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ABSTRACT. In this paper, we investigate trace expansions of opera-
tors of the form An(tL) wheren : R — Cis a Schwartz function, A and
L are classical pseudo-differential operators on a compact manifold M
with £ elliptic. In particular, we show that, under certain hypotheses,
this trace admits an expansion in powers of t — 0. We also relate the
constant coefficient to the non-commutative residue and the canonical
trace of A. Our main tool is the continuous inclusion of the functional
calculus of £ into the pseudo-differential calculus whose proof relies
on the Helffer-Sjostrand formula.
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1 INTRODUCTION

Trace expansions of operators are fundamental objects in geometric analysis,
especially in index theory, spectral geometry and related mathematical physics,
see e.g. [9, Ch. 5] and [22]. In this paper, we investigate trace expansions of
operators of the form An(tL) where 7 : R — C is a Schwartz function, A and £
are classical pseudo-differential operators on a compact manifold M and L is
elliptic. We will show that the trace admits an expansion in all the powers of
t — 07 when 7 is supported away from 0, but only in the positive powers when
7 is supported near 0, see Theorem 1.1 below.

Another result of this paper is the identification of the constant coeflicient in the
expansion: it is equal to the non-commutative residue res(A4) (up to a known
constant of 1) when 7 is supported away from 0, and to the canonical trace
TR(A) when 7n(0) = 1. The definitions of the non-commutative residue and
of the canonical trace will be recalled in Sections 2.2 and 2.6.1 together with
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2160 VERONIQUE FISCHER

further references, so in this introduction we restrict our comments to their
origins and uses. The non-commutative residue was introduced independently
by Guillemin [14] and Wodzicki [34, 35] in the early eighties. Beside being the
only trace on the algebra of pseudo-differential operators on M up to constants,
its importance comes from its applications in mathematical physics, mainly in
Connes’ non-commutative geometry due to its link with the Dixmier trace [3]
but also in relation with e.g. the Einstein-Hilbert action (see [22, Section 6.1]
and the references therein). The canonical trace was constructed by Kontsevich
and Vishik in the mid-nineties [19] as a tool to study further zeta functions
and determinants of elliptic pseudo-differential operators. Since then, it has
received considerable attention and found interesting applications, see e.g. [28,
26, 25].

Beside the expansion in itself and the identification of its constant coefficient,
this paper proposes a new strategy to tackle these questions. Indeed, the first
trace expansions may be found in works by Hormander [16] and Duistermaat
and Guillemin [6], using Fourier integral operators, and also by Seeley [29, 30,
31], using pseudo-differential calculi depending on a complex parameter (for
the latter, see also [10, 11, 13, 21, 27, 32]). The most studied examples of
functions 7()\) are e~ and A\* where z is a complex parameter leading to the
heat trace and the zeta function respectively. The proofs using Seeley’s ideas,
in particular the relations between all these well-known expansions, rely on
the meromorphy in the complex parameter, for instance on contour integration
which allows this complex parameter to lie far away from the spectrum of the
elliptic operator.

Proving expansions of tr(An(tL)) using the ideas and results of [16] and [6]
requires e.g. that the Fourier transform of 5 is compactly supported near 0,
see [24]. Our proof will not use pseudo-differential calculi with a complex pa-
rameter away from the spectrum of £ or Fourier integral operators or previous
results in these directions. Indeed, our main tool is the continuous inclusion
of the functional calculus of formally self-adjoint elliptic operators £ into the
pseudo-differential calculus. We show this inclusion in Section 3 using the
Helffer-Sjostrand formula. Our method requires the elliptic operator £ to be
formally self-adjoint whereas Seeley’s allows for a complex elliptic operator
whose principal symbol is non-negative (or more generally does not take values
in a half-line of the complex plane).

The main result of this paper is summarised in the following statement:

THEOREM 1.1. Let L € W7)°(M) be a pseudo-differential operator on a compact
manifold M which is elliptic and formally self-adjoint in the sense of Setting
2.11. Let A € ¥} (M) and let n : R — C be a Schwartz function. Then the
operator A n(tL) is traceclass for all t € R.

1. If n is supported away from 0, then the trace of A n(tL) admits the fol-
lowing ezpansion as t — 0T,

m+4n m+4n—1

tr (An(tﬁ)) ~ Cm+nt7 Mo + Cry—n—1t 0 4 ...
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If in addition m € Z,, = {—n,—n+1,—n+2,...}, then the t°-coefficient
co 1s the non-commutative residue up to a known constant of L and n.

2. If mp € N and if m € C\ Z,, with ®m > —n, then we have ast — 0

—m—n+tj

N—-1
tr(An(tL)) = n(0) TR(A) + > emin—jt~ ™  +o(1),
§=0

where N € N is such that ®m +n < N.

A version of Part (1) with additional information on the constants ¢y,4n—; is
given in Theorem 2.13. They are the same constants appearing in Part (2) for
which a more detailed statement is given in Theorem 2.18. These constants are
local in the sense that they depend only on the poly-homogeneous expansions of
the symbol of A in local charts. The canonical trace TR is not a local constant,
and we think that Part(2) above sheds light on the interpretation of TR as a
generalisation of the classical Hadamard partie finie regularisation of integrals
(see Section 2.6.2). In [8], the results of this paper are given in a more explicit
way when M is a compact Lie group and £ the Laplace-Beltrami operator:
in this setting, a notion of full symbols of pseudo-differential operators can be
defined globally, and the interpretation of TR as ‘Hadamard partie finie’ is even
more apparent.

In this paper, we consider the self-adjoint extension of the elliptic operator £ on
a compact manifolds M without boundary or with Dirichlet boundary condition
on an open set {2 of R”. It will be interesting to extend our result and methods
to the case of compact manifolds M with boundary as in e.g. [11, 27]. We
also leave the applications of these expansions in geometry and index theory to
future works. For the sake of clarity and brevity of the paper, we consider only
pseudo-differential symbols with scalar values, although the generalisation to
pseudo-differential operators acting on sections of a vector bundle over M is
straightforward for our results and proofs.

The paper is divided as follows. The next section is devoted to present our
main results in their full generality; this includes defining the settings of our
investigations, and recalling the definitions of our main objects, especially the
non-commutative residue and the canonical trace. The proofs of our result
rely on the continuous inclusions of the functional calculus of elliptic operators
into the pseudo-differential calculus (presented in Section 3) and are given in
Section 4.

ACKNOWLEDGEMENTS. The author thanks Alexander Strohmaier for bringing
important literature to her attention and Jean-Marc Bouclet for his excellent
online lecture notes [2], as well as the anonymous referees for invaluable com-
ments.
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2 SETTINGS AND STATEMENTS

In this section, we discuss trace expansions in relations with the non-
commutative residue. After setting the notation for the pseudo-differential
calculus and the Hormander classes (Section 2.1), we recall the definition of the
non-commutative residue via local symbols (Section 2.2), present its relations
with well-known tracial expansions (Section 2.3) and with our new expansion
(Sections 2.4 and 2.5). We end this section with the case of the canonical trace
(Section 2.6).

2.1 THE HORMANDER CLASSES

Here we recall some well-known facts and set some notations for the Hérmander
pseudo-differential calculus. Classical references for this material include [1, 20,
32, 33]. We will not recall or make use of the links of non-commutative residue
with zeta functions [34, 35, 18] or with the Dixmier trace [3].

2.1.1 THE PSEUDO-DIFFERENTIAL CALCULUS ON R"™

We denote by S™(R™ x R™) the Hormander class of symbols of order m € R on
R™, that is, the Fréchet space of smooth functions a : R™ x R™ — C satisfying

llallsm n = sup sup ()17 0g a(x, )| < oo;
o,BeEN]  (x,£)ER™ xR™
lal,|BISN

in this paper, Ng = {0,1,2,...} denotes the set of non-negative integers and
N = {1,2,...} the set of positive integers; we also use the usual notation
(§) = V1+[¢%, and 9; = 0., for the partial derivatives in R" as well as
0% = 07105 ... ete.

