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ABSTRACT. Mumford and Newstead generalized the classical Torelli
theorem to higher rank, i.e. a smooth, projective curve X is uniquely
determined by the second intermediate Jacobian of the moduli space
of stable rank 2 bundles on X, with fixed odd degree determinant.
In this article we prove the analogous result in the case X is an ir-
reducible nodal curve with one node. As a byproduct, we obtain the
degeneration of the second intermediate Jacobians and the associated
Néron model of a family of such moduli spaces.

2010 Mathematics Subject Classification: Primary 14C30, 14C34,
14D07, 32G20, 32535, 14D20; Secondary 14H40

Keywords and Phrases: Torelli theorem, intermediate Jacobians,
Néron models, nodal curves, Gieseker moduli space, limit mixed
Hodge structures

1 INTRODUCTION

Throughout this article the underlying field will be C. Recall, that given a
smooth, projective variety Y, the k-th intermediate Jacobian of Y, denoted
JF(Y) is defined as:

H2k—1(y (C)
k o )
TY) = FrH2=1(Y,C) + H?=1(Y,Z)’

where I'® denotes Hodge filtration.
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1740 S. Basu, A. DAN, AND I. KAUR

In 1913, Torelli proved that a smooth, projective curve X is uniquely deter-
mined by its Jacobian variety J!(X), along with the polarization on J*(X)
induced by a non-degenerate, integer valued symplectic pairing on H'(X,Z)
(see [4,306]). Since then several Torelli type theorems for smooth, projec-
tive curves have been proven (see for example [22,27,39]). Generalizations
of Torelli’s theorem for singular curves have also been investigated, notably
by Mumford [23], Namikawa [20], Alexeev [2,3], Caporaso and Viviani [3] and
more recently by Rizzi and Zucconi [31]. In a different direction, Mumford and
Newstead in [24] generalized the classical Torelli to higher rank. More precisely,
they proved that a smooth, projective curve X is uniquely determined by the
moduli space of rank 2 stable vector bundles with fixed odd degree determi-
nant on X. Recently, Basu [7] proved an analogous result for the case when
the curve is reducible with two smooth components meeting at a simple node.
In this article we prove the higher rank Torelli theorem in the case the curve
is an irreducible nodal curve. More precisely, we prove:

THEOREM 1.1 (See Theorem 4.4). Let Xy and X; be projective, irreducible
nodal curves of genus g > 4 with exactly one node such that the normalizations
Xo and X; are not hyper-elliptic. Let £y and £; be invertible sheaves of odd
degree on X, and X, respectively. Denote by Gx,(2,Lo) (resp. Gx,(2,L1))
the Gieseker moduli space of rank 2 semi-stable sheaves with determinant £y
(resp. £1) on curves semi-stably equivalent to X (resp. X1). If Gx, (2, Ly) is
isomorphic to Gx, (2, £L1), then Xy = X;.

The non hyper-ellipticity assumption in the theorem comes from the fact that
existence of non-trivial linear systems of degree 2 on a curve (equivalent to
hyper-ellipticity of curves) prevents it from being uniquely determined by its
generalized Jacobian (see [20, p. 247]). Recall, generalized Jacobian of a curve
X is the same as the 1-st intermediate Jacobian of X as defined above, with
the mixed Hodge structure on H'(X,C). As we need our curves to be uniquely
determined by its generalized Jacobian, we use this additional hypothesis.

One must note that the strategy of Mumford-Newstead [24] or Basu [7] can-
not be used to prove the above theorem. In particular, the underlying curve
X studied in [24] is smooth, projective, whence the associated moduli space
Mx (2, L) of rank 2 stable vector bundles with fixed odd degree determinant is
smooth and equipped with an universal bundle. Using the Chern class of the
universal bundle, Mumford and Newstead give a unimodular isomorphism of
pure Hodge structures from H'(X,Z) to H3(Mx(2,L),Z). The higher rank
Torelli theorem for smooth, projective curves follows immediately from this
observation. Clearly this approach fails in our setup (the relevant cohomology
of X; and Gy, (2, L;) is not pure). Instead, we use degeneration of Hodge struc-
tures to prove Theorem 1.1. Although Basu in [7] also uses variation of Hodge
structures, it turns out that the associated monodromy vanishes, thereby the
resulting limit Hodge structure is pure (see [7, Lemma 4.1 and 4.3]). By compar-
ison, the variation of Hodge structures in our setup has non-trivial monodromy
(see Theorem 2.9), thereby the limit Hodge structure is not pure. Therefore,
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we need to use the theory of Néron model of families of intermediate Jacobians
(see §3).
The first step to prove Theorem 1.1 is to obtain a relative version of the
Mumford-Newstead theorem on a flat family of projective curves of genus g > 2,
over the unit disc A, say

m o X — A,

smooth over the punctured disc A* with central fiber X an irreducible nodal
curve with exactly one node. Fix an invertible sheaf £ on X of odd degree
and let Ly := L|x,. Denote by m : G(2,£) — A (resp. Gx,(2,Lp)) the
relative Gieseker moduli space of rank 2 semi-stable sheaves on families of
curves semi-stably equivalent to X (resp. Xg) with determinant £ (resp. L)
(see Notation A.4). Now, Gx,(2, Ly) is not smooth (Theorem A.6). Define the
second intermediate Jacobian of Gx,(2,Ly) to be

_ H3(Gx,(2,Lo),C)
F2H3(gX0 (27 ‘60)’ (C) + HB(gXo (27 EO)) Z) ’

with the natural mixed Hodge structure on H?3(Gx,(2,Lo),C). Note that
J%(Gx,(2,Lp)) is not an abelian variety. However, we show that in this case
it is a semi-abelian variety. Since the families X and G(2, £) are smooth over
the punctured disc A*, there exists a family of (intermediate) Jacobians J }A*

J*(Gx,(2, Lo)) :

(resp. J2 ) over A* associated to the family of curves X (resp. family of
G(2,L) ax
Gieseker moduli spaces G(2, L)) restricted to A* i.e., for all t € A*, the fibers

(Os.) = 7 () and (B, ), = TG L)),

where (—); denotes the fiber over ¢ of the family (—). Using the isomorphism
obtained by Mumford-Newstead (between J!(X;) and J?(G(2,L))), we obtain
an isomorphism of families of intermediate Jacobians over A*:

R R
Our next goal is to extend the morphism ® to the entire disc A. Clemens [9]
and Zucker [40] show that under certain conditions there exist holomorphic,
canonical Néron models j} and 32(21 r) extending the families of intermediate
Jacobians J} . and J5(2,L)A* respectively, to A. We prove in Theorem 2.9
that these conditions are satisfied. Although the construction of the Néron

model by Zucker differs from that by Clemens, we prove in Theorem 3.1 that
they coincide in our setup (see Remark 3.2). Moreover, we prove:

THEOREM 1.2. Notations as above. Denote by

_ Hl(X()vC)
N F'HY(X,,C)+ H (X0, 7Z)

Jl(Xo) :

the generalized Jacobian of Xy, using the mixed Hodge structure on H*(Xy, C).
Then,
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=1 =2
1. there exist complex manifolds J y and Jg(, ) over A extending J ! . and
J 5(2 L)ae? respectively. Furthermore, the extension is canonical,

2. the central fiber of ji; (resp. 32(27[:)) is isomorphic to J!(Xp) (resp.
J%(Gx,(2,L0))). Furthermore, J'(Xg) and J?(Gx,(2,Lo)) are semi-

abelian varieties,

3. the isomorphism ¢ extends holomorphically to an isomorphism
— =1 =2
@ . J;f — Jg(27£),

over the entire disc A. Furthermore, the induced isomorphism on the
central fiber is an isomorphism of semi-abelian varieties i.e., the abelian
part of J(Xg) maps isomorphically to that of J?(Gx,(2,Lo)).

See Theorem 3.1, Remark 3.2 and Corollaries 3.4 and 4.3 for the proof.
Finally, we use the Torelli theorem on generalized Jacobian of irreducible nodal
curves by Namikawa, to obtain the higher rank analogue as mentioned in The-
orem 1.1.

