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ABSTRACT. We explore Tate-type conjectures over p-adic fields, es-
pecially a conjecture of Raskind [Ra05] that predicts the surjectivity
of

(NS(X) ®z Q)" — HZ (X, Qp(1))7

if X is smooth and projective over a p-adic field K and has totally
degenerate reduction. Sometimes, this is related to p-adic uniformi-
sation. For abelian varieties, Raskind’s conjecture is equivalent to the
question whether

Hom(A, B) ® Q, — Homg, (V,(A),V,(B))

is surjective if A and B are abeloid varieties over a p-adic field.

Using p-adic Hodge theory and Fontaine’s functors, we reformulate
both problems into questions about the interplay of Q- versus Q,-
structures inside filtered (p, N)-modules. Finally, we disprove all of
these conjectures and questions by showing that they can fail for al-
gebraisable abeloid surfaces, that is, for abelian surfaces with totally
degenerate reduction.
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1880 OLIVER GREGORY AND CHRISTIAN LIEDTKE

1 INTRODUCTION

Let F be a field and let Gp := Gal(F®°P/F) be the Galois group of a separable
closure F®°P of F. If X is a smooth and proper variety over F' and ¢ is a prime
different from the characteristic p of F', then the first Chern class map gives
rise to an injective homomorphism of Qg-vector spaces

c1.0: NS(X) ®z Qp — HZ (X peer, Q(1))°7 . (%)

This is far from being an isomorphism in general. For example, if one takes F'
to be a separably closed field of characteristic p = 0, then the image of ¢; ¢ is
a proper subspace for any smooth and proper variety X with h?(Ox) # 0.

1.1 THE CLASSICAL TATE CONJECTURE

However, the Tate conjecture (for divisors) predicts that () is surjective if F
is finitely generated over its prime field (for example, if F' is a number field or
a finite field), see [Ta65, Ta94]. This conjecture is known to be true if X is
an abelian variety [Fa83, Ta66, Zar75], if X is a hyperkédhler variety and F' is
finitely generated over Q [An96, Tag89], as well as if X is a K3 surface and F is
a finite field [Ch13, KM16, MP15, Mal4, Ny83, NO85]. In [Mo17], it has been
established for surfaces X with h?(Ox) = 1if F is finitely generated over Q and
under the assumption that the Hodge structure on H?(X¢, Q) varies sufficiently
non-trivially in some family. We refer to [To17] for the current state of the Tate
conjecture.

1.2 RASKIND’S p-ADIC TATE CONJECTURE

Suppose now that F' is a number field, choose a prime ideal p € Spec Op and
let F, be the p-adic completion of F'. Let X be a smooth and proper variety
over F. Then a standard argument (see Proposition 2.7) shows that if (x) is
surjective for the completion Xz, at p, then X satisfies the Tate conjecture. It
is therefore a natural idea to study the homomorphism (%) for varieties defined
over p-adic fields (by which we shall mean finite extensions of Q,). Such fields
are not finitely generated over their prime field.

In light of the previous paragraph, let X be a smooth and proper variety
over a p-adic field K. Then it is well-known that one cannot expect (%) to
be surjective without imposing some further conditions on X (see Appendix
A for counter-examples). Nevertheless, Raskind [Ra05] has made a series of
conjectures of Tate-type over such fields. In codimension one, that is, for
divisors, they specialise to the following.

CONJECTURE 1.1 (Raskind). Let K be a p-adic field, let £ = p, and let X be
a smooth and proper variety over K with totally degenerate reduction. Then,
(%) is surjective.
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TATE CONJECTURES AND ABELOID VARIETIES 1881

Of course, one has to specify what one means by totally degenerate reduction:
roughly speaking, Raskind requires that X has a strictly semi-stable model
X — Spec Ok, he asks that the Chow groups of all intersections of all compo-
nents of the special fibre X to be as trivial as possible, and he requires Xy to
be ordinary, see [Ra05, §1], [RX07a, Definition 1], and Section 4.2 for details.

In some sense, Conjecture 1.1 has a long history. We point out that the conjec-
ture is true for varieties that are p-adically uniformisable by Drinfeld’s upper
half space (Proposition 2.5). This is an easy consequence of an observation
of Rapoport and incorporated in work of Ito [It05, Appendix], which relies
on a result of Schneider and Stuhler [SS91]. We also point out that it is a
result of Tate that the conjecture is true when X is the product of two Tate
elliptic curves, as is explained in [Se68, Appendix A.1.4] (see also [RX07b,
Corollary 19]). Moreover, a somewhat related conjecture has been formulated
and established in several cases, such as abelian varieties, by Tankeev [Ta81,
§1,2 and 3] for varieties over function fields over C. Let us also remark that
the restriction on ¢ being equal to p and bad reduction is really necessary (see
Appendix A).

1.3 TRANSLATION INTO A VARIATIONAL LOG-TATE CONJECTURE

Although Raskind’s conjecture superficially looks to have a similar form as the
Tate conjecture, we first show that it is in fact a variational conjecture. More
precisely, using Fontaine’s Dg-functor we identify the conjectural image of (x)
with

HE (X7, Qu(1)% 2 Higyeris(Xo/Ko) PPN =0 N Fil' Hig (X/K),

where K is the maximal unramified extension of @@, contained in K, ¢ and N
denote the Frobenius and monodromy operator on log-crystalline cohomology,
respectively, and Fil® denotes the Hodge filtration. This translates Conjec-
ture 1.1 into a “variational log-Tate conjecture” as follows:

1. By an appropriate log-version of Tate’s conjecture for Xy over k, one
might expect Hy, . (Xo/Ko)?="N=" to be equal to the Q,-span of
classes of invertible sheaves on Xj, see Section 3.

2. Since AX) is totally degenerate, there exists a combinatorial description

of Hl%gfcris(XO/KOL ¢ and N. In fact, this cohomology group and its

operators arise naturally from a Q-vector space; a rational structure in
the sense of Definition 3.4. In particular, one can be fairly explicit about
the Q-span and the Q,-span of classes of invertible sheaves.

3. The intersection with the Hodge filtration Fil'H 2:(X) as a necessary
and sufficient condition to deform invertible sheaves from Xj to X in the
smooth case is a theorem of Berthelot and Ogus [BO83, Theorem 3.8]
(based on ideas of Deligne and Illusie, see [De81, p. 124 b)]), which has
been extended to the semi-stable situation by Yamashita [Yall, Theo-
rem 3.1].
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1882 OLIVER GREGORY AND CHRISTIAN LIEDTKE

Now, the crucial point is that the just-mentioned theorems of Berthelot, Ogus,
and Yamashita deal with the deformation of the Q-span of classes of invertible
sheaves from the special to the generic fibre, whereas Raskind’s conjecture pre-
dicts this to be true even for the Q,-span of classes of invertible sheaves when
Xb is totally degenerate, see Remark 3.9. This translates Conjecture 1.1 into a
question about the interplay and the intersection of certain Q-vector spaces, cer-
tain Qp-vector spaces, and the filtration step Fil' of a filtered (¢, N)-module.
This leads to the notion of such a module being Raskind-admissible (Defini-
tion 3.10) and we obtain the following reformulation of Raskind’s conjecture
for divisors:

THEOREM (Theorem 3.11). Let X be a smooth and proper variety over a p-adic
field K with totally degenerate reduction. Then, the following are equivalent:

1. The homomorphism (%) is surjective for £ = p, that is, Conjecture 1.1 is
true for X.

2. The filtered (¢, N)-module D (HZ (X7, Qp)) is Raskind-admissible with
respect to the rational structure arising from Xp.

One benefit of the reformulation is that it illuminates the known examples
of varieties that satisfy Raskind’s conjecture, and another is that Raskind-
admissibility is a testable property in practice. For example, since (2) is a
statement about filtered (¢, N)-modules, it is tempting to approach Conjec-
ture 1.1 via this statement in semi-linear algebra. In fact, in Section 5.2 we use
this approach to give a simple proof for the product of two Tate elliptic curves.

1.4 ABELIAN AND ABELOID VARIETIES

After seeing that Conjecture 1.1 is actually a variational conjecture about Q-
classes of line bundles on totally degenerate varieties, we turn our attention to
the study of Raskind’s conjecture for abelian varieties. Let A and B be abelian
varieties over a p-adic field K and let ¢ be any prime number (possibly £ = p).
Functoriality gives a natural homomorphism of Z;-modules

Hom(A, B) Rz Ly — HomGK (Tg(A), Tg(B)) R (**)

where the subscript G on the right indicates homomorphisms that are G-
equivariant. This homomorphism is injective and its cokernel is torsion free.
Then a classical Kiinneth argument of Tate [Ta66] relates Conjecture 1.1 to
the following question.

QUESTION 1.2. Let K be a p-adic field, let £ = p, and let A and B be abelian
varieties over K, both of which have totally degenerate reduction. Is it true
that (%*) is surjective?

Raskind and Xarles have established Question 1.2 if both A and B are Tate
elliptic curves [RX07b, Theorem 18]. Moreover, Mumford’s results on p-adic
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uniformisation of abelian varieties with totally degenerate reduction [Mum?72b]
make a positive answer plausible. Just as with Conjecture 1.1, all of the as-
sumptions are necessary. For example, if £ # p and if A and B are elliptic
curves with good reduction, then Lubin and Tate [LT66, §3.5] have given an
example where surjectivity of (xx) fails. For a comprehensive list of counter-
examples where all combinations of assumptions are dropped, see Appendix A.
We also point out in passing that using the Kuga-Satake correspondence [KS67],
Conjecture 1.1 for abelian varieties implies a version of Conjecture 1.1 for pro-
jective hyperkédhler varieties (by adapting the arguments of André [An96] or
Tankeev [Tag89]).

There are several natural candidates for what it means for an abelian variety
over a p-adic field K to have totally degenerate reduction, but they turn out
to be equivalent up to base change by a finite field extension, see Proposition
4.6. It turns out that the point of view of admitting p-adic uniformisation in
the sense of Mumford [Mum72b] is a convenient framework for our studies and
computations. In particular, from Section 4.3 onward, we will be working with
lattices in (G,gn’ x and abelotd varieties, which are rigid analytic varieties over K
that are not necessarily algebraic schemes. We study Question (1.2) in the
enlarged context of abeloid varieties. Along the way prove and make use of
the following results and computations, some of which may be of independent
interest.

1. We describe the abelian groups
Hom (A, B) and Homg,. (Ty(A), Te(B))

for abeloid varieties over a p-adic field K in terms of their lattices (The-
orem 4.7, Proposition 4.11). We note that the description of Hom(A, B)
is essentially due to Gerritzen [Ge70, GeT1], see also [Kad07].

2. We explicitly compute the filtered (y, N)-module Dg;(V,(A)) for an abe-
loid variety A over a p-adic field in terms of a period matrix associated
to a lattice (Theorem 4.12), where V,, denotes the rational Tate mod-
ule. This generalises work of Berger [Be04], Coleman [Co00], Coleman-—
Tovita [CI99], and Le Stum [LeS95]. As an application, we also describe

HOInMF;v(a,w,N (Dst(Vp(A)), Dt (Vi (B)))

in terms of lattices (Proposition 4.16).

3. We introduce an L-invariant for abeloid varieties that generalises the £-
invariant of a Tate elliptic curve. If the abeloid variety is the Jacobian J
of a Mumford curve C, then we show the Coleman-/L-invariant of C' in-
troduced by Besser and de Shalit [BdS16] coincides with our L-invariant
for J (Proposition 4.15).
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1884 OLIVER GREGORY AND CHRISTIAN LIEDTKE

1.5 COUNTER-EXAMPLES

Crucially, just as with Raskind’s conjecture above, these descriptions reformu-
late Question 1.2 into a question about the interplay of certain Q-vector spaces
versus certain Qg-vector spaces, see Section 4.6. Using these computations we
are able to give counter-examples to both Conjecture 1.1 and Question 1.2.

THEOREM (Theorem 6.1). Let p be a prime with p > 5 and p =1 mod 3.

1. There exists a Tate elliptic curve A and an algebraisable abeloid surface
(that is, an abelian surface with totally degenerate reduction) B over Q,
such that (%) is not surjective for £ = p.

2. If X = B with B as in (1), then (%) is not surjective for £ = p.

On the other hand, our reformulation and following computations of
Le Stum [LeS95] and Serre [Se68] allows us to confirm Conjecture 1.1 and
Question 1.2 for abeloid varieties which are isogenous to arbitrary products of
Tate elliptic curves.

PROPOSITION (Proposition 5.3). Let K be a p-adic field and let A and B be
abelian varieties over K, both of which are isogenous to products of Tate elliptic
curves.

1. Conjecture 1.1 is true for A, that is, (%) is surjective for ¢ = p.
2. Question 1.2 is true for A and B, that is, (%*) is surjective for £ = p.

Finally, let us remark that in this article, we study Conjecture 1.1 and Question
1.2 over p-adic fields. Of course, they can also be formulated and studied
over local fields of equicharacteristic p > 0. However, we expect that after
replacing Yamashita’s semi-stable Lefschetz theorem on (1,1) classes [Yall]
with results of Morrow, Lazda, and P&l [Mol4, LP17], one should be able to
set up everything in equicharacteristic p > 0 and then, we expect that counter-
examples similar to those of Theorem 6.1 and Appendix A should disprove
them.

1.6 ORGANISATION

The article is organised as follows:

In Section 2, we establish general reduction steps for Raskind’s conjecture, such
as the behaviour under field extensions, dominant, or birational maps. These
are familiar from the analogous results for the classical Tate conjectures. We
also treat several simple cases and relate Raskind’s conjecture to the classical
Tate conjectures over number fields.

In Section 3 we translate Conjecture 1.1 into semi-linear algebra and filtered
(¢, N)-modules, we introduce the notion of a rational structure, and we show
that Conjecture 1.1 is in fact equivalent to a problem in semi-linear algebra.
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TATE CONJECTURES AND ABELOID VARIETIES 1885

In Section 4, we first establish reduction steps for Question 1.2 similar to those
in Section 2. Then, we reformulate Raskind’s notion of total degeneration for
abelian varieties. As a result, we focus on abeloid varieties: we describe their
homomorphisms, their f-adic Tate modules, and the filtered (p, N)-modules
associated to their p-adic Tate modules.

In Section 5, we do explicit computations with filtered (¢, N)-modules arising
from the product of two Tate curves. This way, we prove Conjecture 1.1 for
these varieties, but we also produce admissible (¢, N)-modules that do not
satisfy a more general version of Conjecture 1.1.

