DOCUMENTA MATH. 2057

QUIVERS WITH ADDITIVE LABELINGS:

CLASSIFICATION AND ALGEBRAIC ENTROPY
PAVEL GALASHIN AND PAVLO PYLYAVSKYY

Received: June 7, 2018
Revised: October 1, 2019

Communicated by Henning Krause

ABSTRACT. We show that Zamolodchikov dynamics of a recurrent
quiver has zero algebraic entropy only if the quiver has a weakly sub-
additive labeling, and conjecture the converse. By assigning a pair of
generalized Cartan matrices of affine type to each quiver with an addi-
tive labeling, we completely classify such quivers, obtaining 40 infinite
families and 13 exceptional quivers. This completes the program of
classifying Zamolodchikov periodic and integrable quivers.

2010 Mathematics Subject Classification: Primary: 13F60. Sec-
ondary: 37K10, 05E99

Keywords and Phrases: Cluster algebras, Zamolodchikov periodicity,
T-system, Arnold-Liouville integrability, Twisted Dynkin diagrams

INTRODUCTION

Given a bipartite quiver @@ which is just a directed bipartite graph without
directed cycles of length 1 and 2, one can define a certain discrete dynamical
system called the T -system associated with Q. It assigns a multivariate rational
function T, (t) to each vertex v of @ and each integer ¢ and satisfies the following
recurrence relation

T+ )Tt —1) = [[ 7w + J] Tw®. (0.1)

uU—>v v

In certain cases, this relation specializes to various well studied objects such as
the octahedron recurrence of Speyer [37].

When a bipartite quiver @ satisfies a certain simple local condition (we call
such quivers recurrent), the T-system dynamics can be viewed as a special case
of a cluster algebra, see [7]. Partially because of this connection to cluster al-
gebras, T-systems have received much attention in the past two decades. One
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particular popular direction of research in this area is the so called Zamolod-
chikov periodicity. It was conjectured by Zamolodchikov [43] that if @ is an
orientation of an ADE Dynkin diagram of finite type then the T-system is
periodic. This conjecture was later generalized by Kuniba-Nakanishi [25] and
Ravanini-Valleriani-Tateo [35] to the case when @ is a tensor product of two
finite ADFE Dynkin diagrams. The conjecture stayed open for around twenty
years with various special cases being completed in [35, 25, 26, 8, 16, 42, 40]. Tt
was finally resolved for all pairs of finite ADFE Dynkin diagrams by Keller [22].
For the connections of T-systems with thermodynamic Bethe ansatz [43] as
well as their other appearances in physics and representation theory, see [26,
23, 36, 32, 10, 24, 31], and see [27] for a survey. Of special note is the work of
Hernandez [19], where he studied the occurrence of T-systems in representation
theory for simply-laced quivers beyond Dynkin quivers.

This is the third and final paper in the series [12, 13] of works that classify
bipartite recurrent quivers for which the T-system satisfies a certain algebraic
property. In [12], we have shown that the T-system associated to a bipartite
recurrent quiver @ is periodic if and only if @ admits a strictly subadditive
labeling. Such quivers turn out to exactly correspond to commuting pairs of
Cartan matrices which have been classified earlier by Stembridge [39]. In par-
ticular, tensor products of finite ADE Dynkin diagrams belong to this family,
so the result of [12] is a generalization of the result of [22].

Next, we showed in [13] that the values of the T-system satisfy a linear recur-
rence only if @ admits a subadditive labeling. We gave an analogous classifi-
cation for quivers admitting a subadditive labeling. In particular, it includes
tensor products of an affine ADFE Dynkin diagram with a finite ADFE Dynkin
diagram. This classification allowed an extensive computational verification of
the conjecture that the converse is also true, i.e., for every bipartite recurrent
quiver ) admitting a subadditive labeling, the associated T-system satisfies a
linear recurrence. We proved this claim for the case when @ has type Ao A
using a combinatorial formula due to Speyer [37] for the octahedron recurrence.
In this text, we classify (Section 6) bipartite recurrent quivers admitting a
weakly subadditive labeling. We use algebraic entropy as a motivating property
of the T-system that conjecturally characterizes such quivers. Having zero
algebraic entropy is a frequently used criterion for checking integrability of
a discrete dynamical system. It was introduced in [6] and further developed
in [2, 20]. Roughly speaking, the fact that the algebraic entropy of a discrete
dynamical system is nonzero means that its values grow doubly exponentially,
i.e., as exp(exp(ct)) for some positive constant c. We show in Section 3 that
for any bipartite recurrent quiver that does not admit a weakly subadditive
labeling, the T-system has nonzero algebraic entropy. Using our classification
again we get rich computational evidence suggesting that for the remaining
bipartite recurrent quivers (that is, the ones from our classification), the values
of the T-system grow quadratic exponentially, i.e. as exp(ct?). Thus there seems
to be a big gap in the rate of growth that separates the T-systems associated
to the quivers in our classification from all other T-systems.
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For two special cases (quivers of type A® A and twists A x A of affine ADE
Dynkin diagrams) we prove in Sections 3.1 and 8 respectively that the growth is
quadratic exponential. The former again is a consequence of Speyer’s formula
for the octahedron recurrence. We finish the text (Section 9) by giving some
refinements of the rate of growth conjecture. In particular, we conjecture that
the Y-systems associated to the quivers from our classification are Arnold-
Liouville integrable.

1 MAIN RESULTS

Let us start by introducing some notions necessary to formulate our results.
As we have mentioned, a quiver @ is a directed graph without loops and pairs
of arrows forming a directed 2-cycle.

Given a quiver @ with vertex set Vert(Q), a vertex v € Vert(Q), and a family
T = (Tu)uevert(q) of rational functions in some set x of variables, one can
define the mutation operation p, that produces a new quiver p,(Q) with the
same set Vert((Q)) of vertices and a new family s, (T%) = (T},)uevert(q) according
to a certain set of combinatorial rules. The definition of the quiver u,(Q) is
given in Definition 2.14 and u,(7%) is defined as follows. For u # v, we set
T! =Ty, and for u = v we put

T/ _ Hu%v Tu + Hv%w Tw
v TU :

(1.1)

Here the product is taken over all arrows in Q. It follows from the definition
that the operations u, and pu, commute when there are no arrows between v
and w in Q.

We say that a quiver @ is bipartite if there exists a map e : Vert(Q) —
{0,1}, v — ¢, called a bipartition such that for every arrow v — v of Q
we have €, # €,. It follows that for a bipartite quiver, the operations

po = H Pus  p1 = H fho (1.2)
Ui€, =0 ViEy,=1
are well defined since the results of products are independent of the order. We

are now ready to introduce a crucial notion of a recurrent quiver.

DEFINITION 1.1. We say that a bipartite quiver Q is recurrent if uo(Q) =
11 (Q) = Q°P where Q°P is the quiver obtained from @ by reversing all of its
arrows.

We give an alternative simpler definition for bipartite recurrent quivers in
Corollary 2.15.

Let us now define the T-system. The main part of the definition will be equa-
tion (0.1). Note that for each of the terms T, (t + 1), T, (t — 1), Ty (1), To(t)
involved in (0.1), the numbers

€vt+t+1le,+t—1,e,+t €y +1
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all have the same parity. Thus it makes sense to restrict the values of the
T-system to only pairs (v,t) such that t =€, (mod 2).

DEFINITION 1.2. Given a bipartite recurrent quiver () with a bipartition €, the
T-system associated with @ is a family T, (¢) of rational functions in variables
X = {Ty }yevert(@) defined for any v € Vert(Q) and any t € Z satisfying ¢t = ¢,
(mod 2). For any v € Vert(Q) and ¢ #Z ¢, (mod 2), the values of the T-system
are required to satisfy (0.1). Finally, for each v € Vert(Q), we impose an initial
condition

Ty(€y) = Ty (1.3)

One easily observes that (1.3) and (0.1) determine T, (¢) uniquely for any t = e,
(mod 2).

Since the T-system is defined for only bipartite recurrent quivers, it can be
viewed as a composition of mutations popu1, see (1.1) and (1.2). As a conse-
quence, it follows from the Laurent phenomenon property of cluster algebras [7]
that for any ¢ = €, (mod 2), the value T, (t) is actually a Laurent polynomial
in x: T,(t) € Z[x*!].

For v,u € Vert(Q) and t = €, (mod 2), define deg, ... (z;T(t)) to be the
maximal degree of the variable z,, in the Laurent polynomial T, (t).

DEFINITION 1.3. We say that @ has algebraic entropy zero if for any two
vertices u, v € Vert(Q) we have

1 T 2
lim Og(degmax(‘ru’ U(€U+ t)))

t—o0 t

—0. (1.4)

Before we state our main results, let us give one more definition.

DEFINITION 1.4. Given a quiver @), we say that a map A : Vert(Q) - Rsgis a
weakly subadditive labeling if for any vertex v € Vert(Q), we have

2A(v) > max (Z Au), Z A(v)) . (1.5)

uU—v v—w

This is a generalization of Vinberg’s additive functions [41]. We recall the
analogous definitions of strictly subadditive and subadditive labelings in Defini-
tion 2.19.

THEOREM 1.5. Suppose that Q is a bipartite recurrent quiver. If QQ does not
admit a weakly subadditive labeling then Q) does not have zero algebraic entropy.

Our second main result is the classification (Theorem 6.1) of bipartite recurrent
quivers that admit weakly subadditive labelings.

By Theorem 1.5, every quiver ) that has algebraic entropy zero admits a
weakly subadditive labeling and therefore is necessarily one of the quivers in
our classification. According to our computer experiments, we give a precise
conjecture describing the asymptotics of the T-system.
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DEFINITION 1.6. Let f(0), f(1),... be a sequence of positive real numbers. We
say that f

1. is bounded if there exists a constant M such that f(¢) < M for all t > 0;

2. grows exponentially if there exists a positive limit of

log(f(t)) |
t b

3. grows quadratic exponentially if there exists a positive limit of

log(f(?)) |
2

4. grows doubly exponentially if there exists a positive limit of

loglog(/ (1))
t

CONJECTURE 1.7. Let @ be a bipartite recurrent quiver. Substitute some
positive real numbers for each variable in x. Let f(t) = T,(e, + 2t),t > 0 be
the sequence of values of the T-system at vertex v that we get after such a
substitution.

1. If @ admits a strictly subadditive labeling then f is bounded (and in fact
is periodic);

2. otherwise, if () admits a subadditive labeling then f grows exponentially
(and satisfies a linear recurrence);

3. otherwise, if @@ admits a weakly subadditive labeling then f grows
quadratic exponentially;

4. otherwise f grows doubly exponentially.

Some parts of this conjecture are already proven. For example, we proved
part (1) in [12]. A weaker version of part (2) was shown in [13]. In this paper,
we prove part (4) and a weaker version of part (3). When all components of
the bigraph associated with @ (see Definition 2.3) are of type A or A, we prove
all parts of Conjecture 1.7 in full generality. We do the same when Q is a twist
(see Definition 5.1) of a finite or affine ADFE Dynkin diagram.

REMARK 1.8. Discrete dynamical systems exhibiting only bounded, linear,
quadratic, or exponential growth of the degrees appear in surprisingly many
diverse contexts. One example is the analogous result for cluster mutation-
periodic quivers with period 1, see [9, Theorem 3.12]. Other instances in-
clude [11, 4]. We thank Andrew Hone for bringing these references to our
attention.
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2 PRELIMINARIES

2.1 BIGRAPHS

We follow very closely the exposition in [13]. We start by briefly recalling the
correspondence between bipartite quivers and bipartite bigraphs introduced by
Stembridge [39].

DEFINITION 2.1. A bigraph is a pair G = (T', A) of simple undirected graphs on
the same vertex set that do not share any edges. A bigraph is called bipartite
if there is a map € : V. — {0,1} such that for every edge (u,v) of I' or A we
have €, # €,.

The graphs I' and A are allowed to have multiple edges but no loops. Through-
out, we assume all bigraphs to be bipartite.

Since our main result is a classification of certain bigraphs, we write down the
obvious definition of an isomorphism between two such objects.

DEFINITION 2.2. Two bigraphs G = (', A) and G’ = (I, A’) are called isomor-
phic if there is a map ¢ : Vert(G) — Vert(G’) such that for any u,v € Vert(G)
we have

o (u,v) €T & (é(u),p(v)) € IV, and
o (u,v) € A& (d(u),d(v)) € A,

There is a simple correspondence between bipartite quivers and bipartite bi-
graphs that we now explain.

DEFINITION 2.3. Given a bipartite quiver @) with bipartition € : Vert(Q) —
{0,1}, define the bigraph G(Q) = (I'(Q), A(Q)) with the same vertex set as
follows:

e For every directed edge u — v of @ with ¢, = 0,¢, = 1, I'(Q) contains
an undirected edge (u,v).

e For every directed edge u — v of @ with ¢, = 1,¢, = 0, A(Q) contains
an undirected edge (u,v).

Thus every arrow of @ corresponds to precisely one edge of G(Q). Note also
that this is a bijection: given a bipartite bigraph G with a bipartition €, one
can easily reconstruct the bipartite quiver @ = Q(G) such that G = G(Q).
We represent a bigraph G = (I, A) as a simple graph with the edges of T
colored red and the edges of A colored blue.

Let us recall the definition of a tensor product of two bipartite graphs:

DEFINITION 2.4. Let S and T be two bipartite undirected graphs. Then their
tensor product S®T is a bipartite bigraph G = (', A) with vertex set Vert(S) x
Vert(T) and the following edge sets:
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A\

| —

—

Figure 1: A tensor product of a hexagon (type As) and a 2-cycle (type Ay).
Tensor products are listed as family #1 in our classification in Section 6.

e for each edge {u,u'} € S and each vertex v € T there is an edge between
(u,v) and (v',v) in T}

e for each vertex u € S and each edge {v,v'} € T there is an edge between
(u,v) and (u,v") in A;

An example of a tensor product is given in Figure 1.

2.1.1 T-SYSTEMS FOR BIPARTITE BIGRAPHS

Just as in [12, 13], we reformulate the definition of the T-system in the language
of bigraphs that is more convenient for us to work with.

DEFINITION 2.5. Let G = (I',A) be a bipartite bigraph with vertex set V.
Then the associated T-system for G is defined as follows:

T,t+0Lt-1) = [ o+ J] Tw®):

(u,v)€l (v,w)EA
Ty(ey) = y.

It is easy to see that we have T,(t) = T, (t) where T, (t) is the value of the
T-system associated with Q(G) via Definition 1.2.

2.2  FINITE AND AFFINE ADE DYNKIN DIAGRAMS

DEFINITION 2.6. Given an undirected graph G = (V, E) with possibly multiple
edges, we say that a map A : V — Ry is an additive function if for all v € V
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NAME FINITE DIAGRAM h(A)
A (£>1) @, O 41
Dy (£>4) E >>: - - - - 20—2

o O i O 12
E; O i O 18
Es O i O 30

Figure 2: Finite ADE Dynkin diagrams and their Coxeter numbers. Each
diagram whose name contains index ¢ has ¢ vertices.

NAME AFFINE DIAGRAM h2)(A)

A (£>1) - —O— ! (+1

Dy (0> 4) 400 —2)
O—0
B O, (2 @ © @ 24
H—@——0
B 00— 48

By =0 (0000 120

Figure 3: Affine ADFE Dynkin diagrams together with their additive functions
and McKay numbers. Each diagram whose name contains index ¢ has ¢ + 1
vertices.
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we have

2Av) = > Au). (2.1)

(u,v)EE

The following characterization of affine ADE Dynkin diagrams is due to Vin-
berg [41]:

THEOREM 2.7. Let G = (V, E) be an undirected graph with possibly multiple
edges. Then G is an affine ADE Dynkin diagram if and only if there exists an
additive function for G.

Finite and affine ADE Dynkin diagrams are given in Figures 2 and 3 respec-
tively. The affine diagrams are drawn together with the values of their additive
functions. We scale the values of the additive function so that they are rela-
tively prime positive integers. Note that the only affine ADFE Dynkin diagram
that is not a bipartite graph is Ay, for n > 1.

For each finite ADE Dynkin diagram A there is an associated integer h(A)
called the Cozeter number, see e.g. [3, Chapter V, §6]. We list Coxeter numbers
of finite ADE Dynkin diagrams in Figure 2. If A is an affine ADE Dynkin
diagram, we set h(A) = co.

The Coxeter number has various nice interpretations, we list some of them
below.

PROPOSITION 2.8.

o If A is a finite ADE Dynkin diagram then the dominant eigenvalue of its
adjacency matriz equals 2 cos(m/h(A));

° sz\ is an affine ADE Dynkin diagram then the dominant eigenvalue of
its adjacency matriz equals 2.

o The Coxeter element of the Coxeter group associated with A has period

h(A).