To each symbol a € S™(R™ x R™), we associate the operator Op(a) defined via

Op(a)f(z) = [ F()e* ™ Ca(x,€)de, xeR", feSRY).  (2.1)

Rn

Here, f denotes the Euclidean Fourier transform of f € S (R™):
f&) = Fanf(&) = [ flw)e ™ Eda.
RTL

We denote by ¥ (R™) = Op(S™(R™ x R™)) the Hérmander class of operators
of order m € R on R™. Recall that Op is one-to-one on S™ and thus that
U™ (R™) inherit a structure of Fréchet space.

The class of smoothing symbols ST = N,,crS™ is equipped with the
projective limit topology. The class of smoothing symbols is denoted by
W% (R") = Op(5~).

The space Up,er ™ (R™) is an algebra of operators, and furthermore the com-
position mapping (T1,7T2) — TiTs is continuous U™ (R™) x ¥™2(R™) —
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ymitmz(R™) This algebra of operators is also stable under taking the adjoint
with taking the formal adjoint T'— T* being continuous ¥™(R") — ¥™(R"™).
It acts on e.g. Sobolev spaces since an operator T € U™ (R™) maps the Sobolev
spaces H® to H*~" boundedly.

2.1.2 EXPANSIONS OF SYMBOLS IN R™

A symbol a € S™(R" x R™) admits an ezpansion when a,—; € S™ 7 (R™ x R"™)
and afZ;VZO QUm—j € STN=HR" x R"). We then write a ~ > jen, @m—j Any
such expansion yields a symbol and such an expansion characterises a symbol
modulo S7°:

LEMMA 2.1. Let m € R. Given a sequence of functions (cm—j)jen, Satisfying
Qm—j € S™TI(R™ x R™), there exists a symbol a € S™(R™ x R™) admitting
the expansion 3y, m—j. Furthermore, if another symbol b € S™(R™ x R™)
admits the same expansion, then a —b € S™°(R™ x R™).

Proof. We fix ¢p € C*>°(R") with (&) = 0 for |{] < 1/2 and ¢(§) = 1 for
|€] > 1. For t > 0 we set ¢ (§) = (t€) and we observe

||Oém_j'l/1t||Sm,N < Ctj||am_j||5m—j7N with C' = CN,w > 0.

Therefore, choosing a sequence (t;)jen, converging to 0 and satisfying

CNﬂptz:”Oémfj”Sm,fj’j < 279 with N = j for each j € N, the sum a =
—+oo
§=0

Qum—j¥y; is converging in the Fréchet space S™ with

M +oo
lla — Zam—ﬂ/)thSm,N < Z l|Ctm—jtbt, |l sm. v < 27M,
=0 j=M+1

for M > N. The rest of the statement follows easily. O

Expansions are useful when considering operations such as compositions and
taking the adjoint modulo smoothing operators. Indeed, if a € §™«(R™ x R™)
and b € S (R™ x R™) then Op(a)Op(b) € ¥™at™:(R™) with symbol a#b
having the expansion

a#b~ > Y waga d%b.

a!
J€No |a|=7j

A symbol a € S™(R™ x R") with m € R admits a poly-homogeneous expan-
sion with complex order m when it admits an expansion a ~ zjeNo Otn—j
where each function a,—;(z,§) is (" — j)-homogeneous in & for || > 1;
here m € C with ®m = m and the homogeneity for |{| > 1 means that
Am—j (7, &) = €)™ T ap—;(z,£/[€]) for any (z,£) € R™ x R™ with |[¢| > 1. We
write the poly-homogeneous expansion as a ~rp, Zj apm—; where am—j(z,§) =
1€ (2, €/1€]) € C(R™ x (R™\{0})) is homogeneous of degree 1 — j
in £&. We may call a the (homogeneous) principal symbol of a or of A and m
the complex order of a or A.
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2.1.3 THE PSEUDO-DIFFERENTIAL CALCULUS ON AN OPEN SET 2 C R"

In this paper, 2 always denotes a non-empty open subset of R™.
We denote by S/7.(Q x R™) the set of smooth functions a € C*°(£2 x R™) such

that ya € S™(R™ x R") for any cut-off x € C°(Q)). Equivalently, this is the
Fréchet space of smooth functions a : R® x R™ — C satisfying

lallsm n = sup sup  ()I*1T0f0ga(x, €)| < oo,
,BEN] (2,£)€EK N XR™
laf,[BISN

where (Kn)nen, 1s an increasing sequence of non-empty compact subsets of
satisfying Unyen, Kn = 2.

We say that a € S]7.(Q x R™) is z-compactly supported in 2 when there exists
a compact K containing the supports of all the functions z — a(z, £), £ € R™.
To each symbol a € S]J.(€2 x R™), we associate the operator Op(a) defined via
(2.1) for € Q. This defines a continuous linear operator, still denoted by
Op(a), from C°(2) to C*°(Q), from the space £'(Q) of compactly supported
distributions of  to the space D'(Q) of distributions of 2, from the space
HZ,yp () of compactly supported distribution in H* to the space H; ™ () of
distributions which are locally in H*~™; recall that the Fréchet space H} .(2)
is equipped with the semi-norms given by

11l

loc?

~ = lIxnfllms,

for some sequence of functions (yn) C C°(Q2) with xx = 1 on the compact
set Ky as above.

Moreover, the map a +— Op(a) is continuous from to S;7.( x R™) to the
topological space of continuous linear maps from H,,,,(Q2) to Hy, ™ (€2). We
denote by ¥™(2) := Op(S[J.(2)) the resulting Fréchet space of operators.

By the Schwartz kernel theorem, Op(a) has an integral kernel K € D'(Q2 x Q)

given formally via
Op(a)f(@) = | K@ y)fW)dy,  feCIQ).

Recall that a(z,&) = Fgrn (K (2,2 — -)) and that K is smooth away from the
diagonal z = y.

LEMMA 2.2. For any operator A € U™(Q) with m < —n, its integral kernel
K is continuous on Q0 x Q. If in addition the symbol a of A is compactly
x-supported, then A is trace-class with trace:

fr(A) = /Q K(z, v)dz = /Q aleg) dads.

The class of smoothing symbols S, °°(Q x R™) = Ny,er S}, (2 x R™) is equipped
with the projective limit topology. They can be characterised as follows:
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LEMMA 2.3. Let a € UperS]L.(Qx R™). Then a € S;,°° (2 x R™) if and only if
the integral kernel K, of Op(a) is smooth on Q x Q. Furthermore, the mapping
a — K, is an isomorphism between the topological spaces S; °°(2 x R™) and

loc
C>®(Q x Q).

We say that a symbol a € S)7.(2 x R™") admits an expansion or a poly-
homogeneous expansion when ya € S™(R™ x R™) does in the sense of Section

2.1.2 for any x € C2°(); we then write a ~ >,y am—j and @ ~p 32 am—j.

The functional properties of operators in U,,ceg¥™(2) do not allow for the
composition of the operators. To obtain the property of composition, one has
to consider pseudo-differential operators which are properly supported, that
is, when both 2-projections of the support of the integral kernel are proper.
The space W7 (Q2) of properly supported operators in W™ () has the following
properties:

PROPOSITION 2.4. Any operator in W () sends continuously C2°(Q) to itself,
C>=(Q) to itself, D'(Q) to itself; it also defines a continuous linear operator from
HEpp(Q) to HZm(Q) and from Hj, () to Hy) ™ (). Furthermore, for any
mi,ma € R, the composition (A, B) — AB is a continuous bilinear mapping

Wi (Q) x Uiz(Q) — \Ilgf;*m? Q).

