Hr+s(Γ0, V

0,q
Ψ )

tells us that ea
h spa
e Hp(Γ0, V
0,q
Ψ ) is (non-
anoni
ally) isomorphi
 to a dire
t

sum

⊕

r+s=p

N r,s

where ea
h N r,s
is a subquotient of Hr(det Γ0, H

s(Γ0,ss, V
0,q
Ψ )). If

Hr(det Γ0, H
s(Γ0,ss, V

0,q
Ψ )) is zero for every r or Hs(Γ0,ss, V

0,q
Ψ ) is zero

for every s, then Hp(Γ0, V
0,q
Ψ ) is zero, too.
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For every integer q ∈ {0, . . . , 3d}, we know by (2.3) that det Γ0 a
ts on V 0,q
Ψ , and

a fortiori on its subspa
e H0(Γ0,ss, V
0,q
Ψ ), via multipli
ation by the 
hara
ter

χ de�ned by

t 7→
∏

σ∈I0
F

σ(t)k2,σ ·
∏

σ∈I1
F

σ(t)−k2,σ−2 ·
∏

σ∈I2
F

σ(t)−k1,σ−3 ·
∏

σ∈I3
F

σ(t)−k1,σ−3
(2.12)

and the following lemma will allow us to identify the 
ohomology spa
es 
or-

responding to this a
tion:

Lemma 2.2.2.6. Let λ = λ(k1, k2, c) be (κ, 0)-Kostant parallel with respe
t to a

q-admissible de
omposition Ψ of IF (notation as in 1.5.3.2). Fix s ∈ {0, . . . , 3d}
and suppose that Hs(Γ0,ss, V

0,q
Ψ ) is non-zero. For every r ∈ {0, . . . , d− 1},

Hr(det Γ0, H
s(Γ0,ss, V

0,q
Ψ )) 6= {0} ⇐⇒ H0(det Γ0, H

s(Γ0,ss, V
0,q
Ψ )) 6= {0}

⇐⇒ one of the following 
onditions is satis�ed:

1. IF = I0F and k2 is parallel. In this 
ase, q = 0;

2. IF = I1F and k2 is parallel. In this 
ase, q = d;

3. IF = I2F ⊔ I3F and su
h that k1 is parallel. In this 
ase, q ∈ {2d, . . . , 3d}.

Proof. The point is to redu
e oneself to the 
ase where the a
tion of det Γ0

on the spa
es Hs(Γ0,ss, V
0,q
Ψ ), for s > 0, remains semisimple. Now, if [Φ] ∈

Hs(Γ0,ss, V
0,q
Ψ ) is the 
lass of a s-
o
y
le

Φ ∈ HomL[Γ0,ss](L[Γ0,ss]
s+1, V 0,q

Ψ ),

then, for t ∈ det Γ0, the element t.[Φ] ∈ Hs(Γ0,ss, V
0,q
Ψ ) equals the 
lass of the

morphism

t.Φ ∈ HomL[Γ0,ss](L[Γ0,ss]
s+1, V 0,q

Ψ )

that to every (t0, . . . , ts) asso
iates χ(t)Φ(t̃
−1(t0, . . . , ts)t̃) (where t̃ is any lifting

of t in Γ0, and χ is as in (2.12)).

Consider now the subgroup of Γ0 de�ned in the proof of Lemma 2.2.2.2, whi
h

is free abelian, generated by {γ1, . . . , γd−1}. The elements {(γ1)
2, . . . , (γd−1)

2}
generate a free abelian subgroup Γ̃ of det Γ0, of rank d − 1, ea
h of whose

elements has a 
entral lifting in Γ0. Then, for every s, Γ̃ still a
ts via

the 
hara
ter χ on Hs(Γ0,ss, V
0,q
Ψ ). We 
an now apply Lemma 1.5.4.1 and

Remark 1.5.4.3 to Γ̃ and 
on
lude that if Hs(Γ0,ss, V
0,q
Ψ ) is non-zero, then

Hr(Γ̃, Hs(Γ0,ss, V
0,q
Ψ )) ≃ H0(Γ̃, Hs(Γ0,ss, V

0,q
Ψ ))(

d−1
r ) 6= {0} if and only if (re-

membering the de�nition of χ) there exists an integer θ su
h that















k2,σ = θ ∀σ ∈ I0F
−k2,σ − 2 = θ ∀σ ∈ I1F
−k1,σ − 3 = θ ∀σ ∈ I2F
−k1,σ − 3 = θ ∀σ ∈ I3F
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Now re
all that k1,σ ≥ k2,σ ≥ 0: the above 
ondition is then equivalent to

the one in the statement. Remember that pre
isely under this 
ondition, the


hara
ter χ is trivial.

In order to �nish the proof, put F := det Γ0/Γ̃: it is a �nite group, that we


an assume non trivial, of a 
ertain order f (otherwise, there is nothing else

to do). Let {φ1 . . . , φf} be a system of representatives of F inside det Γ0 and

denote by e the endomorphism of multipli
ation by

1
f

f
∑

i=1

χ(φi). By 
onsidering

the Lyndon-Ho
hs
hild-Serre spe
tral sequen
e asso
iated to this quotient and

by applying [Wei94, Prop. 6.1.10℄, we see that

Hr(det Γ0, H
s(Γ0,ss, V

0,q
Ψ )) ≃ H0

(

F , Hr(Γ̃, Hs(Γ0,ss, V
0,q
Ψ ))

)

≃

≃ e ·Hr(Γ̃, Hs(Γ0,ss, V
0,q
Ψ ))

Now, if e is not the zero endomorphism, then e · Hr(Γ̃, Hs(Γ0,ss, V
0,q
Ψ )) ≃

Hr(Γ̃, Hs(Γ0,ss, V
0,q
Ψ )), and the lemma is demonstrated. But in the 
ase we are

working in, χ is trivial, and e is just the identity morphism.

The third and last set of ne
essary 
onditions for non-triviality of the 
ohomol-

ogy of Γ0 
omes from general results on the 
ohomology of lo
ally symmetri


spa
es.

Lemma 2.2.2.7. The following statements hold.

(1) The 
ohomology spa
e Hp(Γ0, V
0,q
Ψ ) is trivial for every p < 0 and all p >

3d− 2.

(2) If the irredu
ible representation V 0,q
Ψ is non-trivial as a SL

d
2,L-

representation, then Hp(Γ0, V
0,q
Ψ ) = {0} for every 0 ≤ p < d.

Proof. 1. Re
all from Notation 1.5.2.1 the group M0 ≃ ResF |QGL2,F , and

denote by K∞ a maximal 
ompa
t subgroup of M0(R) (isomorphi
 to

∏

σ∈IF

O2(R)), by AM0 the group S(R)0 (for S the maximal Q-split torus in-

side Z(M0)) and by H the 
omplex upper half plane. Then, the symmetri


spa
e asso
iated to M0 is de�ned by D := M0(R)/K∞AM0 ≃ Hd × Rd−1
,

and every V 0,q
Ψ (as a M0,L-representation) de�nes a lo
al system V

0,q
Ψ on

XΓ0 := D/Γ0 su
h that Hp(Γ0, V
0,q
Ψ ) ≃ Hp(XΓ0 ,V

0,q
Ψ ) for every p. Let now

R(·), resp. rQ(·) denote the radi
al, resp. the Q-rank of a Q-algebrai
 group.

The statement then follows from [BS73, Thm. 11.4.4℄, taking into a

ount that

dim(D)− rQ(M0/R(M0)) = 3d− 2.

2. Re
all the group Γ0,ss de�ned in Constru
tion 2.2.2.5, de�ne the (
omplex

analyti
, 
onne
ted) Hilbert-Blumenthal variety XΓ0,ss as Γ0,ss\H
d
and abu-

sively also denote by V
0,q
Ψ the lo
al system on XΓ0,ss indu
ed by the restri
tion

of the representation V 0,q
Ψ to M der

0,L ≃ (ResF |QSL2,F )L ≃ SL

d
2,L. Then, for every
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p, we have Hp(Γ0,ss, V
0,q
Ψ ) ≃ Hp(XΓ0,ss ,V

0,q
Ψ ). The statement now follows from

the fa
t that Hp(XΓ0,ss ,V
0,q
Ψ ) = {0} for every 0 ≤ p < d if V

0,q
Ψ is non-trivial

([M-SSYZ15, Thm. 1.1(i)℄) and by employing the 
onsiderations at the end of

Constru
tion 2.2.2.5.

2.2.3 Computation of weights along the Siegel strata.

We 
an �nally des
ribe the weights appearing in the degeneration of the 
anon-

i
al 
onstru
tion along the Siegel strata, in the 
ohomologi
al degrees whi
h

we will need in the sequel:

Proposition 2.2.3.1. Let Vλ be the irredu
ible L-representation of GL of high-

est weight λ = λ((k1,σ , k2,σ)σ, c) and Z a stratum of ∂S∗
K whi
h 
ontributes to

Z0. Adopt Notation 1.5.3.2 and the notation of De�nition 2.1.

1. Let n < 0 or n > 6d − 2. Then the 
ohomology sheaf Rni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z
is

zero.

2. Let 0 ≤ n < d. Then the 
ohomology sheaf Rni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z

an be non-

zero only if k1 = κ0 = k2. In this 
ase,

Rni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z
≃ µ

π0(K0)
ℓ (Hn(Γ0, V

0,0
I0
F

))

is pure of weight w(λ) − 2dκ0. If n = 0, then it is non-zero.

3. Let n ∈ {d, . . . , 2d− 1}. Then the 
ohomology sheaf Rni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z

an

be non-zero only if k1 = κ1 and k2 = κ2. In this 
ase,

Rni∗0i
∗j∗µ

K
ℓ (Vλ)Z ≃ µ

π0(K0)
ℓ (Hn(Γ0, V

0,0
I0
F

)) (2.13)

is pure of weight w(λ)− d(κ1 + κ2). If κ1 6= κ2 and n = d, then it is non-zero.

4. Let n ∈ {2d, . . . , 3d− 1}. Then the 
ohomology sheaf Rni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z

an

be non-zero only if k1 = κ1 and k2 = κ2. In this 
ase, it is isomorphi
 to

µ
π0(K0)
ℓ (Hn(Γ0, V

0,0
I0
F

))⊕ µ
π0(K0)
ℓ (Hn−d(Γ0, V

0,d
I1
F

)),

where the �rst fa
tor is isomorphi
 to

Gr

W
w(λ)−d(κ1+κ2)R

ni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z

and the se
ond one to

Gr

W
w(λ)+2d−d(κ1−κ2)R

ni∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z

If n = 2d, then the se
ond fa
tor is non-zero.
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Proof. We begin by proving the ne
essary 
onditions for the non-vanishing of

the 
ohomology sheaves.