° IfA is the affine ADE Dynkin diagram corresponding to a finite ADE
Dynkin diagram A then h(A) equals the sum of the values of the additive
Sfunction for A.

O

In particular, the first three claims justify setting h(A) := oo. Motivated by
the last claim, we introduce the following affine analog of the Coxeter number
that will come into play in the proof of our classification in Section 7.

DEFINITION 2.9. Given an affine ADE Dynkin diagram f\, its McKay number
R (A) is the sum of squares of the values of the additive function for A.

The values of h()(A) are given in Figure 3. The motivation for the name comes
from the fact that h()(A) is the size of the subgroup of SU(2) associated with
A via the McKay correspondence, see [30] or [38].}

1We thank Christian Gaetz for pointing out this connection to us.
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2.3 GENERALIZED CARTAN MATRICES

In this section, we review Kac’s classification [21] of generalized Cartan matrices
of affine type. We will however need to consider a slightly more general class
of matrices.

DEFINITION 2.10. An n x n matrix A = (a;;)};—; is called a weak generalized
Cartan matriz if it satisfies the following axioms:

(Cl) ai;i € Z and ai; < 2 for i = 1,...,n;
(C2) a;j are non-positive integers for i # j;
(C3) a;; = 0 implies aj; = 0.

Thus a generalized Cartan matriz is a weak generalized Cartan matrix satis-
fying a;; = 2 for all i € [n] := {1,2,...,n}. Following [21, §4.7], to each weak
generalized Cartan matrix A we associate its Dynkin diagram S(A) with vertex
set [n] as follows. We connect each vertex i to itself by 2 — a;; self-loops. Two
vertices i # j € [n] such that |a;;| > |a;;| are connected by |a;;| lines in S(A)
which are equipped with an arrow pointing toward i if |a;;| > 1. We say that
A is indecomposable if S(A) is a connected graph. For a column vector u with
coordinates u” = (uy,us,...), we write u > 0 (resp., u > 0) if all u; > 0 (resp.,

THEOREM 2.11 ([21, Theorem 4.3]). Let A be a real n x n indecomposable weak
generalized Cartan matriz. Then ezxactly one of the following holds:

(Fin) There exists u > 0 such that Au > 0.
(Aff) There exists u > 0 such that Au = 0.
(Ind) There exists u > 0 such that Au < 0.

In cases (Fin), (Aff), (Ind), we will say that A is of finite, affine, or indefinite
type, respectively.

THEOREM 2.12.

1. If A is an indecomposable weak generalized Cartan matriz of finite type
then S(A) is one of the diagrams in Figure 4.

2. If A is an indecomposable weak generalized Cartan matriz of affine type
then S(A) is one of the diagrams shown in Figure 5.

8. The labels in Figure 5 are the coordinates of the unique wvector § =
(01,...,0p) such that A6 = 0 and the &; are positive relatively prime
integers.

DOCUMENTA MATHEMATICA 24 (2019) 2057-2135



QUIVERS WITH ADDITIVE LABELINGS 2067

As 6 — 06 — i — 6 — o By o o — — o = o
o
Cl o o o < o
D, o o — — o — o
o o
Es o —o0  — o0 — o0 — o E; o -—0  —0  — o0 — 0 — O
o
‘ F4 o — o0 = o — O
Eg o —0  —0  — 0 — 0o — 0 — o
()
G °=° %AQZ(ZZD o — o — — o — o

Figure 4: Dynkin diagrams of weak generalized Cartan matrices of finite type.
Each diagram whose name contains index ¢ has ¢ vertices.

Proof. Most of the statements follow from [21, Theorem 4.8]. The only addi-
tional work one needs to do is the case where we have a;; < 2 for some i € [n].
Suppose that A is a weak generalized Cartan matrix of finite (resp., affine)
type such that a;; < 2 for some i € [n]. Introduce a 2n x 2n weak general-
ized Cartan matrix B with indexing set [n] U [n'] = {1,2,...,n,1",2',... ,n'}
is obtained from A as follows. For i # j € [n], put b;; = by;» = a;; and put
bij/ = bi/j =0. Forz e [n], set bii = bi’i’ =2 and bii’ = bi’i =2— [ It follows
that B is a generalized Cartan matrix of finite (resp., affine) type. Thus S(A)
is obtained from S(B) by taking a quotient with respect to a fixed-point-free
involutive automorphism of order 2, and it is straightforward to check that the
only Dynkin diagrams in Figures 4 and 5 that admit such an automorphism are

Aoy, A%)H, 02(71%_1, DEZ)H, and Déi)+3- We denote the corresponding diagram
S(A) by %Agn (Figure 4), %Aég_i_l, %Céi)_i_l, %Dg;)_i_l, and %Déi)_,’_g (Figure 5)
respectively. O

Note that a 1 x 1 matrix A with a1; < 2 is an indecomposable weak generalized
Cartan matrix for any a1 including a1; = 0. This zero 1 x 1 matrix corresponds

to the diagram %Aéz)ﬂ for ¢ = 0 which is a single vertex with two self-loops.

We also denote this diagram by Agl).

REMARK 2.13. The diagrams in Figure 2 also appear in Figure 4. Similarly,
the diagrams in Figure 3 also appear (with slightly different names) in Figure 5.
This is done intentionally since we treat diagrams in Figures 2 and 3 as color

components of bigraphs (see next section) while we get diagrams in Figures 4
and 5 as component graphs of bigraphs (see Theorem 4.7).

2.4 BIPARTITE RECURRENT QUIVERS AND BIGRAPHS

DEFINITION 2.14. Let @ be a quiver. For a vertex v of () one can define the
quiver mutation ., at v as follows:
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1 1
AN = — .. 1 \ \
DM (0> 1) 1— 2 — 2 — — 2 — 1
1
\ 2
2
1
\ B 1—2 —3 —4—3—2 —1
1
By 1 —2 —3— 2 —1
3
2
DY (0> 2) 1< 1 — — 1 =1 ‘
B o
s 2 — 4 —6 — 5 —4— 3 — 2 1
AV e | AP 2&01 GV 1 —2=3 | DY 12 e
1 1
) | @) |
By (6 =3) 1 — 2 — — 2 = 2 Az, (€= 3) 1—2— - — 2«1
cW>2 AP (> 2
) (0=2) 1= 2 — — 2 =1 5 (0>2) 2 =92 — — 2«1
R 1 2 3 = 4 2 EY 1 2 3 < 2 1
. () () ) ()
%Aéﬁﬂ(fzo) 1 —1 - — 1 — 1 %Cgfzrl([Zl) 1 = 2 — — 2 — 2
1
\ () 1p?) (1>1) !
1 3 i3\t =2 =
%D;/)H(EZQ) O P 220+3 1 1 1 1

Figure 5: Dynkin diagrams of weak generalized Cartan matrices of affine type.
Each diagram whose name contains index ¢ has ¢ + 1 vertices. The names of

the diagrams are taken from [21].
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(O— @ | @ GG@'G

(O—) | G | Cl=®) e‘@

Quiver Q Step 1 Step 2 Step 3. This is e (Q)

Figure 6: Mutating a quiver @ at vertex a. The edges changed at the corre-
sponding step are highlighted in orange.

1. for each pair of arrows v — v and v — w, create an arrow u — w;
2. reverse the direction of all arrows incident to v;

3. if some directed 2-cycle is present, remove both of its arrows; repeat until
there are no more directed 2-cycles.

It is straightforward to check that the resulting quiver p,(Q) is well defined.
See Figure 6 for an example of each step.

Now, let @ be a bipartite quiver. Recall that g (resp., u1) is the simultaneous
mutation at all white (resp., all black) vertices of @, and that @ is recurrent if
to(Q) = 11(Q) = Q°P, see Definition 1.1.

COROLLARY 2.15. A bipartite quiver Q is recurrent if and only if the associated
bipartite bigraph G(Q) has commuting adjacency matrices Ar, Aa.

Equivalently, this means that for any two vertices u, w € Vert(Q), the number
of directed 2-paths u — v — w in @ equals the number of directed 2-paths w —
v = w in Q. In other words, the number of red-blue paths (u,v) € T, (v,w) € A
in G equals the number of blue-red paths (u,v) € A, (v,w) €T in G.

Let us now recall a few facts from [13].

LEMMA 2.16 ([13, Lemma 1.1.8]). Let G = (I',A) be a connected bigraph
and assume that the adjacency matrices Ar, Ax commute. Then the domi-
nant eigenvalues of all components of T' are equal to the same value ur > 0,
and the dominant eigenvalues of all components of A are equal to the same
value ua > 0. Matrices Ar and Ax have a common dominant eigenvector
v > 0 such that

Arv = purv;  AAV = pav.

O

Applying the well known characterization of affine and finite ADFE Dynkin
diagrams by their eigenvalues (see Proposition 2.8), we get the following;:

COROLLARY 2.17. Suppose that a bipartite bigraph G = (T', A) has commuting
adjacency matrices. Then exactly one of the following is true:
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(i) all components of T are finite ADE Dynkin diagrams;
(i) all components of T’ are affine ADE Dynkin diagrams;

(i) every component of T is neither a finite nor an affine ADE Dynkin dia-
gram.

A similar claim holds for the components of A.

This motivates us to define three families of bipartite bigraphs that will be of
the most importance to us.

DEFINITION 2.18 ([13, Definition 1.1.7]). Let G = (T", A) be a bipartite bigraph
with commuting adjacency matrices. We say that:

1. G is a finite X finite ADE bigraph if both T' and A satisfy (i);
2. G is an affine K finite ADE bigraph if T satisfies (ii) and A satisfies (i);
3. G is an affine X affine ADE bigraph if both T' and A satisfy (ii).

The finite X finite ADE bigraphs have been introduced by Stembridge [39]
under the name admissible ADE bigraphs.

Let G = (T, A) be a bipartite bigraph on vertex set V. A labeling of its vertices
is a function v : V' — R-¢, which assigns a positive real number v(v) to each
vertex v of G.

DEFINITION 2.19 ([13, Definition 1.1.4]). A labeling v : V — Ry is called

o strictly subadditive if for any vertex v € V,

2v(v) > Z v(u), and 2v(v) > Z v(w).

(u,v)€r (v,w)eA

o subadditive if for any vertex v € V,

2v(v) > Z v(u), and 2v(v) > Z v(w).

(u,v)€r (v,w)EA

o weakly subadditive if for any vertex v € V,

2v(v) > Z v(u), and 2v(v) > Z v(w).

(u,v)€r (v,w)eA

e additive if for any vertex v € V,

2v(v) = Z v(u), and 2v(v) = Z v(w).

(u,v)€r (v,w)EA
Examples of each type can be found in Figure 7.
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Figure 7: A strictly subadditive labeling (left). A subadditive labeling (mid-
dle). A weakly subadditive labeling which is also an additive labeling (right).

Thus any additive labeling is not subadditive but is weakly subadditive. As
we will see later, the converse is also true: additive labelings are precisely the
weakly subadditive labelings that are not subadditive.

Strictly subadditive, subadditive and weakly subadditive labelings of quivers
have been introduced by the second author in [34].

The connection between Definitions 2.18 and 2.19 is as follows.

PROPOSITION 2.20 ([13, Proposition 1.1.10]). Let @ be a bipartite recurrent
quiver @ and G(Q) = (T, A) be the corresponding bipartite bigraph. Then

1. Q admits a strictly subadditive labeling if and only if G(Q) is a finite K
finite ADE bigraph;

2. Q admits a subadditive labeling which is not strictly subadditive if and
only if G(Q) is an affine X finite ADE bigraph;

8. Q admits a weakly subadditive labeling which is not subadditive if and
only if G(Q) is an affine X affine ADE bigraph, in which case Q admits
an additive labeling. O

2.5 TROPICAL T-SYSTEMS

In this section, we recall how to tropicalize the T-system. We again follow the
exposition of [13].

Given a bipartite recurrent quiver ), we call the associated T-system from
Definition 1.2 the birational T'-system associated with @ in order to distinguish
it from another discrete dynamical system which we introduce in this section.

DEFINITION 2.21. Let @ be a bipartite recurrent quiver, and let A : Vert(Q) —
R be any assignment of real numbers to the vertices of (). Then the tropical T'-
system associated with Q and ) is a family of real numbers t)(¢) € R defined for
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every v € Vert(Q),t € Z with t = ¢, (mod 2) satisfying the following relations:

Ot +1)+ ) (t—1) = max (Z (), Y tQ(t)) ;

uU—v v—=w

(2.2)
£ (€)) = A(v).

The defining recurrence (2.2) can be translated into the language of bigraphs in
a similar way: if G = (I, A) is a bipartite recurrent bigraph then the relation
becomes

B+ +E-1) =max | Y (), Y ()

(u,v)€r (v,w)EA

Let P(x) € Z[x™!] be a multivariate Laurent polynomial in variables x =
(Zv)vevert(q)- Define P |_,n€ Z[g*'] to be the (univariate) Laurent poly-
nomial in ¢ obtained from P by substituting z, = ¢*(*) for all v € Vert(Q).
Further, define deg,,..(q, P |x—4») to be the maximal degree of ¢ in P |x_x.
The following claim gives a connection between the birational and tropical
T-systems:

PROPOSITION 2.22 ([12, Lemma 6.3]). For every v € Vert(Q),t € Z with t+e¢,
even and any X : Vert(Q) — R, we have

t;} (t> = degmax (q7 TU (t> |x:q*) :

Thus the fact that @ has algebraic entropy zero can be deduced from the
limiting behavior of the tropical T-system associated with Q.

3 ALGEBRAIC ENTROPY

In this section, we prove Theorem 1.5 that motivates us to classify affine X
affine ADFE bigraphs.

Proof of Theorem 1.5. Let G = (I'(Q),A(Q)) be the bigraph associated to
@. By Lemma 2.16, there exist positive real numbers ur,ua and a map A :
Vert(Q) — Rso given by A(v) = v, for any vertex v of @ such that for any
vertex v € Vert((Q)) we have

S M@ =rAr), S Aw) = pak(v). (3.1)

(u,v)€r (v,w)EA

By symmetry we may assume that ur > pa. We claim that ur > 2. Suppose
that this is not the case: 2 > ur > ua > 0. Then X is a weakly subadditive
function for () which contradicts the assumption of the theorem. Thus we have
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pr > 2. Now consider the tropical T-system t*. Combining (2.2) with (3.1)
yields

Bt +1) + 0t — 1) = max (urt)(t — 1), pat(t — 1)) = urt(t - 1).

Here we are using the fact that t)(t — 1) > 0 which easily follows by induction
as well as the fact that

S RO =mt-1). Y ) =uatit—1).

(u,v)er (vyw)eEA

Therefore the values of the tropical T-system t)(¢) for this special choice of A
are given by
(v +2t) = Av)(ur — 1)".

Since pr > 2, it follows that
log () (€, + 21))

lim
t—o00

= log(ur — 1) > 0.

Now it remains to note that any point p = (pu)uevert(q) of the Newton polytope
(see [12, Section 6.1]) of T, (€, +2t) satisfies p,, < degax(Tu, Tw (€, +2t)). Since
t) (e, + 2t) is just the maximum of the dot product (p,\) over all points p of
the Newton polytope and since A(u) > 0 for all u € Vert(Q), it follows by the
Cauchy-Schwartz inequality that

(e, +2t) < N - Z (degax (Tu, Tu(€y + 2t)))2,
u€Vert(Q)

where |A| = \/zuevm(@ A(u)? does not depend on ¢. In particular,

(e, + 2t) < |A[V/|Vert(Q)] max |deg, .. (T, To(ey + 21))|.

u€Vert(Q)
Taking the logarithm of both sides and dividing by ¢ yields that for at least one
u € Vert(Q), (1.4) must fail. We are done with the proof of the theorem. O
3.1 ALGEBRAIC ENTROPY FOR QUIVERS OF TYPE A ® A

It turns out that the statement of Conjecture 1.7 applied to the quivers of
type A® A can be easily proven using Speyer’s formula [37] for the octahedron
recurrence. Let us first give a quick background before actually stating the
result.

DEFINITION 3.1. The octahedron recurrence is a family T; ; ;, of rational func-
tions in some set of variables x indexed by all triples (i, j, k) € Z? of integers.
The values T; ;1 are required to satisfy

Tijk+1Ti -1 = Ti 1,6 Tij—1,0 + Lo,k Tim1,5,k-
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Again, the parity of ¢ + j + k in each term is the same so the system splits
into two independent parts. One imposes various initial conditions that define
the values T; ; uniquely for all triples (4, j, k), and we will be interested in
assigning T; j 0 = T j.1 = 2, ; for some family x = (x; ;)i jez of variables.
THEOREM 3.2 ([37]). For k > 1, the value T} j 1, is a Laurent polynomial in x.
k

More specifically, it is a sum of 2(5) monomials, and the power of every variable
xy jo in every monomial belongs to the set {—1,0,1}.

