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ABSTRACT. We prove a unicity result for the Non-Commutative
L-Functions for p-Adic Representations over Totally Real Fields-
functions appearing in the non-commutative Iwasawa main conjecture
over totally real fields. We then consider continuous representations
p of the absolute Galois group of a totally real field F' on adic rings
in the sense of Fukaya and Kato. Using our unicity result, we show
that there exists a unique sensible definition of a non-commutative
L-function for any such p that factors through the Galois group of a
possibly infinite totally real extension. We also consider the case of
CM-extensions and discuss the relation with the equivariant main con-
jecture for realisations of abstract 1-motives of Greither and Popescu.
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1 INTRODUCTION

Let Foo/F be an admissible p-adic Lie extension (in the sense of [I[{ak13]) of a
totally real field F' that is unramified over an open dense subscheme U of the
spectrum X of the algebraic integers of F' and write G = Gal(F [/ F) for its Ga-
lois group. We further assume that p is invertible on U. The non-commutative
main conjecture of Iwasawa theory for Fo,/F predicts the existence of a non-
commutative p-adic L-function Lp_;p(U,Zy(1)) living in the first algebraic
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1414 MALTE WITTE

K-group K1 (Z,[[G]]s) of the localisation at Venjakob’s canonical Ore set S of
the profinite group ring

Zp[[G]] = lim Zp[[G/H]].
H1G

This L-function is supposed to satisfy the following two properties:

(1) For reasons that become more transparent in Section 9, we denote by
fif*Z,(1) the étale sheaf on U corresponding to the first Tate twist of
the Galois module Z,[[G]]*, on which an element o of the absolute Galois
group Galp acts by right multiplication with o™ . Then Lp_;r(U,Z,(1))
is a characteristic element for the total complex RT'(U, fif*Z,(1)) of
étale cohomology with proper support with values in this sheaf.

(2) It interpolates the values of the complex L-functions Lx_y(p,s) for all
Artin representations p factoring through G.

We refer to Theorem 14.1 for a more precise formulation.
Under the assumption that

(a) p*2,
(b) the Iwasawa p-invariant of any totally real field is zero,

the non-commutative main conjecture is now a theorem, first proved by Ritter
and Weiss [RW11]. Almost simultaneously, Kakde [Kak13] published an alter-
native proof, building upon unpublished work of Kato [Kat06] and the seminal
article [Burl5] by Burns. The book [CSSV13] is a comprehensive introduction
to Kakde’s work. The vanishing of the p-invariant is still an open conjecture.
We refer to [Mih16] for a recent attempt to settle it.

It turns out that properties (1) and (2) are not sufficient to guarantee the
uniqueness of Lr_;r(U,Z,(1)). It is only well-determined up to an element of
a subgroup

SK1(Z[[G1]) © K1 (Zy[[C]]s).-

The first objective of this article is to eradicate this indeterminacy. Under the
assumptions (a) and (b) we show in Theorem 14.2 that if one lets F, vary over
all admissible extensions of I’ and requires a natural compatibility property for
the elements Lr_ (U, Zy(1)), there is indeed a unique choice of such a family.
In the course of their formulation of a very general version of the equivariant
Tamagawa number conjecture, Fukaya and Kato introduced in [FX06] a certain
class of coefficient rings which we call adic rings for short. This class includes
among others all finite rings, the Iwasawa algebras of p-adic Lie groups and
power series rings in a finite number of indeterminates. Our second objective
concerns continuous representations p of the absolute Galois group Galg over
some adic Zp-algebra A. Assume that p is smooth at oo in the sense that it
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L-FUNCTIONS FOR p-ADIC REPRESENTATIONS 1415

factors through the Galois group of some (possibly infinite) totally real exten-
sion of I’ unramified over U. As a consequence of Theorem 14.2, we show in
Theorem 14.4 and Corollary 14.9 that there exists a unique sensible assignment
of a non-commutative L-function

L. r(U,p(1)) e Ki(A[[G]]s)

to any such p. In the sequel [Wit] to the present article, we will use our result
to prove the existence of the (-isomorphism for p as predicted by Fukaya’s and
Kato’s central conjecture [F1<06, Conj. 2.3.2].

In fact, Corollary 14.9 applies more generally to perfect complexes F° of A-
adic sheaves on U which are smooth at co. Moreover, we consider L-functions
Lp.;r(W,RE.F*®) for the total derived pushforward Rk.#°, where k:U —
W is the open immersion into another dense open subscheme W of X. The
extension Fi /F may be ramified over W -U, but places over p remain excluded
from W. We also prove the existence of a dual non-commutative L-function
EI@;OQ/F(VV, ki F*) such that E?;W/F(W, ki 7)1 is a characteristic element for the
complex RT'(W, ki fi f*F°) and satisfies the appropriate interpolation property.
If p is a continuous representation as above and p the dual representation over
the opposite ring A°P, then ﬁ?j;,/F(U’ p) is the image of Lp_,p(U, p(1)) under
the canonical isomorphism

Ky (AP[[Gl]s) = Ka(A[[G]]s)-

As we explain in Corollary 15.3, all of this can be easily extended to the
case that F, is a CM field. In this form, our main result also includes non-
commutative generalisations of the type of main conjectures that are treated
in [GP15] by Greither and Popescu.

We give a short overview on the content of the article. A central in-
put to the proof of Theorem 14.2 is Section 2, in which we show that
SK,(Z,[[Gal(Fw/F)]]) vanishes for sufficiently large extensions Fu/F. The
results of this section apply not only to admissible extensions and might be
useful in other contexts as well. In Section 3 we recall the essence of the K-
theoretic machinery behind the formulation of the main conjecture. We also
add some new material, which is needed in the later sections. In Section 4
we prove a technical result that will later be used to relate the cohomology of
N F*® over U to the cohomology of #F° over the integral closure of U in the cy-
clotomic extension of F'. Section 5 contains the construction of the isomorphism
Ki(A°P[[G]]s) 2 K1(A[[G]]s) on the level of Waldhausen categories. First,
we explain in full generality how to identify the K-groups of a biWaldhausen
category with those of its opposite category and show that this identification is
compatible with localisation sequences. Then, we specialise to the case of rings
and explain how to identify the opposite category of the category of strictly
perfect complexes over A[[G]] with the category of strictly perfect complexes
over A°P[[G]]. Section 6 contains an investigation of the base change properties
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1416 MALTE WITTE

of certain splittings of the boundary map
d:K1(Zy[[Glls) = Ko(Zp[[G]], 5),

extending results from [Bur09] and [Wit13b]. With the help of these splittings
we are able to produce characteristic elements with good functorial properties,
which we call non-commutative algebraic L-functions, following Burns. Sec-
tion 7 recalls the definition of a Waldhausen category modeling the derived
category of perfect complexes of A-adic sheaves and the explanation of the
property of being smooth at co. In Section & we consider local and global du-
ality theorems for smooth A-adic sheaves. In Section 9 we recall the notion of
admissible extensions and the definition of the complexes fi f* #° induced by the
procovering f:Up_ — U. We then show in Section 10 that our hypothesis (b) on
the vanishing of the p-invariant implies that for any perfect complex of A-adic
sheaves F° smooth at co and any admissible extension F.,/F, the complexes
RT(W,RE.F*(1)) have S-torsion cohomology. We also prove a unconditional
local variant thereof. This local variant permits us to introduce the notion of
non-commutative Euler factors by producing canonical characteristic elements
for the complexes RT'(xz,i* Rk, F°(1)) for any closed point i:xz — W of W.
Comparing Euler factors with the non-commutative algebraic L-functions of
these complexes, we obtain certain elements in Ky (A[[G]]), which we call local
modification factors. In the same way, we also introduce the notion of dual
non-commutative Euler factors by producing canonical characteristic elements
for the complexes RI'(x,i'k 7*) and the corresponding dual local modification
factors. The investigation of the Euler factors and local modification factors
is carried out in Section 11 and Section 12, first in general, then in the spe-
cial case of the cyclotomic extension. This is followed by a short reminder on
L-functions of Artin representations in Section 13.

Section 14 contains the main results of this article. We use Kakde’s non-
commutative L-functions and the non-commutative algebraic L-function of the
complex RTc(U, fif*Z,(1)) to define global modification factors. Changing
the open dense subscheme U is reflected by adding or removing local modi-
fication factors. This compatibility allows us to pass to field extensions with
arbitrarily large ramification. We can then use the results of Section 2 to prove
the uniqueness of the family of modification factors for all pairs (U, Fi) with
F./F admissible and unramified over U. The corresponding non-commutative
L-functions are the product of the global modification factors and the non-
commutative algebraic L-functions. We then extend in Theorem 14.4 the defi-
nition of global modification factors to A-adic sheaves smooth at co by requiring
a compatibility under twists with certain bimodules. In the same way, we con-
struct global dual modification factors in Theorem 14.5. In Theorem 14.7 we
show that the global modification factors are also compatible under changes
of the base field F'. The non-commutative L-functions for the complexes F°
are then defined as the product of the algebraic L-function and the modifi-
cation factors. Corollary 14.9 subsumes the transformation properties of the
non-commutative L-functions.
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In Section 15 we extend our results to the case of CM-extensions of F'. In the
following Section 16 we consider the cohomology of the complexes featuring in
our main conjecture. In the final Section 17 we establish the link between our
conjecture and the formulation of Greither and Popescu. In an appendix we
prove a technical result on localisations in polynomial rings with not necessarily
commutative coefficients.

NOTATIONAL CONVENTIONS

All rings in this article will be associative with identity; a module over a ring
will always refer to a left unitary module. If R is a ring, R°? will denote the
opposite ring and R* its group of units. We will sometimes write f & M for
an endomorphism f of an object M. The symbols N, Z, C have their usual
meanings. For a prime number p, Z, denotes the ring of p-adic integers and
Qy its fraction field. We write = to denote the definition of a symbol, reserving
the symbol = for expressing an identity. Isomorphisms are denoted by %, weak
equivalences and quasi-isomorphisms by ~. Cofibrations and quotient maps in
Waldhausen categories are denoted by » and —-. Graded objects are denoted by
P*® or P,, with P and P, referring to the component in degree n, respectively.
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1418 MALTE WITTE

2 ON THE FIRST SPECIAL K-GROUP OF A PROFINITE GROUP ALGEBRA

Let p be a fixed prime number. In this section only, p is allowed to be even. For
any profinite group G, we write M(G) for its lattice of open normal subgroups
and G, c G for subset of p-regular elements, i.e. the union of all g-Sylow-
subgroups for all primes ¢ # p. Note that

G, = lim (G/U),
UeN(G)

is a closed subset of G. The group G acts continuously on G, by conjugation.
For any profinite G-set S we write Z,[[S]] for the compact G-module which is
freely generated by S as compact Zj,-module.

We want to analyse the completed first special K-group

SK1(Z,[[G1]) = lim K, (Z,[G/U])
UeN(G)

of the profinite group algebra

(Gl = lim Z,[G/U).
UeN(G)

Note that SK;(Z,[[G]]) is a subgroup of the completed first K-group

Ki(Z,[[G]]) = lim Ki(Z,[G/U)).
UeN(G)

If G has an open pro-p-subgroup which is topologically finitely generated, then
Ki(Z,[[G1]) = Ki(Z,[[G]])

by [FK06, Prop. 1.5.3]. In the case that G is a pro-p p-adic Lie group a thorough
analysis of SK;(Z,[[G]]) has been carried out in [SV13]. Note in particular
that there are examples of torsionfree p-adic Lie groups with non-trivial first
special K-group. Some of the results of loc. cit. can certainly be extended
to the case that G admits elements of order prime to p. We will not pursue
this further. Instead, we limit ourselves to the following results relevant to our
application.

Recall from [O1i88, Thm. 10.12] that there is a canonical surjective homomor-
phism -

(G, Z,[[G, 1)) » SR (Z,[[G])).

where
Ho(G,Z,[[Gr]]) = lim Ha(G/U, Z,[(G[U)])
UeN(G)
denotes the second continuous homology group of Z,[[G,]]. We write X (G,) =
Map(G,,Qp/Zy) for the Pontryagin dual of Z,[[ G, ]], such that the Pontryagin
dual of Hy (G, Z,[[G,]]) is H*(G, X (G,)).
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LEMMA 2.1. Let G = HxT be a semi-direct prgciuct of a finite normal subgroup
HcG and T =7Z,. Then H*(G,X(G,)) and SK1(Z,[[G]]) are finite.

Proof. Note that X (G,) = X(H,) is of finite corank over Z,. The Hochschild-
Serre spectral sequence induces an exact sequence

0-HY(T, H'(H,X(H,))) » (G, X (H,)) » H(T,H*(H, X (H,))) - 0

where both H'(H, X (H,.)) and H*(H, X (H,)) are finite p-groups. The lemma
is an immediate consequence. O

We are interested in the following number theoretic situation. Assume that
K is an algebraic number field and Ko is a Zp-extension of K. In particular
Ko /K is unramified in the places (including the archimedean places) of K that
do not lie over p. Let Lo be a finite extension of K., which is Galois over K.
Write

G = Gal(Leo/K),
H = Gal(Loo/Ko),
I = Gal(Kow/K)

for the corresponding Galois groups. We fix a splitting I' - G such that we
may write G as the semi-direct product of H and I' and let L be the fixed field
of a p-Sylow subgroup of G containing I'. Write L(®) for the maximal Galois
p-extension of L inside a fixed algebraic closure K of K. Note that L®) = Lgf )
is the subfield of K fixed by the closed subgroup Gal; ) generated by all ¢-
Sylow subgroups of the absolute Galois group Galy, for all primes ¢ # p. Hence,
Gal; ) c Galy_, is a characteristic subgroup and therefore, L(p)/K is a Galois
extension. The following is an adaption of the proof of [F K06, Prop. 2.3.7].

PROPOSITION 2.2, Set G = Gal(LW/K). Then H*(G,X(G.)) =
SK1(Zp[[G]]) = 0.

Proof. Note that the projection ¢ — G induces a canonical isomorphism
X(G,) = X(H,) and that X (H,) is of finite corank over Z,. We have

HY(Gal(L™ /L), X (H,)) = H (Galy, X (H,))

for all ¢ according to [NSWO00, Cor. 10.4.8] applied to the class of p-groups and
the set of all places of L. Moreover, H*(Galy, X (H,)) = 0 as a consequence of
the fact that H*(Galg,Q,/Z,) = 0 for any number field F' [FK06, Prop. 2.3.7,
Claim).

Since [L : K] is prime to p, the restriction map

H*(G, X (H,)) -~ H*(Gal(LP)/L), X (H,))
is split injective. In particular, H*(G, X (H,.)) = 0 as claimed. O
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Note that if Lo, /K is unramified in a real place of K and p # 2, then LP)/K is
unramified in this real place as well. For the sake of completeness we also deal
with the case p = 2 and consider for a set of real places ¥ of K such that Lo, /K

is unramified over ¥ the maximal subfield L(;C) of L which is unramified over
3. Note that L(;C)/K is still Galois over K.

PROPOSITION 2.3. Set G = Gal(LZ/K).  Then H2(G,X(G.)) =
SK1(Z2[[G]]) = 0.

Proof. Let L' be the subfield fixed by the intersection of the centre of G with
I and let Y = Map(Gal(L'/K), X (H,)) be the induced module. We obtain a
canonical surjection Y — X (H,) with kernel Z. For any discrete G-module A
we have

H*(G,A) = @@ H*(Galg,, A)

c
veXg

where v runs through set Xf of real places of K not in ¥ and Galk, = Z/2Z
denotes the Galois group of the corresponding local field K, = R [NSW00, Prop.
10.6.5]. By the proof of the (p = 2)-case in [FIX06, Prop. 2.3.7, Claim] we have
H?(Galg,, X (H,)) = 0 such that

H*(G,2) - H*(G,Y)
is injective and hence,
H?(Gal(L$? /L), X (H,)) =H?(G,Y) > H*(¢, X (H,))

is a surjection. Moreover, Galy acts trivially on X (H,) such that it suffices to
show that
H2(Gal(L /L), Qs/Zs) = 0.

By the proof of [NSWO00, Thm. 10.6.1] we obtain an exact sequence

0 - HY(Gal(L{Z /L)) » HY (Gal(LP /L") -
@ H'(Galp,) - H*(Cal(LZ /L)) » H*(Gal(L?)/L"))

VeSS (L)

where we have omitted the coefficients Q2/Zs and Xg (L") denotes the real
places of L’ lying over ¥§. But

H?(Gal(L®/L")) = H*(Galg/) = 0

by [NSWO00, Cor. 10.4.8] and [Sch79, Satz 1.(ii)]. Moreover, L’ is dense in
the product of its real local fields such that for each real place v of L', we
find an element @ in L’ which is negative with respect to v and positive with
respect to all other real places. The element of H' (Gal(L(?)/L")) corresponding
via Kummer theory to a square root of a maps to the non-trivial element of
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Hl(GalL/U) = Z/27Z and to the trivial element for all other real places. This
shows that
H'(Gal(LE)/L)) > @ H'(Galy,)

vese (L)

must be surjective. O

COROLLARY 2.4. Let Koo/ K be a Zy-extension of a number field K and Leo | Koo
be a finite extension such that Lo /K is Galois with Galois group G. Assume
further that Lo /K is unramified in a (possibly empty) set of real places ¥ of
K. Then there exists a finite extension L /Lo, such that

(i) [LL, : Leo] is a power of p,
(i) L,JK is Galois with Galois group G',
(i11) L, /K is unramified over X,

() The canonical homomorphism SK(Zy[[G']]) — SK1(Z,[[G]]) is the zero
map.

In particular, L. may be chosen to be totally real if Lo is totally real.

Proof. With L as above, set G = Gal(L®/K) if p + 2 and G = Gal(L{)/K)
if p =2 and set H = kerG — Gal(Kw/K). According to Lemma 2.1,
SK1(Z,[[G]]) is finite and so, the image of

SK1(Z,[[61]) = lim SKi(Z,[[G/U nH]]) - SK.i(Z,[[G]])
UeN(G)

will be equal to the image of SK;(Z,[[G/UonH]]) for some Uy € N(G). We let
Lt be the fixed field of Uy nH. Then L, clearly satisfies (¢), (ii), and (4ii).
Since SK1(Zp[[G]]) =0 by Prop. 2.2 and Prop. 2.3, it also satisfies (iv). O

Remark 2.5. The extension L. /K will be unramified outside a finite set of
primes, but we cannot prescribe the ramification locus. However, assume Lo, /K
is unramified outside the set S of places of K and that the Leopoldt conjecture
holds for every finite extension F' of K inside the maximal p-extension L(Sp )

which is unramified outside S, i. e. that
H2(Gal(LP[F),Q,/Z,) = 0.

Then the same method of proof shows that we can additionally chose L’ to
o ()
lie in Lg".
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3 K-THEORY OF ADIC RINGS

For the convenience of the reader, we repeat the essentials of the K-theoretic
framework introduced in [Wit14].

The formulation of the non-commutative Iwasawa main conjecture involves
certain K-groups. We are mainly interested in the first K-group of a certain
class of rings introduced by Fukaya and Kato in [FIK06]. It consists of those
rings A such that for each n > 1 the n-th power of the Jacobson radical Jac(A)"
is of finite index in A and

A= @A/Jac(A)".

n>1

By definition, A carries a natural profinite topology. We will write J, for the
set of open two-sided ideals of A, partially ordered by inclusion. In extension
of the definition for commutative rings [Gro60, Ch. 0, Def. 7.1.9], these rings
should be called compact adic rings. We will call these rings adic rings for
short, as in [Wit14]. We do not intend to insinuate any relation to Huber’s
more recent concept of adic spaces with this denomination.

Classically, the first K-group of A may be described as the quotient of the group

Gloo (A) = lim Glg(A)
d

by its commutator subgroup, but for the formulation of the main conjecture,
it is more convenient to follow the constructions of higher K-theory. Among
the many roads to higher K-theory, Waldhausen’s S-construction [Wal85] turns
out to be particularly well-suited for our purposes.

To construct the K-groups of A, one can simply apply the S-construction to the
category of finitely generated, projective modules over A, but the true beauty of
Waldhausen’s construction is that we can choose among a multitude of different
Waldhausen categories that all give rise to the same K-groups. Below, we will
study a number of different Waldhausen categories whose K-theory agrees with
that of A.

We recall that for any ring R, a complex M*® of R-modules is called DG-flat if
every module M™ is flat and for every acyclic complex N° of right R-modules,
the total complex (N ®z M)® is acyclic. In particular, any bounded above
complex of flat R-modules is DG-flat. The notion of DG-flatness can be used to
define derived tensor products without this boundedness condition. Unbounded
complexes will turn up naturally in our constructions. As usual, the complex
M?* is called strictly perfect if M™ is finitely generated and projective for all n
and M"™ = 0 for almost all n. A complex of R-modules is a perfect complex if
it is quasi-isomorphic to a strictly perfect complex.

DEFINITION 3.1. For any ring R, we write SP(R) for the Waldhausen category
of strictly perfect complexes and P(R) for the Waldhausen category of perfect
complexes of left R-modules. In both categories, the weak equivalences are
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given by quasi-isomorphisms. The cofibrations in P(R) are all degree-wise
injections, the cofibrations in SP(R) are the degree-wise split injections.

It is a standard fact resulting from the Waldhausen approximation theorem
[TT90, 1.9.1] that the inclusion functor SP(R) — P(R) induces isomorphisms

K, (SP(R)) = K, (P(R))

between the Waldhausen K-groups of these categories. Moreover, they agree
with the Quillen K-groups K, (R) of R by the Gillet-Waldhausen theorem
[TT90, Thm. 1.11.2, 1.11.7].

If S is another ring and M*® is a complex of S-R-bimodules which is strictly
perfect as complex of S-modules, then the tensor product with M*® is a Wald-
hausen exact functor from SP(R) to SP(S) and hence, it induces homomor-
phisms K, (R) - K,,(5). Note, however, that the tensor product with M* does
not give a Waldhausen exact functor from P(R) to P(S), as it does not pre-
serve weak equivalences nor cofibrations. In the context of homological algebra,
this problem can be solved by passing to the derived category, but there is no
general recipe how to construct the K-groups of R on the basis of the derived
category alone. As a consequence, in order to view certain homomorphisms
between K-groups as being induced from a Waldhausen exact functor, one has
make a suitable choice of the underlying Waldhausen categories.

If A is an adic ring, we will mainly work with the following variant taken from
[Wit14]. Its main advantage is that it works well with our later definition of
adic sheaves in Section 7 and that it allows a direct construction of most of the
relevant Waldhausen exact functors.

DEFINITION 3.2. Let A be an adic ring. We denote by PDG™(A) the fol-
lowing Waldhausen category. The objects of PDG™(A) are inverse system
(P7)1e3, satistying the following conditions:

1. for each I € 3y, P} is a DG-flat perfect complex of A/I-modules,
2. for each I c J € J), the transition morphism of the system
er1: P} = Pj
induces an isomorphism of complexes
A/ J®njr Pr = Pj.
A morphism of inverse systems (fr: Pf = Q})res, in PDG™(A) is a weak

equivalence if every f7 is a quasi-isomorphism. It is a cofibration if every f; is
injective and the system (coker f;) is in PDG“™(A).

DEFINITION 3.3. Let A’ be another adic ring and M® a complex of A’-A-
bimodules which is strictly perfect as complex of A’-modules. We define W /e
to be the following Waldhausen exact functor

e PDG (A) > PDGEM(N),  P* o (lim A/ Ton (M @ Py))1ary.
JeT
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If P°® is a strictly perfect complex of A-modules, we may identify it with the
system

(A/I®A P°*)ren,
in PDG“"(A). By [Witl14, Prop. 3.7], the corresponding Waldhausen exact
functor
SP(A) -~ PDG“"(A)
induces isomorphisms

K, (SP(A)) 2 K, (PDG™(A))

between the K-groups of the Waldhausen categories. Hence, K,,(PDG™(A))
also coincide with the Quillen K-groups of the adic ring A and the homomor-
phism

Uare: Ky (A) - Ky (A)

induced by the Waldhausen exact functor Wy coincides with the homomor-
phism induced by

SP(A) > SP(A),  P*w (Mo, P)".

The essential point in this observation is that J, is a countable set and that
all the transition maps (7 are surjective such that passing to the projective
limit

lim P;

Hi

Tedp
is a Waldhausen exact functor from PDG“™(A) to the Waldhausen category
P(A) of perfect complexes of A-modules. We write

H'((P})1es,) = H' (lim Py)
Teda

for its cohomology groups and note that

H'((P7)rea,) = lim H'(P7)
Tedp

[Wit08, Prop. 5.2.3].

We will also need to consider localisations of certain adic rings: Note that for
any adic Z,-algebra A and any profinite group G such that G has an open
pro-p-subgroup which is topologically finitely generated, the profinite group
algebra A[[G]] is again an adic ring [Wit14, Prop. 3.2]. Assume further that
G = H x T is the semi-direct product of a closed normal subgroup H which is
itself topologically finitely generated and a subgroup I' which is isomorphic to
Z,,. We set

§:=Saqen =

{f e A[[G]]| A[G]] ER A[[G]] is perfect as complex of A[[H ]]-modules}

(3.1)
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and call it Vengjakob’s canonical Ore set. We may generalise the results of
[CFK™05, §2] as follows.