In Section 6, we construct explicit examples that disprove Conjecture 1.1 and
show that Question 1.2 has a negative answer.

In Appendix A, we collect examples which show that Conjecture 1.1 and Ques-
tion 1.2 also have a negative answer if one allows ¢ # p or if one does not
consider totally degenerate reduction. Here, we claim only little originality.
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NOTATIONS AND CONVENTIONS

Throughout the whole article, we fix the following notations

K a p-adic field, that is, a finite field extension of Q,

Ok its ring of integers with maximal ideal mg

k its residue field, that is, Ok /mg

TK a uniformiser of Ok

W (k) the ring of Witt vectors, which we consider as subring of Ok

Ky the field of fractions of W (k), which we consider as a subfield of K
o the Frobenius on W (k) and K

K,k algebraic closures of K and k, respectively

Gk,Gy  their absolute Galois groups

vp the extension of the standard valuation from Q, to K, that is, vp(p) =1
log,, the Twasawa logarithm, normalised such that log,(p) = 0

By a wariety over a field F', we mean a geometrically integral scheme of finite
type over Spec F. If F'/F is a field extension and X is a scheme over F', then
we define Xp/ := X Xgpec p Spec F'.

2 GENERALITIES

In this section, we recall some generalities concerning conjectures of Tate-type
for divisors. These are well-known to the experts and we do not claim much,
if any, originality.
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1886 OLIVER GREGORY AND CHRISTIAN LIEDTKE

2.1 SETUP

Let F be a field of characteristic p > 0, let F°°P be a separable closure, and let
Gr = Gal(F®®/F) be its absolute Galois group. If X is a smooth and proper
variety over F' and £ is a prime different from p, then the first Chern class map
induces a G p-equivariant and injective homomorphism of finite-dimensional
Qg-vector spaces

Cl,l . NS(XFscp)®Z @2 — HéQt (XFscp,Qe(l)).

Taking G p-invariants, we obtain an inclusion of finite dimensional Q-vector
spaces (x). It is a natural question, whether this inclusion is in fact an isomor-
phism, that is, whether it is surjective.

2.2 FIELD EXTENSIONS

Concerning this question, we have the following remarks, which are well-known
in the context of the classical Tate conjecture (see, for example [Ta65, Ta94]),
but perhaps not in this context:

ProPOSITION 2.1. Let X be a smooth and proper variety over a field F', let
F C F’ be a finite and separable field extension and let £ be a prime. If (%) is
surjective with respect to Xp:, Gpr, and €, then (%) is surjective with respect
to X, Gg, and £.

PrOOF. This is well-known, but we give a proof here since we are not aware
of a reference. We consider G/ := Gal(F"*P /F") = Gal(F*P /F") as subgroup
of Gp = Gal(F*?/F). Let n be the degree of the extension F'/F. Suppose
that (x) is an isomorphism for Xp/. Let o € HZ (Xpser, Qo(1))9F. Then, « is
fixed by the open subgroup Gr» = Gal(F**?/F’) C GF and hence, there is a
z € NS(Xp/) ®z Q¢ with ¢ ¢(2) = a. (Technical point: here, we are using that
(NS(Xpser) @z Qp)FF" =2 NS(Xpr) ®z Q. This is not always true integrally
since the Brauer group of F' may be non-trivial. However, it is always true
rationally since the Brauer group of a field is torsion.) Let f : X — X be the
finite morphism given by the base extension. Then, f.(z) € NS(X) ®z Q; and
c1,0(f«(2)) = ne1e(z) = na. Since we are working with rational coefficients, we
see that « is the class of a cycle on X. O

2.3 DOMINANT AND BIRATIONAL MAPS

Next, we study the question whether surjectivity of (%) is preserved under
birational maps and dominant maps. To do so, we adapt Tate’s arguments
from [Ta94] to the p-adic case.

PRrROPOSITION 2.2. Let K be a field that is finitely generated over its prime
subfield or a p-adic field. Let X andY be smooth and proper varieties over K
and assume that (x) is surjective for X.
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1. If there exists a dominant and rational map X --+Y of varieties over K,
or

2. if X andY are birationally equivalent varieties over K,
then (%) is surjective for Y.

PROOF. Thisis [Ta94, Theorem 5.2(b)] in the case that K is finitely generated
over its prime subfield. Tate shows that the () is an isomorphism for X if and
only if (x) is an isomorphism for an arbitrary dense open U C X by using
the Gysin sequence for U — X. A weight argument then reduces showing
that “the Tate conjecture for divisors on X is equivalent to the Tate conjecture
for divisors on U” to showing that numerical equivalence coincides with ¢-adic
homological equivalence for divisors on X, where K is an algebraic closure
of K. The coincidence of numerical equivalence and homological equivalence
(defined using any Weil cohomology theory) is known over algebraically closed
fields, see [Ma57] or [An04, Proposition 3.4.6.1]. To prove the proposition for
p-adic fields, the same proof works when K since there is an appropriate theory
of weights (see [Jal0] for a summary of both cases ¢ # p and ¢ = p). O

2.4 A SIMPLE CASE

As an easy consequence of the Lefschetz theorem on (1, 1)-classes and the Lef-
schetz principle, we obtain the following corollary of Proposition 2.1.

PROPOSITION 2.3. Let F be a field of characteristic zero. Let X be a smooth
and proper variety over K with H*(X,Ox) = 0. Then, (x) is surjective for all
primes £.

PRrROOF. Being of finite type over K, there exists a subfield F' C F that is
finitely generated over Q such that X can be defined over F’. Being finitely
generated over Q, we may choose an embedding I’ < C. Let X be the base
change of a model of X over F’ to C. Since X¢ also satisfies H?(X¢, Ox.) = 0,
the Lefschetz theorem on (1, 1)-cycles shows that the rank of NS(X¢) is equal
to the second Betti number by(Xc). Thus, already the rank of NS(X4) is
equal to the Q-dimension of HZ (X%, Q) for some algebraic closure F’ of
F’ inside C. Since the Néron-Severi group is finitely generated, there exists
a finite field extension F/ C F”, such that the rank of NS(Xp~) is equal to
the Q-dimension of HZ (Xp», Q). Thus, the Gpr-actions on NS(X7) and
HZ (Xpr,Qu(1)) are trivial and () is an isomorphism for Xp». Thus, () is

surjective for X by Proposition 2.1. O

REMARK 2.4. For example, this includes varieties that are birationally equiva-
lent to smooth and proper varieties over F' that are rationally connected (these
satisfy H?(X,Ox) = 0), which includes rational and unirational varieties, and
Fano varieties. It also includes geometrically ruled surfaces and Calabi-Yau
varieties of dimension at least three (even in the liberal sense of varieties whose
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canonical divisor class is numerically trivial and that satisfy HY(X,Ox) = 0
for 0 < ¢ < dim(X)).

In particular, the conjectures of Tate and Raskind for divisor holds for these
classes of varieties even without extra assumptions on finite generation of the
field over its prime subfield or on total degeneration.

2.5 DRINFELD’S UPPER HALF SPACE

A second simple case is the following: let X be a smooth and proper variety
over a number field F. Assume that there exists a finite extension F' C F’
and a finite place w of F’ such that X xp F) is isomorphic to I'\Q¢, , where

F! denotes the w-adic completion, where QdF{U denotes the Drinfeld upper half
space of dimension d > 1, and where I' C PGLg+1(F},) is a cocompact and
torsion free discrete subgroup. In [It05, Theorem 7.1], Ito established the Tate
conjecture for such varieties, which is based on ideas of Rapoport. Essentially
the same proof shows the following observation, see also [It05, Remark 1.3].

PROPOSITION 2.5. Let K be a p-adic field, let T' C PGLg441(K) be a cocompact

and torsion free discrete subgroup, and set X := F\(AZ%, Then, (x) is surjective
for Xt and all primes €.

PROOF. If ¢ # p, then HZ (X1 7, Q) is one-dimensional by [SS91, Theorem
4]. After choosing an embeddiné‘ K—C and using comparison theorems with
singular cohomology, it follows that also HZ (Xt 7, Qp) is one-dimensional.
It follows from work of Kurihara and Mustafin [Ku80, Mus78] (see also the
discussion in [It05, §6]) that X is projective and thus, NS(Xr) ® Q is non-
zero. Thus, (%) is surjective for all primes ¢ for dimensional reasons. O

REMARK 2.6. Such an Xt admits a semi-stable model over O, whose spe-
cial fibre is totally degenerate in the sense of Raskind, see [[t05, Remark 1.3]
and [RX07a, Example 1.(iii)].

2.6 THE TATE CONJECTURE OVER NUMBER FIELDS

Let us also relate the conjecture of Raskind over p-adic fields to the conjecture
of Tate over number fields, which was already observed by Raskind [Ra05].
For a number field F, we let O be its ring of integers and for a prime ideal
p € Spec OF, we denote by F}, the p-adic completion of F'. The following is a
slight generalisation of [Ra05, Proposition 1].

PROPOSITION 2.7. Let X be a smooth and proper variety over a number field
F and assume that there exists a prime £ and a prime ideal p C Of such that
(%) is surjective for X, Gr,, and £. Then, (x) is surjective for X, G, and (.

PROOF. Let a € HZ(X% Qu(1))¢". Then because HZ (X, Q1)) =
HéQt(XF—p, Qe(1)) and GF, C GF, we see that o € HéQt(Xﬁ, Q¢(1))%Fv . There-
fore there is a z € NS(XF,) ®z Q¢ with ¢1,¢(2) = o by assumption. Since
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NS(X#) = NS(XK) (the Néron-Severi group is invariant under algebraically
closed base extension), we see that z € NS(X%) ®z Q¢, and in particular
z € NS(Xp/) ®z Qg for some finite extension F'/F. By making a finite ex-
tension if necessary, we may assume that F//F is Galois. Summing over the
Gal(F’/F)-conjugates of z, we obtain a G p-invariant class 2/, such that ¢1 ¢(2")
is a non-zero multiple of ¢1 ¢(z). Thus, ¢ ¢(z) lies in the image of (). O

3 A TRANSLATION INTO SEMI-LINEAR ALGEBRA

In this section, we use Fontaine’s functor Dg and Yamashita’s p-adic semi-
stable Lefschetz (1,1)-theorem to translate Raskind’s conjecture for divisors
(Conjecture 1.1) into a question about semi-linear algebra and filtered (¢, N)-
modules.

More precisely, we define the notion of a rational structure on a (¢, N)-module
and show how the special fibre of a model X — Spec Ok of some smooth and
proper variety X over K with total degeneration gives rise to such a structure.
Finally, we introduce the notion of Raskind-admissibility, which is the semi-
linear algebra version of the Raskind conjecture for divisors on the level of
filtered (¢, N)-modules with rational structure.

3.1 TRANSLATION INTO FILTERED (¢, N)-MODULES

Let X be a smooth and proper variety over a p-adic field K that admits a
proper and semi-stable model

m : X — Spec O

over the ring of integers Ok of K, that is, X' is a regular scheme, 7 is a proper
and flat morphism, the generic fibre of 7 is isomorphic to X, and the special
fibre &) is a semi-stable scheme over the residue field k of Og. Here, semi-
stable means that Ay is a strict normal crossing divisor. In particular, the
components of Xy are smooth and geometrically integral over k. Let W (k) be
the ring of Witt vectors, which we consider as subring of Ok, and let Ky be
the field of fractions of W (k). Then, Ky is the maximal unramified extension
of Qp inside K. Endow & with the log structure induced by Xy, and let M
denote the pullback of this log structure on Xy. Then, (Xp, M) is a fine and
log-smooth log scheme over (Spec k,N — k,1 — 0), see [HK94, 2.13.2]. We
shall write

Hiy—eris(Xo/Ko) == H"(((Xo, M)/ (W (k),N))eris, Oao, a0y (W (k).N)) @w (k) Kos
where H™(((Xo, M) /(W (k),N))cris, Oxo, M) /(W (k),n)) is the log-crystalline co-
homology of (X, M) — (Speck,N). Then H[* (Xp/K)p) is equipped with a

log—cris
semi-linear endomorphism ¢ (Frobenius) and a linear endomorphism N (mon-

odromy) satisfying the relation Ny = ppN, making the triple
(Hﬁ)gfcris(XO/KO)a 2 N)
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a (p, N)-module. We refer to [HK94, §3] for the details.

Since X has semi-stable reduction, the G g-representation on HZ (X%, Q) is
semi-stable in the sense of Fontaine for every n [Ts99, Theorem 0.2]. Next, let
Byt be Fontaine’s period ring and if V' is a finite dimensional @Q,-vector space
with a continuous G g-action, that is, a p-adic Galois-representation, then we
have a filtered (@, N)-module over K

]D)St(V) = (V ®Qp Bst)GK y

that is, a Kg-vector space with a semi-linear operator ¢, a linear operator IV,
and a filtration Fil® on this vector space tensored with K. We recall that V is
said to be semi-stable if the inequality dimg, Ds; (V) < dimg, (V) is an equal-
ity. We refer to [CF00] for details. Fontaine’s functor Dy establishes an equiva-
lence of categories between the category of semi-stable G i -representations and
the category MFXZ“D’N of admissible filtered (¢, N)-modules over K [CF00,
Théoréme A] .

By the semi-stable comparison theorem [Ts99, Theorem 0.2], the admissible
filtered (p, N)-module Dy (HZ (X7, Qp)) is equal to

D" = (le(l)g—cris(XO/KO)? Fll.HgR(X/K>a 12 N) .
Using this translation, we have the following.

PropPOSITION 3.1. Let X be a smooth and proper variety over K and assume
that there exists a proper and semi-stable model X — Spec Ok of X. Let Xy
be the special fibre. Then, there exists an isomorphism of Qp,-vector spaces

H, (X, Qp(m) P 2 Hy oo (Xo/Ko)? =" V=0 0 Fil™ Hifn (X/K) - (1)
for all non-negative integers m,n.

