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1 INTRODUCTION

In his seminal paper | ], Beilinson has formulated his well-known conjec-
tures expressing values of L-functions up to a rational factor in terms of motivic
cohomology classes under the image of the regulator map to Deligne cohomol-
ogy. In order to study particular cases of these conjectures, it is indispensable
to construct cohomology classes in Deligne cohomology of motivic origin and
then relate them to L-values. The elliptic poylogarithm, defined by Beilinson
and Levin in [ ], is a very important source of such cohomology classes.
For a p-adic variant of the Beilinson conjectures one needs a suitable p-adic
equivalent of Deligne cohomology. It turns out that syntomic cohomology can
be seen as a p-adic substitute for Deligne cohomology. In the case of good
reduction Bannai has proven that syntomic cohomology can be seen as abso-
lute p-adic Hodge cohomology | ]. Thus, for studying particular cases of
p-adic versions of the Beilinson conjectures, like the Perrin-Riou conjecture, we
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wish to have a good understanding of polylogarithmic cohomology classes in
syntomic cohomology.

The syntomic Eisenstein classes are the cohomology classes obtained by re-
stricting the elliptic polylogarithm along torsion sections. This describes only
a shadow of the elliptic polylogarithm, but the syntomic Eisenstein classes
and related cohomology classes play an important role in recent research:
Bertolini, Darmon and Rotger initiated a program for systematically study-
ing Rankin-Selberg convolutions in p-adic families | I, ]. This
has been continued by work of Kings, Loefler and Zerbes. Eisenstein classes
are the key in the construction of the Rankin-Eisenstein classes considered by
Kings—Loeffler—Zerbes in | ]. They have related the syntomic Rankin-
Eisenstein classes to p-adic Rankin L-functions. Relating the etale Rankin-
Eisenstein classes to the syntomic ones allows them to prove an explicit reci-
procity law proving the non-triviality of the Euler system of Rankin-Eisenstein
classes [ ].

While we have a good understanding of the Deligne realization of the ellip-
tic polylogarithm from Beilinson-Levin, there are only two partial results on
its syntomic realization: In [ | Bannai-Kobayashi-Tsuji have given an
explicit description of the syntomic realization for a single elliptic curve with
complex multiplication defined over a subfield of C. Unfortunately, this method
does not immediately generalize to more general elliptic curves, since it builds
on explicit calculations involving the analytically defined Kronecker theta func-
tion. Complex multiplication is needed to guarantee the algebraicity of the
involved theta function. On the other hand, according to work of Bannai and
Kings, we have a good understanding of the syntomic Eisenstein classes on the
ordinary locus of the modular curve in terms of p-adic Eisenstein series. While
the result of Bannai—Kobayashi—Tsuji only covers the case of single CM elliptic
curves, the result of Bannai-—Kings is limited to the Eisenstein classes on the
ordinary locus of the modular curve. In this paper, we give a common general-
ization to both results: We give an explicit description of the syntomic elliptic
polylogarithm on the universal elliptic curve over the ordinary locus of the
modular curve in terms of certain p-adic analytic moment functions associated
to Katz’ two-variable p-adic Eisenstein measure.

THEOREM (cf. Theorem ). There is a compatible system of overconvergent
sections in the syntomic logarithm sheaves p, € T’ (z?K,jL(LogZR)) describ-

ing the D-variant of the syntomic polylogarithm on the ordinary locus of the
modular curve

POl gy = (P0])0 € i Hy (%, Lagl, (1)

In tubular neighbourhoods || of torsion sections we have the following explicit
description of these overconvergent sections in terms of moment functions of

1 for a more precise version of the theorem, see the main body of the text
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Katz’ two-variable p-adic Fisenstein measure

pn']f[(s) = Z (_1)ll|/>< yk$_(l+1)(1 _’_S)mdu%i’s(a’b)(l_’y) '(:)[k’l]
k+Ii<n Zp XZp

with values in p-adic modular forms.

Although the complex analytic Kronecker theta function is not applicable in
our setup, we essentially follow the strategy of Bannai-Kobayashi-Tsuji. The
geometry of the Poincaré bundle serves as a substitute for the Kronecker theta
function. More precisely, we make use of the purely algebraically defined Kro-
necker section of the Poincaré bundle, which has been fruitfully applied in
[ ] to study algebraic and p-adic properties of Eisenstein—Kronecker se-
ries. Since the syntomic realization refines the algebraic de Rham realization,
we need a good understanding of the latter. This has been established in our
earlier work | ]. Building on previous work of Scheider, we have given
there an explicit description of the algebraic de Rham realization for arbitrary
families of elliptic curves via the Poincaré bundle. It is again the Poincaré
bundle which allows us to relate the syntomic realization to Katz’ two variable
p-adic Eisenstein measure: Here we build on [ |, where we have con-
structed Katz’ Eisenstein measure using p-adic theta functions associated to
the Poincaré bundle.
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2 RIGID SYNTOMIC COHOMOLOGY

Syntomic cohomology can be seen as the p-adic analogue of Deligne—Beilinson
cohomology. Indeed, in the case of good reduction Bannai has proven that syn-
tomic cohomology can be seen as absolute p-adic Hodge cohomology [ ]
The work of Deglise and Niziol generalizes this to arbitrary smooth proper
schemes over a discretely valued field of mixed characteristic| ]. The ap-
proach of Deglise—Niziol allows further the construction of a ring spectrum
in the motivic homotopy category of Morel-Voevodsky representing syntomic
cohomology. In their approach coefficients for syntomic cohomology can be de-
fined abstractly as modules over this ring spectrum. Nevertheless, we will use
rigid syntomic cohomology as developed by Bannai for describing the syntomic
realization of the elliptic polylogarithm. Indeed, since we want an explicit
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description of the polylogarithm class, we need explicit complexes computing
syntomic cohomology.
In this section we briefly recall the definition and basic properties of rigid syn-
tomic cohomology. We follow closely the appendix of | ]. In particular,
we use their modification of the definition of smooth pair allowing overconver-
gent Frobenii which are not globally defined. Let K/Q, be a finite unramified
extension with ring of integers Ok, residue field £ and Frobenius morphism
c: K— K.
A smooth pair is a tuple 2" = (X, X) consisting of a smooth scheme X of
finite type over Ok together with a smooth compactification X of X with
complement D := X \ X a simple normal crossing divisor relative Spec Ox-.
We denote the formal completion of X w.r.t Xj := X Xgpec 0, Speck by X and
the formal completion of X w.r.t X; by X. The rigid analytic spaces associated
with X resp. X will be denoted by Xk resp. Xx. An overconvergent Frobenius
éx = (¢,¢y) on a smooth pair 2 = (X, X) consists of: A morphism of
Ok -formal schemes

p: X=X

lifting the absolute Frobenius on X and an extension of ¢ to a morphism of
rigid analytic spaces

d)v V= )EK
to some strict neighbourhood V of Xk in Xx. A smooth pair together with an
overconvergent Frobenius 2" = (X, X, o, ¢v) will be called syntomic datum.
For a smooth pair 2" = (X, X) let us write Xx and Xx for the generic fibers
and X" resp. X" for the associated rigid analytic spaces. Then, X@is a
strict neighbourhood of 7 : Xx — Xx. A coherent module M on Xx with
integrable connection

V:M = M®Q%, (logD)

and logarithmic poles along D induces an overconvergent connection
(M™9,V"9) on M"™ := jT(M|xen). The category of filtered overconver-
gent F-isocrystals on %2~ serves as coefficients for rigid syntomic cohomology
and may be realized as follows.

DEFINITION 2.1. Let the category S(2) of filtered overconvergent F-isocrystals
on & = (X, X) be the category consisting of 4-tuples

M = (M,V,F.,(I)]\/])
with: M a coherent O, -module with integrable connection
V:M— M®Q% (logD)

with logarithmic poles along D = Xx \ Xg. F* a descending exhaustive and
separating filtration on M satisfying Griffith transversality:

V(F*M) C F*~1(M) ® Q% (log D)
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and a horizontal isomorphism
Dy FXM™9 — M9,

where F, is the Frobenius endofunctor on the category of overconvergent
isocrystals defined in [ ]. @ will be called a Frobenius structure. Mor-
phisms in this category are morphisms of Og, -modules respecting the addi-
tional structure.