Any operator in () may be written as a properly supported one up to a
smoothing operator:

PROPOSITION 2.5. We fix a locally finite partition of unity ® = (¢r)ken, C
C*(Q), that is, 1g = Z;:oj or, and for each k € Ny, the set Ji of indices k'
such that the supports of ¢ and ¢rr have a non-empty intersection is finite.
Let m € R. For each symbol a € Sj,.(2 x R™), the operator Opg(a) € V()
defined via

Opg(a) =Y > ¢xOp(a)ow,
k=0Kk'€Jy

is in WL (Q) with Op(a) — Opg(a) € W™°(Q). Furthermore, the linear map
a + Opg(a) is continuous from Sp).(2 x R™) to WL (Q), and the linear map
a+— Op(a) — Opg(a) is continuous from S (2 x R™) to W~ (R™).
Moreover, for any mi,me € R, the bilinear map (a,b) — Opg(a)Opg(b) —
Opg(ab) is continuous from S;H(Q x R™) x S;72(Q x R™) to Wratm2=1(Q),
More generally, the bilinear map

i)~ el o e
(a.5) -+ Opg(@)0pa () — S B 0p, (9 7).
la <N '
is continuous from S;t(Q x R™) x S22 (Q x R™) to Wratm2=N(Q),

loc

The space U7} () of classical pseudo-differential operators of order m € C on Q
is the space of pseudo-differential operators A € \Ilg“fl(Q) whose symbols admit
poly-homogeneous expansions.
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2.1.4 THE PSEUDO-DIFFERENTIAL CALCULUS ON A MANIFOLD

Let M be a smooth compact connected manifold of dimension n without bound-
ary. The space U™ (M) of pseudo-differential operators of order m on M is the
space of operators which are locally transformed by some (and then any) coor-
dinate cover to pseudo-differential operators in ¥ (R™); that is, the operator
A :D(M) — D'(M) such that there exists a finite open cover (£2;); of M, a
subordinate partition of unity (x;); and diffeomorpshims F; : Q; — O; C R
that transform the operators xxAy; into operators in ¥ (R™).

The space ¥ (M) of classical pseudo-differential operators of order m on M
is the space of pseudo-differential operator A : D(M) — D’'(M) such that
each of the operators xxAx; : D(Q;) — D'(Q) in ¥"(R™) as above admits a
poly-homogeneous expansion.

2.2 DEFINITION OF THE NON-COMMUTATIVE RESIDUE VIA LOCAL SYMBOLS

Here, we recall the definition of the non-commutative residue via local symbols.
The original references are [14] and [34, 35]. See also [7, 12, 27, 28].

Let © be an open subset in R™ with n > 2. Let A € U7(Q) with symbols
a~p ZjeNo ;. If m is an integer in

Zp ={—n,—n+1,—n+2,...}

then we set

ros, () i= [ aca(e.€) ds(9)

in this paper, ¢ denotes the surface measure on the Euclidean unit sphere
S"~1 ¢ R™ which may be obtained as the restriction to S"~! of the (n — 1)-
form ¢ defined on R™ by Z;-l:l(—l)j—i_lfj d&y N oNdE o NdEjp AL N dE,.
If m € C\Z,, then we set res;(A) := 0.

LEMMA 2.6. Let b € C(R™\{0}) be homogeneous of degree m € C and let
aeNp. If a #0 and m — |a| = —n, then

| ot o

Lemma 2.6 may be proved using the fact that the non-commutative residue
is a trace on U,ecz P () [35], hence vanishes on commutators. Indeed, if
a € SJHQ), as [Opg(a),z;] = Opgq(dg,a), the non-commutative residue of
Opg,(9;a) is zero and so is the integral over S"~! of (9;a)_,. However, we
prefer giving here an elementary argument.

Proof of Lemma 2.6. Without loss of generality, we may assume 9% = 0;. Let
X € D(0,00) be a non-negative function such that [;* x(r)dr/r = 1. On the
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one hand, for any a € C*°(R™\{0}) homogeneous of degree —n, a polar change
of coordinate implies:

[ oenthie= [ [ a@nna©t = [ agase

On the other hand, we have for a = 01b starting with an integration by parts
and then performing a polar change of coordinate:

Oub(E)x(JE])dE = — / b(&)%dc(&) /O Y r)dr.

R STL* 1

We conclude with [ x/(r)dr = 0. O

With Lemma 2.6, one checks readily that if 7 : Q3 — Qs is (smooth) diffeo-
morphism between two open sets 1,2 C R™ and if A € U7}(€Q), then

|7 () res, (4) (17 A) = resy(A).

Hence res; yields a 1-density on a compact manifold M, for which we keep the
same notation res,,.

DEFINITION 2.7. The function z — res, A is the residue density on an open
subset 2 C R™ or on an n-dimensional compact manifold M with n > 2. The
corresponding integral on M

res(4) = /M res; (A)

or on {2 when res;(A) is integrable

res(4) := /Qresm(A) dx,

is called the non-commutative residue of A.

The non-commutative residue is a trace on Up,ecP7 (M) in the sense that it
is a linear functional on Upmec¥7 (M) which vanishes on commutators. If M
is connected, then any other trace on Uny,ec¥7} is a multiple of res.

2.3 DESCRIPTION VIA HEAT OR POWER EXPANSIONS

In this section, we recall the expansions of kernels and traces of pseudo-
differential operators due to Grubb and Seeley, and their relations with the
non-commutative residue.

Recall that a complex sector is a subset of C\{0} of the form T' = T'; := {re? :
r >0, 6 € I} where I is a subset of [0,27]; it is closed (in C\{0}) when I is
closed.
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THEOREM 2.8. [13, Theorem 2.7] Let M be a compact smooth manifold of
dimension n > 2 or let Q be a bounded open subset in R™. Let L € W, be
an invertible elliptic operator of order mo € N. We assume that there exists
a complex sector I' such that the homogeneous principal symbol of L in local
coordinates satisfies

long (2,€) ¢ —T™ = {—p™ : €T} when || = L.

Let A € W and let k € N such that —kmo +m < —n. The kernel K (x,y, \)
of A(L — \)7F is continuous and satisfies on the diagonal

K(z,z,\) ~ Z cj(x nt:fo tk oy Z (cj(x)log A+ ¢ (x)) A"k (2.2)
=0 1=0

for X € =I'™0_ |A] — oo, uniformly in closed sub-sectors of I'. The coef-
ficients cj(z) and cj(z) are determined from the symbols a ~ 3. am—; and
€~ 3 i lmy—j in local coordinates, while the coefficients cj'(z) are in general
globally determined.

As a consequence, one has for the trace

i (AL = N)7F) ~ ST TE LS (log A+ o) AT, (2.3)
7=0 =0

where the coefficients are the integrals over M of the traces of the coefficients

defined in (2.2).

A closer inspection of the first coefficient in the expansions above shows that
they are in relation with the non-commutative residue, see [27, Section 1]:

COROLLARY 2.9. We continue with the setting and results of Theorem 2.8. The
coefficients cj(x) and cjy in (2.2) and (2.3) satisfy

/ _ (71)k /o (*1>k
cp(x) = ————res,(4) and ¢y = Wres(/l).

Integrating the expansion (2.3) against A\* or against e=** on well chosen z-

contours yields the following expansions for operators A of any order, see also
[27, Section 1]:

THEOREM 2.10. Let £ € W, be as in Theorem 2.8.

For any A € W7}, we have for t — 0:
e t-) ch £ 4y (@t )t (2.4)
=0
and
S é ndtm—j é”
D(t)tr (ALT) ~ > ——d——t"m0 4 Z ( l ) . (2.5)
=0 S + m—OJ t + l + l
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In (2.5), the left hand side is meromorphic with poles as indicated by the right
hand side. The coefficients ¢;, ¢ and &' are multiples of the corresponding c;,
¢, and ¢} in (2.3). In particular,

-1

mf@S(A).

¢y =
The argument of this paper is to show trace expansions of An(tL) for certain
functions 7. Although our result does not cover the case of full expansions for
n(\) = e~ or n(\) = A7t given in Theorem 2.10, we will consider a large class
of Schwartz functions. The setting will be slightly different as we do not require
L to be invertible or my € N for instance.

2.4 SETTINGS AND MAIN TRACE EXPANSIONS

Here we complete the first part of the main result given in the introduction
(Theorem 1.1). We consider two settings: a geometric one on a compact man-
ifold, and a Euclidean one in an open subset of R™.

The manifold setting is as follows:
SETTING 2.11. Let M be a compact manifold of dimension n > 2. We consider

an operator £ € W7 °(M) with positive order mg > 0 satisfying the following
hypotheses:

1. We fix a smooth density on M for which the operator L is formally self-
adjoint on L?(M):

ie. Yu,v € COO(M) ([,u,v)Lz(Q) = (u,ﬁv)Lz(M).

2. The principal symbol satisfies the elliptic condition,
ie. Jep >0 V(x,&) €e T"M lrng (2,€) > col&|™,
for one and then any Riemannian structure on M.