Consider an infinite quiver Q. with vertex set Z2 such that for each vertex
(i,7) with ¢ 4+ j even, we have arrows

(i_laj)%(i’j)’ (i+1aj)_>(i’j)’ (iaj)%(iaj_l)’ (%.7)_>(’La.7+1)

For each vertex with (i,7) odd we therefore have the reverses of the above
arrows in Q.

Fix two linearly independent vectors A = (a1, as) and B = (b1, b2) in Z? such
that a; + az and by + by are even. Suppose that the variables x; ; satisfy

Tij = Titar,j+az = Titby,itbe (3.2)

One can take a factor of Q. by the lattice generated by A and B, we denote the
resulting quiver by Q 4, 5. Thus the vertices of (Q 4, g correspond to equivalence
classes (i,7) + ZA + ZB and there is an arrow from one such class to another
in Qa,p if there is an arrow from a vertex of the first class to a vertex of the
second class in (Joo. It is clear that QQ4,p is a bipartite recurrent affine X
affine quiver since all components of both T'(Q) and A(Q) are of type A. In
particular, if A = (2n,0) and B = (0,2m) then Q4 p has type Agn1® A1
We will consider these quivers more closely in Section 5.2.1.

One easily observes that if the initial conditions of the octahedron recurrence
satisfy (3.2) then the values of the octahedron recurrence coincide with the
values of the T-system associated with the quiver Q4,5 that we have just
constructed. Substituting the values into Theorem 3.2 yields the following:

COROLLARY 3.3. The T'-system associated with Qa,p grows quadratic expo-
nentially.?

Proof. Indeed, the number of terms grows quadratic exponentially, and since we
have substituted periodic variables into Theorem 3.2, the degree of a variable
in a monomial now grows quadratically as well. o

4 THE GENERAL STRUCTURE OF ADFE BIGRAPHS

In this section, we prove some general properties of affine X affine and affine X
finite ADFE bigraphs. The main result of this section will be the construction

2As it was pointed out to us by Andrew Hone, the quadratic growth for the octahedron
recurrence has been shown recently by Mase [29, Theorem 6.8].
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of a weak generalized Cartan matrix A(G) associated to G which will later
help us with the classification. We assume that the red components of G are
affine ADFE Dynkin diagrams while the blue components of G are either affine
or finite ADFE Dynkin diagrams. If G has one red connected component then
we say that G is a self binding. If G has two red connected components then
we say that G is a double binding.

4.1 THE STRUCTURE OF SELF BINDINGS

PrOPOSITION 4.1. Let G be a self binding. If G is an affine K finite ADE
bigraph, set mult(G) := 1, and if G is an affine K affine ADE bigraph, set
mult(G) = 2. Let v be the additive function for the unique red connected
component of G.Then we have

mult(G)v(v) = Z v(u). (4.1)

(u,v)EA

Proof. Tt follows that v is the common eigenvector for Ar and Aa from
Lemma 2.16. Thus for any v we have

S v(w) = paviv),

(u,v)EA

which shows that pa is an integer and therefore is either equal to 1 (in which

case all components of A are of type As) or to 2 (in which case all components
of A are affine ADFE Dynkin diagrams). O

4.2 DOUBLE BINDINGS: SCALING FACTOR

Throughout this section, we assume that G = (I, A) is a double binding, and
that Vert(G) = X UY, where X and Y are the two connected components of
I', and recall that they are affine ADFE Dynkin diagrams. We also assume that
every edge of A connects a vertex of X to a vertex of Y. Again, we do not
assume here that h(I") = .

A parallel binding is a bigraph of type A ® Ay. We let v be the common
eigenvector for Ar and Aa from Lemma 2.16, and we denote by vx and vy
the additive functions for I'(X) and I'(Y) from Figure 3.

PROPOSITION 4.2. There exist two integers scfx (G) and scfy (G) such that

> vy(w) = scfx(G)vx(v), Vv e X; (4.2)
(v,w)eA
Z vx(v) = scfy(G)vy(w), YweY. (4.3)
(v,w)EA

The pair (scfx (G),scfy (Q)) is denoted scf(G) and is called the scaling factor
of G. Ezactly one of the following holds:
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e scf(G) = (1,1) and connected components of A are of type As;

e scf(G) = (2,1) or scf(G) = (1,2) and connected components of A are of
type As;

o scf(G) = (3,1) or scf(G) = (1,3) and connected components of A are
either of type As or of type Dy;

o scf(G) = (4,1) or scf(G) = (1,4) and connected components of A are
affine ADE Dynkin diagrams;

e scf(G) = (2,2) and connected components of A are affine ADE Dynkin
diagrams.
Proof. We copy the proof of [13, Proposition 2.1.4] with slight modifications.
We view maps 7 : Vert(G) — R as pairs (:;() where 7x : Vert(X) — R
and 7y : Vert(Y) — R are restrictions of 7 to the corresponding subsets.
Let 7 = <Z_§ > be the common dominant eigenvector for Ar and Aa from

Lemma 2.16, thus 7(v) = v(v) for all v € Vert(G).®> We may rescale it so that
7x = avx and 7y = vy for some o € R. Since the entries of the dominant
eigenvector are positive, we may assume « > 0. Now, let pa := 2 cos(w/h(A))
be the dominant eigenvalue for Aa, including the case h(A) = oco. Since
AAT = paT, we have

Z vy(w) = paavyx(w), VveX;
(v,w)eA

Z avx(v) = pavy(w), YweY.
(v,w)eEA

In particular, the second equation can be rewritten as

Z vx(v) = M—Avxf(w), VweY.
(v,w)EA @

If we substitute v € X such that vx(v) = 1 in the first equation, we will get
that uaa € Zsg. Similarly, if we substitute w € X such that vy (w) = 1 in
the second equation, we will get that pua /o € Zso. Therefore their product u%
belongs to Z~ as well. This proves the first part of the proposition: we have
scfx (G) = paa and scfy (G) = pa /.

In particular, their product scf x (G) scfy (G) = p3 is an integer which can only
happen when h(A) = 3,4,6, or co corresponding to u% = 1,2,3, or 4. This
makes the second part of the proposition obvious. o

3Recall that vx denotes the additive function for I'(X) from Figure 3. On the other hand
7x denote the restriction of 7 = v to X.
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DEFINITION 4.3. When X is an affine ADE Dynkin diagram of type A and ¥
is an affine ADE Dynkin diagram of type A’ then we say that G is a double
binding of type A x A’.

Note that Proposition 4.2 is not symmetric in X and Y, so if G is a double
binding of type A x A’ then necessarily X has type A, Y has type A’ and (4.2)
and (4.3) hold. In other words, we treat double bindings of types A % A’ and
A’ % A differently.

We now show how the McKay number defined in Section 2.2 comes into play.

PROPOSITION 4.4. Suppose G is a double binding of type Ax A and scaling
factor (a,b). Then we have
@ (A’
a_ WO (4.4)
b~ hO(R)
Proof. Recall that a = scfx (G) and b = scfy (G). By Equations (4.2) and (4.3),
we have

scfx (G)h P (A) = Z scf x (G)vx (v)? = Z vx(v) Z vy (w)

veX veX (v,w)EA

= > vxvy@) =Y vy(w) Y vx(v)
(v;w)eEA weyY (v;w)eEA

= > scfy (G)vy (w)? = scfy (G)h (A).
weY

O

This simple double counting argument dramatically reduces the number of
options one needs to consider in the proof of the classification in Section 7.

4.3 THE WEAK GENERALIZED CARTAN MATRIX OF AN ADFE BIGRAPH

We are now ready to define the matrix A(G) for an arbitrary affine X affine or
affine X finite ADFE bigraph G. Given a subset C of vertices of G, denote by
G(C) the restriction (induced subgraph) of G to C'. Denote by G° the bigraph
obtained from G by removing all blue edges that connect two vertices from the
same red connected component (thus G° is obtained from G by removing all
self bindings). It is easy to see that if G is an affine X affine or affine X finite
ADE bigraph then the same is true for G°.

DEFINITION 4.5. Let G be an affine X affine or affine X finite ADFE bigraph,
and let Cy, Cs, ..., C), beits red connected components. Define an n xn matrix
A(G) = (ai;) as follows.

e For i € [n], set a;; = 2 — mult(G(C})).

e For i # j € [n], set a;; = 0 if there is no blue edge in G connecting a
vertex of C; to a vertex of Cj.

DOCUMENTA MATHEMATICA 24 (2019) 2057-2135



2078 PAVEL GALASHIN AND PAVLO PYLYAVSKYY

e For all other pairs of ¢ # j € [n], let scf(G°(C; U C;)) = (p, ¢) and we set

Aij = =P, @ji = —4.

Thus, given two connected components C; and C; that form a double binding
with scaling factor (1,1), (1,2), (1,3), (1,4), or (2,2), we connect ¢ and j in
S(A(Q)) by an edge of the form i—j, i = j, i = j, i%j, or i < j respectively.
Let v be the common eigenvector for Ar and Aa from Lemma 2.16, and let
ve, be the additive function for T'(C;) from Figure 3.

LEMMA 4.6. For each i € [n], there exists a positive real number §; such that
for any v € C; we have

W)
%= )

Proof. Since v is the common eigenvector for Ar and Aa, it must be propor-
tional to v¢, on Cj. (|

THEOREM 4.7. For an affine X finite (resp., affine X affine) ADE bigraph
G, the matriz A = A(G) is a weak generalized Cartan matriz of finite (resp.,
affine) type. The vector § = (01,...,0y) from Lemma 4.6 satisfies A5 > 0
(resp., A6 =0).

Proof. Since the matrix A is clearly indecomposable, by Theorems 2.11
and 2.12, we only need to show that Ad > 0 (resp., Ad = 0).

Recall that v is an eigenvector for Ax with eigenvalue pua which is either less
than 2 (if h(A) < 00) or equal to 2 (if h(A) = c0). Now let v € C; be a vertex.
Using (4.1), (4.2), and (4.3), we get

pav(v) = > v(u) ==Y aydve,(v) + (2 = au)dive, (v).
(u,v)EA JF#i

Using the fact that ua < 2 (resp., pa = 2) and v(v) = §; v, (v), we get A6 >0
(resp., Ad = 0), as desired. O

We let S(G) := S(A(G)) be the Dynkin diagram of A(G) from Figure 5.
Let us now introduce a convenient way to encode G that often determines G
uniquely.

DEFINITION 4.8. Let G be an affine X finite or an affine X affine ADFE bigraph.

The description descr(G) of G is the Dynkin diagram S(G) of A(G) with each

vertex ¢ € [n] labeled by type(I'(C;)). Here type(I'(C;)) is the type of T'(C;) as

an affine ADFE Dynkin diagram, in other words, type(I'(C;)) belongs to the set
{AQW—lﬂ ﬁ’ma Eﬁa E7a E8}

For example, for the bigraph G = D5 ® A,, descr(G) is equal to D5 < Ds.
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Figure 8: An affine X finite self-binding Syp,41 for n = 2.

4.4 AFFINE X FINITE SELF AND DOUBLE BINDINGS

In this section, we review some of our results from [13].

For n > 1, the bigraph S4,41 is defined as follows. Its unique red connected
component is a (4n + 2)-gon and the blue edges of Sy,41 connect pairs of
opposite vertices of this (4n + 2)-gon. See Figure 8.

THEOREM 4.9 ([13]).
e The only possible affine W finite self bindings are Syn41 for n > 1. We
have

descr(Sgny1) = Aunia

e all the double bindings with scaling factor (1,2) are listed in Figure 9;
e all the double bindings with scaling factor (1,3) are listed in Figure 10;

e the only other affine X finite double bindings are parallel bindings A—A.

DEFINITION 4.10. We say that a Dynkin diagram of a weak generalized Cartan
matrix of affine type (see Figure 5) is ambiguous if it either has at most two
vertices (with the exception of %Agl)) or it is a path with two double arrows at
the ends. Otherwise, we call it unambiguous. The set of ambiguous diagrams
is equal to

1

SATYUDE, e, ARy

(AP, A (0> 2), A7), 1

The terminology is motivated by the following proposition which is a variation
on [39, Remark 2.1].
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Dn+2 = 121271—1
forn=4

A4n—1 = 121271—1
forn=3

i)2n+2 = f)n+2
forn=4

EA‘7$EA‘6

Figure 9: Three infinite and one exceptional family of double bindings with
scaling factor (1,2). All blue components have type As.

D3n+2 > f)n+2
forn=3

A6n—1 = AQn—l
forn=3

Ds = A3 Er = Dg

E63b4

Figure 10: Two infinite and three exceptional families of double bindings with
scaling factor (1,3). All blue components have types As or Dy.
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Figure 11: A twist ﬁg X Ds- Twists are listed as family #2 in the classification.

ProroSITION 4.11. Let G be an affine X finite or an affine X affine ADE
bigraph and suppose that its Dynkin diagram S(G) is unambiguous. Then G is
uniquely determined by descr(QG).

Proof. This is easy to see because if S(G) is not one of the ambiguous Dynkin
diagrams then S(G) is a tree (with possibly some loops) and at most one affine
X finite double binding. As it follows from Theorem 4.9, each of them is
uniquely determined by its description, and the result follows since an auto-
morphism of the double binding always induces an automorphism of the rest
of G. This is slightly non-trivial to see when G has a loop but in this case the
result easily follows from our considerations in Section 5.3.1. O

5 MANY AFFINE X AFFINE ADFE BIGRAPHS

In this section we give several constructions that produce affine X affine ADFE
bigraphs. As we will see in the next section, they will be sufficient for us to
state our classification theorem which is the main result of this paper.

5.1 TwiIsTS

The following construction is due to Stembridge [39].

DEFINITION 5.1. Given a bipartite undirected graph H with vertex set V', we
define the twist H x H = (I', A) to be a bipartite bigraph with vertex set
VU V" and edge sets defined as follows.

e For any edge (u,v) of H, I contains edges (u’,v’) and (u”,v").
e For any edge (u,v) of H, A contains edges (u',v”) and (u”,v").

In particular, if H is a bipartite affine ADFE Dynkin diagram A then H x H
is an affine X affine ADFE bigraph (see Corollary 8.4) which is called a twist of
type A x A. For G = A x A, we have descr(G) = descr(G°?) = A < A thus by
Proposition 4.11, twists may not be uniquely determined by their description.
See Figure 11 (or Figure 21) for an example.
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5.2 TORIC BIGRAPHS

Let A be a bipartite affine ADE Dynkin diagram and let n be its automor-
phism (not necessarily of order two or color-preserving). For an integer n > 1,
we define a toric bigraph T(A, n,n) = (I', A) as follows. The red connected com-
ponents of ’T(A, n,n) are Cy,Ca, ..., Cy,, and the restriction of I" on each C; has
type A. In particular, for each i € [n], let us fix a map ¢; : Vert(f\) — C; that in-
duces an isomorphism between A and I'(C;). Now, for every i =1,2,...,n—1
and every vertex v of A, A contains an edge (¢i(v), ¢iy1(v)). Also, for ev-
ery v € Vert(A), A contains an edge (¢, (v), ¢1(n(v))). Thus if one starts at
some vertex v € C] and follows the blue path that traverses the components

Cy,Cq,Cs,...,Cp, C1, one arrives at n(v).

LEMMA 5.2. In the following cases, ’T([\,n,n) s an affine ¥ affine ADE bi-
graph:

1. n s color-reversing and n > 3 is odd;
2. n is color-preserving and n > 2 is even;

8. n =1, n is color-reversing and does not send any vertexr to one of its
neighbors.

Proof. The fact that T(A, n,n) is always recurrent is trivial to check, thus we
only need to make sure that it is bipartite and that I and A do not share edges.
This is easy to see and the result follows since the components of I' and A are
affine ADFE Dynkin diagrams by construction. O

If G = T(A,n,n) is an affine X affine ADE bigraph and n > 1 then S(G) =
AW and descr(G) equals

n—1

where the number of components is n. If n = 1 then S(G) =

descr(G) equals
Q)
A

Even though the main purpose of this section is to produce many affine X affine
ADE bigraphs and not worry about which of them are isomorphic, we give a
simple criterion for when two toric bigraphs are isomorphic.

