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ABSTRACT. We consider elliptic curves over global fields of positive
characteristic with two distinct marked non-trivial rational points.
Restricting to a certain subfamily of the universal one, we show that
the average size of the 2-Selmer groups of these curves exists, in a
natural sense, and equals 12. Along the way, we consider a map
from these 2-Selmer groups to the moduli space of G-torsors over
an algebraic curve, where G is isogenous to SLj3, and show that the
images of 2-Selmer elements under this map become equidistributed
in the limit.
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1 INTRODUCTION

Let K be a global field. To any elliptic curve E/K and integer n > 1 not
dividing the characteristic of K, one can attach the n-Selmer group

Sel,(E) = ker(H' (K, E[n]) — [[ H' (K., E)).

The cohomology groups here are Galois cohomology, and the product is over
the set of all places v of the global field K. The n-Selmer group then fits into
a short exact sequence of finite abelian groups

0——=E(K)/nE(K)——Sel,(F)——=TS(K, E)[n]|—=0.

Since it is often easier to compute Sel,, (E) than the group E(K)/nE(K), this
provides a useful tool for studying the group of rational points E(K). How-
ever, computing Sel, (F) for reasonably complicated curves E, even when an
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algorithm is known, can require a large amount of effort. For these reasons, it
is of interest to understand the behaviour of the groups Sel, (F) on average.
Recent years have seen striking progress in problems of this type; for some work
of particular relevance to this paper, we refer the reader to any of the papers
[dJ02, BS1S, I
In this paper, we prove new results about the average size of the 2-Selmer group
of elliptic curves over global fields of positive characteristic. Such a field is, by
definition, the function field K = FF,(X) of an algebraic curve over a finite field.
We will consider the universal family of elliptic curves with two marked rational
points and calculate the average size of the 2-Selmer groups of the curves in
this family satisfying certain conditions. We will accomplish this by relating
these 2-Selmer groups to the invariant theory of a representation constructed
and studied in | ], and then counting sections of certain associated vector
bundles on X.
In order to state our main theorems precisely, we must introduce some notation.
If E/K is an elliptic curve, we can associate its relatively minimal regular model
pE : £ — X with identity section O : X — £. The isomorphism class of the line
bundle Lg = (R'pg .Og)®~! is an invariant of F, and there are only finitely
many elliptic curves over K up to isomorphism with a given Lg, this number
tending to infinity as deg Lg — 0o. This means we can use the invariant deg Lg
to order elliptic curves over K, for example in order to define the average size
of the 2-Selmer group. (To further motivate this, recall that if X = P]%q and
K =Ty(t), then deg Lg = N if and only if E' can be described by a minimal
Weierstrass equation

y? = 2* +alt)a + b(t),
where a(t), b(t) € Fy[t], dega(t) < 4N, and degb(t) < 6N see | , Corollary
2.5).)
If £ is a line bundle on X, then we write X, for the finite set of isomorphism
classes of triples (E, P, Q) as follows:

1. E/K is an elliptic curve such that Lr = £%2 and the fibres of pg are all
of type Iy or I.

2. P,Q € E(K) are distinct non-trivial rational points such that sections
O,P,Q : X — & associated to the origin of F and the points P, Q,
respectively, do not intersect.

Provided that the characteristic of K does not divide 6, an elliptic curve E
with two non-trivial marked points can be represented by an equation

Y (XY +2uZ%) = X34+ po X?Z + pu X 72 + p 23, (1.1)

which sends the marked points, together with the origin, to the line at infinity.
The curves in X, are exactly those for which the discriminant A(pa, ..., pg) of
this equation vanishes to order at most 1 everywhere, when viewed as a section
of HO(X, L®?%); see §2 below.

We can now state our first main theorem.
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THEOREM 1.1. Suppose that char K > 19. The limit
3 | Sela(E)| x |Awt(E, P,Q)|~" x |[E(K)[2]| "}

lim
deg L—00 (B,P.Q)eXe |X£|
exists and equals 12.
Remark 1.2. 1. This result is what one might expect given known results

about the 2-Selmer groups of elliptic curves without marked points: for
the curves in our family, there is a ‘trivial subgroup’ A (g, p) C Selz(£),
generated by the classes of the points P, @), and which generically has
size 4. Tt follows that the remainder Sely(E)/A (g, p,g) should have average
size 3. For those who prefer an additive decomposition, we find that the
(weighted) average size of Sela(E) equals the average size of the trivial
subgroup plus the Tamagawa number 7(G) of the reductive group G
defined below.

2. We believe that the weighting of Selmer elements by automorphisms is
natural; similarly for the weighting by K-rational 2-torsion points (which
can be thought of as K-rational automorphisms of the trivial 2-covering
[2] : E — E). In fact, the contribution of E(K)[2] can be suppressed: for
the curves we consider, the groups E(K)[tors| are trivial (because they
inject into the product of fibral component groups, which our hypotheses
imply are trivial; see | D-

3. The restriction on the characteristic arises because we need to apply
Jacobson-Morozov style results to the Lie algebra over F, of type Dy, for
example in the construction of the Kostant section (see Proposition 3.3
below). It may be possible to relax this restriction slightly.

Let G = (SO4 x SO4)/A(us2), where SOy is the split special orthogonal group
over Iy, and p is its centre. A key role in our proof of Theorem 1.1 is played
by a family of canonically defined maps

inv = inv(p p.g) : Sel2(E) = G(K)\G(Ak)/ [[ G(Ok.,), (1.2)

that we call ‘invariant’ maps. In fact, our consideration of these maps leads to
the following generalization of Theorem 1.1, which is a kind of equidistribution
result:

THEOREM 1.3. Suppose that char K > 19. Let

fGUEN\G(AR)/[[G(OK,) = R
be a bounded function, and let T denote the Tamagawa measure on
G(K)\G(Ak)/1I,G(Ok,). Then the limit

| Flinva) x| Aut(E, P,Q)~ x |E(K)[2]|
LINpD 2 A

deg L—o0 (B,P.Q)exX pov=
2,Q)eX,
Sel2(E)—A(e,P,Q)
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exists and equals fgeG(K)\G(AK)/HU G(Ox) flg)dra.

Taking f = 1 to be the constant function, we recover Theorem 1.1 (after
accounting for the average number of elements in the group A(g p o), which
is a simple task). In general, Theorem 1.3 can be interpreted as saying that
the invariants of non-trivial Selmer elements of elliptic curves in X, become
equidistributed in G(K)\G(Ak)/ ][, G(Ok,) as deg L — co. It would be very
interesting to get a better understanding of this phenomenon, which persists in
other situations (for example, in the case of 2-Selmer groups of elliptic curves
without marked points, in which case G should be replaced by the group PGL3).
Can one relate Theorem 1.3 to existing conjectures about statistics of ranks of
2-Selmer groups, as in | 1?

The proofs of Theorem 1.1 and Theorem 1.3 rely on a connection between
the universal family of elliptic curves (F, P, Q) with two marked points and
a certain representation (G, V') which was analyzed in [ ] from the point
of view of Vinberg theory, and which is constructed using the adjoint group
over F, of type D4. The link here exists because the family of curves (1.1)
is a miniversal deformation of the simple curve singularity of type D4. This
connection reduces the problem of counting elements of Selmer groups to that
of counting orbits in certain representations of V. Using the map inv described
above, we reduce this to a problem of counting sections of certain vector bundles
over X.

An interesting point in our proof is the calculation of the image under (1.2)
of the trivial elements of the 2-Selmer group. We can describe these images
explicitly using the principal cocharacter of the ambient group H of type Dy
(inside which the pair (G,V) is constructed); see Lemma 5.7. This gives a
quantitative version of the intuitive statement that ‘trivial elements appear far
into the cusp of V.

Aside from the intrinsic interest of results like Theorem 1.1, one of our motiva-
tions was to understand how the techniques of Bhargava—Shankar for counting
integral orbits in coregular representations (see e.g. [ ]) can be transferred
to this function field setting. Instead of reduction theory we use the Harder—
Narasimhan (or Shatz) stratification of the space G(K)\G(Ak)/[], G(Ok,)
by the canonical reduction of G-torsors (an idea implicit in | ]). After
some reinterpretation, we find that the methods of Bhargava—Shankar are still
very effective. In particular, the technique of ‘cutting off the cusp’ works in
a very similar way (compare e.g. | , §5] and the proof of Theorem 5.9
below).

We have restricted ourselves to pointed curves (E, P, Q) satisfying conditions 1.
and 2. above, since this simplifies our analysis of the invariant map (1.2). From
the point of view of the invariant theory of (G, V'), it corresponds to restricting
to orbits with square-free discriminant A. It would be possible to remove
this restriction, at the cost of a more detailed analysis of integral orbits. For
example, the invariant map would become multi-valued, since the uniqueness of
integral representatives (see Theorem 5.5) does not hold in general. Compare
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[ , §3.2] for the kinds of problems that arise.

The preprint [BH], made available after this paper was written, treats the
average sizes of Selmer groups of a number of families of elliptic curves with
marked rational points, considered over the rational numbers. The F5 family
studied there is the same (up to a change of variable) as the one studied here,
and indeed the coregular representation used to study it is also the same. We
note that in op. cit. the authors obtain only an upper bound of 12 for the
average size of the Selmer group. In the function field setting, we are able
to sidestep all difficulties involved in sieving to Selmer elements by using the
results of | ] (a tactic also used in the paper | 1), which is why we
are able to obtain an exact average.

We now describe the structure of this paper. In §2, we introduce the universal
family of elliptic curves with two marked points, and study their projective
embeddings and integral models. In §3, we introduce the representation (G, V)
and describe its invariant theory. We also introduce the discriminant A and
the important notion of trivial orbits in G(K)\V (K); these are the orbits that
will eventually correspond to elements of the trivial subgroup A g p ) of the 2-
Selmer group. We also give some useful criteria for elements in V(K) either to
have vanishing discriminant, or to lie in a trivial orbit. In §4, we describe the
Harder—Narasimhan stratification of G(K)\G(Ak)/[[, G(Ok,) (at the level
of points only) and the relation between summing over strata and integrating
over the adelic points of parabolic subgroups of G. Finally, in §5, we describe
the relation between the pair (G, V) and the family of curves (1.1), and exploit
this to prove our main theorems Theorem 5.9 and Theorem 5.11.
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1.2 NOTATION

In this paper, we will generally use the letter K to denote a global field of
positive characteristic, therefore the function field Fq(X) of a smooth, projec-
tive, geometrically connected curve X over F,. If v is a place of K, then we
will write K, for the completion of K at v, Ok, for the ring of integers of v,
and w, € Ok, for a choice of uniformizer. We will write ordg, : K — Z
for the corresponding normalized discrete valuation, k(v) = Ok, /(w,) for the
residue field, and ¢, = |k(v)| for the cardinality of the residue field. We will
generally fix a separable closure K*/K and separable closures K/ K,, together
with compatible embeddings K® < K?$. We then define I'x = Gal(K*/K) and
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'k, = Gal(K;/K,). There are canonical maps ', — I'x. We let x(v) de-
note the residue field of K, which is an algebraic closure of k(v). We write
Ix, C 'k, for the inertia group.

We write O = [I, Ok, for the maximal compact subring of the adele ring
A =[], K,. We will write | - |, : KX — Rs¢ for the valuation satisfying
|| =gy, and ||| =TI, | |v : A% — Rsg for the adelic norm, which satisfies
the product formula ||v|| =1 for all v € K*. If Y is a integral smooth scheme
over K,, and wy is a non-vanishing differential form of top degree on Y, then
we write |wy |, for the corresponding measure on Y (K,).

If S is a scheme, a reductive group over S is a smooth group scheme G — S with
geometric fibres which are (connected and) reductive. If G is a group scheme
over S which acts on another scheme X — S, then for z € X (S) we write Zg(x)
for the scheme-theoretic stabilizer of x. If Z C X is a closed subscheme, then we
write Zg(Z) and Ng(Z) for the scheme-theoretic centralizers and normalizers
of Z. If G is a reductive group over a field then we write Zy(G) for the identity
component of the centre Z¢ of G. Lie algebras will be denoted using gothic
letters (e.g. LieG = g).

If G is a smooth group scheme over F,, and K = F,(X), then we write ug for
the right-invariant Haar measure on G(A ) which gives measure 1 to the open
compact subgroup G(@K) C G(Ak). If G is semisimple, then we will write 7¢
for the Tamagawa measure on G(Ag). These two measures are related by the
formula (see [ D:

_ dimG(1—gx) /
TG =(q lwalw | pas
[1:[ G(Ok,) ]

where wg is a non-vanishing invariant differential form of top degree on G
(hence defined over F,;) and gx denotes the genus of X.

If Y is any F,-scheme and k/F, is a field extension, then we write Y, =
Y XgpecF, Spec k for the base extension and Y (k) for the set of k-points.