Note that in this article we use Gieseker’s relative moduli space of semi-stable
sheaves with fixed determinant, since the central fiber of the moduli space is a
simple normal crossings divisor (see [35, §6]), this is not the case for Simpson’s
relative moduli space. This is needed for computing the limit mixed Hodge
structure using Steenbrink spectral sequences. In recent years several authors
have studied the algebraic and geometric properties of the Gieseker’s moduli
space (see for example [5,6,11]). We believe that Theorem 1.1 holds for any
number of nodes. However, the references we use formulate their results in the
one node case only, although they claim that analogous results hold for several
node case as well. Therefore, for the sake of consistency we also restrict to the
one node case.

The outline of the article is as follows: in §2 we prove that the conditions
for the existence of Néron models are satisfied. In §3, we obtain the associated
Néron models, mentioned above. In §4, we study the central fibers of the Néron
models and prove the main results.

Acknowledgements We thank Prof. J. F. de Bobadilla for numerous discussions
and Dr. B. Sigurdsson and Dr. S. Das for helpful suggestions. A part of this
work was done when the third author was visiting ICTP. She warmly thanks
ICTP, the Simons Associateship and Prof. C. Araujo for making this possible.

2 LiMiT MIXED HODGE STRUCTURE ON THE RELATIVE MODULI SPACE

In this section we compute the limit mixed Hodge structures and monodromy
associated to degeneration of curves and the corresponding Gieseker moduli
space with fixed determinant, defined in Appendix A (see Theorem 2.9). We
assume familiarity with basic results on limit mixed Hodge structures. See [29]
for reference.

DOCUMENTA MATHEMATICA 24 (2019) 1739-1767



DEGENERATION OF TORELLI THEOREM 1743

NoOTATION 2.1. Denote by 71 : X — A a family of projective curves of genus
g > 2 over the unit disc A, smooth over the punctured disc A* and central fiber
isomorphic to an irreducible nodal curve Xy with exactly one node, say at xg.
Assume further that X is regular. To compute the limit mixed Hodge structure,
we need the central fiber to be a reduced simple normal crossings divisor. For
this purpose, we blow-up X at the point xy. Denote by & := Bl,, X and by
71:X — X ™5 A. Note that for ¢ # 0, 77 '(t) = 77 '(t). The central fiber
of 7 is the union of two irreducible components, the normalization )~(0 of Xo
and the exceptional divisor F = P! , intersecting Xo at the two points over z.
Fix an invertible sheaf £ on X of relative odd degree, say d. Set Ly := L]|x,,
the restriction of £ to the central fiber. Let Lo be the pullback of Ly by the
normalization Xy — Xy. Let

T :G(2,L) = A

the relative Gieseker moduli spaces of rank 2 semi-stable sheaves on X with
determinant £ as defined in Notation A.4. We know by [20, Theorem 1.2] that
these moduli spaces are in fact non-empty. Let Gx, (2, Lo) denote the central
fiber of the family 9. Recall, G(2, £) is regular, smooth over A*, with reduced
simple normal crossings divisor Gx, (2, Lo) as the central fiber (Theorem A.6).
Denote by Mz (2, ZO) the fine moduli space of semi-stable sheaves of rank 2 and

with determinant £y over Xo. See [19] for basic results related to M %, (2 Lo).
By Theorem A.6, Gx,(2,Lo) can be written as the union of two irreducible
components, say Go and Gy, where Gy (resp. Go N Gy) is isomorphic to a P3
(resp. P! x P')-bundle over Mg (2, Lo).

2.1 HODGE BUNDLES
Consider the restriction of the families 71 and 75 to the punctured disc:
7 : Xar — A* and 7 G(2, L) ax — A¥,

where Xa- = 77 "(A*) and G(2, L)a- := 75 (A*). Using Ehresmann’s theo-
rem (see [37, Theorem 9.3]), we have for all i > 0,

H%A* = R'%}_Z and Hig(z,g)m = R'm) Z

are the local systems over A* with fibers H*(X;,Z) and H(G(2, L), Z) respec-
tively, for ¢ € A*. One can canonically associate to these local systems, the
holomorphic vector bundles

’H%A* = H%A* ®7z Oa+ and Hé(?,ﬁ)“ = Hé(ZL)A* @7 Oa-,
called the Hodge bundles. There exist holomorphic sub-bundles

Fp%}A* C H}FA* and FpHg(ch)A* C Hg(qu:)A*
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defined by the condition: for any ¢ € A*, the fibers

(FPH}EM)t c (H;M)t and (FpHg(ZL)A*)t c (Hg(zﬁﬂ)w)t

can be identified respectively with
FPHY(X;,C) C H'(X;,C) and FPH?(G(2,L):,C) C H*(G(2,L):,C),

where F? denotes the Hodge filtration (see [37, §10.2.1]).

2.2 CANONICAL EXTENSIONS

The Hodge bundles and their holomorphic sub-bundles defined above can be
extended to the entire disc. In particular, there exist canonical extensions, ﬂi@
and gz(zﬁ) of ’H%A* and 7—[39’(27““ respectively, to A (see [29, Definition 11.4]).

Note that, ﬁ} and g:;(ch) are locally-free over A. Denote by j : A* — A the
inclusion morphism,

1 . 71 =73 . =553
PRy o= g (FPuY ) 0 and FPHG G ) = e (F"HE ), ) O Hogo.c).

Note that, F pﬁ}g (resp. F' pﬁz@ ﬁ)) is the unique largest locally-free sub-sheaf
=1 =3 . 1 3

of Hy (resp. Hg(o,r)) which extends FPH;FN (vesp. FPHG 0 £y, )-

Consider the universal cover h — A* of the punctured unit disc. Denote by

e:h = A* L5 A the composed morphism and Koo (resp. G(2,L)x) the

base change of the family X (resp. G(2,L)) over A to b, by the morphism e.
There is an explicit identification of the central fiber of the canonical extensions

Hy and ﬁé(zﬁ) and the cohomology groups H' (X, C) and H3(G(2, L), C)
respectively, depending on the choice of the parameter ¢ on A (see [29, XI-8]):

~ ~ —1 ~ —3
gf,t : Hl(XOO,C) — (HE)O and 99(275),15 : Hs(g(27£)oo,([:) — (HQ(Q’[:))O .

2.1
This induce (Hodge) filtrations on H(Xs,C) and H3(G(2, L)oo, C) as: .
FPHY (X, C) = (93,)" (Ff%})o and (2.2)
FPHY(G(2 L), ©) = (992000~ (F"Hozy ) - (2.3)
2.3 LIMIT WEIGHT FILTRATION
Let T;;A* and Tg(2,r),. denote the monodromy automorphisms:
Ty,. ;H;;M — H;;M and Tg2,0) 5 Ho.0)0. = Ho.0),n (2.4)
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defined by parallel transport along a counterclockwise loop about 0 € A

(see [29, §11.1.1]). By [29, Proposition 11.2] the automorphisms extend to
automorphisms of ﬁ;; and ﬁg@ r)» respectively. Since the monodromy auto-
morphisms T;;M and Tg(2,r),. were defined on the integral local systems, the
induced automorphisms on ﬁ;; and ﬁz(z ¢) after restriction to the central fiber
gives the following automorphisms:

Ty : H (Xs,Q) = H' (X, Q) and
TQ(?,C) : H3(g(2’ E)ooa@) — H3(g(2, ‘C)ooa Q)

REMARK 2.2. There exists an unique increasing monodromy weight filtration
W, (see [29, Lemma-Definition 11.9]) on H!(X,Q) (resp. H?(G(2, L), Q))
such that,

1. for i > 2, log T(W; H' (Xao, Q) € Wi_s H' (X, Q)
(YGSp. 1Og TQ(Q,Z:) (WZHg(g(Qa E)ooa Q)) C Wi—QHs(g(Qa E)OO) Q))a
2. the map (log T5) : Gr}%, H (X, Q) — Cr}, H (X, Q)

(resp. (logTg2,z))' : Griy H*(G(2, L)oo, Q) — Gy’ H(G(2, L), Q)
is an isomorphism for all [ > 0.

Using [33, Theorem 6.16] observe that the induced filtrations on H'(Xs,C)
(resp. H3(G(2, L), C)) defines a mixed Hodge structure (H! (X, Z), We, F'®)
(resp. (H3(G(2,L)00,Z), Ws, F*)).