LEMMA 3.4. Let
p:pt S p
be a complex of length 2 in SP(A[[G]]). Then the following are equivalent:
1. P* is perfect as a complex of A[[H]]-modules.

2. P! and P° are isomorphic as A[[G]]-modules and H°(P*) is finitely
generated as A[[H]]-module.

3. HY(P*) =0 and H(P*) is finitely generated as A[[H]]-module.

4. HY(P*) = 0 and H°(P*) is finitely generated and projective as A[[H]]-
module.

Proof. Clearly, (4) implies (1).

We prove that (1) implies (2). Assume that P* is perfect as complex of A[[H]]-
modules. Then the class of P* is trivial in Ko(A[[G]]) by [Wit13h, Cor. 3.3].
As A[[G]] is compact and semi-local, Ko(A[[G]]) is the free abelian group over
the isomorphism classes of indecomposable, projective A[[G]]-submodules of
A[[G]]. Hence, P~' and P° must be isomorphic. Moreover, as P*® is quasi-
isomorphic to a strictly perfect complex of A[[H ]]-modules, the highest non-
vanishing cohomology group of P*® is a finitely presented A[[H |]-module.

We prove that (2) implies (3). It is sufficient to show that

H ' (AI[[G/U]] ®xfiey P*) =0

for every open two-sided ideal I of A and every open subgroup U of H that
is normal in G. Hence, we may assume that A and H are finite. Then 0
is a homomorphism of the torsion Z,[[I']]-modules P~* and P°. As the two
modules are isomorphic over Z,[[I']] and coker d is finite, & must be a pseudo-
isomorphism. Hence, ker 9 ist finite, as well. But P! is finitely generated and
projective as A[[T']]-module and therefore, it has no finite A[[I']]-submodules.
We conclude that 0 is injective.

We prove that (3) implies (4). Note that

AI[[H U] @y BY(P®) = A/I[[G/U]] ®4f1ay) B (P)
= HO(A/I[[G/U]] @aqiey P*) 2 HO(AI[[H/UT] @) P*)

for any I € 35 and any open subgroup U ¢ H which is normal in G. We conclude
that H°(P*) is finitely generated and projective as A[[ H]]-module if and only if
H(A/I[[H]U]] ®rra) P*) is finitely generated and projective as A/I[[H /U ]]-
module for every I and U. Hence, one may reduce to the case that A and H
are finite. By replacing G by an appropriate open subgroup of G containing
H, we may assume that I is central in G, such that we may identify A[[G]]
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with the power series ring A[[H]][[¢]] over A[[H]] in one indeterminate ¢. For
any finite right A[[H]]-module N, the Z,[[t]]-module N ®,(z7) P~' cannot
contain non-trivial finite Z,[[¢]]-submodules. Moreover, P~! and PY are flat
A[[H]J]-modules such that P* is a flat resolution of H’(P*) as A[[H]]-module.
Hence, we have

Tor M (N HO(P*)) = 0

for ¢ > 1 and
TOI‘jl\[[H]](N, HO(PO)) c N®A[[H]] PO

is a finite Z,[[t]]-submodule. Therefore,
Tor! (N HO(P*)) =0
and H°(P*) is finite and projective. O

LEMMA 3.5. If A and H are finite and v € " is a topological generator of T,
then
T={(7-1)"|neN)

is a left and right denominator set in A[[G]] consisting of left and right non-
zero divisors in the sense of [G'W0/, Ch. 10] such that the left and right local-
1sation

A[[G]]r

exists. Moreover, S is equal to the set of elements of A[[G]] that become units
in A[[G]]r. In particular, S is also a left and right denominator set and

A[[G]]s = A[[G]]r.

Proof. Set t =~ —1. Viewing A[[G]] as a skew power series ring over A[[H]]
in ¢, it is clear that left and right multiplication with ¢" on A[[G]] is injective
with finite cokernel.

According to Lemma 3.4 we have s € S if and only if A[[G]]/A[[G]]s is finite.
In particular, we have T' c S. Considering A[[G]]/A[[G]]s as a finite Z,[[t]]-
module we see that it is annihilated by a power of t. We conclude that there
exists an integer n > 0 such that for any a € A[[G]] there exists a b € A[[G]]
such that

t"a = bs.

Applying this to elements of T' c S, we see that T" and S are left denominator
set consisting of left and right non-zero divisors such that all elements of S are
units in A[[G]]r = A[[G]]s-
Applying the same arguments to s € A[[G]] with A[[G]]/sA[[G]] finite, we see
that T is also a right denominator set.
Assume that s € A[[G]] becomes a unit in A[[G]]r. Then kernel and cokernel
of

A[G]] = A[[G]]
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are annihilated by powers of ¢. Considering A[[G]] as a finitely generated
Zp[[t]]-module annihilated by a power of p, we conclude that the cokernel is
finite, which implies that s € S. Since T is a right denominator set, the same
is then true for

S = A[[G]]n A[[G]]7-

LEMMA 3.6. Assume that A[[H]] is noetherian. Then:
1. S={f e A[[G]]| A[[G]I/ALIG]]S is a f. g. left A[[H]]-module}.
2. S={feA[[G]]| AL[G]]/fA[[G]] is a f. g. right A[[H]]-module}.

3. S is a left and right denominator set consisting of left and right non-zero
divisors.

4. A perfect complex of left A[[G]]-modules is perfect as complex of A[[H]]-

modules if and only its cohomology groups are S-torsion.

Proof. Lemma 3.4 implies that the elements of S are right non-zero divisors
and that (1) holds. Under the assumption that A[[H]] is noetherian, we know
by [Wit13b, Cor. 2.21] that S is a left denominator set. Assertion (1) follows
from [Wit13b, Thm. 2.18]. Write (A[[G]])°P and A°P for the opposite rings of
A[[G]] and A, respectively. Consider the ring isomorphism

g (A[[G]D™ = A*P[[G]]

that maps g € G to g~'. To prove the remaining assertions, it is sufficient to
show that § maps Sy[ay) © (A[[G]])°P to Sperrrayy-

If A and H are finite and « € I is a topological generator, then § maps ¢ = vy-1
to t' := 471 =1 and hence, it maps T = {t" |n € N} to 7" := {t'" | n e N}. Using
Lemma 3.5 for T" and 7", we conclude that §(Saiay)) = Saer[a])-

In the general case, write

AP[[G]] = im A®P/I[[G/H n U]]
U,I

where the limit runs over all open two-sided ideals I of A and all open normal
st
subgroups U of G and note that A°P[[G]] — A°P[[G]] is perfect over A°P[[H]]

s
if and only if (A/I)P[[G/H nU]] — (A/I)°P[[G/H nU]] is perfect over the
finite ring (A/I)°P[[H/H nU]] for all I and U. O

For general A and H, the set S is no longer a left or right denominator set, as
the following example shows.
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Ezample 3.7. Assume that either A =IF, is the finite field with p elements and
H is the free pro-p group on two topological generators with trivial action of I"
or A =F,((z,y)) is the power series ring in two non-commuting indeterminates
x,y and H is trivial. In both cases, A[[G]] = Fp((z,y))[[¢]] is the power series
ring over F,((x,y)) with ¢ commuting with z and y and the set S is the set of
those power series f(x,y,t) with f(0,0,¢) #0. Set s==x—-teS. If S were a
left denominator set, we could find

ait' e Fp((z,y))[[t]], b= bt €S

a =

™

Il
[}
<.

Il
[}

K3

such that as = by, i.e.
apx = boy, a;x —a;-1 =byy fori>0.

The only solution for this equation is a = b = 0, which contradicts the assump-
tion be S.

Nevertheless, using Waldhausen K-theory, we can still give a sensible definition
of Ky (A[[G]]s) even if A[[G]]s does not exist.

DEFINITION 3.8. We write SP“" (A[[G]]) for the full Waldhausen subcate-
gory of SP(A[[G]]) of strictly perfect complexes of A[[G]]-modules which are
perfect as complexes of A[[H]]-modules.

We write wy SP(A[[G]]) for the Waldhausen category with the same objects,
morphisms and cofibrations as SP(A[[G]]), but with a new set of weak equiv-
alences given by those morphisms whose cones are objects of the category

SPY(A[[G])).
The same construction also works for PDG“™ (A[[G]]):

DEFINITION 3.9. We write PDG """ (A[[G]]) for the full Waldhausen sub-
category of PDG ™ (A[[G]]) of objects (P7) jeapey such that

lim Pj
P
JeTarren

is a perfect complex of A[[H ]]-modules.

We write wgPDG ™ (A[[G]]) for the Waldhausen category with the same
objects, morphisms and cofibrations as PDG" (A[[G]]), but with a new set
of weak equivalences given by those morphisms whose cones are objects of the
category PDG""" 1 (A[[G]]).

From the approximation theorem [TT90, 1.9.1] and [Wit14, Prop. 3.7] we con-
clude that

112

K, (SP"" (A[[G]])) = Ko (PDG"" 7 (A[[G]])),
K, (wrSP(A[[G]])) 2 Ky (wrPDG™ (A[[G]]))
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We may then set for all n >0

K, (A[[G]],5) = K (PDG™™ " (A[[G]])),
K1 (A[[G]s) = Kna1 (wr PDG™ (A[[G]])).

If A[[H]] is noetherian, these groups agree with their usual definition [Wit14,
§ 4].
A closely related variant of SP*7 (A[[G]]) is the following Waldhausen cate-
gory.

DErFINITION 3.10. Let SP(A[[H]],G) be the Waldhausen category of
complexes of A[[G]]-modules which are strictly perfect as complexes of
A[[H]]-modules. Cofibrations are the injective morphisms with cokernel in
SP(A[[H]],G); the weak equivalences are given by the quasi-isomorphisms.

In other words, SP(A[[H]],G) is the Waldhausen category of bounded com-
plexes over the exact category of A[[G]]-modules which are finitely generated
and projective as A[[H]]-modules and hence, the groups K,,(SP(A[[H]],G))
agree with the Quillen K-groups of this exact category. Unfortunately, we
cannot prove in general that K, (SP(A[[H]],G)) agrees with K, (A[[G]],95).
However, we shall see below that we always have a surjection

Ko(SP(A[[H]], G)) - Ko(A[[G]],5).
This is sufficient for our applications.

LEMMA 3.11. Let P® be a complex of projective compact A[[G]]-modules that
is bounded above. Assume that there exists a bounded above complex K°® of
finitely generated, projective A[[H]]-modules that is quasi-isomorphic to P® as
complex of A[[H]]-modules. Then there exists in the category of complexes of
A[[G]]-modules an injective endomorphism

Y A[[G] @ara K* = Al[G]] g K*

and a quasi-isomorphism
f:P* — coker.

such that coker is a bounded above complex of A[[G]]-modules which are
finitely generated and projective as A[[H ]]-modules.

In particular, if P® is perfect as complex of A[[H ]]-modules, then P* is perfect
as complex of A[[G]]-modules and coker is in SP(A[[H]],G).

Proof. Since K*® is a bounded above complex of finitely generated projective
A[[H]]-modules, there exists a quasi-isomorphism o: K* — P*® of complexes of
A[[H]]-modules, which is automatically continuous for the compact topologies
on K*® and P°. Every projective compact A[[G]]-module is also projective in
the category of compact A[[H]]-modules. Hence, there exists a weak equiv-
alence 5: P* — K* in the category of complexes of compact A[[H ]]-modules
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such that a o 8 and [ o a are homotopic to the identity. Fix a topological
generator v € I' and set

gK* > K*  aw B(ya(z)),
G A[[Gl @aray K° = A[[Gll @ K°5 @z e A@z- My @g(a).

Then ¢ is a A[[G]]-linear complex morphism. Moreover, cokere is finitely
generated over A[[H]] in each degree. Indeed, if we set t := v -1 and let
(e1,...,em) denote a generating system of the A[[H]]-module K™ in degree n,
then (£*®€;)keng,i-1,...,m 18 a topological generating system of A[[G]]@xr K"
over A[[H]]. But

.....

tfeuv=t"1e(gv)-v)+p(t* 1 ew)

for all v € K™, such that cokerv is already generated by the images of 1 ®
e1,...,1®en.

From Lemma 3.4 we conclude that ¢ is injective and that cokert is finitely
generated and projective over A[[H]] in each degree. Set Q° := coker . Since
P* is a bounded above complex of projective compact A[[G]]-modules, there
exists a quasi-isomorphism f completing the homotopy-commutative diagram

A®x> Az

Al[Gll@aqunP* ————=P*—0

0> A[[G]]@A[[H]]P. AQL—ART—-AY @y
Nlidéﬁ Nl/idéﬁ ~ !

v
(] w [ ] [ ]
0 — A[[G]] ®aqa K* —————— A[[G]] ®p(a) K* ————Q°* =0

in the category of complexes of compact A[[G]]-modules. Here,
A[[G]]®a[(a7P* denotes the completed tensor product. The exactness of the
first row follows from [Wit13b, Prop. 2.4]. If we can choose K*® to be a strictly
perfect complex of A[[H ]]-modules, then P* is also quasi-isomorphic to the
cone of 1, which is strictly perfect as complex of A[[G]]-modules. Moreover,
coker is a bounded complex and hence, an object of SP(A[[H]],G). O

PROPOSITION 3.12. Let v €T be a topological generator. The functor
Cy:SP(A[[H]], G) — SPY(A[[G]]),

A®P=A®P-My ' ® o
P=A®P-\y " ®7p AIGT] @ngiz P*)

P® CODe(A[[G]] ®A[[H]] P
is well defined and Waldhausen exact. It induces a surjection
Cy:Ko(SP(A[[H]], G)) - Ko(SP™" (A[[G]]))

which is independent of the choice of .
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Proof. From [Wit13h, Prop. 2.4] we conclude that

id-(v"'®v:) A®p—Ap
—_ _

0 — A[[G]] ®aq(ay P* Al[G]] ®array P* P* -0

is an exact sequence of complexes of A[[G]]-modules for any P° in
SP(A[[H]],G). In particular, the strictly perfect complex of A[[G]]-modules
C,(P*) is quasi-isomorphic to P*® in the category of complexes of A[[G]]-
modules and therefore perfect as complex of A[[H]]-modules. Thus, C(P*)
is an object of SP“”(A[[G]]). The Waldhausen exactness of the functor C,
follows easily from the Waldhausen exactness of the cone construction.
Consider the Waldhausen category PY# (A[[G]]) of perfect complexes of
A[[G]]-modules which are also perfect as complexes of A[[H]]-modules. The
approximation theorem [TT90, 1.9.1] implies that the inclusion

uSPUT(A[[G]]) — P (A[[G]])
induces isomorphisms
K, (SPY# (A[[G]])) = Kn (P (A[[G]]))

for all n. The functorial quasi-isomorphism C,(P*) = P* in P*# (A[[G]])
implies that the homomorphism of K-groups induced by ¢ o C, agrees with the
homomorphism induced by the inclusion :SP(A[[H]],G) - P4 (A[[G]]).
Since Ko(P*# (A[[G]])) is generated by the quasi-isomorphism classes of com-
plexes in P*# (A[[G]]), we deduce from Lemma 3.11 that " induces a surjection

Ko(SP(A[[H]],G)) — Ko(P™ (A[[G]]))-

In the light of Proposition 3.12, we will write
[P*]=[Cy(P*)] e Ko(A[[G]],5)
for any P*® in SP(A[[H]],G).

Remark 3.13. In order to deduce from the approximation theorem (applied to
the opposite categories) that C, induces isomorphisms

Ko (SP(A[[H]], @) = K, (SP"" (A[[G]]))

for all n, it would suffice to verify that for every complex P* in SP(A[[H]],G)
and every morphism f:K°® — P*® in P*“#(A[[G]]), there exists a morphism
f:Q* - P* in SP(A[[H]],G) and a quasi-isomorphism w:K®* = Q°® in
PY# (A[[G]]) such that f = f"ow.

Thanks to a result of Muro and Tonks [MT08], the groups Ko(W) and K; (W)
of any Waldhausen category W can be described as the cokernel and kernel of
a homomorphism

9:D1 (W) > Do(W) (3.3)

DOCUMENTA MATHEMATICA 24 (2019) 1413-1511



1432 MALTE WITTE

between two nil-2-groups (i.e. [a, [b,¢]] = 1 for any three group elements a, b, ¢)
that are given by explicit generators and relations in terms of the structure of
the underlying Waldhausen category. As additional structure, there exists a
pairing
IDO(W)XIDO(W)Qpl(W)a (AaB)'_)(AaB>
satisfying
D(A,B)=B A BA,
(Da,0b) = bra " ba,
(4,B)(B, A) =
)=

(A, BC ( B)(A,C).

In other words, Do(W) is a stable quadratic module in the sense of [Bau9l].
In particular, X € Do(W) operates from the right on a € D1 (W) via

o =a(X,0a).

More explicitly, Do(W) is the free nil-2-group generated by the objects of W
different from the zero object, while D; (W) is generated by all weak equiva-
lences and exact sequences in W subject to the following list of relations:

(R1) 9[a] = [B]'[A] for a weak equivalence oz A = B,
(R2) 9[A]=[B]*[C][A] for an exact sequence A: A > B —» C.
(R3) ([A],[B])=[B» Ae B - A]"'[A» Ae@ B - B] for any pair of objects

(R5) [Ba] =[B][a] for weak equivalences a: A = B, 3: B = C,
(R6) [A][a][v]H = [B][A] for any commutative diagram

Ar A= B ——=(C

A: Al>——= B ——= ("'

(R7) [T1][A1] = [A2][T2]] for any commutative diagram
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[MTO7, Def. 1.2], [Wit14, Def. A.4].
In particular, Ko(A[[G]],5) is the abelian group generated by the symbols
[P*] with P* in PDG™"# (A[[G]]) modulo the relations

[P°]=[Q°] if P* and Q° are weakly equivalent,
[Ps]=[Pr]+[P5] if0— P} — Py — P; —0is an exact sequence.

If f:P* - P°® is an endomorphism which is a weak equivalence in
PDG“™(A[[G]]), we can assign to it a class [f C P*] in K;(A[[G]]). By
the classical definition of the first K-group as factor group of the general lin-
ear group it is clear that these classes generate Ki(A[[G]]). It then follows
from the splitting of the K-theory localisation sequence [Wit13bh, Cor. 3.3] that
the classes [f G P°] of endomorphisms f: P* — P°® which are weak equiv-
alences in wyPDG ™ (A[[G]]) generate K;(A[[G]]s). The relations that
are satisfied by these generators can be read off from the above relations for
DPDG™ 7 (A[[G]]).

Remark 3.14. Some authors prefer the theory of determinant functors and
Deligne’s category of virtual objects [Del37] as an alternative model for the 1-
type of the K-theory spectrum. We refer to [MTW15] for the precise connection
of the two approaches.

Let A and A" be two adic Zy-algebras and G = H xI', G = H' »x I'" be profi-
nite groups, such that H and H’ contain open, topologically finitely generated
pro-p subgroups and I'  Z,, = I'V. Suppose that K* is a complex of A'[[G']]-
A[[G]]-bimodules, strictly perfect as complex of A’'[[G']]-modules and assume
that there exists a complex L* of A'[[H']]-A[[H]]-bimodules, strictly per-
fect as complex of A’[[H’]]-modules, and a quasi-isomorphism of complexes
of A'[[H']]-A[[G]]-bimodules

L*&anAl[G]] = K°.
Here,

L@z ALIG]] = lim lim  L/TIL" ®pray) AL[G1/T
IéjA/[[G/]] .]EjA[[G]]

denotes the completed tensor product.
In the above situation, the Waldhausen exact functor

U PDG (A[[G]]) = PDG*™ (A[[G]]) (3.4)

takes objects of the category PDG®"™“# (A[[G]]) to objects of the cate-
gory PDG"" 1’ (A'[[G']]) and weak equivalences of wyPDG ™ (A[[G]])
to weak equivalences of wx PDG ™ (A'[[G']]) [Wit14, Prop. 4.6]. Hence, it
also induces homomorphisms between the corresponding K-groups. In partic-
ular, this applies to the following examples:

Ezample 3.15. [Witl4, Prop. 4.7]
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1. Assume G = G', H = H'. For any complex P* of A’-A[[G]]-bimodules,
strictly perfect as complex of A’-modules, let K* be the complex

PI[G1)°" = A'[[C]) o P*

of A'[[G]]-A[[G]]-bimodules with the right G-operation given by the
diagonal action on both factors. This applies in particular for any com-
plex P* of A’-A-bimodules, strictly perfect as complex of A’-modules and
equipped with the trivial G-operation.

2. Assume A = A’. Let a:G — G’ be a continuous homomorphism such that
a maps H to H' and induces a bijection of G/H and G'/H'. Let K*® be
the A[[G']]-A[[G]]-bimodule A[[G']].

3. Assume that G’ is an open subgroup of G and set H' = Hn G’'. Let
A=A’ and let K*® be the complex concentrated in degree 0 given by the
A[[G']]-A[[G]]-bimodule A[[G]].

Ezample 3.16. The assumptions in Example 3.15.(2) are in fact stronger than
necessary. We may combine it with the following result. Assume that G is an
open subgroup of G’ such that H == H'nG = H and T’ = (I")?". Let A = A’ and
let K* be the A[[G']]-A[[G]]-bimodule A[[G']]. Fix a topological generator
~" eI and let L°® be the A[[H]]-A[[H]]-sub-bimodule of A[[G’]] generated as
left. A[[H]]-module by 1,7',(7")2,...,(y')?"~*. Then L* is a strictly perfect
complex of A[[H]]-modules concentrated in degree 0 and the canonical map

L*@auAl[G]] > K®, (&x = )

is an isomorphism of A’[[H']]-A[[G]]-bimodules such that [Wit14, Prop. 4.6]
applies. In combination with Example 3.15.(2) this implies that any continuous
group homomorphism a:G — G’ such that a(G) ¢ H' induces Waldhausen
exact functors between all three variants of the above Waldhausen categories.

Ezample 3.17. As a special case of Example 3.15.(1), assume that A = Z,,
and that p is some continuous representation of G on a finitely generated and
projective A’-module. Let p! be the A’-Z,[[G]]-bimodule which agrees with p
as A’-module, but on which g € G acts from the right by the left operation of
g~! on p. We thus obtain Waldhausen exact functors

©p = Uargry © Yppanys (3.5)

from all three variants of the Waldhausen category PDG™(Z,[[G]]) to the
corresponding variant of PDG™ (A’[[T']]). If A’ is a commutative adic Z,-
algebra, then the image of

(21161 2 2,[[61]] e Ka(Z,[[GT)). g <C.
under the composition of ®, with

det: K1 (A[[T]]) = A'[[T]]
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is gdet(p(g))~!, where g denotes the image of g under the projection G — T.
Note that this differs from [CFIK05, (22)] by a sign. So, our evaluation at p
corresponds to the evaluation at the representation dual to p in terms of the
cited article.

4 A PROPERTY OF S-TORSION COMPLEXES

In this section, we prove Proposition 4.1, which is an abstract generalisation of
[Wit13a, Prop. 2.1]. We will apply this proposition later in Section 10.

With the notation of the previous section, fix a topological generator v € I and
set ¢ :=~y—1. Assume for the moment that A is a finite Z,-algebra and that H
is a finite group. By Lemma 3.5, we have

Al[G]]s = im A[[G]]t™

n=0

as A[[G]]-modules.
Assume that p**! =0 in A. Then

in A whenever p™ 4 k. Hence,

n+i n+i n D e n
AN I (RS DA Y (p )tp (k-1),

o \kp™
n+i n+i n+i pi pn+i n ng i
R CEE AN CEFO LD of ) [CL e C Mt
o1 \kp™
. P’ n+i i k-1 n
= (y? _1)2(1; n)(_l)p (p'-k) Z,yfp
k=1 \ P £=0

and therefore, .
AT[G]]s = lim A[[G]] (" - 1)

n>0

Since H was assumed to be finite, the same is true for the automorphism group
of H. We conclude that v? is a central element of G and I'’ c (G a central
subgroup for all n > ng and ng large enough. Set

The homomorphism
A[GNG" =D = A[GI ], A =) e A+ A[[GIIG" - 1)
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induces an isomorphism A[[G]](7*" - 1)7*/A[[G]] = A[[G/T?"]] such that the
diagram

n+

A[[GN(GF" - 1) AG)] —= A[[GN (" - 1) /A[[G]]

Al[G/T7"]] o AllG/m7" )

commutes. Hence, we obtain an isomorphism of (left and right) A[[G]]-modules

A[[G1]s/A[G]] = lim A[[G/T?"]].

We note that this isomorphism may depend on the choice of the topological
generator 7.