PROPOSITION 5.3. Let A be an affine ADE Dynkin diagram and let Aut([\) be
the automorphism group of A. Let n,1n € Aut([\) be two automorphisms of A.
Then the bigraphs G = T(A,n,n) and G = T(A, 7', n) are isomorphic if and
only if n is conjugate to either i or its inverse in Aut(A).
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Proof. Suppose that there exists g € Aut(f\) such that ' = gng~'. Consider
a map from G to G’ that applies g to each red connected component of G. It
is clear that this map provides an isomorphism between G and G’.

1

Suppose now that n and 1’ are inverses of each other. Then consider a map
from G to G’ that reverses the order of the red connected components. Again,
this map clearly gives an isomorphism between G and G’.

Conversely, suppose that there is an isomorphism 1 between G and G’. Then it
must either preserve or reverse the cyclic ordering of the red connected compo-
nents Cp,Cs,...,C,. But note that reversing their ordering just corresponds
to replacing 1 with its inverse, and cyclically permuting the components does
not change 7, so we may assume that 1 sends C; to C/ for all ¢ € [n]. It follows
that (¢}) 1ot o¢; is the same element of Aut(A) for all i € [n] where ¢; and @
are the maps used in the definitions of ’T(f\,n, n) and ’T(A, 7',n). The result
follows since conjugating by this element takes 1 to 7. o

Let us say that a weak conjugacy class of an element g in a group H is the

union of the conjugacy class of g with the conjugacy class of g~*.

Thus in order to classify affine X affine toric ADE bigraphs it suffices to list rep-
resentatives of weak conjugacy classes in AutA(A) for each affine ADE Dynkin
diagram A. Since for any even n we have T (A,id,n) = A ® A, _1, we only list

non-identity weak conjugacy classes of Aut(A) in each case. Thus we do not
consider the case n = id to be a toric bigraph in what follows.

REMARK 5.4. Whenever A is a diagram from Figure 4 and n € Aut(A), there
is another diagram in Figure 4 which we denote A/ 1. It is obtained from A
by folding via n. This notion is standard but we do not define it rigorously
here. Note that if G = T(A,n,n) then S(G*) is exactly A/n, and the label of a
vertex v of [\/77 in descr(G*) is A,n—1 where r is the size of the preimage of v
in A (i.e. v corresponds to an orbit of some vertex of A under 7 and r is the
size of this orbit).

5.2.1 THE CASE A = Agy,y_.

In this case, Aut(A) is isomorphic to Dih(4m), the dihedral group of the 2m-
gon with 4m elements. It contains a subgroup Z/2mZ whose elements we
represent by exp(wik/m) for every residue k modulo 2m (that is, for every

k=01,...,2m— 1). There are m + 2 non-identity weak conjugacy classes
in Aut(A). The representatives of the first m of them are exp(wik/m) for
k=1,2,...,m, see Figure 12. The other two are a reflection about a diagonal

(denoted 7](1)) and a reflection about a line joining the midpoints of two opposite
edges (denoted n(?)), see Figure 13. For k € [m], exp(mik/m) is color-preserving
if and only if k is even. Additionally, n*) is color-preserving while n® is color-
reversing.
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r \
[ S——T % Y Y T %

W, >
<J
VARV !>‘<'_'
T(AQm—la 77(1)) n) (#4) T(AQW—lﬂ 77(2) ) n) (#5)
form =6 and n =2 form=6andn=23

Figure 13: The other two families of toric bigraphs of type A.

5.2.2 THE CASE A = Dpyo, m > 3.

Let us describe the group Aut(A) in this case. Let u*,u~ be two leaves of A
that have a common neighbor, and let v+, v~ be the other two leaves of A.
Let o be the automorphism of A that switches u™ and u~ and fixes the rest
of A. Similarly, let 7 be the automorphism of A that switches u™ with v+ and
u~ with v~. It is non-trivial to see that Aut(f\) is isomorphic to the group
Dih(8) of symmetries of the square.? It is clear that Aut(A) is generated by

o and 7. There are four non-identity weak conjugacy classes in Aut(A), and
their representatives are

o, oTOT, T, OT.

The first three elements have order 2 and the last element has order 4. The
first two elements are always color-preserving while the last two elements are
color-preserving if and only if m is even. If m is odd, the last two elements
send some vertex to its neighbor. See Figure 14 for some examples.

5.2.3 THE CASE A = Dj.

In this case Aut(A) = &4, the symmetric group on four elements. Two permu-
tations belong to the same (weak) conjugacy class if and only if they have the
same cycle type, thus the weak conjugacy classes are in bijection with partitions
A of 4 which we denote by

I4+141+1), 2+141), (2+2), (4), (B+1).

4The vertices of the square are ut,vt,u~, v~ in this cyclic order.
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T(f)m-i-?a g, n) (#6)

form=4andn=2

T(Dm+27 T, n) (#8)

form=4andn=2

T(Dm+2,07', n) (#10)
form=4andn=2

T(Dp2,0710T,n) (#7)
form=4andn=2

T(ﬁm+2ﬂ 7, TL) (#9)

form=3andn=3

0,
T(Dpmt2,0m,n) (F#11)
form=3andn=23

Figure 14: Toric bigraphs of type ﬁm+2.
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T(ﬁ4a (4),71) (#12) T(D4a (3 + 1)) n) (#13)
2

for n = forn=2

Figure 15: Additional toric bigraphs of type Dy.

Since (1+14 1+ 1) corresponds to the identity permutation, we only need to
consider the other four cases. The only case that we have not considered in the
previous section is (3 4+ 1), however, note that the permutations o7o7 and 7
were not conjugate for m > 3 but are conjugate for m = 2 since they both
have cycle type (2 4 2). In the classification, we treat o as a representative of
(2+1+1) and o707 as a representative of (2+2) which naturally includes Dy
as a special m = 2 case of D, 2. The cases (4) and (3 + 1) are listed in the
classification as separate items, see also Figure 15.

5.2.4 THE CASE A = F.

In this case Aut(A) = &3 so the non-identity weak conjugacy classes correspond
precisely to partitions (2 + 1) and (3), see Figure 16 (top).
5.2.5 THE CASE A = E.

The only non-trivial automorphism 6 of A has order 2 and thus the only affine
X affine toric ADE bigraphs of the form 7 (£7,7,n) have n even and coincide
with G = T (E7,0,n), see Figure 16 (bottom).

5.2.6 THE CASE A = Ej.

In this case Aut(A) = {id} so there are no non-identity conjugacy classes.

5.3 PATH BIGRAPHS

In this section, we would like to give a list of bigraphs G with S(G) being a
path with two double arrows at the ends, that is,

2 1) 42
S(G) e {03 O, Az}
Let us revisit the classification of affine X finite double bindings with scf = (2, 1)

classified in Figure 9. Consider such a double binding GG with red components
X of type A and Y of type A’ so that descr(G) equals A = A’. Thus every blue
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T(Es, (2+1).,n) (#14) T(Es, (3),n) (#15)

forn=2 forn=2

Figure 16: Toric bigraphs of type E.
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component of G has type As, in particular, every vertex v of X either has blue
degree 2 (in which case we set v’ := v) or there exists a unique other vertex
v’ € X that belongs to the same blue connected component of v. One easily
checks that this construction defines a color-preserving involution a € Aut(A)
via a(v) = ', Similarly, we define a color-preserving involution 3 € Aut(A’).
One easily checks that for every affine ADFE Dynkin diagram A and every
color-preserving involution o € Aut(A) (except for the identity in types D
and E), the pair (A,a) appears in Figure 9 exactly once in this way. Here
we consider a up to conjugation. In particular, let us rewrite for each double
binding in Figure 9 the corresponding pairs (A, a) that it involves (we use the
description of conjugacy classes from the previous section):

(ﬁm+2aUTUT) = (A2m—1,77(1)); (b2m+2a7-) = (ﬁm+2,0);

N N . . 5.1

(A4m_1, exp(m’)) = (Agm_l, ld), (E7, 9) = (E6, (2 + 1)) ( )
DEFINITION 5.5. Let A be an affine ADE Dynkin diagram and consider two
color-preserving non-identity involutions «, 8 € Aut (A) Given a positive inte-
ger n > 2, The path bigraph P(A, a, B,n) is an affine X affine ADFE bigraph G
obtained from the tensor product A® A,y by attaching on the left a double
binding from (5.1) involving (A, @) and attaching on the right a double binding
from (5.1) involving (A, ).

See Figures 17-20 for examples. It is clear that any path bigraph is always an
affine X affine ADFE bigraph since all the blue components are of types Aor D.
Just as in the previous section, we give a simple criterion for when two path
bigraphs are isomorphic.

PROPOSITION 5.6. Two path bigraphs G = P({A\,a,ﬂ,n) and G' =
PN, o/, 8,n') are isomorphic if and only if A = A, n = n', and there
exists an element g € Aut(A) such that at least one of the following holds:

o gag ' =0o and gBg~ ' =73, or

/

o gag =75 and gBg~ ' = d'.

Proof. Let C1,...,Cpq1 be the red components of G and C1,...,C} . be the
red components of G’. Since the red component graph of G is a path, an
isomorphism ¢ : Vert(G) — Vert(G') either flips it or preserves it. In the
former case, ¢ sends C; to C; and in the former case ¢ sends C; to C}_,_;
isomorphically in both cases. Suppose that ¢ sends C; to C/ for all i € [n + 1].
Consider a vertex v € Co. If a(v) = v then v has blue degree 2 in G(C1, C2) so
@(v) must have blue degree 2 in G(C1, C%) and thus o/ (¢(v)) = ¢(v). Similarly,
if there is a blue path of length 2 from v to u = a(v) € Cy through C; then
there must be a blue path of length 2 from ¢(v) to ¢(u) in C through Cj. The
conclusion is that ¢ o« = o/ o ¢. Similarly we get that ¢ o 8 = ' o ¢ so we
can just put g to be the restriction of ¢ to Cy or Cy, (they have to coincide).
The case when ¢ sends C; to Cj,42—; is completely analogous. This shows one
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direction of the proposition. The converse direction is shown in a way similar
to the proof of Proposition 5.3 and we leave it as an exercise for the reader. [

Thus isomorphism classes of path bigraphs correspond to (unordered) pairs of
color-preserving involutions modulo simultaneous conjugation. Let us say that
two pairs («, 8) and (o, 8') related by these transformations are equivalent.
Note that we can always conjugate « to be a specific fixed representative of a
conjugacy class from the previous section, and after that 8 will be determined
up to conjugation by an element from the centralizer of o, that is, by an element
g € Aut(A) (not necessarily color-preserving) that commutes with .. We are
ready to list all pairs of involutions from (5.1) that give non-isomorphic path
bigraphs.

REMARK 5.7. We list descr(G) and descr(G*) for path bigraphs in Sec-
tion 6. We give the following informal explanation on how to quickly compute
descr(G*) when G = 73([\, a,B,n). Since « and S are involutions, they define
a matching on Vert([\). Superimposing these matchings yields several cycles
and paths. Each path with r vertices corresponds to a node labeled DmH in
descr(G*). Each cycle with r vertices corresponds to a node labeled App_y in
descr(G*). The Dynkin diagram S(G*) is obtained from A by folding via the
subgroup generated by « and .

5.3.1 THE CASE A = Ay,,_1.

There are three color-preserving involutions in (5.1) for type Agpn_1:
e a reflection about a diagonal n") for m > 2,
e a 180° rotation exp(wi) for even m, and
e the identity id for m > 1.

Note that for the last two cases, the size of the conjugacy class is equal to
1. For the case nV), the conjugacy class consists of m reflections which we
denote 1o = 7™, 1, ..., mm_1 in the cyclic order. The elements that commute
with ") are id, n(»), exp(7i), and a reflection 7y that switches the two fixed
points of n"). Conjugating 7, for p € [m — 1] by n) or by 13- produces the
reflection 7,,—,. Thus the list of all the non-equivalent pairs in this case is:

o (nM n,) for 1 <p < m/2;
7, exp(ri)) when m is even;

nW,id);

(
(
(
(exp(mi), exp(i)) when m is even;
(exp ( i),id) when m is even;
(id,

1
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P(A4m—1; 77(1); eXp(ﬂ.i)a 7’L) (#20)
form=3andn=3

/

P(As,nM) exp(mi),n) (#21) P(Agm_1,nM,id,n) (#22)
forn=3 form=3andn=2

Figure 18: The remaining (non-toric) path bigraphs of type A.
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All the cases are possible for m > 2 except for the last case which is possible
for m > 1. For the last three cases, G* is a toric bigraph and thus G will
not be listed as a path bigraph in the classification. The first case is shown in
Figure 17, and the second and third cases are shown in Figure 18.

5.3.2 THE CASE A = D19, m > 3.

The three involutions from (5.1) in this case are o, oro7, and 7 when m is
even. We see that o has conjugacy class {0, 0%} of size 2, o707 has conjugacy
class of size 1, and 7 has conjugacy class 7,7+ of size 2. Conjugating 7 by o
gives 7. Thus in this case the list of all non-equivalent pairs is as follows:

[ ,O‘)

Q

9Q

0'

0,0T0T);

OTOT,0TOT);

e (oroT,T) when m is even;

(
(
(
(0,7) when m is even;
(
(
* (

7,7) when m is even.
e (7,7%) when m is even.

The last case will not appear in the classification as the bigraph
P(Damyo, 7, 7H,n) is dual to P(Az,_1,n™M,id,m). The rest of the cases
are shown in Figure 19.

5.3.3 THE CASE A = Dj.

In this case, Aut(ﬁ4) is the symmetric group &4 so we write elements in the
cycle notation. For example, the permutation (12) is the transposition of 1 and
2. The involutions from (5.1) now split into two conjugacy classes: (2+1+1)
of size 6 and (2 + 2) of size 3 with respective representatives (12) and (12)(34).
The centralizer of each of the permutations is generated by the transpositions
(12) and (34). Therefore we get the following list of non-equivalent pairs:

o ((12), (12));
o ((12),(34));
o ((12), (13));
o ((12),(12)(34))
o ((12),(13)(24))
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P(Dpya,0,0,n) (#23) P(Dypio,0,0b,n) (#2
form=3andn=23 form=3and n=23

P(Dmta2,0,0707,n) (#25) ’P(ng+2,a, T,n) (#26)
form=3andn=23 form=2andn=23

P(ﬁm+2, otoT,oT0T,n) (#27) P(Dpy2, 0101, 7,1n) (#28)
form=3andn=2 form=2andn=2
P(Dpmsa, 7, 7,n) (#29) P(Dy, (12), (13),n) (#30)
form=2andn=2 forn =3
P(Da, (12), (13)(24),n) (#31) P(Da, (12)(34), (13)(24),n) (#32)
forn =3 forn =3

Figure 19: Path bigraphs of type D.
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|
|~

P(Es, (12), (12),n) (#33) | P(Ee, (12), (13),n) (#34) | P(Er,0,0,n) (#35)
forn=3 forn=3 forn=2

Figure 20: Path bigraphs of type E.

o ((12)(34), (12)(34));
o ((12)(34), (13)(24)).

Just as for toric bigraphs, the case of Dy naturally becomes a special case of
D42 when all the permutations involved belong to the set

{0 =(12),0" = (34), 0707 = (12)(34)}.

See Figure 19 for examples.

5.3.4 THE CASE A = Ej.

In this case Aut(A) = &3 so there is just one conjugacy class (24 1) from (5.1)
with three permutations (12), (13), and (23). The centralizer of (12) is just
{id, (12)} and conjugating (13) by (12) produces (23). Thus we get only two
non-equivalent pairs:

* ((12),(12));

e ((12),(13)).
See Figure 20.

5.3.5 THE CASE A = E.

The only involution in (5.1) is # so the only pair that we can have here is (6, 6),
see Figure 20.

5.4 PSEUDO TWISTS OF TYPE Dy, 19 Xp Dpia

Let X and Y be two red components of type f)m+2. Label the vertices of X
by

+ - + .-
Uy Uy 5 UL, U2y« - oy Um—15 Ugyyy Uy
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\

X

X

9

N

"
A

—

iS]

Figure 21: Pseudo twists ﬁm+2 ><|po+2 form =8 and p = 1,2, 3,4. The cases
p = 1,3 belong to family #19 while the cases p = 2,4 belong to family #18.

so that the leaves ud and wu, are connected to u; and the leaves u, and
u,, are connected to um—_1. Let p € [m — 1] be an integer. We denote by
Xo, X1, Xa2,..., Xmyp a sequence of subsets of X defined as follows:

Xo={ud,ug 1, X1 ={w1}, ..., Xon—1 = {tm-1}, Xon = {u},u, },
X1 =Xm—1, Xmt2 = Xm—2,. .., Xongp = Xin—p.
We similarly label the vertices of Y by
’Ua_,’UO_,’Ul,’UQ, e ,Um_l,v:{l,v,;
and introduce the subsets Yy, Y1, Ys, ..., Yiqp.