2.4 STEENBRINK SPECTRAL SEQUENCES

Let p : Y — A be a flat, family of projective varieties, smooth over A\{0}
such that the central fiber ) is a reduced simple normal crossings divisor in
Y consisting of exactly two irreducible components, say Y7 and Y. Assume
further that ) is regular. Denote by b is the universal cover of A* and

Poo i Voo =+ b

the base change of p under the natural morphism from b to A*. As )y consists
of exactly two irreducible components, we have the following terms of the (limit)
weight spectral sequence:

ProposITION 2.3 ( [29, Corollary 11.23] and [34, Example 3.5]). The limit
weight spectral sequence  EY? = HPT9(Y,, Q) consists of the following terms:

1. if |p| > 2, then :Ef’q =0,

2. JE = HI(YiNY2,Q)(0), LBV = HI(Y1,Q)(0) & H(Y2,Q)(0) and

El—l,q = H772(Y1 N Y2,Q)(-1),

oo
w
oo

w
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3. the differential map d : |, E{** — * F}'? is the restriction morphism and

oo

. —1q > 10,9
d1 : El — WEl

w

is the Gysin morphism.

The limit weight spectral sequence ;Ef 7 degenerates at Es. Similarly, the
weight spectral sequence ., BV = HPT1()y, Q) on Yy consists of the following
terms:

1. for p > 2 or p <0, we have ,, E}"? =0,

2. Ey? = HY(Y1NY2,Q)(0) and ,, By = H(Y1,Q)(0) & H*(Y2,Q)(0),

3. the differential map d, : , EY'? — , E}? is the restriction morphism.
The spectral sequence ,, EV'? degenerates at Fs.

NOTATION 2.4. To avoid confusions arising from the underlying family, we
denote by ;Ef’q(p) and ,, EY%(p), the limit weight spectral sequence on Y
and the weight spectral sequence on )y respectively, associated to the family
p, defined above.

2.5 KERNEL OF A GYSIN MORPHISM

We compute the kernel of the Gysin morphism from H?(GyNG1, Q) to H*(G1,Q)
(Proposition 2.7). This will play an important role in giving an explicit descrip-
tion of the specialization morphisms associated to the families 7 and 75 defined
above. We first fix some notations:

NOTATION 2.5. Denote by Y, := M)}U(Q,Zo) and p12 @ Go NG — Y, the
natural bundle morphism. For any y € Y, denote by (Go N Gi1)y = 015 ()
and oy, : (Go N Gi)y — Go N G1 the natural inclusion. It is well-known that Y;
is rationally connected i.e any two general points are connected by a rational
curve (see [10, Definition 4.3] for the precise definition). For a proof of ¥} being
rationally connected see [19, Proposition 2.3.7 and Remark 2.3.8].

LEMMA 2.6. The cohomology group H?(Gy NGy, Q) sits in the following short
exact sequence of vector spaces:

0— H(Y, Q) 22 H2(Go NG1,Q) = H*((Go N 1)y, Q) — 0
for a general y € Y.

Proof. Since Gy NGy is a P! x P'-bundle over Y}, there exists an open subset
U C Y, such that pp, (U) = U x (Go N G1)y and H'(Ogyng,),) = 0 for any
y € U. By [16, Ex. II1.12.6], this implies

Pic(pry (U)) = Pic(U x (Go N G1),) = Pic(U) x Pic((Go N G1)y)-
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We then have the following composition of surjective morphisms,
o Pic(Go N G1) — Pic(pi (U)) — Pic((Go N G1)y)

where the first surjection follows from [16, Proposition I1.6.5] and the second
is simply projection. By [16, Ex. TI1.12.4], for a general y € Y}, we have
keray = pj,Pic(Y;). Using the projection formula and the Zariski’s main
theorem (see proof of [16, Corollary III.11.4]), observe that for any invertible
sheaf £ on Y, we have p1a pio£ = L. In particular, the morphism p7, is
injective and we have the following short exact sequence for a general y € Yj:

0 — Pic(V;) 22 Pic(Go N G1) —% Pic((Go N Gi)y) — 0.
As Y, and (Go N G1), are rationally connected for any y € Y, so is Go N Gy
(see [14, Corollary 1.3]). Using the exponential short exact sequence associated
to each of these varieties we conclude that the corresponding first Chern class

maps:

c1: Pic(Yy) — H2(Y3,7Z), ¢1 : Pic(Go N G1) — H?(Go N G1,7Z) and

e Pie((Go N G1)y) = H*((Go N G1)y, Z)

are isomorphisms. This gives us the short exact sequence in the lemma, thereby
proving it. O

PROPOSITION 2.7. Denote by i : Gy NGy — Gy the natural inclusion. Then,
ker(i. : H*(Go N G1,Q) = H'(G1,Q)) = Q,

where i, denotes the Gysin morphism.

Proof. By Proposition A.5, G; is a P3-bundle over Y;. Denote by p; : G — Y}

the corresponding bundle morphism. For any y € Y}, denote by Gy , := o1t (y)

and oy @ G1,y < G1 the natural inclusion. Note that, Gy N G, is a divisor in

G1. Thus, the cohomology class [GoNG1] is an element of H?(Gy, Q). Moreover,
for every y € Vs, [(GoNG1)y) generate H%(G1 4, Q) ((GoNG1)y is a hypersurface

in Py ). By the Leray-Hirsch theorem [37, Theorem 7.33] we have
HY(G1,Q) = pi H' Yy, Q) © p1 H (Y5, Q) U [90 N G1] & QG0 N G %,

where U denotes cup-product. Since H*(Gy,,Q) = H*(P3,Q) = Q generated
by [(Go N G1)y]?, we have the following short exact sequence:

0 H'(Y,Q) & H*(,,Q) & HY(G1.Q) 2% HY(G,,,Q) = 0,
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where a(&,7) = p5(&) + pi(7) U[Go N G1]. We claim that the following diagram

of short exact sequences is commutative:
* o

H2(Y, Q) —2— H*(Gy1G1.Q) — H2((Gy N G1),. Q) — 0

B O Ty O Ty,
« 04#1&,
H'(Y,,Q) ® H*(Y;,Q) —— H"(G1,Q) — H'(G1,,Q) ( 0
2.5)
where 8(¢) = (0,€), the top horizontal short exact sequence follows from

Lemma 2.6 and i, is the Gysin morphism induced by the inclusion of
(Go N Gi1)y into Gi,. Indeed, we observed in the proof of Lemma 2.6 that
H?(Y,,Q), H*(Go N G1,Q) and H?((Go N G1),, Q) are generated by the coho-
mology class of divisors (the corresponding varieties are rationally connected).
The commutativity of the left square then follows from the observation that
for any invertible sheaf £ on Y}, we have

ixp12([£]) = ixi”p1([£]) = p1([£]) U [Go N Gu],

where the first equality follows from p;0i = p15 and the second by the projection
formula. The commutativity of the right hand square follows from the definition
of pull-back and push-forward of cycles (see [12, Theorem 6.2(a)] for the general
statement). This proves the claim.

Clearly, (8 is injective. Since the entries in the diagram are vector spaces, the
two rows are in fact split short exact sequences. Then, the diagram (2.5) implies
that ker(i,) = ker(4,, ). Since

iy = i|(Gong1), : (GoNG1)y = G1y

can be identified with the inclusion P! x P! < P3, under the Segre embedding,
we have ker(iy,) 2 Q (use H2(P! x P1,Q) 2 Q& Q, H4(P3,Q) =2 Q and iy, is
surjective). This implies keri, = Q. This proves the proposition. O

2.6 SPECIALIZATION MORPHISM

Recall, for any ¢t € A*, there exist natural specialization morphisms:
spy : H' (X0,Q) — H'(X,,Q) and sp, : H*(Gx, (2. L0), Q) — H*(G(2, £);,Q)

associated to the families 7, and 7y respectively, obtained by composing the
natural inclusion of the special fiber X, (resp. G(2, L)) into X (resp. G(2, L))
with the retraction map to the central fiber Xy (resp. Gx,(2,Lo)). Unfortu-
nately, the resulting specialization maps are not morphism of mixed Hodge
structures. However, if one identifies H'(X;,Q) and H?*(G(2,L):, Q) with

HY(Xs,Q) and H3(G(2, L), Q), then the resulting (modified) specialization
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morphisms are morphisms of mixed Hodge structures (see [29, Theorem 11.29]).
Furthermore, by the local invariant cycle theorem [29, Theorem 11.43], we have
the following exact sequences:

HY (%, Q) ™ HY (X, Q) 2% HY(X0, Q) and (2.6)

H3(Gx,(2,£0),Q) =2 H*(G(2, L), Q) H3(G(2,£)5,Q), (2.7)

where sp, denotes the (modified) specialization morphisms for ¢ = 1,2, which
are morphisms of mixed Hodge structures as discussed above. See [34, Ex-
ample 3.5] for the description of the Hodge filtration on Hl(z'?o,(C) and
H3(Gx,(2,L0),C). By [29, Theorem 5.39], note that

H' (X, Q) = Wi H' (X, Q) and H*(Gx, (2, Lo), Q) = WsH?(Gx, (2, Lo), Q).