1. Clear from Remark 2.2.2.7.(1) and from the fa
t that the representations

V 0,q
Ψ are trivial for q > 3d.

2. The isomorphisms (2.10) and Lemma 2.2.2.6 (taking into a

ount the 
on-

siderations at the end of Constru
tion 2.2.2.5) imply that, in order to have

non-zero 
ohomology obje
ts in degree 0 ≤ n < d, k2 has to be parallel and

that q 
an only take the value 0. On the other hand, adding the Kostant-

parallelism 
onditions imposed by Lemma 2.2.2.3, we obtain that k1 has to be

parallel, too. Moreover, by hypothesis, we are in the 
ase p ∈ {0, . . . , d − 1},
but in this interval, by Lemma 2.2.2.7.(2), V 0,0

I0
F


an have non-trivial 
ohomol-

ogy obje
ts only if it is the trivial SL

d
2,L-representation. Now, looking at the

des
ription in (2.3), we see that this is the 
ase if and only if k1 and k2 are

equal.

3. The isomorphisms (2.10) and Lemma 2.2.2.6 (taking into a

ount the 
on-

siderations at the end of Constru
tion 2.2.2.5) imply that, in order to have

non-zero 
ohomology obje
ts in degree d ≤ n < 2d, k2 has to be parallel and

that q 
an only take the values 0 or d. Again, the Kostant-parallelism 
ondi-

tions imposed by Lemma 2.2.2.3 imply that k1 has to be parallel, too. Now

if q = d, then p ∈ {0, . . . , d − 1}, and in this interval, by Lemma 2.2.2.7.(2),

V 0,d
I1
F


an have non-trivial 
ohomology obje
ts only if it is the trivial SL

d
2,L-

representation; but the des
ription in (2.3) shows that this is never the 
ase.

The only remaining possibility is then q = 0 and p ∈ {d, . . . , 2d− 1}.

4. Arguing as above, we see that k1 and k2 have to be parallel, and that q

an only take values in {0, d, 2d, . . . , 3d}. The 
ases q = 0 and q = d give

the two summands in the statement. If 2d ≤ q ≤ 3d − 1, then the fa
t that

p ∈ {0, . . . , d−1} and Lemma 2.2.2.7.(2) imply that the spa
esHp(Γ0, V
0,q
Ψ ) 
an

give non-trivial 
ontributions to the 
ohomology obje
ts if and only if V 0,q
Ψ is the

trivial SL

d
2,L-representation. However, this is never the 
ase, by the des
ription

in (2.3) (remember that in this 
ase, Ψ is of the form (∅,∅, I2F 6= ∅, I3F )).

Finally, in all 
ases, the statements about weight-graded obje
ts follow from Re-

mark 2.2.2.3 and from the isomorphisms (2.11), while the non-triviality state-

ments are 
onsequen
es of the following proposition.

Proposition 2.2.3.2. Let λ, Vλ and Z be as in Proposition 2.2.3.1. If k1 = κ1

and k2 = κ2, then:

1. if κ1 = κ2, then the lisse ℓ-adi
 sheaf µ
π0(K0)
ℓ (H0(Γ0, V

0,0
I0
F

)) on Z is non-

zero;

2. if κ1 6= κ2, then the lisse ℓ-adi
 sheaf µ
π0(K0)
ℓ (Hd(Γ0, V

0,0
I0
F

)) on Z is non-

zero;
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3. the lisse ℓ-adi
 sheaf µ
π0(K0)
ℓ (Hd(Γ0, V

0,d
I1
F

)) on Z is non-zero. If moreover

κ1 and κ2 have the same parity

5

, it is lo
ally of dimension > h, where h :=
|Γ0,ss\P

1(F )| is the (stri
tly positive) number of 
usps of the (
omplex

analyti
, 
onne
ted) Hilbert-Blumenthal variety XΓ0,ss introdu
ed in the

proof of Lemma 2.2.2.7.(2).

Proof. If κ1 = κ2, then the spe
tral sequen
e 
onsidered in Constru
tion 2.2.2.5

shows that the spa
e H0(Γ0, V ) is isomorphi
 to H0(det Γ0, H
0(Γ0,ss, V )),

whi
h, by the proof of Lemma 2.2.2.6, is in turn isomorphi
 to H0(Γ0,ss, V ).

Moreover, the des
ription in (2.3) tells us that here, V is the trivial SL

d
2,L-

representation, and thus, it is a 1-dimensional L-ve
tor spa
e. This shows

point (1).

Assume then to be in one of the two following 
ases: either κ1 6= κ2 and V is the

irredu
ible SL

d
2,L-representation V 0,0

I0
F

(whi
h in this 
ase is non-trivial), or V :=

V 0,d
I1
F

(whi
h by the des
ription in (2.3) is then isomorphi
 to

⊗

σ∈IF

Sym

κ1+κ2+2
V,

where V is the standard 2-dimensional L-representation of SL2,L, so that V 0,d
I1
F

is never trivial).

In both 
ases, the same Remark 2.2.2.5 and Remark 2.2.2.7 show that the spa
e

Hd(Γ0, V ) is isomorphi
 to H0(det Γ0, H
d(Γ0,ss, V )), whi
h by the hypothesis

on k1 and k2 and by the proof of Lemma 2.2.2.6 is in turn isomorphi
 to

Hd(Γ0,ss, V ). Now, for every integer κ̃ > 0, [M-SSYZ15, Thm. 1.1(iv)℄ shows

that dim Hd(Γ0,ss,
⊗

σ∈IF

Sym

κ̃
V) = h + δ(Γ0,ss, κ̃), where δ(Γ0,ss, κ̃) is a non-

negative integer whi
h depends on Γ0,ss and on κ̃. This is enough to show (2)
and the �rst half of (3).
To �nish the proof of (3), suppose that κ1 and κ2 have the same parity and

put κ1 + κ2 =: 2κ. We will show that, in this 
ase, δ := δ(Γ0,ss, 2κ + 2) > 0.
A
tually, [M-SSYZ15, Thm. 1.1 (iv)℄ shows that, more pre
isely, δ = hIF + δ′,
where δ′ is a 
ertain positive integer and hIF is the dimension of the spa
e of


usp forms of (parallel) weight 2κ+4 with respe
t to the group Γ0,ss. Thus, in

order to 
on
lude, it is enough to show that this dimension is stri
tly positive.

Let XΓ0,ss be the 
omplex analyti
 Hilbert-Blumenthal variety asso
iated to

Γ0,ss. A

ording to [Fre90, Chap. II, Thm. 3.5℄, we have

hIF = vol(XΓ0,ss)(2κ+ 3)d + Lcusp, (2.14)

where Lcusp is a (not ne
essarily positive) integer whi
h does not depend on κ
(re
all that Γ0,ss is neat). Now, if d is odd, then the dis
ussion in [Fre90, page

111℄ implies that Lcusp = 0, so that we obtain hIF > 0, as desired.
If instead d is even, let us 
onsider a smooth toroidal 
ompa
ti�
ation X̄Γ0,ss of

XΓ0,ss . Then, by applying the Hirzebru
h-Riemann-Ro
h theorem to 
ertain

5

This restri
tion on parity is ne
essary in order to apply the results from [Fre90℄, whi
h

in turn depend on the formulae for the dimension of 
ertain spa
es of 
usp forms proved in

[Shi63℄. By [Shi63, Note 11, pag. 63℄, it is possible that these formulae 
ould admit a suitable

generalisation, su
h that the hypothesis on parity 
ould be removed.
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lo
ally free (automorphi
) 
oherent sheaves on X̄Γ0,ss , the authors show in

[M-SSYZ15, Prop. 7.10℄ that

hIF = χ(X̄Γ0,ss ,OX̄Γ0,ss
) + ǫ (2.15)

for a 
ertain integer ǫ. Now, [Fre90, Chap. II, Thm. 4.8℄, implies that, if d
is even, χ(X̄Γ0,ss ,OX̄Γ0,ss

) > 0 (this quantity is in parti
ular equal to 1 plus

the dimension of the spa
e of 
usp forms of weight 2 with respe
t to Γ0,ss) and

that

χ(X̄Γ0,ss ,OX̄Γ0,ss
) = vol(XΓ0,ss) + Lcusp (2.16)

(let us stress the fa
t that Lcusp is the same integer of equation (2.14)).

By repla
ing the expression for χ(X̄Γ0,ss ,OX̄Γ0,ss
) into equation (2.15), the

equality between the two expressions (2.14) and (2.15) for hIF tells us that

ǫ = vol(XΓ0,ss)(2κ + 3)d − vol(XΓ0,ss) > 0. The equation (2.15) then implies

that hIF > 0 in this 
ase too.

2.3 The degeneration along the Klingen strata

Let λ, Vλ be as in Subse
tion 2.2 and let us now study, by using Theorem 1.7,

the degeneration of µK
ℓ (Vλ) along the Klingen strata. The group G1 in their

underlying Shimura datum is isomorphi
 to ResF |QGL2,F ×
ResF |QGm,F ,det Gm

(
fr. 1.3.2).

2.3.1 Weights in the cohomology of the unipotent radical.

As before, let us start by identifying the possible weights appearing in the

degeneration along the Siegel strata, i.e. in the (Q1/W1)L-representations

Hq(W1,L, Vλ) ≃
⊕

Ψ∈Pq

V 1,q
Ψ , (2.17)

for q ∈ {0, . . . , 3d} (
fr. (1.22)). Re
all from (1.6) that

(Q1/W1)L ≃ ((
∏

σ∈IF

(GL2,L)σ)× ∏

σ∈IF

(Gm,L)σ Gm,L)×
∏

σ∈IF

(Gm,L)σ

We are now going to 
ompute the weight of the pure Hodge stru
ture 
arried

by ea
h irredu
ible summand V 1,q
Ψ .

Lemma 2.3.1.1. For every q ∈ {0, . . . , 3d} and for every q-admissible de
om-

position Ψ as in Notation 1.5.3.2, the a
tion of the fa
tor isomorphi
 to

(
∏

σ∈IF

(GL2,L)σ)× ∏

σ∈IF

(Gm,L)σ,
∏

det Gm,L
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inside (Q1/W1)L indu
es on V 1,q
Ψ a pure Hodge stru
ture of weight

w(λ) − [
∑

σ∈I0
F

k1,σ +
∑

σ∈I1
F

(k2,σ − 1)−
∑

σ∈I2
F

(k2,σ + 3)−
∑

σ∈I3
F

(k1,σ + 4)]. (2.18)

Proof. By the dis
ussion in 1.1.3, the L-points of the fa
tor of (Q1/W1)L that

we are 
onsidering are identi�ed with the subgroup

{(









ρ
τσ

1
τ−1
σ ρ









)σ∈IF | ρ ∈ L×, τσ ∈ L×
for every σ ∈ IF }

of Q1/W1(L). By the 
onvention �xed in 1.4.1 and the de�nition in (1.12) of

the Shimura datum (G1,H1), the expression given in Lemma 1.5.3.3.(2) for the

highest weight of the representation V 1,q
Ψ yields the formula in the statement

(re
alling (1.8)).