2 ELLIPTIC CURVES WITH TWO MARKED POINTS

Let k be a field of characteristic not dividing 6. We consider tuples (E, P, Q),
where F is an elliptic curve over k (with origin point O € E(k)) and P, Q € E(k)
are distinct, non-trivial marked points.

Such pointed curves have a distinguished class of plane embeddings which are
different to the usual Weierstrass embeddings, being defined by the linear sys-
tem associated to the degree 3 divisor O + P + ). Indeed, this linear system
is very ample, so embeds FE into the projective plane P? in such a way that
the points O, P, Q are collinear. If X,Y,Z are the co-ordinates on P% then
we can assume, after a projective transformation, that O, P, @) are given re-
spectively by [0:1:0], [1:1:0], and [-1:1:0]. The co-ordinate system is
then uniquely determined up to substitutions of the form X ~» aX + bZ and
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Y ~ aY 4 ¢Z with a € k%, b,c € k. It is easy to check that there is a unique
such substitution with a = 1 leading to an equation of the form

Y (XY +2uZ%) = X34+ poX?Z + pu X 72 + p Z°. (2.1)

We define the associated polynomial f(z) = 2* + paa® + psa?® + psx + ¢2, and
A(p2, pa, qa,ps) = disc f € Z[pa, ..., ps]. The following is elementary:

LEMMA 2.1. Let p2,p4,q4,p6 € k, and let E be the plane curve over k defined
by the equation (2.1). Then E is smooth if and only if A(p2,pa,qa,ps) # 0.
The assignment (E,P,Q,t) — (p2,pa,qa,pe) defines a bijection between the
following two sets:

e The set of tuples (E, P, Q,t), where E is an elliptic curve over k and
P,Q € E(k) are distinct non-trivial rational points, and t is a basis for
H°(E,0r(0)/Og). These tuples are considered up to isomorphism (i.e.
isomorphisms ¢ : E — E' of elliptic curves which preserve the other

data).

e The set of tuples (pa,pa, qa,ps) € k* such that A(p2, pa, qa, pe) # 0.

Under this bijection, a tuple (E,P,Q,Xt) (A € k*) corresponds to
()‘p2a)‘2p4a)‘2q4a)‘3p6)'

Proof. The only thing to note is that the bijection is normalized by the re-
quirement that Y/Z € H°(E,Og(O + P+ Q)) has image in Og(0)/Of equal
to t. O

A similar story works over a more general base:

PROPOSITION 2.2. Let S be a Z[1/6]-scheme, and let p: E — S be a (smooth,
proper) family of elliptic curves equipped with identity section O € E(S) and
sections P,Q € E(S) such that on every fibre, the associated points are distinct
and non-trivial. Let L = (p«[Op(0)/Og])®~t. Then L is an invertible Og-
module, and there are canonically determined sections pa € H(S, L), p4,q4 €
HO(S,£%?), and ps € H°(S, L®3), such that E is isomorphic to the subscheme
of P(L ® LB Og) defined by the equation

Y (XY +2uZ%) = X> 4+ po X2 Z + pu X 7% + p Z°, (2.2)

where (X,Y, Z) is the co-ordinate system relative to the decomposition L@ L&
Os. Moreover, A(pa,...ps) € HO(S,LZ12) is an everywhere non-vanishing
section.

Conversely, suppose given an invertible Og-module L, together with sections
P2, ..., e as above such that A(pz,pa,qs, D) is a non-vanishing section of L2,
Then the relative curve defined by the equation (2.2) is an elliptic curve with
marked points at infinity that are distinct and non-trivial in each fibre.
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Proof. The direct image p, (2}, / ) is locally free of rank 1. By Grothendieck—
Serre duality, there is a canonical isomorphism R'p,Op = p*(Q}S/S)(@_l. If
R € E(S), then there is a short exact sequence

0—>0E—>0E(R)—>OE(R)/OE—>O, (2.3)

which leads to an isomorphism p,[Og(R)/Og] = R'p.Op. The pairing
p«[Or(R)/Og] x p*(Q}E/S) — Og can be described as follows: it sends a pair
(g9,w) to the residue of the meromorphic differential gw along R.

We are free to localize, so we can assume that S = Spec A is affine and
that p*(Q}E/S) is a free A-module of rank 1. Let w be a basis element;

by the above this determines, for any R € FE(S), a dual basis element
fr € H(E,0r(R)/Og), and hence an isomorphism H°(E, Og(R)/Og) = A.
It follows that the short exact sequence

0—=0p——=0p(0+P+Q)—=0p(0O+P+Q)/Op——=0 (2.4)

gives rise to a long exact sequence of finite A-modules

0—=A——=HY(E,05(0 + P+ Q)) A4 0, (2.5)

where the map 7 is summing co-ordinates. We choose functions z,y €
H°(E,0r(0O+ P+ Q)) to map to (0,1,—1) and (—2,1,1) in A3, respectively.
Then z,y are uniquely determined up to addition of constants. We have 10
elements

L,y 2% 2y, y? 2%, 2%y, 2y®, y* € H'(E,Op(3(0 + P+ Q))).

Note that 23 and xy? have polar divisors 3P+3@Q and 20+3P+3Q, respectively,
and that 2% — 2y? € H°(E,Og(20 + 2P + 2Q)). Continuing in this fashion,
we see that there is a unique A-linear relation of the form

zy? + a1y® + asxy + asy = 2° + ayz® + a5z + ag (2.6)

for constants ay,...,as € A. We are free to add constants to x,y, and there is
a unique way to do this in order to get a1 = as = 0, giving an equation

y(xy 4+ 2q4) = 2% + pox® + pax + ps (2.7)

which is uniquely determined by (F, P, Q) and our chosen basis element w €
P (QF /S)' The proposition now follows from this and the observation that
the affine curve defined by the equation (2.7) is smooth if and only if the
discriminant of the polynomial f(z) = 2* + paa® + psx? + pex + ¢3 is non-
Zero. O

We can use this theory to describe integral models of such triples (E, P, Q)
over a Dedekind scheme. Let S be a Dedekind scheme on which 6 is a unit,
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let K = K(S), and let £ be an invertible Og-module. Suppose given sec-
tions po € HO(S, L), ps,qs € HO(S,L%?), and ps € HO(S,LZ3) such that
A(p2, pa,qa,ps) € HO(S, L'?) is non-zero. Then the equation (2.2) defines a
proper flat morphism p : £ — S with smooth generic fibre (and indeed, singu-
lar fibres exactly above those points of S where A vanishes).

We call the data of (L, pa,...,ps) minimal if we cannot find an invertible sub-
sheaf M C L such that the sections ps,...,ps all come from M. The minimal
data is uniquely determined by the triple (E, P,@) over K, in the following
sense: if (£, pa,...,pe) and (M, ph,...,ps) are two sets of minimal data as-
sociated to F, then we can find an isomorphism « : £L — M of invertible
Og-modules such that a(pz,...,ps) = (ph,...,p5). Indeed, it follows from
Lemma 2.1 that we can find an isomorphism o, : £,, — M, over the generic
point 1 of S such that a(pa,...,ps) = (Ph,...,ps). Choosing an isomorphism
L, = K, we see that both £ and M can be characterized as the smallest in-

vertible subsheaves of K containing the sections pe, ..., pg in their respective
tensor powers.
We refer to the morphism p : £ — S associated to minimal data (£, pa, ..., ps)

as a minimal integral model of the triple (F, P, Q). By the above discussion, it
is also uniquely determined up to isomorphism by (E, P, Q). We can describe
this minimal model in elementary terms in case K = F,(X) is the function
field of a smooth, projective, geometrically connected algebraic curve over F,.
Let (E, P,Q) be an elliptic curve over K with two distinct non-trivial marked
rational points, and choose an arbitrary equation of type (2.2) with pa,...,pg €
K. Then for each place v of K there is a unique integer n, satisfying the
following conditions:

1. The tuple (@ pa, w2 py, 2" qq, W pe) has co-ordinates in Ok, .
2. The integer n, is minimal with respect to this property.

We then define £ C K to be the invertible subsheaf whose sections over a
Zariski open U C X are given by the formula

LU)=KnN lH w; ™ Ok,

velU

Then po,...,ps are sections of the tensor powers of L, and the tuple
(L,p2,...,p6) is minimal.

In this paper we will ultimately only be interested in those curves (E, P, Q)
for which the associated minimal data (£, pa, ..., ps) satisfies the following two
conditions:

1. The line bundle £ is a square: £ =2 M%2,

2. The discriminant A(ps,...,ps) € HY(S,L£'?) = HO(S, M?%) is square-
free, in the sense that its zeroes are multiplicity free.
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The reason for this restriction is that these are exactly the curves which are
related to orbits of squarefree discriminant in a certain representation, to be
considered in the next section. We now give a geometric characterization of
curves of square-free discriminant.

LEMMA 2.3. Let R be a DVR in which 6 is a unit, let K = Frac R, and let
S = SpecR. Let (E,P,Q) be an elliptic curve over K together with distinct
non-trivial marked points P,Q € E(K). Let A € R denote the discriminant
of a minimal integral model of (E,P,Q) over S, therefore determined up to
R*-multiple. Then ordg A < 1 if and only if the following conditions are
satisfied:

1. The minimal reqular model of E over S has special fibre of type Iy or I
(in Kodaira’s notation, see for example [ /).

2. The reductions modulo mg in the minimal reqular model of E of the points
P,Q € E(K) are distinct and non-trivial.

Proof. We begin with some general remarks. A cubic equation of the form
(2.2) with coefficients in R defines a genus one model of degree 3, in the sense

of [ ]. Moreover, an easy computation shows that the discriminant A =
A(pa,...,ps) defined above coincides with the discriminant of a genus one
model of degree 3 defined in | ]. Tt then follows from | , Lemma

3.2] that we have ordx A = ordxg Ag + 12¢, where A is the usual minimal
Weierstrass discriminant of the curve E and ¢ > 0 is an integer called the
level of the genus one model. In particular, if ordg A < 1, then we must have
ordg A = ordg Ag € {0,1}, showing that E has reduction of type Iy or Iy. If
7 is a minimal integral model of (F, P,Q) and £ is the minimal regular model
of E, then | , Theorem 4.1] shows that there is an isomorphism £ & Z,
hence the points O, P, @ have distinct images under the map £(R) — E(R/mRg).
Now let us assume that E has reduction of type Iy or I;, with the points O, P, @
remaining distinct in the special fibre of the minimal regular model. We are
going to do an integral version of the proof of Proposition 2.2. Let £ denote
the minimal regular model of E. Then (by cohomology and base change and
[ , Ch. 9, Lemma 4.28]) H*(£,0¢) is a free R-module of rank 1. We
choose an isomorphism H'(€,Og) = R. For any point A € E(R), the short
exact sequence

0—=0¢ O (A) O (A)/Og—=0

gives rise to an isomorphism HY(£,Og(A)/Og) = H(E,0¢) = R. Therefore
the short exact sequence of sheaves

0——=0s——0:(0O+P+Q)——=0s(0O+ P+ Q)/Oc——0
gives rise to a long exact sequence

0——=R——=H"E,0¢(0+ P+ Q)) R3 R 0,
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where the map R3> — R is summing co-ordinates. We can therefore choose
z,y € H°(E, Og(O+P+Q)) which map to (0,1, —1) and (-2, 1, 1), respectively,
in R3; then the elements 1,2,y € H°(E,0¢(O + P + Q)) span this free R-
module. The elements

L,y zy,y?, 2% 2%y, 2y®, y® € HO(E,0:(3(0 + P+ Q)))

generate this free rank 9 R-module. Considering once more their images in
H(E,0¢(30 +3P+3Q)/O¢), we see that they must satisfy a unique R-linear
relation of the form

zy? + a1y® + asxy + asy = =° + ayz® + a5z + ag (2.8)

for constants aj,...,a € R. We are again free to add constants to x,y, and
there is a unique way to do this in order to get a3 = as = 0, giving an equation

y(xy + 2q4) = 2° 4 poa® + pazx + pe. (2.9)

Let Z C P% denote the closed subscheme defined by the homogenization of the
equation (2.9). Then Z is normal and R-flat, and we get a morphism & — Z.
Since £ has irreducible special fibre, Zariski’s main theorem (see | , Ch.
2, Theorem 2’]) shows that this morphism is in fact an isomorphism. It is now a
very special case of | , Theorem 4.1] that ordx A(p2, p4, g4, ps) equals the
valuation of the minimal discriminant of F/, which is at most 1. This concludes
the proof. O

If D is a divisor on X, then we will write Xp for the set of isomorphism classes
of triples (E, P, Q) of elliptic curves over K with two marked points such that
the minimal data (L, pa,...,ps) satisfies £L = Ox(2D), and the discriminant
A(pz,...,ps) € HO(X,L®'?) = HO(X,0x(24D)) is square-free. Lemma 2.3
shows that this is the same as the set Xp, (p) defined in §1.