Tg(2,c)—1d
e

Since the specialization morphisms sp, are morphisms of mixed Hodge struc-
tures, we conclude:

PROPOSITION 2.8. The specialization morphism sp; (resp. sp,) factors through

W1HY (X, Q) (resp. W3H3(G(2, L), Q)) and the induced morphisms
spy : H' (X, Q) — WiH" (X5, Q) and
spy : H*(Gx, (2, L0), Q) = W3H?(G(2,L)o0, Q)

are isomorphisms. Moreover, the natural inclusions
WoH' (X, Q) = H' (Xoo, Q) and WiH(G(2, L)oo, Q) = H*(G(2,L£)oc, Q)

are isomorphisms and Gry H'(Xs,Q) and Gr}V H3(G(2,£)s, Q) are of Q-
dimension at most one.

Proof. The weight filtration on H (X, C) and H3(G(2, £), C) induced by the
limit weight spectral sequences iEf (71) and ;E’f "1(1r9) respectively, coincide
with the monodromy weight filtration defined in Remark 2.2 (see [29, Corollary
11.41]). Using the (limit) weight spectral sequence (Proposition 2.3) we then
have the following (limit) weight decompositions:

H'(X,Q) = Gry H' (X, Q) & Gr}¥ H' (X0, Q) (2.8)
H'(Xeo, Q) = Gry/ H' (Xoo, Q) ® Gri H' (Xoo, Q) ® Gr3 H' (X0, Q)

(2.9)

H?(Gx0(2, £0), Q) 2= Gry” H*(Gx, (2, Lo), Q) & Gry’ H?(Gx, (2, Lo), Q)
(2.10)

H*(G(2,£)o0, Q) 2= Gry H*(G(2, L)oo, Q) @ Gry H*(G(2, L)oo, Q)

Gry H" (X, Q) =  BY(F1), Gry H" (X0, Q) = , EYI(F1),  (212)
Gry  H? (Gx, (2, £0), Q) = EY%(m2) and (2.13)
Gy HP 9(G(2, L)oo, Q) = ., EE(m2) for all p,q. (2.14)
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As observed earlier, we have

wEYA(F) = L EY(F) and |, EV(m) = | BV (m)

for all p > 0 and the differential maps,

di: W EVI(F) — o EVTVUR) and dy : | EPI(F) — o EPTHI(E)
coincide for all p > 0. Similarly for all p > 0, the differential maps
dy BV (my) = o EPTH(my) and d; :Ef’q(ﬂg) — :Efﬂ’q(ﬂg) coincide.
Note that, :Efl’l(%l) =0 (by definition) and

CE Y (m) = HY(GoN G1,Q) =0

(Go N G is rationally connected as observed in the proof of Lemma 2.6). This
implies

wEP TP (7)) = D EPTP(R) and |, ESPTP(my) = . EYTP(m) for all p > 0.
Using (2.9) and (2.11), we conclude that sp, : H(Xy, Q) — Wi H (X, Q) and
5Dy + HP(Gx, (2, Lo), Q) = W3H?(G(2, L), Q)

are isomorphisms. Furthermore, the natural inclusions
WoH' (X, Q) < H' (XYoo, Q) and WiH(G(2, £)0, Q) = H*(G(2, L)oc, Q)

are isomorphisms. It remains to show that the Q-vector spaces Gry H* (X0, Q)
and Gry H3(G(2, £)~, Q) are of dimension at most one. Using Proposition 2.3
we observe that

oo _ ~ oo _ ~\ di ©o° 2/~
o By (@) = ker( [, By V() S BN (W) =
= ker(H(Xo 1 F,Q) L2 HY(X0,Q) & HY(F,Q))
where i1, (resp. is,) is the Gysin morphism from H%(X, N F, Q) to H2(X,, Q)
(resp. H%(F,Q)) induced by the inclusion maps
i1 ZioﬂF‘—)jZo(I‘eSp. 22)~(OQF<—>F)

Since Xo N F consists of 2 points and the morphism (iy,,42,) is non-zero,
one can check that ker(iy,,is,) is isomorphic to either 0 or Q. Therefore,
S By V(7)) = GrY H'(Xw,Q) is of dimension at most 1. Similarly, using
Proposition 2.3 we have,

o 14 o —1,4 > 50,4

wBy (ma) = ker( | Ey N (m2) = | By (m2)) =
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= ker(H2(Go 1 G1, @) 22 1 (Go, Q) © H'(G1,Q)),
where ji, and jo, are the Gysin morphisms associated to the natural inclusions
Jj1:G0NG1 = Go and j2 : Go NGy — Gi.

Proposition 2.7 then implies that ker(j1,,jo,) is isomorphic to either 0 or Q.
Thus, . E; " (m) = GrY H3(G(2,L)e, Q) is of dimension at most 1. This

Pw

completes the proof of the proposition. O
We are now ready to prove the main theorem of this section.

THEOREM 2.9. Under the natural specialization morphisms sp, for i = 1,2, we
have

1. the natural morphism
H(X,,C)/F*H(X,C) 2% H'(X,C)/F'H' (X, C)

is an isomorphism, GrgVHl()?oo, Q) is pure of type (1, 1) in the sense that
GrpGry HY(Xs, C) = Gry HY (X, C) and (T — 1d)2 = 0,
2. the morphism

HS(gXU(Q,Eo),C) 22_> Hg(g(2a£’)007(c)
F?2H3(Gx,(2,L0),C) F2H3(G(2, L), C)

is an isomorphism, GrZVHg(g(Q,E)OO,@) is pure of type (2,2) i.e.,
Gr3.Gry H3(G(2, L), C) = Gry H*(G(2,L)s,C) and (Tg(o,c) — 1d)?

vanishes.

Proof. Since X, is smooth for all ¢t € A*) we have Gr%Hl(??t,(C) = 0 for all
p > 2. As G(2, L); is smooth, rationally connected for all t € A*, we have by [10,
Corollary 4.18] GrpH?(G(2,£);,C) = H**(G(2,£):,C) = H (5 1)) = 0
and Grh.H3(G(2,£):,C) = 0, p > 4. Then [29, Corollary 11.24] implies that
GripH'(Xs,C) = 0 (vesp. GriH*(G(2,L)o0,C) = 0) for all p > 2 (resp.
p > 3). Thus, F2HY(Xs,C) = 0= F3H?*(G(2, L), C) = 0, which means

Gr}?GrgVHl(.?\joo, Q) = FlGrgVHl(/foo,@) and (2.15)
Gri.Gr) H*(G(2, L)oo, Q) = F2Gr) H3(G(2, L), Q).

Consider now the following diagram of short exact sequences:

F"W,H?(A,C) = F™W,1HP(A,C) - F™Gr}, HP(A,C)
o) O fo (2.16)

W,HP(A,C) —— W,+1H?(A,C) — Gr,,,H"(A,C)
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for the two cases {A = ??oo,m =1=p}and {A=G(2,L),m = 2,p = 3},
where F™W;HP(A,C) := F"HP(A,C) N W;H?(A,C). Since Grl¥ H!(X,,, Q)
and Gr}) H?(G(2,£)s,Q) are pure Hodge structures of dimension at most
one (Proposition 2.8), we have Gry H'(X,,C) = GrhGrY H (X, C) and
Gry H3(G(2, L), C) = GriGry H3(G(2, L)oo, C). Using (2.15), this implies
fo is an isomorphism in both the cases. Applying Snake lemma to the diagram
(2.16) we conclude that in both cases

WyH? (A, C) ~ Wp1HP(A,C) ~ _H"(AC)
FmHP(A,C) N W,H?(A,C)  FmH?(A,C)NWp 1 H?(A,C) FmH?(A,C)

where the last isomorphism follows from W41 HP(A,C) = HP(A,C) (Propo-
sition 2.8). Proposition 2.8 further implies

H(X,,C) LR W1H (X, C) . H'(X,0)
F1H'(X,,C) ~ F'H'(X.,C)NW1H'(Xs,C) F'H(X,,C)
H3(gXo(23£0)a(c) SPa W3H3(g(2a£)ooa@) ~ H3(g(25‘c)003@)

F2H3(9X0(25£’0)7(C) 7 F2W3H3(g(2,£)oo,((:) - F2H3(g(2a£’)oovc),

where F2W3H?3(G(2, L)oo, C) := F2H3(G(2, L) o0, C) N W3H?*(G(2, L), C). Tt
now remains to check that (T —Id)? = 0 = (Tg(2,z) — Id)?. Using Proposition
2.8 and the exact sequences (2.6) and (2.7), we have

and

ker(Ty — Id) = Imsp, = W H' (¥, Q) and
keI‘(Tg(gyc) — Id) =Im Sps = Wng(g(Qa E)OO) Q)

Hence, Ty — Id (resp. Tg(a,r) — Id) factors through Gr¥ H' (X, Q) (resp.