2.3.2 Cohomology of the arithmetic subgroup.

Consider now the arithmeti
 group Γ1 of Rmk. 1.5.2.2, whi
h is identi�ed

with a torsion-free arithmeti
 subgroup of ResF |QGm,F (Q) = F×
(
fr. Remark

1.5.2.2). We need to identify the 
ohomology spa
es

Hp(Γ1, H
q(W1,L, Vλ)) ≃

⊕

Ψ∈Pq

Hp(Γ1, V
1,q
Ψ ).

Reasoning as in the proof of Lemma 2.2.2.2, we obtain:

Lemma 2.3.2.1. The group Γ1 is isomorphi
 to Zd−1
, and for every q ∈

{0, . . . , 3d}, its a
tion on V 1,q
Ψ is trivial if and only if there exists an integer κ

su
h that















k1,σ = κ ∀σ ∈ I0F
k2,σ − 1 = κ ∀σ ∈ I1F

−(k2,σ + 3) = κ ∀σ ∈ I2F
−(k1,σ + 4) = κ ∀σ ∈ I2F

(2.19)

(remembering Notation 1.5.3.2).

Hen
e, we are led to pose the following:

Definition 2.5. We say that λ is (κ, 1)-Kostant parallel with respe
t to a

q-admissible de
omposition Ψ if λ satis�es 
ondition (2.19) with respe
t to

κ ∈ Z.

Definition 2.6. A q-admissible de
omposition Ψ is said to be (λ, 1)-admissible

if there exists κ ∈ Z su
h that λ is (κ, 1)-Kostant parallel with respe
t to Ψ.
The set of q-admissible de
ompositions whi
h are moreover (λ, 1)-admissible

will be denoted by P
(λ,1)
q .
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Then, the proof of the following lemma is 
ompletely analoguous to the proof

of Lemma 2.2.2.3:

Lemma 2.3.2.2. For every s /∈ {0, . . . , d−1}, the 
ohomology spa
e Hs(Γ1, V
1,q
Ψ )

is trivial. For every s ∈ {0, . . . , d−1}, it is non-trivial if and only if λ is (κ, 1)-
Kostant parallel with respe
t to Ψ and one of the following two 
onditions holds:

1. IF = I0F ⊔ I1F . In this 
ase, q ∈ {0, . . . , d} and Gr

W
w(λ)−dκV

1,q
Ψ 6= {0};

2. IF = I2F ⊔ I3F . In this 
ase, q ∈ {2d, . . . , 3d} and Gr

W
w(λ)−dκV

1,q
Ψ 6= {0}.

Remark 2.3.2.3. An essential ingredient for the proof of the above lemma is

again the same phenomenon of Rmk. 2.2.2.4.

Remembering De�nition 2.6, the isomorphism in 1.7.(2) for a stratum Z ′
of

∂S∗
K 
ontributing to Z1 be
omes now

Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ ≃
⊕

p+q=n

µ
π1(K1)
ℓ (

⊕

Ψ∈P(λ,1)
q

Hp(Γ1, V
1,q
Ψ )) (2.20)

and we want to study the weight-graded obje
ts

Gr

W
k Rni∗1i

∗j∗µ
K
ℓ (Vλ)

∣

∣

Z′ ≃
⊕

p+q=n

µ
π1(K1)
ℓ (

⊕

Ψ∈P(λ,1)
q

Hp(Γ1,Gr
W
k V 1,q

Ψ )). (2.21)

2.3.3 Computation of weights along the Klingen strata.

In order to des
ribe the weights appearing in the degeneration of the 
anoni
al


onstru
tion along the Klingen strata (in the 
ohomologi
al degrees whi
h will

be needed in the sequel), we just need a last preliminary remark:

Remark 2.3.3.1. 1. Suppose the dominant weight λ = λ((k1,σ , k2,σ)σ∈IF , c) of
GL to be (κ, 1)-Kostant parallel with respe
t to a de
omposition Ψ of the

form (I0F , I
1
F ,∅,∅). Then, by the de�nition of Kostant-parallelism and the

hypothesis on λ, we see that su
h κ and Ψ are ne
essarily unique, ex
ept if

k1 = κ1 and k2 = κ2. In this last 
ase, there exist exa
tly two pairs (κ, (I
0
F , I

1
F ))

su
h that λ is κ-Kostant-parallel with respe
t to (I0F , I
1
F ), i.e. (κ1, I

0
F ) and

(κ2 − 1, I1F ).

2. The 
ondition on λ of being (κ, 1)-Kostant parallel with respe
t to a de-


omposition Ψ of the form (I0F , I
1
F ,∅,∅) 
oin
ides with the 
ondition of being

κ-Kostant parallel introdu
ed in De�nition 2.1; hen
e, we will adopt this ter-

minology in the following. Moreover, by the pre
eding point, whenever we

suppose λ to be κ-Kostant parallel with respe
t to a de
omposition su
h that

I0F 6= ∅, resp. I1F 6= ∅, then I0F , resp. I
1
F , is uniquely determined by λ.

Then, keeping in mind the above Remark, by employing Lemma 2.3.2.2 and

reasoning along the same lines of the proof of Prop. 2.2.3.1, we dedu
e the

following:
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Proposition 2.3.3.2. Let Vλ be the irredu
ible L-representation of GL of high-

est weight λ = λ((k1,σ , k2,σ)σ, c) and Z ′
be a stratum of ∂S∗

K 
ontributing to

Z1.

1. Let n < 0 or n > 4d− 1. Then, Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ is zero.

2. Let n ∈ {0, . . . , d − 1}. Then the ℓ-adi
 sheaf Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ on Z ′
is

non-zero if and only if the following hold:

� λ is κ-Kostant parallel and I0F 6= ∅;

� posing d1 := |I1F | ∈ {0, . . . , d− 1}, we have n ≥ d1.

In this 
ase,

Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ ≃ µ
π1(K1)
ℓ (Hn−d1(Γ1, V

1,d1

Ψ ))

and it is pure of weight w(λ) − dκ.

3. Let n ∈ {d, . . . , 2d− 1}. Then the ℓ-adi
 sheaf Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ on Z ′
is

non-zero if and only if the following hold:

� λ is κ-Kostant parallel and I1F 6= ∅;

� posing d1 := |I1F | ∈ {1, . . . , d}, we have n ≤ d− 1 + d1.

In this 
ase,

Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ ≃ µ
π1(K1)
ℓ (Hn−d1(Γ1, V

1,d1

Ψ ))

and, denoting κ2 := κ+ 1, it is pure of weight w(λ) + d− dκ2.

4. Let n ∈ {2d, . . . , 3d − 1}. Then the ℓ-adi
 sheaf Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ on Z ′

is non-zero if and only if λ is (κ, 1)-Kostant parallel with respe
t to a Ψ su
h

that IF = I2F ⊔ I3F and I2F is non-empty. In this 
ase, posing d3 := |I3F | ∈
{0, . . . , d− 1},

Rni∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ ≃ µ
π1(K1)
ℓ (Hn−2d−d3(Γ1, V

1,2d+d3

Ψ ))

and, denoting κ3 = −κ− 3, it is pure of weight w(λ) + 3d+ dκ3.

2.4 The double degeneration along the cusps of the Klingen

strata

Keep the notation of Thm. 2.2. In order to study the weights of the motive

i∗jλ∗V , the study of the degeneration of the 
anoni
al 
onstru
tion to ea
h

stratum of ∂S∗
K will not be enough: in Lemma 2.5.1.3, we will also need to


onsider a double degeneration, the one of mixed sheaves on the Klingen strata,

already obtained by degeneration, along the boundary of the 
losure in ∂S∗
K of

the Klingen strata themselves.
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By paragraph 1.3.2, every stratum Z ′
of ∂S∗

K 
ontributing to Z1 (as de�ned

in 1.5.2) is (a smooth quotient by the a
tion of a �nite group of) a Hilbert-

Blumenthal variety Sπ1(K1) of dimension d. Remember from the same para-

graph 1.3.2 that the Shimura datum underlying Sπ1(K1) 
orresponds to the

algebrai
 group G1 ≃ ResF |QGL2,F ×
ResF |QGm,det Gm, whose L-points are

identi�ed, up to 
onjugation, with

G1(L) = {(









ρ
aσ bσ

1
cσ dσ









)σ∈IF |aσ, bσ, cσ, dσ ∈ L, ρ ∈ L×,

su
h that ρ = aσdσ − bσcσ for every σ ∈ IF } =

= {(Aσ)σ∈IF ∈
∏

σ∈IF

GL2,L(L) su
h that det(Aσ) = det(Aσ̂) ∀ σ, σ̂ ∈ IF }.

The boundary ∂S∗
π1(K1)

of the Baily-Borel 
ompa
ti�
ation S∗
π1(K1)

of Sπ1(K1)

is 0-dimensional: it is in fa
t a �nite disjoint union of strata (
alled 
usps),

obtained as Shimura varieties 
oming from the group Gm. Fix su
h a stratum

Z ′′
, 
orresponding up to 
onjugation, in the formalism of 1.3.1, to the standard

Borel subgroup of G1 (denoted by Q2 for the sake of 
oheren
e with the nota-

tions in the sequel): it is a representative of the unique G1(Q)-
onjuga
y 
lass

of standard maximal paraboli
s of G1. Its unipotent radi
al will be denoted by

W2. The Levi 
omponent of Q2 is a torus T1 isomorphi
 to

Gm × ResF |QGm,F (2.22)

via the isomorphism de�ned on L-points by

T1(L) ≃ Gm(L)×
∏

σ∈IF

Gm(L)σ









β
βuσ

1
u−1
σ









)σ∈IF 7→ (β, (uσ)σ∈IF ).

Then, the Shimura datum (G2,H2) underlying Z ′′
is su
h that the L-points of

the group G2 ≃ Gm are identi�ed with

G2(L) = {(

(

β · I2
I2

)

)σ∈IF |β ∈ L×} →֒ T1(L)

and H2 is de�ned exa
tly as H0 in (1.11) (
fr. [Pin90, Example 12.21℄).
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2.4.1 The degeneration of the canonical construction along the

cusps of Hilbert-Blumenthal varieties.