We also write Bp = Ox(2D) & Ox(4D) & Ox(4D) @ Ox(6D), a vector
bundle over X, and write H°(X,Bp)* c H°(X,Bp) for the set of sec-
tions (pe,pa,qa,p6) € H°(X, Bp) for which the discriminant A(pa,...,ps) €
H°(X,0x(24D)) is square-free. We can summarize the results of this section
as follows:

COROLLARY 2.4. The map ¢+ : H(X,Bp)¥ — Xp, (pa,...,p6) — (E,P,Q)
which sends sections of H*(X, Bp)* to the curve given by the equation (2.2) is
surjective, each fibre having finite cardinality equal to |F;| - | Aut(E, P, Q).

Proof. The only thing left to check is the cardinality of the fibres. Let Fj
act on H°(X, Bp) by the formula X - (p2, p4, s, p6) = (Ap2, A2pa, A2q4, AN3pg).
Lemma 2.1 shows that F acts transitively on the fibres of ¢, and that the
stabilizer of any point is Aut(F, P, Q). The result follows. O
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3 INVARIANT THEORY

In this section, we introduce the semisimple group G and its representation V,
the orbits of which will eventually be interpreted as elements of the 2-Selmer
groups of elliptic curves of the type considered in §2. For the moment, F,
denotes a finite field of characteristic prime to 6. We will soon impose more
severe restrictions on the characteristic.

3.1 PRELIMINARIES

Let J denote the 4 x 4 matrix with 1’s on the anti-diagonal and 0’s elsewhere,
and define a block matrix

- ( 2 ) € Myrs(Z). (3.1)

We write SOg for the special orthogonal group over F, defined by ¥, H =
SOs/ e for its adjoint group, and H®® = Sping for its simply connected double
cover. We write h = Lie H. We write 6 for the inner involution of H given by
conjugation by the element

s = diag(1,—1,-1,1,1,—1,—1,1). (3.2)

We define G = (H?)° (i.e. the identity component of the 6-fixed subgroup of
H),and V = h%=—1 There is an isomorphism G = (SO4 x SO4)/A(p2), where
SOy is a split special orthogonal group and A(usz) is the diagonally embedded
centre.

We write T” for the (split) diagonal maximal torus of SOg. We can identify
T’ = G}, via the formula

(a,b,c,d) € G — diag(a,b,b Y, a7 e, d,d7 et e T

We write T for the image of 7/ in H. We observe that T is also a maximal
torus of G. The group HY is disconnected. Its component group H?/G can
be computed as follows: let Wy = Ny (T)/T denote the Weyl group of of H,
Wg = Ng(T)/T the Weyl group of G. Then the map Zy,, (s) — H?/G is sur-
jective, with kernel equal to Zw, (s) (see | , 82.2]). A calculation shows
that the component group is therefore isomorphic to Z/2Z x Z/27Z. Explicit
representatives can be given by the elements o, 7 € Wy satisfying

U(aa ba ) d) = (aa ba C_la d_l)a T(aa ba Cy d) = (ba a, da C), (33)

which generate a subgroup Wy C Wy which projects isomorphically to H?/G.
We introduce sets of simple roots as follows. A set Ry C X*(T) of simple
roots for H consists of the characters

a1 =afbyas =b/c,a3 =c¢/d,aq = cd. (3.4)
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We let ag = ab, the highest root of H. A set R C X*(T) of simple roots for G
consists of the characters

a1 = ac,as = a/c,a3 = bd,ay = b/d. (3.5)

The group G is isogenous to SL%, and the group Wy C Wpgy normalizes
the action of Wg on X*(T) and leaves invariant the set {aq,...,a4}. Its
action on this set is faithful, and identifies Wy with the Klein 4-group
{e,(12)(34), (13)(24), (14)(23)}. The characters of T" appearing in the repre-
sentation V are exactly the combinations

%(:I:al :l: ag :l: as :l: a4),

and can thus be thought of as the vertices of a hypercube. Each weight space
is 1-dimensional and we thus have dimp, V' = 16. We write &y C X*(T') for
the set of weights appearing in V. Any vector v € V admits a decomposition
v = Zaebv vq. There is a decomposition @y = @"ﬁ U @7, coming from the
decomposition of the roots of H into positive and negative roots. We write
n1,...,ny for the basis of X.(T)g dual to aq,...,as. We define a partial order
on @y by setting a > b if n;(a) > n;(b) for each i = 1,...4. We label these
weights in @y as follows:

# | 2n1 2np 2ng  2ny / 1 \
] 1 1 1 1
2| -1 1 1 1 2 5
31 -1 1 1
: 8
41 1 a1 1 ; 3
501 1 1 4
6 -1 -1 1 6 7 10 11
7101 11
8 -1 1 1 -1 13 14
9| 1 -1 1 1 9

01 -1 1 - Y
1|1 1 -1 -
121 1 1 1 \ /
131 a1 1 -1
Ml 1 1 1

15 1 -1 -1 -1
16 | -1 -1 -1 -1

The figure above shows the Hasse diagram of ®y with respect to this partial
order. The weight labelled 1 is ag. If M C ®y is a subset, we will write
AMM) C ®y — M for the set of maximal elements of &y — M, i.e. the set

{a €y —M|Vbe Py —M,a<b= a=h}.
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It is useful to note that the action of Wy preserves the partial order on @y,
and consequently commutes with application of the function .

In the paper | ], we recalled part of the invariant theory of the pair (G, V)
over a field of characteristic 0. In this case, the most important results were
established by Kostant—Rallis [ ]. They have been extended to positive
characteristic in many cases by Levy | ]. We now summarise this. We
particularly draw the reader’s attention to the notions of semisimple and regular
element, and to the notion of the little Weyl group — they play an important
role throughout this paper.

PROPOSITION 3.1. Let k/F, be a field, and let k*/k be a separable closure.

1. The natural maps F,[V]¢ — IFq[V]He and Fy[5]H — F,[V]€ are isomor-
phisms, and all of these rings are isomorphic to polynomial algebras over
F, on four homogeneous generators of degrees 2,4,4, and 6, respectively.
We write A € Fy[V]9 for the restriction of the standard discriminant
polynomial Ay of the Lie algebra h. (By definition, Ay(X) € Fy[b]7 is
the first non-zero coefficient of the characteristic polynomial of ad X.) It
18 MON-zero.

2. Let B = SpecF,[V]Y, and let m : V — B denote the natural map. Then
7 has reduced, H? -invariant fibres.

3. Letv € Vi. Then Zg, (v) and Zg, (v) are smooth over k.

4. Let ¢ C Vi, be a k-vector subspace. We call ¢ a Cartan subspace if there
exists a mazimal torus C C Hy such that 0(t) = t=1 for all t € C and
LieC' = c¢. All such subspaces are conjugate under the action of G(k*®).

5. Let ¢ C Vi, be a Cartan subspace. Then the map Ng, (¢) = W (Hy,¢) =
N, (¢)/Zm, (c) is surjective, and the natural restriction map k[V]9 —
E[c)WHe%) s an isomorphism. In this case we call the group W (G, ¢) =
Neg, (0)/Zg, (c) =2 W (Hy,¢) the little Weyl group of c.

6. Let v € V. Then the following are equivalent:

(a) v is semisimple as an element of by.
(b) Gi-v C Vi is closed.

(¢) v is contained in a Cartan subspace of V.
Any such element is called a semisimple element of Vj,.
7. Let v € Vi.. Then the following are equivalent:
(a) dim Zg, (v) = dimT.
(b) dim Zg, (v) = 0.
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Any such element is called a regular element of Vi. The condition of
being regular is open, and we write V"™ C V' for the open subscheme of
regular elements.

8. Let b € B(k), and let V,, = m=1(b) C Vi. Then V,(k®) contains regular
semisimple elements if and only if A(b) # 0. In this case, G(k*®) acts
transitively on Vy(k®) and for any v € Vi (k®), 3, (v) = Lie Zg, (v) is the
unique Cartan subspace of Vi containing v.

Proof. Rather than give detailed references to | ], we simply refer the
reader to the introduction of that paper, which features a thorough summary
of the results therein. O

The group G,, acts on V' by scalar multiplication, and there is an induced
G-action on the quotient B which makes the morphism 7 : V' — B equiv-
ariant. We write B™ C B for the open subscheme where A is non-zero. By
the proposition, 7=1(B™) = V' is the open subscheme of regular semisimple
elements of V.

3.2 SINGULAR AND TRIVIAL ORBITS

Let k/F, be a field. We are now going to give simple criteria in terms of
vanishing of certain matrix entries for elements v € Vj, either to satisfy A(v) =
0, or to be trivial in a sense we will soon define.

LEMMA 3.2. Let k/F, be a field, and let v=">" Vg € V.

acedy

1. Let S C {1,2,3,4} be a two-element subset, and suppose that v, = 0 if
n;(a) > 0 for each i € S. Then A(v) = 0.

2. Suppose that v, = 0 if n;(a) < 0 for at most one i € {1,2,3,4}. Then
A(v) =0.

Proof. We will use the following criterion: let p C h be a parabolic subalgebra
which contains t = LieT, and let v € p®=~1. Then A(v) = 0. Indeed,
if A(v) # 0 then v is regular semisimple, hence its centralizer ¢ = 3p, (v)
is a Cartan subalgebra of h; which is contained in Vi. We have dimyc¢ <
dimy, 3p, (v) < dimg ¢, hence ¢ = 35, (v) and ¢ C p="1. Let C C Hy denote
the unique maximal torus with Lie C' = ¢. We have dim Zp, (v) > dim C, hence
Zp,(v) = C is smooth and C C Pj. There is a unique Levi subgroup L C P
containing C, which is necessarily stable under the action of §. The centre
Zr, is contained in C, on which # acts by t — t~!. On the other hand, L
projects isomorphically and #-equivariantly to the Levi quotient of Py, and 6
acts on the centre of this quotient trivially (because it acts trivially on T"). This
contradiction implies that we must have A(v) = 0.

If S C @y is a subset, we write Vg C V for the subspace given by the equa-
tions v, = 0 (a € S). The four maximal proper parabolic subalgebras p C §
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which contain the Borel subalgebra corresponding to the root basis —Ry have

p?=-1 = Vg for the following sets of weights:

1 1 1
S :{§(a1 +as X az + a4)}, {5(0,1 +as £ag+ a4)}, {5(0,1 +as +ag+t a4)},

1 1 1
{5(‘11 +az + a3 + as), 5(*(11 +az + az + ag), 5(‘11 —az +az + aq),
1 1
5((11 + a2 — asg + a4), 5((11 + ag + az — a4)}.
(3.6)
The last of these gives the subspace appearing in the second part of the lemma.
On the other hand, each of the subspaces appearing in the first part of the
lemma is Wy-conjugate to one of the first three appearing in (3.6). The action
of Wy leaves A invariant, so this implies the first part of the lemma. O

We now introduce the Kostant section. This is a section k : B — V of the
morphism 7 : V — B, which has image consisting of regular elements of V.
We will follow Slodowy | ] in constructing x using a fixed choice of regular
slo-triple and we must therefore impose the restriction that the characteristic
of F, exceeds 4h — 2, where h is the Coxeter number of H, namely 6. We
therefore now make the following assumption, which holds for the remainder
of §3:

e The characteristic of IF, is at least 23.
This being the case, we define

0

OO O OO oo

OO O O oo o
SO OO OO o
o oo oo
[=NeNeoloNaoNall S =
S oo, OO oo
S oo+ OO oo

-1
and p : G, — T by the formula
pt) = diag(t?, 12,672,475, ¢, 1,1,¢7).

(Thus in fact p, which is the sum of the fundamental coweights, lifts to X.(T").)
We have the formula Ad p(t)(F) = ¢tE, and we can decompose F = X, + X, +
Xas + Xa, as a sum of T-eigenvectors corresponding to the simple roots Ry .

ProPOSITION 3.3. 1. There exists a unique element ' € V such that
Adp(t)(F) =t71F and [E, F] = dp(2).

2. Let k = E + 3y(F), an affine linear subspace of h. Then k C'V and the
restriction 7|, : k — B is an isomorphism.
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Proof. The first part is a standard property of sls-triples; we could also exhibit
F directly. See for example | , III, 4.10]. The second part is | , 87.4,
Corollary 2]. An essential role in the proof is played by the fact that for t € Gy,
v € K, we have t Ad p(t~!)(v) € K, and this G,,-action contracts to the central
point E € k. The morphism 7|, is also clearly equivariant with respect to this
G-action. These properties of the Kostant section will appear again in §5.3
below. O

COROLLARY 3.4. Let k/F, be a field, and let b € B(k), and suppose that
A(b) # 0. Then there is a canonical bijection

G(k)\V (k) = ker(H' (k, Z (kb)) — H' (k, G)),
sending Ky to the zero element of H'(k, Zg(kp)).