Gry H3(G(2, L)oo, Q). Recall, Gry H' (X, Q) (resp. Gry H3(G(2,L)w0, Q)
is either trivial or isomorphic to Q (Proposition 2.8). Now, consider the com-
posed morphisms

~ T—1d ~ r ~
Ty :Gry H' (X, Q) —— H'(Xoo, Q) 25 GrY H' (Xso, Q) and

Tg(z,0)—1d
STy

Ty Gl H3(G(2, L)oo, Q) H*(G(2, L), Q) 22 Gry H*(G(2, L), Q),

where pr; and pr, are natural projections. Since Ty (resp. T3) is a morphism
of Q-vector spaces of dimension at most one, T}V = 0 (resp. 74" = 0) for some
N if and only if 71 = 0 (resp. T = 0). As the monodromy operators T’y and
Tg(2,c) are unipotent, there exists N such that

(T = 1) = 0= (Tg(a,c) — 1)~
which implies T = 0 = T4". Thus, 77 = 0 = T». This implies,
Im(Ty —1d) € WiH (X, Q) and Im(Tg(.z) — I1d) € WaH?(G(2, L)oo, Q).

In other words, Im(7T'y —1d) C ker(Ts—1d) and Im(Tg(2,£) —1d) C ker(Tg(2,z)—
Id). Therefore, (Ty —1d)? = 0 = (Tg(2,z) — Id)?. This proves the theorem. [
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3 NERON MODEL FOR FAMILIES OF INTERMEDIATE JACOBIANS

In this section, we compare the various Néron models for families of interme-
diate Jacobians. The Néron model of a family of intermediate Jacobians over
a punctured disc A*, is its extension to the entire disc A. We use the same
notations as in §2.

—1 _ —3 . . N .
Denote by Hy := ]*H%A* and Hgo £ = j*Hé(27£)A*, where j : A* < A is
the natural inclusion. By the Hodge decomposition for all ¢ € A*, we have

HY(X,Z) N F*H'(X,,C) =0 and H*(G(2,L):,Z) N F2H*(G(2,L);,C) = 0.
Thus the natural morphisms,

Hl(Xta(C)

N Hg(g(27£)tv(c)
FTH(X,,C)

F?2H3(G(2,L):,C)

HY (X, 7) and H*(G(2,L)¢,7Z) —

are injective. This induces natural injective morphisms,

. 1 1 1941 . 3 3 2743
O Hy My JEHG,  and @i Hgo o = Moo, /F G200,
. —1 . —1
Since FPH 3 = j. (FPH}M) NHz and

__3 . —3
FPHG 2, 0) 7= J» (Fpﬂé(z,c)A*) NHgo,c)
are vector bundles, one can immediately check that the natural morphisms,
— 1 S p— —~ —3 =3 073
(I)l : H)? — Hj('/F H;} and (I)Q : Hg(zﬁ) — Hg(2,£)/F Hg(z,z:)

extending ®; and ®5 respectively, are injective. Denote by J 2»1(- := coker(®y),
N

—1 — —2 —
jQQ(Z,C)A* := coker(®q), J 5 := coker(®;) and jg(27£) := coker(®s).
Note that for any ¢t € A*, we have the following fibers

_1~ 4 B Hl(Xta(C)
T @) = TUY) = Frm o)+ (. z) ™

_ Hg(g(27£)tvc)
- F2H3(G(2,£),C) + H3(G(2, L)1, Z)

ooy ® k(t) = 72(G(2, L))

Then, J% := teti* JHX) and I3, 1) = teti* J%(G(2,L);) has naturally the
structure of a complex manifold such that

Jo = A% and Iy ) — A

are analytic fibre spaces of complex Lie groups with Oj; = 7 )1? and
X A*

00 = jg(Q L)an BS sheaves of abelian groups.
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THEOREM 3.1. The family of intermediate Jacobians Ji? and Jé@ £y over A%,
extend holomorphically and canonically to ji; and 32(27 r) over A. Further-

=1 —2
more, Jy and Jg o, ) has the structure of smooth, complex Lie groups over A
with a natural isomorphism

of sheaves of abelian groups.
Proof. Fix an s € A*. Denote by T, : H'(Xs,Z) = H'(Xs,Z) and
Toe2.c). : HG(2,£)s,Z) = H*(G(2, L), Z)

the restriction of the monodromy operators Ts,. and Tg(2,r),. as in (2.4),
respectively, to the fiber over s. Denote by T% o = (Tx, — Id)HY (X, Q)
and 15, 1) o = (To2.c), — Id)H3(G(2,L)s,Q). Consider the following finite
groups (see [15, Theorem II.B.3] for finiteness of the group):

Tk, o NHY (X, Z)

Gy, = d G =
YT T, - H () TR

T2.0).0 NV H(G(2,£)s, Z)
(To(2,0), — 1) H3(G(2,L)s,Z)’

Recall by Theorem 2.9, we have
1. (T —-1d)?*=0= (Tg(2.c) — 1d)?,

2. Gry HY (X4, C) (resp. Grl H3(G(2, L)oo, C)) is pure of type (1,1) (resp.
of type (2,2)).

Using [15, Proposition IT1.A.8 and Theorem I1.B.9] (see also [32, Propositions
2.2 and 2.7]) we conclude that if Gx, = 0 = Gga,r),, then the family of in-
termediate Jacobians J i? and J é 2.£) extends holomorphically and canonically

=1 =2 . .
to Jy and Jg(p o) over A, which have the structure of smooth, complex Lie
groups over A. Furthermore, we have a natural isomorphism of sheaves of
abelian groups

Oy, =Jxand Op = Tg.0)-

It therefore suffices to check that Gy, = 0= Gg(2,r),-

Denote by § € H;(Xs,Z) the vanishing cycle associated to the degeneration
of curves defined by m; (see [38, §3.2.1]). Note that J is the generator of the
kernel of the natural morphism

Hy(X,,Z) 25 Hy(X,Z) ™ Hy(Xo,2),

where 75 : Xy — X is the natural inclusion of fiber and rg : X = Xy is the
retraction to the central fiber. Since Xy is an irreducible nodal curve, the
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homology group Hi(Xo,Z) is torsion-free. Therefore, § is non-divisible i.e.,
there does not exist ¢’ € Hy(Xs,Z) such that nd’ = 0 for some integer n # 1.
Denote by (—, —) the intersection form on H; (X5, Z), defined using cup-product
(see [37, §7.1.2]). Since the intersection form (—, —) induces a perfect pairing
on Hy(Xs,7Z), the non-divisibility of § implies that there exists v € Hy (X5, Z)
such that (y,d) = 1. Recall the Picard-Lefschetz formula,

Tx,(n) =n+ (6,10 for any n € H(X,,Z).

This implies, T o N H'(Xs,Z) = Z6° = (Tx, — Id)H' (X, Z), where ¢¢ is the
Poincaré dual to the vanishing cycle 6. Therefore, Gy, = 0.