PRrROOF. This follows from the equalities and isomorphisms

HZ (X7,Qu(m)) = Homg, (Qp, HE (X7, Qy(m)))
HomMF}V{a,%N (K, D™"(m))

I

= {$ € Hl?)gfcris(XO/KO) : (P(.T) me -, N(.T) = 0}
N Fil™ HiR (X/K),
where K denotes the trivial filtered (@, N)-module. O

REMARK 3.2. If £ # p, then we have
dier H:t (Xf’ @Z (m))GK = dim@p Hl’rcl)g*cris(XO/KO)w:pm’NZO

by [KM74]. This explains why the dimensions of HZ (X7, Q¢(m))* behave
differently for ¢ = p and ¢ # p and it also shows that for ¢ # p, these vec-
tor spaces capture information about the special fibre Ay only. We refer to
Consani’s article [Co98] for background and some conjectures.
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We end our discussion by presenting some probably well-known dimension es-
timates: since K is of characteristic zero, the Frolicher spectral sequence

By = H*(X, Q%)) = Hyg"(X/K)

degenerates at ;. In particular, by Proposition 3.1 and Remark 3.2 we obtain
the dimension estimates

IN

dimg, Hi (X7, Qo(m))“ — >~ h"/(X)

1=m-+1

dimg, HE (X7, Qp(m)) "

IN

dimg, HE (X5, Qu(m))r,

where h*J (X) := dimp H? (X, QY ;). In the case of interest to us, that is to
say when n = 2 and m = 1, this gives

dimg, HZ (X7, Q(1))9% — h?0(X)

IN

dimg, HéQt(X?’ Qp(l))GK
dimg, Hz (X7, Qe(1))°x.

A

3.2 RATIONAL STRUCTURES

Next, we deal with the log-crystalline cohomology of the special fibre Ay of a
proper and semi-stable model X — Spec O of X. Let

Yy = | Jv

icl

be the decomposition of the special fibre Y = A} into irreducible components.
For a subset J C I, we denote by Y the intersection of all Y; with j € J.
Since Y is strict normal crossing, each Y is a smooth, proper, and geometrically
integral scheme over k. Moreover, we denote by Y the disjoint union of all
Y;’s where J has (i + 1) elements, that is, the subscript ¢ is equal to the
codimension of Y; in Y. By Mokrane [Mo093, §3] and Nakkajima [Na05, §4],
there exists a p-adic Steenbrink-Rapoport-Zink spectral sequence

E;k’thk = @ H‘Z;SjSk(YPj—i_k]/KO)(*j - k) = Hl%gfcris(Y/KO) ’
j>max{—k,0}
(2)

which degenerates at Fs. This spectral sequence is compatible with the F-
isocrystal structures on both sides and induces a monodromy operator N on
the right hand side.

DEFINITION 3.3. A scheme Y over a finite field &k is called cohomologically
totally degenerate if it is strictly normal crossing, say, equal to | J..; Y;, where
the Y; are the irreducible components of Y, such that

el

1. for all 7 and all odd integers ¢, the crystalline cohomology groups
H! . (YUl/Ky) are zero and

cris
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2. for all 4 and j, the cycle class maps
CH/ (YY) @ Ko — HZL (YT /Ko)(j)
are isomorphisms.

Put differently, all crystalline cohomology groups of all intersections of compo-
nents of Y are spanned by classes of algebraic cycles. In particular, since the
Chow groups of a variety are Q-vector spaces and since the action of Frobenius
on Chow groups is trivial up to Tate twist, this implies that the log-crystalline
cohomology of Xj is of a very simple form. For Hl%g—cris(XO/KO)’ it leads to
the following.

DEFINITION 3.4. Let k be a finite field, let Ky = Frac(W(k)), let o be the
Frobenius on Ky, and let H be a (¢, N)-module over Ky. A rational struc-
ture on a (¢, N)-module H consists of a finite-dimensional Q-vector V' space
together with a direct sum decomposition

V=A®Byd B &C
and two Q-linear endomorphisms ¢y and Ny such that

1. Ny is zero on By and A, and Ny induces isomorphisms

¢ X N(@) =By and By -5 N(By)=A.

2. py acts as identity on A, as multiplication by p on By & Bj, and as
multiplication by p? on C.

3. As (¢, N)-module, H is isomorphic to V ®q Ky with ¢ = ¢y ® 0 and
N =Ny ®id.

If V is a rational structure on a filtered (¢, N)-module H over Ky, then we
have an isomorphism of Q,-vector spaces

H‘P:PJV:O ~ B, ®@ @p. (3)

For example, if m = 1 and n = 2 in Proposition 3.1 and if the (¢, N)-module
Hﬁ)g_criS(XO/Ko) there comes with a rational structure, then (3) makes the
right hand side of (1) much easier to compute. Before establishing a natural

. 2 oy
rational structure on Hy, .;(Xo/Ko), we need one more definition.

DEFINITION 3.5. The dual graph of Y is the simplicial complex I' that has one
vertex P; for each component Y; of Y and the simplex (P;y, ..., Pi(x)) belongs
to I if and only if Y for J = {i(0), ...,i(k)} is non-empty. We define H*(T") :=
HE,. (I}, Q) to be the singular cohomology of the topological realisation |I'|
of I'.
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PROPOSITION 3.6. Let Y = |J,c;Yi be a cohomologically totally degenerate
scheme over a finite field k and consider the (o, N )-module Hy,, . (Y/Ko).
Then,

1. The cycle class maps
CH (Y1) @ @ — HIL (1 Ko) ()

followed by the p-adic spectral sequence (2) induce a natural rational
structure
(V: A@Bo@Bl @C,@V,Nv>

on Hl%g—cris(Y/K())'

2. If T denotes the dual complex of Y and if H*(T') # 0, then N has mazi-
mally nilpotent monodromy, that is, N2 # 0.

8. If Y™ denotes the smooth locus of Y and if Y is equipped with its natural
log-structure, then there exist homomorphisms

Pic(Y) — Pic(Y™™) = Pic'°%(Y),

where the first map is restriction and the second is an isomorphism.

The p-adic spectral sequence (2) gives rise to an isomorphism

Pic(Y)®Q = B;.
Moreover, the first Chern class maps give rise to a commutative diagram

Pic(Y) ® F

Pic°8(Y) ® F —— H}

log—cris

(Y/K0)¢:p7N:O’

where the images of both Chern class maps are equal to By if F' = Q and
equal to Hlig_cris(Y/Ko)‘P:p’NZO if F=Q,.

Proor. Using the cycle class maps, the assumption on cohomological degen-
eracy, and the spectral sequence (2), we obtain a Q-vector space V', such that
V ® K is naturally isomorphic to Hp,, _.;.(Y/Ko). Moreover, since Frobenius
acts on cohomology classes of cycles by multiplication by some power of p, we
obtain a direct sum decomposition V' = V5 @ V5 & V5 of Q-vector spaces to-
gether with a linear operator ¢y that is multiplication by p’ on V;, such that
the F-isocrystal structure on Hl%)gfcris(Y/K()) is isomorphic to (V@ Ky, oy ®0).
Also, the monodromy operator N and the weight filtration arise from the spec-
tral sequence and using the Q-vector space structures, we obtain a monodromy

operator on V. For details, we refer to the discussions in [BGS97, §1] or [Mo84].
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The fact that N2 # 0 is equivalent to H?(T') # 0 is shown in [Mo84, §6] and
although they are stated in the framework of complex geometry in loc.cit.,
the arguments carry over literally to our situation. This establishes claims (1)
and (2).

Concerning claim (3): first, we have a restriction homomorphism Pic(Y) —
Pic(Y®™) and an isomorphism Pic(Y®™) 2 Pic'8(Y)) by the discussion at the
beginning of [Yall, §2].

Next, let §; : YU — Y= be the morphisms induced by the obvious inclusions

Y, Nn...nY,  , =Y, Nn.NY,  nY, . Nn..nY,

j+1 Li—1 Lit1 Lj41 *

To give an invertible sheaf on Y is equivalent to giving an invertible sheaf on
Y plus compatibilities under the restriction maps 67,05 : Y = YU In
particular, we obtain an isomorphism

Pic(Y) ® Q & ker (Pic(YW) ©Q 2%, picy) @ @) -

Now, the boundary morphisms ¢; give an augmented simplicial scheme
Y[l — Y, which is a proper smooth hypercovering of Y. Since each Y
is smooth, we have Hy,, (YU /Ko) = H, (YU /Ky) by [Be97, Proposition 1.9]
and hence

H*

cris

(Y Ko) = HY5, (Y Ko) = HY (Y] Ko),

rig

where the second isomorphism is because rigid cohomology satisfies cohomolog-
ical descent for proper hypercoverings [Ts03, Corollary 2.2.3]. Now, consider
the spectral sequence

s,t s s
By = H (YY) /Ko) = H3'(Y/Ko)

of the (hyper)covering (see, for example [Ts03, Theorem 4.5.1]). This degener-
ates at E2 by a standard weight argument (our assumption that Y is cohomo-
logically totally degenerate makes this argument very easy, but see also [Ts03,
Corollary 5.2.4] for the general statement). In particular, we find isomorphisms

rig rig

H2,(Y/Ko) = ker (HQ. (YO /i) 220 g2yl /KO))

cris cris

> ker <H2 (V1O /Ky) 2200 2 (Y[”/KO))

*

~ ker <Pic(Y[O]) ©Q, 2% Pic(Yl) @ @p)
~ Pic(Y) ® Q,,

where the third isomorphism is induced by the crystalline Chern class map,
and is an isomorphism by the assumption that Y is cohomologically to-
tally degenerate. The compatibility between rigid and crystalline Chern
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classes [Pe03, Théoreme 5.2.3] implies that the above isomorphism Pic(Y) ®
Q, = HZ,(Y/Ky) is induced by the rigid Chern class map ¢} : Pic(Y) —
HE (Y] Ko).

Finally, one has a square

Pic(Y) ————— Picl8(Y)

rig c

Hig (Y/KO) - ‘[—"120g—c1ris(YV/I(O)gp:pJV:O7

where the top arrow is induced by the inclusion O5 < M#P (recall that M is
the log structure on Y). The surjection is the one given by the Clemens-Schmid
exact sequence [CT14]. Recall from loc. cit. that this map is the composition

HE, (Y/Eo) = Hen (Y/W(K) = Hiycon, (Y, M)/(W(k),N))

= H120g7cris (Y/Ko),

where the first isomorphism is because Y is proper and the second isomorphism
is because (Y, M) — (Spec k,N) is log-smooth. Using the compatibility of
the rigid and crystalline (resp. log-crystalline) Chern classes, one checks that
the square commutes. Tensoring the square with Q (resp. Q) finishes the
proof. O

REMARK 3.7. One can give an elementary argument for the surjectivity of
¢ : Pid8 (V)2 Q, — HE,  ris(Y/Ko)?=7N=0 using the Hyodo-Kato complex,
but we have chosen to present the above proof because it nicely demonstrates
the relationship between Pic(Y) and Pic'8(Y').

3.3 RASKIND-ADMISSIBILITY

Next, we recall the following p-adic Lefschetz (1, 1)-theorem, due to Berthelot
and Ogus [BO83, Theorem 3.8] in the smooth case and to Yamashita [Yall,
Theorem 3.1] in the semi-stable case.

THEOREM 3.8 (Yamashita). Let X be a smooth and proper variety over K and

assume that there ezists a proper and semi-stable model X — Spec Ox of X.
Let Xy be the special fibre.

1. There exists a commutative diagram

Pic(X) « Pic(X) —  Pic(X))
| 1 i
Pic(X) = Pic5(Xx) — Pic8(Xxp).

where the vertical maps are restrictions and the horizontal maps are spe-
cialisations.
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2. An invertible sheaf L € Pic(Xy) @ Q (resp. L € Pic"8(Xp) @ Q) can be
lifted to Pic(X) ® Q (resp. Pic°8(X) ® Q ) if and only if its first Chern
class satisfies

ci(L) € Fil' N (HY,_ ois(Xo/Ko) ®k, K),
where Fil* denotes the Hodge filtration on Hip(X/K).

PROOF. Claim (1) is in the discussion at the beginning of [Yall, §2]. Claim (2)
is [Yall, Theorem 3.1]. O

After these preparations, we make the following key observation.

REMARK 3.9. If X has cohomologically totally degenerate reduction, it looks
at first glance as if the combination of Proposition 3.1, Proposition 3.6, and
Theorem 3.8 might prove Conjecture 1.1. However, it is crucial to note that
Theorem 3.8 deals with Q-classes of invertible sheaves, whereas the other re-
sults deal with Q,-classes.

DEFINITION 3.10. Let K be a p-adic field and let Ky be the maximal unramified
extension of Q,, inside K. Let (H®k, K, Fil*, ¢, N) be a filtered (¢, N)-module
over K and let V be a rational structure on H. Then, H is called Raskind-
admissible if the natural inclusion of QQ,-vector spaces

(Fil' N ve=PN=0) 24 Q, C Fil' n H#=PN=0
is an equality.

We remark that V¢=PN=0 = B, and H¥=P"V=0 = B, ® Qyp in the notation of
Definition 3.4, see also Equation (3). After these preparations, we now reformu-
late Raskind’s conjecture for divisors (Conjecture 1.1) into semi-linear algebra.
In fact, the following equivalence holds under a slightly weaker assumptions
than Raskind’s requirement of total degeneracy.

THEOREM 3.11. Let X be a smooth and proper variety over K and assume that
there exists a proper and semi-stable model X — Spec Ok of X. Assume that
the special fibre Xy is cohomologically totally degenerate. Then, the following
are equivalent:

1. The homomorphism (*) is surjective for £ = p.

2. The filtered (¢, N)-module Dg(HZ (X7, Qp)) together with the rational
structure arising from Xy is Raskind-admissible.

PRrROOF. By Proposition 3.6.(1), there exists a rational structure (V = A @
Bo® By & C,¢v, Ny) on Dg(HZ (X%, Q,)) associated to Xy. Next, by Propo-
sition 3.6.(3), the first Chern class induces an isomorphism

PIC(X()) ®R7 Q = Bj. (4)
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Using the first Chern class on X we obtain a map
Pic(X) ®z Q — Fil' N Hp,_(Xo/Ko)?=P V=0, (5)

whose image lies inside the subspace By of Hp,, ;. (Xo/Ko)?="N=". Using
Yamashita’s theorem (Theorem 3.8), it follows that the first map in

Pic(X) ®zQ — Fil' N B; = Fil' N Pic(Xy) @ Q (6)

is surjective.
By Proposition 3.1 and (3), we have
Hé2t (X?’ Qp(l))GK = Fﬂl N Hl%)gfcris(XO/KO)(P:p’NZO
= Fil'N (B ®Qy).

Combining this with equation (5), we see that the homomorphism (x) is sur-
jective for ¢ = p if and only if

Pic(X) ®z Q, — Fil' N (B, ®¢ Q)
is surjective. In view of (6), this is equivalent to asking whether
(Fil' N By) ®g Q, — Fil' N (B ®g Q)

is surjective. But this is equivalent to the rational structure V on the filtered
(¢, N)-module Dy (HZ (X7, Q,)) being Raskind-admissible. O

3.4 ORDINARY REPRESENTATIONS

Using the Hyodo-Kato complex and work of Perrin-Riou [PR94] and Il-
lusie [194], we have the following description of the interplay between the p-
adic Galois represenation of Gx on HZ (X%, Q,) and the special fibre of a
semi-stable model.