Proof. This follows because V;(k®) is a single G(k?®)-orbit, and because of the
existence of the marked base point k;, € V4 (k). O

In the situation of the corollary, we refer to the G(k)-orbits of the elements
w - Ky (w € Wy) as the trivial orbits. We call elements of Vi, = V(k) which
lie in a trivial orbit trivial elements. Note that this notion depends on k& (and
indeed, all regular semisimple elements in V(k*) are trivial over k*®).

LEMMA 3.5. Let k/Fy be a field, and let v = 3 g, Va € Vi. Suppose that
v =0 foralla € S and v, # 0 for all a € A(S), where S is one of the following

sets:

{a1 + a2+ as + as,a1 — a2 + az + a4, a1 + a2 — az + aq, a1 + az + ag — aq},
{a1 + a2 +as +as,—ar +azs + az + as, a1 — az + az + as, a1 + a2 + ag — as},
{a1 + a2 + a3 + a4, —a1 + as + as + ag,a1 + a2 — a3 + aq,a1 + as + as — aq},

{ar +az + a3z + a4, —a1 + az + as + as,a1 — az + az + as,a1 + az — az + as}.
(3.7)
Then if A(v) # 0 then v belongs to a trivial orbit of G(k).

Proof. These sets S form a single Wy-orbit, so it suffices to treat one of them,
say

S ={a1+az+az+ag,a1 —as+az+ag,a1 +az —az +ag,a1 +az +az —ag}.
In this case, we find A\(S) equals
{—a1+az+az+as,a1 +az —az —ag,a1 —az —az + as, a1 — az + az — as}

= {0417042,043,044}.

Thus if v € V (k) is as in the statement of the lemma, we can write

4
v = Z)\iXai + Z Va,
i=1

acdy,
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where each \; € k*. Since the group H is adjoint, we can find ¢ € T'(k) such
that ;(t) = \; for each i = 1,...,4. Replacing v by t~1 - v, we can assume
that \; = 1 for each 3.

We claim that this implies that v is U§ (k)-conjugate to x(k), where Uy C H
is the unipotent radical of the Borel subgroup Q¢ C H corresponding to the
set —Rpy C ®(H,T) of simple roots. One can show that the natural product
map Uy X Kk = E + LieUy C b is an isomorphism. (The analogous fact in
characteristic 0 is employed for a very similar purpose in the proof of | ,
Lemma 2.6]. One can easily check that it is true here as well, under our
restrictions on the characteristic.) Since v lies in E + LieUp j, we find that
there is a unique pair (u,b) € Uy(k) x k(k) such that u -b = v, and then u
necessarily satisfies 8(u) = u, hence u € G(k), as required. O

COROLLARY 3.6. Let k/Fq be a field, and let v =3 g Va € Vi. Suppose
that v, = 0 for all a € S, where S is one of the following subsets (labelling as
in the figure preceding Proposition 3.1):

{]" 27 3’ 47 5}’ {174’ 57 11}7 {1’ 3747 9}7 {17 3’ 5’ 10}7
{1’374’5}7{1’273’5}’{1’27475}7 (3'8>

{1,2,3,4},{1,2,3,6},{1,2,4,7}, {1,2,5,8}. (3.9)
Then if A(v) # 0 then v belongs to a trivial orbit of G(k).

Proof. This follows from combining Lemma 3.2 and Lemma 3.5, as we now
show. Let v € V (k). The sets S appearing in (3.8) are exactly those appearing
in the statement of Lemma 3.2, so the result follows immediately in this case
(and indeed we have A(v) = 0). The sets S appearing in (3.9) are exactly those
appearing in the statement of Lemma 3.5. If S is one of these and v, = 0 for
all a € S, then there are two possibilities: either v, # 0 for all a € A(S), or
there exists b € A(S) such that v, = 0 for all @ € S’ = S U {b}. In the first
case, Lemma 3.5 shows that A(v) = 0 or v belongs to a trivial orbit. In the
second case, we see by inspection that S’ is one of the sets appearing in (3.8),
hence A(v) = 0. O

4 INTERLUDE ON G'—BUNDLES7 SEMI-STABILITY, AND INTEGRATION

In this section, we review the parameterization of G-torsors on curves by adeles
and its relation to integration. We also recall the theory of Harder—Narasimhan
filtrations and canonical reductions for G-torsors, which will be our substitute
for reduction theory when it comes to counting points later on.

Let F; be a finite field, and let M be a smooth affine group scheme over
F,. By definition, an M-torsor over a scheme S/F, is a scheme F — S,
equipped with a right action of Mg, and locally on S (in the étale topology)
isomorphic to the trivial torsor Mg. A morphism F' — F’ of M-torsors over
S is a morphism F' — F’ respecting the M-action. A torsor F' — S is trivial
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(i.e. isomorphic to the trivial torsor Mg) if and only if it admits a section.
The set of isomorphism classes of torsors over S is in bijection with H*(S, M)
(non-abelian étale cohomology).

If M’ C M is a closed subgroup, still smooth over F,, then a reduction of F — S
to M’ is a pair (F’, ), where F' — S is an M'-torsor and ¢ : F' xppo M — F
is an isomorphism. Giving a reduction of F' to M’ is then equivalent to giving
a section of the sheaf quotient F/M’.

Let X be a smooth, projective, geometrically connected curve over IFy, and let
K =TF,(X). Suppose that M is connected. We say that an M-torsor F' — X
is rationally trivial if Fix = F X x Spec K is a trivial M-torsor. This will always
be the case if M satisfies the Hasse principle over K. Indeed, each pointed set
HY(Ok,, M) is trivial (by Lang’s theorem and Hensel’s lemma). It is useful to
note that if M is split reductive, and P C M is a parabolic subgroup, then for
any rationally trivial M-torsor F' — X with a reduction Fp — X to P, Fp is
also rationally trivial. Indeed, the morphism M — M /P admits Zariski local
sections, and Fp/P defines a K-point of F/P.

For any connected smooth affine group M, the rationally trivial torsors over
X can be parameterized using adeles. Indeed, if Va; denotes the set of isomor-
phism classes of such torsors, then there is a canonical bijection

Vs & M(EK)\M(Ag)/M(O). (4.1)

See [ , Ch. 6, Proposition D.4]. We can describe the bijection explicitly as
follows: given such a torsor F' — X, choose sections zg € F(K), =, € F(Ok,)
for each place v. Then for each v there is a unique element m, € M(K,) such
that xgm, = x,, and we assign to F the element mp = (m,), € M(Ag).
The class [(my),] € M(K)\M(Ag)/M(Ok) is then clearly well-defined. If
m € M(Ak), we will write F, for the corresponding M-torsor over X. We
can describe the group of automorphisms of F,, — X in these terms: we
have an isomorphism Aut(F,,) & M(K)NmM(Og)m~t. It follows that the
bijection (4.1) can instead be thought of as an equivalence of groupoids. Note
that if M’ C M is a smooth closed subgroup, then the map Yy — Vi
given by pushout of torsors is the same as the map induced by the inclusion
M'(Ag) C M(Ak).

We will henceforth identify Yj; with this adelic double quotient. We endow
Y with its counting measure vy, each point F' € Yy being weighted by
| Aut(F)|=t. If pas is the (right-invariant) Haar measure on M (Ag) which
gives M(@K) volume 1, and with modulus A; : M (Ag) — Rs defined by the
formula (f : M(Ag) — R any compactly supported function):

[ st duas = Am) [ ) du,
m/e€M(Ax) m' €M (Ax)
then we have the formula (f : Yy — R any compactly supported function):
[ sy = | FE) D) dpns. (42)
FeYu meM(K)\M (Ak)
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An important special case arises when M is a split reductive group and P C M
is a parabolic subgroup with Levi decomposition P = Lp Np. In this case we
define a character ép € X*(P) by dp(p) = det Ad(p)|Lie np- A right-invariant
Haar measure is given by the formula

[ twdw=[ [ fahduy s, @3
peP(AK) leLp(Ax) JneNp(Ak)
and the modulus character of P(Ak) is A;(p) = ||0p(p)||, where || - || is the
adele norm. In this case (4.2) becomes
| sy | FENR . (44)
FeYp peP(K)\P(AK)

Now suppose that G is a reductive group over IF, with split maximal torus and
Borel subgroup T' C B C G. Let P C G be a standard parabolic subgroup,
i.e. one containing B, and let P = LpNp be its standard Levi decomposition.
Thus Lp is the unique Levi subgroup of P containing 7. If Fp — X is a
P-torsor, we can associate to it an element op, € X.(Zo(Lp))o C X.(T)g,
uniquely characterized by the requirement that for any y € X*(P), the line
bundle £, = Fp Xp, A%q has degree deg £y, = (0Fp,x) (where (-,-) is the
usual pairing between cocharacters and characters).

We call op, the slope of Fp. If 0,7 € X.(T)q, then we write ¢ < 7 if
(t —o,a) > 0 for all B-positive roots a € ®(G,T). The following formulations
are taken from [ .

DEFINITION 4.1. Let G be a split reductive group over Fy, with split mazimal
torus and Borel subgroup T C B C G. Let R C ®(G,T) denote the set of
simple roots corresponding to B. Let F' — X be an G-torsor.

1. We say that F is semi-stable if for any standard parabolic subgroup P C G
and any reduction Fp — X of F, we have op, < 0oF.

2. Let P be a standard parabolic subgroup with Levi quotient Lp, and let
Fp — X be a reduction of F' to P. We say that Fp is canonical if
Fp xp Lp is semi-stable and if for any simple root « € R — ®(Lp,T),
we have {op,,a) > 0.

The following result justifies the use of the word ‘canonical’:

THEOREM 4.2. Let F' — X be a G-torsor. Then there exists exactly one pair
(P, Fp) consisting of a standard parabolic subgroup P C G and a reduction
Fp — X of F which is canonical.

Proof. See | , Theorem 2.1] and the remarks following. O

This theorem allows us to decompose
Yo =UpYa,r (4.5)
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where Vg p denotes the set of G-torsors on X which admit a canonical reduc-
tion to the standard parabolic subgroup P. We then have an identification

Ya.p = P(K)\P(Ak )P =/P(Ok), (4.6)
where we define
P(Ag)*” ={p € P(Ak) |Va € R—®(Lp,T),(mp(p),a) > 0},

P(Ag)* ={p € P(Ak) | F, xp Lp semi-stable},

and
P(AK)pOS, Ss — P(AK)pOS ﬁ P(AK)SS.

Here we write

mp : P(AK) — Hom(X*(Lp),@) = X*(Zo(Lp))Q C X*(T)Q,
p e (x = logg [Ix(p)I])-

We observe the formulae
mp(p) = or, and Ay(p) = [|0p(p)[| = gi™rP10r). (4.7)

We define AR = mp(P(Ag)P*®) C X.(T)g. Theorem 4.2 implies that
(4.6) is an equivalence of groupoids: if p € P(Ag)P° %5, then the inclusion
P(K) N pP(Og)p~t — G(K) N pG(Ok)p~! is an isomorphism (because any
automorphism of a G-torsor must preserve its canonical reduction). This leads
to the following lemma.

LEMMA 4.3. There exists a constant C' > 0 depending only on X such that for
any standard parabolic subgroup P C G and function f : X.(Zo(Lp))g — R>o,
we have

o) dvg < C ~(@92) f (o).
/ L, Jom)de O S g io)

ceA”

Proof. Let P(Ag)? = kermp. Then P(K) C P(Ag)? and the quotient
P(K)\P(Ak)° has finite pp-volume. We choose the constant C' to exceed
the volume of P(K)\P(Af)° for all standard parabolic subgroups of G. Then
(4.4) and (4.7) give

/ flory) dvp < / Fmp)6p @)~ dup
FeYa,p pEP(K)\P(Ag)Pos
<C > g f(o),
G_EA]'I)DOS
as required. O
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We need to discuss the behaviour of the canonical reduction under certain
functorialities. For this it is useful to recall that giving a GL,-torsor over X is
equivalent to giving a vector bundle over X of rank n, via F' — F xqr,, A]}‘q. If
& — X is a vector bundle, then its slope is defined to be u(€) = deg £/ rank €.
A vector bundle is said to be semi-stable if for any vector subbundle F C &, we
have p(F) < p(€). This is equivalent to the semi-stability of the corresponding
GL,-torsor, and Theorem 4.2 is equivalent to the following statement: given a
vector bundle £ — X of rank n, there is a unique filtration

oc& cé&c---céEnL=¢ (4.8)

by vector subbundles such that each subquotient &;1+1/&; is (non-zero and)
semi-stable, and we have the chain of inequalities

p(€1) > p(E2/E1) > -+ > p(Em/Em—1). (4.9)

This is the Harder—Narasimhan filtration of £. It will play a key role for us
because of the following lemma.