If one has a fixed overconvergent Frobenius on the smooth pair 2~ = (X, X),
one can realize a Frobenius structure more concretely as a horizontal isomor-
phism
Gy M9 — M.

A morphism of pairs 2" = (X,z) - % = (Y,Y) is a morphism f : X — Y
such that f(X) C Y. A morphism of pairs is called smooth, proper, etc, if
flx is smooth, proper, etc. For smooth morphisms of smooth pairs we define
the higher direct image of filtered overconvergent F-isocrystals as follows. Let
D' := Y \ Y. The sheaf of relative logarithmic differentials is defined as the
cokernel in the following short exact sequence:

0 —— f*Qy (logD') —— Q3 (logD) —— Q}(K/?K g 0
and Q%K/Y/KJOg = ApQ;zk/Y’K,log' For M = (M,V,F*,®y) € S(Z) we can

define the following algebraic and rigid relative de Rham complexes

DR%,y (M) := M @0, Q

°
XK/Y’K,log
and _ _

DR;(/Y(MMQ) =M ®jto)2;( jTQ;EK/J_}K
and their higher direct images

RPf.DR%/y (M), R frig DRy (M™).

In the special case 2~ i> ¥ := (O, Ok) both

Hip (X, M) - = RPf.DRY /1 (M),
HP (Xk, Mrig) - = R:Df”,g,*DR;(/K (Mm'g)

rig
are K-vector spaces.

While RPf.DRY,y (M) is equipped with the Hodge-Filtration F'* and the
Gauss—Manin connection Van, the rigid cohomology R fri4.DR% /Y(M i9) is

equipped with a Frobenius structure ®. If we write jy : Vx < Yk for the
inclusion, we have a comparison map

Ow :j; (Rpf*DRS(/Y(MﬂY;n) — Rpfrig7*DR;(/Y(MTig)_
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Thus, whenever © 44/ is an isomorphism, we obtain a structure of a filtered
overconvergent F-isocrystal over %

H (2 )%, M) = (RE.DR y (M), Ve, F*, @) € S(%).
It is known that for proper maps 7 : 2~ — % the comparison map © g /g is
always an isomorphism | , Prop. A.7].

DerFINITION  2.2. A filtered overconvergent F-isocrystal M =
(M,V,F*, ®)) € S(Z) is called admissible if:

1. The Hodge to de Rham spectral sequence
EP? = H?(Xk, grt DR (M) = HELT (X, M)
degenerates at Ej.

2. 6%/(0}(,01() : Hc};R (XK,M> — HE (Xk,MMg) is an isomorphism.

rig

3. The K-vector space Hip (Xg, M) = HE, (Xi, M") with Hodge fil-

tration coming from Hjp and Frobenius structure coming from HJ, is
weakly admissible in the sense of Fontaine.

Let us write S(.27)24™ for the full subcategory of admissible objects.

We will also need the following relative version of ‘admissible’ from [ , Def.
5.8.12]:

DEFINITION 2.3. Let 7w : 2" — % be a smooth morphism of smooth pairs.
A filtered overconvergent F-isocrystal M = (M, V,F*, &) € S(27) is called
m-admissible if:

1. ©y/y is an isomorphism.

2. The obtained filtered overconvergent F-isocrystals over %
H? (2| M) = (Rpf*DRE(/Y(M),VGM,F‘,d)) e S@).
are admissible.
Let us write S(27)™ =™ for the full subcategory of m-admissible objects.
For 7 : 2" — % a smooth morphism of smooth pairs we obtain functors
. T—adm adm
HE L (2Y,0) () — S(@) .

Let us briefly recall the definition of rigid-syntomic cohomology as given by
Bannai. We follow the exposition in | ]: Let 2 = (X,X,6,¢v) be a
syntomic datum and M = (M,V,F*®,®)) be a filtered overconvergent F-
isocrystal. For a finite Zariski covering i = (Ui)ig of X set Uio,___,imK =
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ﬂ0<j<n Uz-ij. il induces a covering (U; i )ier of Xk obtained via the comple-
tion of U; N X along its special fiber. Let us write
Jiosin  Uioyvin,ic =[] Uiy e = Xie

0<j<n
for the inclusion. The total complex associated with the Cech complex
[IT (Uik. DRER (M) = J] T (Ui .ir .1, DRI (M)) — ...
i 10,01
will be denoted by Rig (4, M). Similarly, let us define R, (4, M) as the total
complex associated with:

[T (%, 3/ DRe (7)) = T] T (¥, i],.., DRI, (M) — .
i i0,i1
The Frobenius structure ®,; together with the overconvergent Frobenius ¢x =

(¢, ¢v) induce
by : K®U,K R? (Ll,/\/l) — R (il,/\/l)

rig rig
and the comparison map ©x, i induces

Ou : RYp (4, M) — R® (81, M).

rig
Let

rig

R2,. (4, M) := Cone <F0R§R(u, M) L2200, pe g M)) 1]

where F'*® is the filtration induced by the Hodge filtration.

DEFINITION 2.4. The rigid syntomic cohomology of 2" with coefficients in M
is defined by

ngn (‘%aM) = h_I>an (Rs.yn(uaM))
s

where the limit is taken over all finite Zariski coverings.

By its very definition we have a long exact sequence

m 1-¢ m
. = FUHRR (Xi, M) — H}}

(Xp, M™9) — HIFN (2, M) = .. (1)

syn
Above we have defined functors
ﬂgyn (%/@, ) : S(%)wfadm N S(@)adm.

The reason for the chosen notation for this functor is the following spectral
sequence | , Theorem 5.9.1]. For M = (M, V,F*,®/) € S(27)"~ %™ and
m: X — % a smooth morphism of smooth pairs there is a Leray spectral
sequence:

EYY = HE (% ,HE (2 /¥ M)) = EP*" = HPXO (2 M).

syn =2 syn

Either by this spectral sequence or directly by the above long exact sequence,
we deduce the following;:
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COROLLARY 2.5. For ¥ := (Ok,Oxk) we have the short exact sequence:

Hiw (V HE (2, M) < HRFH (2, M) — HY (Y, HEE (2, M)

Z=syn syn syn =2 syn

DEFINITION 2.6. The boundary map

§:H™ (2, M) — Hix (Xk, M)

syn
is defined as the composition of

Hsn;n (%aM) - Hsoyn (qi/va (%aM))

=%syn

with the identification

HY (7, iy (2, M) = ker (FOHi (Xic, M) =5 H],

==syn rig

(X, M719))
and the inclusion

ker (FOHZ{}{ (X, M) 2% g

e (X, M719)) € Hi (Xic, M)

In general, the category of filtered overconvergent F-isocrystals S(27) is not
Abelian. As in | , Rem 1.15] we will regard the category S(Z") as an
exact category with the class of exact sequences given by

0O—-M —-M-—-M'—=0

such that the underlying sequence of O, -modules is exact and the morphisms
in the sequence are strictly compatible with the filtrations. The Tate objects
K(n) € S(Z") are defined as

K(n) = (OXKad: OXK —}Q%K,F.,@)

with F710g5, = Og, C F7t0g,_ = 0 and ®(1) = pJ. Let us write
VIC (X /K) for the category of vector bundles on Kx with an integrable
K-connection.

PROPOSITION 2.7 (| , Proposition 4.4]). For i = 0,1 there is a canonical
isomorphism

syn

fitting into the commutative diagram

Extis(%)(K(O),M) — EXt{/IC(XK/K)(K(O)vM)

I s

i 4 i
Hsyn (‘%7/\/{) - HdR (XK? M)
where v is the map forgetting the Hodge filtration and the Frobenius structure.
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For an admissible filtered overconvergent F-isocrystal M = (M, V, F'*, ®,r) on
(X, X) let us write

O: T'(Xg, M™) = T(Xg, M"™), a s $p(d*a)

for the map induced by the Frobenius structure. Last but not least, let us
recall the following useful description of classes in HJ,,, (2°, M) if FOM = 0:

PROPOSITION 2.8 (] , Proposition A.16]). Let M = (M,V,F,®) be an
admissible filtered overconvergent F-isocrystal with FOM = 0. A cohomology
class

o] € HL (2, M)

syn

is given uniquely by a pair (o, &) with
aeD(Xg,M"™), ¢eT(Xg, F7'M® Qg (logD))
satisfying the conditions:
Via) = (1 =2)(E), V() =0

In particular, this result will apply to the polylogarithm class. Indeed, we
will see that the differential equation of overconvergent functions describing
the rigid syntomic polylogarithm class is just a restatement of the abstract
differential equation

V(a) = (1 - 2)(E).