For any strictly perfect complex P*® of A[[G]]-modules, we thus obtain an exact
sequence

0 P* > A[[G]]s ®aqigyy P* = Iim A[[G/T" ]] @416y P* — 0.
If P* is also perfect as a complex of A[[H]]-modules such that the cohomol-
ogy of P*® is S-torsion by Lemma 3.6, then we conclude that there exists an
isomorphism
P1] 2 Iim A[[G/T? ]] ®4q(6y) P*

in the derived category of complexes of A[[G]]-modules. In particular, the
righthand complex is perfect as complex of A[[G]]-modules and of A[[H]]-
modules. This signifies that its cohomology modules

ko/q. p™ o\ . 1: k p" o\ . trk+1 )
H* (lim A[[G/T7" 1] @aicn P*) = lim HE (A[[G/T?" ] @ian P*) = HY*(P*)
are finite as abelian groups.
We now drop the assumption that A and H are finite. Let I c J be two open

ideals of A and U c V' be the intersections of two open normal subgroups of G
with H. Then the diagram

0 ——A/I[[G/U]] — A/I[[TU]]S —— lim A/I[[G/UT""]] —0

0 — ALI[[G/V]] — AJJ[[GIV]]s — lim A/J[[G/VT?" ]| —0

commutes and the downward pointing arrows are surjections. Tensoring with
P* and passing to the inverse limit we obtain the exact sequence

0> P* > lim A/I[[G/U]]s ®afrey P* — limlim A/I[[G/UT*" ] @ (icy P* — 0.
.U I,U n
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If P* is also perfect as a complex of A[[H ]]-modules, then complex in the
middle is acyclic and we obtain again an isomorphism

P*[1] 2 limlim A/I{[G/UT"" ]] @af1ayy P*
I,U n

in the derived category of complexes of A[[G]]-modules and hence, isomor-
phisms of A[[G]]-modules

HH1(P*) 2 lim lim H* (A/I[[G/UT"" ]] @41y P*)-
U n

~

Here, we use that the modules in the projective system on the righthand side
are finite and thus @—acyclic.

Finally, assume that (Q%) ey e, 1 a complex in PDG"" " (A[[G]]). Then
we can find a strictly perfect complex of A[[G]]-modules P* and a weak equiv-
alence

f(AlIG]]/T BA[[G]] P.)JeZTA[[G]] - (Q.J)JEUA[[G]]

in PDG"""# (A) [Wit08, Cor. 5.2.6]. Moreover, this complex P* will also
be perfect as a complex of A[[H]]-modules. For I € J5, U the intersection of
an open normal subgroup of G with H and a positive integer n such that re"
is central in G/U we set

Jrum =ker A[[G]] » AJI[[GJUTP"]],
such that the Jyy, form a final subsystem in J,;g). We conclude:

PROPOSITION 4.1. For (Q%)je3,ep 0 PDG """ (A[[G]]) there exists an
isomorphism

Rlm Q3[1]2 Rlimlin s, .

JeIAren Lv.on

in the derived category of A[[G]]-modules and isomorphisms of A[[G]]-modules

lm H"(Q)) 2 limlim H*(Q3, ,,).
U n

~

.]EjA[[G]]
Remark 4.2. For any (Q%)je3, (6 i1 PDG " (A[[G]]) we obtain in the same

way a distinguished triangle

JeIarra LU n LU n

in the derived category of complexes of A[[G]]-modules.
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5 DUALITY ON THE LEVEL OF K-GROUPS

Assume that W is a biWaldhausen category in the sense of [TT90, Def. 1.2.4].
In particular, the opposite category WP is a biWaldhausen category as well
and there are natural isomorphisms

K, (W) 2 K, (W), (5.1)

simply because the topological realisations of the bisimplicial sets N.wS.W and
N.wS. WP resulting from Waldhausen’s S-construction agree [TT90, §1.5.5].
However, the obvious identifications

NpypwS, W = N, wS,, W°P

respect the boundary and degeneracy maps only up to reordering, so that we
do not obtain an isomorphism of the bisimplicial sets themselves.
In order to understand the isomorphism (5.1) in terms of the presentation of
K; (W) given by (3.3), we will construct a canonical isomorphism

I:Dy(W) > Dy (WOP).

For any morphism a: A — B in W, write a°®?: B — A for the corresponding
morphism in the opposite category W°P. Further, note that by the definition
of biWaldhausen categories, if A » B - (' is an exact sequence in W, then
the dual sequence C = B - A is exact in W°P. We then set

I([A]) =[A] for objects A in W,
I([f:AS B)) =[f:B 5 A for weak equivalences f,
I([A» B> (C])=[C» B - A]([A],[C]) for exact sequences A B - C.

ProOPOSITION 5.1. For any biWaldhausen category W, the above assignment
defines an isomorphism of stable quadratic modules

[:D.(W) = Do (W°P).

Proof. Tt is sufficient to check that I respects the relations (R1)—(R7) in the
definition of Dy(W). This is a straight-forward, but tedious exercise. O

Next, we investigate in how far I respects the boundary homomorphism of
localisation sequences. For this, we consider the same situation as in [Wit14,
Appendix], but with all Waldhausen categories replaced by biWaldhausen cat-
egories. Assume that wW is a biWaldhausen category with weak equivalences
w that is saturated and extensional in the sense of [T'T90, Def. 1.2.5, 1.2.6].
Let vW be a the same category with the same notion of fibrations and cofi-
brations, but with a coarser notion of weak equivalences v ¢ w and let vWW
denote the full biWaldhausen subcategory of vW consisting of those objects
which are weakly equivalent to the zero object in wW. We assume that Cyl
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is a cylinder functor in the sense of [Wit14, Def. A.1] for both wW and vW
and that it satisfies the cylinder axiom for wW. We will write Cone and . for
the associated cone and shift functors, i.e.

Cone(a) = Cyl(a)/A for any morphism «: A — B,
¥ A:=Cone(A - 0) for any object A.

Further, we assume that CoCyl is a cocylinder functor for both wW and vW
in the sense that the opposite functor CoCyl°? is a cylinder functor for wW®P
and VWP, Again, we assume that CoCyl°" satisfies the cylinder axiom for
wW® . We will write CoCone and CoX for the associated cocone and coshift
functors.

Recall from [Wit14, Thm. A.5] that the assignment

d(A)=0
for every exact sequence A in wW,

d() = —[Cone(a)] + [Cone(id 4)] (5-2)
for every weak equivalence a: A = A" in wW

defines a homomorphism d: Dy (wW) — Ko(vWW) such that the sequence

Ki(vW) = K (wW) % Ko (vW™) = Ko(vW) = Ko(wW) = 0
is exact.
LEMMA 5.2. For every weak equivalence c: A - B in wW,
d(a) = =[CoCone(idg)] + [CoCone(«) ]
in Ko(vWW).
Proof. We first assume that A and B are objects of vW™Y. Then

B > Cone(a) » X A,
A > Cone(ida) » X A,

are exact sequences in vW W . Hence,
d(a) =-[B]-[ZA]+[XA]+[A] =-[B] +[A4] (5.3)

in Ko(VWw)
For a general weak equivalence a: A - B in wW | the natural morphism

Cone(a) - 0
is a weak equivalence in wW by the cylinder axiom. The commutative square
A——A
| )
A——B
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induces by the functoriality of the cone and shift functor a commutative dia-
gram with exact rows

A>—— Cone(idy) —= X A
B>—— Cone(a) —= X A

where all downward pointing arrows are weak equivalences in wW. Dually, we
also obtain a commutative diagram

CoX B—— CoCone(a) ——= A
CoX B>——= CoCone(idg) —= B

where all downward pointing arrows are weak equivalences in wW.
From (R6) and (5.3) we conclude

—[Cone(a)] + [Cone(ida)] = d(a.) = d()
=d(a”) = —[CoCone(idp)] + [CoCone(a)]

as desired. O

Remark 5.3. By basically the same argument, one also sees that d is indepen-
dent of the choice of the particular cylinder functor.

ProrosiTiON 5.4. With the notation as above, the diagram

Dy (wW) —L— Dy (wW°P)
ld ld

Ko (vW) —= Ko ((0W™)°P)
commutes.
Proof. This is a direct consequence of the definition of I and Lemma 5.2. O
If R is any ring and P° is a strictly perfect complex of left R-modules, then

(P*)*" :=Hompg(P"*, R)
is a strictly perfect complex of left modules over the opposite ring R°P and
SP(R)°? - SP(R°P) P* e (P*)*"
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is a Waldhausen exact equivalence of categories. We omit the R from x*p if it is
clear from the context. By composing with the homomorphisms I, we obtain
isomorphisms

K, (R) 2 K, (R°P).

Note that the isomorphism K (R) - K1 (R°P) corresponds to the isomorphism
induced by the group isomorphism

Gloo (R) » Gloo (R°P), A (ADT

that maps a matrix A to the inverse of its transposed matrix.

If S is a second ring and M*® a complex of R-S-bimodules which is strictly per-
fect as complex of R-modules, then (M*®)*~® is a complex of R°P-S°P-bimodules
which is strictly perfect as complex of R°P-modules and there exists for any
complex P*® in SP(S) a canonical isomorphism

(M*? ®gop P*5)" = (M ®g5 P)*)*~. (5.4)
Hence, we obtain a commutative diagram

Ko (8) —== K (5)

M.l l(M')*R

Ky (R) —= K, (R?)

We now return to our previous setting: As before, A is an adic ring and G =
H % T is a profinite group such that H contains an open, topologically finitely
generated pro-p subgroup and I' = Z,,.

DEFINITION 5.5. We define
EA[GIP = AP[[G]],  a~adl,

to be the ring homomorphism that is the identity on the coefficients and maps
g € G to g~ and write A°P[[G]]! for A°P[[G]] considered as A°P[[G]]-A[[G]]°P-
bimodule via . Further, we let

®:SP(A[[G]])" » SP(A[[G]]),  P* = AP[[G]]F ®sqcyper (P°)"
denote the resulting Waldhausen exact equivalence of categories. We also write
®: K (A[[G]]) ~ Kn(A°P[[G]]) (5:5)

for the homomorphisms obtained by composing I from (5.1) with the homo-
morphism

K, (SP(A[[G]])?) — Kn(SP(A®[[G]]))
induced by the Waldhausen exact functor @.
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Remark 5.6. The author does not know wether it is possible to produce
an extension of ® to a Waldhausen exact functor PDG™(A[[G]])P —
PDG“™(A°P[[G]]) inducing the same homomorphisms on K-theory. This
would avoid some technicalities that we need to deal with later on.

LEMMA 5.7. Assume that K* is in SP(A[[G]]).

1. Let A" be another adic Z,-algebra. For any complex P* of A'-A[[G]]-
bimodules, strictly perfect as complex of A'-modules, set

(P*)"F = (P*)™ @piaper (A[G]])

such that (P*)*' is a complex of A'°P-A°P[[G]]-bimodules, with g € G
acting by (g~1)*. With P[[G]]‘S. as i Example 5.17,

(T prremas (%)) 2 ¥ (peyensgrans (K°)®).

2. Let G' = H'xI" be another profinite group such that H' contains an open,
topologically finitely generated pro-p subgroup and I' = Z,. Let o: G — G’
be a continuous homomorphism such that «(G) ¢ H'. Consider A[[G']]
as a A[[G']]-A[[G]]-bimodule. Then

(YA (K*))® 2 W pena) ((K°)®).

3. Assume that G' is an open subgroup of G and set H' .= HnG'. Consider
A[[G]] as a A[[G']]-A[[G]]-bimodule. Then

(Tarren (K%)= Whon a1 ((K°)®).
Proof. Using the canonical isomorphism (5.4), it remains to notice that
AP[[G1] @ ey (PIIGIN) Vten 2 (P*) MG ® perray AP[G]]!

as complexes of AP[[G]]-A[[G]]°P-bimodules to prove (1). The other two
parts are straightforward. O

PROPOSITION 5.8. The functor & extends to Waldhausen exact equivalences

&t (wn SP(A[[G]])* — wn SP(AP[[G]]),
& (SP"# (A[[G]]))* ~ SP™# (A°P[[G]])

and hence, it induces a commutative diagram

d

0 ——Ki(A[[G]]) Ki(A[[G]]s) Ko(A[[G]],5) ——0

0 — K1 (AP[[G]]) — K1 (AP[[G]]s) —= Ko (AP[[G]], §) —0

with exact rows.

DOCUMENTA MATHEMATICA 24 (2019) 1413-1511



L-FUNCTIONS FOR p-ADIC REPRESENTATIONS 1443

Proof. The exactness of the rows follows from [Wit13h, Cor. 3.3]. To extend &,
it suffices to show that for any strictly perfect complex P*® of A[[G]]-modules
which is also perfect as complex of A[[H]]-modules, the complex (P*)® is
perfect as complex of A°°[[H]]-modules. By [Wit14, Prop. 4.8] we may check
this after tensoring with (A/Jac(A))°P[[G/V]] with V c G a closed normal pro-
p-subgroup which is open in H. Using Lemma 5.7, we may therefore assume
that A and H are finite.

By Lemma 3.6, S = Sy © A[[G]] is a left and right denominator set and
f maps Sa[(e] to the set Spon(ray) ¢ AP[[G]]. Moreover (P*)® is perfect as
complex of A°P[[H ]]-modules if and only if its cohomology is Syer[[c]]-torsion.
As P*® has Sj[[¢)-torsion cohomology and as

(A[[G]5)°P @aq[ayper (P*) AN 2 (A[[G]]s ®af[ay) P*) A UeDs,
we conclude that (P*)® is indeed perfect as complex of A°P[[H]]-modules. O

We may also extend @ to the Waldhausen category SP(A[[H]],G) from Defi-
nition 3.10.

DEFINITION 5.9. For any P* in SP(A[[H]],G)°? we set
(P*)® = AP[[H]] @qpsygor (P*) 0 [-1].
and define a left action of v € I" on (P*)® by
V(P (P Ao fe Tl eyf(y )y

One checks that (P*)® is indeed an object of SP(A°P[[H]],G), such that we
obtain a Waldhausen exact equivalence of categories

®:SP(A[[H]],G)® - SP(A°P[[H]],G).

PRrOPOSITION 5.10. Let v € I' be a topological generator. Then for any P® in
SP(A[[H]],G)°® we have a commutative diagram

AP([GT] @ pen(grry) (P*)E[L] — 20 AP[[G]] @ en(prry) (P*)°[1]

(ALLG) @aguay P*)® — T (ALIGT] oagay P*)®

in SP(A°P[[G]]) inducing a canonical isomorphism
C-1(P*)® = C,((P*)®).

In particular, we have
[P*]® = [(P*)®]
in Ko(A°P[[G]], S).
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Proof. For any degree n and any f € (P™)*Allil| we write

FA[[G]]) ®aqay P — A[[G]], A®p = Af(p).

We then set
AP[GT] @porprayy AP[[H]F @apimyger (P™) MU0 Aoue® f
APIIGT @arrener (A[[GT] ®arpay) P AIeN Ao fub

It is then straightforward to check that the above diagram commutes. The
cone of the first row is C,((P*)®)[1], the cone of the second row is the ®-dual
of the cocone of

o 1d-(y®y 1) .
A[[G]] ®aray P T S A6 aran P

in SP“"(A[[G]]), which is the same as C,-1(P*)[-1]. Finally, recall from
Proposition 3.12 that the class of C,(P*) in Ko(A[[G]],S) is independent of
the choice of the topological generator . Hence,

[P*]® = [Cy(P*)®] = [Co- (P*)®] = [C4 ((P*)®)] = [(P*)®].

6 NON-COMMUTATIVE ALGEBRAIC L-FUNCTIONS

Let G = H x I as before. Recall the split exact sequence

0~ K1 (A[[G]]) > Ki(A[[G]]s) % Ko(A[[G]], ) — 0.

[Wit13b, Cor. 3.4], which is central for the formulation of the non-commutative
main conjecture: The map K;(A[[G]]) = Ki(A[[G]]s) is the obvious one; the
boundary map

d: K1 (A[[G]]s) ~ Ko(A[[G]],5)

on the class [f] of an endomorphism f which is a weak equivalence in the
Waldhausen category wgPDG ™ (A[[G]]) is given by

d[f] = ~[Cone(f)"]

where Cone(f)* denotes the cone of f [Wit14, Thm. A.5]. (Note that other
authors use —d instead.) For a fixed choice of a topological generator v € T'; a
splitting s of d is given by

R pe 2@y r®y—zv '@y

sy ([P*]) = [A[[G]]®@aqm) A[[GLI@aray P]™ (6.1)
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for any P* in PDG®™"“"(A[[G]]), where the precise defini-
tion of A[[G]]®qu)P* as an object of the Waldhausen -category

wirPDG™ (A[[G]]) is

A[[Gll@amP* = ( lim  A[[GI]/T ®a(rry) P3)1eayo
JeIaren

[Wit13b, Def. 2.12]. A short inspection of the definition shows that s, only
depends on the image of v in G/H. Following [Bur09], we may call s,(-A) the
non-commutative algebraic L-function of A € Ko(A[[G]],S5).

PROPOSITION 6.1. Consider an element A € Ko(A[[G]],S).

1. Let A" be another adic Z,-algebra. For any complex P* of A'-A[[G]]-
bimodules which is strictly perfect as complex of A'-modules we have

Y prianyes (84(A4)) = 84 (Vprapyee (4))
in Ky (A'[[G]]s).

2. Let G' = H' T such that H' has an open, topologically finitely generated
pro-p-subgroup and I = Z,. Assume that o:G — G’ is a continuous
homomorphism such that a(G) ¢ H'. Set r:=[G': «(G)H']. Let v eT”
be a topological generator such that a(vy) = (~")" in G'/H'. Then

Uara)(5+(A4)) = 55 (Ware (4))
in Ky (A[[G"]]s).
3. Assume that G' is an open subgroup of G and set H' = Hn G', r =

[G : G'H]. Consider A[[G]] as a A[[G']]-A[[G]]-bimodule. Then ~"
generates G'[H' ¢ G/H and

Vare11(s4(4)) = sy (Yaan(A4))
in K1 (A[[G]]s)-

Proof. For (1), we first note that by applying the Waldhausen additivity the-
orem [Wal85, Prop. 1.3.2] to the short exact sequences resulting from stupid
truncation, we have

eyt = L1 o
€7

as homomorphisms between the K-groups. Hence we may assume that P = P*®
is concentrated in degree 0. We now apply [Wit13h, Prop 2.14.1] to the A'[[G]]-
A[[G]]-bimodule M := P[[G]]° and its A’[[H]]-A[[H]]-sub-bimodule

N :=AN[[H]]® P
(with the diagonal right action of H) and t; :=tg =7y -1, 71 = y2 = 7.
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For (2), we first assume that « induces an isomorphism G/H = G/H' and that
~" = a(vy). We then apply [Wit13h, Prop 2.14.1] to M = A[[G']], N = A[[H']],
and t1=7-1,ta=a(y) -1, 11 =7, 12 =a(y).

Next, we assume that G ¢ G', H = H', and v = (7")". This case is not covered
by [Wit13h, Prop 2.14] and therefore, we will give more details. Consider the
isomorphism of A[[G']]-A[[G]]-bimodules

wA[[G' @A e ALIG]] = A[IG NI® A ALIG ],
>\O r—1
p® ()\E ) - ;M('Y,)_ié(V,)i()\i)-

Then the map u®\ = u®\ — (") "1®y'\ on the righthand side corresponds to
left multiplication with the matrix

i 0 0 ~(7)8(r)

-id id - 0
A=1 0 - -~ 0 :

R U | 0

0 - 0 -id id

on the left-hand side. Let P* be a complex in PDG"*™“# (A[[G]]). Then x
induces an isomorphism

U arie (ALLGTI® A ay (P)7) = A[[G @ Ar ) Y aria (P°)

in wyPDG ™ (A[[G']]) while A & \I/A[[G,]](A[[G]]@A[[H]](P')T) is a weak
equivalence. Hence,
[A]™ = sy ([Waren (P)])

in K1 (A[[G']]s). Moreover,

id 0 -« - 0 id 0 - 0 (v He(y)
id id - : 0 id - i —(yhHe(y)
P A=y o 0 :

: id 0 : woid o —(yThHe(r)
id - - id id 0 -« - 0 id—(q‘l)@(fy-)

The relations (R1)—(R7) in the definition of Ds(W) imply that the class of
a triangular matrix is the product of the classes of its diagonal entries in
K1 (A[[G']]s). Hence, [A]™! = W6y (s4[P*]), as desired.

In the general case, we note that the image of « is contained in the subgroup G
of G’ topologically generated by (7")" and H' and recall that s, only depends
on the image of v in G/H. We are then reduced to the two cases already treated
above.

For (3), we first treat the case r = 1, i.e. G’ - G/H is a surjection. Hence,
we may assume v € G'. We then apply [Wit13b, Prop 2.14.1] to M = A[[G]],
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N = A[[H]], and t1 =tg ==~y -1, 1 = 72 ==y as above. If r > 1 we can thus
reduce to the case that G’ is topologically generated by H and ~" and apply
[Wit13h, Prop 2.14.2].

In [Wit13b], we use a slightly different Waldhausen category for the construc-
tion of the K-theory of A[[G]], but the proof of [Wit13b, Prop 2.14] goes
through without changes. O

Ezample 6.2.

1. Assume that M is a A[[G]]-module which is finitely generated and pro-
jective as a A[[H]]-module. Then the complex

id-(v'ey)
_ 5

Cy(M): A[[GY] ®@agpuy M A[[G]] @array M

degree -1 degree 0

is an object of PDG“™™# (A[[G]]) whose cohomology is M in degree
0 and zero otherwise. Moreover,

sy([M]) = s, ([C(M)]) = [id = (7" ® ) C A[[G]] ®arpmy M]™

in K1 (A[[G]]s). If A[[G]] is commutative, then the image of the element
s, ([M])~" under
det: Ky (A[[G]]s) » A[[G]]s

is precisely the reverse characteristic polynomial

detarp(id = (L @) C A[[H]][t] ®arry M)

evaluated at t = v~! € I. In fact, one may extend this to non-commutative
A[[H]] and G = H xT" as well, using the results of the appendix.

2. If M = A[[G]]/A[[G]]f with

n-1

f=t"+ > Nt e A[[G]]
i=0
a polynomial of degree n in ¢ =~ -1 with \; € Jac(A[[H]]), then M is
finitely generated and free as A[[H ]]-module. A A[[H ]]-basis is given by
the residue classes of 1,¢,...,t""* € A[[G]]. If we use this basis to identify
A[[G]] ®aqpay M with A[[G]]", then the A[[G]]-linear endomorphism
id - (-«y~! ® v-) is given by right multiplication with the matrix

s A | 0
0 vt . :
A= : 0
0 0 vt -1
’y_l)\o 7_1)\1 ’y_l)\n_g ’y_l(t + )\n—l)
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By right multiplication with

1 0 - 0
t 1 - :
E=| t - - 2
0
-t 2t 1
one can transform A into
A=
0 —~71 0 0
0 :
: : 0
0 0 0 _7*1
vyt (%) i Cal D SR T WS B ] () WY
By left multiplication with
0 0 - 01
0o 1 -~ + 0
P=1: w0
0O - 0 1 0
1 0 - 0

one can exchange the first and last row of A’ to obtain a triangular matrix.
In K; (A[[G]]), we have

[-E CA[[G]]"]=1,
[-P CAIGN"1=[-1 CA[[G]]]".

‘We conclude

sy([M])™ =[-A C A[[G]]" ] =[-A" C A[[G]]" ]
=[-P CAIGH" I'[-(—7") CAIGN " [~7'f G AIIG]]]
=["f CAIIG]] ]

The section s,:Ko(A[[G]],S) = Ki(A[[G]]s) also commutes with the homo-
morphisms ®:Ko(A[[G]]) > Ko(AP[[G]]), @ Ki(A[[G]]s) - Ko(AP[[G]]s)
from Definition 5.5 in the following sense.

PROPOSITION 6.3. For any element A € Ko(A[[G]],S),
54-1(A)® =5, (A®)

in K1 (A[[G]]s).-
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Proof. Since Ko(SP(A[[H]],G)) surjects onto Ko(A[[G]],S) by Proposi-
tion 3.12, it suffices to prove the formula for C, (M) with M a A[[G]]-module
that is finitely generated and projective over A[[H]]. The equality is then a
direct consequence of the diagram in Proposition 5.10. |

Remark 6.4. Note that

sy([Cy(M)]) = 5, ([Cy (M)D)[=(7" ® 1) C Al[G]] ®aray) M]

for any topological generator v of I and any A[[G]]-module M that is finitely
generated and projective over A[[H]].

7 PERFECT COMPLEXES OF ADIC SHEAVES

We will use étale cohomology instead of Galois cohomology to formulate the
main conjecture. The main advantage is that we have a little bit more flexibility
in choosing our coefficient systems. Instead of being restricted to locally con-
stant sheaves corresponding to Galois modules, we can work with constructible
sheaves. An alternative would be the use of cohomology for Galois modules
with local conditions.

As Waldhausen models for the derived categories of complexes of constructible
sheaves, we will use the Waldhausen categories introduced in [Wit08, § 5.4-5.5]
for separated schemes of finite type over a finite field. The same constructions
still work with some minor changes if we consider subschemes of the spectrum
of a number ring.