PROPOSITION 3.12. Let X be a smooth and proper variety over K and assume
that there exists a proper and semi-stable model X — Spec Ok of X. Assume
that the special fibre Xy is cohomologically totally degenerate and that every
component of XO[Z] for every i is ordinary in the sense of Bloch-Kato-Illusie-
Raynaud.

1. The Gg-representation on HZ (X7, Q,) is ordinary in the sense of
Perrin-Riou [PR9/, 1.2]. More precisely, if F* denotes the corresponding
filtration, then there exist G -equivariant isomorphisms

gr’ ' HE (X%, Qp) = H*™' ((Xo)g, leiog) ® Qp(—1)-
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2. Let (V = A® By @ B1 ® C,pv,Ny) be the rational structure on
Dyt (HZ (X, Qp)) associated to Xy. Then,

A ®@@P = HQ(XO’ Ww?og) ®Zp @P
(Bo® B1) ©qQ, = H'(Xy,Wwi,)®z, Q,
¢ ®Q@p = HO(XO’ le20g) ®Zp @p .

3. We have the inequality
p(X) < pHH(X) — hP*(X),
where p(X) denotes the Picard rank of X.

PROOF. Since every component of XO[Z] is ordinary for every i, so is Aj it-
self [194, Proposition 1.6]. Thus, claim (1) follows from [194, Corollaire 2.7].
More precisely, we obtain a very explicit description of the filtered (¢, N)-
module Dy (HZ (X7, Qp)) via the rational structure V and [194, Corollaire
2.7] provides us with an equally explicit description of the Gg-action on
HZ (X%,Qp) via H*7'((Xo)z, Wwi,,). Comparing these two descriptions,
claim (2) follows.

Finally, the de Rham Chern class map ¢; : Pic(X) — H3iz(X/K) is com-
patible with the log-crystalline Chern class and its image lies inside Fil* and
HE\y ris(Xo/ Ko)#=PN=0 (see, for example, [Yall, §2]). In our situation, the
latter is isomorphic to B1 ® Q,, from which claim (3) immediately follows (not-
ing that 1"/ (X) = dimg, H’ (X, Ww, ) @w k) Ko = dimg, H' (Xo, Wui,,)®z,
Q, by ordinarity). O

Thus, when tensored with Q,, the rational structure on Dgy (H, éQt (X7, Qp)) aris-
ing from AXp has an interpretation via the logarithmic Hodge-Witt cohomology
groups of the special fibre. Although this is not directly related to the conjec-
tures discussed in this article, it might be of independent interest.

3.5 CONCLUDING REMARKS

The definitions and notions of this section are a little bit ad hoc, since we
only deal with Conjecture 1.1. A more conceptual approach, which would be
needed when studying Raskind’s conjectures for cycles of higher codimension,
could proceed along the following lines:

1. One can directly construct Q-structures on the groups Hy,, ;. (Y/Ko)
using the Chow complex of [BGS97]. Moreover, these would also come

with Q-linearisations of the Frobenius ¢ and the monodromy N.

2. Concerning the definitions: one would have to define a weight w of a
filtered (¢, N)-module (in Definition 3.4, it would be w = 2), one would
have to define such a module to be of maximal nilpotent monodromy if
the monodromy operator N satisfies N* # 0 and then, a rational struc-
ture would be a Q-vector space V with a direct sum decomposition into
subspaces upon which ¢y acts as multiplication by p’ for i = 0, ..., w, etc.
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3. For an equivalence as in Theorem 3.11, one would also need a version of
Yamashita’s theorem (Theorem 3.8) for deforming cycles of higher codi-
mension. This would be a semi-stable analogue of the p-adic variational
Hodge conjecture (see for example [BEK14, Conjecture 1.2] for the good
reduction case, where the conjecture is attributed to Fontaine-Messing).
This conjecture is open in codimension > 1, even in the case of good
reduction, but see [BEK14] for the state of the art.

To keep the discussion in this section shorter, we have decided not to develop
the setup in general, but to stick to the case of divisors.

4 ABELOID VARIETIES

From this section on, we study abelian varieties over p-adic fields with totally
degenerate reduction. More precisely, we describe their morphisms, ¢-adic Tate
modules, and the filtered (¢, N)-modules associated to the latter via p-adic
uniformisation, that is, within the framework of abeloid varieties. The results
of this section might be of independent interest and some of them might already
be known to the experts.

4.1 (GENERALITIES

We start with the behaviour of Question 1.2 under field extension and un-
der completion, similar to what we did for Raskind’s conjecture for divisors
(Conjecture 1.1) in Section 2.2 and Section 2.6.

Let F be a field of characteristic p > 0 and let ¢ be a prime, possibly equal
to £. If A is an abelian variety of dimension g over a field F', then the f-adic
Tate module T, and the rational ¢-adic Tate module V; of A are defined to be
to be

Ty(A) = @A(FSEP)[E"] and  Vy(A4) = Ty(A) @z Q

together with their Gp-actions. If £ # p, then T;(A) is a free Zy-module of
rank 2g.

PROPOSITION 4.1. Let A and B be abelian varieties over a field F, let F' C F'
be a finite Galois extension and let £ be a prime. If the map (xx) (please see
§1.4) is surjective with r espect to Ap:, Bpr, Gp/, and £, then (xx) is surjective
with respect to A, B, G, and (.

PROOF. Suppose that (%) with respect to Ap/, Bp/, Gp/ is a surjection.
Then, we get a surjection on the Gal(F’/F)-invariants

(Hom(Ap, Bp) @z Z) S F'/F) — Homg,, (Ty(A), Te(B)) S F'/F) = Home, (T (A), Te(B)),

and the left-hand side is Hom(A, B) ®77Z, by Galois descent for morphisms. [
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REMARK 4.2. For abeloid varieties over p-adic fields, we will see a second proof
of this result in Corollary 4.8 below.

PRrROPOSITION 4.3. Let A and B be abelian varieties over a number field F' and
assume that there exists a prime £ and a prime ideal p C O such that (%*) is
surjective for Ar,, Br,, GF,, and £. Then, (xx) is surjective for A, B, GF,
and ¢.

Proor. We view GF, as a subgroup of Gr. Since we are allowed to make
finite Galois extensions by Proposition 4.1, we may assume that

Hom(A, B) = Hom(Ay, By) .

In particular, Gr, and Gr act trivially on Hom(Az, Bg). Then we have the
following commutative square

Hom(Az, By) ®z Zy —— Hom(Ty(A), Ty(B))

- |

Hom(AF—p7 BF—p) ®z Z¢ —— Hom(Ty(Ar, ), Ty(BF,))
Taking G'r, -invariants gives

Hom(A, B) ®z Z; — Homg,, (T¢(A), Te(B))

J:

HOHl(AFp R BFp) Rz Ly —> HOIIIGFF (Tg(AFp ), Tg(BFp ))

where the lower horizontal arrow is a surjection by assumption. We de-
duce therefore that the upper horizontal arrow is a surjection.  This
proves the proposition because of the inclusion Homg,(T¢(A),Ty(B)) C
HOInGFp (Tg(A), Tg(B)) O

4.2 DEGENERATIONS OF ABELIAN VARIETIES

In the simple cases treated in Proposition 2.3, no assumption on the degen-
eration was needed and in Section 3, we worked with a weak form of total
degeneration. In [Ra05, RX07a], Raskind suggested a degeneration assump-
tion which is rather involved. For the purposes of this article, the following
slight generalisation of [RX07a, Example 1.(i)] suffices.

LEMMA 4.4 (Raskind-Xarles + ¢). Let Y = |J;,c; Yi be a strict normal cross-
ing scheme over a perfect field F'. Assume that for every subset J C I the
intersection Yy, if non-empty, is isomorphic to a successive blow-up of smooth,
projective, and toric varieties along subvarieties that are also smooth and toric.
Then, Y 1is totally degenerate in the sense of Raskind.
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Proor. If every Y is a smooth, projective, and toric variety, then this
is [RX07a, Example 1.(i)]. Quite generally, if X is the blow-up of a smooth
variety X along a smooth subvariety Y, then one can express the f-adic co-
homology groups, the crystalline cohomology groups, the Chow groups, and
the cycle class maps for X in terms of X and Y. From these formulas, it fol-
lows that the requirements (a)-(c) of [RX07a, Definition 1] also hold for our
assumptions. Moreover, if X and Y are ordinary in the sense of Bloch-Kato-
Nlusie-Raynaud, then so is X [190, Proposition 1.6], that is, also requirement
(d) is satisfied. O

REMARK 4.5. If Y is a strict normal crossing scheme of dimension N < 2
such that all the Y; are smooth and rational varieties, then the assumptions
of the lemma are satisfied. For example, this applies to the combinatorial
degenerations of type III of the surfaces from [CL16, Definitions 5.4 to 5.7].

Next, we discuss the notion of totally degenerate reduction for abelian varieties.
There are several obvious candidates, all of which are stable under finite field
extensions and all of which are equivalent up to finite field extensions. The
following is well-known, but maybe never explicitly stated in this way, which
is why we include a short discussion with references.

PROPOSITION 4.6. Let Ok be a local and Henselian DVR with field of fractions
K and residue field k. Assume that K is of characteristic zero and that k is
perfect of characteristic p > 0. Let A be an abelian variety of dimension g > 1
over K. Consider the following properties:

1. A admits uniformisation in the sense of Mumford [Mum72b].

2. The connected component of the special fibre of the Néron model of A is
a split torus.

3. The special fibre of the projective regular Kinnemann-Mumford
model [Mum72b, Kin98] of A is a union of smooth and toric vari-
eties.

4. A has totally degenerate reduction in the sense of Raskind [Ra05].

5. For some (resp., all) £ # p, the action of the inertia subgroup Ik of
Gk on H} (A, Q) is unipotent with mazimal number of 2 x 2-Jordan
blocks, that is, its Jordan normal form has g Jordan blocks of size 2 x 2
and generalised eigenvalue 1.

6. For some (resp., all) £ # p, the Ix-action on H (Ag, Qq) is mazimally
unipotent, that is, its Jordan mormal form has one Jordan block of size
g X g and generalised eigenvalue 1.

7. Assume g > 2. For some (resp., all) £ # p, the Ix-action on HZ (Az, Q)
is unipotent and its Jordan normal form has no Jordan block of size 2 x 2
and %g(g — 1) Jordan blocks of size 3 x 3.
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If K is a p-adic field, consider also the following properties

8. The Gk -representation H}, (A, Qp) is semi-stable and the monodromy
operator N of the associated filtered (o, N)-module is nilpotent with min-
imal kernel, that is, ker(N) is g-dimensional.

9. The G -representation Hf (A, Qp) is semi-stable and the monodromy
operator N of the associated filtered (¢, N )-module is mazimally nilpotent,
that is, N9 # 0.

10. Assume g > 2. The Gg-representation HZ (Ag, Qp) is semi-stable and
the monodromy operator N of the associated filtered (p, N)-module has
no Jordan block of size 2 X 2 and %g(g — 1) Jordan blocks of size 3 x 3.

Then,

(i) these properties are stable under finite extension, that is, if A satisfies
one of these properties, then Ay satisfies the same property for every
finite field extension K C L.

(i) Moreover, these properties are equivalent up to finite extension, that is,
if A satisfies one of the above properties, then there exists a finite field
extension K C L such that Ay satisfies all of these properties.

PROOF. The assertion that all these properties are stable under finite exten-
sion are well-known or easy and we leave them to the reader.

The fact that (1) and (2) are equivalent up to finite extension is the main result
of [Mum72b], see also the discussion in [Liit16, §5.6].

The fact that (2) and (3) are equivalent up to finite extension is a special case
of [Kiin98, §3].

If an abelian variety satisfies (4), then the identity component of the Néron
model is semi-abelian and the triviality of the conditions on the Chow group
imply that it cannot have abelian parts, and thus, (4) is equivalent to (2) and
(3) up to finite extension. Conversely, if an abelian variety satisfies (3), then
Lemma 4.4 applies and thus, (3) is equivalent to (4) up to finite extension, see
also [RX07a, Example 1.(ii)].

Assume that the Néron model of A has semi-abelian reduction, let ¢ be the
dimension of the toric part and a be the dimension of the abelian part (and
thus, g =t 4+ a). Then, the Ix-action on H}, (A%, Q/) is unipotent with index
of unipotency at most < 2. More precisely, there are 2a Jordan blocks of size
1 x 1 and generalised eigenvalue 1 and there are ¢ Jordan blocks of size 2 x 2
and generalised eigenvalue 1. We refer to [BLR9I0, Theorem 6 in Chapter 7.4]
or [Gro72, Exposé IX] for proofs and details. Similarly, the G i-representation
on Hj (A%, Q) is semi-stable in this case. The monodromy operator on the
associated (¢, N)-module is nilpotent with nilpotency at most < 2. More
precisely, there are 2a Jordan blocks of size 1 x 1 and eigenvalue 0 and there
are t Jordan blocks of size 2 x 2 and generalised eigenvalue 0.
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From this discussion, it follows that (2) is equivalent to (5) up to finite extension
and that (2) is equivalent to (8) up to finite extension.

In any case and for all ¢, there exist Gi-equivariant isomorphisms between
Hét(Af, Q) and A'HZ (A%, Q). Moreover, for all ¢ # p, the Ic-actions on
H}, (A%, Q) are quasi-unipotent and the G'i-representations HY, (A7, Q,) are
potentially semi-stable. Replacing K by a finite extension, we may assume that
all these Ik -actions are unipotent for £ # p and all the G g-representations are
semi-stable for ¢ = p.

In particular, if £ # p, then the Ix-action on N9 HY, (A, Q) is unipotent with
order of unipotency at most g. More precisely, there exists at most one Jordan
block of size g x g and generalised eigenvalue 1 and there exists such a block
if and only if ¢ = t. We leave the straight forward exercise in linear algebra
to the reader. This implies that (5) is equivalent to (6) up to finite extension.
Similarly, (8) is equivalent to (9) up to finite extension.