DEFINITION 5.8. The bigraph Dy, 12 X, Dpmia = (T, A) is a double binding
with two red components X and Y as above and blue edges as follows: for
every ¢ € {0,1,...,m}, connect every vertex in X; with every vertex in Y1,
and every vertex in Y; with every vertex in X;;, by an edge of A.

An example is given in Figure 21. It is easy to see that for every p € [m — 1],
G = Do Xp Dy is an affine K affine ADE bigraph with S(G) = A§1> and

descr(G) =  Dppys © Dpio

Note that the case p = 1 recovers the twist ﬁm+2 X Dm+2.

5.5 FIVE EXCEPTIONAL AFFINE X AFFINE DOUBLE BINDINGS

In this section we list five affine X affine ADFE bigraphs G such that both S(G)
and S(G*) are equal to either Agl) or Ag). This is equivalent to saying that
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Es=As (#37)

De=As (#39)

D=4, (#40)

Figure 22:

Five exceptional affine X affine double bindings given together

with their subadditive functions. Each double binding G is sefl-dual, i.e., is
isomorphic to G*.
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both G and G* are affine X affine double bindings. As we will see later in
Section 7, these five bigraphs are the only affine X affine ADFE bigraphs with
this property that do not belong to any of the infinite families that we have
already constructed in the previous sections. The five bigraphs are shown in
Figure 22.

6 THE CLASSIFICATION OF AFFINE X AFFINE ADE BIGRAPHS

THEOREM 6.1. Let G be an affine X affine ADE bigraph. Then either of the
following is true.

e Both G and G* appear ezxactly once in the below list. They are members
of the same self-dual family.

o The below list contains a unique bigraph that is isomorphic to either G

or G*.

Here we say that a self-dual family of bigraphs is a collection of bigraphs that
is closed under taking duals. In the below list, such families are marked with
[SD] .

For each affine X affine ADFE bigraph G, define the Kac quadruple of G to be
one of the following tables:

S(G) | descr(G)
S(G*) | descr(G*)

OR [S(G) [ deser(G) | S(G7) [ descr(GF) |

We list each family of affine X affine ADFE bigraphs together with its parameters

and the corresponding Kac quadruples, except that we do not list the Kac

quadruples for tensor products. For exceptional families, we just give Kac

quadruples (KQ for short) and omit the name and parameters.

#1. [SD] (Fig. 1) NAME: a tensor product A ® A’. PARAMETERs: A, A/ —
two bipartite affine ADFE Dynkin diagrams.

#2. [SD] (Fig. 11) NAME: a twist A x A. PARAMETERS: a bipartite affine
ADE Dynkin diagram A. KQ:

AV e i AV | Ae i

#3. [SD] (Fig. 12) NAME: T (Aq_1,exp(2mip/r),n) . PARAMETERS: 7 > 1
and 1 < p < r/2 coprime with r; n,d > 1 such that either n,d are both
even or n, d, p are odd and r is even. The forbidden cases aren =d =p =
1, r even (in which case I" and A share edges) andn=d=2,p=1,r > 1
(in which case G is a twist Aoy % AQT_l). KQ:
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AngZl Ardfl T Ardfl N Ardfl T Ardfl
1 n A//\ “
Ac(i—)l Arnfl T Arnfl T Arnfl T Arnfl

The dual bigraph is T (A,,_1,exp(2mig/r),d), where 1 < ¢ < 7/2 is the
unique integer satisfying pg = +1 (mod r). For the case n = 1 (resp.,
d = 1), we have

e a0

descr(G) = A.q_y » 7resp., descr(G*) = Apu_i

(Fig. 13) NAME: T (Agm_1,7™"),n). PARAMETERS: m > 2; n > 2 even.

KQ:

//\

A5117)1 AQm—l T A2m—1 T AQm—l T AQm—l
2 ~ ~ ~ ~
Dfn)+1 Apn1 < Agpr — 0 Ao T Ap

The dual bigraph is ’P(len_l, exp(mi), exp(mi), m).

(Fig. 13) NAME: T (Agm_1,7®,n). PARAMETERS: m > 2; n > 3 odd.

KQ:

ASL A2m71 T A2m71 T Aszl T Amel
%Agv)zfl 12127171 T 1212n71 T Aanl T AA2n71

(Fig. 14) NAME: T(ﬁm_,_z, o,n). PARAMETERS: m > 2; n > 2 even. KQ:

1 R /—\ R
ALY, Diy2 = Dmy2 — ° " Dmya = Do
An—l
|
A) Apr — Apy — 0 — A = A
2m—+1 n—1 n—1 n—1 2n—1
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#7. (Fig. 14) NAME: T (D, 12,0707, n). PARAMETERS: m > 2; n > 2 even.

KQ:

1 N N
AT(’L—)l Dm+2 T D7n+2 T Dm+2 Dm+2
07()%) AQ?L—l = An—l T An—l < 14271,—1

The dual bigraph is P(A,_1,id, id, m).

#8. (Fig. 14) NAME: T(DQerQ, 7,n). PARAMETERS: m > 2; n > 2 even. KQ:

1 ~ /\//\ ~
AT(’L—)l Domi2 = Domyo — ° — Dopyo — Dopyo
AQn—l
\
1 o o ~ ~
Br(nzrl Asp1 — Agpr — 0 Ay = Apa

#9. (Fig. 14) NAME: T (Dapmy1,7,n). PARAMETERS: m > 2; n > 3 odd. KQ:

1 ~ .
A5k)1 Dopy1 — Dopmy1 — 0 — Domg1 — Damqa

| 9

1 (1) N N i 3
§D2m+1 A1 — Agpn — 0 A2n—1 A2n—1

#10. (Fig. 14) NAME: T (Dapmo,07,n). PARAMETERS: m > 2; n > 2 even.

KQ:

1 N ~ ~ ~
A;L Do — Domya — 0 — Dapmio — Dopgo
Agy)L Anfl - Aanl T AA2n71 <= AA4n71

The dual bigraph is ’P(len_l, exp(mi),id, m).
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#11. (Fig. 14) NAME: T (Dapmys3,07,n). PARAMETERS: m > 1; n > 3 odd.

412

413

414

#15

416

KQ:
(1) ~ A//\ A
Any Dotz — Domyz — 0 — Dapgsz — Dopgs
1 ~ ~ ~ ~
%Cén)z-s-l Agn1 = Aspr — 0 — Ao — Aopa

. (Fig. 15) NAME: T(Dy, (4),n). PARAMETERS: n > 2 even. KQ:
AS—)l 154 o lj4 T D4 o 154
AgQ) Anfl g AA-4n71
. (Fig. 15) NAME: T(Dy, (3 + 1),n). PARAMETERS: n > 2 even. KQ:
A’E’Ll—)l .b4 o ﬁ4 o .D4 T .b4
Dz(lg) Anfl T AAnfl = 12137171
. (Fig. 16) NAME: T (Eg, (24 1),n). PARAMETERS: n > 2 even. KQ:
AELl—)l EG o E(; o E6 7 EG
EéQ) Anfl T AAnfl T Anfl ~ A2n71 o A2n71

. (Fig. 16) NaME: T (Eg, (3),1n). PARAMETERS: n > 2 even. KQ:

Es — Eg — + — Eg — Eg

A37L—1 T A?m—l = An—l

. (Fig. 16) NAME: T (E7,6,n). PARAMETERS: n > 2 even. KQ:
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#17.

#18.

#19.

#20.
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. T
Ag’b—)l E77E77"' 7E77E7
F4(1) 12127171 o 1212n71 o A2n71 = Anfl o Anfl

[SD] (Fig. 17) Name: P(Aara_1,7™",1mpa,n). PARAMETERS: n,d > 2;
r>1;1<p<r/2coprime with r >2orp=0if r = 1. KQ:

oM Drave = Aga 1 — — Ayg 1 € Draro

(1) : i e :
Cd D7>n+2 = A2rn—1 A2rn—1 < Drn+2

The dual bigraph is ’P(Ag,.n_l,n(l),nqm d), where 1 < g < r/2 is defined
by pq = +1 (mod 7).

(Fig. 17) NAME: P(Ag_1,7M,n,,n). PARAMETERS: n > 2; r > 1;

1 < p < r/2 coprime with r. KQ:

oM

Dyyo = Agpi —

— A1 < Dryo

1
A

Drn+2 A Drn+2

The dual bigraph is 15,.”+2 Xgn D,.n+2, where 1 < ¢ < /2 is defined by
pg = +1 (mod r).

[SD] (Fig. 21) NAME: Dy Xp Dpio. PARAMETERS: m > 2; 2 < p <
m/2 coprime with m. KQ:

Dm+2 < D7n+2

AP AV | Duge © Do

The dual bigraph is Dm+2 Xq ﬁerg where 2 < ¢ < m/2 is the unique
integer such that pg = +1 (mod m). The case p = ¢ = 1 is not included

here as it corresponds to the twist Dy,12 X Dppya.

[SD] (Fig. 18) NAME: P(Asm_1,nV, exp(wi),n). PARAMETERS: n,m >
2. KQ:
Agi) AQm—l = A4m—1 T T A4m—1 <= D2m+2
Agy)L AQn—l - A4n—1 T o A4n—1 = E2n+2

The dual bigraph is ’P(A4n—1, 77(1), exp(mi), m).
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#22.

#23.

#24.

#25.

#26.
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(Fig. 18) NaME: P(As,n™), exp(ni),n). PARAMETERS: n > 2. KQ:

1211<:A37 7A3<:[)4

12127171 g D2n+2

(Fig. 18) NAME: P(Agpm_1,7M),id, n). PARAMETERS: n,m > 2. KQ:

C’T(Ll) Ay = Agpy — — Ay € Dm+2
2 ~ A ~ ~
D'Enl—l Dn+2 <= D2n+2 o o D2n+2 = Dn+2

The dual bigraph is P(Dayio, 7, 7+, m).

(Fig. 19) NAME: P(Dyu12,0,0,n). PARAMETERS: n,m > 2. KQ:

C»r(Ll) D2m+2 = lA)m—&-Q T lj7rz+2 < b2m+2
Dn+2
|
B(l) 2 oz o I -
m—+1 Dn+2 Dn+2 Dn+2 A2n71

[SD] (Fig. 19) NAME: P(Dy,12,0,0",n). PARAMETERS: n,m > 2. KQ:

C’r(zl) D2m+2 = Dm+2 T 7 Dm+2 <~ b2m+2
07(1%) D2n+2 = Dn+2 T -Dn+2 < ﬁ2n+2

The dual bigraph is P(Dn+2, o,0,m).

[SD] (Fig. 19) NAME: P(Dp42,0,0707,n). PARAMETERS: n,m > 2.
KQ:

Agi) A2m71 - bm+2 T * Dm+2 <~ D2m+2

Ag'r)L A2n—1 - Dn+2 o Dn,+2 < 1527L+2

The dual bigraph is P(ﬁn+2, 0,0TOT,M).

[SD] (Fig. 19) NAME: P(Dapy2,0,7,n). PARAMETERS: n,m > 2. KQ:
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2 A A A A
Agn) D2 <= Dopys — Domt2 = Damqz

2 N N N N
AP Dyny2 < Dapgo " Dapyos = Dupyo

The dual bigraph is P(Dapqa, 0, 7, m).

#27. [SD] (Fig. 19) NAME: P(Dyt2, 0707, 0707, n). PARAMETERS: n,m > 2.
KQ:
2 ~ ~ . ~
D£LJ21 Aom—1 = Dmiy2 — =" = Dmg2 ™ Asp
2 ~ .
D'Enzi-l A2n—1 A Dn+2

T Dn+2 = Agn—1

The dual bigraph is P(ﬁn+2, OTOT,0TOT, M).
#28. [SD] (Fig. 19) NAME: P(Day,i2,0707,7,n). PARAMETERS: n,m > 2.
KQ:

2 ~ N . N

D'£1+)1 Aim—1 < Dopys — — Domy2 = Dmyo
2 ~ N

Dfn)+1 A4n71 - D2n+2 T

— Dony2 = Dpyo

The dual bigraph is P(Dap o, o707, 7,m).

#29. (Fig. 19) NAME: P(Dapio,7,7,n). PARAMETERS: n,m > 2. KQ:
2 N A A ~
D51J21 Dyy2 = Domia — — Domi2 ™ Dmy2
AQn—l
|
Agr)z—&-l AQ?L—l o A2n—1 o 14271—1 < Dn+2
#30. (Fig. 19) NAME: P(Dy, (12),(13),n). PARAMETERS: n > 2. KQ:
ciV D¢ = Dy — =+ — Dy <= Ds
D D — D & D
4 n+2 n+2 3n+2
431,

(Fig. 19) NAME: P(Dy, (12), (13)(24),n). PARAMETERS: n > 2. KQ:
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#34.

#35.

#36.

#37.

#38.
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A Ay = Dy — -+ — Dy = Dg

Aéz) Dn+2 g D4n+2

2105

(Fig. 19) NaME: P(Dy, (12)(34), (13)(24), n). PARAMETERS: n > 2. KQ:

DX, | Ay = Dy — o — Dy = Ay
Agl) A4n71 = Dn+2

(Fig. 20) NAME: P(Fs, (12), (12),n). PARAMETERS: n > 2. KQ:

cl By = EBg — - — Eg < B

F4(1) Dn+2 o Dn+2 o Dn+2 = 121271—1 o

AQn—l

(Fig. 20) NaME: P(Eg, (12), (13),n). PARAMETERS: n > 2. KQ:

c Er = BEs —  — Es < By

Gél) D3nia — Dsnia = Dpyo

(Fig. 20) NAME: P(E7,6,6,n). PARAMETERS: n > 2. KQ:

2 A ~ A A
D'EL—&)-l Es < E;, — - — Ey = FEg

E((sz) Agp oy — Agy s — Ay € Dpyo —

Dn+2

[SD] (Fig. 22) KQ:

Agl) Es © Fy Agl) Es © Fy

[SD] (Fig. 22) KQ:

A0 | A E B | AT | A E E

[SD] (Fig. 22) KQ:

DOCUMENTA MATHEMATICA 24 (2019) 2057-2135



2106 PAVEL GALASHIN AND PAVLO PYLYAVSKYY
AP | Dy E B | A | Dy E By
#39. [SD] (Fig. 22) KQ:
AP | A4 E Do | AY | A E Dy
#40. [SD] (Fig. 22) KQ:
AP | A E D | AP | A E D
#41. (Fig. 23) KQ
D4(13) A3 o A3 = 155 Agl) [)6 = D6
#42. (Fig. 23) KQ
Ggl) 155 o ﬁ5 = A3 Agl) E? = E7
#43. [SD] (Fig. 23) KQ:
DY | Dg — Dy € B | DY | Dy — Dg € E
#44. [SD] (Fig. 23) KQ
&V | By — B2 Do | G| B — B 2 Dg
#45. [SD] (Fig. 23) KQ
DY | Dy — Dy € B | DY | Dy — Dy € E
#46. [SD] (Fig. 23) KQ:
&V | By — EBs = Dy | G| EBs — By = Dy
#47. [SD] (Fig. 24) NAME: (Dapi0)"t'Dyyyo. PARAMETERS: n,m > 2. KQ:
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Domya
B, Dowss — Dowss — -+ — Dayss = D
n+1 2m—+42 2m—+2 2m—+2 m—+2
Dapyo
B Donsa — Do — +++ — Dopig = D
m+1 2n+2 2n+2 2n+2 n+2

The dual bigraph is (Dap2)™ 1Dy yo.

#48. [SD] (Fig. 24) NAME: (Dy,42)" ' Dapyyo. PARAMETERS: n,m > 2. KQ:

ﬁm-&-Z
9 N N . .
Agn)+1 Dpy2 = Dmya — — Dpi2 < Dopyo
[)77,—&-2
|
2 ~ N ~ N
Agn)z+1 Dypio — Dpyas — — Dpy2 = Dopgo

The dual bigraph is (ﬁn+2)m+1D2n+2-

#49. (Fig. 24) NAME: (F;)"t!Fs. PARAMETERS: n > 2. KQ:

E;
\
e U
n+1 E; Er E Eg
F4(1) ZA)2n+2 T D2n+2 T b2n+2 = ﬁn+2 o En—i—Z
#50. (Fig. 24) NAME: (Fg)"t!F;. PARAMETERS: n > 2. KQ:
Eq
\
A9 B o ... P e f
2n+1 E6 E6 E6 E7
Ef(}2) Dn+2 o Dn,+2 o Dn+2 < D27L+2 o D2n+2
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#51. [SD] (Fig. 25) KQ:

#53. [SD] (Fig. 26) NAME: Dapyy3(Agmy1)". PARAMETERS: n,m > 1. KQ:

| A : ; ; ;
70511 Dopmis = Aumsr — 0 Admt1 — Aamt
1ol D = A — - — A — A
2~2m+1 2n+3 4n—+1 4n+1 4n+1

The dual bigraph is D2n+3(144n+1)m.