Let j′ be the open immersion of Sπ1(K1) in S∗
π1(K1)

and adopt the notations of

paragraph 1.5.2, by repla
ing j with j′ and K with π1(K1). The strati�
ation
Φ of ∂S∗

π1(K1)
is then formed by only one element, 
alled Z2. Denote by i2 :

Z2 →֒ S∗
π1(K1)

the 
losed immersion 
omplementary to j′. Let us 
onsider a

stratum Z ′′

ontributing to Z2 and let us spell out, thanks to Theorem 1.8,

the 
on
lusions of Theorem 1.7, applied this time to µ
π1(K1)
ℓ (Uχ), where Uχ is

a irredu
ible L-representation of G1,L.

Su
h a representation is determined by its highest weight χ = χ((hσ)σ∈IF , g),
where hσ ∈ Z, hσ ≥ 0 ∀σ ∈ IF , g ∈ Z (we will write h for the ve
tor (hσ)σ∈IF ).

This 
hara
ter is de�ned on the points of the maximal torus T1,L of G1,L by

(









β
βuσ

1
u−1
σ









)σ∈IF 7→
∏

σ∈IF

uhσ
σ · βg.

The ve
tor h is 
alled parallel if there exists an integer h su
h that hσ = h for

every σ ∈ IF . In that 
ase, we will write h= h.

Remark 2.4.1.1. Noti
e that, with these 
onventions, the restri
tion to T1,L of

the 
hara
ter λ((k1,σ, k2,σ)σ, c) de�ned in 1.8 is given by

χ((k2,σ)σ,
1

2
· [c+

∑

σ

(k1,σ + k2,σ)]). (2.23)

Using the notations �xed in the beginning of this subse
tion, we have an iden-

ti�
ation

(Q2/W2)L ≃ T1,L,

so that, by Theorem 1.8, the 
ohomology spa
es Hq(W2,L, Uχ) are identi�ed

with representations of the group T1,L ≃ Gm,L ×
∏

σ∈IF

Gm,L. Let us determine

the weight of the pure Hodge stru
ture 
arried by ea
h irredu
ible fa
tor of

these representations.

Lemma 2.4.1.2. Let χ = χ((hσ)σ∈IF , g) as above. Then, the spa
es

Hq(W2,L, Uχ) are non-trivial if and only if q ∈ {0, . . . , d}. For ea
h q ∈
{0, . . . , d}, letting I run over the subsets of IF of 
ardinality q, they are di-

re
t sums of pure Hodge stru
tures of weight

− 2g + 2
∑

σ∈I

(hσ + 1). (2.24)

Proof. We begin by making expli
it the data whi
h are needed in order to

apply Theorem 1.8. By 
hoosing (T1,L, Q2,L) as a maximal torus and a Borel

of G1,L, we 
an identify the set of roots r of G1,L with

⊔

σ∈IF

rσ, where ea
h rσ
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is a 
opy of the set of roots of GL2,L 
orresponding to the obvious 
hoi
e of

maximal torus and Borel. For ea
h �xed σ̂ ∈ IF , rσ̂ 
ontains only one simple

root ρσ̂, whi
h, through the in
lusion of rσ̂ inside r, a
quires the expression

ρσ̂ = ρσ̂((hσ)σ∈IF , g), where

hσ =

{

2 if σ = σ̂
0 otherwise

, g = 1.

The Weyl group Υ of G1,L is in turn isomorphi
 to the produ
t

∏

σ∈IF

Υσ, where,

for ea
h �xed σ̂ ∈ IF , Υσ̂ is a 
opy of the Weyl group of GL2,L. The latter is

a �nite group of order 2, the image of whose only non-trivial element through

the in
lusion of Υσ̂ in Υ is given by the element of τσ̂ whi
h a
ts on X∗(T1,L)
in the following way: if χ = χ((hσ)σ∈IF , g), then τσ̂.χ = χ((ℓσ)σ∈IF , f), where

ℓσ =

{

−hσ if σ = σ̂
hσ otherwise

, f = g − hσ̂.

By employing the notations of 1.5.3, it is now 
lear that, with respe
t to the

only paraboli
 of G1,L (up to 
onjugation), i.e. Q2,L, we have Υ′ = Υ, and
that, if w = (wσ)σ∈IF ∈ Υ′ ≃

∏

σ∈IF

Υσ, we have ℓ(w) = ♯{σ ∈ IF |wσ = τσ}.

The expli
it 
omputation of w.(χ + ρ)− ρ (for w ∈ Υ′
) and Theorem 1.8 now

give the isomorphisms

Hq(W2,L, Uχ) ≃
⊕

I⊂IF s.t. |I|=q

U q
I , (2.25)

where the U q
I 's are 1-dimensional L-ve
tor spa
es on whi
h Gm,L ×

∏

σ∈IF

Gm,L

a
ts via the 
hara
ter

χ′((lσ)σ∈IF , g
′)

de�ned by

lσ =

{

hσ if σ /∈ I
−hσ − 2 if σ ∈ I

, g′ = g −
∑

σ∈I

(hσ + 1).

To obtain the statement, it is now su�
ient to remember that the Hodge stru
-

ture on ea
h U q
I is indu
ed by the a
tion of the real points of the fa
tor Gm of

T1, 
orresponding to the Shimura datum (G2,H2) de�ned in 2.4, and to employ

the 
onvention �xed in 1.4.1.

Consider now the group Γ2 of Rmk. 1.5.2.2, whi
h is a torsion-free arithmeti


subgroup of ResF |QGm(Q), i.e. of F×
(
fr. the isomorphism (2.22)). By the

same argument as in the proof of Lemma 2.2.2.2, it is isomorphi
 to Zd−1
. We

need to study the 
ohomology spa
es

Hp(Γ2, H
q(W2,L, Uχ)) ≃

⊕

I⊂IF s.t. |I|=q

Hp(Γ2, U
q
I ).
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By 
hoosing generators ω1, . . . , ωd−1, Γ2 is identi�ed with the subgroup

{(









1
σ(t)

1
σ(t−1)









)σ∈IF |t = ωp1

1 . . . ω
pd−1

d−1 , p1, . . . , pd−1 ∈ Z}

→֒ T1,L(L)

and an element t ∈ Γ2 a
ts on U q
I by multipli
ation by

∏

σ/∈I

σ(ω)hσ ·

∏

σ∈I

σ(ω)−hσ−2
. By reasoning as in the proof of Lemma 2.2.2.3, and employing

Lemma 2.4.1.2, we get:

Lemma 2.4.1.3. The 
ohomology spa
e Hp(Γ2, U
q
I ) is non-zero if and only if

h = h and one of the following 
onditions is satis�ed:

1. I = ∅. In this 
ase, q = 0 and the Hodge stru
ture on U0
I = H0(W2,L, Uχ)

is pure of weight −2g;

2. I = IF . In this 
ase, q = d and the Hodge stru
ture on Ud
I = Hd(W2,L, Uχ)

is pure of weight −2g + 2d+ 2dh.

The isomorphism of Theorem 1.7.(2) for a stratum Z ′′

ontributing to ∂S∗

π1(K1)

now be
omes

Rn(i2)
∗j′∗µ

π1(K1)
ℓ (Uχ)

∣

∣

∣

Z′′
≃

⊕

p+q=n

⊕

I⊂IF s. t. |I|=q

µ
π2(K2)
ℓ (Hp(Γ2, U

q
I )). (2.26)

The 
omputation of the weights of these 
ohomology obje
ts is then a dire
t


onsequen
e of 2.4.1.3:

Proposition 2.4.1.4. Let Uχ be the irredu
ible representation of G1,L of high-

est weight χ = χ(h , g) and Z ′′
a stratum 
ontributing to ∂S∗

π1(K1)
. Then:

1. Let n < 0 or n > 2d− 1. Then Rn(i2)
∗j′∗µ

π1(K1)
ℓ (Uχ)

∣

∣

∣

Z′′
is zero.

2. Let n ∈ {0, . . . , d − 1}. Then Rn(i2)
∗j′∗µ

π1(K1)
ℓ (Uχ)

∣

∣

∣

Z′′
is non-zero if and

only if h is parallel. In this 
ase, it is isomorphi
 to µ
π2(K2)
ℓ (Hn(Γ2, U

0
I )), and

pure of weight −2g.

3. Let n ∈ {d, . . . , 2d − 1}. Then Rn(i2)
∗j′∗µ

π1(K1)
ℓ (Uχ)

∣

∣

∣

Z′′
is non-zero if and

only if h = h. In this 
ase, it is isomorphi
 to µ
π2(K2)
ℓ (Hn−d(Γ2, U

d
I )), and

pure of weight −2g + 2d+ 2dh.

Remark 2.4.1.5. The results of Proposition 2.4.1.4 had already been obtained

in [Wil12, Thm. 3.5℄, by slightly di�erent 
onsiderations, when the representa-

tions Uχ are su
h that g = 0.
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2.4.2 The double degeneration.

Let λ = λ((k1,σ , k2,σ)σ, c), Vλ and SK be as in Subse
tion 2.3, and let Z ′
and

Sπ1(K1) be as in paragraph 2.4.1.

By (2.20) and Theorem (1.7).(1)-(2), we have the following isomorphism in the

derived 
ategory:

i∗1i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z′ ≃
⊕

m

[

⊕

p+q=m

µ
π1(K1)
ℓ (V p,q)

]

[−m], (2.27)

where

V p,q :=
⊕

Ψ∈P(λ,1)
q

Hp(Γ1, V
1,q
Ψ ). (2.28)

In this latter dire
t sum, every fa
tor is, by restri
tion, a 
ertain power of an

irredu
ible representation of G1,L, whose dominant weight is the one pres
ribed

by Remark (2.4.1.1) applied to the 
hara
ter λ((ǫ1,σ, ǫ2,σ)σ∈IF , c) de�ned in

(1.24).

Re
all that the fun
tor µ
π1(K1)
ℓ used in the isomorphism (2.27), with values

in Etℓ,R(Z
′), is dedu
ed from the 
anoni
al 
onstru
tion fun
tor, whi
h takes

values in Etℓ,R(Sπ1(K1)) (Remark 1.5.2.3.(1)). In order to study the degener-

ation of µ
π1(K1)
ℓ (V p,q) along the points in the 
losure of Z ′

in ∂S∗
K , we will

rather 
onsider the sheaves on Sπ1(K1), denoted by the same symbol, whi
h

are obtained by interpreting this time µ
π1(K1)
ℓ as the 
anoni
al 
onstru
tion

fun
tor.