If g > 2 and ¢ # p, then the Ix-inertia on A2Hj (A%, Q) is unipotent with
order of unipotency at most 3. More precisely, there are r := %t(t —1) Jordan
blocks of size 3 x 3 with generalised eigenvalue 1 and s := 2at Jordan blocks of
size 2 x 2 with generalised eigenvalue 1. Then, t = %f; and thus, the Ix-action
on /\2Hé1t(Af, Q¢) encodes a and t. Again, we leave the details to the reader.
These considerations show that (5) is equivalent to (7) up to finite extension.
Similarly, (9) is equivalent to (11) up to finite extension. O

4.3 ABELOID VARIETIES

From now on, we will adopt the point of view of p-adic uniformisation. In
particular, this allows us to work with abeloid varieties, which are rigid ana-
lytic varieties over p-adic fields that are not necessarily algebraisable. We now
establish and recall a couple of general facts about abeloid varieties.

Let ¢1,...,q4 € K9 be vectors, say ¢; = (¢i1,---Gi,g), such that v,(g; ;) > 1 for
all 4,j. Let Q = (gi,j;) € Myx4(K) be the g x g-matrix, whose rows are the g;.
Associated to ), we have the matrix

OrdP(Q) = (VP(Qi,j)) € ngg(@)-

By definition, the abelian subgroup A = ¢7- - qg of K*9 is called a lattice, if
the columns of ord,(Q) span a lattice inside RY or, equivalently, if the matrix
ord,(Q) is invertible. (In the literature, this matrix is sometimes constructed
with respect to a valuation vix on K* with vi(mk) = 1 for some uniformiser
7k € Ok and then, the matrix has integer entries rather then rational ones.
We have decided to work with the valuation v, instead, which rescales the
classical matrix by vp,(7x) and has the advantage of being stable under finite
field extensions of K.)

Associated to a lattice A C K*9, there is a rigid analytic variety over K,
the abeloid variety G?, /A, see [Liit16, Chapter 7]. The g x g-matrix Q
associated to a choice of basis for A is called a period matriz. The algebraisable
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abeloid varieties are precisely the totally degenerating abelian varieties studied
by Mumford [Mum?72b]. Moreover, if g = 1, then a lattice A C K * is generated
by a single element ¢ € K* with v,(¢) > 1, an abeloid variety of dimension
one is always algebraisable, and these are precisely the Tate elliptic curves.

We introduce the following notation: if R is a commutative ring and if A
is an R-module, then the set Mat,,«xn(A) of m x n-matrices with values in
A is an Abelian group. Let X € Mat,,xn(A). Then, if M € Matsym(R)
and N € Mat,«:(R) are matrices with entries in R for some s,t, then the
matrix products M ® X and X ® N are defined. In particular, Mat,, x,(A) is
a Mat,, «p, (R)-bimodule. In the next theorem, we have R =Z and A = K*.

THEOREM 4.7 (Gerritzen +¢). Let Ay C K*9 and Ap C K*P be lattices and
let A:=Gj, x/Aa and B := GZL,K/AB be the associated abeloid varieties. Let

Q4 and Qp be period matrices for A4 and Ag. Then, there exist isomorphisms

Hom(A, B)
= {M € Matgxh(Z)lAA oOM C AB}
> {M € Matyxn(Z)|3IN € Matnxy(Z) : QuOM = NOQs}

R

{M € Matyxn(Z)| (ordp(QA)71 ©Qa)OM =MOo (ordp(QB)’l ®Qs)} .
In particular,

1. the natural map
Hom(A, B) — Hom(Ax, Bf)

is an isomorphism of abelian groups. In particular, the G -action on the
right hand side is trivial.

2. A and B are K-isogenous if and only if they are K -isogenous.
3. A is K-simple if and only if it is K -simple.

PrOOF. If M = (my;) € Myxn(Z) is a g x h-matrix, then it gives rise to a
map ¥y : K*9 — K*" by sending

g
(@1, 0y g) = | ooy Hx;nji,
j=1

If ar(Aa) = Ag © M is contained in Ap, then vy descends to a morphism
A — B of abeloid varieties. Conversely, every morphism of abeloid varieties is
of this form by the main theorem of [Ge70], see also the discussion in [Kad07,
§3]. This establishes the first two isomorphisms describing of Hom(A, B). Tak-
ing valuations in the equality Q4 ® M = N ® @p, we find

N = ordy(Qa) - M -ord,(Qp) ",

which implies the third isomorphism.
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Now, since every morphism A7 — By can be defined over some finite field
extension L/K and since the above description of homomorphisms is also valid
for homomorphisms over L, it follows from this description that every homo-
morphism Hom(Ayr, Br) can be defined over K. This establishes claim (1).
In particular, A and B are isogenous over K if and only if they are isogenous
over K, which establishes claim (2). Finally, A is simple over K if and only
if there exists no non-trivial idempotent in End(A) if and only if there exists
no non-trivial idempotent in End(Az) (by the already established (1)) if and
only if A3 is simple, which establishes claim (3). o

We will give another description of Hom(A4, B) ® Q in terms of L-invariants in
Proposition 4.14 below.

COROLLARY 4.8. Let A and B be abeloid varieties over a p-adic field K, let
L/K be a finite field extension, and let £ be a prime. If (%*) is surjective for
A, Br, and £, then (xx) is surjective for A, B, and {.

Proor. We have a commutative diagram

Hom(A, B) ® Zy —— Homg, (Tx(A), Ty(B))

| |

HOIH(AL,BL) ® Z[ —_— HOHlGL (TZ(AL),TZ(BL))

By Theorem 4.7.(1), the left vertical arrow is an isomorphism, from which the
statement immediately follows. O

4.4 'THE TATE MODULE OF AN ABELOID VARIETY

Let A = Gme/A be an abeloid variety over a p-adic field K and let £ be a
prime, possibly equal to p. It follows from the rigid analytic parametrisation

FXQ/A =~ A(K) that the Tate module Ty(A) sits in a short exact sequence
0 — Z¢(1)? = Ty(A) = Z] — 0 (7)

that is compatible with the G g-actions.

To describe its extension class, we follow and generalise some results due to
Serre [Se68, Appendix A]. To state the result, we define py(K) to be the
group of those roots of unity of K whose order is a power of ¢, we choose a
uniformiser mx, and we denote by UMD =14+ mg =147k - O the group of
1-units of Og. Then, there exists an isomorphism of abelian groups

K* = u(K) x 7% xUW.

In the sequel, we consider the ¢-adic completion

— n
v : K* — KX = ]'&HKX/KXZ (8)
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of K*.
LEMMA 4.9 (Serre +e). Let A:= G, /A be an abeloid variety over K.

1. There exists an isomorphism

e (K) x UMW if £ p,
ker(ye) = { uiw(K) if £ =p.

In particular, ker(~y,) is finite if and only if £ = p.

2. Taking Galois invariants in (7), the boundary homomorphism in Galois
cohomology gives rise to a homomorphism

dg : H*(Gg,Z)) — H' (Gk,Ze(1)9).

Let e; = (0,...,1,0,...), i = 1,...g be the standard basis of Z. Then, the
Z-span A" of {dg(e;)}iz1,....q determines the extension class of (7).

3. Kummer theory induces an isomorphism
—
(K> )9 = H'(Gk, Z(1)7).
Under this isomorphism, ve(A) is equal to A’ from assertion (2).

4. The image v¢(A) is a lattice, that is, a free Z-module of rank g. In
particular, the sequence (7) does not split. In fact, there does not even
exist a non-trivial and G -equivariant homomorphism Zy — Ty(A).

PROOF. The description of the kernel in claim (1) for £ = p is shown in the
proof of the implication (3) = (2) of the theorem of [Se68, Appendix A.1.4].
If ¢ # p, the valuation argument of loc.cit. still shows that 7% has trivial
intersection with ker(v,). This shows that ker(v,) is contained in 7(k*) x UM,
where 7 denotes the Teichmiller lift from £* to K C K*. Hensel’s lemma
implies that U™ C ker(v,). The intersection of 7(k*) with ker(v,) is pee (K).
Claims (2), (3), and (4) for g = 1 are the proposition and the corollary of [Se68,
Appendix A.1.2]. The generalisations of claims (1) - (3) to arbitrary g follow
immediately by taking products and we leave them to the reader. For claim (4),
we note that the valuation argument used in the proof of assertion (b) of the
proposition in [Se68, Appendix A.1.2] still works, when being replaced by the
valuation matrix ord, (V') associated to a period matrix V for A, which we
introduced at the beginning of this section. o

REMARK 4.10. The ¢-adic completion is explicitly given by

B = () i) < 72 < {7

In this decomposition, the map v, can be understood componentwise.
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As a consequence, we now describe G g-equivariant homomorphisms between £-
adic Tate modules of abeloid varieties. In the one-dimensional case, this result
is implicit in [Se68, Appendix A.1.4].

PROPOSITION 4.11. Let Ay C K*9 and Ag C K*" be lattices and let A :=
GY /Aa and B = G’I};’L,K/AB be the associated abeloid varieties. Let Q4
and Qp be period matrices for Ay and Ap. Then, there exist isomorphisms of
Zy-modules

= {]\/f (S N[atgxh(Zg) ’yg(AA) oM C VZ(AB)}
= {M € Matyup(Ze) | 3N € Matyxg(Ze) : 7(Qa) ©M = N ©%(Qp)}
o {M € Matgyxp(Ze) | (ordp(QAf1 @’ye(QA)) OM=M0o (ordp(QBf1 @’ye(QB))} .

Homg . (Ty(A), TZ(B)‘)
\

—
Here, vp : K* — KX denotes the {-adic completion from Lemma 4.9.

PROOF. Given a Gg-equivariant morphism ¢ : Ty(A) — Ty(B), we obtain a
commutative diagram

0 Z((l)g Tg(A) — Zg — 0
0 Zy(1)h T,(B) —— Z —— 0

for some matrices p,o0 € Matyxp(Z). Taking Gg-invariants and passing to
cohomology, it follows that the diagram

dg
Zj —— H' (G, Z(1)%)

P,

commutes.

By Lemma 4.9, the images of A’y and Az under d, and dj, are lattices, and
thus, the homomorphisms d, and dj, are injective. In particular, p determines
px, which determines o uniquely and vice versa.

Using the results and identifications of Lemma 4.9, the commutativity of the
above diagram implies

Y(Qa) ©p = 0 ©v(QB)

with respect to the notation introduced above. Thus, v¢(A4) ® p lies in the
Ze-span of v¢(Ap).

Conversely, let M € Matgyxr(Z¢) be such that vo(A4) © M is contained in the
Ze-span of v,(Ap). Then, M gives rise to map Z¢(1)9 — Zy(1)" and we can
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find a unique matrix N € Matgxx(Z¢) defining a map Zj — Z;} such that the
diagram (9) commutes. This commutativity implies that M and N determine
a unique G-equivariant map ¢ : Ty(A) — T¢(B).

The last isomorphism follows from taking valuations as in the proof of Theo-
rem 4.7. O

4.5 THE p-ADIC GALOIS REPRESENTATIONS

Let A = GY ;. /A4 be an abeloid variety over a p-adic field K and let Q4 =
(¢i.;) be a period matrix for A 4. As seen in (7), the p-adic Galois representation
of G on the rational Tate module V,(A) is an extension of Q,(1)? by Q3. We
denote by log,, Iwasawa’s p-adic logarithm, normalised such that 1ogp(p) =0.
Associated to this data, we construct a filtered (¢, N)-module over K as follows:

1. Let V be the 2g-dimensional vector space over @Q with basis
T1y ey Tg, Y1, --5 Yg together with two linear operators ¢, N:
pla) = p oz e(yi) = wi

(i) g

that is, these operators are given by matrices

<p—1.1dgxg 0> - (0 ordp(Q)>_

0 Idg»g 0 0

We equip Vi, 1= V®g Ko with the Ko-linear extension N ®idg, of N and
with the Ky-semi-linear extension ¢ ® o of . Here, o denotes the lift of
Frobenius on Ky and by abuse of notation, we will denote these extensions
again by ¢ and N. This turns (Vi,,, N) into a (¢, N)-module.

2. A filtration on Vi := V ®qg K defined by Fil' = 0 for i > 1, by Fil* = Vi
for i < 0, and Fil® is the g-dimensional K-vector space spanned by

g
yi + > log,(¢i5) - @

j=1
fori=1,...,g.

After these preparations, we obtain the following result, which was already
known for Tate elliptic curves, that is, in the case where g = 1, see also Re-
mark 4.13 below.

THEOREM 4.12. Let A = GY ,-/A4 be an abeloid variety over a p-adic field K.

Then, the filtered (p, N)-module Dt (Vp(A)) associated to the rational Tate
module of A is isomorphic to (Vi,,p, N,Fil*) constructed above.
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PROOF. We use the notations of [Be04, §11.4] and generalise the computations
there from g = 1 to arbitrary g. To obtain an explicit description of the
rational Tate module V,(A), we fix a compatible system {e(™},, of p"-th roots

of unity, as well as a compatible system {g; ])}n of p™-th roots of ¢; ] Via p-

adic uniformisation, we obtain a GGx-equivariant parametrisation K" / Ay —
A(K), which identifies the p"™-torsion subgroup of A(K) with

{2 e K7 |a?" € A4},

which shows that the 2¢g vectors

e; = hm (1,.. e 1,..)
R 1 (n) (n)
f'L . L (qz 19 aqz g )

with i = 1,..., ¢ form a Z,-basis of the Tate module T,(A). Thus, if g € Gk,
we compute

glei) = lim(1, ., 9(c™),1,.) = x(9) - Jim(1, . e 1,0) = x(9) - e

n n

where x : Gk — Z, denotes the p-adic cyclotomic character. Moreover, we

define a g x g matrix C(g) = (¢;,;(g)) with entries in Z, via
g(fi) = lim (g(qz(," ) - g(ql(f;)))

lim (q< D (emM)ea@) g (5<n>)ci,j<g>)

= fi+ Zci,j(g) "€
j=1

Thus, the action of g € Gk on T,(A) is given by the matrix

(x(g) Ty Igsgi) |

—

To determine the p-adic periods, we have t = log,([¢]) € Bjz C Bar and set

oo

— [,
lng ql,] Z . ]

n=1

were
~ 0 1 =~ .
Gy = (@%.q})...) € E* = Jim 0=

and [g; ;] € W(E") denotes its Teichmiiller lift. This series converges in Bix
and as explained in [Be04, §II.4.3], one should think of u; ; as being equal to
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log,([g:,;]) and one has g(u; ;) = u;j + c;j(g)t. In this explicit description, it
is easy to see that the 2¢g vectors

1
€r; = ;®ei

yi = = i P ®e 10 f;

withi =1, ..., gliein Dgr(V,(A)) = (Bar®q, Vp(A4))“<. These elements form a
2g-dimensional vector space, which shows explicitly that the G- representation
on Vp(A) is de Rham. Now, ¢ and the u; ; lie in the subring B}, C By and

we have p(t) = p-t, (ui ;) = p-u, ;, e(e;) = e;, and ¢(f;) = fi, see also [Be04,
§11.4.3). This implies

1
go(:l:i):;tégei:p_l-xi and  o(y;) = Zp ’]®ej+1®fl—yz.