Note that for families #1-#40, the illustrations have been given in Section 5
(and in Figure 1). The rest of the families are shown in Figures 23-26. The
exceptional bigraphs are #36-#46, #51, and #52. Thus there are 13 of them,
and the rest 40 items in the classification are infinite families (including two
3-parameter families #3 and #17).

7 PROOF OF THE CLASSIFICATION

First, it is straightforward to check that each of #1-#053 is an affine X affine
ADE bigraph. One helpful result [39, Lemma 2.4] of Stembridge states that G
has commuting adjacency matrices if and only if all of the self and double
bindings involved have commuting adjacency matrices. From this it follows
almost immediately that each of #1-#53 has commuting adjacency matrices;
one needs to check this fact separately for affine X affine and affine X finite
self and double bindings. The fact that all red and blue components are affine
ADE Dynkin diagrams is clear from looking at descr(G) and descr(G*).

Second, it is easy to verify that no two of the bigraphs #1-#053 are isomorphic.
Indeed, the only cases where we can have both descr(Gy) = descr(G2) and
descr(G7) = descr(G%) without Gy and Gy being isomorphic arise when both
G1 and G2 belong to one of the following families: #2, #3, #17, #18, #19,
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143*1213 € f)5 (#41) DG*[A)6 e E? (#43)

Ds—Ds = As (#42) | Dy—D, & Eg (#45) Es—FEg = Dy (#46)

Figure 23: Bigraphs G such that S(G) contains a triple arrow.

and in each case the fact that they are not isomorphic follows from the results
of Section 5.

Thus it remains to prove that we listed all possible affine X affine ADE bi-
graphs.

Suppose that G is an affine X affine ADFE bigraph and consider the diagram
S(G) which by Theorem 4.7 is a diagram from Figure 5. According to whether
S(Q) is ambiguous (see Proposition 4.11), we will consider the following disjoint
cases:

(i) S(G) = AV for £ > 2;

(ii) S(G) is either one of D Cél), or Aéi) for £ > 2;

+1
(iii) S(G) is either one of Agl), Ag2), or %Agl);
(iv) S(G) is none of the above, i.e. is unambiguous.

For the case (i), we showed in Section 5.2 that such graphs are classified by
weak conjugacy classes of automorphisms of diagrams in Figure 5. One can
verify directly that these graphs are exactly the ones listed in families #3-#16
together with tensor products A® A from #1.

Similarly, for the case (ii), we showed in Section 5.3 that such graphs are clas-
sified by pairs of color-preserving involutions of affine ADFE Dynkin diagrams
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Figure 24: Bigraphs G such that S(G) is of type D with a double arrow at
the end.
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|
IS

[

E7—E7—E7 = EﬂﬁfEA‘f; (#51) EA‘67EA167EA16 <~ EA‘77EA‘7 (#52)

Figure 25: Bigraphs #51 and #52.

—f—

i
IWAWA

Figure 26: The family Doy, 3(Agmy1)” (#53) for m =2 and n = 4.
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up to simultaneous conjugation. Since we have listed all such pairs in Sec-
tion 5.3, it is straightforward to check that these graphs are exactly the ones
listed in families #17, #18, #20-#35, together with the duals of #4, #7, #10,
and #22.

Suppose now that (iv) holds. By Proposition 4.11 then G is uniquely deter-
mined by descr(G). It remains to go through all the possible unambiguous
diagrams S in Figure 5 and for each of them list all possible assignments of
double bindings with scf = (2,1), double bindings with scf = (3,1), and self
bindings to double arrows, triple arrows, and loops in S(G) respectively that
yield affine ADFE Dynkin diagrams as blue components. This can be done in a
straightforward way producing the families #41-#53 and their duals, together
with the duals of some toric and path bigraphs. Note also that family #1 of
tensor products falls into this category as well.

Similarly, if G* falls into categories (i), (ii), or (iv) then G* appears in the list.
It remains to consider the case when both G and G* satisfy (iii).

7.1 AFFINE X AFFINE SELF BINDINGS

%Agl) which means that G is an

In this section, we consider the case S(G) =
affine X affine self binding.

Let v : Vert(G) — R be the common eigenvector for Ar and Aa from
Lemma 2.16. Thus Arv = 2v and Aav = 2v. Since I has just one connected
component, we may rescale v so that it is equal to vp. By Proposition 4.1, we

have that for every v € Vert(G),

dSoovw) = Y v(w) =2v(v). (7.1)

(vw)ea (v,w)er
THEOREM 7.1. The only possible affine X affine self bindings are
T (Agp_1,exp(mi(2m —1)/n),1), forn>2and1 <2m—1<n,
and any two such bigraphs are non-isomorphic.

Proof. Let G be an affine X affine self binding, thus I' is an affine ADFE Dynkin
diagram. We are first going to eliminate the cases when I' has type E’s, E7,
or Es. Suppose I' is of one of these exceptional types. Consider the vertex
u € Vert(G) with the maximum value of v,. Thus v, = 3 for ES, vy, = 4 for
E7, and v, = 6 for Eg, see Figure 3. Note that since G is a bigraph, I' and
A do not share edges. In particular, the neighbors of w in I' cannot be the
neighbors of « in A. It remains to note that the sum of v,, over w € Vert(G)
with €, # €, and (u,v) € T is less than 2v, so (7.1) cannot hold even if u is
connected to all available vertices of G.

Let us now assume that I is of type Dn+2 for n > 2. Thus G has n + 3 vertices
which we denote vy, vy, v1, . . ., Un—1, v, , v, . Here I consists of edges (v, vi11)
for i € [n — 2] together with four edges (vi,v1), (vn_1,v.).
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Suppose A contains an edge (Vk, Vi+m ) for k, k+m € [n — 1]. Among all such
edges, choose the one with the minimal value of m. Since v and vg4., are
not neighbors in I'; we have m > 2. There is a red-blue path from wvi41 to
Uk+m S0 there must be a blue-red path as well by Corollary 2.15. Since vg41
cannot be connected to vgym,m—1 by a blue edge, we have either k+m =n —1
or (Vgt1, Vgtm+1) € A. Similarly, we have either k = 1 or (vg—1, Vk+m—1) € A.
Thus for every i = 1,2,...,n—m—1, we have an edge (v;, Vi+m) € A. Consider
the blue edge (v1, v14m ). There is a red-blue path from v,, to v; so without loss
of generality we may assume that (vg,v,,) € A. But then there is a blue-red
path from vg to v,,—1 so there must be a red-blue path which necessarily passes
through v, the only red neighbor of var. Thus (v1, v;m—1) € A, a contradiction.
This shows that A has no edges of the form (v, Vktm) for k, k +m € [n — 1].
Now, consider any vertex v, for k € [n—1]. It can only be connected by a blue
edge to U(:)t and v, and by (7.1), it is connected to all these four vertices. This
holds for any k € [n — 1] but by (7.1) applied to vy , there can be only one such
vertex. It follows that n = 2 in which case the edge (vg,v1) belongs to both
I' and A which is impossible. Thus there are no self bindings with I' being of
type Dy42.

Finally, suppose I is of type Asn,_1 Let v1,...,vs, be the vertices of T, and
we label them cyclically so that ve,+1 = v1, etc. Let (vg, Vkrom—1) € A be an
edge with the minimal positive value of m, where again m > 1 (in fact, m > 2
because (v, vkt1) is already an edge of I"). Then by the above reasoning, we
have (v;, Vitam—1) € A for every i € [2n]. By (7.1), there are no other edges in
A. We get precisely the bigraph T (Ag,_1, exp(mi(2m—1)/n),1). The fact that
any two of these bigraphs are not isomorphic follows from Proposition 5.3. O

Thus every affine X affine self binding appears as a special case for n = 1 in
family #3.

7.2 AFFINE X AFFINE DOUBLE BINDINGS: PRELIMINARIES

We are left with the case (iii) where both S(G) and S(G*) belong to the set

{Agl), Af)}. This implies that each of G and G* is an affine X affine double
binding. Proving Theorem 6.1 reduces to showing the following.

THEOREM 7.2. Suppose that both S(G) and S(G*) belong to the set {Agl), AgQ)}.
Then either G or G* belongs to one of the families #1, #2, #3, #12, #19, or

H#36-#40.

Proof. We use the notation of Section 4.2: let X and Y be the two red connected
components of G, every edge of A connects a vertex of X to a vertex of Y.
We let v be the common eigenvector for Ar and Aa from Lemma 2.16, and we
denote by vy and vy the additive functions for I'(X) and I'(Y") from Figure 3.
Recall that G is a double binding of type A x A’ if X has type A and Y has
type A'.
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DEFINITION 7.3. We say that G is a double binding of type A < A if X has
type A and Y has type A’ and scf(G) = (2,2). We similarly introduce double

bindings of type ASA and of type A=A’ for the cases scf(G) = (1,4) and
scf(G) = (4, 1) respectively.

As it follows from (4.4), the values of v, vx, and vy are related as follows. For
any u € X and v € Y, we have

o v(u) =vx(u),v(v) = vy (v) if G is of type A < A’;

e v(u) =2vx(u),v(v) = vy(v) if G is of type IS

e v(u) =vx(u),v(v) =2vy(v) if G is of type A=A
Thus if we know descr(G) then we know v.

DEFINITION 7.4. Given an affine ADFE Dynkin diagram /A\A, denote by M(A) the

multiset of values of v;. We also define My(A) and M;(A) to be the multisets
of values of vj restricted to the set of black (resp., white) vertices of A. For
example, M(Eg) = {1,1,1,2,2,2,3} which splits into Mo(Eg) = {1,1,1,3} and
M (Es) = {2,2,2}.

We denote X = Xy LU X7 and Y = Yy U Y7 the partitions of X and Y into sets
of vertices that have the same color. Thus either of the following is true:

e every edge of A connects a vertex of X; to a vertex of Y;_; for i =0, 1;
e every edge of A connects a vertex of X; to a vertex of Y; for i =0, 1.

We denote by M (Xy) the multiset of values of v restricted to Xy. We similarly
define M (X1), M(Yy), M (Y1). We identify two multisets if one of them is ob-
tained from another one via rescaling every element by a positive real number.
The following lemma is immediate.

LEMMA 7.5. Suppose that G and G* are both double bindings and suppose that
G* has type A x A'. Then after a possible swapping of A with A’, one of the
following holds:

o M(Xo) = M;(A) and M(Yy) = My_;(A) for some i € {0,1};
o M(Xo) = M;(A) and M(Yy) = My_;(A) for some i € {0,1}.

Let us sum up these observations. Suppose that both G and G* are double
bindings and let G* have type A * A’. If we know descr(G) then we know v
and this gives us the multisets M (Xy), M (X1), M(Yy), M (Y1). There are two
options for the components A and A’ of A described in the above lemma. Since
an affine ADE Dynkin diagram can be recovered from its additive function,
we get that knowing descr(G) gives two possibilities for the types of its blue
components. In each case, we recover descr(G*).

We now finish the proof with a simple case analysis according to the types of
X and Y.
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7.3 AFFINE X AFFINE DOUBLE BINDINGS INVOLVING TYPE E
7.3.1 THE CASE F % E

Applying (4.4), we get that there are the following possibilities for descr(G):
(a) Eg < Fe;
(b) E; & Fr;
(c) Fs & Eg.

Indeed, all the other cases are impossible since the ratio of any pair of numbers
from {24, 48,120} is not equal to 4.

From looking at the multisets of values, it follows that for each case we have
descr(G) = descr(G*). This actually implies that in the first two cases, G is
a twist. For example, in case (a), take a vertex v; of X with vx(v1) = 1. Tt
must be connected to a vertex uz of Y with vy (u2) = 2 which in turn must be
connected to a vertex vs of X with vx(vz) = 3. Thus ug is not connected to
anything else in A. We can now consider another leaf vj € X with vx(v]) = 1.
It must be connected to a vertex w5y € Y with vy (u) = 2 and by the above
observation, uj # us. Continuing in this fashion, we get that G is a twist
Eg X ES-

Let us now give a similar but a bit more complicated argument for Er. Let
v4 and ug be the vertices of X and Y respectively with vx (vq) = vy (ug) =
4. Then they must be of the same color since v4 must be connected to the
neighbors us and uj of ug with vy (u3z) = vy (uy) = 3. This implies that ug is
connected to a vertex vy of X with vx(v2) = 2 that has the same color as vy
and now we this argument is finished in the same way as our proof for Es.
For the third case, we actually get something besides twists, namely, the bi-
graph #36. Label the vertices of the two copies of Es with vy through vg and
with uy through ug as shown in Figure 27.

From looking at the multisets of values, we get that the vertices v and us have
the same color. We see that there are two cases to consider: v3 is connected to
either ug, ug, ug or to usg, Uy, ug.

Assume v3 is connected to uo,uq,ug. The same consideration as for vg can
be applied to us, with the only possible choice now of uz being connected to
Vg, Vg, Vg. Since us is connected to vs, its only other blue neighbor has to be
a vertex v with vx (v) = 2 so either v = vy or v = v7. Counting the red-blue
and blue-red path55 between us and vg, we conclude that us is connected to
v = v7. Since ug is connected to either v7 or vy, it follows that ug is connected
to v1. Since the vertex ug is already connected to vs, it cannot be connected
to v1, and now it follows that A contains a path with vertices

us, V1, U9, Us, U4, V3, U2, U7

5Throughout the text, the phrase counting the red-blue and blue-red paths refers to Corol-
lary 2.15 and the discussion after it.
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Figure 27: Labeling the nodes of X and Y.

which determines the graph uniquely and we see that it is exactly the bi-
graph #36.

Assume v3 is connected to wus,u4,ug. The same consideration as for vz can
be applied to uz, with the only possible choice now of uz being connected to
Vg, Vg4, V9. We know that vy is connected to either u; or uy and counting the
red-blue and blue-red paths between u; and vs we conclude v, is connected to
u1. We now have enough information to conclude that A contains a path with
vertices

Ui, V2,U3,V4,Us, Vg, U7, U8

which implies that G is a twist Eg x E.

7.3.2 THE CASE Fg* A

The component X of type E has a vertex vg with vy (v3) = 3 and therefore it
cannot be connected to anything by an edge of A unless scf(G) = (1,4). Thus
we only need to find all double bindings of type EAGSAE,.

It follows from looking at the multisets of values that descr(G*) = descr(G) in
this case, and because of the symmetries of X and Y, there is essentially one
way to connect the vertices vg, vh, v4 of X with vx(v2) = vx (vh) = vx(vl) =2
to the vertices us, uq, ug of Y to form a 6-cycle in A. The rest of the edges are
reconstructed uniquely and we get the bigraph #37.

7.3.3 THE CASE Fr % A

The component X of type E’7 has a vertex vy with vx(vs) = 4 and therefore
it cannot be connected to anything by an edge of A unless scf(G) = (1,4).

Thus we only need to find all double bindings of type EA7§A11. We get an
immediate contradiction from looking at the multisets of values since there is
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u ug

U4 Us Ue
(2 (2 )——(2))
u 2/ \ZJ 2/ ug
Figure 28: Labeling the nodes of X and Y.

no affine ADE Dynkin diagram A with My(A) = {2,2,2,2,2,2} and M;(A) =
{1,1,2,3,3}.

7.3.4 THE CASE Fg* A

The component X of type Eg has a vertex vg with vy (vg) = 6 and therefore
it cannot be connected to anything by an edge of A, regardless of scf(G).

7.3.5 THE CASE Fg* D

Let X be the component of type Eg and let Y the the component of type D.
The cases scf(G) = (4,1) or scf(G) = (1,4) are impossible. Indeed, if Y gets
a scaling factor of 1, none of its vertices can be connected to the vertex vs of
X with vx(vs) = 3. If on the other hand Y gets scaling factor of 4, there is
just not enough vertices in X of the same color to collect vy (u) x 4 = 8 for a
vertex u € Y with vy (u) = 2.

Thus scf(G) = (2,2) and descr(G) = descr(G*) = Eg < Dg. Label vertices of
X with vy through v7, and label vertices of Y with u; through ug as shown in
Figure 28.