Let us now apply Theorem 1.7.(2) to µ
π1(K1)
ℓ (V p,q)[−m] and to Sπ1(K1), by

posing p+q = m and by adopting the notations of 2.4.1, for a stratum ∂Sπ1(K1),

in order to study the weights of the obje
ts

Rn−m(i2)
∗j′∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

Z′′
.

We will only need this for m ∈ {2d, . . . , 3d− 1}.

Proposition 2.4.2.1. Fix two positive integers p and q su
h that p + q ∈
{2d, . . . , 3d− 1} and let V p,q

be the L-representation of G1,L de�ned in (2.28),

dedu
ed from the irredu
ible L-representation Vλ of GL of highest weight λ =
λ((k1,σ , k2,σ)σ∈IF , c). Let Z

′′
be a stratum 
ontributing to ∂Sπ1(K1). Then:

(i) if m′ ∈ {0, . . . , d − 1}, the ℓ-adi
 sheaf Rm′

(i2)
∗j′∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

Z′′
on Z ′′

is non-zero if and only if k1 = κ1 and k2 = κ2. In this 
ase, it is pure of weight

w(λ) + 2d− d(κ1 − κ2);

(ii) if m′ ∈ {d, . . . , 2d−1}, the ℓ-adi
 sheaf Rm′

(i2)
∗j′∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

Z′′
on Z ′′

is non-zero if and only if k1 = κ1 and k2 = κ2. In this 
ase, it is pure of weight

w(λ) + 6d+ d(κ1 + κ2);
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(iii) if m′ /∈ {0, . . . , 2d− 1}, then the ℓ-adi
 sheaf Rm′

(i2)
∗j′∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

Z′′

on Z ′′
is zero.

Proof. Lemma 2.3.2.2 implies that in order to have non-trivial 
ohomology

obje
ts, we must have p ∈ {0, . . . , d − 1}; hen
e, by hypothesis, we have q ∈
{d+ 1, . . . , 3d− 1}, and the same lemma then implies that V p,q

is non-zero if

and only if there exists a q-admissible de
omposition Ψ = (I2F 6= ∅, I3F ) of IF
and an integer ι1 su
h that

{

k2,σ = ι1 ∀σ ∈ I2F
k1,σ = ι1 − 1 ∀σ ∈ I3F

In this 
ase, if P ′
q
(λ,d)

is the set of su
h de
ompositions, we have V p,q =
⊕

Ψ∈P′
q
(λ,d) Hp(Γ1, V

1,q
Ψ ); the highest weight of the a
tion of G1,L on

Hp(Γ1, V
1,q
Ψ ) is then the restri
tion to T1,L of the 
hara
ter λ((ǫ1,σ, ǫ2,σ)σ∈IF , c)

de�ned in (1.24), where

ǫ1,σ =

{

−k2,σ − 3 if σ ∈ I2F
−k1,σ − 4 if σ ∈ I3F

, ǫ2,σ =

{

k1,σ + 1 if σ ∈ I2F
k2,σ if σ ∈ I3F

By Remark 2.4.1.1, this restri
tion, as a 
hara
ter of the maximal torus T1,L

of G1,L, has the form χ((ǫ2,σ)σ,
1
2 · [c+

∑

σ∈IF

(ǫ1,σ + ǫ2,σ)]).

Now, by Proposition 2.4.1.4, Rm′

(i2)
∗j′∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

Z′′
is non-zero if and only

if m′ ∈ {0, . . . , 2d − 1} and ǫ2,σ is 
onstant on IF , say equal to an integer ι2.
This means that

{

k1,σ = ι2 − 1 ∀σ ∈ I2F
k2,σ = ι2 ∀σ ∈ I3F

Thus, the fa
t that k1,σ ≥ k2,σ for every σ ∈ IF and that I2F 6= ∅ imply

that the sheaves we are interested in are non-zero if and only if IF = I2F and

k1 = ι2 − 1, k2 = ι1. Denoting κ1 := ι2 − 1 and κ2 := ι1, we get the 
onstants
in the statement.

In order to 
on
lude, it is now enough to apply again Proposition 2.4.1.4, by

observing that if m′ ∈ {0, . . . , d − 1} then the highest weight of the a
tion of

G1,L on Hp(Γ1, V
1,q
Ψ ) is the 
hara
ter

((uσ)σ∈IF , β) 7→
∏

σ∈IF

uκ1+1
σ · β

1
2 ·[c−2d+d(κ1−κ2)]

(2.29)

(and analogously for the 
ase m′ ∈ {d, . . . , 2d− 1}).

2.5 Weight avoidance

In this se
tion, we employ the notations of 2.1 and 1.5.2. Our aim is to use the

results of the pre
eding paragraphs in order to prove Theorem 2.2, thanks to
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the 
riterion given by Theorem 1.6. Thus, we have to relate, for m ∈ {0, 1},
the weights of the obje
ts Hni∗mi∗j!∗(Rℓ(

λV)) to the weights of the obje
ts

Rni∗mi∗j∗(Rℓ(
λV)), whi
h are now known.

In the following, the symbols τ>·

Z will denote the trun
ation fun
tors with

respe
t to the perverse t-stru
ture on Z.

2.5.1 Weight avoidance on the Siegel strata.

Let us begin by studying the weight avoidan
e on the Siegel strata, by employ-

ing Propositions 2.2.3.1 and 2.4.2.1.

Remark 2.5.1.1. Reasoning as in [Wil19b, Rmk. 2.7 (a)-(b)-(
)-(d)℄, we have

exa
t sequen
es

Hn−1(i∗0i1,∗τ
>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV)) → Hn(i∗0i
∗j!∗Rℓ(

λV)) →

→ Hn(i∗0i
∗j∗Rℓ(

λV)) (2.30)

for n ≤ w(λ) + 3d − 1, whereas Hn(i∗0i
∗j!∗Rℓ(

λV)) is zero for

n ≥ w(λ) + 3d; one also sees, again reasoning as in (lo
. 
it.), that

Hn(i∗0i1,∗τ
>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV)) is zero for n < w(λ) + 2d, so that

Hn(i∗0i
∗j!∗Rℓ(

λV)) ≃ Hn(i∗0i
∗j∗Rℓ(

λV)) for n < w(λ) + 2d.

Thus, if n ≤ w(λ)+2d−1, the weights of the perverse sheaf Hn(i∗0i
∗j!∗Rℓ(

λV))
are the same as the weights of Hn(i∗0i

∗j∗Rℓ(
λV)), whi
h have already been


omputed, while there is nothing to do for n ≥ w(λ) + 3d. It remains to study

the interval [w(λ) + 2d, w(λ) + 3d− 1].

Remark 2.5.1.2. Ea
h stratum Z ′
of ∂S∗

K 
ontributing to Z1 is the quotient of

a Hilbert-Blumenthal variety SK,Z′
by the a
tion of a �nite group; let S∗

K,Z′

be its Baily-Borel 
ompa
ti�
ation. If Z̄1 is the 
losure of Z1 in ∂S∗
K and

Z∗
1 :=

⊔

Z′
stratum of ∂S∗

K


ontributing to Z1

S∗
K,Z′ , (2.31)

then there exists a surje
tive, �nite morphism

q : Z∗
1 → Z̄1 (2.32)

whose restri
tion to ea
h SK,Z′
is the quotient morphism from SK,Z′

to Z ′
(
fr.

[Pin90, Main Thm. 12.3 (
), Se
. 7.6℄).

Thanks to the above Remark, we 
an now 
ompute the weights of

Hn(i∗0i1,∗τ
>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV))

in the degrees we are interested in.
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Lemma 2.5.1.3. If n ∈ [w(λ) + 2d, w(λ) + 3d − 1], then

Hn(i∗0i1,∗τ
>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV)) is non-zero if and only if k1 = κ1 and

k2 = κ2. In this 
ase, it is pure of weight w(λ) + 2d− d(κ1 − κ2).

Proof. Re
all that Rℓ(
λV) = µK

ℓ (Vλ)[−w(λ)]. Then, for ea
h stratum Z ′

on-

tributing to Z1, we have, by Theorem 1.7.(1),

i∗1i
∗j∗Rℓ(

λV)|Z′ ≃
⊕

k

Rki∗1i
∗j∗µ

K
ℓ (Vλ)[−w(λ) − k]|Z′ .

Moreover, by Theorem 1.7.(2), the obje
ts Rh−w(λ)i∗1i
∗j∗µ

K
ℓ (Vλ) are all lisse:

sin
e Z1 is of dimension d, perverse trun
ation above degree w(λ) + 3d equals


lassi
al trun
ation above degree w(λ) + 2d. Thus, by �xing a stratum Z

ontributing to Z0, we obtain

Hn(i∗0i1,∗τ
>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV))|Z ≃

≃
⊕

Z′



Hni∗0i1,∗(
⊕

k≥2d

Rki∗1i
∗j∗µ

K
ℓ (Vλ)[−w(λ) − k]|Z′ )





|Z

(2.33)

where the dire
t sum runs over all strata Z ′

ontributing to Z1 and 
ontaining

Z in their 
losure. Fix now su
h a stratum: as in (2.27) and (2.28), we get

⊕

k≥2d

Rki∗1i
∗j∗µ

K
ℓ (Vλ)[−w(λ) − k]|Z′ ≃

≃
⊕

k≥2d

(
⊕

p+q=k

µ
π1(K1)
ℓ (V p,q))[−w(λ) − k]

and as a 
onsequen
e, by taking into a

ount the fa
t that Z is of dimension 0,



Hni∗0i1,∗(
⊕

k≥2d

Rki∗1i
∗j∗µ

K
ℓ (Vλ)[−w(λ) − k]|Z′ ))





|Z

≃

≃
⊕

k≥2d

⊕

p+q=k

Rn−w(λ)−ki∗0i1,∗µ
π1(K1)
ℓ (V p,q)

∣

∣

∣

Z
(2.34)

Now, let us adopt the notations of Remark 2.5.1.2, and extend the notations

of 2.4.1 in the following way: j′ will denote the open immersion of the union of

the SK,Z′
's in the union of the S∗

K,Z′ 's, while i2 will denote the 
omplementary


losed immersion of the union of the ∂S∗
K,Z′ 's in the union of the S∗

K,Z′ 's. By

restri
tion to Z ′
, we get, by proper base 
hange, the relation

i∗0i1,∗µ
π1(K1)
ℓ ≃ q∗i

∗
2j

′
∗µ

π1(K1)
ℓ , (2.35)

where on the left, resp. right hand side, we have interpreted the fun
tor µ
π1(K1)
ℓ

as a fun
tor with values in Etℓ,R(Z
′), resp. in Etℓ,R(Sπ1(K1)). Denote now by
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∂Z′
the stratum of SK,Z′

su
h that q(∂Z′) = Z (su
h a stratum is unique, be-


ause two rational boundary 
omponents (
fr. 1.3.1) are 
onjugated by G1(Q)
if and only if they are 
onjugated by G(Q), by [Pin90, Rmk. at page 91, (iii)℄).