Fix an odd prime p. Let F' be a number field with ring of integers Op and
assume that U is an open or closed subscheme of X := Spec Op. Recall that for
a finite ring R, a complex F° of étale sheaves of left R-modules on U is called
strictly perfect if it is strictly bounded and each #" is constructible and flat.
It is perfect if it is quasi-isomorphic to a strictly perfect complex. We call it
DG-flat if for each geometric point of U, the complex of stalks is DG-flat.
Let A be an adic Zj,-algebra.

DEFINITION 7.1. The category PDG " (U, \) of perfect complezes of adic
sheaves on U is the following Waldhausen category.  The objects of
PDG (U, A) are inverse systems (¥} )e5, such that:

1. for each I € Jp, 7 is DG-flat perfect complex of étale sheaves of A/I-
modules on U,

2. for each I c J € J), the transition morphism
oryJ7 = ¥
of the system induces an isomorphism
AT ®n FT = F5.
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Weak equivalences and cofibrations are defined as in Definition 3.2.

DEFINITION 7.2. Any system F = (%7)7e5, in PDG®™ (U, A) consisting of
flat, constructible sheaves #; of A/I-modules on U, regarded as complexes
concentrated in degree 0, will be called a A-adic sheaf on U. If in addition,
the #; are locally constant, we call F a smooth A-adic sheaf. We write S(U, A)
and S (U, A) for the full Waldhausen categories of PDG™ (U, A) consisting
of A-adic sheaves and smooth A-adic sheaves, respectively.

DEFINITION 7.3. If U is an open dense subscheme of Spec Op, we will call a
complex ()15, in PDG™(U,A) to be smooth at oo if for each I € Jy,
the stalk of 7 in Spec F' is quasi-isomorphic to a strictly perfect complex of
A/I-modules with trivial action of any complex conjugation o € Galp. The full
subcategory of PDG" (U, A) of complexes smooth at oo will be denoted by

PDGCOnt,oo(U, A)
Since we assume p # 2, it is immediate that if in an exact sequence
O—>"]—"—>g'—>_’l~[’—>0

in PDG " (U, A), the complexes #* and #* are smooth at oo, then so is G*. Tt
then follows from [Wit08, Prop. 3.1.1] that PDG™"*(U, A) is a Waldhausen
subcategory of PDG™ (U, A).

We will write Ay for the smooth A-adic sheaf on U given by the system of
constant sheaves (A/I) e, on U. Further, if p is invertible on U, we will write
fpn for the sheaf of p"-th roots of unity on U, and

(77 ) 1e3, (1) = (lim papn @z, F7 ) 1en

n

for the Tate twist of a complex in PDG®™ (U, A).

We will consider Godement resolutions of the complexes in PDG™ (U, A).
To be explicit, we will fix an algebraic closure F of F' and for each place x of
F an embedding F c F, into a fixed algebraic closure of the local field F}, in .
In particular, we also obtain an embedding of the residue field k(z) of x into

the algebraically closed residue field k(x) of F, for each closed point z of U.

We write & for the corresponding geometric point Z:Spec k(x) — U over x and
let U° denote the set of closed points of U.
For each étale sheaf # on U we set

(GuF)" = ] awa* - J] tut* 7
uelU0

uelUo

n+1

and turn (Gy #)° into a complex by taking as differentials
" (GU —,}-)n N (GU —,}-)n-#l
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the alternating sums of the maps induced by the natural transformation

F - ] wa'y.
uelU0
The Godement resolution of a complex of étale sheaves is given by the total
complex of the corresponding double complex as in [Wit08, Def. 4.2.1]. The
Godement resolution of a complex ()5, in PDG® (U, A) is given by
applying the Godement resolution to each of the complexes 7, individually.
We may define the total derived section functor

RT(U,.):PDG"(U,A) - PDG(A)

by the formula
RI(U, (%7 )1e3s) = (LU, Gu 97 )) 13, -

This agrees with the usual construction if we consider (¥ )re5, as an object
of the ‘derived’ category of adic sheaves, e.g. as defined in [IWO01] for A = Z,.
In addition, however, we see that RI'(U,-) is a Waldhausen exact functor and
hence, induces homomorphisms

RI(U,): K, (PDG*™(U,A)) - K, (A)

for all n [Wit08, Prop. 4.6.6, Def. 5.4.13]. Here, we use the finiteness and the
vanishing in large degrees of the étale cohomology groups H" (U, G) for con-
structible sheaves G of abelian groups in order to assure that RT(U, (77 )13, )
is indeed an object of PDG™(A). In particular, for each I € 35, RT(U, 7)
is a perfect complex of A/I-modules. Note that we do not need to assume that
p is invertible on U (see the remark after [Mil06, Thm. II.3.1]).

If j:U - V is an open immersion, we set

j!(TI.)IejA = (j!.‘}—].)fej/\a
Rje(I7 )13, = (s Gu T7 ) 1634 -

for any (#)1e3, € PDG ™ (U, A). While the extension by zero ji always gives
us a Waldhausen exact functor

G PDG™(U,A) - PDG™(V,A),
the total direct image
Rj.: PDG™(U,A) - PDG“™(V,A)

is only a well-defined Waldhausen exact functor if p is invertible on V' - U. If
V — U contains places above p, then R j.(F)res, is still a system of DG-flat
complexes compatible in the sense of Definition 7.1.(2), but for I € J5 the
cohomology of the complex of stalks of the complexes R j. 77 in the geometric
points over places above p is in general not finite, such that R j. ¥, fails to be
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a perfect complex. In any case, we may consider R j, as a Waldhausen exact
functor from PDG™(U,A) to the Waldhausen category of complexes over
the abelian category of inverse systems of étale sheaves of A-modules, indexed
by J A-

The pullback f* along a morphism of schemes f and the pushforward f. along
a finite morphism of schemes are also defined as Waldhausen exact functors by
degreewise application. No Godement resolution is needed, since these functors
are exact on all étale sheaves.

As a shorthand, we set

RFC(U’ ("FI.)IGjA) = R(X’j!(-r}-l.)lejjx)

for 7:U — X the open immersion into X = Spec Op. Under our assumption
that p # 2, this agrees with the definition of cohomology with proper support
in [MilOG, §I1.2]. If F is a totally real number field and (#;(-1));e3, is smooth
at oo, then it also agrees with the definition in [FK06, §1.6.3], but in general,
the two definitions differ by a contribution coming from the complex places.
For any closed point z of X and any complex #* in PDG™ (z,A), we set

RT(%,7°) =T(Speck(x),z" G, F°)
and let §, € Gal(k(x)/k(z)) denote the geometric Frobenius of k(z). We
obtain an exact sequence
0—RI(z, 7°) > RT(4, F°) 5% RT(#, F°) - 0
in PDG(A) [Wit08, Prop. 6.1.2]. Note that if ' is the geometric point

corresponding to another choice of an embedding F c F, and if §’, denotes the
associated geometric Frobenius, then there is a canonical isomorphism

o RT(, F°) > RI(&', 7*)

such that
oo(id-5,)=>{d-F,) 0. (7.1)

At some point, we will also make use of the categories PDG™ (Spec F,, A) for
the local fields F) together with the associated total derived section functors.
In this case, one can directly appeal to the constructions in [Wit08, Ch. 5].
We write F;* for the maximal unramified extension field of F;; in F, and note

that we have a canonical identification Gal(F}"/F,) = Gal(k(z)/k(x)).

LEMMA 7.4. Let j:U — V denote the open immersion of two open dense sub-
schemes of X and assume that i:x -V is a closed point in the complement of
U not lying over p. Write n,:Spec F, — U for the map to the generic point of
U. Then there exists a canonical chain of weak equivalences

RI(&,i" Rj.F*) = RI(Spec F™, 0} Gy F°) <~ RT(Spec F™, niF°*)  (7.2)
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in PDG™ (A) compatible with the operation of the Frobenius on each complex
and hence, a canonical chain of weak equivalences

RI(z,i*Rj,F°*) = RI(Spec F,,n} Gy F°) < RI(Spec F,,ni F°)  (7.3)
in PDG " (A).

Proof. From [Mil80, Thm. III.1.15] we conclude that for each I € J,, the
complex n Gy #7° is a complex of flabby sheaves on Spec F;, and that

RI(&,i* Rj.F) = T'(Spec F;",n: Gu F1°)

is an isomorphis_m. Write G, for the Godement resolution on Spec F,, with
respect to Spec F',, - Spec F;,. Then

n. Gu ¥ = Gr,n, Gu F7 < Gr, 0. 97

are quasi-isomorphisms of complexes of flabby sheaves on Spec F,.. Hence,
they remain quasi-isomorphisms if we apply the section functor I'(Spec ", -)

in each degree. Since the Frobenius acts compatibly on F)* and k(z), the
induced operation on the complexes is also compatible. The canonical exact
sequence

0 - I'(Spec Fy,,—) = I'(Spec F;", -) 148, I'(Spec F)',—-) =0

on flabby sheaves on Spec F,. implies that the morphisms in the chain (7.3) are
also quasi-isomorphisms. O

Remark 7.5. Note that for x lying over p, the proof of the lemma remains still
valid, except that the complexes in the chain (7.2) do not lie in PDG"™(A).

It will be useful to introduce an explicit strictly perfect complex weakly equiv-
alent to RT'(Spec Fy;, 7% 7) in the case that ¥ is a A-adic sheaf on U. Assume
that z € X does not lie over p. Let N be the compact Gal(F,/Fy)-module
corresponding to % F and write F ) for the maximal pro-p extension of F;*
inside F,, such that Gal(Fy"® /Frry = 7,

We set N’ := NGal(F/F" %) Note that N is a direct summand of the finitely
generated, projective A-module N, because the p-Sylow subgroups of the Galois
group Gal(F,/Fy r(p )) are trivial by our assumption that p is different from
the characteristic of k(x). In particular, N’ is itself finitely generated and
projective over A.

Fix a topological generator 7 of Gal(F2"® JFo7) and a lift ¢ € Gal(Fo"®)/F,)
of the geometric Frobenius §,. Then 7 and ¢ are topological generators of the
profinite group Gal(F2™")/F,) and

-1 _ q—l
pTY =T

with ¢ = g, the number of elements of k(x) [NSWO00, Thm. 7.5.3].
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DEFINITION 7.6. We define a strictly perfect complex D3 (F) of A-modules
with an action of §, as follows: For k # 0,1 we set D¥(#) = 0. As A-modules
we have DY(¥) = D;(¥) = N’ and the differential is given by id — 7. The
geometric Frobenius §, acts on DY(¥) via ¢ and on D}(¥) via

7_1
o(T7 ) eAlicaEr @y
-
LEMMA 7.7. There exists a weak equivalence

D3 (%) = RI(Spec F}",1; %)

in PDG " (A) that is compatible with the operation of the geometric Frobenius
T on both sides.

Proof. Clearly, we have
ATey D3(F) = Di(771)

for all I € J5. We may therefore reduce to the case that A is a finite Z,-algebra.
By construction, the perfect complex of A-modules RT(F.*,n%F) may be
canonically identified with the homogenous cochain complex

X*(Gal(Fy/F,), N)Gal(F=/F)

(in the notation of [NSWO00, Ch. I, §2]) of the finite Gal(F,/F,)-module N.
Recall that the elements of X" (Gal(F,/F,), N) are continuous maps

f:Gal(F,/F,)"™ = N
and the operation of o € Gal(F,/F;,) on f € X"(Gal(F,/F,),N) is defined by
of:Gal(F,/F,)"" - N, (00,...,00) »of(c og,...,07 0,).
The inflation map provides a quasi-isomorphism
X*(Gal(F®) ), NYGUESPIED) 2 xo(Gal(Fy ) Fy), N )G F/F)

which is compatible with the operation of F, by a lift to Gal(F,/F,) on both
sides.
We define a quasi-isomorphism

a:D3(F) > X'(Ga](F;E(P)/FI),N/)Gal(F;‘fv<P)/F;r)
compatible with the §,-operation by
a(n):Gal(Fy" ) [F,) - N, 7% > 7 for n e D(F),

T¢— 7T

n forne DL(F),
1-7

a(n):Gal(Fm W F)E = N, (76, 7o)
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with a,c € Z,, b,d € Z. Note that

T¢ =T e fa-c el
- 1
1-7 ’ 7;1 ( n )(T )
is a well-defined element of A[[Gal(F2™")/F,)]] for any a,c € Z,. O

Assume again that U c X is an open or closed subscheme. If A’ is another adic
Zp-algebra and M*® a complex of A’-A-bimodules which is strictly perfect as
complex of A’-modules, we may extend ¥y to a Waldhausen exact functor

U PDG™ (U, A) - PDG™ (U, "),
(®7)sea, = (lim N/[ITeyxM*®nP;®)1es,,
JEjA
such that
Ve RO(U, 2°) - RT(U, W e (2°))

is a weak equivalence in PDG" (A") [Wit08, Prop. 5.5.7].

If i:3X - V is the embedding of a closed subscheme ¥ of X into an open
subscheme V of X with complement j:U — V and ¥ is an étale sheaf of
abelian groups on V', then we may consider the sheaf

i F = ker(i*F - i%j g F)

on Y. Its global sections N (X) are the global sections of F on V with sup-
port on ¥. The right derived functor R4' can also be defined via Godement
resolution:

LEMMA 7.8. Assume that p is invertible on 3.
Ri:PDG*"(V,A) > PDG*"(2,A),  (F)1e, = (i’ Gv () rean

is a Waldhausen exact functor and for every F* in PDG™(V,A) there is an
exact sequence

0-i,Ri'T* > Gy(F*) > Rjj"F* >0

in PDG"(V,A). In particular, if i* F* is weakly equivalent to 0, then there
exists a chain of weak equivalences

P*RjGF ~Ri 1]

Proof. Note that for any abelian étale sheaf F on V, we habe j* Gy (F) =
Gu(F). Moreover, by [AGV72b, Exp. XVII, Prop. 4.2.3], Gy (¥) is a com-
plex of flasque sheaves in the sense of [AGV72b, Exp. V, Def. 4.1]. In par-
ticular, Gy (F) = 7.7* Gy (F) is surjective in the category of presheaves by
[AGVT72a, Exp. V, Prop. 4.7]. If ¥° is a complex of abelian sheaves, Gy (F*)
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is constructed as the total complex of the double complex obtained by taking
the Godement resolution of each individual sheaf. In particular, Gy (F°) is a
complex of possibly infinite sums of flasque sheaves. Note that infinite sums of
flasque sheaves are not necessarily flasque. Still, as étale cohomology of noethe-
rian schemes commutes with filtered direct limits, Gy (F°) — 7.5* Gy (F°) is
always surjective in the category of presheaves. This proves the exactness of
the above sequence. Moreover, it implies that Gy (F°) is a i'-acyclic resolution
of #* such that i' Gy preserves quasi-isomorphisms and injections. If 7° is
a perfect complex of sheaves of A-modules on V for any finite ring A, then
i' Gy (F*) is perfect since this is true for i* Gy (7*) and i*5,j* Gy (F*). Simi-
larly, we see that i' Gy commutes with tensor products with finitely generated
right A-modules. In particular, Ri' does indeed take values in PDG®™ (%, A)
for any adic ring A. Finally, if * F° is weakly equivalent to 0, then we obtain
the chain of weak equivalences

i*Rj.j* F* < Cone(Ri'F* —i* Gy (F°)) = Ri' F°[1].

8 DUALITY FOR ADIC SHEAVES

For any scheme Z, any ring R and any two étale sheaves of R-modules 7, G
on Z, let

Homp,z(F, G)
denote the sheaf of R-linear morphisms ¥ — G on Z. As before, we fix an

adic Zy-algebra A. Let U c¢ X = SpecOp be an open or closed subscheme.
Unfortunately, we cannot present a construction of a Waldhausen exact functor

*ZPDGCOM(U,A)OP N PDGCOM(U, AOp)

that would give rise to the usual total derived Hom-functor F
R Homp v (F,Av) on the ‘derived’ category of A-adic sheaves. Instead,
we will construct a Waldhausen exact duality functor on the Waldhausen
subcategory S (U, A) of smooth A-adic sheaves.

For any smooth A-adic sheaf 7,

Fh = (Hompyru(Fr, (MDu))1eas
= (Homz,u (Homz,u (A 1)v, (Qp/Zp)v) ®ns1 Fr, (Qp/Zp)v)) 134

is a smooth A°P-adic sheaf on U. In this way, we obtain a Waldhausen exact

equivalence
£ §T(U,A)P > (U, AP)

and, by composing with I:K,, (S (U, A)) > K,,(S™ (U, A)°P), isomorphisms

Ky, (8¥(U,A)) - K, (S*™ (U, AP))
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for each n > 0.

Assume that U is an open subscheme of X such that p is invertible on U. If
F is a smooth A-adic sheaf on U, we can find a strictly perfect complex of
A-modules P°® together with a weak equivalence

P* S RT(U, 7)

in PDG®™(A). As a consequence of Artin-Verdier duality [Mil06, Thm.
I1.3.1], we then also have a weak equivalence

(P*)* S RI(U, *(1))[-3]. (8.1)

in PDG ™ (A°P).
We could proceed in the same way for local duality and duality over finite fields,
but instead, we prove the following finer results.

LEMMA 8.1. Assume that U is an open subscheme of X such that p is invertible
on U and that i:x — X 1is a closed point not lying over p. For any smooth A-adic
sheaf F on U, there exists a weak equivalence

D3 (#)" — RI(Spec Fy*,n. 77 (1))[~1]

in PDG™(A°P), compatible with the operation of F; on the left and of F;'
on the right.

Proof. As in the proof of Lemma 7.7, we can replace RT'(Spec F™*, 0, F*(1))
by the homogenous cochain complex

X*(Gal(EPm ) [F,), (N')* (1)) Gl /R,

By choosing a basis of the free Z,-module Z,(1), i.e. a compatible system of
p"-th roots of unity, we may identify the underlying A-modules of (N')* and

(N')*(1). The operation of o € Gal(F2"® /F™) on f e (N')* is given by

of = fo(o") .
The operation of §* on f e DL(F)* = (N')* is then given by
w=(Zmg) e
and on ge DY(F)* = (N’)* by
Si(9)=¢""9,

with ¢, 7 € Gal(F*™P)/F,) denoting our fixed topological generators and ¢ € A~
denoting the order of the residue field k(x). Set for beZ

7_—1

) = (S ) TG O P2y

T4
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and note that s satisfies the cocycle relation

T1-1

T

s(b+1)= q-lws<b>( )w_l - s(b)e (1),

We define a weak equivalence
B:D5(F)* 5> X*(Cal(FE®) [F,), (N')* (1)) S VIR [
by
B(f):Gal(Fy P F,) ~ (N)* (1), 7" = r%s(b) f
for fe Di(#)* and by

T I N el P

for g€ DY(F)*, a,c€Zy, b,deZ.
Using the cocycle relation for s, it is easily checked that
BoF =3 ©f,
as claimed. O

In particular, if Q°* denotes the cocone of

D3(5) 2 pa(y),

then Q° is a strictly perfect complex of A-modules and there exist weak equiv-
alences

Q* = RI(Spec Fy,m; F),
(Q*)" = RI(Spec Fy,m; 7 (1)[-2].

in PDG ™ (A°P).
Let now G be a complex in S(x,A) = S (z,A) and let

(8.2)

Gs = 1im (G1)z

Teda

be the stalk of G in the geometric point & over . Then G; is a finitely generated,
projective A-module, equipped with a natural operation of F,. Clearly, the
natural morphism

Gs > RI(Z,6) (8.3)

is a weak equivalence in PDG"(A) that is compatible with the operation of
§. on both sides. In particular, the cocone C* of

id-Fo.
Gz — Gz

is weakly equivalent to RT'(z, G).
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LEMMA 8.2. With G as above, there exists an isomorphism

(G2)" = (")

of finitely generated, projective A-modules, compatible with the operation of §,
on the left and of T,' on the right.

Proof. Let R be any finite ring. Under the equivalence between the categories of
étale sheaves of R-modules on x and of discrete R[[Gal(k(z)/k(x))]]-modules,
given by F = 7, the dual sheaf F*# corresponds to the R°P-module (F;)*”?

with o € Gal(k(x)/k(x)) acting on f: F; - R by fo (o*r)7L. O

Consequently, we obtain a weak equivalence
(C*)" = RI(z,6")[-1] (8.4)

in PDG®"(A°). If G = i*F with ¥ a smooth A-adic sheaf on U as above,
then by the exchange formula [Full, Thm. 8.4.7], there exists a chain of weak
equivalences

(" F)" = (RHomp g (0" F1, (A1) 2)) 163,
~ (R Homp s, (i F1, R (A Du(1)[-2])) rea,s
~ (R Hompyr,u (F1, (M T)u (1) [-2]) rean
=Ri'gF*(1)[-2]

(8.5)

in PDG ™ (z, A°P).

9 ADMISSIBLE EXTENSIONS

As before, we fix an odd prime p and a number field F'. Assume that Fi,/F is a
possibly infinite Galois extension unramified over an open or closed subscheme
U =Ur of X =SpecOp. Let G = Gal(Fw/F) be its Galois group. We also
assume that G has a topologically finitely generated, open pro-p-subgroup, such
that for any adic Z,-algebra A, the profinite group ring A[[G]] is again an adic
ring [Witl4, Prop. 3.2]. For any intermediate number field K of F/F, we
will write Ug for the base change with Xy = Spec Ok and fx:Ug — U for
the corresponding Galois covering of U, such that we obtain a system of Galois
coverings (fk:Ux — U) pckcr.,, which we denote by

fl UFN - U.
As in [Wit14, Def. 6.1] we make the following construction.

DEFINITION 9.1. Let A be any adic Z,-algebra. For #* € PDG“" (U, A) we
set

fuf %= (lm lim  A[[G]]/J ®apen frifi 7)1, ay

IeJp FcKcFo
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Remark 9.2. The functor fif* corresponds to the composition of the restriction
and compact induction functors on the level of compact Galois modules. On
finite level, the extension by zero fr, agrees with the direct image fx,. We
use the notation of the extension by zero to emphasise its role as a left adjoint

of fr.
As in [Wit14, Prop. 6.2] one verifies that we thus obtain a Waldhausen exact
functor

f!f*:PDGcont(U’A) N PDGCOM(U,A[[G]])-

In particular, if U is open and dense in X and if k&:U — W denotes the open
immersion into another open dense subscheme W of X, we obtain for each
complex F* in PDG“™ (U, A) a complex

RE(W.RE.fif F°)

in PDG ™ (A[[G]]).

Remark 9.3. For U open and dense in X, set V :=Uu(X-W) and let j:U -V
denote the corresponding open immersion. Write j:V - X and k":W - X
for the open immersions into X. For any étale sheaf G on U, the canonical
morphism

kikeGu G237.51Gu G~ j. Gy iiG

is seen to be a quasi-isomorphism by checking on the stalks. Hence, for any F°
in PDG™ (U, A), there is a weak equivalence

RT(W,Rk.fif*F*) > RT(V,jifif *F*).

We recall that the righthand complex is always in PDG“™(A[[G]]). Hence,
the same is true for the left-hand complex without any condition on U and W,
even if Rk, fif*F* fails to be a perfect complex. In particular, we may use the
two complexes interchangeably in our results.

We recall how the functor fif* transforms under the change of the extension
Fo/F and under changes of the coefficient ring A.

PROPOSITION 9.4. Let f:Up._ — U be the system of Galois coverings of the open
or closed subscheme U of X associated to the extension Fu |F with Galois group
G which is unramified over U. Let further A be an adic Z,-algebra and F° be
a complex in PDG™ (U, A).

1. Let A" be another adic Z,-algebra and let P* be a complex of A'-A[[G]]-

bimodules, strictly perfect as complex of A'-modules. Then there exists a
natural isomorphism

Upraneeif F* 2 ff Up fif F*
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2. Let Fl, c Fy be a subfield such that F. |F is a Galois extension with
Galois group G' and let f":Up: — U denote the corresponding system of
Galois coverings. Then there exists a natural isomorphism

Ve if 7= (O (f) F°
in PDG™(U,A[[G'])).

3. Let F'|F be a finite extension inside Fo [F, let fp:Upr — U denote the
associated étale covering of U and let g:Up,, — Uf be the restriction of the
system of coverings f to Up. Write G' ¢ G for the corresponding open
subgroup and view A[[G]] as a A[[G']]-A[[G]]-bimodule. Then there
exists a natural tsomorphism

Varren i F° 2 fr (99") fr F°
in PDG" (U, A[[G']]).

4. With the notation of (3), let G* be a complex in PDG ™ (Up:, ) and
view A[[G]] as a A[[G]]-A[[G']]-bimodule. Then there exists a natural
isomorphism

Varien fr 99" G* = fif (fF.G*)
in PDG (U, A[[G]]).

Proof. Part (1) - (3) are proved in [Witl4, Prop. 6.5, 6.7]. We prove (4).
First, note that for any finite Galois extension F"'/F with F' ¢ F” c F, and
any [ € Jp the canonical map

grngpe (M D, = frfro fen (MU

induces an isomorphism

AI[Gal(F"[F)] @ s1cairoeny) 97 pe (A D, = fofen fr (M Tu.