Then, we have By = Beris[Y] and the normalisation log,(p) = 0 determines an
embedding of By into Bgg, see [Be04, §11.3.3]. Then,

B Gij
wij = 1ogp[gij] = vp(gij) - Y + log, |:Vp(;j,j):| '
The monodromy operator is given by N := —diy and we compute N(x;) = 0.
Rewriting y; as

g9 g9

vp(di5) ! a,
yi = —Z%-Yé?ej - Z;-logp {73] ®ej +1® fi,

j=1 j=1 Vp(q%])

we compute

d % V(qz .
N(yz>:7d_yy1*z e J Z q”

J=1

By definition, the filtration on Bggr is defined by Fili(BdR) = tt. BS{R, from
which it is easy to see that the induced filtration Fil’ on the K-span of the
x;,yi, that is, the intersection with ¢* - B(J{R, is zero for ¢ > 1 and it is equal to
the whole space for ¢ < 0. Moreover, the elements

g
Yi + Zlogp(qiﬁj) * Ty, 1= 1, g
=1

lie in Fil°, see also [Be04, §11.4.3] and we leave it to the reader to show that these
g vectors actually span Fil’. This establishes the claim and we see from these
explicit computations that the G k-representation on V,(A) is semi-stable. We
remark that the semi-stability of V,(A) is a special case of [CN17, Corollary
5.26). 0
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REMARK 4.13. For Tate elliptic curves, this result was established by
Le Stum [LeS95, §9] and our computations extended the exposition in [Be04,
§11.4]. For the description of ¢ and N, we also refer to [Co00, CI99]. Since we
followed the exposition for Tate elliptic curves in [Be04, §I1.4], we have chosen
to use the notation found therein. We note that E+ = Jim Oﬁ/p = (’)% and

TP

also that W(IE*) is commonly referred to as Ajus.

We end this discusssion by an analogue of Proposition 4.11 in the context of
filtered (¢, N)-modules. Before stating the result, we extend the definition of
the L-invariant of a Tate elliptic curve [MTT86, Ch. IT §1] to abeloid varieties
of aribitrary dimension: if Q)4 is a period matrix for the abeloid variety A :=
Gy, x/Aa, we set

L(Qa) = Ordp(QA)_l : Ing(QA) € Matgx (K ™).

Here, log,(Q4) denotes the matrix obtained by applying log, to every entry of
Q4. Note that by a definition of period matrices, ord,(Qa) € Matyx,4(Q) is an
invertible matrix.

PROPOSITION 4.14. Let A =G, /A4 and B = anyK/AB be abeloid varieties
and let Q4 and Qp be period matrices for A and B, respectively.

1. If A is isomorphic to B, then there exists a M € GLgx4(Z) such that
L(Qp) = M™'-L(Qa) M.

In particular, this describes how L transforms under a change of period
matriz of one abeloid variety.

2. There exists an isomorphism of Q-vector spaces

Hom(A, B) ®z Q
=~ (M € Matyxn(Q)| L(Qa)- M = M- L(Qp)} .

In particular, A and B are isogenous if and only if g = h and there exists

a M € GLy(Q) such that L(Qa) - M =M - L(QB).

Proor. We start with the following computation: let R be a subring of Q,,
let A =GY /Ax and B = GP, ;/Ap be abeloid varieties, and let @4 and
@B be perioa matrices. Moreover, let M € Matyx;(R) be a matrix such that
there exists a N € Mat g,y (R) with

Qa®M =N © Qs. (10)

We have seen in the proof of Theorem 4.7 that we have N = ord,(Qa4) - M -
ord,(Qp) ! in this case, which then yields

(0rdy(Qa) "' ©QA) O M = M © (ordy(Qp) ™" © Qp).
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Taking the Iwasawa logarithm on both sides, we obtain
L(Qa) M = M- L(QBp).

This already implies claim (1): if A = B, then we can find M, N € GL,(Z)
satisfying equation (10) and the assertion follows.

We now establish claim (2): given a homomorphism Hom(A4, B) ® Q, there
exist by Theorem 4.7 two matrices M, N € Matyx,(Q) that satisfy (10). By
the above computations, we find that £(Qa) - M = M - L(QB).

Conversely, assume that we are given a matrix M € Matgy,(Q) such that
L(Qa) M =M-L(Qp). Weset N:=ord,(Q4) M -ord,(Qp)~" and find

log,(Qa) M = N -log,(Qp) and ord,(Qa)- M = N -ord,(@r),

which shows that
log,(Qa®M) = log,(N©®Qp) and ord,(QaoM) = ord,(NOQBp).

Using properties of the Iwasawa logarithm, this shows that there exist roots of
unity ¢; ; € K such that the (4, j) entries of the matrices Q4 © M and N © Qp
differ by the factor €; ;, see also the proof of [LeS95, Proposition 6]. Thus, if R is
a positive integer such that Efj =1 forall ¢, 7, then Q4 ®(RM) = (RN)® Q3.
In particular, RM and RN define an element of Hom(A, B) and claim (2)
follows. O

Our definition of the L-invariant of an abeloid variety generalises the L-
invariant of a Tate elliptic curve [MTT86, Ch. II §1]. We refer to [DT08] for a
survey of various L-invariants for varieties that are uniformised by Drinfeld’s
upper half plane Q1. Before continuing with our discussion of Proposition 4.11
in the context of filtered (¢, N)-modules, we first show that the L-invariant
LE°(C) of a Mumford curve C, as defined by Besser-de Shalit [BdS16], coin-
cides with our L-invariant of the Jacobian J of C.

PROPOSITION 4.15. Let T' C PGLo(K) be a Schottky group and let C = F\(AZ}(
be the associated Mumford curve of genus g. Let J = G, ,./A; be the Jacobian
of C. Then, there ezists a choice of period matrix Q; for J such that

LC) = L(Qy).

PrROOF. (We refer the reader to [BdS16, §2.1 and §2.2] for a summary of the
de Rham cohomology of varieties that are uniformised by Drinfeld upper half
spaces, and also for the appropriate references to the literature.)

Since we only consider de Rham cohomology in cohomological degree 1, we
are in the situation d = 1 and ¢ = 0 in the notation of [BdS16]. We
have already fixed a uniformiser of K, so we shall drop this label from

the notation of [BdS16]. In summary, we simplify the notation by setting
LENO) = 55331(0).
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By definition, we have £°'(C) = v~! 0 A®°! where
v = grN : gipHgp(C/K) — grpHig(C/K)

is the map induced by the monodromy operator on the graded pieces of the
covering filtration, using the fact that the covering filtration coincides with the
weight filtration up to a shift in index. It is an isomorphism by the monodromy-
weight conjecture, which is a theorem in our situation. The covering filtration
is opposite to the Hodge filtration, which gives the identifications

grrHa (C/K) = H(C, Q¢ i)
and
grrHig(C/K) = H'(C,O¢) .

The monodromy operators of C' and J coincide under the identification
HlR(C/K) = Hizx(J/K), by [C199, §3]. Choose a period matrix @ s of J. Then
we have computed in Theorem 4.12 that v is given by the matrix ord,(Q.).
The map

N g i (C/K) — b H i (C/K)

is defined using harmonic cochains on the Bruhat-Tits building 7 of PGL2(K)
and the identifications

gir Hig (C/K) = HO(T, Gy, (T))

and
grrHig (C/K) = H' (T, Cp,.(T)) .

Let C, := K. It is shown in [Gro00, §3.1.2] that for Mumford curves, the map
Al @ C, coincides with Coleman integration.

Fix 2/ € QL (C,). For a € T, define

U (z) = H =)

or 2 el

(this is independent of the choice of z’), and for a, 8 € T, define

Qa,p =

Then, A is generated by elements of the form @, g, that is the Q4 g form a
period matrix Qs for J [GvdP80, Ch. VI §2]. Recall as well that H°(C, Qlc/K)
is generated over K by differential forms of the form

_ dug

W = ,
U
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where v € IV :=T'/[I',T'] ~ A;. Using the notation of [Gro00], all paths « are
linear combinations of the paths of the form [z, - z] with 8 € ', and hence to
compute \°°! we see that it suffices to calculate

B2 dug,
/ —— = log, ua(f - 2) —log, ua(z) = log, Qa,ps -

U

Altogether, we see that £°°! = p=1o\°! = ord,(Q) " log,(Qs) = L(Q,). O

We now return to our discussion of 4.11 in the context of filtered (p, N)-
modules.

PROPOSITION 4.16. Let A := an,K/AA and B := anyK/AB be abeloid vari-
eties and let Q4 and Qp be period matrices for A and B, respectively. Then,
there exists an isomorphism of Qp-vector spaces

HOmMFxIA;a,go,N (Dst(Vp(A>>, Dst (Vp(B)))
>~ {M € Matyxn(Qp) | L(Qa)- M = M- L(QB)} -

In particular, Ds;(V,(A)) and D (V,(B)) are isomorphic if and only if g = h
and there exists a M € GL4(Q,) such that L(Qa)- M =M - L(QB).

PROOF. Quite generally, let D, D’ be objects of MF}#¥. Then, an element
of HomMF?,w,N (D, D') is a Ky-linear map from the underlying Ky-vector space

of D to the underlying Ky-vector space of D’ that commutes with the Frobe-
nius and monodromy operators, and such that the K-linear extension of this
map sends the Hodge filtration of Dy into the Hodge filtration of D’.. After
choosing bases, we represent this Ko-linear map by a matrix M and let F, F’
be matrices representing the Frobenius operators on D and D’, respectively.
Then, compatibility with Frobenius is the condition that FM = M F’.

We claim that the matrix M has coefficients in @Q,: first, by considering

(%) :DeD - DoD,

we see that it suffices to assume D = D', ¢ = ¢/, and F = F’. Recall
that the Frobenius operator is semi-linear with respect to o by definition, that
is, FM = o(M)F. This together with condition FM = MF shows that
o(M) = M, which proves the claim.

Now let us return to the explicit description of
HomMFVIV:,%N(Dst(Vp(A)),]D)St(Vp(B))). Using the bases from Section 4.5,
we see that giving an element of this space is equivalent to giving a matrix
M € Matogxon(Q)) that satisfies the following three conditions

p_l -Id g« 0 . p_l -Idpxn 0
< Mo Idgxg>M _ M( ! Idhxh) (a)
<8 ordp(()QA)) M= M (8 ordp(()QB)) (b)
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(log,(Qa) Idgxg) M = (Z-log,(Qp) Z) (c)

for some Z € Matyxp,(K). We see that (a) holds if and only if M is of the form
(% 9) for some matrices X,Y € Matgyxp(Qp). It then follows from (b) and (c)
that to give an element of Homypwa. ¢ (Dt (Vp(A)), Dgy (V(B))) is the same as

giving X, Y € Matyxn(Qp) that satisfy

ordy(Qa) - X =Y -ordy(@p) (d)
and

log,(Qa) - X =Y -log,(@5B)- (e)
Since @ p is a period matrix, ord, (@) g) is invertible, and we find ¥ = ord,(Q4)-
X -ord,(Qp)~!. Plugging this into (e), the proposition follows. O

4.6 A TRANSLATION OF QUESTION 1.2 INTO LINEAR ALGEBRA

Let A =G}, x/Aa and B = G%K/AB be abeloid varieties over a p-adic field
K and let ¢ be a prime, possibly equal to p. We choose period matrices @ 4
and @p.

1. Under the identifications of Theorem 4.7 and Proposition 4.11 the homo-
morphism (%x)

HOIII(A7 B) ®z Z¢ — Homg, (TZ(A), TZ(B))
is given by the homomorphism

{M € Matyxn(Z)|Aa ©M C Ap} ®2z Zy
= {M € Matgxn(Ze) | ve(Aa) © M C ve(Ap)},
or, equivalently,

{M € Matyxn(Z)| (ord,(Qa) ' ®Qa) OM = M © (ordy(Qp)™' ©® Q) } ®z Zy
— {M € Matyyn(Zg) | (ordp(Qa) ™' ©7(Qa)) ©M = M © (ordy (@)~ ©7(QB))} -

2. Moreover, if £ = p, then under the identifications of Theorem 4.7 and
Proposition 4.16, the analog of homomorphism (%)

Hom(A, B) ®7 Q, — HOmMF\;v(a,gp,N (Dst(Vp(A)), Ds (Vi (B)))
is given by

{M € Matyx,(Q) | (0rdp(Qa) 1 ®Qa) @M = M@ (0rdy(Qp) 1 © QB)} ®g Qp
— {M € Matgun(Qp) | L(Qa)-M = M- L(Qp)},

or, equivalently,

{M € Matyxn(Q) | L(Qa) - M = M- L(Qp)} ®g Qp
— {M € Matgun(Qp) | L(Qa) - M = M- L(Qp)} .
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This gives reformulations of Question 1.2 in terms of linear algebra. Note that it
is particularly easy to see that (%) is injective in some of these reformulations.
We also see that the surjectivity of (%) is equivalent to the interplay of Q-
structures versus Q-structures, which is similar to Raskind-admissibility and
the results of Section 3. In Lemma 4.9 and Remark 4.10, we have seen that
behaves very differently depending on whether ¢ 2 p or £ = p:

1. In Proposition A.4, we will see that surjectivity of (xx) may fail if A and
B are Tate elliptic curves and £ # p.

2. Surjectivity of (xx) may look plausible if £ = p: we will give a positive
result in Proposition 5.3 below and disprove it in general in Theorem 6.1.

5 ProbpucTs OF TATE ELLIPTIC CURVES

In this section, we use the results of the previous section to study Raskind’s
conjecture for divisors (Conjecture 1.1) and Question 1.2 for abelian varieties
that are isogenous to products of Tate elliptic curves. For the product X of two
Tate elliptic curves, we determine the rational structure on the filtered (¢, N)-
module Dy (HZ (X7, Q,)), which leads to a direct verification of Conjecture
1.1. We also classify all filtered (@, N)-modules that are ordinary in the sense
of Perrin-Riou that have a fixed rational structure that is modeled on a surface
with py = 1.