Now, there exists an isomorphism of local system ®a- : H} , — Hg(lﬁ)w
which commutes with the respective monodromy operators (see the diagram
(4.2) below). Denote by ®, : H'(Xs,Z) = H*(G(2,L)s,Z) the restriction of
d A+ to the fiber over s. Note that,

Téo.0y..0 VH?(G(2,£)5,Z) = Z94(5°) = (Tga,z), — 1) H*(G(2,L)s, Z).
This implies Gg(z ), = 0, thereby proving the theorem. O

REMARK 3.2. The extensions j} and 32(2 r) are called Néron models for J 21?
; "

and jg2(2,z:)A* (see [15] for this terminology). The construction of the Néron
model by Zucker in [40] differs from that by Clemens in [9] by the group Gx,
and Gg(2,r),, mentioned in the proof of Theorem 3.1 above (see [32, Proposition
2.7]). As we observe in the proof above that Gx, and Gg, r), vanish in our
setup, thus the two Néron models coincide in our case.

We now describe the central fiber of the Néron model of the intermediate
Jacobians.

NOTATION 3.3. Recall, H!(Xy,C) and H?(Gx, (2, Lo) are equipped with mixed
Hodge structures. Define the generalized intermediate Jacobian of X, and
Gx,(2,Lp) as

H'(X,,C)

Y Xo) = ’

T Xo) = migrx, O+ mi (% z) ¢

_ HB(gXo (2,£0),C)
F2H3(Gx,(2,L0),C) + H3(Gx,(2,L0),Z)"

Denote by W;J'(Xy) (resp. W;J?(Gx,(2,Lo))) the image of the natural mor-

phism

J? (gXU (27 ‘CO)) :

W;H" (Xo,C) = J"(Xo) (resp. WiH?(Gx,(2,L0),C) — J*(Gx, (2, Lo))).
By Theorem 3.1 we have
H'(X, C)

(7%), = (T%) ek = Tom = @), ™
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HY(G(2 L), ©)
FHY(G(2, £),C) + (B a.c) )

=2 —2
(Jg(u))o = (jg(u)) ®k(0) =
=1 =2 . .
Denote by W; (J;g) (resp. W; (Jg@’ﬁ)) ) the image of the natural morphism
0 0
WiH" (Xs,C) — (3})0 (resp. WiH?(G(2, L)oo, C) — (32(2@)0)‘
COROLLARY 3.4. The central fibers of j} and (32(215)) satisfy the following:

1. denote by ig : ??0 — Xo the natural morphism contracting the rational
curve F' to the nodal point. The natural morphism of mixed Hodge

structures _
(spy 0if) : H(Xo,C) — H' (X, C),

induces an isomorphism from J!'(Xp) to the central fiber (ji‘g) such
0
that WiJ'(Xo) = Wi (3}) for all i,
0

2. the morphism sp, induces an isomorphism J2(Gx, (2, Lo)) to the central
fiber (33(2 L)) such that WiJ?(Gx, (2, £o)) = Wi (32(2 ﬁ)) for all 4.
/o =)o
Proof. Consider the restriction of the morphisms g5, and gg(2,z)+ as in (2.1)
to H'(Xso, Z) and HY(G(2, L)oo, Z), respectively:
go s H (X, Z) = H'(Xo,C) 254 (ﬂ}z)o and

9g(2,c),t

f) (gz(zﬁ))o

Using the explicit description of g5, and gg(2,r),+ as in [29, XI-6], observe that

g1: H*(G(2,£) 00, Z) — H*(G(2, L), C)

~ g __
ker(Tg — Id) N H(Xo0, Z) = Tm go N (H})O and

3 % =3
ker(Tg(z.c) — 1d) N H3(G(2, L)oo, Z) = Tm gy N (Hg@yﬁ))o.

By the local invariant cycle theorem (2.6) and (2.7), we have
ker(Ty —1d) N HY (X, Z) = Tmsp; N H (X, Z) = spy (H'(Xo, Z)) and
ker(Tg(2,c) — 1d) N H*(G(2, L)oo, Z) = Imsp, N H*(G(2, L), Z)

which equals spy (H?(Gx, (2, Lo),Z)). Using Theorem 2.9, we can then conclude

H'(X,,C) spy H'(X,C) o
Z _ N _ _ o (J;;)
FIHY(X,,C) + H'(Xy,Z) ~ FYH'(Xs,C)+ sp,(H' (X, 7)) 0
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and spy maps

Hg(gXU (25£0)7C)
F2H3(gxo (2a ‘CO)’ (C) + Hs(gxo (2a ‘CO)’ Z)

H3(G(2,£)00,C) =2
= (Jg(z z:)) :
F2H3(G(2, L)oo, C) + spo(H3(Gx, (2, Lo), Z)) o

Let f : 29 — Xo be the natural inclusion. Applying [29, Corollary-Definition

5.37] to the proper modification ig : Xy — X, we obtain the following exact
sequence of mixed Hodge structures:
H°(Xo,7) — H°(Xy,Z) ® H(0,7Z) — H°(F,Z) —
- HY(Xo,Z) 210 1 (X,2) @ H' (20, Z) — H'(F, 7).

Since F = P! and zg is a point, we have H'(F,Z) = 0 = H'(xg,Z). More-
over, H%(Xo,Z) = H°(Xy,Z) = H°(wo,Z) = H°(F,Z) = C. This implies
is « HY(Xo,Z) — H'(Xy,Z) is an isomorphism of mixed Hodge structures.
Therefore,

isomorphically to

Jl X — Zgo — — =
(o) F'HY(Xo,C) + H'(X0,Z) F'H(X,,C)+ H' (X, Z)

H'(X,,C) H'(X,,C) (jl )
0

and J?(Gx, (2, Lo)) = (32(27@)0. Since the specialization morphisms and i

are morphisms of mixed Hodge structures, we have W;J*(Xy) = W; (ji?)o

and W;J2(Gx, (2, Lo)) = W; <j§(2 L)) for all 4. This proves the corollary. O
/0

4  RELATIVE MUMFORD-NEWSTEAD AND THE TORELLI THEOREM

We use notations of §2 and §3. In this section, we prove the relative version
of [24, Theorem p. 1201] (Proposition 4.1). We use this to show that the gener-
alized intermediate Jacobians J'(Xp) and J2(Gx, (2, Lo)) defined in Notation
3.3 are semi-abelian varieties and are isomorphic (Corollary 4.3). As an ap-
plication, we prove the Torelli theorem for irreducible nodal curves (Theorem
41.4).

We first consider the relative version of the construction in [24]. Denote by
W= Xa« xa- G(2,L)a- and 75 : W — A* the natural morphism. Recall, for
all t € A*, the fiber W; := 73 1 (t), is X x G(2, L) = X; x My, (2, L) (Theorem
A.2). There exists a (relative) universal bundle U over W associated to the
(relative) moduli space G(2, £)a~ i.e., U is a vector bundle over W such that for
each t € A*, Ulyy, is the universal bundle over X; x My, (2, L;) associated to fine
moduli space My, (2, L) (use [23, Theorem 9.1.1]). Denote by H3,, := R, Zyy
the local system associated to W. Using Kiinneth decomposition, we have

4 7 4—1
Hyy = D (H;?A* ® Hg@,mm) :

K2
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Denote by co(U)'? € T (H% ® HE L)A*) the image of the second Chern
N :
class co(U) € T'(H;,,) under the natural projection Hy,, — H%A* @M, 1),

Using Poincaré duality applied to the local system H}? , we have
"

HL 0He,.. = (. ) @MW, = Hom (HL W (4.1)
Xax DHge.0a = \ My, G(2.L)a- — TPOM My S HG@L)ax ) =
Therefore, co(U)'? induces a homomorphism

DA~ ;H}N — Hg(zﬁﬁ)

N
By [24, Lemma 1 and Proposition 1], we conclude that the homomorphism ® A«

is an isomorphism such that the induced isomorphism on the associated vector
bundles:

Lyl ~oq3 . 1 _ 19,3
Pas: Hy,. — Hgo,r),. satisfies Pa-(FPHy, . ) = Frt Hg(2,0)0. VP 2 0.
Therefore, the morphism ®a- induces an isomorphism ® : 7L = 72 )

Xpx G(2,L) ax
. 71 =3 . .
Since ﬂXm and HQ(Q,L')M are canonical extensu?ns of ’H}Ym and H?Q)(Zﬁ)m’
respectively, the morphism ® A~ extend to the entire disc:
~ 1 ~ =3
(O H)’E — Hg(zﬁ)

Using the identification (2.1) and restricting ® to the central fiber, we have an
isomorphism: _ _

D) : H' (X0, C) = H*(G(2, £) o, C).
We can then conclude:

ProrosITION 4.1. For the extended morphism 5, we have
(’I;(Fpﬂ}) = Fp+1ﬂé(27£) for p = 0, 1

and ®(Hy) = Hy,z). Moreover, &(W;H' (X, C)) = Wip2 H¥(G(2, L)oc, C)
for all i > 0.