Setting 2.11 together with Garding’s inequality imply that £ is bounded below
and admits a unique self-adjoint extension to L?(M). Keeping the same no-
tation for this self-adjoint extension, its spectrum is discrete and included in
[—er,+00), and we have

L>—cg,

for some constant ¢, € R.
If M is a Riemannian manifold, the most natural choice of £ is the associated
Laplace operator which is a differential operator of order mg = 2.

The Euclidean setting is as follows:

SETTING 2.12. We consider an open set  and an operator £ € W0 (€2) with
mg > 0 satisfying the following hypotheses:
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1. The operator L is formally self-adjoint on C2°(2),
ie. Yu,v € C*(Q) (Lu,v)p2 = (u, Lv)2

2. The symbol ¢ of £ admits a homogeneous expansion ¢ ~y, Zj>0 Lrno—j
and its principal symbol satisfies the following elliptic condition on any
compact subset K of ()

ie. Je=Ckg >0 V(z,&) € K xR" lino (2,€) > c|€|™°.

For the Euclidean setting, we will consider the functional calculus for £ devel-
oped in Section 3.

The main result of this paper is the following theorem:
THEOREM 2.13. We consider one of the following two settings:

o Let A € U} (M) with m € C, where M is a compact manifold and L €
U0 (M) elliptic an operator as in Setting 2.11.

o Let A e U7(Q) with m € C whose symbol is compactly x-supported in 2,
where ) is an open set of R™ and £ € ¥ () an elliptic operator as in
Setting 2.12.

Let n € C(0,00). The operator A n(tL) is trace-class for all t € R and for
all N € N, there exists a constant C > 0 such that for all t € (0,1), we have

|t (An(tL)) Zcm+n I e e

The constant C' may be taken of the form C = Cyisup;_o  n, 79| o for
some constant C1 > 0 and some integer N1 € Ny depending on N, supp(n) and
the setting.

The constants Cm4n—j = Cmtn—j;(A,n) depends on n and the setting. More
precisely, they are of the form

~(A
Cm4n— 3’ (A 77) - Cfgzrn j’cgnJ)rn 7’

=(A)

where ¢, 1, o s linear in A and depends on the setting and where
—+oo v
~(n) 1 m—j’+n du
c g o= — u) u- mo —.

If in addition m € Z,, then

+oo m
cop = res(A)/O n(u)d—

u

~(4)

In the 2-setting, the constants ¢, |, _ iy

pansion of A and L.

depends on the poly-homogeneous ex-
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Theorem 2.13 will be proved in Section 4.2. Our proof will not show that the
constants ¢, 4n—j; and ¢, ., _; above are in relations with the constants in the
expansions recalled in Section 2.3. The meaning of tr(An(L)) will be discussed
in Section 4.1.

Compared with the known trace expansion recalled in Section 2.3, we obtain a
result for families of functions 7, instead of the two functions n(\) = e~ and
n(A) = A7#, although these two functions do not satisfy the hypotheses above.
The hypotheses on the functions 77 are mainly on its support and boundedness
(beside regularity), thereby excluding holomorphic functions. The hypotheses
on the elliptic operator £ differ slightly from the ones in [13, 27] recalled in
Section 2.3 as we do not require £ to have an integer order. Although we do
not require £ to be invertible, the elliptic condition on the principal symbol
together with the essentially self-adjointness implies that it is bounded below
L > —cg, and therefore I 4+ ¢, + L is invertible.

2.5 SOME COROLLARIES

We will see that the arguments used in the proof of Theorem 2.13 lead to a
similar expansion when the smooth function 7 is not necessarily compactly
supported but in the following spaces of functions:

DEFINITION 2.14. For any m € R, we denote by M™(R) the Fréchet space of
functions f € C*°(R) satistying

| fllmm Ny = sup sup ()\)j_m|f(j)()\)| < 00, N=0,1,...
§=0,...,N AR

Note that C°(R) is dense in each M™(R), m < 0.

Unfortunately, in the case of M™, the expansion we will obtain with these
arguments is finite, and the estimate for the remaining term goes to +oo as
t — 0, see Part (1) below; this result will be superseded in Section 2.6. We
also observe that the result in Theorem 2.13 classically implies a similar result
for any n € M™n as long as 7 is supported away from 0, see Part (2) below:

COROLLARY 2.15. We continue with one of the two settings of Theorem 2.13.
Let n € M™ (R) with ®m + mymo < —n. Then the operator A n(tL) is
trace-class for all t € R.

1. If Rm > —n (so in particular m, <0), then we have
N-1 .
_mtn—j
VEe (0,1)  |tr(An(tL)) = Y emyn-jt ™0 | < Cyt™,
j=0

where N € N denotes the smallest non-negative integer such that N >
mom, + Rm + n.
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2. If supp(n) C [1,+00) and f::g [m(w)] um’"—zn%u < oo then we have for all

N € N:
N1 m+n—j —m—n+N
VEe (0,1)  [tr(An(tL)) = D Cmynjt” "0 | < Cot™ o
j=0

In both parts, the constants cpyn—; are the same as in Theorem 2.13, and
the constants C1,Ca may be taken of the form Cj = Cf||n||pmmn n, for some
constant C]( > 0 and some integer N1 € N depending on N and the setting.

Corollary 2.15 Part (1) is a generalisation of [24, Section 2.2] and does not
require any hypothesis on the support of the Fourier transform 7 of 7. Our
proof does not use the ideas and results of [16] or of [6]. This result will be
superseded by Theorem 2.18 in the next section. We have chosen to include it
as it follows the same type of arguments as for Theorem 2.13 and prepare for
the proof of Theorem 2.18.

Note that Theorem 2.13 and Part(2) of Corollary 2.15 imply Part (1) of The-
orem 1.1.

We will also see that the arguments in the proof of Corollary 2.15 allow for the
following generalisation of Theorem 2.13:

COROLLARY 2.16. We continue with one of the two settings of Theorem 2.13.

1. The property in Theorem 2.13 holds for anyn € C°(R) satisfying n’(0) =
0 forallj=0,1,2,....

2. For any N € N there exists an integer N’ € N such that for alln € C°(R)
satisfying n7(0) = 0 for all j = 0,1,..., Ny, the estimate in Theorem 2.13
holds.

2.6 TRACE EXPANSION AND THE CANONICAL TRACE

In this section, we discuss trace expansions in relations with the canonical trace.
We start with recalling the definition of the canonical trace; references include
the original paper [19] by Kontsevich and Vishik, as well as [12, 26].

2.6.1 DEFINITION AND KNOWN PROPERTIES

Let €2 be a bounded subset of R™ and let A = Op(a) € U7(Q) with complex
order m ¢ Z,. The symbol of A admits the poly-homogeneous expansion
a ~n Y ey, @m—j. For  fixed, the function am—;(w,-) is smooth on R™\{0}
and (m — j)-homogeneous with m — j ¢ Z,, so [17, Theorem 3.2.3] it extends
uniquely into a tempered (m—j)-homogeneous distributions on R™ for which we
keep the same notation. For each z € 2, we define the tempered distributions
using the inverse Fourier transform

Koz = F ' {a(z,")} and Kam_jx = Fl {am—j(z,)}, 7=0,1,2,...
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The distribution s, ;2 is (—n —m + j)-homogeneous. Then for any positive
integer N with m — N < —n and x € ©Q the distribution rq,5 — Z;-V:O Kapm_ ;.
is a continuous function on R™. Furthermore, the function (x,y) — Kq.(y) —

Z;V:O Ka,,_;,(Yy) is continuous and bounded on © x R™. Its restriction to y =0
is independent of N > m 4+ n and defines the quantity

N
TR.(A) = Ka.2(0) = Y Fa,_,;.2(0).
j=0

If 7: Q1 — Qg is diffeomorphism between two open sets 27,0y C R™ and if
Ae \IIZL(Ql), then
|7" ()| TR+ () (T*A) = TR, (A).

Hence, TR, yields a 1-density on a compact manifold M for which we keep the
same notation TR,.

DEFINITION 2.17 ([19]). The density z — TR;(A) on a compact manifold M
or z — TR, (A)dz on a open subset 2 is called the canonical trace density of A.
The corresponding integral on M

TR(A) = / TR, (A)
M
or on  when TR, (A) is integrable
TR(A) := / TR, (A)dz,
Q

is called the canonical trace of A.