Hence,
Uarten(99™Av,, ) 2 fe fif " Au

in PDG™ (U, A[[G]]). We further recall that in the notation of [Wit14,
Prop. 6.3], there exists an isomorphism

L fr G 2 Vg pen, fr. G
The projection formula then implies
Vs peno [ G2 frn (W ppony (G7))
= fF’*(lII‘I/A[[G]](g!g*AUF,)(g.))
= fr(Yarran (997 6*))
as desired. O
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To understand Part (1) of this proposition, note that if p is a representation of
G on a finitely generated and projective A-module and p! is the corresponding
A-Z,[[G]]-bimodule as in Example 3.17, then

M(p) =V fif " (Zp)u (9-1)

is simply the smooth A-adic sheaf on U associated to p [Witl4, Prop. 6.8]. In
general,
U T = Upe fif T (9.2)

should be understood as the derived tensor product over A of the complex of
sheaves associated to P® and the complex F°.
Assume that F is a smooth A-adic sheaf on U. As before, we write

F = (Hompyrv (F1,M1)) 1e3,,, € PDGEM (U, A°P)

for the A-dual of # and A°P[[G]]* for the A°P[[G]]-A[[G]]°P-bimodule with
g € G acting by ¢! from the right. We then have a natural isomorphism

ST 2 W ponpae (fif ) AN, (9.3)

This can then be combined with the duality assertions (8.1), (8.2), and (8.4).
For example, we may find a strictly perfect complex of A°?[[G]]-modules P*
and weak equivalences

P* S RIU(U, AfF2(1)),

. (9.4)
(P*)® = RI(U, fif F)[-3]

if ¢ is invertible on U.

Let Fiy. denote the cyclotomic Z,-extension of F' and let M be the maxi-
mal abelian p-extension of Fiy. unramified outside the places over p. Assume
that F' is a totally real field. By the validity of the weak Leopoldt conjecture
for Fiye, the Galois group Gal(M/Fey.) is a finitely generated torsion mod-
ule of projective dimension less or equal 1 over the classical Iwasawa algebra
Zp[[Gal(Foyc/F)]] [NSWO00, Thm. 11.3.2]. Like in [Kak13], we will assume the
vanishing of its Iwasawa p-invariant in the following sense:

CONJECTURE 9.5. For every totally real field F', the Galois group over Feyc of
the mazimal abelian p-extension of Foy. unramified outside the places over p is
a finitely generated Z,-module.

In particular, for any totally real field F' and any finite set % of places of F
containing the places over p, the Galois group over Fiy. of the maximal abelian
p-extension of Fy. unramified outside X is also a finitely generated Z,-module,
noting that no finite place is completely decomposed in Feyo/F [NSWO00, Cor.

11.3.6]. We also observe that the Galois group Gal(Fép)/FcyC) of the maximal
p-extension of F' unramified outside X is then a free pro-p-group topologically
generated by finitely many elements [NSW00, Thm. 11.3.7].
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DEFINITION 9.6. Let F' be a number field. An extension F./F inside F is
called admissible if

(1) Fw/F is Galois and unramified outside a finite set of places,
(2) Fo contains the cyclotomic Z,-extension Fiye,

(3) Gal(Fo/Feyc) contains an open pro-p subgroup that is topologically
finitely generated.

An admissible extension Fu/F is called really admissible if Foo and F are
totally real.

The notion of really admissible extensions is slightly weaker than the notion
of admissible extension used in [Kak13, Def. 2.1]: We do not need to require
Gal(Fw/F) to be a p-adic Lie group. For example, as a result of the preceding
discussion, we see that we could choose Fi, = Fép ) for some finite set of places
> of F containing the places above p, provided that Conjecture 9.5 is valid.

If Foo/F is an admissible extension, we let G = Gal(Fs/F') denote its Galois
group and set H = Gal(Fo/Feyc), I = Gal(Feyc/F). We may then choose a
continuous splitting I' - G to identify G with the corresponding semi-direct
product G = H xT.

If a really admissible extension F,/F is unramified over the open dense sub-
scheme U =W of X, A=Z, and 7° = (Z,)y(1), then

lim  RTc(U, fif*(Zp)v(1))[-3]

19,1161

is by Artin-Verdier duality and comparison of étale and Galois cohomology
quasi-isomorphic to the complex C(Fu/F) featuring in the main conjecture
[Kak13, Thm. 2.11]. In particular,

R (U, fif*(Zp)u(1))

is in fact an object of PDG*"""#(Z,[[G]]) under Conjecture 9.5. We will
generalise this statement in the next section.

10 THE S-TORSION PROPERTY

Assume that Fo,/F is an admissible extension that is unramified over the open
dense subscheme U of X = Spec Op and that k:U — W is the open immersion
into another open dense subscheme of X. Note that p must be invertible on U,
because the cyclotomic extension Fiyc/F' is ramified in all places over p. We
also fix an adic Zp-algebra A. Our purpose is to prove:

THEOREM 10.1. Assume that Foo | F is really admissible and that p is invertible
on W. Let F* e PDG®" (U, A) be a complex of A-adic sheaves smooth at

oo. If Conjecture 9.5 is valid, then the complexes

RFC(WaRk*f!f*T.(l))’ RF(VVak/”f'f*f]‘—.)
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are in PDG"" (A[[G]]).

In the course of the proof, we will also need to consider the following local
variant, whose validity is independent of Conjecture 9.5.

THEOREM 10.2. Assume that Fo | F is an admissible extension with k:U — W
as above. Let i:3 — W denote a closed subscheme of W and assume that p is
invertible on ¥. For any complex of A-adic sheaves F* in PDG (U, A), the
complezes

RI(Z,i* Rk fif *7°), RO, Ri'ko fif %)

are in PDG"" (A[[G]]).

Using [Wit14, Prop. 4.8] we may at once reduce to the case that A is a finite
semi-simple Z,-algebra and that Fe/Feyc is a finite extension. It then suffices
to show that the complexes appearing in the above theorems have finite coho-
mology groups. We may then replace F° by a quasi-isomorphic strictly perfect
complex. Using stupid truncation and induction on the length of the strictly
perfect complex we may assume that # is in fact a flat and constructible sheaf
(unramified in o0). Note further that the cohomology groups

He(W.REAS F(1)) = lim  HI(Wk, Rk, fr7 (1)),
FcKcFo
H'(W.kfif*F) = lim H"(Wk, kfgF),
FcKcFo
H(S,0" Rk Af7F) = lim  H(Sx.i" Rb S )
FcKcFo
H' (S, Ri'kfif '#) = lim  H"(Zx,Ri‘kif )
FcKcFo

do not change if we replace F' by a finite extension of F' inside F. So, we
may assume that Fo = Feye and that no place in ¥ splits in Foo/F. Further,
we may reduce to the case that 3 consists of a single place z. In particular, x
does not split or ramify in Foo/F and x does not lie above p.

We consider Theorem 10.2 in the case that x € U and write i":2 — U for the
inclusion map. Under the above assumptions on x, there exists a chain of weak
equivalences

RI(z,i* Rk fif*F) < RO(z, i fif *F) > R (2, 919" F)

where g: o — x is the unique Z,-extension of . We can now refer directly to
[Wit14, Thm. 8.1] or identify

H"(z, qig*i"" F) = H" (Galy(,y, Fp[[T]]F @, M)

with Galy(,) the absolute Galois group of the residue field k(z) of 2, M the
stalk of # in a geometric point over z and F,[[T']]* being the Galy(,)-module
F,[[I']] with o € Galy(,) acting by right multiplication with the image of
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olin I'. It is then clear that the only non-vanishing cohomology group is
H'(Galy(y),Fp[[T]]! ®&, M), of order bounded by the order of M.

Write U’ := U - {x} and let £:U’ - U denote the inclusion morphism. Then
there is an exact sequence

0— Ri'kO 0 fif*F > Ri‘kifif F - Ri‘iui*kyF - 0.

Moreover, there exists a chain of weak equivalences

RFF SRR F S R R AL
Since we already know that the groups H" (z,4'" fi f* F) are finite, it is sufficient
to prove that H™ (2, R4'ky fif* F) is finite in the case that z ¢ W - U.
Now we prove Theorem 10.2 in the case that x € W — U. First, note that the
complex Ri'Rk, fif*F is quasi-isomorphic to 0. Hence, there is a chain of
weak equivalences

P RESF ~Rik fof 7 [1]

by Lemma 7.8. So, it suffices to consider the left-hand complex. By Lemma 7.4
and the smooth base change theorem there exists a chain of weak equivalences

RI(z,i" Rk.fif*F) ~ RT(Spec Fy, hih* 0, F),

where F; is the local field in x with valuation ring Op,, n,:Spec Fy, — U is
the map to the generic point of U, and h: Spec(F; )cye = Spec F; is the unique
Zy-extension of Fy, inside F';. We may now identify

H"(2,i* Rk fif* F) = H'(Galp, , F,[[T]]} @, M)

with Galp, the absolute Galois group of the local field F, in x, M the fi-
nite Galp,-module corresponding to n ¥ and F,[[T']]* being the Galp,-module
F,[[I']] with o € Galg, acting by right multiplication with the image of ™! in
I'. The finiteness of the cohomology group on the righthand side is well-known:
We can use local duality to identify it with the Pontryagin dual of

H2in(Ga.1(Fm)Cyc, Mv(l))

where MY (1) is the first Tate twist of the Pontryagin dual of M.

Finally, we prove Theorem 10.1. Assume that Fi/F is really admissible, that
F is smooth at oo, and that p is invertible on W. We begin with the case of étale
cohomology with proper support. Letting i:3 — W denote the complement of
U in W, we have the exact excision sequence

0 RT(W, kik* Ry fif *F(1)) » RT(W, Rk, ff 7 (1))
> RE(W, i i* Rk fif*#(1)) >0

and chains of weak equivalences

RE(W,kik* Rk fif *F (1)) ~RI (U, fif*F(1)),
RT(W,ii* REAif*F(1)) ~RI(Z,5* Rk, fif*F(1)).
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By Theorem 10.2, we may thus reduce to the case W = U. Furthermore, we
may shrink U ad libitum. Hence, we may assume that ¥ is locally constant on
U and smooth at co. Consequently, there exists a finite Galois extension F'/F
such that F’ is totally real, gp:Upr — U is étale and gj F is constant. Then
F,./F is an admissible extension and

p =g F(Urr)

may be viewed as a continuous representation of G'= Gal(F,./F') on a finitely
generated, projective A-module. Write g:U Fl. U for the corresponding
system of coverings of U and observe that there exists a weak equivalence

O, (RTe(U, 919" (Zp)u(1))) = RT(U, fif " F(1))

with ®, being defined by (3.5) [Wit14, Prop. 5.9, 6.3, 6.5, 6.7]. Since ®, takes
complexes in PDG®""" (Z,[[G]]) to complexes in PDG*""# (A[[T]]), it
remains to show that the cohomology groups H; (U, 19" (Z,)u(1)) are finitely
generated as Z,-modules. Now

0 ifn+23,
HE(U, 919" (Zp)u (1)) = {Gal(M[F(;.) ifn=2,
Ly, if n=3,

with M denoting the maximal abelian p-extension of F/ . unramified over U
[Kakl13, p. 548]. At this point, we make use of Conjecture 9.5 on the vanishing
of the p-invariant to finish the proof for the first complex.

We now turn to the second complex. We still assume that A is a finite ring.
Write 2=W -U,V=Uu(X-W) and j:U -V, £:V - X, i:¥ - X for the
natural immersions. As mentioned in Remark 9.3, the exists a chain of weak
equivalences

RE(V.Rjfif"F) ~RIT(W, ki fif F).
Moreover, there is an exact sequence
0> bR ff*F >RGNS F —isi* Rifif " F >0

Using Theorem 10.2 we may thus reduce to the case that V =X, W =U and ¥
locally constant on U and smooth at co. Let P*® be a strictly perfect complex of
A°P[[G]]-modules quasi-isomorphic to RT'(U, fif*F**(1)). By what we have
proved above, P* is also perfect as complex of A°P[[H ]]-modules. By (9.4) we
obtain a weak equivalence

(P*)® = RI(U, fif 7).

From Prop. 5.8 we conclude that RT(U, fif*F) is in PDG""# (U, A[[G]]),
as claimed. This finishes the proof of Theorem 10.1.
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11 NON-COMMUTATIVE EULER FACTORS

Assume as before that Fo/F is an admissible extension of a number field F’
which is unramified over a dense open subscheme U of X and write f:Up_ — U
for the system of Galois coverings of U corresponding to Fo/F. Let W be
another dense open subscheme of X containing U, but no place over p and let
k:U — W denote the corresponding open immersion. We consider a complex
F* in PDG™ (U, A). As the complexes

RI(z,i* Rk fif F°)
are in PDG"""# (A[[G]]) for i:x - W a closed point, we conclude that the
endomorphism

RD(2, i Rksfif ) 5% RTU(2, i REfif F°)

is in fact a weak equivalence in wyPDG " (A[[G]]). Hence, it gives rise to

an element in Kq (A[[G]]s).

DEFINITION 11.1. The non-commutative Euler factor Lp_/p(2,RE.F°®) of
REk.F* at z is the inverse of the class of the above weak equivalence in

K1 (A[[G]]s):
Lrp(2,REF®)=[id-F, CRIT(&, " REAfF)]!

Note that Lp_ (7, Rk F*) is independent of our specific choice of a geometric
point above z. Indeed, by (7.1) and relation (R5) in the definition of Ds(W),
we conclude that the classes [id - §,] and [id - §,] agree in K;(A[[G]]s).
Moreover, Lr,_p(z, R k. F*) does not change if we enlarge I by adding points
not lying over p or shrink U by removing a finite set of points different from .

ProrosiTION 11.2. The non-commutative Fuler factor is a characteristic ele-
ment for RT(xz,i* Rk fif*F°):

ALy p(2, REF*) = =[RT(2,i" Rk fif " F°)]
in Ko(A[[G]], S).

Proof. The complex RT'(x,i* Rk, fif*F*) is weakly equivalent to the cone of
the endomorphism
RI(2,i" Rk, fif* 7°) 5% RD(2, i Rk fif F°)

shifted by one. Hence, the result follows from the explicit description of d given
in (5.2). O

DEFINITION 11.3. For a topological generator v € I', we define the local modi-
fication factor at x to be the element

M pn (@, REF*) = Lo yp(2, R F*) sy ((RT(2,1* Rk fif* %))
in K, (A[[G]]).
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We obtain the following transformation properties.

PROPOSITION 11.4. With k:U — W as above, let A be any adic Zy-algebra and
let 7* be a complex in PDG " (U, ).

1. Let A" be another adic Z,-algebra. For any complex P* of A'-A[[G]]-
bimodules which is strictly perfect as complex of A'-modules we have

\I/p[[G]]ao(ﬁFw/F(SC,Rk*,‘T.)) :ﬁpoo/p(l',Rk*\I/Is.(fF.))
in K1 (A'[[G]]s) and
Vprranes Mepy (2, REF®)) = M pqy (2, REV 5. (F°))
in Ki(A'[[G]]).

2. Let FL|F be an admissible subextension of FeoF with Galois group G'.
Then
Varien(Lrnr(@, REF)) = Lryp(o, RELF®)
in K1 (A[[G']]s) and
UareMpo py (2, RELF®)) = Mpr jp (2, RELF®)
in Ky (A[[G]]).
3. Let F'|F be a finite extension inside Foo[F. Set r = [F'n Feye : F].
Write fp:Upr — U for the corresponding étale covering and xp: for the
fibre in Spec OF: above x. Let G' ¢ G be the Galois group of the admissi-

ble extension Fo [F' and consider A[[G]] as a A[[G']]-A[[G]]-bimodule.
Then

Uaren(Lrr(@ REF*)) = [] Lroyr(y, Rk F°)
YET pr
in K1 (A[[G']]s) and
\I]A[[G]](MFOQ/F,v('TaRk*-‘]:.)): H MFOO/F’,'yT(yaRk*f;’-‘}-.)
YET pr
in K; (A[[G']])-
4. With the notation of (3), assume that G* is a complex in

PDG™(Up:,A) and consider A[[G]] as a A[[G]]-A[[G']]-bimodule.
Then

[T Yagen(Lr/r (v, RE.G*)) = L jr(x, Rk frr, G")

YET 1

in Ki(A[[G]]s) and
[T Yaen(Meeyrr (0. REG®)) = My o (2, R frr, G°)

YET pr

in K1 (A[[G]]).
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Proof. Note that the functor ¥ commutes up to weak equivalences with R T,
i*, and Rk, [Wit08, 5.5.7] and apply Proposition 9.4 and Proposition 6.1. Part
(1) and (2) are direct consequences.

For Part (3), we additionally need the same reasoning as in the proof of [Wit14,
Thm. 8.4.(3)] to verify that for any G* in PDG™ (Ups, A)

[1d_5x O RF(yXxj;Rk*g!g*g.)] = [ld_gy O RF(Q,Rk*g!g*f;rg.)] (111)

in K1 (A[[G']]s). Here, g:Up., — Ups denotes the system of coverings induced
by f. This implies the formula for \IIA[[G]](EFm/F(x,Rk*T')). Moreover, we
have a weak equivalence

Uaen RT (@, RELfif* 7°) = RT(zp, Rkagig”™ 0 F°)
in PDG™(A[[G"]]). In particular,
sy ([Wagren R (@, RE A F)]) = T s ([RT(y, Rkwgig™ 20 7°)])

YET pr

from which the formula for W,(qy (./\/lpm/pﬁ(z, Rk*fF')) follows.
For Part (4) we use (11.1) to show

[T Yagen(Lr.r (v, REG®)) =

Ve
= Urepn([id - C RT(2p %o &, Rkagig* "))
- [id-§» C RT(&,REff* frr, 6°)] 7"
=L r(2,REsfr.G*).
On the other hand, we also have a weak equivalence
Uaren RT(zp, REegig*6°) = RT (2, Rk fif* frr, G,
thence the formula for the local modification factors. O

If G is a smooth A-adic sheaf on U and z is a point in U, it makes sense to
consider the element

Lp.r(z,REG™ (1)) e K1 (A[[G]],9)

as an alternative Euler factor, which does not agree with Lr_;r(z,Rk.G) in
general. We shall show below that

Lrr(z,REg™(1))® =[id-F,' CRI(&,Ri'kfif*G)]
and take this as a definition for arbitrary complexes 7* in PDG" (U, A).

DEFINITION 11.5. The dual non-commutative Euler factor of ki F® at z € W is
the element

LY p(z, k) =[id-§,' O RI(&Ri'kAf* F*)]
in Kq1(A[[G]]s)-
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PROPOSITION 11.6. The inverse of the dual non-commutative Euler factor is
a characteristic element for RT(x, Ri‘'ky fif*F*):

ALy, p(x ki F®) = [RT(z,Ri'kifif*7°)]
in Ko(A[[G]],S).

Proof. The complex RT(x,i* Rk, fif*F*) is weakly equivalent to the cone of
the endomorphism

RIU(&, Rk fif* ) o RT(8, Rk fif )

shifted by one. Hence, the result follows from the explicit description of d given
in [Witl4, Thm. A.5]. O

DEFINITION 11.7. For a topological generator v € I', the dual local modification
factor ki F*® at x is the element

MG o (@ k) = LD (2, kT ) sy ([RT (2, Ri'kfif* 7)) 7
We obtain the following transformation properties.

ProrosiTioN 11.8. With k:U — W as above, let A be any adic Zy-algebra and
let F* be a complex in PDG " (U, A).

1. Let A" be another adic Z,-algebra. For any complex P* of A'-A[[G]]-
bimodules which is strictly perfect as complex of A'-modules we have

U praype (L p(@, ki F®)) = L3 p (2, k¥ 5. (F°))
in Ky (A[[G]]s) and
Upiayes (M iy (2.0 F*)) = ME_ e (2, ki 5 (F°))
in K; (A'[[GT])-

2. Let FL|F be an admissible subextension of Fu [F with Galois group G'.
Then

Ve (Lo yp (2.l F*)) = L, yp (2 i F*)

in K1 (A[[G']]s) and
Uatien M pq (2,0 F*)) = M, 5 (2, k0 F)
in K1 (A[[G'T]).
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3. Let F'|F be a finite extension inside Fo[F. Set r = [F' 0 Foye @ F].
Write fp:Up: — U for the corresponding étale covering and xp: for the
fibre in Spec Opr above x. Let G' ¢ G be the Galois group of the admissi-
ble extension Foo [F' and consider A[[G]] as a A[[G']]-A[[G]]-bimodule.
Then

Uaran (L5 e (@ ki F®)) = TT LS o (v k[ F*)

YET pr

in Ki(A[[G']]s) and
Unran(Mijp, (@ ki) = TT ME_ e (v kS5 7°)

in Ky (A[[G']]).-

4. With the notation of (3), assume that G* is a complex in
PDG"(Ur:,A) and consider A[[G]] as a A[[G]]-A[[G"]]-bimodule.
Then

H \pA[[G]](‘C?}‘w/F’(yvk' g.)) = ‘C%‘w/F(za k!fF’* g.)

YET pr

in Ki(A[[G]]s) and
H ‘I’A[[G]](M%m/pwr(y, ky g.)) = M%m/pf,y(%k!fp*f)

YET pr

in K1 (A[[G]]).

Proof. The arguments are the same as in the proof of Prop. 11.4. O

PROPOSITION 11.9.
1. Let G be a smooth A-adic sheaf on U. Then

(Lroyr(2,REG™ (1)) = LT p(z,k1G) =

8. CRTG,i* Af G-I L yp(z, G(-1))" if el
(-3, C RU(&,i* Rkafif*G)]Lp yp (2, REAG) ifreW-U

in K1(A[[G]],S) and
(Mpopq (2, REG™(1))® = MG 5 (2, 71G)
in Ki(A[[G]]).
2. Let G be a A-adic sheaf on x € U. Then
(Lryp(2,106™)® = L3 p(2,1.6)
=[-8 C RU(&, " fif 0. )] L yp(2,icG) ™
in K1 (A[[G]],S) and
(M jpq(2,i0G*))® = MS_ 5 (2,0.G)
in K1 (A[[G]]).
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Proof. We only need to prove the formulas for the non-commutative FEuler
factors, the formulas for the local modification factors then follow from Propo-
sition 0.3.

We begin by proving (1) in the case that 2z €e W - U. By (9.3), combined with
Lemma 7.7 and Lemma 7.4, we have

Lryr(z,icRE.G™ (1)) =
= U ponqpa)p ([id - Fo C RI(E, (i Rk, fif *6) 2060 (1))]7)
= U ooy ([id = Fo G DL((Rkfif*G) 210 (1))]7).

From the Definition 5.5 of ®, Lemma &.1, and again Lemma 7.4, we conclude

(Caorry (lid - §2 O DL((RE. fif*g)™uen(1))] ™) =
= [id _FrAuener DE((Rky fif * G) IS (1))*AlGnor ]
= [id-3," G RI(&,i" Rk fif* )]
=[-8, CRI(E, " Rhfif*6)] " Ly, RELG).
Finally,
[i[d-3;" O RI(&,i" Rk fif ")) = L3 p(2,k1G)

by Lemma 7.8.
The validity of the first equality in (2) follows similarly from Lemma 8.2 and
the exchange formula (8.5):

(Lroyp(,ig™)® = ([[A=Fo C @ fif*ieG)z]™)®

= Ware ([ = §2"" G (@ fif"in g™ )s) auemr])
= Uarep (d = §,' C RI(&, (i fif 'iag™)) 20en])
=[id-§,' G RI(&, R fif*(1.G))* "]
:E?‘m/F(xai*G)

Further, write £: U’ — U for the complement of x in U. Then
RO fif i G2RL N[0T i,G=0

and hence,

Ri'fif*i.G =i* fif*i.G,

from which the second equality in (2) follows.
For the proof of (1) in the case that x € U, we observe that

(Lryp(e, 6™ (1)))® = (Lo (@, RL G (1)) (Lpgyr(z,ic Ri'G™(1)))®
= (Lror(@, RGN (1)) (Lrnyr(2,i(i7G)™))®
= L?iw/F(:c,M*g),C?;m/F(x,i*g)
= L% r(2.6)
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by what we have proved above. For the second equality, we use that by absolute
purity [Mil06, Ch. II, Cor. 1.6], there exists chain of weak equivalences

FAFG(-1) ~Ri'fif*G[2].

12 EULER FACTORS FOR THE CYCLOTOMIC EXTENSION

In the case Foo = Feyc, we can give a different description of Lp_/p(z, RE.F*).
We will undergo the effort to allow arbitrary adic Z,-algebras A as coefficient
rings, but in the end, we will use the results only in the case that A is the
valuation ring in a finite extension of Q. If one restricts to this case, some of
the technical constructions that follow may be skipped.

Let A[t] be the polynomial ring over A in the indeterminate ¢ that is assumed
to commute with the elements of A. In the appendix we define a Waldhausen
category w;P(A[t]): The objects are perfect complexes of A[t]-modules and
cofibrations are injective morphism of complexes such that the cokernel is again
perfect. A weak equivalence is a morphism f: P®* — Q° of perfect complexes
of A[t]-modules such that A ®HA[t] f is a quasi-isomorphism of complexes of
A-modules. Here, A is considered as a A-A[t]-bimodule via the augmentation
map and A ®HI§[ q° denotes the total derived tensor product as functor between
the derived categories.