COROLLARY 2.9 (] , Corollary A.17]). Suppose (a,&) = [a,&] €
HL, (2, M) is as in the previous proposition. Then, the image of [, &] under

Hslyn (%’M) - H(}R (%’M)

is given by [€].

3 THE SYNTOMIC POLYLOGARITHM CLASS

The syntomic elliptic polylogarithm is a pro-system of cohomology classes in
syntomic cohomology with coefficients in certain filtered overconvergent F'-
isocrystals, called the syntomic logarithm sheaves. The aim of this section
is to introduce the syntomic logarithm sheaves and to define the syntomic
polylogarithm class. Let us start with the definition of the syntomic logarithm
sheaves. As before, let K/Q, be a finite unramified extension. Let 7 : & =
(E,E,¢p) — .7 = (S, S, ¢s) be a morphism of syntomic data with 7 : F — S
an elliptic curve over some affine scheme S.

Since 7 is proper, H = ﬂ;yn (&), K(1)) € S(.#)% and H" € S(.7)
are well defined admissible filtered overconvergent F-isocrystals. Let us define
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Hg := m*H. Applying the Leray spectral sequence for syntomic cohomology
gives a split short exact sequence:

*
€

/\

Extg s (K(0), H) T Extg gy (K (0), Hr) —2% Homg(s)(H, H)

Let [Lagiyn] € Ext%(é»)(K (0),HE) be the unique extension class satisfying
e*[Logiyn] =0and ¢ [Log;yn] = idy. A representative of this extension class
does not have any non-trivial automorphisms, thus it is uniquely determined by
its extension class up to unique isomorphism. An overconvergent F-isocrystal
1 1
Log, ., = (Loggg, V, ongsyn, (I)L"Hsyn)
representing the extension class [Log;yn] will be called the first syntomic loga-

rithm sheaf. The higher logarithm sheaves are defined by taking tensor sym-

metric powers
n
syn

Log" :=TSym" Lo(giyn.

Here, recall that the n-th tensor symmetric power TSym" Log}m is defined by

Sn

TSym" Loglg := (Logig ® ... ® Logyy)

where the symmetric group S, acts by permutation. The connection, the
filtration and the Frobenius structure on Logly induce an overconvergent F-

isocrystal structure on Loglj := TSym" Logig-

n
syn’
Since the extension class of the first logarithm sheaf pulls back to zero along e,
we get a canonical isomorphism

The canonical map Lo(g;yn — K (0) induces transition maps Log:ytl — Log

e*Lo(g;yn 5 K(0) @ H.

By passing to tensor symmetric powers, we obtain

n
e Log, = @ TSym" H.
k=0

In particular, 1 € K(0) = TSym® # gives us a canonical horizontal section 1(")
in e*Log:yn. Although the section 1™ € T'(S, Log}m) is uniquely determined
by the datum of the logarithm sheaves it will be convenient to include it into
the structure defining the n-th syntomic logarithm sheaf. So sometimes we will
write

Loyn = (LOgQR, V, ongsyn, (I)ng , ]1(”))

syn syn
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Since 7 is proper, we have
H (éa/jﬁ Log" ) € S(.7).

One can compute the syntomic cohomology of the logarithm sheaves along the
same lines as in the de Rham realization | , §1.2]:

PROPOSITION 3.1. Let w: & — & be as before. The transition maps

syn 2=syn

(é’/y Log”“) — H! (é"/y Lagsyn)

are zero for i = 0,1 and are isomorphisms for i = 2. In particular, the trace
isomorphism for i = 2 gives canonical isomorphisms

=%syn

syn (é"/y Log’ )% .S H? (é"/y,Loggyn) 5 K(0)

Proof. Since the underlying F-isocrystals are the relative de Rham cohomology
sheaves plus extra structure, the result follows from the corresponding result
for de Rham cohomology [ , Proposition 2.2]. O

For the definition of the (D-variant) of the elliptic polylogarithm in rigid syn-
tomic cohomology consider the following diagram of smooth pairs: For D > 1
define Up := E \ E[D].

Up = (Up,E) <2 & .= (E,E) «'2, &[D]:= (E[D], E[D])

TUp lﬂg %

S = (M, M)
Combining the localization sequence with the vanishing results from proposi-
tion gives the exact sequence:
aug

0— L HSyn (?/D,Logsyn ) Res, L syn ( Lagsyn( )|g[D]) — K.

Let us write 1. € I'(E[D], Ogp)) for the horizontal section supported on [e]
and 1g(p) := 1 € I'(E[D], Og|p)) for the section corresponding to the identity
element of the ring I'(E[D], Ogpj). Since both sections are horizontal, we will
view them as elements of H{y (E[D]). (1) gives us the exact sequence

. n o\ 1-¢
0— L syn ( I, Log | ) H@FOHC?R (E[D]k, Loggr) —

27¢ lim Hﬁg (Ex[D], (Loglir)"™) -

This sequence allows us to view D?*1, — 1 gp] € ker(l — ¢) as element of
hm Hsyn (éa[ , Logsyn)
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DEFINITION 3.2. The D-variant of the syntomic polylogarithm is the unique
pro-system

po[D,Syn € lim Hsyn (OZ/D, Logsyn( ))

mapping to D?1, — 1 g[p) under the residue map in the localization sequence.

4 THE DE RHAM REALIZATION OF THE ELLIPTIC POLYLOGARITHM

By forgetting the filtration and the Frobenius structure of the syntomic loga-
rithm class [Logiyn] we obtain an extension class in the category VIC (E/K)
of vector bundles with integrable K-connections

[Logar, V] € Extyic(s/x)(Or, H).

The extension class [Logjg, V] maps to zero under e* respectively to the iden-
tity in the split short exact sequence

Extyioes/ i) (Os, H) eﬁ Extyo(g)x)(Or, He) — Homvyics k) (M, H).

Contrary to the syntomic realization, an extension representing the first de
Rham logarithm class might have non-trivial automorphisms but the additional
datum of the section 1Y) distinguishes a splitting of e*LogcliR and thereby
rigidifies the situation. The triple (LogéR,VLogéR, 1MW) is called the first de
Rham logarithm sheaf. For more details on the de Rham logarithm sheaves
we refer the reader to | , §2,83]. The triple (Loglig, V,1(™) obtained by
taking n-th tensor symmetric powers will be called n-th de Rham logarithm
sheaves. The elliptic polylogarithm in algebraic de Rham cohomology

polp qr € h}}l ﬂtlm (Up/ K, Loggr)

is then defined in complete analogy using the localization sequence in de Rham
cohomology, i.e. polp 4i is the unique pro-system mapping to the horizontal
section D?1, — 1 g[p) under the residue map in the exact sequence

lim | Hlp (Un/K, Login) B Ty Hix (EID)/K, Sym" Hepp)) - K

According to a theorem of R. Scheider, the de Rham logarithm sheaves of an
elliptic curve are given by restricting the Poincaré bundle on the universal
vectorial extension to infinitesimal neighbourhoods of the elliptic curve. Let
us briefly recall his construction here and let us refer to | ] or [

§4] for details. Let P be the Poincaré bundle on E xg EV and let ET — EV
be the universal vectorial extension of EV. There is a universal integrable
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E'-connection Vi on the pullback Pt of P along E xs BT — E x5 EV. The
connection Vy induces an integrable S-connection V i on

£hi= ore). (71

Ex sInf? ET) '

Further, the canonical rigidification of the Poincaré bundle induces an isomor-
phism of Og-modules
6*511 = Ontn m1 -

In particular, there is a distinguished section 1 € T'(S,e*L]). The following
Theorem is due to Scheider. For a much shorter proof we refer to |
Corollary 4.9].