LEMMA 4.4. Let £ be a semi-stable vector bundle over X of rank n. Let gx
denote the genus of X.

1. If u(€) <0, then h°(X,E) = 0.
2. If 0 < u(€) < 2gx — 2, then h°(X, &) < n(1+ n(€)/2).
3. If w(€) > 2gx — 2, then h°(X,E) = n(1 — gx + p(€)) and K (X, E) = 0.

Proof. The first and third points are well-known properties of semi-stable bun-
dles and follow easily from the definition, together with the Riemann—Roch
theorem. The second point is a generalization of Clifford’s theorem for line
bundles, see | , Theorem 2.1]. O

COROLLARY 4.5. Let £ — X be a vector bundle of rank n and slope u(€) = 0,
and let its Harder—Narasimhan filtration be as in (4.8). Let 0 <k <m+1 be
such that we have

w(&r) > p(2/E) > -+ > plEr/Ek-1) > 0> (Exi1 /Ek) > -+ > p(Em/Em—1),
and let qo = p(Em/Em—1). Let D be a divisor on X such that deg D > 0.

1. If deg D + qo < 0, then h%(X,(Em/Ek)(D)) = 0 and h°(X,E(D)) <
n(1+deg D) — (rank &, /&) - (1 + p(Em/Ek) + deg D).

2. If deg D + qo > 2gx — 2, then h°(X,E(D)) = n(1 — gx + deg D).
3. If 0 < deg D + qo < 2gx — 2, then h°(X,E(D)) < n(1 + deg D).
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Proof. We prove the second part first. There are exact sequences for each ¢ > 1:
OHEm 1/5 z+1)( )H m/gmf(erl)(D)% m/gm—l(D)ﬁo

We have pu(Em—i/Em—i+1(D)) > 2g9x — 2 for each i > 1,
hence h'(Epm—i/Em—@iy1y(D)) = 0. It follows that h°(£(D)) =
Zizo W (Em—i/Em —+1)(D)) = n(1 = gx + w(€(D))) = n(l = gx + deg D).
The first and third parts can be proved using the same exact sequences, except
that we no longer need to calculate any H' (since we are only looking for
upper bounds). O

Consider again a reductive group G over F, with split maximal torus and Borel
subgroup 7' C B C G. Let V be a finite-dimensional representation of G. If
F — X is a G-torsor, then V = F' Xg V is a vector bundle over X. If F' = F,
for some g € G(Ak), then we write V, = Fy; Xx¢ V. For any Zariski open subset
U C X, we can identify

HOU,V,) )N ] 9V (Ok,) (4.10)

velU

If V has ‘small height’, then we can describe the Harder—Narasimhan filtration
of V explicitly in terms of the canonical reduction of F. Let Fp — X denote
the canonical reduction of F'. For each rational number ¢, we define

V,= P wnay (4.11)
AEX*(T)
(oFp,A)2>q

V) C V denoting the A-weight space. This defines a decreasing filtration V4 of
V. The subspaces are P-invariant, and the action of P on the graded pieces
factors through the Levi quotient Lp (see | , Lemma 5.1]). By pushout,
we get a filtration Vo, = Fp Xp V, of V by subbundles indexed by rational
numbers g. We then have the following result.

THEOREM 4.6. Let V' be a finite-dimensional representation of G, and let p €
X.(T)qg denote the sum of the fundamental coweights. Suppose that V' has
small height, i.e. that for all weights A\ € X*(T) such that Vy # 0, we have
2(p, A) < charFy. (This condition depends only on the pair (G,V) and not on
the choice of T or B.) Then:

1. Each associated bundle gr, Ve & Fp Xp gr, Ve is (either zero or) semi-
stable of slope q.

2. The subbundles V, = Fp xp Vg of V are the constituents of the Harder—
Narasimhan filtration of V = F xg V.

Proof. The calculation of | , Proposition 5.1] goes over verbatim to show
that the associated bundles of the graded pieces have the claimed slopes. What
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we need to justify here is that they are semi-stable. In loc. cit. this is justified
by appeal to the results of | |, which apply when the ground field has
characteristic 0. In the present case we can use the assumption that V' small
height to appeal instead to the main theorem of | ], which is extended to
reductive groups G as | , Proposition 4.9]. o

We conclude this section by applying the preceding results to the pair (G, V)
constructed in §3. We therefore assume now that charF, > 3. We recall that
G has the root basis R = {a1, a2, as,as}. We write R~ = —R for the negative
of this root basis, and Py C G for the Borel subgroup corresponding to R™.
We call a parabolic subgroup P C G containing Py a standard parabolic; any
such parabolic has a canonical Levi decomposition P = LpNp, where Lp is
the unique Levi subgroup of P which contains the maximal torus 7.

If P C G is a standard parabolic subgroup, and D is a divisor on X, then we
define a further decomposition of Vg p C Vg as follows:

Ya.p = Va,p(D)<° UYe,p(D)P UV, p(D)>29x 72, (4.12)

where Vg p(D)<? denotes the set of G-torsors F' — X for which the lowest
slope piece of the Harder—Narasimhan filtration of F' X V has slope qg satisfy-
ing deg D + qo < 0; Vg, p(D)®P the set for which 0 < deg D+ qp < 2gx — 2; and
Ve p(D)>%9% =2 the set for which deg D + qo > 2gx — 2. (Thus these subsets
of Vg, p only depend on deg D.) We can reformulate Corollary 4.5 as follows:

COROLLARY 4.7. Let g = [(gv)v] € Ya,p, and let Fp — X denote the canonical
reduction of F,. Suppose that deg D > 0, and let M C ®y denote the set of
weights a € Oy such that (op,,a) + deg D < 0. Then:

1. If g € Yo p(D)<° (ie. M is non-empty), then |H°(X,V,(D))| <
qdimV(1+degD)—\]\/1|(1+degD+Ea€M<apP,a})

2. If g € Yo, p(D)®?, then |H°(X,V,(D))| < ¢timV(1+deg D)
3. 1f g € Yo,p(D)>29x 72, then |HO(X,Vy(D))] = g*imV(1=oxtdes D).,

We can combine these ideas with Lemma 3.2 to obtain the following useful
principle:

COROLLARY 4.8. Let P C G be a standard parabolic subgroup, and suppose
that dim Zo(Lp) < 2. Let D be a divisor on X, and let g € Vg p(D)<°.
Then for all v € H*(X,Vy(D)) C V(K), we have A(v) = 0 (as a section of
HO(X,0x(24D)) C K.

Proof. Let D =3 n,-v. If P C G satisfies dim Zo(Lp) < 2, then the lowest
slope piece of the Harder-Narasimhan filtration of V, has dimension at least 4.
(It’s helpful to recall here that G is isogenous to SLj, and V is then identified
with the tensor product of the four 2-dimensional standard representations.)
Under the identification

HO(X,Vy(D) = V(E) N [[ @™ 9.V (OK,) € V(K),
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we see that any v € HY(X,V,(D)) must satisfy the condition of the first part
of Lemma 3.2, and therefore satisfy A(v) = 0. O

5 COUNTING 2-SELMER ELEMENTS

In this section, we describe the relation between the representation (G, V') of §3
and the family of pointed elliptic curves (F, P, Q) described in §2. We proceed
from the rational theory, to the integral theory, and finally combine this with
the other results established so far to prove our main theorems (Theorem 5.9
and Theorem 5.11 below).

We assume throughout §5 that I, is a finite field of characteristic > 19, and
let (G, V) denote the representation considered in §3.

5.1 (G,V) AND 2-DESCENT

THEOREM 5.1. We can find homogeneous generators ps, p4, qa, P € Fq[V]G (of
degrees 2, 4, 4, and 6, respectively) and a 5-dimensional affine linear subspace
X C V together with functions x,y € Fq[X] such that:

1. The functions ps,pa, qs, x,y € Fy[X] generate Fy[X].
2. The relation y(xy + 2q4) = 2° + pax® + pax + pe holds on .

Proof. This theorem follows from | , Theorem 3.8] when F, is replaced by
a field of characteristic 0. The same proof works over F,, with our restrictions
on the characteristic. This is unsurprising, given that the results of Slodowy
[ ] are proved in positive characteristic with the same restrictions. We
explain the construction. Define a matrix

01 0 O 01 0 O
00 0 0 10 O 2
00 0 -1 00 0 O
o— 0Ooo0 0 0 OO0 0 O
00 -2 0 00 1 0
00 0 0 10 0 -1
00 0 -100 0 O
00 -1 0 00 -1 0

and a cocharacter A € X, (T")
At) = diag(t?,¢,t7 1,72, 1,¢,¢71,1).

Then Ad A(t)(e) = te and e € V is a subregular nilpotent element. Therefore we
can find a unique subregular nilpotent f € V such that the triple (e, dA(2), f)
is a normal sly-triple. We define X = e + 3 (f)%="1.

If t € Gy, then the action t - v = t Ad A\(t~1)(v) leaves ¥ invariant and con-
tracts X to the fixed base point e. Moreover, the morphism 7|y is then G-
equivariant. The functions z,y € F,[X] are chosen to have weight 2 with respect
to this action. O
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At this point there are two natural discriminant polynomials A in F,[V] that
one might consider: the one arising from the usual Lie algebra discriminant in
h, and the discriminant of the polynomial f(t) = t* + pat® + pat® + pet + 43,
which is used in §2. In fact, these two functions are equal up to F;-multiple,
because they both cut out the same irreducible divisor in B = SpecF,[V]¢.
Since the precise value of A will not be important for us, but rather only its
order of vanishing, we will use the symbol A to denote either one of these
polynomials in F,[V]% = F[p2, pa, 1, ps). We recall that we write B™ C B for
the open subscheme which is the complement of the zero locus of A.

We write S — B for the natural compactification of X as a family of projective
plane curves given by the equation

Y(XY +2uZ%) = X? + poX?Z + ps X Z* + pe Z°. (5.1)

We write O, P, and @ for the three sections of S—X at infinity given respectively
by [0:1:0],[1:1:0] and [-1:1:0]. We write S™ for the restriction of
this family to B™. The fundamental relation between the pair (G, V) and this
family of curves is as follows:

THEOREM 5.2. 1. The morphism S — B is smooth exactly above B™. Con-
sequently, S™ — B is a family of smooth, projective, geometrically con-
nected curves.

2. Let Jgrs = Pic%m/Bm denote the (relative) Jacobian of this family, and let
Z" denote the equalizer of the diagram

(9,2)—g-x

G x K" ZVrs
(9,2)—~x

viewed as a finite étale group scheme over k™ = B"™. Then there is a
canonical isomorphism Jgrs[2] = Z™ of finite étale group schemes over
B,

3. Let k/Fy be a field, and let b € B™(k). Let J;, denote the pullback of Jgrs
along b : Speck — B™. Consider the diagram

Sy (k) —— G(k)\Vs (k)

| !
Jy(k) ——= H*(k, Jy[2]),

where the top arrow is induced by the inclusion Xy, C Vj; the left arrow
is the map R — [(R) — (O)], induced by an open immersion ¥y C Jp;
the right arrow is the injection of Corollary 3.4, composed with the iso-
morphism HY(k, Zg(kp)) = H(k,Jy[2]); and the bottom arrow is the
connecting homomorphism associated to the multiplication-by-2 Kummer
ezact sequence for Jy. Then there exists a class x, € H'(k, J,[2]) arising
from a trivial orbit such that this diagram commutes up to addition of xy.
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Proof. The first part is established over a field of characteristic 0 in [ ,
Corollary 3.16], using a reduction to | |, and again the same proof works
in our positive characteristic setting. This is not the case for the second part,
where the corresponding fact is established in [ , Corollary 4.12] using
analytic techniques. However, the same construction works to show that there
is a map B : H1(X"™/B*,Fy) — Z™ of local systems of Fo-vector spaces on
B'™, arising from the inclusion X' C V'™. Here H;(X™/B",F5) is the local
system of étale homology groups of the curves ¥}, (b € B). There is a canonical
surjective map 7y : Hy1(X"™/B™,Fy) — Jgrs[2]. We want to show that S factors
through 7 to give an isomorphism Jgxs[2] & Z'S.

To check this statement about morphisms of local systems of Fao-vector spaces,
it suffices to check that it holds on single stalk, and this can be accomplished
by lifting to characteristic 0 and applying | , Corollary 4.12].

The third part has been established in characteristic 0 in | , Theorem
4.15], which also shows how to calculate the element x; using the geometry of
the curve S. We describe the recipe, although it is not strictly necessary for
what we do here. Let 0 € B(F,) be the central point. Then the curve Sy is
a union of three lines. Let Sy C Sp be the branch containing the section O
at infinity, and let E' € S{(F,) — {e} be a rational point. Then there exists
a unique w € Wy such that wE’ is conjugate by G(F,) to o, and for any
b € B(k) we can then take x}, to be the class corresponding to the orbit of
wky € V(k).