If A is noetherian, then the subset

Se={f(t) € A[t]| f(0) e A"} c A[t]

is a left and right denominator set, the localisation A[t]g, is semi-local and
A[t] = A[t]s, induces an isomorphism

Ky (wP(A[t])) 2 Ki(Alt]s,)

(Proposition A.1). For commutative adic rings, which are always noetherian
[War93, Cor. 36.35], we may further identify

Ki(A[t]s,) = Alt]s,

via the determinant map. In general, S; is not a left or right denominator set.
We then take
Ky (Aft]s,) = Ky (wP(A[t]))

as a definition.
For any adic Zy-algebra A and any v €I = Z,,, the ring homomorphism

evy: A[t] = A[[T]], - f(8) = F(7).
induces a homomorphism

evy: Ky (At]s,) - Ki(A[[T']]s)
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with Ki(A[[T']]s) as defined in (3.2) (Proposition A.2). In the noetherian
case, the proof boils down to a verification that ev,(S;) c S with S denoting
Venjakob’s canonical Ore set (3.1).

DEFINITION 12.1. For F* = (7)1e5, € PDG" (U, A) we define
L(z,Rk.7°,t) = [id-tF, C P eKi(A[t]s,)
L®(x, k7o, t) = [id - t5," O Q°] ¢ Ki(A[t]s,)
where

P* = A[t]®x lim RI(Z,i* Rk, F*),
<

Tedp

Q"= A[t] & lim RT(&,Ri'ki5°)

Tedp

For any 1 # v €', we write L(z, Rk.F*,v) and L®(x,k F*,v) for the images
of L(x,Rk.¥°,t) and L®(z, k F°,t) under

K1 (A[t]s,) —> Ki(A[[T]]s)-

Since the endomorphism id—tg§,, is canonical, it follows easily from the relations
in the definition of De(W) that L(x,¥°,t) does only depend on the weak
equivalence class of #° and is multiplicative on exact sequences. So, it defines
a homomorphism

L(2,Rk.(-),t):Ko(PDG™(U,A)) - K1 (A[t]s,)-
The same is also true for L®(z, k F°,t).
PROPOSITION 12.2. Let v, € ' be the image of Fx in I'. Then

Lror(@RETF*) = Lz, RE.7*, 701,
L3 p(ekF®) = LO(a, k7 ).
Proof. Since p is invertible on W, the extension Fey./F is unramified over W.
By the smooth base change theorem applied to the étale morphism fr: Wgx —

W for each finite subextension K /F of F.yc/F and the quasi-compact morphism
k:U — W there exists a weak equivalence

f!f*Rk/)x-,‘F. ;Rk*f!f*,‘}—.

in PDG™(W,A). By the proper base change theorem, there exists also an
isomorphism

N kTS 2kifif*r®

Hence, we may assume x e U = W.
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For any finite subextension K/F in Fiyc/F write xx for the set of places of
K lying over z and g:xp, , — x for the corresponding system of Galois covers.
(We note that this system might not be admissible in the sense of [Witl4,
Def. 2.6] for any base field F c k(z): for example if F' = Q and z = (£) with
£ # p splitting in the cyclotomic Z,-extension of Q.) By the proper base change
theorem there exists an isomorphism

AT 2 g9t
From Lemma 7.8 we can then also infer the existence of a weak equivalence
Ri'fif 7 5 gig* Ri'F*.
We will now concentrate on the proof of the equality
L, yr(z, %) = L(z, 7,7, ).

The proof of the equality for the dual Euler factors follows along the same lines,
with §, replaced by §,! and 7, replaced by 7,.

By our choice of the embedding F c F,, we have a compatible system of
morphisms Speck(x) - xx for each K c Fy. and hence, distinguished isomor-
phisms

a:Z[Gal(K|F)] ®z Mz > (9195 M) 2

for the stalk ¢ in & of any étale sheaf M on x. The action of the Frobenius §
on the righthand side corresponds to the operation of -y;' ®F, on the left-hand
side. By compatibility, we may extend « to an isomorphism

o \IJA[[F]] RF(:@,i*f.) = Rr(i,g!g*i*f.)
in PDG ™ (A[[I']]). Hence,
Lr,. r(z, 7)) =[ld=7," ®Fs C Uarry RIO(E, ")

in K;(A[[T']]s). Furthermore, we may choose a strictly perfect complex of
A-modules P* with an endomorphism f and a quasi-isomorphism

B:P* > lim RT(2,G")
Tedp

under which f and §, are compatible up to chain homotopy [Wit08,
Lemma 3.3.2]. The endomorphism

id—tf:Alt] ®a P* - A[t] ® P°

is clearly a weak equivalence in w,P(A[¢]). By [Wit08, Lemma 3.1.6], homo-
topic weak auto-equivalences have the same class in the first K-group. Hence,
we may conclude

[id-tf G Alt]oar P*]" = L(z, Rk, F°,t)
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in Ky (A[t]s,) and

L(z,Rk.F*,7,") = Lr

CyC/F(ZC,Rk*_‘]:.)
in K1 (A[[T]]s)- O

We will make this construction a little more explicit in the case that # is a
A-adic sheaf on U. If z € U, recall from (8.3) that there is a weak equivalence

Fo — RT(2,i* Rk, F)

in PDG®™(A) compatible with the operation of the Frobenius §, on both
sides.
Hence, we have

id—t . 1

L(z,Rk.7,t) = [A[t]®r T2 — A[t] ®4 7] (12.1)

in Ky (A[t]s,) and

Lo (e REF) = [A[[T]) @1 7 2205 A[[T]) @4 7]

in Ky (A[[T']]s). In particular, if A is commutative, then the isomorphism

det

Ki(A[t]s,) — Alt]5,

sends L(z,Rk.F,t) to the inverse of the reverse characteristic polynomial of
the geometric Frobenius operation on ;.

If 7 is smooth in z € U, then by absolute purity [Mil06, Ch. II, Cor. 1.6], there
exists chain of weak equivalences

F(-1)s ~RIO(2,Ri'ki 7)[2].
Hence,

L8 (2, ko 1) = [A[E] ©a F(~1)s 50 A[t] 04 F(~1)s] (12.2)

in Ky (A[t]s,) and

id—y,®F 7
Ly r(@kF) =[A[[T]] @ F(-1)s —— A[[T]] @a 7 (-1)s]
in Ki(A[[I']]s). If ¥ =i.G for some G in PDG“"(x, A), then there exists a
weak equivalence
Gs — RI(&,Ri'kyF).
Hence,

LE (2 b 1) = [A[] ®n Gs 5 Alt] @ G5 (12.3)
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in Ky (A[t]s,) and

£ p(o k) = M) @4 6 2250 A1) @4 G2]

in Ky (A[[I]]s).
If x € W = U, there exists by Lemma 7.4, Lemma 7.7 and Lemma 7.8 a chain
of weak equivalences

D(F) ~RIT(&,i" Rk fif *F) ~RT(&, Ri' ki fof * F)[1]

compatible with the Frobenius operation.
We conclude that for z € W - U,

L(z,Rk.F,t) = [id - tF, C Alt]®a DIUF)] ' [id - tF. C A[t]®a Di(F)],
L®(z, k7 ,t) = [i[d-t3," G Alt]@a DY(F)] 7 [id - t3," O Alt] @ Di(F)]
in Ky (A[t]s,) and

Lr,.r(@REF) =[id-~," ©F, C A[[I]] @ DY(F)]
[id-v,' ®F. C A[[T]]®r Di(F)],

L3 el kF) =lid-v e F,' OA[[N]@A DY)
[id -7 ®F," C A[[T]] @ Di(F)].

Let N be the stalk of ¥ in the geometric point Spec F, viewed as Gal(F,/F,)-
module. If the image of Gal(F,/F2") in the automorphism group of N has

trivial p-Sylow subgroups, then N Gal(Fa/Fy") - DY(#) and the differential of
D3 () is trivial. Our formula then simplifies to

L(z, Rk F,t) = [id - tF, C A[t] ®x NGal@/F;f)]—l
[id - tq,3. C Alt] @x NI T/
L2®(x, k7, t) = [id - tF,' C A[t] ®a NGal(E/F;")]—l
[id -t &, C A[t] @y NOIF=/F)

where ¢, is the order of the residue field k(z). In particular, this is the case if
N is unramified in z.

Conversely, assume that the differential of D3 (F) is an isomorphism. Since the
operation of §, commutes with the differential, we then have

L(z,RE.F,t) = L®(x, by F,t) = 1.

If A = O¢ is the valuation ring of a finite field extension C of Q,, then we
may replace C ®p, N by its semi-simplification (C®o, N)* as a Gal(F,/F,)-
module and obtain a corresponding decomposition (C' ®o, D35(F))* of the
complex D3 (). Note that

(C®OC N)ss _ ((C ®0, N)SS)Gal(fm/F;“) oV
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with VGal(Fa/F) = 0. In particular, on each simple part of (C'®p. D35(F))%,
the differential is either trivial or an isomorphism. We conclude
det L(z, Rk, F,t) = det(id - t§» C ((C @0, N)=)Ca1(F=/F"))-1
det(id - 14,32 O ((C ®0, N)*)GIT=/T),
det L®(z, ki, t) = det(id - t§;" & ((C ®o,, N)*=)CMF/F)y-1
det(id - t;'§," G ((C ®0, N)*)WT=10),

(12.4)

in the units (C[t];))* of the localisation of C[t] at the prime ideal ().

We can also give more explicit formulas for the local modification factors. We
will not make use of the following calculations in any other part of the text.
Let M be one of the finitely generated and projective A-modules %z, F(-1)z,
DY(F), Di(F). Then M comes equipped with a continuous action of the Galois
group Gal(k(x)/k(x)). Let k(x)cyc denote the unique Z,-extension of k(x) and
let r be the index of the image of I := Gal(k(x)cyc/k(z)) in T’ = Gal(Feye/F).
Fix a topological generator v eI

Clearly,

[id-7,' ®F. O A[[T]] @ M] = ¥apry(fid-v,"' ©F. G A[[I']] ®x M])
in K1 (A[[T]]s), while
W aqrry)(sy ([coker(id = v, " @ §o G A[[IV]] @4 M)])) =

s (Warryy ([coker(id -7, © F, C A[[T"]] @4 M)]))
= sy ([coker(id - ;' ® §o C A[[T']] ®x M)])

by Proposition 6.1. Hence, it suffices to consider the case that x does not split
in Feye/F. So, we assume from now on that r = 1.

The image of Gal(k(z)/k(x)cyc) in the automorphism group of M is a finite
commutative group A of order d prime to p. Write

1
€A::EZ(S

deA

for the corresponding idempotent in the endomorphism ring. We thus obtain
a canonical decomposition
M=M oM’

of M with M":=eaM and M" = (id - ea) M.
Since
(id-9)(id-ea)m = (id - 0)m
for every § € A and every m € M, the action of A on M" is faithful. Since

d is prime to p, the action of A on M"[Jac(A)M" is still faithful. Indeed,
the kernel K of id — 6 & M"” is a direct summand of M” with K = M".
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The Nakayama lemma then implies K/Jac(A)K # M"/Jac(A)M" such that
0 G M"]Jac(A)M" cannot be the identity.

Note that K is trivial if § is a generator of A. In this case, id -0 C
M"[Jac(A)M" must be an automorphism. We may apply this to a suitable
p"-th power of §, to infer that id - F. G M"/Jac(A)M" is an automor-
phism. By the Nakayama lemma for A[[T']] we conclude that the endomor-
phism id - 7;! ® F. of A[[T']] ®x M" is also an automorphism.

The A-module M’ can be seen as A[[T']]-module with v, acting as F, and by
Example 6.2 we have

[id-7z'®F. C Al[M]]@aM"] = s, ([coker(id-7;' ®F. C A[[]]@a M)~

We conclude that

[id-7;' %, G A[[T]] @x Mls, ([coker(id -7, ®F, G A[[T]] @4 M)]) =
[id-7,' ©F, G A[[T]]@a M"]-2 ([coker(id-;' ©F, C A[[T]]@a M')]).

Yo
In particular, if 2 € U and H”(Spec k(2)eye,i* F) = 0, then

M,

c

yC/F,'y(xaRk*-r]:) = £F

c

yc/F(.’I],Rk/’*f}—).
If 2 € U, H(Spec k() eye,i* F) = F» and 7 = 7, then

M,

c

yc/F,W(‘T’Rk:*-r]:) =1.

The same considerations apply to the dual local modification factors.

Remark 12.3. Let VO denote the set of closed points of V. Note that the infinite
product

H MFcyc/Fv'Y(:r7Rk*"7—)

zeV o
does not converge in the compact topology of Kj(A[[T']]). Indeed, by the
Chebotarev density theorem, we may find for each non-trivial finite subexten-
sions F'/F of Fgy/F an infinite subset S c U of closed points such that the
elements

Mepyepy (2, REF) € Ki(A[[T]])

for 2 € S have a common non-trivial image in Ky (A/Jac(A)[[Gal(F'/F)]]).

13 ARTIN REPRESENTATIONS

Let O¢ be the valuation ring of a finite extension field C' of Q, inside the fixed
algebraic closure Q, and assume as before that I' = Z,,. The augmentation map
©:Oc[[T']] = O¢ extends to a map

7K1 (Oc[[T]]s) <= Oc[[T]]5 - P(C).
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Indeed, let < € Oc[[T']]§. Since O¢[[I']] is a unique factorisation domain and
the augmentation ideal is a principal prime ideal, we may assume that not
both a and s are contained in the augmentation ideal. Hence, we obtain a
well-defined element

o(2) = [e(@) 1 ¢(5)] € P1(C) = Cu o0},

with [z : y] denoting the standard projective coordinates of P'(C). Note
that this map agrees with ¢’ in [Kak13, §2.4]. We further note that deta® =
((deta)!)™! for any a € K1(Oc[[T']]s). Since §:O0c[[I']]s = Oc[[T']]s maps
veT to~y~! and is given by the identity on O¢, we conclude that

p(a®) = p(a)™. (13.1)
Finally, note that the diagram

t

K1 (Oc[t]s,) —— (C[t]))*
lm l%»[f(l):g(l)]
K1(Oc[[I]]s) —P'(C)

commutes for any choice of v € I' with v # 1. On the right downward pointing
map, 5 denotes a reduced fraction.

From now on, we let I’ denote a totally real number field. Consider an Artin
representation p:Galp — Glg(O¢) (i.e. with open kernel) over Oc. We will
write

p:Galp - Gly(O¢), grplg™)

for the dual representation. Assume for simplicity that p is unramified over U:
For each x € U, the restriction p I, F, /ey Of p to Gal(Fy/F}") is trivial.
Then p corresponds to the smooth O¢-adic sheaf M (p) on U ¢ W defined by
(9.1) and therefore, to an object in PDG“" (U, O¢). Analogously, p corre-
sponds to M (p) = M(p)*©c.

We set X = Spec(Or) - W, T := W - U. Since the image of Gal(F,/F,) in
Gla(Oc¢) is finite, the base change of p 'Gal(F,/F,y to C Is automatically a
semi-simple representation of Gal(F,/F,) for any z € X. We let p, denote the
representation of Gal(F;"/F;) obtained from p 17, /F,) by taking invariants

under Gal(F,/F™).
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From (12.1), (12.2), and (12.4) we conclude

P(Lry.r(x,REM(p)(n)))
_ [1:det(1 - p2(Fa)gn™)] ifrel,
[det(1 - pu(Fz)gi™) 1 det(1 - pa(Fr)g,™)] if xeT,
e(LF,,. r (@l (p)(n)))
[l (1 (g < 1] ita ey,
[det(l_ﬁx(gz)qg_l) :det(l_ﬁx(gz)qg)] ifzeT,

(13.2)

where ¢, denotes the number of elements of the residue field k(z). Classically,
one often demands that p is also unramified over T'. Therefore, we stress that
the above considerations hold even if this is not the case. Note that det(1 -
p2(F2)q;™) = 0 if and only if n = 0 and p, contains the trivial representation
as a subrepresentation.

For any open dense subscheme V of X, we write V' for the set of closed points
of V. Let a:@p — C be an embedding of @p into the complex numbers. We
can then associate to the complex Artin representation « o p the classical Y-
truncated T-modified Artin L-function with the product formula

ovet 1 det(1— a0 pa(Fa)ay )
L 0p,8) = [] det(1-aopu(Fa)g;®) " -
s r(aop,s) zgo et(l - o p,(F:)q,”) };IF det(1- oo pa(B2)aa®)

for Res > 1. Note that we follow the geometric convention of using the geo-
metric Frobenius in the definition of the Artin L-function as in [CL73]. With
this convention, we have

Lyr(aopn)= [] a(e(Lr, /r(z,REM(p)(n))))
zeW?O

= [ ale(L%, jp(z ki (p)(1-n)))™"
zeW?o

forallmeZ, n>1.
By [CL73, Cor 1.4] there exists for each n € Z, n < 0 a well defined number
Ly t(p,n) € C such that

a(Lzr(p,n)) = Ler(acp,n) eC

Consequently,

Ly (pn)=Ler(pn) [ e(Lr,r(z,REM(p)(n))) ™"

xeX'UT/ -3uT

if ¥ ¢ ¥ and T ¢ T' with disjoint subsets ¥’ and T’ of X = Spec OF such that
p is unramified over X — ¥’ — T” and all the primes over p are contained in Y'.
Let kp:Galp — Z; denote the cyclotomic character such that

o(Q) = ¢
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for every o € Galp and ( € pip~. Further, we write wp: Galp — -1 for the Te-
ichmiiller character, i.e. the composition of kp with the projection Z; — p1,-1.
Finally, we set ep = kpw™ ' and note that ep factors through I' = Gal(FCyC/F).
Assume that p factors through the Galois group of a totally real field extension
of F. Then M(p) is smooth at co. Assume further that U = W, such that T
is empty. Under Conjecture 9.5 it follows from [Gre83] and from the validity
of the classical main conjecture that for every integer n there exist unique
elements

L.y r(U,M(pwE)(1-n)) e Ki(Oc[[T]]s)
such that

Doy (Lpyoyp(U, M(pwi)(1-n))) = Lp,.r (U, M(p)(1)),

. . : (13.3)
(Lo r(U,M(pwi)(1-n))) = Lyg(pwp,1-n) ifn>1.

with ®en as defined in Example 3.17. Beware that Greenberg uses the arith-
metic convention for L-functions.

DEFINITION 13.1. Let v € I' be a topological generator. We define the global
modification factor for M (pwi)(1) and f:Up,,. — U to be the element

My py (U, M (p)(1)) = L,y r (U, M (p) (1)) sy ([RTe(U, fif*91(p)(1))])

in K1 (Oc[[I]])-

14 NON-COMMUTATIVE L-FUNCTIONS FOR A-ADIC SHEAVES

Throughout this section, we assume the validity of Conjecture 9.5. We recall
the main theorem of [Kakl13].

THEOREM 14.1. Let U c X be a dense open subscheme with complement 3
and assume that p is invertible on U. Assume that Fo|F is a really ad-
missible extension which is unramified over U and that G = Gal(Fw/F) is
a p-adic Lie group. Then there exists unique elements EFOO/F(U, (Zp)u (1)) €

Ko (Z,[[G1]5)/SK (Z,[[G1]) such that

1.
AL yr (U, (Zp)u (1)) = ~[RTe(U, fif* (Zy)u (1)],

2. For any Artin representation p factoring through G
Oy (L (U, (Zp)u (1)) = L,y (U, M (p)(1))

Proof. This is [Kakl3, Thm. 2.11] translated into our notations. Recall that
our ®,,.-n corresponds to ®p.n in the notation of the cited article. Moreover,
Kakde uses the arithmetic convention in the definition of L-values. Further,
note that the p-adic L-function Lr, _/r(U, M(p)(1)) is uniquely determined by

c
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the values p(®en (Lr,,./r(U, M(p)(1)))) forn <Oandn =0 mod p-1. Finally,

Kakde’s complex C(Fw/F') corresponds to RT'c(U, fif*(Z,)u (1)) shifted by 3
and therefore, the images of the two complexes under d differ by a sign, but at
the same time, his definition of d differs by a sign from ours. O

— r—

We will improve this theorem as follows. Let Z := Z be the set of pairs (U, Fu )
such that U c X is a dense open subscheme with p invertible on U and Fu/F
is a really admissible extension unramified over U.

THEOREM 14.2. Let v € I' == Gal(Fiyc/F') be a topological generator. There
exists a unique family of elements

(MFOQ/F,W(U, (ZP)U(l)))(U,Fw)EE
such that

1. Mp_jpy (U (Zp)u (1)) € Ki(Zy[[Gal(Foo/ F)]]),
2. if U cU" with complement 3 and (U, Fs), (U', Fs) € 2, then

MU' (Zp)ur (1)) =
M rA (U (Zp)u (1) [T Me_ ey (2, (Zp) 0 (1)),
TeX
3. if (U, Fw),(U,FL) € E such that F., ¢ Fs is a subfield, then
Yz t1carF/F) ) (ME py (U (Zp)u (1)) = MepA (U, (Zp)u (1)),

4. if (U, Fe) €Z and p:Gal(Fo /F) — Gl1,,(O¢) is an Artin representation,
then

(M /pA (U (Zp)u (1)) = M, r (U, M(p)(1))

with Mg, (U, M(p)(1)) as in Definition 15.1.

Proof. Uniqueness: Assume that myg(U, Fs ), k = 1,2 are two families with the
listed properties. Then
d(Foo) = ma(U, Foo)~'ma (U, Foc)

does not depend on U as a consequence of (2).

Let (U, Fw) € E be any pair such that Fo/F,y. is finite and write f:Up_ - U
for the system of coverings of U associated to Fo/F. Then (4) implies that
the elements

mi(U, Foo)sy(=[RT (U, fif" (Zp)u (1))])
both agree with ENFOO/F(U, (Zp)v (1)) modulo SK;(Z,[[Gal(Fa/F)]]). Hence,

d(Fuo) € SK1(Zy[[Gal(Foo/ F)]]).-
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By Corollary 2.4, we may find a pair (U’, F.)) € = such that F /F,, is finite,
U’ c U, and

Uy, (Gal(Fu )} SK1 (Zp[[Gal(FL [ F)]]) — SK1(Zy[[Gal(Fuo/F)]]) - (14.1)

is the zero map. We conclude from (3) that d(Fs) = 1 for all (U, F) with
Fo/F.yc finite. Now for any really admissible extension Fu/F,

Ky (Zp[[Gal(Foo/F)]]) = lim Ky (Z, [[Gal(Fe, /F)]])

Er

where F., runs through the really admissible subextensions of F.,/F with
F!, | F.yc finite [FK06, Prop. 1.5.3]. We conclude that d(F) =1 in general.
Ezistence: It suffices to construct the elements for (U, Fs) € E with Foo/Feye
finite. Choose (U, F.,) as above such that the map in (14.1) becomes trivial.
Pick any m € K1 (Z,[[Gal(FL /F)]]) such that

ms, (~[RD(U, fif*(Z,)0 (1)]) =
Lpr(U'(Zy)u (1)) mod SKy(Z,[[Gal(FL/F)]])
Define

M jpy (U, (Zp)u (1)) = Vg, ((cai(r/my1(m)  [1 Meospq (2, (Zy)u(1)).
zeU-U’

By Proposition 6.1 and Proposition 11.4 we conclude that
M pr (U, (Zp) (1)) sy (= [RTe(U, fif (Zp)o (D)]) = Ly (U, (Zy) 0 (1))
mod SK1 (Z,[[Gal(Fw/F)]])
and that Mpg_ (U, (Z,)u(1)) satisfies

P, (M. ypy (U, (Zp)u (1)) = My, ry (U, M(p)(1))

for any Artin representation p:Gal(Fo/F) — Gl,(O¢). In particular, the
system

(MFoo/FW(Uv (ZP)U(l)))(Fw,U)eE

satisfies (1) and (4). By construction and again by Proposition 11.4, it is
independent of the choices of (U’, F.,) and m and satisfies (2) and (3). O

COROLLARY 14.3. There exists a unique family of elements

(EFOQ/F(U, (Zp)U(l)))(U,Fw)eE
such that

1. Lpyp(U(Zp)u (1)) € Ki(Zy[[Gal(Foo [ F)]]s),
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2. if (U, Fs) €2 and f:Up, — U denotes the associated system of coverings,
then

dLp ir(U,(Zp)u (1)) = =[RTe(U, Aif* (Zp)u(1))]

3. if U' c U with complement 3> and (U', Fs), (U, Fs) € 2, then

Lpp(U,(Zy)v(1)) = Lpyr(U', (Zp)or (1)) [T Lpeyr(z, (Zp)u (1)),

xed
4. if (U, Fs), (U, FL) € 2 such that F, c Fs is a subfield, then
Yy rtcarL /P (Lrn/p(Us (Zp)u (1)) = Lr e (U, (Zyp)u (1)),

5. if (U, Fs) € E and p:Gal(Fw /F) - Gla(Oc¢) is an Artin representation,
then

@, (Lpyr (U, (Zp)u(1))) = L, r (U, M(p)(1))-

Proof. Fix a topological generator v e I' and set

Lpr (U, (Zp)u(1)) = Mppy (U, (Zp)u (1)) sy (=[RTe (U, fif " (Zp)u (1))])-

If ({(U, Foo)) (U, )= is a second family with the listed properties, then

(U, Foo) sy ([RT (U, if (Zp)u(1))]) = Mp_ypq (U, (Zp)u (1))
by the uniqueness of Mp_/r (U, (Zy)u(1)). O

Let © := Op be the set of triples (U, Fs,A) such that U ¢ X is a dense
open subscheme with p invertible on U, F.,/F is a really admissible extension
unramified over U and A is an adic Z,-algebra.