)

THEOREM 4.1 (Scheider, | ). There is a unique prolongation V‘Zbils of the

S-connection VLT to a K-connection such that

(L, Ver.1)

is an explicit model for the n-th de Rham logarithm sheaf.

By its very definition Log(lm is an extension of O by Hg. Viewing Op as sitting
in filtration step 0, there is a unique Hodge filtration F'® of Logtlm compatible
with the Hodge filtrations of Hg and Og. The filtration on Logjy is defined
by passing to symmetric powers. Let us write Logjy (1) for Logig with shifted
filtration F**!. Building on the result of Scheider, we have constructed in
[ , §5] 1-forms with values in the logarithm sheaves

Ly € (B, Qp5(E[D]) ®o, FLL(1)).
Let us briefly indicate the construction of L2 and let us refer to [ , §5] for

details: The starting point of our construction is the Kronecker section, which
is defined as follows: The autoduality isomorphism

A:E —— Picy g =: EY

(2)
P —— [Op([-P] - [e)]

gives an explicit model for the rigidified Poincaré bundle

(P,ro) : = (pr;OE([e]pﬂ 2 priOn(e])®! @ 1 Op(le]) W*Eng%/_Sl,ro) .

Here, A = ker (u: E x EY — E) is the anti-diagonal and r( is the rigidification
(e x id)*P = Opgv induced by the canonical isomorphism

e*Op(—le]) = Wg/s = 6*9}3/5-
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This description of the Poincaré bundle gives the following isomorphism of
locally free O« g-modules, i.e. all tensor products are taken over Op«g:

PRPY 2P0, pp(le x El+[E x €]) ® Opxn(—A) (3)

The line bundle Oy g(—A) can be identified with the ideal sheaf Ja of the
anti-diagonal A in F xg F in a canonical way. If we combine the inclusion

Opxp(=A) 2 Jan = Opxe
with (3), we get a morphism of Qg p-modules
PP = POy, pp(le x El+[E xé]). (4)
The Kronecker section

Scan €T (E x5 EY,P ®0,, pv Vsypv pv(le x BY] + [E x e]))

is then defined as the image of the identity section idp € I'(E x E,P @ P®~1)
under (4).

The universal property of the Poincaré bundle gives us a canonical isomor-
phisms for D > 1:

y1.p: (id x [D])*P = ([D] x id)*P
Let us define the D-variant of the Kronecker section by
Sean 1= D? - 71,0 ((id X [D])* (scan)) — ([D] x id)*(scan)-

The restriction of s2  along F xg Inf? EV <+ E xg EV induces a section

Per (E Ll ®p Q%E/S(E[D])) .

This almost yields the desired 1-forms L2 except, that [P are only 1-forms
relative S. But it is possible to lift these 1-forms in a canonical way to the
absolute 1-forms

LPer (E Ll ®g Q}E/K(E[D])) .

THEOREM 4.2 (| , Theorem 5.8]). The system of 1-forms (L2),>0 rep-
resents the polylogarithm in algebraic de Rham cohomology

(L Dnzo = polp 4r € h}lnﬂclm (Up/S, Loggr(1)) .

Combining this with proposition 2.8, has the following immediate consequence
for the syntomic realization:
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COROLLARY 4.3. Let m : & — % be a morphism of syntomic data of el-
liptic curves. There is a unique system of overconvergent sections p, €
F(é%,jg(ﬁjl)) satisfying the differential equation

vLog:’yn (pn) = (1 - @)(sz))

The pair (pn, LY) is the unique pair representing the syntomic realization of
the polylogarithm:

([Pn, Lg])nZO = pO[D7syn € yLanlyn (%Da Loﬂ:yn) :

In the following we would like to give an explicit description of the overconver-
gent sections p, which describe the Frobenius structure on the polylogarithmic
extension in syntomic cohomology.

5 THE ORDINARY LOCUS OF THE MODULAR CURVE

Let p be a prime and N > 3 be an integer prime to p. Let K = Q, and denote by
7 the smooth pair ¥ = (Spec Zj, Spec Z,). For the modular curve M = My z,
with I'(IV)-level structure over Z, choose a smooth compactification M and let
(E = En,an) be the universal elliptic curve with level N-structure over M.
Let E be the Neron model of E over M. Then

(E,E) 5 (M, M)

is a smooth proper morphism of smooth pairs. If we restrict to the ordinary
locus E° C E, we obtain a smooth proper morphism of smooth pairs:

(Eord7E) N (Mord7M)

Let £°9, € resp. M9 M be the formal completion of E°*Y, E resp. M°"d, M
with respect to the special fiber. Then, M°'? classifies ordinary elliptic curves
with level N-structure over p-adic rings. If we divide an ordinary elliptic curve
with level N-structure (F,a) by its canonical subgroup, we obtain another
ordinary elliptic curve (E' = E/C, ') with level N-structure. In particular,
the map (F,a) — (E/C,a’) induces a map

Frob : M°™ — pord

lifting the Frobenius morphism on the special fiber. By | , Chapter 3] the
induced Frobenius M&? — ./\/l?@rpd on the associated rigid analytic space M?Qrpd
is overconvergent. In particular, we have a canonical overconvergent Frobenius
¢pr on the smooth pair (MO, M). The associated syntomic datum will be
denoted by

%ord — (Mord,M,(bM)-
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For the moment let us write £°™| \ ora for the pullback of the ordinary elliptic
curve to the formal completion. Then, E°"|, ora is the universal ordinary
elliptic curve with level structure over p-adic rings. The commutative diagram

B pora —— B | ppora := (BE¥/C)| pgora 2225 B pgora

\ l J Frob lﬂ

M ord M ord

induces a Frobenius lift F°|yora — E|ora on B pjora which gives us

a canonical overconvergent Frobenius ¢x on the smooth pair (E°™, E). The
associated syntomic datum is

&= (E"E, ¢p).

Let us write 7 : & — .# for the corresponding morphism of syntomic data.
Let us now turn our attention to the moduli space of trivialized elliptic curves
as defined by Katz | ]. Let E/S = Spec R be an elliptic curve over a
p-adic ring R. A trivialization of E' is an isomorphism

ﬂ:EQ@ms

of formal groups over R. For N > 1 a natural number coprime to p, a trivialized
elliptic curve with T'(IV)-level structure is a triple (E, 8, an) consisting of an
elliptic curve E/S a rigidification 8 and a level structure ay : (Z/NZ)% =
E[N]. Let (E'™Y,3,ay) be the universal trivialized elliptic curve with I'(V)-
level structure over MV = SpecV (Z,,'(N)). For more details we refer to
[ , Ch. V]. The ring V (Z,,T'(N)) will be called ring of generalized p-
adic modular forms. Let us write MV = SpfV (Z,,T'(N)) for the formal
completion of the moduli space M™ = SpecV (Z,,'(N)) along its special
fiber. The existence of a trivialization on an elliptic curve already implies that
the curve is ordinary. Thus, the forgetful map

(E,a,8) — (E,a)

induces a map M"Y — AM©°'d The induced map on rigid analytic spaces sits
in the following Cartesian diagram

triv p ord
g@p > g@p

| |

triv ord
Mg, —— Mg

For (a,b) € (Z/NZ)? let t = t,, respectively t = t,;, be the associated torsion
sections on E° respectively E'V. Let us furthermore write J¢[ for the tubular
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neighbourhood of the reduction of # in 5&". Pullback along the covering map
p induces an injection

L(t], (€] pora)™™) = T (L], pose)™), 0 570

The main goal of the rest of the paper is to give an explicit description of
the overconvergent sections p, appearing in the description of the syntomic
polylogarithm in corollary 4.3. The advantage of describing p*(p,) instead of
pn is that we will construct a canonical basis QlE of (EIL triv
This basis allows us to describe sections of L] on tubular neighbourhoods of
torsion sections explicitly.