Sin
e the morphism q is �nite, we dedu
e that, for every k, p, q,

Rn−w(λ)−ki∗0i1,∗µ
π1(K1)
ℓ (V p,q)

∣

∣

∣

Z
≃ q∗(R

n−w(λ)−ki∗2j
′
∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

∂Z′

).

(2.36)

Now, the fun
tor q∗ preserves weights, be
ause the morphism q is �-

nite. Thus, the isomorphisms (2.33)-(2.36) allow us to dedu
e the

weights of Hn(i∗0i1,∗τ
>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV)) from the weights of the sheaf

Rn−w(λ)−ki∗2j
′
∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

Z′′
. But sin
e n ∈ [w(λ) + 2d, w(λ) + 3d − 1]

and k ≥ 2d, then, by Proposition 2.4.2.1, the obje
ts whi
h appear as

summands in the right hand side of (2.34) are non-zero only for indi
es

n−w(λ)−k ∈ {0, . . . d−1}. We 
an then 
on
lude by Proposition 2.4.2.1.(i).

We now dispose of all the ne
essary information in order to determine an in-

terval of weight avoidan
e on the Siegel strata:

Proposition 2.5.1.4. The perverse 
ohomology sheaf Hn(i∗0i
∗j!∗Rℓ(

λV)) 
an

be non-zero only if k1 = κ1, k2 = κ2 and n ∈ {w(λ), . . . , w(λ) + 3d − 1}. In

this 
ase, Hn(i∗0i
∗j!∗Rℓ(

λV)) is of weight ≤ n− d(κ1 − κ2) for ea
h n ∈ Z.

If κ1 and κ2 have the same parity, then the weight-graded obje
t of weight

w(λ) + 2d− d(κ1 − κ2) of the perverse sheaf Hw(λ)+2d(i∗0i
∗j!∗Rℓ(

λV)) is non-
zero.

Proof. If n < w(λ) + 2d, then Hn(i∗0i
∗j!∗Rℓ(

λV)) ≃ Hn(i∗0i
∗j∗Rℓ(

λV)), by
Remark 2.5.1.1. Now, Z0 is of dimension 0; hen
e,

Hn(i∗0i
∗j∗Rℓ(

λV)) ≃ Rn(i∗0i
∗j∗Rℓ(

λV)) = Rn−w(λ)i∗0i
∗j∗µ

K
ℓ (V ). (2.37)

Thus, the perverse sheaf Hn(i∗0i
∗j!∗Rℓ(

λV)) is zero for every n < w(λ). If k1
and k2 are not parallel, then Proposition 2.2.3.1 tells us thatH

n(i∗0i
∗j!∗Rℓ(

λV))
is zero for every w(λ) ≤ n < w(λ) + 2d. If instead k1 = κ1, k2 = κ2,

then the same proposition tells us that for every w(λ) ≤ n < w(λ) + 2d,
Hn(i∗0i

∗j!∗Rℓ(
λV)) is of weight ≤ w(λ) − d(κ1 + κ2) ≤ n− d(κ1 − κ2).

Let now n ≥ w(λ) + 2d. If n ≥ w(λ) + 3d, Remark 2.5.1.1 implies that

Hn(i∗0i
∗j!∗Rℓ(

λV)) is zero. Assume then n ∈ {w(λ)+2d, . . . , w(λ)+3d−1}. In
this 
ase, by reasoning as in (2.37) and by applying again Proposition 2.2.3.1,

along with Lemma 2.5.1.3, we also see, by the exa
t sequen
e (2.30), that

if k1 and k2 are not parallel, then Hn(i∗0i
∗j!∗Rℓ(

λV)) is zero for every n ∈
{w(λ) + 2d, . . . , w(λ) + 3d − 1}. If instead k1 = κ1, k2 = κ2, then we see in

same way that the weights that 
an appear in Hn(i∗0i
∗j!∗Rℓ(

λV)) are of the

form w(λ)− d(κ1 + κ2) or w(λ) + 2d− d(κ1 − κ2). In any 
ase, we get weights

≤ n− d(κ1 − κ2).
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To see that if κ1 and κ2 have the same parity, then weight w(λ)+2d−d(κ1−κ2)
does appear in the perverse sheafHw(λ)+2d(i∗0i

∗j!∗Rℓ(
λV)), noti
e that the long

exa
t sequen
e (2.30) gives a short exa
t sequen
e

0 → Hw(λ)+2d(i∗0i
∗j!∗Rℓ(

λV)) →֒ Hw(λ)+2d(i∗0i
∗j∗Rℓ(

λV))
ad
−→

ad
−→ Hw(λ)+2d(i∗0i1,∗τ

>w(λ)+3d
Z1

i∗1i
∗j∗Rℓ(

λV))

so that Hw(λ)+2d(i∗0i
∗j!∗Rℓ(

λV)) is identi�ed with the kernel of the arrow

ad. Proposition 2.2.3.2 shows that if κ1 and κ2 have the same parity, then

Hw(λ)+2d(i∗0i
∗j∗Rℓ(

λV)) 
ontains a dire
t fa
tor, whi
h is pure of weight

w(λ)+2d−d(κ1−κ2) and lo
ally of dimension > h, where h := |Γ0,ss\P
1(F )| is

the (stri
tly positive) number of 
usps of the Hilbert-Blumenthal varietyXΓ0,ss .

In order to 
on
lude, it is then enough to show that lo
ally, the kernel of ad has
non-trivial interse
tion with this sub-obje
t. The isomorphisms (2.33)-(2.36)

in the proof of Lemma 2.5.1.3 show that, if we let the index Z ′
run over all

strata Z ′

ontributing to Z1 and 
ontaining Z in their 
losure, and if the �nite

morphism q : Z∗
1 → Z̄ is the one of Remark 2.5.1.2, then, above a stratum Z

of ∂S∗
K 
ontributing to Z0, the arrow ad has the form

R2di∗0i
∗j∗µ

K
ℓ (Vλ)

∣

∣

Z
→ q∗

⊕

Z′

(R0i∗2j
′
∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

∂Z′

) (2.38)

Moreover, we know that, for ea
h �xed Z ′
, we have R0i∗2j

′
∗µ

π1(K1)
ℓ (V p,q)

∣

∣

∣

∂Z′

≃

µ
π2(K2)
ℓ (H0(Γ2, U

0
I )), where H

0(Γ2, U
0
I ) is a 1-dimensional L-ve
tor spa
e (
fr.

the proof of Lemma 2.4.1.2).

We are then redu
ed to show that, lo
ally, the dimension of the target of ad
is stri
tly smaller than the dimension of the sour
e (remember that by Lemma

2.5.1.3, the target is pure of weight w(λ) + 2d− d(κ1 − κ2)). But this is true,
thanks to the following proposition.

Proposition 2.5.1.5. Let Z, q and h be as in the proof of Proposition 2.5.1.4.

Then, above Z ⊂ Z0, the number of points in the geometri
al �bers of q|∂Z∗
1
:

∂Z∗
1 → Z0 is ≤ h.

Proof. The part of the proof of [Wil19b, Prop. 2.9℄ at pages 27-28 
an be trans-

lated word by word in this 
ontext: the statement 
an be proven on C-points,

and by using the adeli
 des
ription of the morphism obtained from q by analyti-
�
ation, one identi�es the �bre q−1(z) above z ∈ Z(C) with B2(F )\GL2(F )/Γ0,

where B2 is the standard Borel subgroup of GL2. Now, this set is exa
tly the

set of 
usps of Γ0, whose 
ardinality is ≤ the 
ardinality of the set of 
usps of

Γ0,ss.

Remark 2.5.1.6. By the pre
eding proof, the number of d-dimensional strata

in ∂S∗
K whi
h 
ontain a �xed 
usp is related to the number of 
usps in the
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Baily-Borel 
ompa
ti�
ation of a (
omplex analyti
, 
onne
ted) virtual Hilbert-

Blumenthal variety, whi
h does not appear in ∂S∗
K , i.e. XΓ0,ss . Cfr. [Wil19b,

Rmk. 2.10 (
)℄ for an analogous remark.

2.5.2 Weight avoidance on the Klingen strata and proof of the

main theorem.

Let us now study the weight avoidan
e on the Klingen strata, by means of

Proposition 2.3.3.2.

Remark 2.5.2.1. By reasoning as in [Wil19b, Rmk. 2.7 (a)-(b)-(
)℄, we see that

i∗1i
∗j!∗(Rℓ(

λV)) ≃ τ
t6w(λ)+3d−1
Z1

i∗1i
∗j∗Rℓ(

λV), (2.39)

Thanks to the latter remark, and remembering Remark 2.3.3.1, we are ready

to determine the interval of weight avoidan
e on the Klingen strata.

Proposition 2.5.2.2. The perverse 
ohomology sheaf Hn(i∗1i
∗j!∗Rℓ(

λV)) 
an

be non-zero only if λ is κ-Kostant parallel and if n ∈ {w(λ) + d, . . . , w(λ) +
3d− 1}.
In this 
ase, let κ2 := κ+ 1. Then:

1. if I0F 6= ∅, denote d1 := |I1F | ∈ {0, . . . , d − 1}. Then, the perverse sheaf

Hn(i∗1i
∗j!∗Rℓ(

λV)) is of weight ≤ n−d1−dκ for every n ∈ {w(λ)+d, . . . , w(λ)+
2d−1}, and the perverse sheaf Hw(λ)+d+d1(i∗1i

∗j!∗Rℓ(
λV)) is non-zero and pure

of weight w(λ) + d− dκ.

Otherwise, Hn(i∗1i
∗j!∗Rℓ(

λV)) is zero for every n ∈ {w(λ)+ d, . . . , w(λ)+ 2d−
1};

2. if I1F 6= ∅, then the perverse sheaf Hn(i∗1i
∗j!∗Rℓ(

λV)) is of weight ≤ n −
dκ2 for every n ∈ {w(λ) + 2d, . . . , w(λ) + 3d − 1}, and the perverse sheaf

Hw(λ)+2d(i∗1i
∗j!∗Rℓ(

λV)) is non-zero and pure of weight w(λ) + 2d− dκ2.