We still need to extend this result to positive characteristic. However, this is
an essentially formal consequence of the first two parts of the theorem, and
follows in exactly the same way as in | , §4]. O

THEOREM 5.3. Let k/Fy be a field, and let b € B™(k).

1. The image of the injective map n : G(k)\Vy(k) — H'(k, Jy[2]) appear-
ing in Theorem 5.2 contains the image of the Kummer homomorphism
Jb(k’)/QJb(k) — Hl(k, Jb[Q]).

2. Inside the image of n, the trivial orbits of G(k)\Vy(k) correspond to the
subgroup of Jy(k)/2Jy(k) generated by the divisor classes [(P) — (O)] and

[(Q) = (0)].

Proof. By Theorem 5.2, it is enough to prove the second part of the theo-
rem. By definition, the identity of H'(k,.J,[2]) corresponds to the orbit of the
Kostant section kp € Vp(k). We have a short exact sequence of étale homology
groups (where overline denotes base change to a separable closure k°/k):

0—=43/A(u2)—=Hi (Zy, Fo)—=H1(Sp, Fo) —=0.  (5.2)

Here A(uz2) C p denotes diagonal ps. There is a natural symplectic duality
(-, on Hy(Xp,Fo) with radical p3/A(ps2), which descends to the Poincaré du-
ality pairing on Hy (S, F2). Identifying J,[2] = H, (S, F2), this allows us to de-
scribe the subgroup of H!(k, J,[2]) generated by the images of the divisor classes
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[(P) — (0)], [(Q) — (O)] as follows: it is the image of [u3/A(u2)]Y = (43)s—o
under the connecting homomorphism attached to the dual exact sequence of
Fy[T'x]-modules (with Ty, = Gal(k®/k)):

0—>H1(§b,Fg)—>H1(ib,Fg)v—>(ug)zzo—>0, (53)

where we use the aforementioned pairing to identify H (gb, Fo)Y = Hy (gb, Fs).
We now identify these exact sequences using the representation theory of
the pair (G,V). Let H® denote the simply connected cover of H, and let
G*¢ = (H**)?. Then G*° is a connected subgroup of H*. Let C*¢ denote
the centralizer of k, in H®¢, and C its image in H. Then we can identify
Zase(kp) = C°[2], Zye(ky) = C[2], and Zg(kp) = im(C*[2] — C[2]) (see
[ , Corollary 2.9]). The short exact sequence (5.2) is identified with the
sequence

0—=ker(G* — G)—=C*[2]—=im(C*[2] = C[2])—=0  (5.4)

(compare [ , Theorem 4.10] and the proof of Theorem 5.2). Its dual is
identified with the sequence

0 Zc (ko) C[2] 7o (H?)——0, (5.5)
using the Weyl-invariant bilinear form on X, (C) (cf. | , Lemma 2.11]) and

the canonical isomorphism C[2]/Za(ky) = mo(H?). The map Wy — mo(H?)
is an isomorphism, and the composite Wy — mo(H?) — H'(k, Zg(kp)) sends
an element w € Wy to the class corresponding to the orbit G(k) - wkyp. This
concludes the proof. O

The proof of the second part of Theorem 5.3 has a useful corollary: it gives
a criterion to tell when the trivial orbits generate a subgroup of Jy(k)/2Jy(k)
of order 4 (which one expects to be the case generically). Indeed, taking in
mind the identification of the exact sequence (5.3) with the sequence (5.5), one
sees that this should be the case exactly when HO(k, Zg(ry)) = HY(k,C[2]).
The action of the Galois group I'y, on C[2] arises from a homomorphism I'y, —
W(H,C) = Wy giving the action on the torus C, and this condition can
be described in terms of the image of this homomorphism inside Wg. In
particular, in the ‘generic’ case where this image is the whole Weyl group, we
have HO(k, Zg(ky)) = HO(k,C[2]) = 0, and consequently 4 trivial orbits in
G(k)\Vi ().

COROLLARY 5.4. Let X be a smooth, projective, geometrically connected curve
over Fy, and let K =Fy(X). Let b € B™(K). Then the subset G(K)\V,(K) C
HY(K, Jy[2]) appearing in Corollary 3./ (with k = K ) contains the 2-Selmer
group Sela(Jp).

Proof. This follows from the fact that the Hasse principle holds for G, i.e. that
the map H'(K,G) — [[, H'(K,,G) is injective. O
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5.2 (G,V) AND LOCAL INTEGRAL ORBITS

In the previous section, we have studied rational orbits. We now look at the
integral situation. Let X be a smooth, projective, geometrically connected
curve over Fy, and let K = F (X). Let v be a place of K, and let (E, P,Q)
be tuple consisting of an elliptic curve E over K, with two distinct, non-trivial
marked rational points P, @ € E(K,). We assume that the minimal model (as
in §2) of (E, P,Q) has squarefree discriminant, and let b = (p2, p4, qa,p6) €
B(Ok,) denote the associated set of invariants. We write J, for the Jacobian
of E, which we identify with F via the map E — J,, R — [(R) — (O)].

THEOREM 5.5. With assumptions as above, let J, denote the Néron model of
E over Ok, . Then:

1. The map H (Ok,, Jp[2]) — H'(K,, Jy[2]) in étale cohomology is injec-
tive.

2. An orbit in G(K,)\Vy(K,) admits an integral representative (i.e. in-
tersects Vy(Ok,)) if and only if it corresponds to an element of
Jo(Ky) /2Jp(Ky).

3. Suppose that xz,y € V,(Ok,) and v € G(K,) satisfy yx = y. Then
v € G(Ok,).

Proof. Lemma 2.3 shows that F has reduction of type Iy or I;. In particular, J
has connected special fibre. We have H' (O, 7[2]) = H*(k(v), T [2](k(v)))
and J,[2](k(v)) = Jp[2](K$)I%0, so the injectivity of the first part is a conse-
quence of the inflation-restriction exact sequence.

For the ‘if’ of the second part, we use the existence of the section ¥ C V,
which shows (together with the commutative diagram of Theorem 5.2) that any
element of J,(K,)/2J,(K,) which can be represented by a divisor (R) — (O),
where R € ¥,(Ok, ), is represented by an element of V(Ok, ). Since the trivial
orbits have integral representatives, essentially by definition, this reduces us to
showing that any non-trivial orbit in J,(K,)/2Jp(K,) is represented by such a
divisor (R) — (O). We have a short exact sequence (which defines J,(Of,)°)

0——=T(Ok, )* —=Jy(Ky) ——=Tp (k(v)) —0,
where the kernel is a pro-p-group (p = charF,), hence an isomorphism
I(Ok,)[205(Ok,) = Ty (k(v)) /2Ty (k(v)) = H' (Ok,, J[2).

If [Z] € Jp(k(v))/2T(k(v)) is a non-trivial class (i.e. not in the subgroup gen-
erated by the 3 marked points of F at infinity), we can choose a representative
Z € Jy(k(v)) of the form (R) — (O), where R € Yy(k(v)). Lifting R to a
point R € ¥(Ok,) via Hensel’s lemma then shows the existence of the desired
integral representative in V3,(Ox, ).

We now turn to the ‘only if” of the second part. We first note that any element

z € Vy(Ok,) in fact lies in V,**(Ok, ), i.e. T = x mod (w,) is regular in Vj,).
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This is clear if A(z) is a unit in Ok, , as then T is regular semisimple. Otherwise,
we note that T is regular in V() if and only if it is regular in by (,; and if it is
not regular in by(,), then its centralizer has dimension at least dim 7" + 2 (see
[ , 111, 3.25]). Let ¢ = 35, (%), & = c¢Nbo, . Let f:bhoy, /¢® = bo,, /<
denote the map of finite free Ok, -modules induced by adx after passage to
quotient. We have the relation det f = A(z), up to units in OIX(U. If 7 is
not regular, then f = f mod (w,) has kernel of dimension at least 2, hence
ordg, det f > 2, a contradiction.

We next observe that the map Go,. — V,%, g+ g - ks, is étale, and a torsor
over its image V;'*® © C V;*® for the étale group scheme Z6o,., (rv) over Ok, .

Moreover, we have V¢ = Uyew,w - V;® % (by | , Theorem 0.17]). Tt
follows that there is a bijection

G(Ok,)\V,*® °(Ok,) = HY(Ok,. Zco,, (Kv))- (5.6)

The isomorphism Zg, (ks) = Jp[2] extends uniquely to an isomorphism
ZGo,. (Kp) = Jp[2]. If A is a unit, then this is immediate from Theorem 5.2. If
A is not a unit, then it suffices to show that the isomorphism Zg,. (ks) = Jp[2]
identifies Zg (k) (k(v)) C Za(kp)(K3)T with Jp[2](k(v)) C Jp[2](K ). Since
Jp(k(v)) has order 2, it is enough to show that Zg(kp)(k(v)) is non-trivial.
This follows from the fact that ¥ has a unique singularity of type A, as we
now show. Let b = b mod (w,). The element x; € V(k(v)) has a Jordan
decomposition k; = vs + v, as a sum of commuting semisimple and nilpotent
parts, and we can compute (using the same technique as in | , Proposition
2.8))

Z6(y) = 2002 Ker(G* = ). (5.7)

(We remind the reader of that Zgse(vs) denotes the stabilizer of vs in G*¢, and
S0 Z 74 (v,) denotes the centre of this connected reductive group.) The fact
that X5 has a singularity of type A; implies (] , Corollary 3.16], the proof
of which goes over without change in our setting) that Zgsc(vs) has derived
group of type A;. In particular, its centre contains a torus of rank 3. We have
ker(G¢ — G) = 13, so the group appearing in (5.7) must be non-trivial.

We can thus enlarge (5.6) to a commutative diagram

G(Ok,)\V;*® °(Ok,) —= HY(Ok,, J[2])

| e

G(Ko)\Vy(K,) —— H'(K,, Jy[2]).

This shows that any element of G(K,)\V;(K,) which is in the image of the left-
hand vertical arrow lies in the image of H*(Ok,, J5[2]) = Jy(K,)/2Jp(K,) C
HY(K,, J,[2]). Since we have V;® = U,ew,wV,;*®° and Wy acts on
H'(K,, Jy[2]) as translation by trivial orbits, we finally see that any element
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of G(K,)\Vs(K,) which admits an integral representative corresponds to an
element of Jy,(K,)/2Jp(Ky).

Finally, we come to the third part of the theorem. The integrality is insensitive
to passage to unramified extensions of K,. After possibly replacing K, by an
unramified extension, we can therefore assume that x = y = K, and reduce to
showing the statement that the étale group scheme Zg (k) satisfies the Néron
mapping property, i.e. its K,-points all extend to Ok -points. We have shown
that Zg(ks) = Jp[2], so this follows from the Néron mapping property for
N/Y O

5.3 (G,V) AND GLOBAL INTEGRAL ORBITS

We can now discuss the global picture. Let X be a smooth, projective, geo-
metrically connected curve over Fy, and let K = Fy(X). Let D = m, v
be a divisor on X, and let (E, P,Q) € Xp. We recall (see §2) that this means
that F is an elliptic curve over K with two distinct non-trivial marked rational
points P,Q € E(K), and which can be represented by an equation

y(xy + 2q4) = 2% + pox® + pax + ps (5.9)
with
b= (p2,pa,qa,p6) € H'(X,0x(2D) ® Ox (4D) & Ox (4D) & Ox (6D))

= H(X,Bp) C B(K)
(5.10)

of square-free discriminant in H°(X,Ox(24D)). (The reason for restricting
to curves with Lg a square is that the invariant degrees of the representation
(G,V) then agree with the weights of the equation (5.9) defining the curve E.)
Let x € V4, (K) be an element corresponding to an element of the group Sels(E)
(see Corollary 5.4). Then for every place v of K, wvx has minimal, integral
invariants w(w)" x) = wj' -b € O of squarefree discriminant, and Theorem
5.5 implies that we can find g, € G(K,) such that w]"x € g,V (Ok,). For all
but finitely many places v, we have m, = 0 and can choose g, = 1. Moreover,
gy is defined up to right multiplication by G(Ok, ), by the third part of Theorem
5.5. If we replace by vz for some v € G(K), then g, can be replaced by vg,.
We have therefore defined a map

inv : Sely(E) — G(K)\G(Ak)/G(Ok). (5.11)

It is clear that this map depends only on (E, P,Q) and not on the choice of
equation b € H(X,Ox (D)) representing (E, P, Q) (since all choices differ by
the action of ).