5.1 PRrobpuUCTS OF TATE ELLIPTIC CURVES

We recall that a Tate elliptic curve over a p-adic field K is the same as an
abeloid variety of dimension one over K. In particular, they are of the form
E(q) = Gy i /q” for some ¢ € K* with v,(¢q) > 0. As in the previous section,
we set L(x) := log,(v)/vp(z).

THEOREM 5.1 (Le Stum, Serre). Let E(q;), i = 1,2 be two Tate elliptic curves
over a p-adic field K associated to q¢; € K* with v,(q;) > 0. Then, the following
are equivalent:

1. E(q1) and E(q2) are isogenous.
2. There exist positive integers A;, i = 1,2 such that qfh = qu.

3. The rational Tate modules V,(E(g;)), i = 1,2 are isomorphic as p-adic
G i -representations.

4. The Dg(V(E(q:))), @ = 1,2 are isomorphic as filtered (¢, N)-modules
over K.

5. ﬁ(fh) = E(Qz)-

PROOF. The equivalences (1) < (2) < (3) are shown in [Se68, §A.1.4] and
the equivalences (1) < (4) < (5) are shown in [LeS95, Proposition 6]. O
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REMARK 5.2. In fact, using the results from Section 4, it is easy to deduce the
equivalence (1) < (2) from Theorem 4.7, to deduce the equivalence (2) < (3)
from Proposition 4.11, to prove the equivalence (1) < (4) using Proposition
4.14, and to prove the equivalences (3) < (4) < (5) using Theorem 4.12.

Concerning Question 1.2, we have a positive answer in the following special
case.

PRrROPOSITION 5.3. Let K be a p-adic field and let A and B be abelian varieties
over K, both of which are isogenous to products of Tate elliptic curves. Then,
(xx) (please see §1.4) is surjective for A, B, and € = p, that is, Question 1.2
has a positive answer for A and B.

PROOF. First, the map (xx) is injective [Mu70, IV.19.3] and since the cokernel
is torsion-free [Ta66, Lemma 1], we are reduced to showing the surjectivity of
the map

Hom(A, B) 2 Q, — Homa, (V,(A), Vy(B)) . (11)

If A is isogenous to a product [[,_; E(g;) of Tate elliptic curves, then an isogeny
gives rise to an isomorphism of p-adic G g-representations

g

Vo(4) = P Vi (E(a:)-

=1

We are thus reduced to the case where both A and B are Tate elliptic curves.
If they are not isogenous, then Hom(A4, B) = 0 and Hom(V,(A),V,(B)) = 0
by Theorem 5.1. On the other hand, if they are isogenous, then we have
Hom(A, B) = Z and Hom(V,(A), V,(B)) = Q,. This verifies the claim in both
cases and the proposition follows. O

As a corollary, we establish Conjecture 1.1 in a special case.

COROLLARY 5.4. Let K be a p-adic field and let A be an abelian variety over
K that is isogenous to a product of Tate elliptic curves. Then, (%) is surjective
for A and ¢ = p, that is, Raskind’s conjecture for divisors (Conjecture 1.1) is
true for A.

PrROOF. We may assume that A is in fact isomorphic to a product of Tate
elliptic curves. The argument to deduce surjectivity of (x) from the surjectivity
of (xx) is [Ta66, Theorem 3. O

In Appendix A, we will see that both results fail to be true if £ # p.

5.2 THE PRODUCT OF TWO TATE CURVES

Let E(q) := G, x/q” be the Tate elliptic curve associated to an element g €
K> with v,(g) > 0. Associated to ¢, we construct a filtered (¢, N)-module as
follows
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1. Let V be a 2-dimensional vector space over Q with basis e;, eo together
with two linear operators ¢, N defined by

pler) = e ple2) = p-e2
N(el) =0 N(eg) = e€1

We equip Vi, := V ®q Ko with the Ko-linear extension of N and the
Ky-semi-linear extension of ¢, which defines a (p, N)-module over K.

2. Define a filtration on Vi := V ®¢ K defined by Fil’ = Vi for i > 0,
by Fil’ = 0 for i > 2, and Fil' is the one-dimensional K-vector space
spanned by

L(q) e1 + ea.

Now, the p-adic G g-representations V,(E(q)) and H} (E(q)%,Qp) are dual.
Using the explicit description of Dy (V,(E(g))) provided by Theorem 4.12 (al-
though in the case of Tate elliptic curves, this was classically known, see [Be04,
11.4.2]), the formulae from [Fo94, 4.2.4 and 4.3.4] to compute the dual, and af-
ter suitably rescaling, it is not difficult to see that the just constructed filtered
(¢, N)-module V is isomorphic to D (H, (E(q)7, Qp)). Alternatively, one can
also use Le Stum’s computations [LeS95, §9].

Next, let ¢; € K* with vp(g;) > 0 for i = 1,2, let E(g;) be the assocated Tate
elliptic curves over K, and set X := E(q1) X E(g2). Then, we have the following
description of the filtered (p, N)-module Dy (HZ (X7, Qp))

1. Let VW, i = 1,2 be two 2-dimensional vector spaces with bases

{egi), egi)}, Frobenius, monodromy, and filtration on V®) ® K associated
to ¢; as above. Set V := V1) g V),

2. Then, W := A2(V) = A2(VD @ V() is a 6-dimensional Q-vector space

with basis
a = egl) N €§2),

bO = 6&1) N 652) + 651) A\ €§2),

b = egl) A egQ) — eél) A 652), by = egl) A egl), bs = 652) A egQ)
c = eél) A 652).
We set

A :={a), By := (bo), By := (b1,ba,b3), B:= By ® By, and C := (¢).
3. The ¢’s on V(1) and V2 induce a linear endomorphism oy with
owla =ida, ewls =p-ida, and ewlc = p°-ida.
Similarly, we obtain a linear endomorphism Ny, with
Nw(c) = by, Nw(bg) = 2a, and Nw|ags, = 0.

We extend s semi-linearly and Ny linearly to W ® K and thus obtain
a (p, N)-module.

DOCUMENTA MATHEMATICA 24 (2019) 1879-1934



TATE CONJECTURES AND ABELOID VARIETIES 1919

4. Moreover, the decomposition (W = A® By ® B1 ® C, ow, Ny ) defines a
rational structure in the sense of Definition 3.4.

5. The filtrations on V) @ K give rise to a filtration on W ® K with Fil’ =
W, Fil® = 0, and Fil? is the one-dimensional K-span of

L(g1)L(g2) -a + L(q1) - egl) A egQ) + L(g2) - eél) A 652) + egl) A egQ) .
~——
€A €B =ceC
(12)
To explain Fil', we note that since W = A2V, the wedge product induces
a non-degenerate symmetric bilinear form W x W — A*V = Q. Then,
Fil? is isotropic with respect to this pairing and it is easy to see that

Fil' = (Fil*)*.

Thus, we obtain a filtered (¢, N)-module (W ® Ky, Fil®, pw ® o, Ny ® idg,)
and a rational structure (W = A @® By @ By & C,ow, Nyw). We will see in
Proposition 5.6 that it is isomorphic to Dy (HZ (X7, Qp)).

LEMMA 5.5. This just-constructed filtered (o, N)-module together with its ra-
tional structure is Raskind-admissible. More precisely, we have

. 1 _ 2 if L(q1) # L(g2) and
dima (FI' 03 = { 5 E07 G

PROOF. First, we note that an element lies in Fil® if and only if it has zero
intersection with the vector (12). This makes computations very easy.

If £L(q1) = L(g2), then By C Fil! from which the claim on the dimension and
Raskind-admissibility easily follows.

If £(q1) # L(g2), then by, by € Fil' and thus, dimg(Fil' N B;) > 2. Moreover,
we have that Fil' N (B1 ® K) is strictly contained in By ® K, which yields the
chain of inequalities dimg (Fil1 NB;) < dimg, (Fil1 N(B1®Q,)) < dimg (Fil1 N
(B1 ® K)) < 2. Together with the previous inequality, this implies that we
have equality everywhere and establishes the claimed dimension, as well as
Raskind-admissibility. O

PROPOSITION 5.6. Let K be a p-adic field, let ¢; € K* with vp(¢;) > 0 for
i=1,2, let E(q1), E(q2) be the associated Tate elliptic curves over K, and set
X = E(q1) x E(g2).

1. X admits a proper and semi-stable model X — Spec Ok, whose special
fibre Xy is cohomogically totally degenerate.

2. The filtered (¢, N)-module Dg(HZ (X7, Q,)) together with the rational
structure associated to Xy are isomorphic to the one constructed at the
beginning of this subsection.
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In particular, this filtered (@, N)-module is Raskind-admissible and Conjecture
1.1 is true for X. More precisely, we have

_J 2 if L(¢) # L(g2) and
p(X) = { 3 i Llq) = L(ga).

for the Picard rank of X.

Proor. Using the decomposition

Hgt(Xfa @p) = /\HéQt(Xfa @p) = /\ (Hélt(E(ql))fa Q) & Hélt(E(‘D)f’ Qp))

and the explicit description of Dy (H} (E(gi)7, Qp)) given at the beginning of
Section 5.2, it is easy to see that the filtered (, N)-module constructed above
is isomorphic to Dy (HZ, (X7, Qp)).

Let & — SpecOk the “standard” proper and semi-stable model of E; := E(g;),
whose special fibre & is a cycle of P’s. It follows that Hjz(FE;/K) and
Hygy eris(€i0/ Ko) carry structures of Q-vector spaces arising from classes of
algebraic cycles of the special fibre. Tensoring with K, we obtain the filtered
(¢, N)-module V® @K constructed at the beginning of Section 5.2. Conversely,

the vector egi) € V) arises as an eigenvector of ¢, which makes it canonical up

to a factor \; € Q. Since egi) = N(eg)), this also determines egi). Thus, given

VO @K the just discussed rational structure must be the Q-span <)\iegi), /\iegi)>
for some \; € Q.

We obtain a proper and semi-stable model X — Spec Ok of X via a partial
resolution of singularities of & x & — Spec Og. Thus, the Q-vector space
structures on Hjg(X/K) and Hy, ;. (Xo/Ko) arise (via Kiinneth) from the
Q-vector space structures on Hgp (E;/K) and Hy, .(Ei0/Ko). Therefore,
the rational structure on Hy,, ;. (Xo/Ko) arising from Xj is of the form as
discussed at the beginning of Section 5.2 and isomorphic to it, where the iso-
morphism is induced by multiplication by scalars A; € Q) as just explained.
We note that such a rescaling multiplies the vector (12) by A; - Ag, that is, it still
spans the same K-vector space Fil%. Since Fil! = (FilQ)L, we see that rescaling
also leaves Fil' invariant. Thus, the filtered (¢, N)-module together with its
rational structure discussed at the beginning of Section 5.2 is isomorphic to
Dyt (HZ (X7, Qp)) with its rational structure arising from Xj.

By Lemma 5.5, it is Raskind-admissible and thus, Conjecture 1.1 for X follows
from Theorem 3.11. The claim on the Picard ranks follows from the dimensions
computed in Lemma 5.5. O

REMARK 5.7. We note that Conjecture 1.1 for the product of two Tate curves
was already established Tate, as is explained in [Se68, Appendix A.1.4] (see
also [RX07b, §4.1, Corollary 19]), and it also follows from the more general
Corollary 5.4.
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The previous proposition raises the question, whether every admissible (¢, N)-
module with rational structure is Raskind-admissible. This is not the case, as
the following example shows.

ExaMpPLE 5.8. We keep the notations and assumptions of Proposition 5.6.
Choose v € Q,\Q, choose A € K\{0}, and define

v =2\ —v)a + A\bg — vby + b3 + c.

Then, v is isotropic with respect to the pairing introduced at the beginning of
Section 5.2, which allows us to define a filtration on V ® K via

Fil> :== K-v and Fil' := (Fil*)*.

This filtration is admissible by Proposition 5.9 below. We leave it to the reader
to check that

Fil' N(B1®Qy) = Qp(b1,vba + b3)

Fil' N B = Q(b),

which implies that Fil® is not Raskind-admissible. Varying v and A, we obtain
a whole family of such modules.

5.3 ADMISSIBILITY

Given a (¢, N)-module and a rational structure in the sense of Definition 3.4
with dim A = dim C = 1, we now address the question when a filtration over K
is ordinary in the sense of Perrin-Riou [PR94, 1.2]. We have the following result,
which should be the framework for rational structures on Dy (HZ (X7, Qp))
where X is a smooth and proper surface over K with cohomological total
degeneration and h%? = h?Y =1 (that is, p, = 1 in classical terminology).

PROPOSITION 5.9. Let (V = A® By ® B1® C, py, Ny) be a rational structure
in the sense of Definition 3.4. Assume moreover that

1. dimA = dimC = 1. We also fix a non-zero element ¢ € C, that is, a
basis of this vector space.

2. There ezists a non-degenerate, symmetric, and bilinear pairing @ : V X

V = Q.

Let K be a p-adic field and let Fil® be a filtration on V @ K with Fil® =V @ K
and Fil* = 0.

1. If Fil® is ordinary, then Fil® is 1-dimensional and spanned by a unique

vector of the form
/

v=1v +c (13)
withv' € (A® By ® B1) @ K.
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2. If v is of the form (13) with Q(v,v) =0 and Q(v, N?(c)) # 0, then
Fil> .= K-v and Fil' := (Fi*)*
defines an ordinary filtration on V ® K.

In particular, there exists a bijection

dinary filtrations
. Q,0) =0, Q(v,N*(c) #0, o :
{U CEVROK: and v is of the form (13) - OF{IYS(IEHQS;T

that is defined by sending v to the filtration with Fil' = (Kv)* and Fil® = Kv.

ProoF. By [PR94, 2.6] it follows that Fil® is ordinary if and only if we have
direct sum decompositions

VoK =Fil' ® (A®K) = Fi’ @ (A@ B)® K),

where B = BO D Bl,

In particular, Fil? is one-dimensional and thus, generated by one element v €
V®K. Being ordinary, we have v ¢ (A®B)® K. Thus, after possibly rescaling,
we may assume that v is of the form v’ + ¢ for some v’ € (A® B) ® K and this
vector is unique. This establishes claim (1).

If v € V ® K satisfies Q(v,v) = 0, then Fil*> := Kwv is contained in Fil' :=
(Kv)t, and we obtain a filtration. Since @ is non-degenerate, it follows that
(Kv)* is of codimension 1 in V ® K. If v is moreover of the form (13), that is,
v=2+cwitht € (AP By®B) @K, then V@K =Fil’®(A® B) QK.
If Q(v, N2(c)) # 0, then A, which is spanned by N2(c), is not contained in
(Kv)* = Fil', that is, we have V ® K = Fil' @ A® K. This shows that Fil® is
ordinary and establishes claim (2).