THEOREM 14.4. Let v € ' == Gal(Feyc/F') be a topological generator. There
exists a unique family of homomorphisms

( M (U, () (1)): )
Ko(PDG*"*(U,A)) —» K1 (A[[Gal(Fw /F)]]) (U, Fao,A)e®
such that

1. for any (U,Fe,Zp) € ©, Mp_jpy(U,(Zp)u(1)) is the element con-
structed in Theorem 1.2,

2. if j:U" - U is an open immersion and (U', Fo,A), (U, Foo,\) € ©, then

M (U, F5(1)) = Mp_jp, (U 5775 (1) [T Mejpy(x, 7°(1)),

xeU-U’

for any F* in PDG">=(U,A).
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3. if (U, Fos,\), (U, FL,\) € © such that F!, c Fy is a subfield, then
Yarcair i (Mea pA (U, F2(1))) = Mpg jry (U, 75(1)),
for any F* in PDG"> (U, A).
4. if (U Foo, A), (U, Foo, A") € © and P* is a complex of N'-A[[Gal(Fw/F)]]-
bimodules, strictly perfect as complex of A'-modules, then
VU prical(Fu/m)])5* (MEL A (U, F2(1))) = M pA (U, W p (F°)(1))
for any F* in PDG"> (U, A).
Proof. Applying (4) to the A/I-A[[G]]-bimodule A/I[[G]] for any open two-

sided ideal I of A and using

Ki(A[[G]]) = 1im Ky (A/I[G])),

Tedp

we conclude that it is sufficient to consider triples (U, Foo, A) € © with A a finite
ring. So, let A be finite. Since Mp_,p (U, 7°(1)) depends only on the class
of F* in Ko(PDG®""* (U, A)), we may assume that #* is a bounded complex
of flat constructible étale sheaves of A-modules. Using (2) we may shrink U
until F° is a complex of locally constant étale sheaves. Hence, there exists a
(U,F.,\) € © such that F./F is a subextension of F_ /F and such that the
restriction of F° to Uk for some finite subextension K /F of F. /F is a complex
of constant sheaves. By (3), we may replace F, by F. . We may then find a
complex of A-Z,[[Gal(Fo/F)]]-bimodules P*, strictly perfect as complex of A
modules and a weak equivalence

Upe fif (Zp)u (1) = F°(1)

[Wit14, Prop. 6.8]. By (4), the only possible definition of Mp_,p~ (U, (1))

1S
M 1pA(U, F° (1)) = VY prcaipn /7)) (Mewjpy (U, (Zy)u (1))

It is then clear that this construction satisfies the given properties. O

THEOREM 14.5. Let v € ' == Gal(Foyc/F) be a topological generator. There
exists a unique family of homomorphisms

(M8 (U3 Ko(PDG (U, A)) > Ky (A[[Gal(Ewe /D)

such that
1. for any (U, Fe,Zp) € O,
MG 1y (U (Zp)v) = (M yry (U (Zp)u(1)))®
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2. if j:U" > U is an open immersion and (U', Fo,\), (U, Fs,A) € ©, then

Moy (U F°) = MGy, (U 57 5°) [IJ_IUIM?L/F,W(LT'),

for any F* in PDG"> (U, A).
3. if (U, Foo,\),(U,FL,\) €O such that F, c Fu is a subfield, then
Y afrcairs /ey (M jp, (U F°(1))) = MG, 1 (U, F°),
for any F* in PDG">= (U, A).
4. if (U Foo, A), (U, Foo, A") € © and P* is a complex of N'-A[[Gal(Fw/F)]]-

bimodules, strictly perfect as complex of A'-modules, then
VU pl[Gal(Fu/F)]]°® (M%,O/FW(Uv F*)) = Mg o (U, ¥p.(F*))

for any F* in PDG"> (U, A).

Moreover, for any (U, Fo,\) € © and any smooth A-adic sheaf F on U, we
have

P py (U F) = (Mpyp (U, F(1)))°.
Proof. We proceed as in Theorem 14.4 and use Lemma 5.7. |

PROPOSITION 14.6. Assume that v,~' are two topological generators of I'. Then

M
Mo (O (1) = ZH(REU AL 7 (1))
o/ Fy! g
M@ 7y-1
BBy (g, g0y = 2O ([RI(U, £ 7))
Foo/F1’Y, 877

for any (U, Fo,\) € © and any F* in PDG">=(U, A).

Proof. By definition, these identities hold for the local modification factors and
by Corollary 14.3 and Proposition 6.3 they hold for #° = (Z,)y. Hence,

L] S * L] L]
M rH(U,F°(1)) = ﬁ([RFc(U, A DMEeLpq (U, 7°(1))
¥
ME_ (U, 7%) = S22 ([RTU, A FODME, e (U, )
Foo [Fy A0 Syt [ Fo[Fy' N0
by the uniqueness assertion in Theorem 4.4 and Theorem 14.5. O

THEOREM 14.7. Let F'/F be a finite extension of totally real fields. Set r =
[F''n Foye : F) and let v € Gal(Feyce/F') be a topological generator. Assume
that (U, Foo,A) € O with F' ¢ Fu and write fp:Up — U for the associated
covering. Then
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1. for every F* in PDG®" (U, A),

M 1pr A (Upr, [ 52 (1)) = Warcal(Fu/m) 1M e jry (U, 7°(1)),
MG (Upr f50 F°) = A 1Gal (P M 1, (UL )5

2. for every G* in PDG > (Up:, A),

M. pA U, frr.G° (1)) = Vagcaipe /p M e e (Urr, 6°(1)),
MG rA (U fFG°) = Uaqcairn pyiME o (UFr, G°).

Proof. We prove the identities for the global modification factors; the proof for
the global dual modification factors is the same.

We first note that for any complex P* of A’-A[[Gal(Fs/F)]]-bimodules,
strictly perfect as complex of A’-modules, there exists an obvious isomorphism
of complexes of A'[[Gal(Fw/F")]]-A[[Gal(Fw/F)]]-bimodules

112

A'[[Gal(Foo/F)]] @ nrf[Gal(ro ) PLLGAI(Fo/ F)]1%°
P[[Gal(Foo/F’)]]5' ®A[[Cal(Fo/Fy]] A[Gal(Foo /F)]].

Hence,

YA ([Gal(Fm/F)]]© Y P[[GaI(Fa /) 11* = Y P[[GaI(Fa/F)110* O Y A[[Gal(Fu/ )] (14:2)

as homomorphisms from K;(A[[Gal(Fs/F)]]) to Ki(A'[[Gal(Fw/F")]]).
Likewise, for a complex Q° of A’-A[[Gal(Fs/F")]]-bimodules, strictly perfect
as complex of A’-modules, we have an equality

Yaicalre/m)) © YarGalre/p11 = Yol[Gal(Fe/m)])* © ‘I’A[[Gal(FOQ/F%]L-L )
14.3
in Hom (K (A[[Gal(Fo/F")]]), K1 (M[[Gal(Fe /F)]])).
In particular, we may reduce to the case of finite Z,-algebras A by choosing P*® =
A = Q* with the trivial action of Gal(Fw/F') and Gal(Fs/F"), respectively. By
Proposition 11.4.(4) we may then shrink U until #° and G* may be assumed
to be strictly perfect complexes of locally constant étale sheaves. Using the
identities (14.2) and (14.3) again, we may reduce to the case A = Z, and
F* = (Zp)v, G* = (Zp)y,,- We may then further reduce to the case that
Fo/F/,. is a finite extension.

SettingyC
= MFDQ/F’,'W(UF”f]::'(Zp)UFr(l)) c 2 /
= Varrcal(Fu/mIM e ry (U, (Zyp)u (1)) Ky (Al[Gal(F/FD1D).
q, o MFOQ/F,')/(U;fF’x—(ZZD)Up/(l)) EKl(A[[Gal(FoO/F)]]),

VarrGal(Fu /) IM P prar (Upr, (Zyp)u (1))

it suffices to show that ¢ =1 and ¢’ = 1.
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Let g:Up., — Ups denote the restriction of f:Up_ — U. Write
M = Zp[Gal(Fw/F')\Gal(Fw/F)]

for the Z,-Z,[[Gal(Fo/F)]]-bimodule freely generated as Z,-module by the
right cosets Gal(Fw/F)o for o € Gal(Fw/F) and on which 7 € Gal(Fw/F)
operates by right multiplication. From Proposition 9.4 we conclude

Vz, (1Gal(Fu/F) ) R (U, fif " (Zp)u (1)) ~ RU(U, frr 919" fr (Zp) (1))
~RT(Ur, 919" (Zp)v,., (1)),
Uy t1Ga(Fu/F) ) R(Ur, 919" (Zp) v, (1))
~ Uy r1Gal(Fu/F)]] R (U, frr. 019" (Zp) v, (1))
~RT(U, fif* fr(Zp)u,, (1))
~ U ortcal(Fu/m)]e RE(U, fif (Zy)u(1)).

Additionally, we note that

M jpy (U, [Fr o (Zp)u (1)) = Y arical(Fu /7)) MEw iy (U, (Zp) o (1))

by Theorem 14.4.
From this and from Proposition 6.1, we conclude

‘- Lp.r(Ur, (Zp)u,, (1))
U A[[Gal(Fu /P L r (U, (Zy)u (1))
» YangeaFa )9 Lra p (U, (Zp)u (1))

U A([Gal(Fu/F) ] L p (Urr, (Zy)u (1))

Let C'/Q, be a finite field extension and

p":Gal(Foo/F') — Gla(Oc)
p:Gal(Fo /F') — Gla(Oc)

be Artin representations. Write

(pF:OC[[Gal(FCyC/F)]] - OC
or:Oc[[Gal(FL,./JF)]] - Oc

yc
for the augmentation maps. We denote by Indg, p' and Resgl p the induced an
restricted representations, respectively.
Then for every n € Z

Prro ‘I)p'e;z, o lI/Zp[[Gal(Fm/F)]] =@Fo (I)Ind£, plen, = PF° ‘I’e;; Indf, p/
as maps from Ki(Z,[[Gal(Fu/F)]]s) to P}(C) and

$Yr ° q)peg ° \pr[[Gal(Fm/F)]] =YFro q)Res? per. =@Fr o (I)e:,, ResE' p

DOCUMENTA MATHEMATICA 24 (2019) 1413-1511



1490 MALTE WITTE

as maps from Kj(Z,[[Gal(Fw/F')]]s) to P}(C). From (13.3) and the trans-
formation properties of the complex Artin L-functions with respect to inflation
and restriction we conclude that for n < -1 and X=X -U
prr 0 Ppen (VarGal(Fu /PN LFur (U, (Zp)u(1))) =
=Ly g(wp" Indg, p1+n)
=Ly, g(p'wp!, 1+n)
= o pen (L yr/(Urr, (Zp)u,., (1)),
oF 0 Ppen (Var[qal(Fu/P)1 LR p Uk, (Zy)u,, (1)) =
=Ly, o(wp Resﬁ:’ p,1+mn)
=Ly g(wp" Indl{zl Resﬁ:’ pyl+n)
=YF° (I)E;;Ind?' Resﬁ’p(ﬂFw/F(Ua (Z;D)U(l))))
= or 0 Ppen (Vrrrcal(ru /)11 Lruyr (U, (Zp)u (1))).

From [Burl5, Lemma 3.4] we conclude that ®,(q) =1 in K;(O¢[[T']]) and
thus pr (®,(q)) =1 in C for every Artin representation p’ of Gal(Fe/F"). In
particular, with K running through the finite Galois extension fields of F' in
Fo, the images of ¢ in the groups K; (Q,[Gal(K/F')]) are trivial. This implies

¢ € SK1(Z,[[Gal(Foo /F")]]).

Using Corollary 2.4 we find a suitable admissible extension Le,/F unramified
over U’ c U such that

U7, [[Gal(Fu /)11 SK1 (Zp[[Gal(Loo/F")]]) — SK1(Z,[[Gal(Feo / F')]])

is the zero map. As

v ( MLOQ/F’,WT(U}"’f}«t’(ZP)U},,(l)) )
q Zp[[Gal(Feo /F")]] \IIA[[Gal(LOQ/F)]]MLOO/F,w(U’7(Zp)U'(l)) >

we conclude ¢ = 1. The proof that ¢’ = 1 follows the same pattern. O

DEFINITION 14.8. Let F' be a totally real field, k:U — W be an open immersion
of open dense subschemes of X = Spec Op such that p is invertible on W, and
A be an adic Z,-algebra. Fix a topological generator vy € Gal(F¢yc/F'). For any
F* in PDG™* (U, A), and any really admissible extension Fo/F unramified
over U, we set

Mp iy (W, REF* (1)) = Mp_r~ (U, 7°(1))
[T Mpjp (@, REfFF°(1)),

zeW-U

M (W RE ") = My (U T.LQ_U/\/I%/F,W(SC,k!f!f*T)
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in Ky (A[[Gal(Fw/F)]]) and

ﬁFOO/F(VV,Rk*,'T.(l)) = MFOQ/FN(VV,Rk*,'T.(l))
5 (~[RT(W, Rk, fif *F°(1))]),
LE pWkF*) = MG o (W F)s, - ([RT(W, ki fif*F°)])

in Ky (A[[Gal(Foo/ F)]]s)-

Note that we do not assume that Fo, /F is unramified over W. If it is unramified
over W, then

RFC(W;Rk*f'f*.'T.(l)) = RFC(Wa f!f*Rk*,'T.(l))v
RI(W ki fif*#°) =RT(W, fif "k F*)

and the two possible definitions of the elements Mp_ p~(W,RE.F°(1))
and M?L/F,»Y(W’ kyF®) agree. Moreover, by Proposition 14.6,
Lp_p(W,RE,F*(1)) and E%m/F(W/, kiF°) do not depend on the choice
of ~.

In the following corollary, we compile a list of the transformation properties of

Lp p(W,RE.F°(1)) and £?;m/F(W, by F*).

COROLLARY 14.9. Let F be a totally real field, k:U — W be an open immersion
of open dense subschemes of X = Spec O such that p is invertible on W, and
A be an adic Zy-algebra. Fiz a F* in PDG"*(U, A), and a really admissible
extension Feo|F unramified over U.

1. Write f:Up_ — U for the system of coverings associated to Foo[F. Then
dLp ;p(W,RE.7°(1)) = -[RT (W, REAf77°(1))],
AL jp(W ki F*) = [RD(W, ki fif " F°)]
2. If G* and F* are weakly equivalent in PDG (U, A), then
Lr r(W.REF*(1)) = Lr/r(W,RE.G*(1)),

L3 pWokF*) = L3 p(WokiG*).

8. If0 = F'° - F* - F"° - 0 is an exact sequence in PDG "> (U, A),
then

Lpr(WRkF* (1)) = L p(W,REF" (1)) L (W, Rk F (1)),
L e WikiF®) =L p(WokiF" ) LG o (W ok F").
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4. If W' is an open dense subscheme of X on which p is invertible and
KW — W' is an open immersion, then

Lrr(W R(E'k)F* (1)) =Lpyr (W, Rk, F°(1))
H EFOQ/F('TaR(k,k)*T.(l)))

xeW’'-W
L8 (W (K knT*) =LS_p (Wl F*)

[T 2% (@ (KE)F®).
weWi-W

5. Ifiix - U is a closed point, then

Lpyr(W,RE,i.i"7°(1)) = Lpyr (2, 7°(1)),

LY p(Woki Ri'F®) = LS (2, 7).

6. If FL |F is a really admissible subextension of Fo [F, then
Varca(rL /) (Lrep(W,REF (1)) = Li (W, RELF°(1)),
U aiGai(r /o) (Lo p (W ki F®)) = L3 (W R F®).

7. If A" is another adic Zy-algebra and P* is a complex of A’-
A[[Gal(Fw/F)]]-bimodules, strictly perfect as complex of A'-modules,
then

VU prical(Fu/m)]p* (Lo p(WREF (1)) = L/ p(W, REV 5. (F°)(1)),
U prrGai(ru/m)]0* (Lo p Wk F)) = LT o (W kW 5 (F7)).

8. If F'/F is a finite extension inside Foo and fp:Up — U the associated
covering, then

Uarcal(Fu/m)))(Lr (W, REF(1))) = Lpjp(We Ry [ F°(1)),
Y apGal(Fu/m (Lo o (W ki F®)) = LT s (W Rt fn F°).

9. With the notation of (8), if G* is in PDG™ (U, A), then

Vartcal(Fu /) (Lrn pr(Wr, RELG (1)) = Lpjp(W, Rk fr . G°(1)),
Yrcal(Fu/ PN (LR o (Wr k1 G)) = LT o (WK1, G°).

10. If F is a smooth A-adic sheaf on U which is smooth at oo, then
Le r(WokF) = (Lrp(W.REF(1)))°.
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11. If C/Qy is a finite field extension and p:Gal(Fo/F) - Gla(Oc¢) is an
Artin representation, then
(I)pe}” (ﬁFw/F(VVaRk* (ZP)U(l))) = £FCyC/F(Wa Rk*M(pw??)(l - n))a
(I)pﬁ}é(‘c?jﬂw/F(WaRk*(Zp)U)) = E?;CYC/F(W,Rk*M(pw}”)(n)),

for any integer n.

12. If C/Q, is a finite field extension and p:Galp - Gly(Oc¢) is an Artin
representation which factors through a totally real field and which is un-
ramified over U, then

P(LEeyesp (W, RE M (pwp)(1 - n))) = Ly, 7(pwp, 1 - n),
P(LE,, . p (WM (pwp")(n))) = Ly p(pwp, 1 -n) ™

with X=X -W, T:=W -U and any integer n > 1.

Proof. Properties (1)—(4) are clear by definition. For Property (5) we notice
that for y e W

Lpp(z,F°(1)) ify=u,
1 else.

Epw/p(y,Rk*i*i*f'(l)) = {

Hence,
Lp p(W Rk i i*F*(1)) = Lpp(U,ii" F(1)) = Lp_p(z, F°(1))

by (4) and by Theorem 14.4.(2). The proof for the dual L-function is analogous.
Properties (6) and (7) follow from Theorem 14.4 or Theorem 14.5 combined
with Proposition 6.1 and either Proposition 11.4 or Proposition 11.8. For Prop-
erties (8) and (9) one applies Theorem 14.7. Property (10) follows from the
last part of Theorem 14.5 combined with Proposition 6.3 and Proposition 11.9.
Property (11) is just a special case of (7) in a different notation.

It remains to prove (12). The first identity is simply the combination of (13.3)
and (13.2). The second identity follows from (13.1), Property (10) and the first
identity. O

15 CM-ADMISSIBLE EXTENSIONS

DEFINITION 15.1. Let F' be a totally real number field and F.,/F an admissible
extension. We call Foo /F CM-admissible if Fi is a CM-field, i.e. it is totally
imaginary and there exists a (unique) involution ¢ € Gal(Fw/F') such that the
fixed field F of ¢ is totally real.

Note that for a CM-admissible extension F,,/F with Galois group

G = Gal(Fo | F),
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the automorphism ¢ is uniquely determined and commutes with every other
field automorphism of F,. As usual, we write

for the corresponding central idempotents.

The extension FX/F is Galois and hence, a really admissible extension. We
set G* = Gal(FY/F). Moreover, we fix as before an immersion k:U — W of
open dense subschemes of X = Spec F' such that F.,/F is unramified over U
and p # 2 is invertible on W. Let

f+ZUF; —>U

denote the restriction of the family of coverings f:Up,, — U to Up:.
If F» contains the p-th roots of unity and hence, the p™-th roots of unity for
all n > 1, the cyclotomic character

rp:Calp > Zy,  gC=¢""9, geGalp,C e ppe

factors through G = Gal(Fw/F). We then obtain for every odd n € Z a ring
isomorphism

A[[GI] = A[IG I < A[[GL], Gage (97, kr(9)" "),

where g* denotes the image of g € G in G*. The projections onto the two
components corresponds to the decomposition of A[[G]] with respect to e,
and e_.

We will construct the corresponding decomposition of A(A[[G]]), where

A ¢ {PDG*™, wy PDG", PDG*""" "}

Write A(x'%)! for the A-A[[G]]-bimodule A with g € G acting by x%(g~!) from
the right and A(x7:)#[[G]]° for the A[[G]]-A[[G]]-bimodule A[[G]]®a A1)
with the diagonal right action of G. According to Example 3.15, we obtain
Waldhausen exact functors

U agenyirrene: AA[[G]]) - AA[[G]]).

Moreover, considering A[[G*]] as a A[[G"]]-A[[G]]-bimodule or as a A[[G]]-
A[[G™]]-bimodule, we obtain Waldhausen exact functors

Uarep AAG]]) =~ AAGTI]),  Yagep AAGT]]) = AA[IGTD.
Note there exists isomorphisms of A[[G]]-A[[G]]-bimodules

A[[G* 1] ®ariep AIGT]]
ARG @aqiey e+ ALIGT] ®aran A [G]]°

e+ A[[G]]
e-A[[G]]

112

112
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for every odd n € Z such that the composition

Uarray o Yage AAL[G]]) ~ AA[[G]])

is just the projection onto the e,-component, whereas the projection onto the
e_-component may be written as

YA HIEN @ anAle 110V ALG Jeagan At e AMG]]) = ACA[[GT)).

We further note that
Uagenyrrrene (LFFT) 2 fif 75 (n).

If A’ is another adic Z,-algebra and P* is a complex of A’-A[[G]]-bimodules,
strictly perfect as complex of A’-modules, we set

Pt =P%,,  P":=P. (15.1)

such that ¢ acts trivially on P{ and by -1 on P*. Both are again complex of A’-
A[[G]]-bimodules and strictly perfect as complex of A’-modules. In particular,
we have an isomorphism of complexes of A'[[G]]-A[[G]]-bimodules

P[[G])°" = P,[[G])"" @ P_[[G]]°".

Beware that P,[[G]]°" differs from P[[G]]°"e,. The element ¢ acts as ¢ ® id
on the first complex and trivially on the second. In fact, we have

PG e, = e, P[[G]], PG e = e P[[G]),

PG e =e PG, PG e = e, P[[C])".
Moreover, the Waldhausen exact functors

PDG"(U,A) - PDG*™(U,A"),  F*~ Upe(F°),
PDG"(U,A) > PDG"(U,A"),  F*w U5+ (F°)(1)

map complexes in PDG " (U, A) to complexes in PDG""> (U, A").
Throughout the rest of this section, we assume the validity of Conjecture 9.5.

COROLLARY 15.2. Assume that Foo [ F is any CM-admissible extension unram-
ified over U. For any F* in PDG™*(U,A), the complexes

e+ RUc(W, Rk fif*7°(1)), e-RT(W, Rk fif*F*),
et RE(W ki fif* F°), e RIT(W, ki fif*7°(1))

are in PDG""" (A[[G]]).
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Proof. Without loss of generality, we may enlarge F, by adjoining the p-th
roots of unity. The claim of the corollary is then an immediate consequence of
Theorem 10.1 applied to

Ve (RTe(W,REAif* F°(1))) ~ RE(W, RE(f ) (f7) (1)),
Uaef(RT(W ki fif 7)) ~ RE(W ke (f 0 (f7)"F°),
Yare oagenAtemiie])s RE(W, Rk fi f*F%)) ~
REC(W,RE(f")(f7) F°(1)),
Y arie Nongenatesya)) (REW ki fif*#°(1))) ~ RE(W, ki (f* ) (f7)"F°)
|

Assume that Fo,/F is CM-admissible and that Fi., contains the p-th roots of
unity. For any 7* in PDG"* (U, A), we set
Lpp(W,RE.F*(1)) = Varie)(Lryyr(W, Rk F°(1))),
L3 p(WokF®) = Uara) (Lo jp (W, ki F®)),
P/ FWREF®) = Wy (-1 @nonalicr ) (Lrsr (W R EF1(1))),
E?;/F(W i F (1)) = A yicengenalic ) (Los (W ki F*))

in K1 (A[[G]]s). We extend this definition to CM-admissible subextensions
F! /F with F! not containing the p-th roots of unity by taking the image of
the elements under

Urcai e py) Ki(A[[G]]s) = Ki(A[[Gal(FL/F)]]s).
Furthermore, for € € {+,-}, z ¢ W and 7* in PDG™ (U, A) we set
Ly r(@,REF®) =V aran(Lror(z, REF®)),
ﬁ?‘z/p(za k!f.) = \peEA[[G]](‘C%‘OO/F(za k‘f.))