To any g € G(Ak), we associate the G-torsor Fy and the vector bundle V, =
Fy xg V, which has sections described by (4.10). The above discussion shows
that if [g] = inv(x), then 2 naturally defines an element of

V(E) N ] oo, ™ V(Ok,) = HO(X, V,y(D)),
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and the image of x under the map 7 : H(X,V,(D)) — H°(X, Bp) equals b.
This leads to the following result.

THEOREM 5.6. Let (E,P,Q) € Xp be represented by b € H°(X,Bp). Let
g = (gv)v € G(Ak). Then the following two sets are in canonical bijection:

1. The set of elements x € Sela(E) such that inv(z) = [(gy)v]-

2. The set of sections s € H*(X,V,(D)) such that w(s) = b, taken up to the
action of the group Aut(Fy).

Proof. We have constructed the map from the first set to the second set. We
now construct its inverse. Let s be a global section in

HO(X, V(D)) = V() O [ 90, ™V (Ox,)

such that 7(s) = b. Writing « for the image of s in V(K) under the canonical
inclusion, we obtain an orbit in G(K)\V,(K). This orbit is independent of the
choice of representative in the Aut(Fy)-orbit of s; indeed, we have Aut(F,) =
G(K)N gG(@K)g_l, so replacing s by s for v € Aut(F,) would just replace
x by vz, leaving the G(K)-orbit of 2 unchanged.

We need to show that z lies in the subset of G(K)\V;(K) corresponding to the
2-Selmer group. However, this follows from the second part of Theorem 5.5 and
the fact that s has square-free discriminant. It is clear from the construction
that this map is inverse to the other, so this completes the proof. O

To illustrate the construction of this invariant map, we calculate its image
when applied to the trivial elements in J,(K)/2J,(K) C Selz(Jp). Recall that
we have defined k = E + 3,(F), where (E,dp(2), F) is a regular normal sly-
triple in h. The action ¢ - x = t Ad p(t~!)(x) leaves  invariant and contracts
to the unique fixed point E (see Proposition 3.3). In particular, if v is a place
of K, b e B(K,), and A € K5, then we have the following formula giving the
behaviour of the Kostant section under scaling:

Kap = PN Akp. (5.12)

If b € B(Ok,), then s € V(Ok,) is an integral representative of the orbit in
V4(K) corresponding to the identity element of Sely(J,). If b € H°(X, Bp) C
B(K) is associated to a pointed curve as above, then we find w]»b € B(Ok,)
is the minimal integral representative, hence

Kgmep = plw, ™ )wyb € w,"V(Ok,). (5.13)

It then follows from the definition that we have inv(ky) = [(p(w@]**))s]. The
same formalism applies to the other trivial orbits: if w € W, then the repre-
sentative of the corresponding trivial orbit in V(K) is wkp. For each place v
of K, we have

S w T M wky, = wp(w, ™ e Ky € wV (Ok,), (5.14)

wpl(es,
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so it follows from the definition that we have inv(wk,) = [(wp(w™ )w™1),].
This implies in particular:

LEMMA 5.7. Let (E,P,Q) € Xp be represented by b € H°(X,Bp), and let
x € Sely(Jy) be a trivial element. Suppose that deg D > 0. Then inv(z) €
Ve .p, (D)<°. (We recall that Py C G is the Borel subgroup corresponding to
the set —R = {—a1, —aa, —as, —aq} of simple roots of G.)

Proof. We need to check that for each g € {(wp(w@w™ )w=1), | w € Wp}, we
have g € Py(Ak )P * and the ‘lowest slope’ part of Vy(D) has strictly negative
slope. Representatives for the elements of W, are given in (3.3). Using the
formulae

plt) = (3,2, 72,173 4,1, 1,71,

ao(a,b,b"t a™t e,d,d™t ¢t = ab,

we see that (wpw™t, ag) = 5 for all w € Wy.
Since the Levi quotient of Fj is a torus, the semi-stability condition is vacuous,
so to show g € Py(Ak)P® % we need to show that for all a € R~, we have
log, la((wp(wy™ )w™"),)|| > 0. We compute

log, lla(w(p(wy )w™")o)|| = —(wpw™", a) - deg D.

Using the explicit expression (3.5) for R, we see that this is positive for all
w € Wy, a € R~. On the other hand, the lowest slope part of V(D) has slope

log, lao((wp(wy )w™)o)|| = —(wpw™", ag) - deg D + deg D = —4 deg D < 0,

as required. O

5.4 THE MAIN THEOREM

We once again suppose that X is a smooth, projective, geometrically con-
nected curve over Fy, and let K = F (X). If D is a divisor on X, then we
write HO(X, Bp)* ¢ HY(X,Bp) for the set of elements of square-free dis-
criminant A € H°(X,Ox(24D)). Then (Corollary 2.4) there is a surjection
H°(X,Bp)*f — Xp, the fibre above a given isomorphism class [(E, P, Q)] hav-
ing cardinality equal to (¢ — 1) - |Aut(E, P,Q)|~t. If g = [(9v)v] € Vg, then
we write H(X,V,(D))*f ¢ H°(X,V,(D)) for the pre-image of H°(X, Bp)*'.
We also write H(X,V,(D))st < HO(V,(D))* for the set of elements of
H°(V,(D))* which are non-trivial when viewed inside V(K) (that is, they
are not G(K)-conjugate to a point of a Wy-translate of ; see Lemma 3.5).

PROPOSITION 5.8. Let g = (gy)y € G(Ak).

1. The limit
|HO(X,BD)Sf|
hm e ————
deg D—o0 |HO(X,BD)|

exists and is strictly positive.

op =
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2. The limit 0 ;
5o D)
deg D—oo |HY(X,Vy(D))|

exists and is strictly positive, and does not depend on g.

3. We have fgec(éK) drgép = qu(gX_l)&/, where Tq denotes the Tama-

gawa measure on G(Ag).
Proof. If v is a place of K, define
_ {z € B(Ok,/(@})) | A(z) = 0 mod @y}

b 7
and
_ {z € V(Ok,/(@})) | Alz) = 0 mod wy}|
b = e .
In | , §5.1] it is proved using results of Poonen [ ] that the limit dy

exists and equals [], (1 — f,). A similar argument using the results of | ]
shows that the limit dp exists and equals [, (1 —a,). It is easy to see that both
of these products are strictly positive. To finish the proof of the proposition, we
need to show that ngG(@x) dradp = ¢*29x =15y, or even (using the definition
of the Tamagawa measure) that fgeG(OKU) lwalo (1 — ay) = (1 = B,) for each
place v of K, wg being an invariant differential form of top degree on G (over
F,). We will establish this using an integral formula.

Let wy and wg be invariant differential forms of top degree on V and G,
respectively. Let wp = dpa A dps A dgy A dpg, a differential form of top degree
on B. Let ¢ : B(K,) — R denote the characteristic function of the open
subset of b € B(Ok,) where ordg, A(b) < 1. Let f : V(K,) — R denote the
characteristic function of the open subset of x € V(Og,) where ordg, A(z) <
1. Then we must show the identity

[ e [ e®lesh= [ Sl
9€G(Ok,) beEB(K,) z€V (Ky)

If ¢ C Vg, is a Cartan subspace, we write p. : Gg, X ¢ = Vg for the action
map. Exactly the same argument as in [ , Proposition 2.13] shows that
for any Cartan subspace ¢ C Vi, we have an identity

tiwy = dwg AT|iwp

for some scalar A € F* which is independent of the choice of Cartan subspace.
Let ¢1,...,¢5 C Vi, denote representatives for the distinct G(K,)-conjugacy
classes of Cartan subspaces. If b € B(K,) then we will write, as usual, ¢;; for
the fibre of the quotient morphism ¢; — B above the point b. Each element
v € V'(K,) is contained in a unique Cartan subspace, so we obtain an identity

2 flges)
F(@) vl = / ) Ry
/mEV(OKv) ; (g,c:)EG(Ky)Xc; NG(ci)(KU)| ¢
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Let ¢ = ¢; N[G(K,) - V(Ok,)], an open subset of ¢;. It follows from Theorem
5.5 and the invariance of the measure |wg|, that this last integral is equal to

: omc)) .
waly / _PATE)) e
;/geG(OKU) ci€c; [Na(ci)(Ky)] ‘

- / el Na(e) ()|~ / )]s () 1 ] wslo.
i=1/9€G(Ox,) beB(K,)

To finish the proof, we therefore just need to show that if b € B(Ok, ) satisfies
ordg A(b) <1, then

S fesn(5) N ] % [Na(e) (Ky) [ 7H = 1.
=1

The left-hand side counts the number of G(K,)-orbits in V,(K,) which have
an integral representative, each orbit being weighted by |Zg(kp)(K,)|~t. The
total number of orbits equals |Jy(K,)/2Jp(Ky)| = |J(Ky)[2]], by Theorem 5.5.
This quantity in turn is equal to | Zg (kp) (K )|, by Theorem 5.2. This completes
the proof. O

We now come to the first main theorem of this paper. If D is a divisor on
X and (E, P,Q) € Xp, we write Ag p,g) C Sela(E) for the ‘trivial subgroup’
which is generated by the points P and @, and Sely(E)"* = Sely(E) — A(g, p,q)
for its complement.

THEOREM 5.9. The limit

. | Sela(B)™| - | Aut(E, P,Q)|~" - [E(K)[2]]
lim Z )|

deg D—o0
(E,P,Q)EXD

exists and equals 8.

In the following proof, we write x = 2 — 2gx in order to avoid a proliferation
of subscripts.

Proof. Corollary 2.4 shows that we have

—1
HO X.B sf _ q—
HXCBo = D RERQ)
(E,P,Q)€EXD
=(@-DXp|-(g=1) Y (1—]Aut(E PQ)™).
(E,P,Q)EXD

It also shows that if (E, P,Q) € Xp and the group Aut(FE, P, Q) is non-trivial,
then po(b) = 0 for any pre-image b € H°(X, Bp)*. Thus the number of such
curves is O(q'*4°¢ P, Using Proposition 5.8, we see that

: | XD -1
lim @ —————=(¢g-1 .
deg1D—>oo |HO(X, BD)Sf| (q )
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Similarly, if b € H°(X, Bp)* corresponds to (E, P,Q) € Xp, then Theorem 5.6
shows that
|Sela(E)| = Y [HO(X,Vy)y/ Aut(Fy)|.
9€Va

(Here the subscript b again denotes fibre over b.) By the third part of Theo-
rem 5.5, the stabilizer in Aut(Fy) of any point in H°(X, V), is isomorphic to
E(K)[2 ] Weighting for this, we obtain

[Sel(B)] _ 5~ [Vl [
|E(K)[2]] _gezy:G | Aut(F,)| /geyc [HP (X, Vg)ol.

(In fact, in our case the groups E(K)[2] are all trivial, c¢f. Remark 1.2, but
we don’t need this.) Summing over all b € H°(X, Bp)* and restricting to
non-trivial elements of the 2-Selmer group, we obtain the identity

(g—1) Z |Selo(E)™| - |Aut(E, P,Q)|~t - |E(K)[2]]~!
(E,P,Q)EXD |HO(X, Bp)sf|
|H0(X7 Vg(D))Sf’ nt|
- 0 Sf dvg
geve  HO(X, Bp)|
|HO(X,Vy(D))sth ) |HO(X, Bp)|
N 0 X 0 f dVG;
ve [H'(X.Bp)l " [H(X, Bp)|
hence
lim 3 | Selz(E)™| - | Aut(E, P,Q)|" - |[E(K)[2]| "
deg D—o0 |XD|
(E7P7Q)EXD
0 sf, nt
65" x  lim [H™(X, Vy (D)) |dz/G

deg D—o0 Yo |HO(X,BD)|

We would like to compute the pointwise limit of the integrand and then inter-
change the order of the integral and the limit. This can be justified only after a
process of ‘cutting off the cusp’. Applying the decompositions (4.5) and (4.12),
we get

/ |HO(XV( )sfnt| Z/ |H0XV( ))sfnt|dl/
ve  |H(X,Bp)| ver H(X.Bp)| ¢

[HO(X, V(D)) ]
= Z 0 dve
P ycyp(D)>7X |H (X5BD)|

HO X D sf, nt
- HOX VD)
yo.rm  |H(X,Bp)|

HO X D sf, nt
N g it
ver<o  |H°(X,Bp)
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where the sums are over the set of standard parabolic subgroups of G. (We
recall that these are the parabolics containing the Borel subgroup Py C G
corresponding to the set R~ = {—aj, —ag, —ag, —a4} of simple roots of G.)
Applying Lemma 5.7, we see that when deg D > 0, this equals