The map A — TR(A) is a linear functional on ¥} (M) for each m € C\Z,, and
it coincides with the usual L2-trace if ®m < —n. It is a trace type functional on
Ume\z, Yo (M) in the sense that whenever ¢,d € C and A, B € Uy,e\z, V7 (M)
we have

TR(cA + dB) = ¢TR(A) 4+ dTR(B),

and whenever AB, BA € Up,e\z, VI (M)
TR(AB) = TR(BA).

The canonical trace was originally defined in [19], and may be defined for a
slightly larger set of operators [10]. It coincides with the coeflicients ¢{ in the
expansion (2.2). Furthermore, the residue of the canonical trace of a (suitable)
holomorphic family of classical pseudo-differential operators is equal to the non-
commutative residue. It can also be read off the zeta function of A and in the
Q-setting is related to the finite-part integral of the symbol of A on Q x R™,
see also [21]. We will recover this last relation below.
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2.6.2 RESULT

Our main result regarding the canonical trace is that it appears as the 0-
coefficient of tr(An(L)) for functions n supported near 0. Because of Corollary
2.15, it suffices to consider the case of functions n which are compactly sup-
ported.

THEOREM 2.18. We consider one of the following two settings:

o Let A e W (M) with m € C, where M is a compact manifold and L an
operator as in Setting 2.11.

o Let A e U (Q) with m € C whose symbol is compactly z-supported in Q,
where ) is an open set of R™ and L an operator as in Setting 2.12.

Letn € C(R). We assume m € Z and ®m > —n and that at least one of the
two following properties is satisfied:

e n=1 near 0,
e orm-+kmg & Z for all k € N.

Then, ast — 0,

—m—n+tj

tr(An(tL)) = n(0) TR(A) + z_: Cmtn—jt ™0 +o(1),
=0

for N € N the smallest positive integer such that N > Rm +n. The constants

Cm+n—j are the same as in Theorem 2.18 and Corollary 2.15 and are finite for
j=0,...,N—1.

Remark 2.19. If the order mg of £ is an integer, the condition m + kmg ¢ Z
for all k& € N is automatically satisfied since m ¢ Z is already assumed. This
implies Part (2) of Theorem 1.1.

In the general case, the proof will show that we can weaken the hypothesis
m-+kmg & Z for all k € N by replacing it with m+kmo € Z forallk =1,..., N’
with N’ corresponding to N as in Part (2) of Corollary 2.16.

Let us consider the case of the Laplace operator £ = A on a bounded open set
Q. We consider suitable functions 7, € CS°(R) approximating the indicator
Ljp,17 of the interval [0, 1], for instance satisfying 0 < nx < 1, 7% = 1 on [0, 1] and
nr = 0 outside [—%, 1+ %] As A is invariant under translation, we compute
easily for R > 1:

tr (A(Ljp,1) — me) (R2A))) = /Q o a(z,€) (Lo — ) (R72[€]?) dadg

1
Rm—+n
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Applying Theorem 2.18 to A = Op(a) € ¥7}(Q2), the Laplace operator £ = A
and each function ng, we can take as k — +oo and readily obtain as R — +oo

tr (A 1p1(R72A)) = /|§|<R/Qa(z,§) dx d¢

N—-1
=TR(A) + Y cmin i B +0(1).
Jj=0

In other words, TR(A) coincides with the finite part of the ¢-integral of
fQ a(x,&) dz. Theorem 2.18 allows for a similar description on manifolds for
which the spectral description of a Laplace operator is known and we can pass
to the limit in trAn, (R™2A) as k — oo as above. Examples include for instance
the torus (this result is already known, see [23]) and more generally on compact
Lie groups (cf. [8]).

3 THE FUNCTIONAL CALCULUS OF AN ELLIPTIC OPERATOR

In this section, we study the functional calculus of an elliptic operator and
its continuous inclusion in the Hérmander calculus. Although the techniques
(especially the use of the Helffer-Sjostrand formular) are well known to experts
in this type of analysis, we have chosen to include the proofs for the sake of
completeness.

3.1 THE HELFFER-SJOSTRAND FORMULA
3.1.1 ALMOST ANALYTIC EXTENSIONS

DEFINITION 3.1. Let f € C*(R). An almost analytic extension of f is a
function f € C°°(R?) satisfying for all x € R

f(z,0) = f(x) and 8évéf($,y)|y:0:0forN:1,2,...,

where 9 denotes the operator 9 = 1 (9, + i9,) on R2.

1
2

The following lemma gives a practical condition for a function to admit an
almost analytic extension:

LEMMA 3.2. Let f € C*(R)NS'(R). If ENfe LY(R) for every N € Ny, then
we can construct an almost analytic extension of f.

Proof. We fix a functions x € Cg°(R) such that x(s) = 1 for [s| < 1 and
x(s) = 0 for |s| > 2. We then define the function f : R? — C with

o~

Flay) = / P () F(€)de.
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One checks easily that f is smooth, that f(z, 0) = f(z) for any z € R by the
Fourier inverse formula and that we have

0(a) = [ e fie) de

note that the last integrant is supported in {£ € R : |y|=t < |¢] < 2Jy|~1} if
y # 0 and identically zero if y = 0. We observe that for all M € Ny and any
y € R\ {0}, we have

_ 2im (x+1iy)€ X (yg) M M+1 7
0 @) = g [ LI e edel S ™ | le f(&gISdi

From this, one sees readily that f is an almost analytic extension of f. O

Lemma 3.2 implies that, for instance, a smooth function f € C°(R) with
compact support admits an almost analytic extension. In fact, it is easy to

construct an almost analytic extension f; € C°(R?) with compact support
by setting fi (z,y) = Xl(z)xg(y)f(z,y) with f as in the proof of lemma 3.2,
and x1,x2 € C2°(R) supported near the support of f and 0 respectively with
x1 =1 onsupp f and x2 = 1 near 0. Lemma 3.2 and the following statement
imply that we can construct analytic extensions of larger classes of smooth
functions:

LEMMA 3.3. Let f € M™(R) with m < —1 (see Definition 2.14). For any
N € Ny, the function &N f is integrable and

1EN fllzr < CNILFllam nge2-

Moreover, for any N, M € Ny, provided that m + M — N < 0, then §N]?(M) 18
integrable and we have

€N FD| 11 < Ot fllaam N 2.

Above the constants Cn and Cy n are positive and depends on m,N or
m, N, M but not on f.

Proof. For any N € Ny, the function ¢V f is continuous on R and bounded by
16N Fllz < @m) MM e S 1 laam v,
therefore it is integrable with
16710 < [ (ol [ €8Tl
lel<1 |€1>1

Sz + 12 Fllzee S I Flaam vz

We conclude the proof by applying what has just been proven to g =
(2im)M=N (xM f)(N) ¢ MmF+M=N, O
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We can refine the construction of almost analytic extension of a function in

M™(R) given by Lemmata 3.2 and 3.3:

LEMMA 3.4. Let f € M™(R) with m < —1. We can construct an almost
analytic extension f which is supported in {(x,y) € R? : |y| < 2} and satisfies
for all integers N, N' € Ny

N
— o~ x7
|07 ST dedy < €1 flaam v

where the constant C,C" > 0 depends on N,N' and on the construction of f
but not on f.