)™ in section

6 AN EXPLICIT MODEL FOR THE SYNTOMIC LOGARITHM SHEAVES FOR OR-
DINARY ELLIPTIC CURVES

As before let £°'4 — _#°™ be the syntomic datum associated to the ordinary
part of the modular curve of level I'(N). First let us give a complete description
of the syntomic logarithm sheaves in terms of the Poincaré bundle. Recall, that
the tuple

(£}, Ve, 2, 1)
provides an explicit model for the de Rham part of the syntomic logarithm
sheaves in terms of the Poincaré bundle. It remains to give an explicit de-
scription of the Frobenius structure.Let us write p: E°'4 — E' = E°r/C for
the isogeny given by the quotient of E°*d by its canonical subgroup. Recall,
that the universal vectorial extension B4 T of Eo'dV classifies line bundles of
degree zero with an integrable connection. In particular, there is a unique map
ot : B'f — E°rdt together with a unique horizontal isomorphism

(idgera x @1 )*PT 5 (o x id g ) P'T. (5)

classifying the line bundle (p x idg:)*P’T with its pullback connection. The
restriction of ! : E'f — E°4T to the n-th infinitesimal neighbourhood of the
identity induces an isomorphism:

e s+ Inf? B 5 Tnfy BT
Restricting the map (5) along Ex x Inf? E;( gives an horizontal isomorphism

Lo Sl (6)

’
n, B

The reader familiar with the properties of the logarithm sheaves might have
noticed, that this isomorphism is nothing than the observation that the loga-
rithm sheaves are invariant under isogenies. Now, let us once again consider
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the diagram

B pora —2 B ppora 1= (B C)| pgora =222 By fora

S &

Mord Mord

Recall, that the composition ¢p := Frobo o provides a canonical Frobenius lift
on E°*4. Since the Poincaré bundle is compatible with base change we have an
horizontal isomorphism

—~—— ~

Frob £f, 5 £f . (7)
Thus, combining (6) and (7) gives an horizontal isomorphism

T ~ ok pt

£n,E°Krd - ¢E£n,E‘I)§d'
The inverse of this map induces the desired Frobenius structure
@ R(LL)™ S (L])™.

This completes our full description of the syntomic logarithm sheaves in terms
of the Poincaré bundle:

PROPOSITION 6.1. The filtered overconvergent F'-isocrystal

(L, Vb, F* @4, 1)

is an explicit model for the syntomic logarithm sheaf.

Proof. Tt only remains to prove that the constructed Frobenius structure co-
incides with the abstractly defined Frobenius structure of the syntomic log-
arithm sheaves. But it follows immediately from the definition of ® ot that
e*® .1 (1) = 1 where 1 € I'(S, e*Ll) is the fixed section in the above datum.
Since there is only one horizontal morphism with this property, we see that
d ot coincides with the abstractly defined Frobenius structure on the syntomic
logarithm sheaf. O

7 p-ADIC THETA FUNCTIONS AND THE p-ADIC EISENSTEIN MEASURE

In this section we recall our approach towards p-adic interpolation of
Eisenstein—Kronecker series via p-adic theta functions, see | , Part II].
7.1 p-ADIC EISENSTEIN-KRONECKER SERIES

Let us first recall Norman’s definition of the p-adic Eisenstein—Kronecker series.
Classical modular forms of weight k and level I'(IV), can be seen more geomet-
rically as sections of the k-th tensor power of the cotangent-sheaf w%ﬁc) IM(C) of

DOCUMENTA MATHEMATICA 24 (2019) 1099-1134



THE SYNTOMIC REALIZATION 1117

the complex universal elliptic curve of level T'(IV). This leads in a natural way
to the definition of geometric modular forms and allows to study modular forms
from an algebraic perspective. More generally, a certain class of C°°-modular
forms, the quasi-holomorphic modular forms allows a similar interpretation.
For more on quasi-holomorphic modular forms and there geometric interpreta-
tion let us refer to | , §2]. Tt is possible to see quasi-holomorphic modular
forms (of level I'(N), weight k and order r) as sections

Fk_r Symk HcllR

sitting in a certain filtration step of the Hodge filtration of symmetric powers
of the relative de Rham cohomology Hiy = RlW*QfE/M- The link back to the
associated C*°-modular forms comes from the Hodge decomposition

HIR(C®) 5 w(C™®) @ @(C™)

which is non-holomorphic. Fisenstein—Kronecker series provide a particular
class of nearly-holomorphic modular forms of number theoretic interest. For a
given lattice ' =Z +7Z C Cand t € %F, t'e %F let us consider the series

i (=Dt b —1)! t+3*,
eayb(ta t/; 7_) = a Z b <’75t >
A servie )
with (z,w) := exp (Zi(}“;z) and A(I') = Z=F. This series converges abso-

lutely for b > a + 2; for arbitrary integers a,b it can be defined by analytic
continuation, c.f. | ]. The above mentioned geometric interpretation of
nearly-holomorphic modular forms is very useful for studying algebraic and
p-adic properties of Eisenstein-Kronecker series. Indeed, it is possible to asso-
ciate in a functorial way to every test object (E/S,t,t") with E/S an elliptic
curve and ¢t € E[N](S),t' € E[D](S) torsion sections certain elements

By € T(S, Sym™™" Hig (E/S))

which correspond to the classical analytic Eisenstein—Kronecker series é, (%, t’)
via the Hodge decomposition on the universal elliptic curve. This purely alge-
braic interpretation of real analytic Eisenstein series goes back to a construction
of Katz involving the Gauss-Manin connection on the modular curve. An al-
ternative construction can be given using the Poincaré bundle on the universal
vectorial extension of an elliptic curve, cf. | , §4]. For the construction of
E} * and for the discussion of their properties we refer to [ , §4]. While
studying the syntomic realization of the elliptic polylogarithm, the following
variant of the geometric Eisenstein—Kronecker series will appear naturally: For
a test object (E/S,t € E[N](S)) and a fixed integer D > 1 let us consider

pEFT = N BT e 1(S, SymM T Hg (E/S)).
0#£t' € E[D](S)
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Once the algebraic sections DEf "1 are defined, it is straightforward to de-
fine Eisenstein—Kronecker series p-adically. Instead of applying the Hodge
decomposition one can use the unit root decomposition on the universal
trivialized elliptic curve to construct generalized p-adic modular forms: Let
EY™Y /MY be the universal trivialized elliptic curve and for (a,b) € (Z/NZ)?
let t = top € EV[N](M'V) be the associated N-torsion section. Applying
the unit root decomposition

SykarTJrl ﬂtllR (EtrW/Mtrw) — SyHlkJrTJrl gEmv/Mcriv :) OI\/[triv

followed by the trivialization wguiv /puiv = B (%) - Oppeiv to the sections

DE,]g€ o yields generalized p-adic modular forms
kr riv
Dg(avl;gl = V(ZP7F(N)) :F(Mt ,OMtriv)_

Let us call these p-adic modular forms p-adic Fisenstein—Kronecker series.

7.2 p-ADIC THETA FUNCTIONS OF THE POINCARE BUNDLE

Let us briefly recall the construction of p-adic theta functions for sections of the
Poincaré bundle. For details we refer to | , §6]. Let E//S be an elliptic
curve over a p-adic ring S = Spec R with fiberwise ordinary reduction. Let us
write
in: Cp:i=EpP"o = E, jn:Dyp:=E"[p"]o— EY
for the inclusion of the connected components of the p”-torsion groups. We
define
on: E—- E/C, = F

and write D, := (E")Y[p"]o for the connected of the p™-torsion of (E’)V. Since
oY: (E")Y — EY is étale, it induces an isomorphism D!, = D,,. Let us write
P for the Poincaré bundle on E xg EY and P’ for the Poincaré bundle on
E’ xg (E')V. By pullback of the Poincaré bundle P along the commutative
diagram

Jn
D;L — (E/)v
l’é lwi
D, <" Ev

and using the isomorphism (id x ¢ )*P = (p,, x id)*P’ we obtain an isomor-
phism

(in X 3n)*P 5 (in X §2) (1d X 0, )P 5 (in X j1) (0 x id)*P".
On the other hand, ¢, o, factors through the zero section and we can use the

canonical rigidification of the Poincaré bundle (e x id)P" = O(gnyv to deduce
the isomorphism of Og-modules