Otherwise, Hn(i∗1i
∗j!∗Rℓ(

λV)) is zero for every n ∈ {w(λ)+2d, . . . , w(λ)+3d−
1}.

Proof. By Remark 2.5.2.1,

Hn(i∗1i
∗j!∗Rℓ(

λV)) ≃ Hni∗1i
∗j∗Rℓ(

λV))

for every n ≤ w(λ) + 3d − 1, and Hn(i∗1i
∗j!∗Rℓ(

λV)) is zero for every n ≥
w(λ) + 3d. Moreover,

Hni∗1i
∗j∗(Rℓ(

λV)) = (Rn−w(λ)−di∗1i
∗j∗µℓ(Vλ))[d].

Then, by applying Proposition 2.3.3.2, we see the following fa
ts.

If n < w(λ) + d, then Hn(i∗1i
∗j!∗Rℓ(

λV)) is zero.
If n ∈ {w(λ)+d, . . . , w(λ)+2d− 1}, then Hn(i∗1i

∗j!∗Rℓ(
λV)) is non-zero if and

only if λ is κ-Kostant parallel and I0F 6= ∅, and if n ≥ w(λ) + d + d1, where
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d1 = |I1F | ∈ {0, . . . , d− 1}. In this 
ase, it is pure of weight w(λ) + d − dκ, in
parti
ular of weight ≤ n− d1 − dκ.

If n ∈ {w(λ) + 2d, . . . , w(λ) + 3d − 1}, then Hn(i∗1i
∗j!∗Rℓ(

λV)) is non-zero if

and only if λ is κ-Kostant parallel and I1F 6= ∅, and if n ≤ w(λ) + 2d+ d1 − 1,
where d1 = |I1F | ∈ {1, . . . , d}. In this 
ase, it is pure of weight w(λ) + 2d− dκ2,

in parti
ular of weight ≤ n− dκ2.

Corollary 2.5.2.3. Suppose λ to be κ-Kostant parallel and �x n ∈ {w(λ) +
d, . . . , w(λ) + 3d − 1}. Let d1 and κ2 be as in the previous proposition, and

re
all the notation 
or(λ) from Def. 2.1. Then:

1. if 
or(λ) = 0, then Hn(i∗1i
∗j!∗Rℓ(

λV)) is of weights ≤ n− d1 − dκ, and the

weight n− d1 − dκ does appear when n = w(λ) + d+ d1;

2. if 
or(λ) ≥ 1, then Hn(i∗1i
∗j!∗Rℓ(

λV)) is of weights ≤ n − dκ2, and the

weight n− dκ2 does appear when n = w(λ) + 2d.

Proof. Everything follows from the previous proposition, by observing that:

1. if 
or(λ) = 0, then I0F 6= ∅, and either I1F = ∅ (in whi
h 
ase only the

weights in the �rst point of the previous proposition 
an 
ontribute) or I1F 6= ∅

(in whi
h 
ase, by de�nition of Kostant parallelism, n − dκ2 = n − d − dκ ≤
n− d1 − dκ);

2. if 
or(λ) ≥ 1, then either k1 is not parallel (in whi
h 
ase, sin
e λ is dom-

inant, λ 
an't be Kostant parallel with I0F 6= ∅, and only the weights in the

se
ond point of the previous proposition 
an 
ontribute) or k1 = κ1 (in whi
h


ase κ1 ≥ κ2 and the �rst point of the previous proposition gives weights

≤ n− dκ1 ≤ n− dκ2).

We now have all the ne
essary ingredients for the proof of Theorem 2.2.

Proof. (of Theorem (2.2))

We only have to apply the 
riterion 1.6.(2) and use Proposition 2.5.1.4 and

Corollary 2.5.2.3.

3 The intersection motive of genus two Hilbert-Siegel varieties

In this se
tion we study the properties of the interse
tion motive of genus 2

Hilbert-Siegel varieties (with 
oe�
ients in suitable irredu
ible representations

Vλ), whose existen
e follows from Thm. 2.2 and Wildeshaus' theory, and the

impli
ations for the 
onstru
tion of motives asso
iated to automorphi
 repre-

sentations.

Documenta Mathematica 24 (2019) 1033–1098



1090 Mattia Cavicchi

3.1 Properties of the intersection motive

Adopt the notation of 2.1 and assume from now on that λ is either not 
om-

pletely irregular or of 
orank 0. Then, the weight avoidan
e proved in Corollary
2.1.0.2 allows us to apply the general theory developed in [Wil19a℄. In fa
t,

absen
e of the weights 0 and 1 for i∗jλ∗V implies that

λV belongs to a full

sub
ategory of CHM(SK), on whi
h an intermediate extension fun
tor j!∗ to-

wards the 
ategory CHM(S∗
K) is de�ned. Denoting by s : S∗

K → Spe
 Q the

stru
tural morphism, we 
an then de�ne, by applying [Wil19a, Def. 3.7℄, the

interse
tion motive of SK with respe
t to S∗
K with 
oe�
ients in

λV as the

obje
t s∗j
λ
!∗V of the 
ategory CHM(Q)L. In the following, this obje
t will be

simply 
alled interse
tion motive.

Let us spell out its main properties. For doing so, if λ satis�es in addition the

hypotheses of point (1) or (2) or (3), resp. (4), of Theorem 2.2, put β := dκ,
resp. β := min{dκ1, d(κ1 − κ2)} (with notations as in the Theorem). The

general theory then implies the following:

Corollary 3.1.0.1. Let s and β be as above, and let s̃ be the stru
tural mor-

phism of SK.

(1) The motive s̃λ! V ∈ DMB,c(Q)L avoids weights −β,−β+1, . . . ,−1, and the

motive s̃λ∗V ∈ DMB,c(Q)L avoids weights 1, 2, . . . , β. More pre
isely, the exa
t

triangles

s∗i∗i
∗jλ!∗V [−1] → s̃λ! V → s∗j

λ
!∗V → s∗i∗i

∗jλ!∗V

and

s∗j
λ
!∗V → s̃λ∗V → d∗i∗i

!jλ!∗V [1] → s∗j
λ
!∗V [1]

are weight �ltrations of s̃λ! V, resp. of s̃λ∗V, whi
h avoid weights −β,−β +
1, . . . ,−1, resp. 1, 2, . . . , β.

(2) The interse
tion motive s∗j
λ
!∗V is fun
torial with respe
t to s̃λ! V and to s̃λ∗V.

In parti
ular, every endomorphism of s̃λ! V or s̃λ∗V indu
es an endomorphism of

s∗j
λ
!∗V.

(3) If s̃λ! V → N → s̃λ∗V is a fa
torisation of s̃λ! V → s̃λ∗V through a Chow motive

N ∈ CHM(Q)L, then the interse
tion motive s∗j
λ
!∗V is 
anoni
ally identi�ed

with a dire
t fa
tor of N , with a 
anoni
al dire
t 
omplement.

Proof. We only have to apply [Wil19a, Thm. 3.4℄, resp. [Wil19a, Thm. 3.5℄,

resp. [Wil19a, Thm. 3.6℄, in order to obtain the point (1), resp. (2), resp. (3)

(thanks to Theorem 2.2).

Fix now an integer N su
h that, as in Remark 1.4.3.1,

λV is a dire
t fa
tor

of a Tate twist of pN,∗1AN
K
, where pN : AN

K → SK denotes the N -fold �bred

produ
t of the universal abelian variety AK with itself over SK . The property

stated in Corollary 3.1.0.1.(2) has important 
onsequen
es for the He
ke algebra

H(K,G(Af )) asso
iated to the open 
ompa
t subgroupK, as de�ned in [Wil17,
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pp. 591-592℄, along with the a
tion of ea
h of its elements on s̃∗pN,∗1AN
K
. By

lo
. 
it., ea
h element of H(K,G(Af )) also a
ts

6

on s̃λ∗V . Then, 
orollary

3.1.0.1.(2) gives us immediately the following 
onsequen
e:

Corollary 3.1.0.2. Ea
h element of H(K,G(Af )) a
ts naturally on the in-

terse
tion motive s∗j
λ
!∗V.

It is also useful to expli
itly formulate the property stated in Corollary

3.1.0.1.(3) in a spe
i�
 
ontext:

Corollary 3.1.0.3. Let ÃN
K be a smooth 
ompa
ti�
ation of AN

K . Then, the

interse
tion motive s∗j
λ
!∗V is 
anoni
ally identi�ed with a dire
t fa
tor of a Tate

twist of a∗1ÃN
K

(where a is the stru
tural morphism of ÃN
K towards Spe
 Q),

with a 
anoni
al dire
t 
omplement.

This 
orollary has important 
onsequen
es for the realizations of s∗j
λ
!∗V .

Corollary 3.1.0.4. Let O be the order of F pres
ribed by the PEL datum


orresponding to SK (
fr. Remark 1.2.0.2), D the dis
riminant of O as de�ned

in [Lan13, Def. 1.1.1.6℄, and N the level of K. Let p be a prime whi
h does

not divide D ·N . Then:

(1) the p-adi
 realization of s∗j
λ
!∗V is 
rystalline, and if ℓ is a prime di�erent

from p, the ℓ-adi
 realization of s∗j
λ
!∗V is unrami�ed at p;

(2) 
onsider on the one hand the a
tion of Frobenius φ on the φ-�ltered mod-

ule asso
iated to the (
rystalline) p-adi
 realization of s∗j
λ
!∗V, and on the other

hand the a
tion of a geometri
al Frobenius at p on the ℓ-adi
 realization of

s∗j
λ
!∗V (unrami�ed at p). Then, the 
hara
teristi
 polynomials of the two a
-

tions 
oin
ide.

Proof. 1. By [Wil09, Thm. 4.14℄, and with the notations of the pre
eding


orollary, the existen
e of a smooth 
ompa
ti�
ation of AN
K with good

redu
tion properties is enough to get the 
on
lusion. Now, we have at

our disposal the very general results of [Lan12℄ on the existen
e of smooth

proje
tive integral models of smooth 
ompa
ti�
ations of PEL-type Kuga-

Sato families : namely, Thm. 2.15 of lo
. 
it. (by taking into a

ount

De�nition 1.6 of lo
. 
it. and [Lan13, Prop. 1.4.4.3℄) implies that there

exists a smooth 
ompa
ti�
ation of AN
K with good redu
tion at every

prime p whi
h does not divide D ·N . Thus, we 
an invoke [Wil09, Thm.

4.14℄ to 
on
lude.

2. We argue exa
tly as in [Wil19b, Cor. 1.13℄, in order to use [KM74, Thm.

2.2℄ and 
on
lude.