Assume v; is white, and then it follows that u; is also white from looking at the
multisets of values. By the same reason, vz is connected to us, us and uy, which
must be connected to v, vs,v7. Without loss of generality we can assume that
we have edges (u3,v1), (us,v7), (u7,vs5). This determines the position of the
blue component of type Eg from which we can uniquely reconstruct the edges of
the blue component of type Ds by counting the corresponding red-blue paths:
we get that ve is connected to uj, us, vyq is connected to ug, ug, and thus vg is
connected to uy4, ug which are connected to vy and vy or vice versa, and we see
that in any case we get a contradiction.
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7.3.6 'THE CASE F7 x D

Let X be the component of type E; and let Y the the component of type D.
Our three possibilities by (4.4) are:

° E7 < D14;
(] E7§l§50;
[ ] E7§ﬁ5;

Since My(X) = {1,1, 3,3} and since there is no Dynkin diagram A for which
the maximum of v(A) is greater than 2 and is achieved more than once, it
follows that only the third case is possible. From looking at the multisets of
values, we get that descr(G) = descr(G*) = E;=Dj, and in fact all the edges
of A can be immediately reconstructed from knowing the additive function for
each component of A, yielding the bigraph #38.

7.3.7 THE CASE Fg* D

The cases E’g = bm+2 and Eggém+2 are impossible because the vertex in E’g
with v = 6 cannot be connected to any vertex in ﬁm+2. The only possibility
is the case Eg%[)m which is also impossible because by (4.4), m must satisfy
4 x 4m = 120, but 120 is not divisible by 16.

7.4 AFFINE X AFFINE DOUBLE BINDINGS INVOLVING TYPE /Al
7.4.1 THE CASE A x A

By (4.4), there are two possibilities:
o Agyy 1 & Agy 1, n>1;
. ASnflgAanlv n > 1.

In the second case, the multisets of values tell us that the red components of
G* are 2n copies of 154, and since G is also required to be a double binding, we
get that n = 1, in which case there is only one possible double binding which
already is listed in family #12.

In the first case, the multisets of values tell us that descr(G) = descr(G*) =
Agn,l =3 flgn,l. Label the vertices of X with v; through vs,, and label the
vertices of Y with u; through usg, (we will be taking the indices modulo 2n).
Since the case n = 1 is trivial, we assume that A has no double edges.

LEMMA 7.6. Assume edges (vi,u;) and (viy1,u;41) are present. Then so are

the edges (Vit2,uj4+2) and (vi—1,u;—1). Similarly, assume the edges (v;,u;) and
(vig1,uj—1) are present. Then so are edges (Vit2,uj—2) and (Vi—1,Ujt+1).

DOCUMENTA MATHEMATICA 24 (2019) 2057-2135



QUIVERS WITH ADDITIVE LABELINGS 2119

Proof. Due to symmetry, it is enough to prove the first claim. Again due
to symmetry, it is enough to argue (vij2,ujt2) exists. Assume not. Count-
ing blue-red and red-blue paths between v;4; and uj;2 we see that the edge
(v, ujyo) must exist. Similarly the edge (u;,v;+2) exists. Counting blue-red
and red-blue paths between u ;11 and v; we see that the edge (vi—1, uj+1) exists.
A similar logic gives us the edge (vi41,uj—1). Continuing this way we get edges
between v;_j, and vy and vj4r4o for K =1,2,.... For k = 2n — 2 we see that
Vi12 is connected to u;o after all — a contradiction to our assumption. O

Now it is easy to see that all edges of A consist of two such families as in
Lemma 7.6: each family consisting of all v;u;1y for fixed k. Furthermore, if
one family has a plus sign and the other has a minus sign, we would have a
double edge. Therefore both families have the same sign, which without loss
of generality we can assume to be plus. Thus, there are two fixed choices k, k’
of residues modulo 2n such that the edges of A are v;u;1 and v;u;4p for all
. Such a bigraph is therefore listed in family #3.

7.4.2 THE CASE A x D

Since the component Y of type D,, 2 has a vertex v with vy (v) = 2, we cannot
have a bigraph of type Agn_léﬁn. Thus the only two possibilities that we
have are:

L4 A4n—1 = Dn-‘rQa n Z 27
. A2n71§D2n+2; n > 1.

In the first case, the multisets of values tell us the following. If n = 2k + 2 is
even for k > 0, one blue component will have 2n = 4k + 4 ones and k twos and
the other component will have 2n 4+ 4 ones and k + 1 twos. Thus the second
component must be of type D which implies that n = 0, a contradiction. Now
if n =2k + 1 is odd for & > 1, each blue component has 2n + 2 = 4k + 4 ones
and k twos which is also impossible.

For the case Agn_lgﬁgn_;_g, one blue component has 2n twos while the other
blue component has 4 ones and 2n — 1 twos. Thus the first component must
be of type Agn,l and the second component must be of type D2n+2 so we get
descr(G) = descr(G*).

Let v; and vy be two vertices with vx(v1) = vx(v2) = 1 adjacent to a vertex
vz in X with vx(vs3) = 2. Label the vertices of Y as uy through wus,. Let vy be
connected to u; € Y. Without loss of generality we can assume v is connected
to us. Counting red-blue and blue-red paths between v; and us we see that
there are two options: wv; is either connected to w1, or to us.

Assume v is connected to uz. Counting the red-blue and blue-red paths be-
tween v, and uy we see that vs has to be connected to uy. Counting the red-blue
and blue-red paths between vo and us, we see that vs has to be connected to
uzn. By (4.2) applied to vs we see that this is impossible unless us, = u4, that
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is, n = 2. In this case v4 has to be connected to u; and us and now we uniquely
recover another exceptional bigraph listed as #39 in our classification.
Assume now vy is connected to u;. Counting red-blue and blue-red paths
between vs and u; we see that there are two options to consider: either vs is
connected by a double edge to ug, or it is connected by a single edge to us and
a single edge to uay,.

In the former case, we get a component of type Ay son =1 and we get the
bigraph #40.

Consider now the latter case. Counting red-blue and blue-red paths between v3
and us and us,—1 we see that again there are two options: either 2n—1 = 3 and
vy is connected to it by a double edge, or not, in which case v4 is connected to
both uz and ug,—1. Continuing in this manner we arrive to the moment when
Up+2 is connected to u,41 by a double edge. Thus, the option of a double edge
does get realized sooner or later, with the only choice of how soon it comes to
be. But for n > 1 this contradicts the assumption that G* is a double binding.

7.5 AFFINE X AFFINE DOUBLE BINDINGS INVOLVING ONLY TYPE D
By (4.4), we have the following two possibilities:

. Dn+2 & ﬁn+2, n > 2;

° bn+2§l§4n+2, n > 2.

Let us start with the second case. Assume that n = 2k is even for some k > 1.
Without loss of generality we may assume that

M(Xo) =12,2,2,2,4,...,4}, M(X;)={4,...,4};
—— ——

k—1 k
M(Yy) ={1,1,1,1,2,...,2}, M(¥1)={2,...,2}.
4k—1 4k

We see that if k > 1 then there is no way to combine M (Xy) with either M (Y})
or M(Y1) to get M(A) in the union for any affine ADE Dynkin diagram A.
For £k = 1, the blue components are necessarily Xo U Y, of type Dy and
X, UY; of type Dy so we get descr(G) = descr(G*) = ﬁ4§f)10. We would
like to show that such a double binding does not exist. Let v be the unique
vertex of X of degree 4 and suppose that it is black. Then it is connected
to all four white vertices of Y, and each of them satisfies vy (u) = 2. By
repeatedly counting red-blue and blue-red paths, we recover the dual of #31
with descr(G*) = bs = Dy = /13. In particular, G* has three red components
so is not a double binding.

Assume now that n = 2k + 1 is odd for some k& > 1. Then without loss of
generality we get that

M(Xo) ={2,2,4,...,4}, M(Xy)=1{2,2,4,...,4};
k k
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M(Yy) ={1,1,1,1,2,...,2}, M) ={2,...,2}
—— ——
4k+1 4k+2

We see that there is no way to combine M (Yy) with either M (Xy) or M(X;)
to get M(A) because if 1,4 € M(A) then we must also have 3 EAM(A)
For the first case, both blue components have to also have type D,, 2 so we get

descr(@) = descr(G*) = Dy o < Dy o

First, assume n = 2. Since the blue components are two copies of D4, the
unique way to get them is to connect the vertex of X of red degree 4 to all the
leaves of Y and vice versa. We obtain a twist 154 X b4.
Suppose now that n > 3. We would like to show that in this case we get
family #19 or #2 i.e., G = Dn+2 X Dn+2 for some p € [n—1]. Recall that the
bigraphs Dn+2 X Dn+2 and Dn+2 Xn— pDn+2 are isomorphic and Dn+2 X1 Dn+2
is isomorphic to the twist Dn+2 X Dn+2.
Let us label the vertices of X and Y as in Section 5.4. Thus the vertices of X
are labeled by

u(}",ua,ul,uQ, ceey un_l,u:, U,

so that the leaves ul and uy are connected to u; and the leaves u;} and u,,
are connected to u,_1. Similarly, the vertices of Y are labeled in a similar way
by

Ug_av()_avlaUQa s avn—lav+ Uy,

ny» n -

Since we know that the blue components have type f)nJrg, we get that the
leaves of X are not connected to the leaves of Y by blue edges. Without loss of
generality we can assume that uar is connected to some v, where p € [n — 1].
Counting red-blue and blue-red paths we see that u; is connected to a neighbor
v of v,. Counting red-blue and blue-red paths between ug and v, we get cases:
ug has to be connected to either v, or to another neighbor v" of v'.

Consider the case when ug is connected to v”. Since v is a leaf of X, v”
cannot be a leaf of Y. Moreover, v" has two different neighbors v, and v” so it
also cannot be a leaf of Y. Without loss of generality we can therefore assume

that p <n—3, v = vp41 and v = vp4o. Hence there exists a path of length 5

) i equal to v; if i # 0, n

(+)
p—1
is connected to u;. Counting red-blue and blue-red

(+)
p+3

in Y of the form ( 1(3+)1’ Ups Up1, Upt2, U ;i)g) where v;

and to v if 1 = 0 or ¢ = n. Counting red-blue and blue-red paths between v

and ug we get that v(+)

paths between vz(:_)g and u, we get that v

contradicts (4.3) for uy.
Thus u, is connected to v, as well as Uo Since vy, is connected to a leaf Uo

by a blue edge, every red neighbor of v, must be connected to u;. Thus u;
is connected to véﬂl. Then either p—1 =0 or p—1 > 0. Similarly either
p+1=mnorp+1<n Assume that 1 < p < n — 1. Note that v, cannot

be connected to us since counting red-blue and blue-red paths between v, and

is connected to u; as well. This
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u; we would arrive at a contradiction. Then counting red-blue and blue-red
paths between us and v,_1,vp4+1 we conclude that UI(:)Q and Uz(ji)Q exist and are
connected to us. Again, either p—2=0or p—2 > 0, and either p+ 2 =n or
p+ 2 < n. Also, again, vp4+1 are not connected to us, since otherwise we get
a contradiction by counting red-blue and blue-red paths between v,41 and usy,
etc. Continuing this way we get u; to be connected to vp4; for i =0,1,....

Eventually we arrive at a situation when without loss of generality p — i = 0,
that is, ¢ = p. Thus, Ua' is connected to u,, and so is vp,. Counting red-blue
and blue-red paths between var and u,41 we conclude that v; is connected to
Up4+1. Counting red-blue and blue-red paths between v, and u,4; we conclude
that v, is connected to either u,4o or to u,. The former case as before leads
to a contradiction. In the latter case we proceed as before, with u-s and v-s
swapped, concluding the existence of edges between v; and up+; for 1 < j < p.
Counting blue-red and red-blue paths between u,41 and vap, and taking into
account that the edge (vap—1,upt1) does not exist in A since (vop—2,up) does
not, we conclude that u,; is connected to vopy1, etc. Continuing in this man-
ner we get edges connecting u,; to vé;)r ;» and also edges connecting vp4; to

ug:ij for 1 < 57 < n—2p. Finally, in a symmetric way to the previous argu-

ment we obtain edges connecting u,_2p4+; to v,—j, and also edges connecting
Un—2p+j to Un—j for 1 S_j S p-
As a result we obtain precisely the pseudo twist Dn+2 Xp ﬁn+2. O

8 TwISTS

In this section, we concentrate on the case when the bigraph G = (T, A) is a
twist A x A for some affine ADE Dynkin diagram A. First, we introduce a
certain game one can play on any undirected graph that very much resembles
the Kostant’s find the highest root game which is due to Allen Knutson. We
deduce a positivity result for this game from the theory of Kac-Moody alge-
bras [21]. We then give a general construction of a twist for any quiver in
Section 8.2. We prove a factorization theorem for any such twist in Section 8.3
thus directly generalizing [28, Proposition 2.4] where this was done for the del
Pezzo 3 quiver which can be seen as a twist of a triangle with itself as we
explain in Section 8.2. Finally, in Section 8.4 we apply these results to the case
A x A where A is an affine ADE Dynkin diagram and deduce Conjecture 1.7
for such twists as a special case.

8.1 REFLECTIONS ON UNDIRECTED GRAPHS

Let G = (I, E) be a connected undirected graph with possibly multiple edges
but no loops. We denote by V = {h : I — R} the vector space of all functions
from I to R and for each 7 € I, denote by «; : I — R the i-th basis vector
defined by a;(j) = d;;-
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h a b c d
s2(h) a a+c—0> c d
sgsa(h) | a a4+c—b a+d—-b d
saszs2(h) | a a+d—c a+d—-b d
h a b c d
séb)(h) a a+c—b+1 c d
séb)sgb)(h) a a+c—-b+1 a+d—-b+1 d
sgb)séb)séb)(h) a a+d—c+1 a+d—-b+1 d

(o)

Table 1: An example of applying the operators s; and s,

Suppose that G has one distinguished vertex b € V. For every vertex ¢ € I, we
®) .V 5 V as follows. Given a vector h € V, put

%

define two reflections s;, s

h(j); if i # js L
. b sih, if © # b;
(5:)(7) = 9 =h(j) + > h(k), ifi=j; s h = {Sthrab, Fich

(J,k)eE
EXAMPLE 8.1. Let I = {1,2,3,4} and let G be an undirected path with
edges £ = {(1,2),(2,3),(3,4)}. Thus V can be identified with R*. Let
b = 2 be the distinguished vertex. Suppose that h = (a,b,c,d) € V, thus
for example h(2) = b. The values of sy(h),s3s2(h), s2s3s2(h), as well as of

sgb)(h), sgb)séb)(h), and sgb)sgb)séb)(h) are given in Table 1.

For an element h € V| we write h > 0 if for any ¢ € I, h(i) > 0. The rest of
this section will be concentrated on showing the following result:

PROPOSITION 8.2. For any sequence i = (i1,142,...,1p) of vertices of G, we
have
b) (b b
sgp)sgpzl . 51('1)(0) > 0. (8.1)

Proof. First, one easily checks (for example, using Table 1) that if the vertices
i and j are connected by exactly one edge (resp., zero edges) in G, we have
(sgb)s;b))m” = id for m;; = 3 (resp., m;; = 2). Thus the operators sgb) define
a representation of the Weyl group W of the Kac-Moody algebra associated to
the generalized Cartan matriz Ac = (aij)ijer of G defined by

v — 2, if 1 = j; (8.2)
* —q;;j, otherwise, '

where g;; is the number of edges in G connecting ¢ to j. This follows from [21,
Proposition 3.13]. Thus we may assume that the word i is reduced, that is,
the element s;,s;,_, -+ s; cannot be represented as a product of less than p
elements in W.
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a quiver ) its twist @ X @

Figure 29: The del Pezzo 3 quiver is a twist.

We prove (8.1) by induction on p. The case p = 0 is trivial so suppose that
p> 0.
Since s;(0) = 0 for all 4 € I, we may assume that i; = b. One easily checks
that in this case,

5(0) 4(0) ~~~s(b)(0) — 50 ()

ip Tp—1 1 1p p—1

e SZ(:)(O) + S’L'psipfl e Siz (ab).
This is true because for any i € I and hy, he € V, we have
s (hy 4 ho) = s5(h1) + ' (ha). (8.3)

Since i was reduced, the same is true for i’ = (i2,...,4,), and thus the posi-
tivity of the first summand follows by induction. The positivity of the second
summand is an immediate application of [21, Lemma 3.11(a)]. O

8.2 TWISTS FOR ARBITRARY QUIVERS

Let @ be a quiver, and let I := Vert(Q) be the set of its vertices. Let G be
the underlying undirected graph for @ with the same set I of vertices. We let
I'={i]iel}and I"={i"|ie I}. We are going to construct a new quiver
Q@ x Q with vertex set Vert(Q x @) = I’ UI". For every edge i — j of @, the
quiver @ x @) contains edges

Z-/ - jl, ,L-I/ N j”, jl/ - ,L-I’ jl - ,L-I/-

For example, when @ is a cycle with edges 1 — 2 — 3 — 1 then @ x @ is the
well studied del Pezzo 3 quiver, see Figure 29.