/ |HO(X,V, (D))
0 dl/G
= | Jye.rm)>—~ H(X,Bp)|

HY(X,V, (D))
+/ X, V(D))
Ya,p(D)sp |H (XaBD)l

HO X D sf, nt
L XD
Ya,p(D)<0 |H (X’BD)|

We will see that the terms corresponding to Vg p(D)”~X dominate, while
the others vanish in the limit. Note that for any g € Vg p, we have g €
Y. p(D)>7X for all divisors D of sufficiently large degree (depending on g).
For divisors of degree greater than —y we have |[H°(X, Bp)| = ¢*xt16deeD
and Corollary 4.7 shows that for such D we have

/ |HO(X,V, (D)) "
O G
Ye.r(p)>—x  HY(X,Bp)|

:/ [HO (X, Vy(D))] [HO(X, V(D))
Ya,p(D)>~x

dva

[HY(X, Bp)|  [HO(X,V,(D))|

_ 6 |HO (X, V,y (D))
=q o d
Ya,p(D)>—x |H (X’VQ(D))l

The integrand in this expression is bounded by 1, and as deg D — oo its value
tends to a limit dy which is independent of the choice of g, by Proposition 5.8.
Applying the dominated convergence theorem, we find that

lim |HO(X, Vy(D))¥|
deg D—o0 Yo, p(D)>—x |HO(XaBD)|

dvg = q6X5V/ dvg.
Ya,p

To take care of the contribution in the special range, we calculate using Corol-
lary 4.7 and Lemma 4.3:

/ [HOX, Vo (D)) </ [HO(X,V,(D))|
Ya,p(D)sP |H(X, Bp)| Ya,p(D)P |HO(X, Bp)|

dva

=0 Z q*<0751’> ,

FEAR
deg D+(0,a0)€[0,—x]

where the implied constant depends only on X. This tends to 0 as deg D — oc.
To take care of the remaining contributions, we note that Corollary 4.8 implies
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that

HO X D sf, nt
/ VD),
Ya,p(D)<0 |H (XaBD)|

unless P = Py or the Levi quotient of P has semisimple rank 1. In these cases
we will show that

. [HO(X, V(D)) ™
deg D—oo Ve, p(D)<0 |HO(X,BD)|

dvg = 0. (5.15)

Let us first treat the (harder) case of P = Py. Let C denote the set of non-
empty subsets M C Py which are closed under the relation >: i.e. if a € @y,
be M, and a > b, then a € M. Note that ayp € M for all M € C. Then we
have Vg p, (D)<° = UnecYa,p, (D)<"M, where we define Vg p, (D)<®™ to be
the set of G-torsors F' € Vg, p, (D)<Y such that for a € @y, the slope OFp, Of
the canonical reduction Fp, satisfies (0r,, ,a)+deg D < 0 if and only if a € M.
This allows us to decompose

[ G (D)
yc:,Po(D)<U |HO(X5BD)|

0 sf, nt
= / X, Vo (D)) |dug. (5.16)
Mec ! Ya,py (D)<0M |H(X, Bp)|

Let Cy C C denote the set of subsets M € Cy not containing any of the sets
S appearing in the statement of Corollary 3.6. The summand in (5.16) corre-
sponding to M € C can be non-zero only if M € Cy. To show (5.15) in case
P = Py, it is therefore enough to show that the equality

. [HO(X, V(D)

dvg = 0. 5.17
deg D—o0 Va,p, (D)<0M |HO(XaBD)| ¢ ( )

holds for each M € Co. If M € C and Vg p,(D)<%™, then Corollary 4.7 implies
that we have
[H° (X, Vy(D))|

=0 —|M|deg D—(0,>",cas @) ,
[HOX, By~ U )

where the implied constant depends only on X. Combining this with Lemma
4.3, we get for any M € C:

[ X V(D)
0 G
Ya,p, (D)<0:M |H (Xv BD)|

=0 E g WMldeg D—(odro 43 0ema) | | (5.18)
pos
UEAP0
Va€M,{o,a)+deg D<0
Vae®dy —M,{o,a)+deg D>0
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where the implied constant again depends only on X.

At this point, we recall the function A(M) defined in §3.1: if M € C, then
AMM) C &y — M is the set of maximal elements of ®y — M. In particular, if
M € C and a € \(M), then ¢{®®+deeD > 1 for any ¢ appearing in the sum

(5.18). It follows that for any function p : A(M) — Rxq, (5.18) is bounded
above by a constant multiple of

>

UEAF;,ES
Ya€eM,{o,a)+deg D<0
Va€®Py —M,(o,a)+deg D>0

qug D(Xaenan P(a)= M)+, 3 exary P(@)a=32 e pr a—0py)

< qdegD(Zae)\(M) p(a)—|M]) Z q<‘772a€)\(M) pla)a—3",cn a_6P0>.
UEAF;,ES

This last expression tends to 0 as deg D tends to infinity provided the function
p is chosen so that the following conditions are satisfied:

o [M] >3 exmpla)

e Define w(M) = =3 cyya — 6p, and w(M,p) = > cranpla)a —
Y wenm @ — 0py € X*(T)r. Then ng(w(M,p)) >0 for each i =1,...,4.

We show that we can find such a function p simply by exhibiting one for each
possible choice of M € Cy in the following table (the weights being labelled as
in §3.1):

M A(M) | M| 2w (M) D 2w(M, p)

T (2345 1 [ T 1 1 1] 0000 |1 1 1 1
1,2 3,4,5 2 2 0 0 01 (0.5,0.5,0.5) | 3.5 0.5 0.5 0.5
1,3 2,4,5 2 0 2 0 0| (0.5,0.5,0.5) | 0.5 3.5 0.5 05
14 2,3,5 2 0 0 2 01 (0.5,0.5,0.5) | 0.5 0.5 3.5 0.5
15 234 | 2| 0 0 0 2050505 |05 05 05 35

1,2,3 4,5,6 3 1 1 -1 -11](05,05,1.5)]05 05 05 0.5
124 357 | 3| 1 -1 1 —1](050515 |05 05 05 05
1,2,5 3,4,8 3 1 -1 -1 11 (0.5,0.5,1.5) | 0.5 05 05 0.5
1,34 2,5,9 3 -1 1 1 -1 (05,05,1.5) |05 05 05 0.5
135 2410 | 3 | -1 1 -1  1](050515 |05 05 05 05
145] 2311 | 3 | -1 -1 1 1](050515 |05 05 05 05

This shows that the equality (5.15) holds in case P = Py. We now treat the
four remaining cases. By symmetry, we can assume that P is the standard
parabolic subgroup of G generated by P, and the root subgroup corresponding
to the root a;. Then the Levi quotient Lp of P is isogenous to SLo, and the
same argument as above shows that we need to show that

[HO(X, V(D)™ ™|

dvg =0
|HO(X, Bp)| ¢

lim
deg D—o0

5.19
Ve, p(D)<0M ( )
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for each M € Cy. We observe that Vg p(D)<%M is non-empty only when
M satisfies the condition a € M = a' € M, where o/ € ®y is defined by
ni(a’) = —ni(a), ni(a’) = ni(a) for i = 2,3,4. The only set M € Cy which
satisfies this condition is M = {1, 2}, so we are reduced finally to showing that
the equality (5.19) holds in the single case M = {1,2}. This can be proved
using exactly the same trick as before.

Putting everything back together and applying Proposition 5.8, we find

lim
deg D— o0

Selo(E)™| - | Aut(E, P,Q)|~! - |E(K)[2]|
ZI()II( )|~ [EE)[2]]

(E,P,Q)€EXD |XD|

= 651 X Zq6x(5v/ dvg
P Ya,p

:/ R dTG/ dMG:/ drg = 7(G),
G(Ok) G(K)\G(Ak) G(K)\G(Ak)

the Tamagawa number of G. Since the fundamental group of G is isomorphic
to u3 and the universal cover of G is SL3, we have 7(G) = 8 (apply |

)

Theorem 6.1]). This completes the proof. O
COROLLARY 5.10. The limit
Selo(F)| - | Aut(FE, P, L B(K)[2)|7!
Y LSeR(EL [ Aw(E PO B
deg D—o00 |XD|
(E,P,Q)€XD

exists and equals 12.

Proof. In view of Theorem 5.9, we just need to show that

3 |Ap.pol - [Aut(E, P,Q)|"" - |[E(K)[2]| "

lim
| XD

deg D—o0

(E,P,Q)€EXD

exists and equals 4. We recall from the proof of Theorem 5.3 that if k/F, is
a field extension and b € B*(k), then |Ag pg| = 4 if and only if in the short
exact sequence

0 Za (k) C[2] mo(H%)——=0, (5.20)

we have H(k, Zg(rky)) = H°(k,C[2]). This property can be detected at the
level of the image W}, of the map I'y, — W (G, 35 (kp)) = Wy into the little Weyl
group of the Cartan subspace 34(kp) C Vi. We see that the corollary would
follow from a quantitative Hilbert irreducibility theorem, which does not seem
to exist in the literature at the moment (but see [BS]).

Instead, we will give a direct proof of the corollary. For any of R € {P,Q, P ®
Q}, let Xp(R) denote the set of (E, P,Q) € Xp such that the image of R in
E(K)/2E(K) is trivial. To show the corollary, it is enough to show that

lim |Xp(R)]

—— =0 5.21
deg D—o0 |XD| ( )
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for each possible choice of R. According to the proof of Theorem 5.3, the
element R determines a class vg € mo(H?), and a triple (E, P,Q) € Xp lies
in Xp(R) if and only if the image of this class in H'(K, Zg(kp)) under the
connecting homomorphism is trivial. Let {w} C W(G,35(kp)) = Wy be a
conjugacy class of elements such that (w — 1)wgr & (w — 1)Zg(ks), for any lift
wp € C[2] of vg. (This condition depends only on the conjugacy class of w, so
makes sense independent of the choice of b. We can choose either w = sgs3 and
W = $18284, Where s1,...,s4 are the simple reflections of H corresponding to
the simple roots aq, ..., a4 listed in §3.1.) Then if (E, P,Q) € Xp corresponds
to b € B™(K) and {w} N W, # &, then (E, P,Q) ¢ Xp(R). Equivalently, if
(E,P,Q) € Xp(R), then {w} N, = @.

To prove the corollary, it is therefore enough to show that for any conjugacy
class {w} of the little Weyl group, we have

Lo b€ HOX, Bp) 0 BE(K)|{uw} 1 Wi = 2} _

0.
deg D—oo |HO(X,BD)|

Let BA=% C B denote the vanishing locus of the discriminant A. The Cheb-
otarev density theorem (see [ , Theorem 4.1]) states that for each place v
of K we have

1

b, € B(kw) | {w) 15, =2} = (1= 1) -+ 0l ™)

where the implicit constant is independent of the choice of v. Let M > 0. If D
is a divisor on X of sufficiently large degree, then the map

H°(X,Bp) -+ [[ H°(k(v),Bp)
Nuo<M

is surjective. If v is a place of K, then the image of the set
{be H°(X,Bp) N B™(K)|{w} N W, = &}
in HY(k(v), Bp) is contained inside
BA=0(k(v)) U {b, € B*(k(v)) | {w} N W;, = &}
We find that for deg D sufficiently large, we have

1{b e HO(X, Bp) N B™(K)|[{w} N W, = 2}|

[H°(X, Bp)|
|{w}|> —-1/2 )
< —— | +0(q, / .
JL (e
This product converges to 0 as M — oo, and this concludes the proof. o

Finally, we prove the promised generalization of Theorem 5.9.
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THEOREM 5.11. Let f: Yo — R be a bounded function. Then we have

lim E
deg D—o0

(E,P,Q)eXD

|Aut(E, P,Q)|~" - [E(K)[2]| ! X2, cser, (my f (v )
|XD|

:/ f(F)drg.
FeYa

Proof. Arguing as in the proof of Theorem 5.9, we get
( _1) Z |Aut(EaP7Q)|_1 ! |E(K)[2]|_1 ZzGSelz(E)nt f(invx)
! [HO(X. Bp)"|
(E,P,Q)EXD

_[ Iy
9€Ya |HO(Xa BD)Sf|

f(Fy) dve

_ |HO (X, Vy(D))*]

N zP: [/JJG,P(D)>X f(Fg) |HO(X’ BD)' dve
[HO (X, Vy(D))*]

Jr/yc;,p(D)spf ) |H(X, Bp)|

[HO (X, Vy(D))* ]
+ f(F dvg| .
/yG,P(D)<0 ( 9) |HO(Xa BD)l “

dva

Since f is bounded, the same arguments as before show that the boundary
terms vanish in the limit. On the other hand, the boundedness of f means we
can again apply the dominated convergence theorem to deduce that

. |HO(X, Vy(D))¥| 6 /
lim F dvg = ¢°X6 F,)dvg,
deg D—o0 yG,P(D)>7X f( g) |HO(X,BD)| “ I v N f( g) ¢

G, P

and these terms can then be regrouped to obtain the statement of the theorem.
O
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