Proof. Lemma 3.3 allows us to construct the analytic extension f for f from
the proof of Lemma 3.2. We generalise (3.1) in the following way:

. . —27y&n ! N
0 F ()| < gl \ [ o {%;CM(QQW“J‘(&)} i

SWIM ST M FUD | <y Ml as,
0<j1+j2<a

for any M > « and |y| < 2 by Lemma 3.3. This estimate applied with o =
0,...,N+2and M = max(N', N +2) yields the result for the almost analytic

extension 1 of f given by fi(x,y) = x(y)f(z,y). O

3.1.2 FORMULAE

We may consider an analytic extension as a function of the complex variable
z =x+iy € C. We denote by L(dz) = dxdy the Lebesgue measure on C
identified with R2. The Cauchy-Pompeiu integral formula then yields:

LEMMA 3.5. Let f € M™(R) with m < —1. For any almost analytic extension
fof f such that [, 9f(z) L(dz)/|Sz| < oo, we have

1 .
VAER  f(\) = - / f(z) (A — 2)"*L(dz).
C
Furthermore, for any 7 =0,1,2,..., we have

EY i = L [ 5720 - 217 L(ds
VA eR i f (A)_w[caf()(A )" 7 L(dz),

as long as the almost analytic extension f of f satisfy f(C 5f(z) L(dz)/|%z|j, <
oo for any 7' € N. Such almost analytic extensions can be constructed (see
Lemma 3.4).
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The Helffer-Sjostrand formula has become a fundamental tool in functional
analysis of a self-adjoint operator T (densely defined on a separable Hilbert
space H) since it is easily proved that the resolvent satisfies:

Vze C\R ||(T—z)*1|\$(7{) <27t (3.2)
This together with Lemma 3.5 yield the Helffer-Sjostrand formula (references
for this include [2, 4, 5, 15]):

THEOREM 3.6. Let T be a self-adjoint operator demsely defined on a separable
Hilbert space H. For any f € M™(R) with m < —1, the spectrally defined
operator f(T') € L (H) coincides with

70 = 1 [ 97() (7= =) ().

Here, f is any almost analytic extension of f such that Jc 10f(2)||S2| 1 L(dz)
is finite; such extensions exist (see Lemma 3.4).

3.2 THE RESOLVANT IN THE EUCLIDEAN SETTING

In the Euclidean setting, we can define the formal resolvent of £ in the following
way:

LEMMA 3.7. We consider Setting 2.12.

1. For any bounded open set Q' such that Q' C §Q, the restriction of L to an
unbounded operator on L*(Q) densely defined on C°(Q') admits a unique
self-adjoint extension Lq: to L*(Y). Furthermore, Loy is bounded below:

KQ’ Z —Cqy,

and the operator Lgq: coincides with the restriction of £ to € in the
following sense:

o for any function v € L*(Y) which we view also as a distribution
v € &'(Q), if the distribution Lv € E'(Q) coincides with a square
integrable function on ', then v is in the domain Dom(Lq/) of
Lo and the distribution Lv € E'(Q) coincides with the function
Lowv e L*(Q) on Q;

o conversely, for any function v € Dom(Lq/), Lov = Lo|g € L2(Q).

2. The operator L is formally self-adjoint on L*(Q)NE'(Q) in the sense that
for any u,v € L2(Q) N E'(Q) such that Lu and Lv are both in L*(£Y), we
have

(ﬁu, ’U)Lz(g) = (u, £'U)L2(Q).
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3. For any z € C\ R, for any u € C(§2), there exists a unique function
v e L (Q) such that u = (L — 2)v. Furthermore, v = (L — z)"u is in
L2(Q) with ||v]|r20) < |S2] 7 ul|L2(q)- 1t is smooth and satisfies for any
NeN

1€ = 2)~ ull gy

loc

@,N = @HUHHN/(Q),N’

loc

where the integer N’ and the constant C' > 0 are independent of u or z -
but may depend on N and Setting 2.12.

4. For any z € C\ R, the operator (L — z)~" maps C°(2) to NserHy ()
linearly and continuously. Furthermore, it satisfies:

Vue CE@) €2 ulu < gzl
Proof. By the Garding inequality, £ is bounded below on CS°(Q'). We denote
by Lg the Friedrichs self-adjoint extension to L?(Q'). The construction of a
parametrix yields elliptic estimates which shows that the equation Lo/u = £iu
for u € Dom(Lgq/) has only u = 0 as solution. Hence the self-adjoint extension
to L2(£Y') is unique.
Let us consider v € L?(€’) such that Lv|q € L?(€’). Let (v;) be a sequence in
C>(€Q') converging to v in L*(Q'). Hence, Lvj|or = Lo/v; defines a sequence
in L?(€Y) which is bounded and weakly convergent to Lv|q/. One then checks
that the sequence (v;) is Cauchy for the Friederichs sesquilinear form of Lo.
Therefore v € Dom(Lq/) and Lov = Lv|gr.
Let us consider v € Dom(Lq/). There exists a sequence (v;) in C2°(€) con-
verging to v in L?(Q') and Cauchy for the Friederichs sesquilinear form of Loy .
Hence Lv;|or = Lav; defines a (bounded) sequence converging weakly to Lo/v
in L2(Q'). As (Lv;) converges to Lv in £'(2), we conclude that Lov = Lolgy.
This shows Part (1).
For Part (2), consider u,v € L?(Q) N &'(Q) with Lu, Lv € L*(Q). We may
assume that u and v are both supported in a bounded open set €; with Q; C Q.
Let 25 be a bounded open set with Qs C Q and Qs D supp(w) for any w € £'(Q)
supported in €. Let (u;) and (v;) be sequences in C2°(€) converging to u
and v respectively in L?(Q2). Then we have (Luj,v;)r2() = (uj, Lv;)2(0),
and the limit as j — oo yields the proof of Part (2).
Now let us prove Part (3). We consider z € C\ R and u € C°(f2). For any
bounded open set Q' with Q' C Q and €’ O supp(u), we set

L*(Q) v = (Lo — 2)

By (3.2), lvar |22y < 1927 ull L2y If we define vgr in a similar way on
another bounded open subset Q” with Q7 C Q and Q” D ¥, then Part (2)
implies

ZHUQ’ — v ||%2(Q,) = Z(’UQ/ — vQr, Vg — ’UQH)L2(Q/)

= (L(vay —var),var —var)r2(or),
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and similarly for z[Jver — var |72 (g, S0

23z||var — var ||%2(Q/)
= (ﬁ(’UQ/ — ’UQH),’UQ/ — ’UQN)L2(Q/) — (’UQ/ — ’UQN,E(’UQ/ — ’UQ//))L2(Q/)

= (EUQ// , vQr 1(2/>L2(Q) — (’UQ// 1Q/7 E’UQ// )LQ(Q) = 0,

here 1q/ denotes the indicatrix of the set Q. Therefore v = vor on Q. This
allows us to define v € L} () via v = v, on any bounded open set Q' with
Q' c Qand @ D supp(u). It satisfies (£ — 2)v = w on Q and [|[v|2(q) <
192 ull 20y

Let us show v € NsenH}.(©2). We will need the following observation: for
any bounded open set £2; such that 0, C ), we can construct a parametrix of

(14 cq, + La,)™ and obtain the estimates

11+ e, + La)Mwllzg0,) S 11+ 2)7 2wl 2q,),
”(1 + A)]MwHLZ(Ql) 5 ”(1 +co, + Eﬂl)m/m[ﬂjwwnllz(ﬂl)’
where the implicit constants do not depend on w € C2°(£21) but may depend
on M € N, and £,Q; here A denotes the standard Laplacian in R and [x]

the smallest non-negative integer strictly greater than x € R. This implies for
any ' as above:

||(1 + A)M’UHL2(Q/) = ||(1 —|— A)M’UQ/ ||L2(Q/)
SN+ car+ La) 0 ™M g | L2

11+ cqr + Lan) /MM 2o

R

< L (1 4 Aymor21r2/molnt

~ |gz| ’LLHLZ(Q/).

This shows v € NgenH},.(2), so v is smooth and Part (3) follows.
Part (4) is a consequence of Part (3). O
3.3 THE FUNCTIONAL CALCULUS

Here we define and relate the functional calculus of an elliptic operator £ in
Setting 2.12 with the pseudo-differential calculus. At least formally, we use the
same definition as for the Helffer-Sjostrand formula (see Section 3.1):

DEFINITION 3.8. We consider Setting 2.12. For any f € M™(R) with m < —1,
and any u € C°(Q), we define the distribution

f(Lu = %/Caf(z) (L — 2)"tu L(dz),

where f is any almost analytic extension of f such that Jc 10f(2)]|Sz| " L(dz)
is finite and where the resolvent (£ — 2)~! takes its meaning from Lemma 3.7.
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Let us fix an almost analytic extension f such that
Cpi= [ 107 el (),

is finite; by Lemma 3.4, such an extension exists. By Lemma 3.7 Part (4), the
distribution f(L)u is square integrable with the estimate

| f(L)ullz2) < CllullL2(0)-

Furthermore, for any v € C°(Q), we have

(@) = 5 [ 0F) (£ =2 w0)1oe) Lid)

. / 9f(2) (Lar — 2) " u,v) 2y Ldz) = (f(Laru, v) 2o,
T Jc

where ' is a bounded open set containing the supports of u and v and with
' C Q. As the Helffer-Sjostrand formula for f(Lq/) does not depend on the
choice of the almost analytic extension f with C 7 < 00, so does f(L)u in
Definition 3.8.