Proof. The proof of i(Fpﬂig) = Fp“ﬂg@,ﬁ) for p = 0,1 and ‘i(ﬁ%) =

EZ(Z L) follows directly from construction. We now prove the second state-
ment.

Since co(U)*3 is a (single-valued) global section of H%A* ® H o 0y, it s
monodromy invariant. In other words, using (4.1), we have the following com-

mutative diagram:
D«
1 3
Hy,. = Hger),-

T, O TG(2,0)nx (4.2)

D
1 3
Hy,. = Hger),-
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Note that the monodromy operators extend to the canonical extensions ﬂi}
and gé@’ﬁ) ( [29, Proposition 11.2]). This gives rise to a commutative diagram
similar to (4.2), after substituting H%A* and Hg, ») . by ﬁ}g and ﬁz(zﬁ), re-

spectively. Restricting this diagram to the central fiber, we obtain the following
commutative diagram (use the identification (2.1)):

P

HY(Xs,C) — H*(G(2, L)oo, C)

~

Ty O To(a.0) (4.3)

H' (X, C) ] H*(G(2,£),C)

~

The exact sequences (2.6) and (2.7) combined with Proposition 2.8 then implies:

RS

WiH" (X, C) 2 Imsp, 2 ker(Ty — Id) = ker(Tg(a,r) — Id) = Imsp,
which is isomorphic to W3 H?(G(2, £) s, C). This implies,
~ P
GrlY HY (X, C) 2 Im(Ty — 1d) = Im(Tga.z) — Id) 2 Cr}V H3(G(2, L)oo, C).
By (4.3), it is easy to check that for all k > 0 and a € H'(Xs,C), we have

®o (T — 1d)* () = (Tga.c) — 1d)* (@o(a)).
Using Remark 2.2, we then conclude

P
o~

Gl H' (X, C) = log T (Cry H' (X, C)) = log Tg(a.0)(Gry H*(G(2, L)oo, C))

which is isomorphic to Gry H3(G(2, L), C). By Proposition 2.3, it is easy to

check that Gr{’ H(Xs,C) & WoH (X, C) and
Gry H3(G(2, L)oo, C) = WoH3(G(2, £) o, C).
Moreover, by Proposition 2.8 we have
WoH' (X, C) = H' (Xso,C) and W4H?(G(2, L)oo, C) = H?(G(2, L)oo, C).

Therefore for all i, we have ®¢(W; H' (X, C)) = Wiy 2H3(G(2, L)oo, C). This
proves the proposition. O

REMARK 4.2. Using Proposition 4.1 observe that the isomorphism ® between
the families of intermediate Jacobians extend to an isomorphism

—1 ~ =2

JTx — JTge.r)-

|
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By Corollary 3.4 and Proposition 4.1, we conclude that the composition
Ui T (X0) 5 (Te) 2 TRek(0) 2 Toe.o0k0) = (Toe.r ) — (G (2 Lo)

satisfies W(W;J1(Xg)) = WisaJ?(Gx,(2,L0)), where the first morphism is
simply sp,; o 4; and the last morphism is spy L

We prove that U is an isomorphism of semi-abelian varieties which induces an
isomorphism of the associated abelian varieties.

COROLLARY 4.3. Denote by Gr}¥J'(X,) = W;J'(Xo)/W;_1J'(X,) and
GrV J2(Gx, (2, Lo)) == Wid?(Gx, (2, L))/ Wi—1J?(Gx, (2, Lo)). Then,

1. GrV JY(Xo) and GrY J?(Gx, (2, Lo)) are principally polarized abelian va-
rieties,

2. JH(Xp) and J?(Gx,(2,L0))) are semi-abelian varieties. In particu-
lar, J'(Xo) (resp. J*(Gx,(2,L0))) is an extension of Gr}".J'(Xy)
(resp.  Gry J?(Gx,(2,Lo)) by the complex torus WoJ'(Xg) (resp.
W1J2(gXO(2ﬂ£0)))a

3. U is an isomorphism of semi-abelian varieties sending Gr}" .J'(X,) to
GI“gVJ2(gXU (2ﬂ [’0))

Proof. Applying [29, Corollary-Definition 5.37] to the proper modification 7 :
Xo — Xg, we obtain the following exact sequence of mixed Hodge structures:

0 — H°(Xo,Z) — H°(Xo,Z) ® H(x0,Z) — H°(x1 & 29,2) —

— HY(Xo,Z) — H'(Xo,Z) & H' (9, Z) — 0,

where 7= 1(zg) := {71,722} and surjection on the right follows from the fact
that H'(z1 @ x2,Z) = 0. Since Z = H(Xo,Z) = H°(Xo,Z) = H%(z;,Z) for
1 =0,1,2, we obtain the short exact sequence

0—Z 2 H'Y(Xo,2) = H'(X0,Z) = 0

*
<d

0

with FLH'(Xy,C) = F'HY(X,,C) = H'(X,,C), WoH'(X0,Z) = Z and
Cr) HY(X,,Z) E GrIVHl()?O,Z) — HY(Xy,Z) (as Z C H°(z1 @ x4, Z) is pure
of weight 0 and H'(X,Z) is pure of weight 1). This induces an isomorphism

Gri H'(X,,C) H'(Xo,C)
F1Gr)Y H'(Xo,C) + Gr}V H'(X0,Z)  F'H'(X,,C) + H'(X0,7)

R

GriV J (Xo) =

which is isomorphic to J* ()?0). Hence, Gr;" J'(Xy) is a principally polarized
abelian variety. By Proposition 4.1, we have

W(Gry" T (Xo)) = Gry' J*(Gx, (2, Lo))
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(see Remark 4.2). Therefore, Gry J2(Gx,(2,Lo)) is also a principally polar-
ized abelian variety. Note that F1Cry H'(X,,C) = 0 as Gry H'(Xo,7Z) = 7Z
(Gry H (X, Z) must be of Hodge type (0,0)). Therefore,

GryY HY(X,,C) C e, o

F1Gry HY(X,,C) + Cry HY(X,,2) Z ~

&

Cry/ JYH(Xo) =

Similarly as before, W(Cry/ J' (X)) = Gry J?(Gx, (2, Lo)) = C* (as ¥ is C-
linear). By [29, Theorem 5.39], H'(Xo,C) (resp. H3(Gx,(2,Lo))) is of weight
at most 1 (resp. 3). Therefore, J'(Xo) and J2(Gx, (2, Lo)) are isomorphic
(via ¥) semi-abelian varieties, inducing an isomorphism between the associ-
ated abelian varieties Gr}’ J'(Xy) and Gry J2(Gx,(2,Lo)). This proves the
corollary. O

We now prove the Torelli theorem for irreducible nodal curves.

THEOREM 4.4. Let X and X7 be projective, irreducible nodal curves of genus
g > 4 with exactly one node such that the normalizations Xy and X; are not
hyper-elliptic. Let £y and £; be invertible sheaves of odd degree on X, and
X1, respectively. If Gx, (2, Lo) = Gx, (2, L) then Xy = X;.

Proof. Since the genus of Xy and X is g > 4, the curves Xy and X; are stable.
As the moduli space of stable curves is complete, we get algebraic families

fO:XO—>Aandf1:X1—>A

of curves with Xy and X regular, fy, f1 smooth over the punctured disc A*,
£ (0) = Xp and f;'(0) = X;. Recall, the obstruction to extending invert-
ible sheaves from the central fiber to the entire family lies in H?(Oy,) and
H?*(Ox,), respectively (see [17, Theorem 6.4]). Since X, and X; are curves
the obstruction vanishes. Thus, there exist invertible sheaves Mg and M;
on Xy and A}, respectively, such that Mg|x, = Lo and M|x, = Ly. Since
Gx,(2,L0) 2 Gx, (2,L1), Corollary 4.3 implies that

JH(Xo) = J*(Gx, (2, Lo)) = J*(Gx, (2, L£1)) = J'(X;) with

CrV J'(Xo) = Gr;" J*(X1). Recall, the canonical polarization on Grj" J*(Xo)
and Gr}" J'(X,) is induced by the intersection form on H'(Xy) and H(X}),
respectively. Since cup-product commutes with pullback, one can check that
the isomorphism between Gr}".J'(X,) and Gr;"J'(X;) sends the canonical
polarization of one to the other. By [20, Proposition 9], this implies Xy & X;.
This proves the theorem. O

A GIESEKER MODULI SPACE OF STABLE SHEAVES

In this section, we recall the (relative) Gieseker’s moduli space as defined in [25]
and with fixed determinant as in [35]. We observe that the later moduli space
is regular, with central fiber a reduced simple normal crossings divisor.
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NotaTion A.1. Let Xg be an irreducible nodal curve of genus g > 2 with ex-
actly one node, say at the point xy. Denote by 7 : X¢g — X the normalization
of Xg and {z1,72} := 7 (z0). Let S be a smooth curve and so € S a closed
point. Let 6 : X — S be flat family of projective curves with X regular, smooth
over S\sg and X, = Xy. Fix a relative polarization Ox (1) on X.