For each i € I, we define a new quiver 7;(Q X Q) to be ooy oy (Q X Q), where
wir is the usual quiver mutation (see Definition 2.14) and o; is the operation
that swaps the vertices ¢ and i” in the quiver. We introduced this operation
n [12], however, for the del Pezzo 3 quiver it already appeared in [28] under
the name 7-mutation.
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LEMMA 8.3. We have 7;(Q x Q) = Q x Q.

Proof. Suppose that u — i/ — w is a path of length 2 in @ x Q. We then
therefore have a path w — ¢ — u of length 2 as well. The mutation pu;
introduces an edge u — w, but then the mutation p;» introduces an edge
w — u so these edges cancel each other out.

For any edge u — ', there is an edge i — wu so reversing both of these edges
and swapping the vertices i’ and "’ preserves both of these edges. We get that
any edge of @) x @ is preserved by 7; and no new edges are introduced. We are
done with the proof. O

COROLLARY 8.4. If G is bipartite then Q is a bipartite recurrent quiver.

For each i € I, we introduce two variables z; and ] corresponding to the
vertices ¢ and " of @ respectively, and thus the set of vertex variables for
Q x Q is x' Ux” where x’ = {x}}ier and x” = {2/ }ier.

Consider a map T : Vert(Q x Q') — Z[(x')*!, (x”)*!] assigning a Laurent
polynomial to each vertex of Q x Q. The operation 7; for ¢ € I can be lifted
to an operation on such maps T'. More specifically, it is defined as follows: for
j#i€l, we set

(1)) =TG"), (#T)([G") =T(3").
For the remaining two vertices, we put

Hu%i” T(’U,) + Hi”%v T(’U) .

(TiT) (Zl) = T(i”) ’
[y T() + [, T(0) (84)
(r)(i") = Hamt Ll 0

Here u,v € I’ UI" are the vertices of Q x Q. Thus the operation 7; can be
viewed as a composition of two quiver mutations 7;; o 7;» followed by swapping
the values of T at ¢’ and 3".

8.3 A PRODUCT FORMULA FOR ANY T-MUTATION SEQUENCE

We let Ty : Vert(G) — Z[x',x"] be the initial seed, that is, To(i') = x} and
To(i") =« for all i € I. Consider a sequence i = (i1, 42, ...,%,) of elements of
I and let

T1 :TilTO; T2 :Tile, ey Tp :Tipr—l- (85)
We are interested in giving a formula for T,,(j) for any j € I. For each i € I,
define X; € Z[(x")*1, (x")*1] by

A 1 1 A
Hj%i Ly Hi%j Ly J’_Hj%i Lillisj Ty
/W) °
LTy

X, = (8.6)

Just as in Section 8.1, we define the operators ng) for each 4,5 € I to be the

reflections s'* for G with b = J-

%
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PROPOSITION 8.5. Let i = (i1,i2,...,4p) and Ty, T1,...,T, be as in (8.5).
Then there exists a matriz A(i) = (a};)ijer with nonnegative integer entries
such that for any i € I we have

T,() = 2} [[ X0 T, = o ] X5 (8.7)

JEI jeI
The j-th column (aij)iel of A(i) is equal to

51(11)5521 e sgf)(()) (8.8)
Proof. We prove (8.7) and (8.8) by induction on p, the case p = 0 being trivial.
Suppose that we already know the result for p — 1. The induction step is
straightforward to check by substituting (8.6) into (8.4). The nonnegativity of
the coefficients of A(i) follows from Proposition 8.2 O

COROLLARY 8.6. If Q is an orientation of a finite (resp., affine) ADE Dynkin
diagram A (resp., A) then the operators T; define a simply transitive action of
the Weyl group W (resp., the affine Weyl group W,) of A (resp., A) on the
clusters that can be obtained from the initial seed Ty by applying T-mutations.
In particular, such clusters are in bijection with Weyl chambers of W (resp.,

with alcoves of Wy,).

Proof. This follows immediately from Proposition 8.5. We refer the reader
to [3, Chapter V, §4] for the background on alcoves and Weyl chambers. O

8.4 TwisTS OF ADFE DYNKIN DIAGRAMS

In this section, we return to the case when (@ is a finite or affine ADFE Dynkin
diagram with every edge oriented towards a white vertex (see Definition 5.1).
Let I ={0,1,2,...,n} be the set of its vertices and suppose that the vertices
0,1,2,...,k — 1 are white while the vertices k,...,n are black. We would like
to apply the product formula (8.7) to the T-system associated with @ x Q.
Proposition 8.5 implies that we only need to analyze the left hand side of (8.1)

for the specific mutation sequence i = (0,1,2,...,n,0,1,2,...). Let us choose
some distinguished vertex, say, b = 0. Let V be a vector space with basis
g, 1, ...,0y, as in Section 8.1 and a bilinear form B associated to the gen-

eralized Cartan matrix Ag of G from (8.2). In particular, for hy, he € V, we
have
B(hy,hy) = (h1, he) := hi Aghs.

Thus it is well known (see e.g. [38, Section 2.17]) that B is positive definite
(resp., nonnegative definite) if and only if @ is an orientation of a finite (resp.,
affine) ADE Dynkin diagram. The reflections s; can be alternatively defined
by

Sl(h) =h-— <h, ai)ai
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for i € I. Define the Cozeter transformation C by
C = wowi, where wi;=8Sr_1Sk_2...80, W2 =SpSp_1...Sk

Let (hg,h1,...) be the sequence of elements of V associated with i =
(0,1,2,...,n,0,1,2,...) in the left hand side of (8.1). In other words, hg =0
is the origin and hi41 = sz(-:)hk for £k > 0. Here iy € I is defined by i = k
(mod n) + 1 so that i = (i, 41, ...). The following lemma follows immediately
from (8.3):

LEMMA 8.7. For any integer m > 0, we have

m

hm(n+1) = C(hmn +ag) = Z Ckao. (8.9)
k=1

Since the whole calculation amounts to computing the powers of the Coxeter
transformation, it would be nice to find its Jordan normal form .J which is
actually well studied:

PROPOSITION 8.8 ([38, Theorems 3.15 and 4.1]).

1. If Q is an orientation of a finite ADE Dynkin diagram then J is diagonal
and C is periodic, and the eigenvalues of J are roots of unity not equal
to 1;

2. If Q is an orientation of an affine ADE Dynkin diagram then J has one
2 x 2 block corresponding to the eigenvalue 1, the rest of its blocks are
1 x 1 and all the other eigenvalues of C are roots of unity not equal to 1;

3. otherwise there is a simple mazimal eigenvalue of C that is greater than
one.

THEOREM 8.9. Let Q be a bipartite quiver.

1. If Q is an orientation of a finite ADE Dynkin diagram then the T -system
associated with Q x @ is periodic;

2. If Q is an orientation of an affine ADE Dynkin diagram then the T'-
system associated with Q@ X Q grows quadratic exponentially;

3. otherwise the T-system associated with QQ X Q grows doubly exponentially.

Proof. Note that the first part follows from [12] while the third part follows
from Theorem 1.5. However, it is easy to prove all the parts directly using (8.9)
and Propositions 8.8 and 8.5. Let C = P~'JP be the Jordan normal form of
C and consider the vector Pagy. Suppose that @) is an orientation of a finite
ADE Dynkin diagram A. Then C is periodic with some period h (the Cozeter
number) so the sum of C* over the period will be zero. Indeed, the matrix .J is
diagonal and by Proposition 8.8, its entries are roots of unity that are not equal
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to 1. Thus the sequence hj is periodic, and by Proposition 8.5, this sequence
describes the degrees of the factors X; in the values of the T-system associated
with @ x Q. This proves the first claim.

Suppose now that @ is an orientation of an affine ADE Dynkin diagram. Then
the unique 2 x 2 block of J* will have the form

b )

Since all the other 1 x 1 blocks correspond to roots of unity that are not equal
to 1, the corresponding entries of J! + J2 + .- -+ J™ will be bounded while the
unique 2 x 2 block of J! 4+ J2 + .- + J™ will have the form

¢ 7

This shows that the sequence Ay, (,41) grows quadratically and thus the values
of the T-system associated with Q x Q grow quadratic exponentially® and we
are done with the second claim.

Finally, suppose that the underlying graph G of @ is not a finite or affine
ADFE Dynkin diagram. Then there is a simple maximum eigenvalue A in J
and therefore we will have A\* in J*¥ dominating all the other terms. Thus the
sequence h,(,41) grows exponentially which implies that the values of the T-
system associated with @ x @ grow doubly exponentially and we are done with
the third claim. O

9 CONJECTURES

In addition to the main Conjecture 1.7 we make several other conjectures de-
scribing the behavior of T-systems in our affine X affine classification. We
prove some of them for twists.

9.1 ARNOLD-LIOUVILLE INTEGRABILITY

In this paper we worked with zero algebraic entropy, which is one of the ways
to define integrability. An alternative way is to look for the Arnold-Liouville
integrability, which means finding a non-degenerate Poisson bracket, and a
number of algebraically independent conserved quantities in involution with
respect to this Poisson bracket. We refer the reader to [1] for a classical account.

CONJECTURE 9.1. Y-systems associated with all the affine X affine ADE bi-
graphs in our classification are integrable in Arnold-Liouville sense.

6it may happen that even though some entries of J grow fast, the vector P~1JPay is
bounded. But then we can relabel the vertices and choose some other vertex b for which the
growth will be quadratic exponential.
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This conjecture has already been verified in the special case of our
’T(/Alrd,l,exp(%rip/r),n) family #3. Specifically, it is a special case of a
theorem of Goncharov and Kenyon [17, Theorem 3.7]. It is also present
in Ovsienko-Schwartz-Tabachnikov [33, Theorem 2] and Gekhtman-Shapiro-
Tabachnikov-Vainshtein [14, Theorem 4.4]. The latter two sources prove it in
a somewhat narrower generality than our family #3, however their methods
extend easily to cover the whole family.

Note that all three of the above sources prove Arnold-Liouville integrability for
the Y-variable dynamics. It remains to be understood if a similar claim can be
made about the T-systems in our classification.

9.2 DEVRON PROPERTY

Glick has introduced the Devron property in [15] as a counterpart to singularity
confinement, often used to detect integrability. Roughly speaking, Devron
property is a property of systems where time flow is reversible. Assume that
going backward in time one fails due to a really bad singular behavior, i.e. a
Devron singularity. Then the system has Devron property if this implies similar
failure after a number of steps when going forward in time.

For a T-system associated with an affine X affine ADFE bigraph from our clas-
sification, let us say that the initial values T, (t) for ¢t = 0,1 form a backward
Devron singulairty if for any v of color ¢, = 1 we have T,,(—1) = 0. Let us
say that for some time %y, the values of the T-system form a forward Devron
singulairty if for any v of color €, # to (mod 2) we have T,(to + 1) = 0.

CONJECTURE 9.2. If the initial values of a T-system associated with an affine X
affine ADF bigraph from our classification form a backward Devron singularity,
then after a finite number of steps t(, the T-system will reach a state that forms
a forward Devron singularity.

We prove this conjecture for twists of arbitrary bipartite quivers.

PROPOSITION 9.3. Let Q be any bipartite quiver. Then the twist Q X Q) has the
Devron property with to = 2.

Proof. This follows immediately from Proposition 8.5. Indeed, having a back-
ward Devron singularity at ¢t = 0 means that X,, = 0 for any v € Vert(Q) with
€, = 1. Since X, appears in T, (3) with exponent equal to 1 by Proposition 8.5,
we are done. O

For the case when @ is a tensor product of type /Algn,l ® /Algm,l, our limited
computer evidence suggests that we have

to € {max(2n,2m), 2max(2n,2m)},
depending on the parity of n and m.
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A Asp_1 | Dp,neven | D,,nodd | Eg | E7 | Eg
ha(A) n n—2 2(n —2) 6 12 | 30
g(A) 2 1 2 1 1 1

Table 2: The affine Coxeter number and the Coxeter-McKay ratio for affine
ADFE Dynkin diagrams.

9.3 TIME-DEPENDENT CONSERVED QUANTITIES

A notion of time dependent conserved quantities is sometimes used when
analysing integrability of dynamical systems, see [18] for an accessible intro-
duction. Let A(t) be a function of the system parameters evaluated at time ¢.
We say that A is a time-dependent conserved quantity if there exist integers
m,to > 1 such that for any t € Z, we have A(t+1ty) = A(t)B™, where B = B(t)
is a fixed genuine conserved quantity of the system, that is, B(t + to) = B(t)
for all t € Z.

CONJECTURE 9.4. The T-systems associated with affine X affine ADF bigraphs
from our classification possess non-trivial time-dependent conserved quantities.

We again prove this conjecture for twists, but now only of affine ADFE Dynkin
diagrams. In order to state the result, we need to associate one more integer
ha(A) to each affine ADE Dynkin diagram A which is called the affine Cozeter
number in [38], not to be confused with the McKay number 2 (A) of A from
Figure 3.

DEFINITION 9.5. The affine Cozeter number of an affine ADE Dynkin diagram
A is the smallest positive integer m = h,(A) such that A™ =1 for any eigen-
value A of the Coxeter transformation associated to A. The values of hq(A) are

given in [38, Table 4.1]. Moreover, define the Cozeter-McKay ratio g(A) by

AN 4ha([\)
g(A) = hD(h)

The values of hq(A) and g(A) are given in Table 2. In particular, g(A) is always
equal to either 1 or 2.

The Coxeter-McKay ratio is closely related to the Diab-Ringel defect, see [5]
or [38, Section 6.3.3].

PROPOSITION 9.6. Let A be an affine ADE Dynkin diagram with vertez set I,
edge set E, additive function A : I — Z, and affine Cozeter number m = ha([&).
Consider the twist A x A with vertex set I' UI". Then for each vertex i € I,
there is a time-dependent conserved quantity A;(t) defined as follows: fort =¢;
(mod 2), we put

Ty (t)?

Ai(t) =
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These functions satisfy
Ai(t+2m) = A; (1) BIDAG), (9.1)

where B = B(t) is defined as follows. For t even, we put
H X t —€5).

For odd t, one replaces €; by 1 —e;. Here X;(t) is defined analogously to (8.6),
namely,

X(1) = [T T () Tk T (8) + Ty Tor (6) TT 0 Thr (2)

! Ty (t — 1) (t — 1) '
The function B(t) is a genuine conserved quantity: B(t +m) = B(t) for all
teZ.

Proof. Let us fix some j € I with say e¢; = 0 and look at the exponent aﬁj of
X,; = X;(0) from (8.6) in T;(t). By Lemma 8.7, this value equals to the i-th

coordinate of
t

Now, the degree of X; in A;(t) is therefore the value of (a;,d;(t)). We would
like to show (9.1), and the exponent of X; in A;(t + m)/A (t) is given by
(04,05 (t +m) —§;(t)). Note that

§;(t+m) — (Z c%).

From Proposition 8.8 it follows that the right hand side, written in the Jordan
basis for C, has nonzero coordinates corresponding only to the two eigenvectors
of C associated to the 2 x 2 Jordan block. One of these vectors is exactly A
and (a;, A) = 0. The other vector v satisfies Cv = v + A so its coefficient
in 0;(t +m) — §,(t) is independent of ¢ and is equal to me;, where ¢; is the
coefficient of v in the expansion of a; in the Jordan basis of C. Let us calculate
c; explicitly. The vector v is orthogonal to the other Jordan basis vectors of
C with respect to the scalar product (-,-) defined by (o, ;) = 45, see [38,

(6.47)]. Thus ¢; equals to ((O:j’u'j)). For any k € I, we have v(k) = $(—1)* (k).

Therefore (v,v) = %h@) (A). On the other hand, (aj,v) is equal up to sign
Z20))

R (A)" A
coefficient of v in §;(t +m) — §;(t) equals g(A)A(j). It remains to note that up
to sign we have («;,v) = A(i) which yields the result. O

to 2A(j). Thus ¢; equals to Multiplying this by m shows that the
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Note that for the T(/Alrd,l, exp(2mip/r),n) family #3 one can use the topology
of the torus embedding of the quiver to define conserved quantities, as it was
done in a slightly different language by Goncharov and Kenyon in [17]. In
[13] we performed this construction in our language for cylindric rather than
toric quivers, resulting in what we called Goncharov-Kenyon Hamiltonians.
However, as evident from the definition, the task of finding time-dependent
conserved quantities is strictly harder than that of finding conserved quantities:

1/m
if one knows A(t), one can find the associated function B(t) = (%) )

but there is no simple way to go in the other direction. Thus, even for the
T-systems from family #3 we do not know of a construction of time-dependent
conserved quantities in general.
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