DEFINITION 3.9. Definition 3.8 yields the continuous operator f(£) : C°(2) —
L3(9).

Since the Helffer-Sjostrand formula may be used to define the spectral calculus
of a self-adjoint operator (see Section 3.1), the spectral calculus defined for any
self-adjoint for £ will coincide with our definition:

LEMMA 3.10. If £ admits a self-adjoint extension L to L*(Q), then f(L) co-
incides on C°() with f(L) from Definition 3.9 for any f € M™, m < —1.

And this is so for any such extension L.

The main result of this section is the following pseudo-differential property of
this functional calculus:

THEOREM 3.11. We consider Setting 2.12 and the functional calculus from
Definition 3.9.

1. Letm < =1 and f € M™(R). The operator f(L) is in W (Q) and its
symbol admits an expansion a ~ .y, Gmmo—j satisfying for €] > 1

ammo(iﬂ,f) = f(fmo(xag))’

and more generally for any j =0,1,2,...

J
Ammo—j (‘T’E) = ch}kfo-i_k) (Emo)'
k=0

where each c;j € Sl_og+(j+k)m° (2 x R™) is a symbol independent of z,

identically 0 for |£] < 1 and homogeneous of degree —j + (j + k)mg in &
for g = 2.
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2. For each m < —1, the map f — f(L) is continuous from M™(R) to
™Mo (). Moreover, the map f — f(L) — Zjio Op(@mmg—j) s contin-
uous from M™(R) to Urtmo=N=1(Q) for any N € No.

3. If f € S(R) then f(L) € ¥~°(Q) is smoothing.

The proof of Theorem 3.11 is given in Appendix A. It relies on the Helffer-
Sjostrand formula and on the construction of a paramterix P, for (£ — z).
First let us state some corollaries.

COROLLARY 3.12. We consider Setting 2.12 and the functional calculus from
Definition 3.9.

1. If L admits a self-adjoint extension L on L?(Y), then for any f € M™(R)
with m < —1, the operator f(L) defined spectrally as a bounded operator
on L?(Q) coincides with the pseudo-differential operator f(L) on L?*(£2).

2. If L is bounded below on C(2), then it admits a unique self-adjoint
extension L. Furthermore, for any f € M™(R) with m € R, the spec-
trally defined operator f(L) coincide with a pseudo-differential operator
in WPmo(Q), and the properties of Theorem 3.11 holds even for m > —1.

Proof. Part 1 follows from Theorem 3.11 and Lemma 3.10. For Part 2, if
m > —1, consider N € N such that m—N < —1and f1()\) := (1+c+X) "N f(N)
where the constant c is such that £ > —c. Then f(£) = (1+c+ L)Y f1(L£) and
the result follows from Part 1 and Theorem 3.11. O

Remark 3.13. e Theorem 3.11 and Corollary 3.12 extend readily to the case
of an operator £ valued in a finite dimension real vector space, we will
not use this in this paper.

e Part (3) in Theorem 3.11 and Lemma 2.2 imply that the function
t — tr(e™”) is the tempered distribution given by S(R) > ¢
Jg tr(e™©) g(t)dt = tr(¢(L)).
Theorem 3.11 implies a similar result in the setting of compact manifolds:
COROLLARY 3.14. We consider Setting 2.11.

1. For any function f € M™(R) with m € R, the spectrally defined operator
F(L) is in ™™o (M),

2. The map f v+ f(L) is continuous from M™(R) to O™ (M).

3. If f € SR) then f(L) € ¥=°°(M) is smoothing and the map S(R) >
f = f(L) € U=°(M) is continuous. The integral kernel Ky of f(L) is a
smooth function on M x M, and the map S(R) > f — Ky € C®°(M x M)
is continuous. By duality, the map S'(R) > f — Ky € D'(M x M) is
continuous.

As in Remark 3.13, Corollary 3.14 extends to an operator £ on a vector bundle

over M. Part (3) of Corollary 3.14 allows us to consider the integral kernel of
oitL
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4 PROOF OF THEOREMS 2.13 AND 2.18

Here, we prove Theorem 2.13, its corollaries, and Theorem 2.18 in Sections
4.2, 4.3 and 4.4 respectively. Our first task is to understand the meaning of

tr(An(L)).

4.1 MEANING OF tr(An(£)) AND THE FIRST TERM IN THE EXPANSION

In the manifold case (i.e. Setting 2.11), £ admits a unique self-adjoint ex-
tension, so the operator n(£) € Z(L?(M)) can be defined spectrally for any
7 € L*°(R). Hence if A € U™ (M) with m < —n, then A n(L) is trace-class
with

tr |A n(L)] < [In(L)ll.z(L2@)trlAl < [Inll~ tr|A].

More generally, if n : R — C is a measurable function such that

iC >0 VAeR In(A)] < (1 +X)", where m, < (—n—m)/mg,
(4.1)
then A n(L) is trace-class with tr |A n(L)| < C||A||gm n for some N € N.
We can generalise this to the Euclidean setting in the following way:

LEMMA 4.1. We consider Setting 2.12. Let A € ¥™(Q) and such that its
integral kernel K4 1s compactly supported in @ x €. Let Q' be a bounded open
set such that Q' C Q and supp(Ka) C Q' x . Using the notation of Lemma

3.7, the operator n(La) may be defined spectrally for any measurable function
n:R—C.

o Ifm < —n andn € L*(R), we define tr(An(L)) := tr(An(Lq)).

e More generally, if m and n satisfy (4.1), then setting for e > 0

_ m+n—+teg

\P;n—eo > A = A(l + cor + EQ/) mo

and
m4n+eg

m(A) =L +co +A)" ™0 n(A),
we define tr(An(L)) = tr(Ai1m (La)).
In both cases, this definition does not depend on Q' or eg, and coincides with
tr(An(L)) when L admits a unique self-adjoint extension, or using Section 3

when n € M™n withm, < —1. Furthermore, we have tr|A n(L)| < C||A|lwm ~
for some N € N.

With this understanding for tr(An(L)), we can now start its analysis.

PROPOSITION 4.2. We consider Setting 2.12. Let A € U™(Q) with integral
kernel compactly supported in Q2 x Q. Let n € L*(0,00) be compactly supported
in (0,00). Then

CitN ift > 1 for some N € N,
A L < ’
[tr (A (L)) | < { Cotm'=m)/mo ift € (0,1), for any m' < —n,
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and the constants C1,Cy may be chosen of the form C; = Djsup (g ) |n| for
some constant D; depending on Setting 2.12, A and supp(n) and for j =2 on

ml

If furthermore, A € W} (2) with m = —n, then

res +oo U
lim tr (A 5(tL)) = ﬂ/o () 2.

t—0+ mg u
Routine arguments of localisation gives:

COROLLARY 4.3. The same properties as in Proposition 4.2 hold in Setting
2.11 for any operator A € V™(M) and n € L*°(R) compactly supported in
(0,00).