(in X Jn)*P = (‘Pn Oy X ];z)*lpl = OCn Rog ODn'
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By passing to the limit, we obtain the desired isomorphism
Plexsey = Opxspv-
Slightly more generally, we can define a trivialization at every IN-torsion section
t € E[N](S) for N coprime to p as follows: The canonical isomorphism
([N] x id)*P = (id x [N])*P
induces an isomorphism
(Ty x [N))*P = (Ty x id)*([N] x id)*P = ([N] x id)*P = (id x [N]*P). (8)

Since N is coprime to p, the map [N]: EY — EV is an isomorphism. Restricting
(8) along E xg EV allows us to define a trivialization of the Poincaré bundle
infinitesimally around torsion sections:

Ploxsiv = Ploxsiv = Opxspv- 9)

This trivialization allows us to define p-adic theta functions for sections of
the Poincaré bundle. Let us apply this to the universal trivialized elliptic
curve BV /MUY of level T'(N) with N co-prime to p. Let us recall that
V (Zp,T(N)) = T(M™V, Opuiv) is the ring of generalized p-adic modular
forms. For (a,b) € (Z/NZ)? let us write { :={(, ;) for the associated N-torsion
section. The trivialization gives us an isomorphism

D(EMY X ppo BV P s i) =V (Zy, T(N)) [, T,

If U C E™ x puie E™Y is an open neighbourhood of the torsion section  and
o € (U, P), let us write

0i(0) € V (Zyp, L(N)) [S,T]

for the image of 7| guiv  puiv.v Under the above isomorphism. We call 0, ;) (o)
t

the p-adic theta function associated to the section o at t. Of particular interest
for us is the p-adic theta function associated to the Kronecker section s2 . Let
us write
D

pY% = pU(ap) = 0i(5can) (10)
for the p-adic theta function associated to the Kronecker section at £ = E(a,b)-
In the next section, we will see that the p-adic theta function 94 ) is closely
related to p-adic Eisenstein—Kronecker series.

7.3 p-ADIC THETA FUNCTIONS AND p-ADIC EISENSTEIN-KRONECKER SERIES

Let us now turn our attention to the p-adic interpolation of the p-adic
Eisenstein—Kronecker series. Let us refer to | , §8] for details: For a
p-adic ring R the Amice transform is an isomorphism of R-algebras

R[S1, ..., Sp] = Meas(Z, R), [+ py

D>
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between the ring of power series over R and the ring of p-adic measures with
values in R. It is uniquely characterized by the property

k kn _ 9ok kn
/ oyt dpg (2, e xn) = 07700 flgy = =S, =0
Z'ﬂ

p

where 9; := (1+ Si)aisi is the invariant derivation associated to the coordinate
S; on @Zz r- 1t turns out that the Amice transform of the p-adic theta function
pYap) € V(Zy,I'(N))[S,T] provides a measure M%if(%b) which interpolates
the Eisenstein—Kronecker series p-adically:

THEOREM 7.1 (] , Cor. 8.2]).

k,r+1 k Ei
o€ = / LY diD a,b)-
ZZ

p

Let us view the restricted measure u%‘s(a b) again as a measure on Zj, X Z,,

Ly XLy,

and define Dﬂgz )b) as the power series corresponding to it under the Amice

transform. As above, let us write Frob: M%V — MYV for the Frobenius lift
on the moduli space of trivialized elliptic curves induced by taking the quotient
by the canonical subgroup E%V — E%iV/C. By abuse of notation, let us also
write Frob™ for the map

Frob®: V (Z,,T(N)) [S,T] = V (Z,,T(N)) [S,T]

obtained by base change, i.e. Frob* acts coefficient-wise on a power-series. We
can give the following explicit description of DﬂEZ )b)(S, T):

ProroSITION 7.2. The Amice transform of the restricted measure

Ei . .
qu(aﬁb) 25 %z, is given by the formula

PP (S, T) = pP(ay (S, T) = Frob™ pia s ([P)(S), T).

where [p](S) denotes the [p]-series of the formal multiplicative group.

Proof. In | , Thm 11.1] we have proven the formula
/Z>< 2 f('rv y>dﬂ%)i7s(a,b)
p X%
[ty - Bob [ o )di,
ZLip XLy Lip X Ly

By passing to the Amice transform, we get the desired equality. o
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8 THE INFINITESIMAL SPLITTING

Recall that the logarithm sheaves can be obtained by taking successive exten-
sions of symmetric powers of Hg. These extensions split after pullback along
e, i.e.
n
e L 5 @ Sym" H.
k=0

In this section we will extend this splitting to some infinitesimal neighbourhood
of torsion sections. On the universal trivialized elliptic curve we have further
a canonical basis of . This together with the splitting will provide us with a
canonical basis of (L] )" in tubular neighbourhoods of torsion sections.

8.1 BASIC PROPERTIES

Let E/S be an elliptic curve over a p-adic ring S = Spec R with fiber-wise
ordinary reduction. Let us first recall that £] was defined by restriction of the
Poincaré bundle P to an infinitessimal thickening of E:

L= * T’ .
ni=(Pre) (7) Exglnf? BT

Similarly, let us define £,, as the restriction of the classical Poincaré bundle on
E xg EY to an infinitessimal thickening of F, i.e.

Ly = (prg)« (PlExsmmen Bv) -

Let us write
Ly =Lnlp, Ll =Ll

for the restriction of £,, and L] to E. The canonical projection of the universal
vectorial extension to the dual elliptic curve Ef — EV induces an inclusion
L, < LI which allows us to view £, as a sub-bundle of £},. Note, that the
connection on EL does not restrict to a connection on £,,. The G,,-biextension
structure of the Poincaré bundle allows us to construct co-multiplication maps

Lo — TSym" £y, L} — TSym" L]
let us refer to | , §9.2] for their definition. We have the following:
LEMMA 8.1 (] , Lemma 9.1]). The co-multiplication maps
Lo — TSym™ £y, LI — TSym" £]
are injective and isomorphisms on the generic fiber
ﬁn,EQp = TSym”™ ﬁl,E@p; ﬁL,EQP = TSym”™ EAIEQP
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The construction of section provides an isomorphism

~

P::P QOEXSEV :OE®OSOEV'

E X sEv
The restriction of this trivialization along Exg Infl EY provides the splitting
L1=05®0; Opp pv = 0p ®0s (Os Bwpy g)- (11)

Applying TSym" to the isomorphism £; = O ®04 (Os @ Wpgv/g) gives

n
. N A
£n,EQp — @TSym c_uE@p
k=0

where we write Wy = OE“@,, ®os Wpv/s-

8.2 THE INFINITESIMAL SPLITTING ON THE UNIVERSAL TRIVIALIZED ELLIP-
TIC CURVE

If we apply this to the universal trivialized elliptic curve E*/M%V of level
['(N), we obtain

n
Ly gy = P TSym” W fyriv-
k=0
The isomorphism Etiv:V 5 firiv ([A}W Miv provides us with a generator
w = f* (ﬂ—TT) € T(E™Y,w i) corresponding to the invariant differential
dT/(1+T) on G,,. The tensor symmetric algebra carries a canonical divided

power structure x +— 2F i =2z®..®zo0n TSym>0 Wpeiv. This allows us to
define

ol = Wl
Similarly, the inplusion Wpuivo /ey < H gives us a section [w] € T(M™™, H).
Let [u] € T(M™V #) be the unique section in the unit root subspace of H with
([u], [w]) = 1. The pair ([u],[w]) generates H as Opsuiv-module and induces

sections o
QUL = (W [ € T(EYY, TSym M H pouis ).