We leave the remaining assertion to the reader. O

Thus, ordinary filtrations on V ® K with Fil' = (Fil*)* are parameterised
by the K-rational points of a quasi-affine scheme over Q. Explicitly: first,
bo := N(c) is a basis of By, then, ¢ := N(by) = N?(c) is a basis of A and
we choose a basis by, ..., bs of By. Then, we define an affine quadric Q by the

equation
Q (Aa—l—z,uibi +c, )\a—i—Zuibi—i—c) =0

=0 i=0
in the (s+2)-dimensional affine space with coordinates (\, o, ..., s ). We define
the Zariski open subset U C Q by the condition

Q <)\a + zs:,uibi +c, N2(6)> # 0.
=0

Then, U is a quasi-affine scheme of dimension (s+ 1) over Q, whose K-rational
points are in bijection to ordinary filtrations Fil® on V ® K with Fil' = (Fil*)*.

DOCUMENTA MATHEMATICA 24 (2019) 1879-1934



TATE CONJECTURES AND ABELOID VARIETIES 1923

6 A COUNTER-EXAMPLE

For abelian varieties that are isogenous to products of Tate elliptic curves, we
established Raskind’s conjecture for divisors (Conjecture 1.1) and showed that
Question 1.2 has a positive answer in the previous section. In this section,
we will show that in general, Question 1.2 has a negative answer and that in
general Raskind’s conjecture for divisors is false.

6.1 TOTALLY DEGENERATE REDUCTION AND { =p

In view of Proposition 5.3, the first place to look for counter-examples are
abeloid surfaces over p-adic fields.

THEOREM 6.1. Let p be a prime with p > 5 and p = 1 mod 3. Then, there
exists a Tate elliptic curve A and an algebraisable abeloid surface B over Qy,
such that

1. the natural maps

Hom(A,B) @z Z, — Homg,, (Tp(A), T,(B))
End(B) €22, — Endg, (T,(B))

are not surjective. In particular, (%x) (please see §1.4) is not surjective
and Question 1.2 has a negative answer for £ = p.

2. The natural map induced by the first Chern class map
Pic(B) @2 Q, — HZ(Bg, ,Qy(1)%

is not surjective. In particular, (*) is not surjective for { = p and
Raskind’s conjecture for divisors (Conjecture 1.1) is false.

REMARK 6.2. As seen in Proposition 4.6, an algebraisable abeloid variety over
K is the same as an abelian variety over K with totally degenerate reduction.

ProoOF. Let e € 14 p-Z, be a non-trivial p-adic unit, set ¢; := p, and set
g2 :=¢-p. Let A:= E(q1) be the Tate elliptic curve over Q, with respect to
the lattice ¢/ C Q, - First, we set

1
Vé = (qll q2) e Matgxg((@;)

and note that abeloid surface B’ over Q, associated to the matrix V} is iso-
morphic to the product of the two Tate elliptic curves E(q1) X E(g2).
For vy, vs € Z;,, we define

U1 1—202 —20y09
S = Id2><2 - 2. <v2> . (’1}1 ’UQ) = (—2’(}1’(); 1— 2’()%) S Matgxg(Zp) .
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Clearly, S is symmetric and if v +v3 = 1, which we will assume from now on,
then S—! = S* and thus, we find
a b . 2
S = with a:=1-2v7, b := —2vqv9,
b —a
and note that we have a? + b*> = 1 (one should think of this matrix as the

analog of an orthogonal matrix over R that describes the reflexion along the
axis spanned by (v; v2)). We set

—Pp
Vg = ST1OVLOS € Mataxa(Q) ),

—=p
(here @, denotes the p-adic completion 7, from Lemma 4.9), which is equal

to
2 2 —ab 2 —
vy — (4 dt e (e e
@’ ™ 4 -a e e p
In particular, this matrix has actually coefficients in @, rather than merely

—

in Qp, see also Remark 4.10. Moreover, the valuation v, : Q; — @Q sends Vg
to the identity matrix. Since Vp is a symmetric matrix and since it is definite
with respect to the Q-linear functional v}, it is a Riemann matrix in the sense
of Gerritzen [Ge71]. We let B be the abeloid surface over Q, associated to V.
By [GeT71, Theorem 11], this surface is algebraisable, that is, B is an abelian
surface over Q.

In order to determine Hom(A, B) and Homg, (1,(A),T,(B)), we are looking
at the equation

@) © @ v) =0 ») =@ o) oV = (v et pl),

Taking valuations, we find x = 2’ and y = y'. To avoid trivialities, we will also
assume that a # 0 and b # 0, which leads to the general solution

b
y=—--x.

a
Since there is always the p-adic solution = = a, y = b, Proposition 4.11 implies
that Hom(V,,(4), V,(B)) is non-zero and in fact, isomorphic to @,. On the
other hand, Theorem 4.7 implies that Hom(A, B) ® Q is non-zero if and only
we can find a solution with € Q and y € Q. Thus, Hom(A, B)®Q is non-zero
if and only if a/b € Q.
In order to establish the first claim, we have to show that we can find vy, v2 € Z),
that satisfy all the restrictions we made during the previous discussion and such
that a/b = (2v% — 1)/(2v1v2) does not lie in Q. If vy = 2, then vy = /=3 does
not lie in @, but it is an element of Z, if p > 5 and p = 1 mod 3 (the last
statement easily follows from the law of quadratic reciprocity).
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Similarly, to compute the endomorphism algebras End(B) ® Q and
Endg,, (V,(B)), we have to solve the equation

VBQC:C/@VB

for 2 x 2-matrices C' and C’ with entries in Q and Q,, respectively. Taking
valuations, we find C' = C’. Moreover, if C' = (¢;;)1<i,j<2, then we leave it to
the reader to show that the general solution is given by

b2 — a?
ab

ci12 =c1 and cap2—c11 = ci2-

We thus always have the solution c15 = co1 = 0 and c¢17 = c92, that is, mul-
tiplication by a scalar. If (b> — a?)/(ab) does not lie in Q (which is the case
if v; = 2 and vy, = v/=3), then these are the only solutions in Q, that is,
End(B) ® Q 2 Q. On the other hand, the above equation always has more
solutions in Q,, that is, End(V,(B)) is strictly larger than Q,.

These computations establish the first claim. The second claim follows from
the first claim by the same arguments as in the proof of Proposition 5.4. O

REMARK 6.3. The restrictions on the prime p in Theorem 6.1 are artificial
in that they are only used to state a clean counterexample. The method of
proof should give counterexamples to Conjecture 1.1 and Question 1.2 for any
prime p.

A  FURTHER (COUNTER-)EXAMPLES

So far, we have studied the surjectivity of the maps () and (xx) (defined in §1)
in the case where £ = p and where the varieties in question are smooth and
proper over a p-adic field with totally degenerate reduction. If £ # p or if
the variety has good reduction, then it was already more or less well-known
to the experts that one cannot hope for such surjectivity results, but for the
sake of completing the picture, we have decided to collect some examples. As a
byproduct, we see that also “independence of ¢” fails. In this section, we claim
only little originality.

A.1 GOOD REDUCTION AND £ # p

Let X be a smooth and proper variety over a p-adic field K that has good
reduction, say, via a smooth and proper model X — Spec O with special
fibre Xy over the residue field k. By base-change in étale cohomology, the
G k-action on H}; (X3, Q) is unramified and factors through the Gj-action on
HE (%7, Q).

1. In particular, we have
HéQt(Xfa Q@(l))GK = HéQt(XO,Ea Qé(l))Gk
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and if Xy satisfies the Tate conjecture for divisors over the finite field k,
then these spaces are isomorphic to Pic(Xy) ®z Qp.

2. Let A and B be abelian varieties with good reduction over K and let
let Ag and By be the special fibres of their Néron models. In this case,
base-change implies that

Homg, (Te(A), Te(B)) = Homg, (Te(Ao), Te(Bo)) ,
which is isomorphic to Hom(Ag, By) ®z Z; by Tate’s theorem [Ta66].

In particular, the right hand sides of (x) and (x%) compute invariants of the
special fibre, see also Remark 3.2. After these preparations, it is easy to give the
desired counter-examples - in fact, “almost all” elliptic curves provide counter-
examples.

PROPOSITION A.1. Let K be a p-adic field, let E be an elliptic curve over K
with good reduction, and let & be the special fibre of its Néron model. If &
is supersingular or if & is ordinary and E does not have CM, then (%) is not
surjective for X = E X E and £ # p and (**) is not surjective for A= B=F
and ¢ # p.

Proor. The first claim follows from the second claim by the same arguments
as in the proof of Proposition 5.4. Therefore, it suffices to show that the natural
map End(F) ®z Q¢ — Endg, (Vz(F)) is not surjective.

First, assume that & is supersingular. Then, End(&p) is an order in a quater-
nion algebra and thus, End(&y) ® Qy is 4-dimensional. Hence, Endg,, (Vz(F)),
which is isomorphic to Endg, (Vi(&)), is 4-dimensional by Tate’s theo-
rem [Ta66, Main Theorem]. On the other hand, End(F) is isomorphic to Z or
to an order in a quadratic imaginary field, which implies that End(F) ® Q; —
Endg, (Ve(F)) cannot be surjective.

Similarly, if E does not have CM, then End(E) ® Q = Q¢. Moreover, if &
is ordinary, then Endg, (&) is an order in a quadratic imaginary field and
Endg, (&) ® Qg is 2-dimensional. O

A.2 GOOD REDUCTION AND ¢ =p

Next, we show that Conjecture 1.1 and Question 1.2 have a negative answer if
¢ = p and in the case of good reduction.

ProrOSITION A.2. Let K be a p-adic field and let & be an ordinary elliptic
curve over k.

1. Let A be a lift of &y over K with CM, for example, the canonical lift, and
2. let B be a lift of & over K without CM.
Then, (x) is not surjective for X = A x B and £ = p and (x*) is not surjective

for A, B, and { = p.
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Proor. The first claim follows from the second claim by the same arguments
as in the proof of Proposition 5.4. Therefore, it suffices to show that the natural
map Hom(A, B) ®z Q, — Homg, (V,(4), V,(B)) is not surjective.

Since A cannot be isogenous to B, the source Hom(A4, B) ®zQ, is trivial. Next,
for E € {A, B} there exists a short exact sequence of p-adic G i-representations

0> X > Vy(FE) >Y — 0. (14)

More precisely, X corresponds to the Tate module associated to the connected
component of the p-divisible group £[p>°] and Y corresponds to the Tate mod-
ule associated to the étale quotient. In particular, the G g-representations X
and Y only depend on & and not on the choice of lift E. Moreover, the se-
quence of Gg-representations (14) splits if and only if the lift of & has CM,
that is, it splits for A but not for B. We refer to [Se68, Appendix A.2.4] for
details and proof. But this implies that the target Home, (V,(A), V,(B)) is
non-trivial: taking the monomorphism X — V,(B) from (14) and the zero
map Y — V,(B), we obtain a non-trivial and G g-equivariant map

Vp(4A) = XY — V,(B).
This establishes the second claim. O

REMARK A.3. In [LTG66, §3.5], Lubin and Tate constructed elliptic curves E
over p-adic fields having good and supersingular reduction such that the the
monomorphism

End(E) ®z Z, — Endg, (Tp(E))
is not surjective. Therefore, () is not surjective for X = F x E and £ = p and
(xx) is not surjective for A= FE, B= A, and ¢ = p.

A.3 TOTALLY DEGENERATE REDUCTION AND ¢ # p

Now, we show that Proposition 5.3 and Corollary 5.4 fail if ¢ # p.

PROPOSITION A.4. For every prime p, there exist Tate elliptic curves A and
B over Qp, such that (x) is not surjective for X = A x B and £ # p and (%*)
is not surjective for A, B, and £ # p.

PROOF. Let € € 1+ p-Z, be a non-trivial p-adic unit and let A := E(p) and
B := E(e - p) be the Tate elliptic curves associated to p € Q and ¢-p € Q.
Then, A and B are not isogenous by Serre’s criterion (Theorem 5.1.(2)) and
thus, Hom(A4, B) = 0.

We let ¢ be the f-adic completion from Lemma 4.9. By Proposition 4.11, we
have

Homg, (Ty(A), Te(B)) = {m € Z¢|In € Zg : ve(p)™ = ve(e-p)"} .

By Lemma 4.9 and Remark 4.10, we have ~,(¢) = 1, that is, we have
Ye(p) = 7e(e - p), which implies that Home, (T¢(A4),T¢(B)) is non-zero (in
fact, isomorphic to Zy). O
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A.4 ETALE FUNDAMENTAL GROUPS AND ALL PRIMES AT ONCE

If A is an abelian variety of dimension g over a field characteristic zero field F,
then there exists an isomorphism of G p-representations

it (Az) = [ T(4),
y4

where the product is taken over all primes. As an abelian group, this is a free
Z-module of rank 2g. Now, if A and B are abelian varieties over F', then one
may ask whether the natural map

Hom(A, B) ®7Z — Homg, (n$*(Ax), 78(By)) (% 5 *)
is an isomorphism.

ProroOSITION A.5. For every prime p, there exist Tate elliptic curves A and
B over Qy, such that (x**) is not surjective.

Proor. Fix a prime ¢y # p and let A and B be counterexamples as provided
by Proposition A.4, that is, (*) is not surjective for A, B, and £y. Since (x x x)
factors through

HHom(A,B) ®z Ly — HHomGF(Te(A),TZ(B>>
¢ ¢

and since this map is not surjective at the factor corresponding to ¢y, the claim
follows. [

A.5 INDEPENDENCE OF /¢

From the previous computations, we conclude that also “independence of ¢”
fails in the p-adic world, see also Remark 3.2 and the subsequent discussion.

PROPOSITION A.6. For every prime p, there exist Tate elliptic curves A and
B over Qp, such that

dimg, Hé2t((A x B)@pv@l(1>>c% - { ; Zgig

In particular, this dimension depends on the prime £.

ProoOF. Let A and B the Tate elliptic curves from the proof of Proposi-
tion A.4. There, we have seen that A and B are not isogenous and that
Homeg, (Ve(A), Ve(B)) is one-dimensional if £ # p. On the other hand, since A
and B are not isogenous, Homg, (V,(4),V,(B)) is zero by Proposition 5.3.
The arguments from the proof of Proposition 5.4 show that the sought Q-
dimensions are equal to 2+ dimg, Homg, (Vz(A), V2(B)) and the claim follows.
O
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