6

From the results in the literature, it does not appear 
lear, though expe
ted, that there

is an algebra a
tion of H(K,G(Af )) on the motives s̃λ
∗
V . We will 
ome ba
k to this point in

future work. However, H(K,G(Af )) a
ts as an algebra after realization, and hen
e a
ts as

an algebra on the homologi
al motive underlying the interse
tion motive: this is what will

matter for us.
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In order to end this list of properties of s∗j
λ
!∗V , we re
all that the reason for

the name of the interse
tion motive is the behaviour of its realizations (re
all

that we are supposing that λ is either not 
ompletely irregular or of 
orank 0):

Corollary 3.1.0.5. (1) For every n ∈ Z, the natural maps

Hn(S∗
K(C), j!∗µ

K
H(Vλ)) → Hn(SK(C), µK

H(Vλ))

(between 
ohomology spa
es of Hodge modules) and

Hn((S∗
K)×Q Q̄, j!∗µ

K
ℓ (Vλ)) → Hn((SK)×Q Q̄, µK

ℓ (Vλ))

(between 
ohomology spa
es of ℓ-adi
 perverse sheaves) are inje
tive, and dually,
the natural maps

Hn
c (SK(C), µK

H (Vλ)) → Hn
c (S

∗
K(C), j!∗µ

K
H(Vλ))

and

Hn
c ((SK)×Q Q̄, µK

ℓ (Vλ)) → Hn
c ((S

∗
K)×Q Q̄, j!∗µ

K
ℓ (Vλ))

are surje
tive. Consequently, the natural maps from interse
tion 
ohomology of

SK towards interior 
ohomology (with 
oe�
ients in µK
H(Vλ), resp. µK

ℓ (Vλ))
are isomorphisms.

(2) The Hodge realization, resp. ℓ-adi
 realization of the interse
-

tion motive s∗j
λ
!∗V ∈ CHM(Q)L is identi�ed with interior 
ohomology

H∗
! (SK(C),RH(λV)), resp. H∗

! ((SK)×Q
Q̄,Rℓ(

λV)).

Proof. Theorem 2.2 tells us that the motive i∗jλ∗V avoids weights −β, . . . , β+1.
Then, it is enough to apply [Wil19a, Rmk. 3.13 (
)℄ to the 
omplexes i∗j∗R(λV),
where R is the Hodge or ℓ-adi
 realization fun
tor on CHM(SK)L .

Point (2) follows from (1) and from the fa
t that realizations of the interse
tion

motive are identi�ed with interse
tion 
ohomology ([Wil19a℄, before Proposi-

tion 3.8; 
fr. [Wil17, Thm. 7.2℄ for details).

Remark 3.1.0.6. (1) The vanishing theorems for 
ohomology of lo
ally sym-

metri
 spa
es with 
oe�
ients in regular representations of the underlying al-

gebrai
 group (([LS04, Cor. 5.6℄ or [Sap05, Thm. 5℄) imply that, if λ is regular,

the spa
es Hn(SK(C), µK
H (Vλ)), and so (by 
omparison) Hn(SK ×Q Q̄, µK

ℓ (Vλ))
are zero for n < 3d = dimSK . Dually, we get Hn

c (SK(C), µK
H (Vλ)) = 0 and

Hn
c (SK ×Q Q̄, µK

ℓ (Vλ)) = 0 for n > 3d. As a 
onsequen
e, if λ is regular, then

the interior 
ohomology spa
es Hn
! (SK(C), µK

H (Vλ)) and Hn
! (SK×Q Q̄, µK

ℓ (Vλ))
are zero in degrees di�erent from n = 3d.

(2) Corollary 3.1.0.5.(2) and the pre
eding point imply that, if λ is regular,

the Hodge realization of the interse
tion motive s∗j
λ
!∗V ∈ CHM(Q)L is given

by H3d
! (SK(C), µK

H (Vλ))[−(w(λ) + 3d)], and that its ℓ-adi
 realization is given

by H3d
! (SK ×Q Q̄, µK

ℓ (Vλ))[−(w(λ) + 3d)].
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3.2 Homological motives for automorphic representations

Keep the notations of the pre
eding subse
tion and assume moreover that λ
is regular. In this last part, following [Wil19b, Se
. 3℄, we would like to ex-

ploit the a
tion of the elements of the algebra H(K,G(Af )) on the interse
tion

motive s∗j
λ
!∗V ∈ CHM(Q)L (
fr. Corollary 3.1.0.2) to 
ut out 
ertain ho-

mologi
al sub-motives thereof. Re
all that the algebra H(K,G(Af ) a
ts on

H3d
! (SK(C), µK

H(Vλ)) and on H3d
! (SK ×Q Q̄, µK

ℓ (Vλ)).

Theorem 3.1. ([Hard, Se
t. 8.1.7, page 253℄)

For every extension E of L, the H(K,G(Af )) ⊗L E-module

H3d
! (SK(C), µK

H(Vλ))⊗ E is semisimple.

Corollary 3.2.0.1. Let R(H) := R(H(K,G(Af ))) be the image of

H(K,G(Af )) in the endomorphism algebra of H3d
! (SK(C), µK

H(Vλ)). Then, for
every extension E of L, the algebra R(H)⊗L E is semisimple.

In parti
ular, isomorphism 
lasses of simple right R(H) ⊗L E-modules are in

bije
tion with isomorphism 
lasses of minimal right ideals. Now, by �xing

E, and one of these minimal right ideals Yπf
of R(H) ⊗L E, there exists an

idempotent eπf
∈ R(H)⊗L E whi
h generates Yπf

.

Definition 3.2. (1) The Hodge stru
ture W (πf ) asso
iated to Yπf
is de�ned

by

W (πf ) := HomR(H)⊗LE(Yπf
, H3d

! (SK(C), µK
H (Vλ))⊗ E).

(2) Let E be a �nite extension. For every prime number ℓ, and for every prime

l of E above ℓ, the Galois module W (πf )ℓ asso
iated to Yπf
is de�ned by

W (πf )ℓ := HomR(H)⊗LEl
(Yπf

, H3d
! (SK ×Q Q̄, µK

ℓ (Vλ))⊗ El).

The proof of the following is immediate (see for example [Wil19b, Prop. 3.4℄):

Proposition 3.2.0.2. There are 
anoni
al isomorphisms of Hodge stru
tures,

resp. of Galois modules

W (πf ) ≃ H3d
! (SK(C), µK

H(Vλ)⊗ E) · eπf
,

resp.

W (πf )ℓ ≃ H3d
! (SK ×Q Q̄, µK

ℓ (Vλ)⊗ E) · eπf
.

Sin
e we do not know if eπf
lifts to an idempotent element of H(K,G(Af ))⊗E,

we are for
ed to 
onsider its a
tion on the homologi
al (or Grothendie
k) motive

whi
h underlies the interse
tion motive s∗j
λ
!∗V ∈ CHM(Q)L. Denote then by

s∗j
λ
!∗V

′
this homologi
al motive, and de�ne, thanks to Corollary 3.1.0.2:

Definition 3.3. The (homologi
al) motive 
orresponding to Yπf
is de�ned by

W(πf ) := s∗j
λ
!∗V

′ · eπf
.
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We �nish by making expli
it the properties of the latter motive whi
h follow

from the pre
eding 
onstru
tions:

Theorem 3.4. The realizations of the motive W(πf ) are 
on
entrated in 
o-

homologi
al degree w(λ) + 3d, where in parti
ular the Hodge realization equals

W (πf ), and the ℓ-adi
 realizations equal W (πf )ℓ, for every prime ℓ.

Proof. Follows from the 
onstru
tion of W(πf ) and Remark 3.1.0.6.(2) (re-

member that we are supposing λ to be regular).

Corollary 3.2.0.3. Let p be a prime number whi
h does not divide the integer

D ·N from Corollary 3.1.0.4, and ℓ a prime di�erent from p. Then:

(1) the p-adi
 realization of W(πf ) is 
rystalline, and the ℓ-adi
 realization of

W(πf ) is unrami�ed at p;

(2) 
onsider on the one hand the a
tion of the Frobenius φ on the φ-�ltered
module asso
iated to the p-adi
 (
rystalline) realization of W(πf ), and on the

other hand the a
tion of a geometri
al Frobenius at p on the ℓ-adi
 realization

of W(πf ) (unrami�ed at p). Then, the 
hara
teristi
 polynomials of the two

a
tions 
oin
ide.

Proof. (1) Follows from Corollary 3.1.0.4.(1), by taking into a

ount the fa
t

that W(πf ) is a dire
t fa
tor of s∗j
λ
!∗V

′
.

(2) We 
an argue as in Corollary 3.1.0.4.(2) to apply [KM74, Thm. 2.2℄ and


on
lude.

Remark 3.2.0.4. (1) Suppose that λ is a regular weight of G whose restri
tion

to the 
enter is trivial and that the image of K along the natural proje
tion

GSp4 → PGSp4 is still a 
ompa
t open subgroup of PGSp4(Af ). Then, the ℓ-
adi
 realizationsW (πf )ℓ of the motiveW(πf ) 
oin
ide with the Galois modules

H∗
c (πHf ) asso
iated to suitable automorphi
 representations ofG in [Fli05, Part

2, Chap. I.2, Thm. 2℄ (noti
e that in general, under the regularity assumption,


uspidal 
ohomology equals interior 
ohomology, as 
an be seen for example

from [Harr91, 3.2.4℄, and that in our 
ase, by Cor. 3.1.0.5.(1), regularity implies

in turn equality of interior and interse
tion 
ohomology). The existen
e of the

motive W(πf ) then adds to the des
ription in [Fli05℄ the information about

the behaviour at p of the Galois module W (πf )p, whi
h has been obtained in

Corollary 3.2.0.3.

(2) Keep the assumptions of the pre
eding point and let l be a pla
e of E above

the prime ℓ. The Galois modules W (πf )ℓ are then of dimension 4d or

1
2 · 4d

over El ([Fli05, Part 2, Chap. I.2, Thm. 2.(1),(4)℄). One 
an expe
t that, in

the 
ase of a (Hilbert-Siegel) eigenform f , the motives W(πf ) over Q 
an be

written as tensor produ
ts over E of rank-4 motives over F , whose L-fun
tion
has the 
orre
t relation with the L-fun
tion of f . However, there are no known
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methods for 
onstru
ting motives with su
h properties. It is the same problem

whi
h arises for motives 
orresponding to Hilbert modular forms, when 
ut

out inside Kuga-Sato varieties over Hilbert modular varieties, 
fr. for example

[Harr91, 5.2℄.
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