We will write —¢ € {+, -} for the opposite sign.

Assume that C/Q),, is a finite field extension and p: Galp - Gl4(Oc¢) is an Artin
representation unramified over U. If p(o) = —id for every complex conjugation
o € Galp, then p factors through a CM-extension of F. In particular, M (pw")
is smooth on U and at oo and we may define elements

LryepWREM (pw)(-n)), LT, p(W M (pwi)(1-n))  (15.2)
by identifying M (pw)(-n) with M (pwr'wi ) (1 - (n+1)). In particular,
P(LEeyesp (W, RE M (pwp)(=n))) = Ly m(pwE, —n),

P(L,. (W kM (pwp) (1= 1)) = Ly (pwy, —n) ™
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with ¥ = X - W, T =W - U and any integer n > 0. If p is any Artin repre-
sentation that factors through a CM-extension, then we can decompose it as
n (15.1) into two subrepresentations p, and p_ such that

p+(0) =1d, p—(o) =-id
for all complex conjugations o € Galp.

COROLLARY 15.3. Let F be a totally real field, k:U — W be an open immersion
of open dense subschemes of X = Spec O such that p is invertible on W, and
A be an adic Z,-algebra. Fiz a F* in PDG" (U, A), and a CM-admissible
extension Foo | F unramified over U. If € = +, we choose n to be an even integer.
We choose n to be odd if € = —.

1. Write f:Up_ — U for the system of coverings associated to Foo[F. Then

ALy p(W.REF*(1+n)) = -[e:RT(W, Rk, fif " 7°(1+n))],
ALY p (W ki F* () = [e- RD(W, ki fif *F°(n))]

2. If G* and T* are weakly equivalent in PDG (U, A), then

o r W R K F* (14 0)) = L5 (W R KL G (1+)),
£22 (W T (n)) = £3°, L (WokG" (n)).

3. If0 - F'° > F* - F"° - 0 is an exact sequence in PDG"> (U, A),
then
L5 jp(WREF*(1+n)) = L5 jp(W,REF"(1+n))
e /F(WRk F"(1+n)),

L% (W, k7 (n)) =L, (W, k7' (n)L%

Fu)F W,k F"*(n)).

Foo /F( Fuo /F(

4. If W' is an open dense subscheme of X on which p is invertible and
k"W — W' is an open immersion, then
Ly ypW R(K'E)F*(1+n)) =LE_;p(W.RE.F*(1+n))

H E%w/F(xaR(k,k)*T.(l‘i‘n)),
zeW’'-W

£2F (W (KT (n)) =35 (W, (n)
[T L35G (Kk)Fe(n)).

zeW/-W
5. Ifi:x - U is a closed point, then
o /F(WRk*i*i*f'(l-rn)):EF yp(x, F2(1+n)),
L Wk Ri'F* (n)) = L3 (2, 7% (n)).

Foo/F
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6. If FL|F is a CM-admissible subextension of Fu [F, then

‘I’A[[Gal(F;/F)]](ﬁ;m/F(W REk.F*(1+n)))=L% /F(WaRk*fF.(l +n)),
\pA[[Gal(Fo’o/F)]](E /F(W kiF®(n))) = EF, /F(Wak!f.(”))-

If FLL|F is a really admissible subextension of Fu|F, then

UarrcarL/p)) (Lr p(WREF(1+0))) = Lo jp(W,RE.F°(1+n)),
‘I’A[[Gal(F;o/F)]](‘C?;:/F(VVa kiF*(n))) = L3 p (W ki F*(n)),
UarrcarrL/p(Lpn p (W, REF* (1 +0))) =1
U sriGaier o) (L p (W R F* (n))) = 1.
7. If A is another adic Zp-algebra and P* is a complex of A'-

A[[Gal(Fw/F)]]-bimodules, strictly perfect as complex of A’-modules,
then

U p,((cal(Fu/F) 0" (Lo yp (W R ELF (14 1)) =
Lo p(W,RE U5 (F°)(1+n)),
Up (cal(Fu/F) ) (L p (W RELF (14 1)) =
Fop (W RE V5 (F°)(1+n)),
U p, [[Gal(Fu/F)] 5'(£F /F(W,k!f'(n))):
L3 (W kW (7°(n))),
Up [[Gal(Fu/F)]] 6'(5F /F(W kiF*(n))) =
Lo [e(W ki Wpe (£°(n))).

8. If F'|F is a finite extension inside Foo such that F' is totally real and
fr:Upr = U is the associated covering, then

U arical(Fu/ P (Lo p (W REF (14 0))) = Lo o (W R fp 7 (1 + 1)),
U aiGal (e /m (LES e (Wi F) (1) = L3700 (W R fio 72 ().

9. With the notation of (8), if G* is in PDG™ (U, A), then

U arical(Fu/ ) (Lo (WE  RE G (1 +0))) = L3 ) p (W, REs frr . G° (1 + 1)),
Y arGal(Fu/ ) (LS o (W ki G (0))) = L3 0 (W, ki frr, G (n)).

10. If F is a smooth A-adic sheaf on U which is smooth at oo, then

LY (W F(n)) = (Lo e (W, REF A (1-1)))%.
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11. If C/Qy is a finite field extension and p:Gal(Fo/F) - Gla(Oc¢) is an

Artin representation, then
(Lo (W Rk ()0 (1+1))) = Ly (WR M () (14 1)),
(L2 (W R (Z)0 (1)) = Ly (W, R kM (p2) (),

Proof. This is an easy consequence of the preceding remarks and Corollary 14.9.
O

16 CALCULATION OF THE COHOMOLOGY

We retain the notation from the previous section. Our objective is to investigate
the cohomology of the complexes

RUC(W. Rk Af (1)), RIW.kifif* ), RI(Zi" Rk fif*F)

for a A-adic sheaf ¥ on U in order to tie the connection to classical objects in
Iwasawa theory.

The following two propositions are direct consequences of Proposition 4.1, The-
orem 10.2, and Corollary 15.2.

PROPOSITION 16.1. Let Foo/F be any admissible extension unramified over U.
Assume that i:x — W is a closed point not lying over p. Then

Ho(2,i* Rk fif*F) 2 im B (g ,0* REGF)
F/
where F' runs through the finite subextensions of Fo |F and Ty, =TXW W

contains the places of Fc'yC lying over x. In particular, o

H(z,i" Rk.fif*F)=0
fors+1ifxelU and for s+ 1,2 ifxe W -U.

PROPOSITION 16.2. Let F be totally real and Fo [F be a CM-admissible ex-
tension unramified over U. Assume that p is invertible on W and that F is
smooth at co. If Conjecture 9.5 is valid, then

e Hy (W, Rk, fif* 7 (1)) 2 lime, H™ (Wgy, Rk, 7 (1))
T
e- He (W, RE. fif #) = lime_ H (W, Rk F)
o
e X (W ki fif 7)) 2 lime, B Wiy ki)
o
e- H*(W,kifif "7 (1)) 2lime- H*™H (W, ki 7 (1))
T
where F' runs through the finite subextensions of Foo/F. In particular, if F is
smooth over U,
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1. e, H(W,RE.fif*F(1)) = ecHX(W,RELfif*F) =0 fors+2if U+ W
and for s+ 2,3 if W =U.

2. e HW ki fif*F) = e H* (W, ki fif*F(1)) =0 for s +2 if U + W or if
U =W and FeoFeye is infinite and for s # 1,2 if U = W and Fo [F is
finite.

In particular, we obtain the following corollary. We will explain in the next
section in what sense this is a generalisation of [GP 15, Thm. 4.6].

COROLLARY 16.3. Let F be totally real and Feo | F be a CM-admissible extension
unramified over U. Assume that p is invertible on W + U and that F is smooth
over U and at co. If Conjecture 9.5 is valid, then
s HE(W. Rk fif (1)), - H{(W.Rk " F),
e B (W ki fif* F), e- H* (W, ki fif* (1))
are finitely generated and projective as A[[H]]-modules. In particular, they

have strictly perfect resolutions of length equal to 1 as A[[G]]-modules. Hence,
we may consider their classes in Ko(A[[G]],S) and obtain

[es HX(W, Rk if *F(1))] = [ex RT(W, Rk fif* 7 (1))],
[e- HZ(W,Rko fif *F)] = [e- RT(W, Rk, fif* )],
I=1
1=1

[e. H*(W, ki fif *#)] = [ex RD(W, ky f1f* )],
[e- H2(W, ki f1f* 7 (1))] = [e- RT(W, Ky fif* 7 (1))].

Proof. We give the argument for X = e, H*(W, ki fif* F); the proof of the other
cases is essentially the same. The A[[G]]-module X is the only non-vanishing
cohomology group of the perfect complex of A[[G]]-modules

Pt=lim e, RD(W ki(fif"#)1).
IeIaren

Since for any simple A[[G]]-module M,

M ®gjiay P* ~ e RD(W, kM @161/ sacarien) (of " F)saecatien)

has no cohomology except in degrees 1 and 2, we conclude that there exists
a strictly perfect complex Q° of A[[G]]-modules concentrated in degrees -1
and 0 and quasi-isomorphic to X. By Corollary 15.2, we know that Q° is also
perfect as complex of A[[H]]-modules. By Lemma 3.4, we conclude that X is
finitely generated and projective as A[[H ]]-module.

We then have

(X]=[Q°] = [es RT(W, ks fif*7)]
in Ko(A[[G]], 5). O
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17 REALISATIONS OF ABSTRACT 1-MOTIVES

As a central result of this section, we want to establish the link with the theory
of abstract 1-motives considered in [GP15].

Assume that F' is any number field and let U ¢ W be two open dense sub-
schemes of X = SpecOp. Write k:U — W for the corresponding open immer-
sion. Fix a closed subscheme structure on the complement T of U in W and
write i: T — W for the closed immersion. For any scheme S we write Gy, g for
the étale sheaf of units on S. Recalling that the stalk of Gy in a geometric
point over a closed point is given by the units of the strict henselisation of the
local ring in this closed point, we see that

GmW g i*GmT-

is a surjection. We define Gy, to be its kernel. Write 7:Spec F' — W for the
generic point and set

Pr =kern.Gmp = 143" (1:Gmp/Guw,)-

In other words, Pt is the subsheaf of 1, G, p of elements congruent to 1 modulo
T. For any subscheme Z of W we let Divy denote the sheaf of divisors on W
with support on Z. Hence, we obtain an exact 9-diagram

0 0 0
0—— GmW,T GmW i*GmT ——0
0 Pr 1Gmp — 10" (NG g /G, 1) — 0
div
00— Divy Divyy Divp 0
0 0 0

The third row is clearly also exact in the category of presheaves on W. More-
over,

Z.*i*(n*GmF/GmW,T)(VV) = @ Fg/uv,nv
veT
where n, is the multiplicity of v in T, F, is the completion of F' at v and
Upn, c F, is the group of units f such that the valuation of 1 - f is larger
or equal to n,. From the weak approximation theorem we conclude that the
second row of the 9-diagram is also exact in the category of presheaves. The
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same is also true for the third column. Hilbert 90 and the Leray spectral
sequence then imply that

H' (W, #r) = HY(W, .G p) = 0.

We conclude that
H (W, Grayy7) = coker Pp(W) 2 Divy, (W)

is the ray class group of W with respect to the modulus T. If K/F is a possibly
infinite algebraic extension of F', it follows from [AGV72a, VII, Cor. 5.8] that

Hl(WK,GmeTK) = coker(iﬂrK(WK) - lim @inK,(WKI))
K'cK
with
lim Divy,, (W) = DT,
K'cK v

where v ranges over the places of K lying over the closed points of U and T,
denotes the value group of the associated, possibly non-discrete valuation.
Assume now that p is invertible on W. We then obtain an exact 9-diagram

0 0 0
0 j!‘LLpn Hpn 'L-*'L-*Mpn —0
0—— GmW,T GmW ’L'*GmT —0
p" p" p"
0—— GmW,T GmW ’L'*GmT —0
0 0 0

and hence, an exact sequence

div
. (p",div) . -p" .
0 = jiupn = Py —— Pr @ Divy —— Divy — 0.

We take global sections on W. Since H'(W,®r) = 0 and since multiplication
by p™ is injective on Divy (W) we obtain
div(f) =p"D,

HY (W, jipipn ) = {f < #r(W) D € Divyy (W)

}/{g”" |gePr(W)}.
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Note that this group does not depend on the subscheme structure of T. So, we
might as well consider it with the reduced scheme structure.

We now assume in addition that F' is totally real and fix a CM-admissible
extension Fu/F such that Fe/Feyc is finite. Passing to the direct limit over
all finite subextensions F'/F of Fi /F, we obtain

Hl(WFw aj!M;D") =

div(f) =p"D, n
AN T PE L

{fe pr, (Wr) (17.1)

Write ¥ for the complement of W in Spec (’)F[%]. The Iwasawa-theoretic 1-
motive associated to (Foo, X g, Tr, ) is the complex of abelian groups

MFDQ

Y Foo 1 TFoo

5
Divs, (Xr.) = H (Xp.,Cumx,_ 1r. ) ®2Z,

sitting in degrees 0 and 1 [GP15, §3.1]. Tts group of p"-torsion points is defined
to be

D e @i’l)ng (XFDQ);
Mg::m Tr. [pn] = (Da C) ce HI(XFooaGmXFOO,TFOO ) ®z ZP? ®z Z/(pn)
6(D)=p"c
HOME L eEZ/(")

and its p-adic Tate module is given by

Foo 1 Foo n
TPMEFOO,TFOO '—@MEFOO,TF& [p"]
n

[GP15, Def. 2.2, Def. 2.3].

Remark 17.1. The complex of abelian groups Mg‘: T, 1s an abstract 1-
motive in the sense of [GP15, Def. 2.1] only if Hl(XFw,GmXFWTFw) ®z Ly
is divisible of finite corank. The proof of [GP15, Lemma 2.8] shows that this
is true if and only if H (Xp_, Gy, Xy ) ®z Zy is divisible of finite corank. By
[NSWO00, Thm. 11.1.8 ] this is equivalent to the Galois group X (Fu) of the
maximal abelian unramified pro-p-extension of Fi,, being a finitely generated
Z,-module. This is true if Xy, (Foo(ftp)) is a finitely generated Z,-module. By
[Was97, Thm 13.24] the latter statement is equivalent to e_ X (Foo (1)) being
finitely generated over Z,,, which is in turn equivalent to the Galois group of the
maximal abelian pro-p-extension unramified outside the primes over p of the
maximal totally real subfield Fuo (1;,)* being finitely generated over Z, [NSWO00,
Cor. 11.4.4]. Hence, Mg‘: T, 18 an abstract 1-motive under Conjecture 9.5.

ProrosITION 17.2. There is a short exact sequence

0> H (X, Gmx, 1 )®2Z)(p") > H (Wi Bipipn ) > M= [p"] = 0.
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In particular, there are isomorphisms
e H' (Wi, ) = e ME= o [,
e H' (Wre ln(Zp)w, (1)) 2 e- Ty ME=

Proof. This follows from (17.1) and [GP 15, Prop. 3.2, Cor. 3.4]. Note that
the proofs of these statements do not make use of the divisibility of the group
H' (X, Guxp T ) ®2 Ly O

Remark 17.3. We refer to [GP17] for related work of Greither and Popescu.

Writing again f:Up_ — U for the system of coverings associated to Foo /F we
conclude from Proposition 16.2:

COROLLARY 17.4. Assume that Fu[F is unramified over U. Under Conjec-
ture 9.5, there are isomorphisms

e B (W ki fof*ppn) 2 e- M5z, [D"],
e- (W ki fif* (Zy)u (1)) 2 e- Ty M5

Tre*

In particular,

AL (Woki(Z)o (1)) = [e- T, ME=_ ]

Fo|F Y Foo T Foo
in Ko(Z,[[Gal(Fu/F)]], 5).

Proof. Combine Proposition 17.2 with Proposition 16.2 and use Corollary 15.3.
O

In particular, [GP15, Thm. 4.6] reduces to the special case ¥ = (Z,)y of Corol-
lary 16.3. Moreover, if Gal(Fs/F') is commutative, we may identify the Fitting
ideal and the characteristic ideal of e_ Tp/\/lg"; 1, over Zp[[Gal(Fu/F)]].

The characteristic ideal may then be viewed as an element of

(Zp[[Gal(Foo | F)]]5)" | Zp[[Gal(Foo [ F)]]" = Ko (Zp[[Gal(Fe [ F)]], 5)-

-1
Under this identification, it corresponds to the class [e, Tp/\/lgj; T ]

Furthermore, the interpolation property (11) in Corollary 15.3 shows that

the element E?;;:/F(W, k\(Zy)u (1))~ agrees with the element e, + G(ZMT) with
Y:=X-W, T:=W-U in the notation of [GP15, Def. 5.16]. In particular,
we recover the version of the equivariant main conjecture formulated in [GP 15,
Thm. 5.6] as a special case of Corollary 17.4.

In the same way, one can also recover its non-commutative generalisation in
[Nic13, Thm. 3.3], which states that Nickel’s non-commutative Fitting invariant

of e. Ty ME= is generated by the reduced norm of ﬁ?‘;:/F,E,T(Ze(l))' By

Y Foo 1 TFoo
the argument before [Nicl3, Conj. 2.1], this is in fact equivalent to Cor. 17.4.
However, Nickel only considers the case that Foo/F is unramified over W.
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With some technical effort, one can further extend Prop. 17.2 and Cor. 17.4 by
allowing U to contain a finite number of points x such that F/F is ramified
over z, but with a ramification index prime to ¢. The interested reader may
consult [Wit17, Ch. 5, Ch. 6] for a detailed exposition, which parallels the
discussion in [Wit13c] on the same phenomenon in the function field case.

APPENDIX: LOCALISATION IN POLYNOMIAL RINGS

Let R be any associative ring with 1 and let R[t] be the polynomial ring
over R in one indeterminate ¢ that commutes with the elements of R. Write
SP(R[t]) and P(R[t]) for the Waldhausen categories of strictly perfect and
perfect complexes of R[t]-modules. Consider R as a R-R[t]-bimodule via the
augmentation map

R[t] - R, t 0.
We then define full subcategories

SP"" (R[t]) = {P* e SP(R[t]) | R®p[s) P* is acyclic},
PU(R[1) =
{P®* e P(R[t])| P°® is quasi-isomorphic to a complex in SP"* (R[t])}.

These categories are in fact Waldhausen subcategories of SP(R[t]) and
P(R[t]), respectively, since they are closed under shifts and extensions [Wit08,
3.1.1]. We can then construct new Waldhausen categories w;SP(R[t]) and
w;P(R[t]) with the same objects, morphisms, and cofibrations as SP(R[t])
and P(R[t]), but with weak equivalences being those morphisms with cone
in SP"*(R[t]) and P**(R[t]), respectively. By the approximation theorem
[TT90, 1.9.1], the inclusion functor w;SP(R[t]) - w,P(R[t]) induces isomor-
phisms
K, (wSP(R[t])) = Ky (w/P(R[t]))

for all n > 0.

It might be reassuring to know that, if R is noetherian, we can identify these
K-groups for n > 1 with the K-groups of a localisation of R[t]: Set

Se={f(t) e R[t][ f(0) e R*}

PROPOSITION A.1. Assume that R is noetherian. Then Sy is a left (and right)
denominator set in the sense of [G'W(0/, Ch. 10] such that the localisation
R[t]s, exists and is noetherian. Its Jacobson radical Jac(R[t]s,) is generated
by the Jacobson radical Jac(R) of R and t. In particular, if R is semi-local,
then so is R[t]s,.

Moreover, the category SP™* (R[t]) consists precisely of those complexes P* in
SP(R[t]) with Si-torsion cohomology. In particular,

Ko, (wSP(R[t])) = K, (R[t]s,)

forn>1.
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Proof. Clearly, the set S; consists of non-zero divisors, such that we only need
to check the Ore condition:

VseSpi:VaeR[t]: 3z € R[t]: Jy € Sp:xs = ya.

Moreover, we may assume that s(0) =y(0) = 1. Write

I
NgE:
&
ok
8
I
018
8
RS

s:l—Zsiti, a y:1+2yiti.

i=1 i=1
and assume that s; = a;-1 = 0 for ¢ > n. Comparing coefficients, we obtain the
recurrence equation

-1 7 7
(*) xT; = Z TjSi—j + Z YjQi—j + a5 = Z yjbi_j + bi
3=0 j=1 j=1

with
i-1

bi = Z bjsi,j +a;.
3=0
Write B; = (bi—p+1,-.-,b;) € R™ with the convention that b; = 0 for ¢ < 0. Then
fori>n .
B;j=DB;1S = By 87"

with
0 Sn
. 1 Sn-1
= 0 - 0
: 1 S1
Since R was assumed to be noetherian, there exists a m >n and y,,...,ym € R
such that

0= Z ijmfj + Bm = Z iji—j + BZ
j=n j=n

for all 4 > m. Hence, we can find a solution (x;,¥;)i=0,1,2... of equation () with
x; =1y; =0 for ¢ >m and y; = 0 for ¢ < n. This shows that S; is indeed a left
denominator set such that R[t]s, exists and is noetherian [GW04, Thm. 10.3,
Cor. 10.16].

Let N c R[t] be the semi-prime ideal of R[t] generated by t and the Jacobson
ideal Jac(R) of R. Then S; is precisely the set of elements of A[t] which are
units modulo N. In particular, the localisation Ng, is a semi-prime ideal of
R[t]s, such that

R[t]s,/Ns, = R[t]/N = R/ Jac(R)

[GWO4, Thm. 10.15, 10.18]. We conclude Jac(R[t]s,) ¢ Ng,. For the other
inclusion it suffices to note that for every s € S; and every n € N, the element
s +n is a unit modulo N.
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The Nakayama lemma implies that for any noetherian ring R with Jacobson
radical Jac(R), a strictly perfect complex of R-modules P°* is acyclic if and
only if R/Jac(R) ®r P°* is acyclic. Hence, if P® is a strictly perfect com-
plex of R[t]-modules, then R ®p[; P* is acyclic if and only if R[t]s, ®r P*
is acyclic. This shows that SP™*(R[t]) consists precisely of those complexes
P* in SP(R[t]) with S;-torsion cohomology. From the localisation theorem in
[WY92] we conclude that the Waldhausen exact functor

wSP(R[t]) » SP(R[t]s,), P~ R[t]s, ®pp P*
induces isomorphisms

K, (R[t]s,) if n>0,

Kn(’IUtSP(R[t])) = {im (Ko(R[t]) N Ko(R[t]St)) if n=0.

O

The set S; fails to be a left denominator set if R = F,((x,y)) is the power
series ring in two non-commuting indeterminates: a(1 — xt) = by has no solu-
tion with a € R[t], b € S;. Note also that a commutative adic ring is always
noetherian [War93, Cor. 36.35]. In this case, S; is the union of the comple-
ments of all maximal ideals of A[¢] containing ¢ and the determinant provides
an isomorphism

det

K (wSP(A[M]) = K (A[]s,) 25 A[1]5,.
For any adic Zy-algebra A and any v €I' 2 Z,, we have a ring homomorphism
evy: A[t] = A[[T]], f(8) = F(7).
inducing homomorphisms K, (A[t]) = K, (A[[T]]).

PROPOSITION A.2. Assume that v # 1. Then the ring homomorphism ev,
induces homomorphisms

v Ko (w P(AL[H]]) = Ko (0 SP(A[E]) > Kn(A[[T]]s)
for all n > 0.
Proof. Tt suffices to show that for any complex P* in SP"*(A[¢]), the complex
Q* = A[[T']] ®p4 P*

is perfect as complex of A-modules. We can check this after factoring out the
Jacobson radical of A [Witl4, Prop. 4.8]. Hence, we may assume that A is
semi-simple, i. e.

=1
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where M,,, (k;) is the algebra of n; x n;~matrices over a finite field k; of charac-
teristic p. By the Morita theorem, the tensor product over A with the []; k;-
A-bimodule

m

[TF"

=1

induces equivalences of categories

=

S
Il
[

SP"*(A[t]) - SP"* ( ki[t]) ;

=

SPY# (A[[T]]) » SPY# (] ] k:[[T]]).

K2

Il
—

with H cT" being the trivial subgroup. Hence, we are reduced to the case

A:

—s

Il
—_

3

In this case, the set S ¢ A[[I']] defined in (3.1) consists of all non-zero divisors
of A[[T']], i.e. all elements with non-trivial image in each component k;[[T']].
Since A[[T']] is commutative, this is trivially a left denominator set. Moreover,
the complex @Q° is perfect as complex of A-modules precisely if its cohomology
groups are S-torsion. On the other hand, as a trivial case of Proposition A.1,
we know that Sy is a left denominator set and that the cohomology groups of
P* are Si-torsion. Since f(0) is a unit in A for each f € S;, the element f(7)
has clearly non-trivial image in each component k;[[I']]. Hence, ev., maps S;
to S and @Q° is indeed perfect as complex of A-modules. O
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