Recall, the Gieseker (relative Gieseker) moduli functors Gx,(n,d) (resp.

G(n,d)) corresponding to (families of ) semi-stable sheaves on curves semi-stably
equivalent to Xg (resp. X) (see [25, Definition 5 and 7] for detailed definitions).
Recall, there exists a fine moduli space My, (n,d) of semi-stable sheaves of rank
n and degree d on X, for t # s¢ (see [18, Theorem 4.3.7 and Corollary 4.6.6]).
We know that the moduli functor G(n, d) is representable by a scheme G(n, d)
with every fiber G(n,d); isomorphic to My, (n,d) for t # so. More precisely,

THEOREM A.2. The functor G(n,d) (resp. Gx,(n,d)) is representable by an
open subscheme G(n,d) (resp. Gx,(n,d)) of the S-scheme (resp. k-scheme)
Hilb” (X xg Gr(m,n)s) (resp. Hilb™ (X x Gr(m,n))), for some Hilbert
polynomial P;. Furthermore,

1. the closed fiber G(n,d)s, of G(n,d) over so € S is irreducible, isomorphic
to Gx, (n,d) and is a (analytic) normal crossings divisor in G(n,d),

2. for all t # so, the fiber G(n,d)s is smooth and isomorphic to My, (n,d),
3. as a scheme over k, G(n,d) is regular.
Proof. See [25, Proposition 8] (or [13, pp. 179] for the case n = 2). O

We now briefly recall the construction of the moduli space Gx,(2,d). Let
M %o (2,d) be the fine moduli space of rank 2, degree d stable bundles over Xj.

Consider the universal bundle £ over X x M %,(2,d). Let
Epy 1= 5|zlxM§0(2,d) and &, 1= 5|12><M3(v0(2,d)-
Consider the projective bundle S; = P(Hom(&,,,Ex,) & O, (2,d)) oOver
0

M)?U(Q, d). Denote by 04 := U 0s,¢, the zero section of the projective
tEM}0(2,d)

bundle Sy over Mg, (2,d), where 054 := [0,\] € S14, for \ € Oy (2.0) ®k(t).
0
Consider the two sub-bundles of S,

H2 = U Hgyt and D1 = U Dl,ta
tENI}}“U(Q,d) tEM;(O(Q,d)

where Hay := {[¢,0] € S1,4 | ¢ € Hom(Ey,,E,) @ k(E), ¢ # 0} and
D17t = {[(bv >‘] | ¢ € Hom(gibngmz) ® k(t)a AE OM;(O(Q,d) ®k(t)a ker(¢) # 0}
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For any t € Mg, (2,d), the fiber S1; of Sy over ¢ is isomorphic to P(End(C?) &
C), after identifying €|, 13 = C* = &|,,x4}- Under this identification, we
have Hs,; = P(End(C?)\{0}) = P? and

Hy ;N Dy = {[M,0] € P(End(C*) & C)|M € End(C?), det(M) = 0}.

It is easy to check that Hs, N D;, is isomorphic to P! x P! (use the Segre
embedding into Ha; = P3). Denote by @ = H> N D; and Sy := Blg,(S1).
Let Q be the strict transform of Q in Sy and S5 := BIQSQ. Denote by H;
(resp. D3) the exceptional divisor of the blow-up Sz — S (resp. S5 — Sa).
Replace Hy and D; by their strict transforms in S3. There is a natural (open)
embedding

GLy — P(End(C?) @ C) = Sy ; defined by End(C?) > M + [M, 1].

Then, S5 = Bl@t (Blo, ,S1,t) is called the wonderful compactification of GLa

(see [30, Definition 3.3.1]). Denote by SLa C Si, the closure of SLy in S
under the above mentioned embedding of GLy < S;+. Then,

SLy = {[M, \] € P(End(C?) & C)| det(M) = A\?}.

Note that SL, is regular, Os,,ﬁ SLy and Q; = Hy: N Dy is a divisor in SL,.
Thus the strict transform of SLy in S3; is isomorphic to itself.

ProproSITION A.3 ( [13]). Denote by G, (2,d) the normalization of Gx, (2, d).
There exist closed subschemes Z € D;N D5 and Z' C gg(o (2,d) of codimension
at least g — 1 such that S3\Z = G (2,d)\Z".

Proof. See [13, §8,9 and §10 | for a concrete description of Z,Z" and proof.
Also see [35, Chapter 1, §5]. O

By Theorem A.2, there exists an universal closed immersion
Y= X Xg g(Q,d) Xg Gr(m, 2)5

corresponding to the functor 5(2, d). This defines a flat family Y — G(2,d) of
curves. Denote by U the vector bundle on ) obtained as the pull-back of the
tautological quotient bundle of rank 2 on Gr(m,2)s.

NOTATION A.4. Let £ be an invertible sheaf on X of relative odd degree d i.e.,
for every t € S, we have deg(L|x,) = d. Denote by Lo := L|x, . Consider the
reduced family G(2, L) C G(2,d) such that the fiber over s € S consists of all
points zs € G(2,d)s such that the corresponding vector bundle U, satisfies the
property H°(det UY ® L) # 0. By upper semi-continuity, G(2, £) is a closed
subvariety of G(2,d). Denote by Gx,(2,Ly) := G(2, L), the fiber over sq.
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We now study the geometry of the subvariety G(2, £). Denote by ) the base-
change to S3\Z of the universal family of curves J (over G(2,d)) via the com-
position

S3\Z = QS(O (2a d)\ZI - g;(o (25 d) — gXo (25 d) - g(2a d)
Denote by U/, the pullback to Y} the universal bundle & on G(2,d). Denote by

Es, the pullback of the universal bundle £ on Xox M )?0(2, d), by the natural
morphism from S3 to My, (2,d). Denote by Lo == *Lo. Define,

Po:={s€ 53| (V)s = Xo and detUy, ~ Lo} U{s € D1 N Dy |detEs, s ~ Eo}7

Py :={s€ Hy |det&s,,s ~ 7" Lo(x2 — x1)} and
P, :={s € Hy | detEg,,s ~ Eo(l'l —xz2)}.

Recall, there exists a fine moduli space My, (2, L) of semi-stable sheaves of
rank 2 and determinant £; on X; for t # sg (see [21, §3.3]). Observe that

PROPOSITION A.5. The variety Py (resp. Pi, P) is a SLy (resp. P?)-bundle
over Mz (2, Lo). Each P; contains a natural P! x P!-bundle over Mz (2, Lo),
namely PoND1N Dy, PLND; and PoNDy. The subvariety Z C S3 (Proposition
A.3) does not intersect Py or Ps.

Proof. See [35, §6]. O
Using this we have the following description of G(2, £):

THEOREM A.6. The variety G(2,L) is regular and for all ¢ # s, the fiber
G(2, L) is isomorphic to M, (2, Lt). The fiber Gx,(2, L) is a reduced simple
normal crossings divisor in G(2, £), consisting of two irreducible components,
say Go and Gy, with one of the irreducible components isomorphic to P;. More-
over, the intersection GyNGy is isomorphic to Py N Dy, which is a P! x P!-bundle
over M (2, Lo).

Proof. For proof see [35, §6] or [1, §5 and §6]. O

REMARK A.7. Note that, for any ¢ # so, G(2, L) = Mx, (2, L) is non-singular
( [18, Corollary 4.5.5]). Therefore, G(2, L) is smooth over the punctured disc

S\{SQ} .
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