LEMMA 8.2 (| , Lemma 9.2.]). We have canonical O p.i. -linear decompo-
sitions:

n
~ o A [k i ~ X
‘Cn,E,&“V — @w[ ] * OEtriV7 En,E"iV — @ w[ ] * OEtriv-
P Qp Qp Qp
k=0 k+I<n
These decompositions are compatible with the transition maps
B £ B o

n,Eé‘;" - En—l,Eé‘;"a ‘Cn,Eérp“’ n_l,Eér;v

and the inclusion L, guiv < il triv -
HQp "’EQP
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Let us write 5™ for the rigidification of E*" and J¢{C g for the tubular
neighbourhood in E&V of the reduction of the torsion section f. Let us write

EAgriV for the formal completion of E*V along #. Now,

~

BEY 55 B S G
yields an isomorphism of rigid analytic spaces:
J{[= B7(0,1) x Mg
The isomorphism (9) induces
Ly g S P
Combining this with the decomposition

n
£n1E(t§riv = @ TSymk W fotriv
P k=0 - Qp

and passing to the associated rigid analytic space, we obtain the following:

; ; ; an
COROLLARY 8.3. There is a natural isomorphism of (’)B,(Oﬁl)xM&v-modules
§ rig

The basis (dj[k*l])ogkﬂgn is compatible with the transition maps of the logarithm
sheaves.

~ ~[k,l] ;yan )
s @ w OBf(O,l)XMtrW'
1¢[ Qp
k+i<n

We can now express the connection on ﬁnT explicitly:

LEMMA 8.4. The connection V qi on EAnT is explicitly given under the decom-
position '

all ~ A[kvl] . AL

En,E"iv — @ w OE&:V.

Q.
P k+i<n

by the formula
Vi @) = 1+ Dot @ w,

Proof. We have proven in | , Lemma 9.4] that
Vi @Y = c. (14 Do @ w

for some ¢ € Z,. With slightly more effort, we can refine this and prove ¢ = 1.
By definition, the basis @ is compatible with the co-multiplication maps

Pt ~ 7l
Ly gy, — ISym" Ly g
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Further these co-multiplication maps are horizontal, thus it is enough to prove
the case n = 1. For simplicity let us write M := M"Y and E = E%"V,

As in | , §5.1] let us write H3p (E /M ) for the relative cohomology of

the separated completion Q}E of the classical de Rham complex. Let us

/M
write VIC (E /M ) for the category of locally free Ogz-modules of finite rank

equipped with an (integrable) M-connection, i.e. modules F with an Oy-linear
derivative
Al
Similarly, let us write VIC (E/M) for the category of locally free Og-modules
of finite rank equipped with an (integrable) M-connection. Let us consider Og
and H g as objects of VIC (E/M) equipped with the trivial connection. To an
extension
0—-Hg—>F >0 —0

we can associate a section I'(M,Hig (F/S,HEg)) as the image of 1 €
['(S,05) = I'(S, HYz (E/S)) under the connecting homomorphism

0~ Hag (E/S,Hp) = Hag (E/S,F) — Hqp (E/S) — Hag (E/S, Hp).
This gives us a map

9: EXt%/IC(E/M) —T(M,H}g (E/S, Hp)) = T(M,H  Hig (E/M)).

By the defining property of the logarithm sheaves, we know that 5([51]) cor-
responds to the identity section of HY ® H using the canonical isomorphism
Hix (E/M)=#H". Similarly, we have a connecting homomorphism

5: Bxt!

vic(B/m) I(M, Hyp (E/S, %E)) =T(M,H®Hig (E/M))

By restriction along E < E we get a commutative diagram

EXt‘{/IC(E/M)(OE»,HE) — T(M,H ® Hix (E/M))

| |

s A
Extyyo(p/ar) (O M) —— T H @ Hly (B/M)).
It is straight-forward to check, that §([£]]) is contained in T(M, H ® D(E/M))
where D(E/M) C Hin (E’ / S) is the submodule of primitive elements [ )
§5.1]. There is a natural inclusion wg/; < D(E/M) which is in our case an
isomorphism since the co-kernel is the co-Lie algebra of the dual p-divisible
group of E over R | , (5.3.2)]. In particular, we can identify the inclusion

D(E/M) - ﬂ}m (E’/M) with the natural inclusion wg/, C ﬂ}m (E/M)
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Using this identification, the above commutative diagram and §([£1]) = idy
implies

SUL) = ue o] € D(M, H @ Hig (B/M)).

Indeed, under the canonical projection H — w}, /M the unit root space is
mapped isomorphically onto w}, s and the generator u maps onto the dual

w" of w. On the other hand, since the basis %0 G0 G101 gplits the exten-
sion
0—=Hp— Ll —0p—0

we can compute the boundary map explicitly by the formula [V (@00 e
1
T(M, Hlp (E/M) ® H) where

s Q% = Hig (B/M)

maps a form to its associated cohomology class. Since we already know
Vi (@00) = ¢ 00U @ w and since &1 := u, we get
1

(L) = [V (@] = ¢ ue [u].

1

We conclude ¢ = 1.

The Frobenius structure
By G(LL) 5 (L])
induces a map on global sections
®: (&, iH(L)) = Tk, (L)), @ (h0).

Here, note that j); denotes the overconvergent sections functor j); =

lim jy . j;l where V' runs over all strict neighbourhoods of Uy in Ex. The
Frobenius structure can be expressed in terms of the basis as follows:

LEMMA 8.5. The Frobenius structure is given by the following formula:
q)(@[k],[l]) = p~ Lok,
In particular, ® acts trivially on L.
Proof. From | , Lemma 9.3] we have the formula
EL N ¢*E£:fw QUL pl. gl

The result follows, since the Frobenius structure is by definition the inverse of
this map. O
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PROPOSITION 8.6. Let us choose some natural number D > 1 co-prime to N.
The analytification of the section (1 — ®)(I12) is given by the explicit formula:

n

o ok
= L (0 055) o)

k=0

((1—@))™ SR W (12)

s'=0

Here, Dﬂgp) is the p-adic theta function defined in (10) and s and s’ are the
coordinates corresponding to the variables S and T in V (Z,,T'(N)) [S, T].

Proof. Since [P is obtained by restriction of s2 to E'™ x puiv Infl B>V and
since ¥z is the p-adic theta function associated to sZ  at f, we deduce from
[ , Lemma 9.6] the formula

n

m:Z

k=0

WP @ w.
s'=0

(G

<(1 + y)%) " L05(s,8)

Recall from proposition the identity
Dﬂ(a b)(S, T) := pVU(ap)(S,T) — Frob™ pd ) ([p](S), T).

Let us denote by ¢*: Opuiv — O gy the map induced by ¢: Eoiv _y feriv op
structure sheaves. lemma shows the commutativity of the diagram

L(E,L,) —=— @) _oT (0,0 - 0p)
o e
T(E, L) —=—= @), T(0,0k . 0).

In terms of the explicit coordinates on E"Y coming from the trivialization
Eviv S Gy, periv we can describe the Frobenius lift 7 explicitly as

V(Zyp, T(N)) [ST = V (Zp, D(N)) [ST,  f(S) = Frob” f([pl(5))-

Thus, we obtain

(1= @)a2)"™

il

n

Z <(1 +5')
>

/) (Dﬂt(sv S/) — Frob” Dﬂ(a,b)([p](‘s)a Sl>) w[k,O] Qw =
k=0

( (1+5")
k=0

s'=0
ok
/) Dﬁgp)(sasl)

®|QJ |
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9 THE SYNTOMIC REALIZATION AND MOMENT FUNCTIONS OF THE EISEN-
STEIN MEASURE

In the following, we would like to give a more explicit description of the syn-
tomic realization of the polylogarithm for elliptic curves with ordinary reduc-
tion. Let us consider the universal situation. Let &°' and .#Z°'4 be the syn-
tomic data associated to the ordinary locus of the modular curve of level I'(V).
According to corollary we already know that the syntomic polylogarithm is
uniquely represented by the pair

([(L,,?’ Pn))n>0 = pO[D,syn

satisfying
Ve(pn) = (1= @)(17)

The sections L2 are constructed in a natural way out of the Poincaré bundle
and appear in the de Rham realization of the elliptic polylogarithm. Our aim
is to give a more explicit description of the overconvergent sections p,. Let
(0,0) # (a,b) € (Z/NZ)? and t € E°T4[N](M°Y) resp. £ € EVY[N](MYY) be
the associated N-torsion sections. Recall that we obtain an inclusion

T, (]

n, Eord
)

)79) = DL (L], o)),

by pullback along the canonical projection map. Let us write p,, for the pullback
of p,. The infinitesimal splitting allows us to decompose p,, as

pulii = D g™

k+i<n
with &,y € T <B(O, 1) x M&iv, O“B”(OJ)XM&V). It will be convenient to

view &; ;) as analytic functions on the open unit disc with values in the ring
of generalized p-adic modular forms:

B7(0,1) = V(Zp,I'(N)) ®z, Qp, @+ &4y (2)
The syntomic polylogarithm admits the following explicit description:

THEOREM 9.1. The elliptic polylogarithm in syntomic cohomology on the ordi-
nary locus of the modular curve is given by the pair

D

[(pna Ly )] = pO[D7Syn'
Here, (LP),,>¢ is the compatible system of 1-forms with values in the logarithm
sheaves describing the de Rham part. We have the following explicit description

of pn in terms of moment functions of the p-adic Eisenstein measure: For
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(a,b) # (0,0) let t = tqp be the associated N-torsion section on the universal
elliptic curve E°™ with T'(N)-level structure. We have the decomposition

pulir= D & p™!
k+i<n

with rigid analytic functions (s = & (. 1)(5))ki>0 on the open unit disc with
values in the ring of generalized p-adic modular forms which are explicitly given
by:

R - Eis,

&y (s) = (=11 / e (1 5)7dpp ) (2,y)

Lyt XLy

In the proof, we will use the differential equation
Ve(pn) = (1-2)(1)

to characterize the functions &; ;. While this differential equation determines
pn globally, it turns out that the local differential equation on tubular neigh-
bourhoods of torsion sections does not have a unique solution. In | ,
Lem. 3.9] this problem is solved by imposing a trace-zero condition making
the solution unique. We follow this strategy and prove in a first step that
T = € (k) (x) satisfies a trace-zero condition. The trace-zero condition is an
immediate consequence of the distribution relation of the Kronecker section

Scan*

LEMMA 9.2. The functions s = &, 1y (s) satisfy:

S g (s +g. g) —0, V¥se B (0,1)(C,)
¢€Gm[pl(Cp)

Proof. Let us write ¢: E'™Y — E’ := E'V /C for the quotient by the canonical
subgroup and P’ for the Poincaré bundle of E’. The universal property of the
Poincaré bundle gives an isomorphism

Yp,id: (p x id)*P" = (id x ") P.
For 7 € ker ¢ we obtain
(T, x pV)*P = (Tr 0 p x id)*P’ = (¢ x id)*P" = (id x p¥)*P. (13)

We have studied such translation operators in more generality in [ , §3.3,
Appendix A]. To be consistent with the notation of [ ], let us write

UL (T x 9¥)*P 5 (id x ¢¥)*P

for the map in (13). We have proven in | , Corollary A.4] the following
formula
D (DI ) UL ((Tr x Y) ) = (14)
T€ker ¢(S)

=([D] x id) yp,ia (¢ x id)" (55 57)) -
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On the other hand, restricting (13) along E x Inf]) EV gives the isomorphism
Uy T Ly =5 L.

D

D, along E x Infl EY, we can deduce

Since [? is obtained by restriction of s
from (14) the formula

S UATID) = pol).
reBvp)

Since 7 € ker(p) we have U, (T*®(I2))) = ®(I2), which allows us to reformu-
late the above formula as

S UATI(1 - @)D = 0. (15)

TeEtriv[p]

Again, by the universal property of the Poincaré bundle (PT,V;) with inte-
grable connection, we obtain an horizontal isomorphism

(Tr x ") PT 5 (Tr 00 x id)*(P') = (¢ x id)*(P")T 5 (id x ¢")*PT. (16)
Restricting this along £ x Infl EY gives us an horizontal isomorphism
ur-Trelh S oot

Both translation isomorphisms are compatible with the inclusion £,, C L] i.e.
we have a commutative diagram

T*L, — TrLI
la |
L, — L.

In particular, we obtain from V(p,) = (1 — ®)(I?) and the horizontality of U}
the formula

Vol S U@ | = S U@ [a-en?).

€ Etriv ) TGE““"[p]
Using (15) we get
Vel D2 U1r6m) | =0. (17)
TeBUV[p]

But the only overconvergent section s € I'(&x, jL(Log:yn)) satisfying the dif-

ferential equation
\Y% ot (S) =0
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is the zero section. We conclude

S U7 50) =0

TEE‘“"[p]

Recall, that ﬁnhg[ = EkJrlSn ét,(k,l)dz[k’”, so passing to the tubular neighbour-
hood ]#[ proves the claimed equality

S e (s +5. ) —0, Vse B (0,1)(Cp).
C€Gm [P)(Cp)

O
Proof of theorem 9.1. In the following let us consider the elliptic curve E%iV,
i.e. l,? refers to the section lﬁ) ptriv O E'Y_ Recall from corollary that
(1- CID)(Z,?))">O is mapped to
n 9 ok )
Z ((1 + 5’)@) p¥ (s, 8") ol @w
k=0 s'=0
under .
T g ~ ~[k,l] yan )
(o) | D SMOF o apern
k+i<n
Thus, the differential equation
Vi (Pn) = (1= @) (1)
can be rewritten using the infinitesimal splitting as
n P ok ®)
VCL Z éf,(k,l) (S)(:J[k’l] = Z <(1 + SI)@> Dr&fp (Sv Sl) w[k,O] ®wa
E+i<n k=0 s'=0

for n > 0. Recall, that Dﬂ? ) (s, ') is the Amice transform of the p-adic measure

N%if(a, b . This implies the formula

Ly XLy,

8 o x is
((1 * Sl)@) P9 (5.5 g=0 /Zxxz Y (L4 8) A )

From corollary we know that the connection V i expresses via the infinites-

imal splitting on B, Oz wlk0]

m, METiV

as

VLIL (@[k,l]) — (l + 1)@[/&1-‘1—1] ® w.
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Thus, we obtain the following explicit system of differential equations satisfied
by &7 (1) (5):

(At gtign() = [ o0+ B k2o
X

9 .
95’
9
85t

(1+s) k) (8) = =&t (k1-1)(s), 1>0,k>0.

Here, we have used the fact that Dﬂgp )

u%ii’g’g). Further, by lemma the functions & (. ;)(s) satisfy the following

is the Amice transform of the measure

trace-zero condition:

Z éf,(k,l) (S +@m g) = 0? Vs € B_(Oa 1)(CP)
¢EGm[p)(Cp)

Claim: The system (égﬁ( K, l)(s)) 41> 18 the only system of analytic functions on
B~(0,1) with values in V (Z,,T(N)) @ Q,, satisfying:

z 1, Eis
Lo (14 8) 5587, ,0)(8) = fp sz, ¥ (1 + 9)%dup o @y), k>0
L () = —leg g1y (s), 1>0,k>0
3 Xty Sn (s T, ) =0, Vs e B7(0,1)(Cy).

Pf. of the claim: The functions & ;) (s) satisfy the above conditions. For
uniqueness let k,I > 0. By induction on k it is enough to show that any
analytic function F on B~ (0, 1) with values in V (Z,,T'(N)) ® Q) satisfying

Jogz, vP O+ )7 dpp T8 (2,y) i 1=0

A) (1+s F =
@) ( )5 { 187 (k.1-1)(5) if1>0

(B) ZCE@m[p](Cp) F(S +@m C) =0, VseB~ (07 1)(((:}0)

satisfies F' = &; (;,;). Indeed, since any analytic function is given by a power
series, one deduces from (A) that the difference of two solutions is a constant
ceV(Z,,T'(N))®Q,. By (B) we conclude p-c = ¢ = 0 which
implies ¢ = 0 and proves the claim.

Now, the theorem follows from the following observation: The sequence
(6;471>k,l20 defined by

Zce@mm(cp)

Chals) = (10 [ I )
X

satisfies:
1. (1+S)—€k0 fZX «z, Y k(14 5)" du%s(épb))(:c y), k>0
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2. (14 s)%e%ﬁl(s) =-l-e,; 4(s), k>0,1>0

3. Yect ey ha(5 5, O =0, ¥s € B(0,1)(Cy), k1 > 0.

Indeed, (@) and (b) are obvious and (c) follows since e} ; is the Amice transform

of a p-adic measure which is supported on Z, . From the above claim we deduce

€x.1(8) = &z, (s) which proves the theorem. O
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