Proof of Proposition 4.2. We first prove the statement for n € C$°(0,00). We
continue with the notation of Lemma 4.1. The properties of the trace and of
pseudo-differential calculus then give the estimates:

|tr(A n(tLov))|
< AT+ cqr + Lar) ™m0 |2y tr] T+ cor + Lor) mon(tLor)]
S+ car + La) ™0 ntLa) |l gm @) v,
S L) wm—m @y, Ny S 10 pgem=mrmo ng»

for any m’ < —n by Theorem 3.11 (or rather Corollary 3.12) and Lemma 2.2.
The M-semi-norm was defined in Definition 2.14, and we conclude with

tNrift > 1
. mq < ] < (0
() arma Ny S { t™ if t € (0,1).

for any m; € R and N; € N. This yields the estimate.
Let us now assume A € ¥} with m = —n and n € C2°(0,00). Then Theorem
3.11 and the properties of pseudo-differential operators imply

lim tr (A 9(t£)) = lim tr (Op(am ¢ n(tlm,))) ;
here a,, € C®°(2 x R™\ {0}) is homogeneous of degree m = —n in £ and
x-compactly supported in ', and ¥(§) = ¥1(|¢]) with 1 € C°°(R) satisfying

0<¢1 <1,¢(s) =0for s <1/2and 1(s) =1 for s > 1. By Lemma 2.2, we
have

5 (0 (a0 1)) = [ [ a0 (o (2,

+oo
S @ (2, 7) V(1) (g (@,7)) dads(&) v~ tr,
r=0 J(z,£)eQ/ xsn—1
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after a change of variables in polar coordinates. We decompose the last integral
as ;:0 = f::O + f;;olo For the first integral, we have:

1
[ IS swlan@ol s ntut @ O)L

zeQ’ zeQ)’

lel=1 l¢|=1,0<u<1
and the last supremum is zero for ¢ positive but small enough. For the second
integral, using the homogeneity of the symbols and m = —n, we have

oo Hoo dr

/ :/ / a—n (@, N(tr™ by, (x,§)) drds(§) —

r=1 r=1 J(x,§)eQ¥ xSn—1 r
1

oo du
= — a—n(‘rag) 7’](’&)— diCdC(f),
Mo J(z,6)eq xsn—1 U=tlm g (2,€) u

after the change of variable u = tr™o¢,, (z,£). For t small enough, the second
integral is in fact over f;io’ and the result follows.

If 7 is not necessarily smooth but only in L>(0,00), then we construct a se-
quence of smooth functions 7, = 7 * ¢1,, where ¢ € C°(R) is supported in
(=1,1) and [ ¢(A)dX = 1. The properties of the trace written as a sum over
the eigenfunctions of Lq: implies easily the case of n as k — +oc.

This concludes the proof of Proposition 4.2. O

4.2 PROOF OF THEOREM 2.13

By routing arguments of localisation, it suffices to prove the case of an open
set Q of R™. We continue with the notation of Lemma 4.1. Since the part of
the spectrum of L involved in the expansion correspond to high frequencies,
Theorem 3.11 implies that we may assume Lo > I and then changing n(X) for
n(AY/™0) we may assume mg = 1; note that the proof can be carried out without
these two assumptions but with cumbersome notation. By Proposition 4.2 and
its proof, the operator A n(tL) is trace-class for all t € R; furthermore, it suffices
to show the case of an operator with symbol of the form a(x, &) = am(x, &)Y (€)
where a,, € C®(Q x (R™\{0})) is m-homogeneous in &, and compactly z-
supported in €2 and the function ¢ € C*°(R") is given by (&) = 91 (|¢]) with
P1(s) =1 for s > 1 and ¢1(s) =0 for s < 1/2.

By Theorem 3.11, the symbol b®) of 7(¢t£) admits an expansion b*) ~ >, b(_tz
with

J
b =" cn I (e0),
k=0

and for any N € N, m’ € R and M € Ny

N-—1
t
169 = 37 6l g g S 108 )L
=0 '
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for some M’ depending on N, M,m’. We estimate easily for any m’ € R,
t € (0,1) and j € Ny
! (t) j+m/
[n(t ')HMm’,M/ Snmr,m 17 and ||b—j||s;§;,M/ SdLamm’ MY AR
Let N € N such that #m — N < —n. We fix m’ < —n as close as we want

to —n. The properties of the pseudo-differential calculus and of the trace (see
Lemma 2.2) together with the estimates above imply for any ¢ > 0

tr(An(tL)) = ) (2227)!_‘&"51“ (op(aga agbﬁt;)) + O —RmEN),

jt+lal<N

We compute easily

tr (Op(0ga 920"))) = /Q o 000 dude
X n

J
— itk /

9¢a 02 (cj,knﬁ%) (wl)) dzde,
IxRn
We may write 9% (c;xnUt*(t61)) as a linear combination of
Frap tPnUTFFP) (101) over p = 0, ..., |a| where each function (z,&) = frip(z, &)
is in C°(Q2 x (R™\{0})) and (k + p)-homogeneous in &; in particular, fj is a

constant. Hence, tr (Op(dga Qg‘b(_t;) is a linear combination of

ke | ORa fiey nUTERR) (1)) dude,  0<k<j, 0<p<lal. (4.2)
.

Proceeding as in the proof of Proposition 4.2 and setting ma, j k,p = m — |a| +
k + p, (4.2) is equal for ¢ small enough to tj+k+p’(mkavp+")cm7|a‘JJW with
CmJal ik = Cmilal,jkp () X Cm,Jal,jkp(a) Where

du

“+o00 ]
Cm,lalgk,p(1) 7= / kP () ymassptn L
u=0 u

CmJal,j kp(@) == / O am fraply " dadg (€).
QxS§n—1
This shows that tr (op(aga 8§‘b(_tg)) is a multiple of #+@l=m=n_ and the ex-

pansion follows.

The constant term in the expansion corresponds to the terms in (4.2) with
j+k+p— (majrp +n) = 0. Integrations by parts show in this case
Cm,lalj.kp(M) = 0 vanishes unless j + k+ p = 0. Hence, the constant term cor-
responds to the termsin (4.2) with j =k =p=0=mq jrp+n=m—|a|+n,
but then in this case cm7|a‘1j7k7p(a) = 0 unless @ = 0 by Lemma 2.6. Therefore,
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the constant term corresponds to the terms in (4.2) with 0 = j = k = p =
|| = m — n. In other words, the constant term can only appear as the first
term in the expansion of Op(a—,%) which is given by Proposition 4.2 Part (3).
We observe that the constant ¢ jal kp(n) is a multiple of
erog n(u) um—lel=i+nds having integrated by parts repeatedly. Hence, the

on @n) )

m+n—j ' Cmn—j/

constant ¢,,4n—j in the expansion is of the form ¢ et

where Efszrnij, is (universal) linear combinations over |a| + j = j' of the

constants ¢, |q|,;,k,p(@) above and where

+oo
~(n) - mfj'Jrnd_u
Contn—jr : /u n(u) u —
This concludes the proof of Theorem 2.13.

4.3 PROOF OF COROLLARIES 2.15 AND 2.16

By routing arguments of localisation, it suffices to prove the case of an open
set 2 of R™.

Proof of Corollary 2.15 Part (1). Although the proof follows the same type of
arguments given in Section 4.2, here, we assume neither my = 1 nor £ > L.
However, it still suffices to consider symbols a of the form a(x, &) = am(x, )P (€)
where a,, € C®(Q x (R"\{0})) is m-homogeneous in § and compactly z-
supported, and the function ¢ € C*®(R") is given by ¥(§) = ¢¥1(|¢]) with
P1(s) =1 for s > 1 and ¢1(s) =0 for s < 1/2.

By Theorem 3.11 and Corollary 3.12 (see also Lemma 4.1), the symbol b(®) of
n(tL) is in S;"™° and admits an expansion b(*) ~ > b(fz with bét) = n(tlm,)
and more generally

J
b =3 et Ut (1e,,), j=0,12,
k=0
and for any m’ € R and M’ € Ny
N-1
t
169 = 37 6 gmomax o Svane Inlt M aers (43
=0 ‘
for some M" depending on N, M’ m’. We estimate easily for any M’ € Ny
18l grmamos ago Svarrzg I Magmoner, 5 =0,1,2. (44)
for some M"” € N, and

(IR YRR VIR VER A U] FVEE N VIR (4.5)
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The properties of the pseudo-differential calculus and of the trace (see Lemma
2.2) together with (4.3), (4.4) and (4.5) imply for any ¢ € (0,1)

2

r(AptL) = S tr (Aop(b&t;)) +O(t™)

Il
o

and for 7 =0,1,...,N — 1,

2~
tr (Aop(bﬁt})) = ¥ %tr (op(aga agbﬂt;)) +O®E™).
la|<N—j ’

Proceeding as in Section 4.2, tr (Op(ag‘a 8§‘b(_tg)) is a (universal) linear com-

bination of
I:(9¢a,m, j, k,p), over 0 <k <j, 0<p<]al,

where

Ii(a,n, j, k,p) == tITH+P /Q é Fe it Gthrpymo NUTFTP) (800,) ddE
>< n

1 ~ u 1 .
= ta+k+p/ (a f_j+(j+k+p)m0) <z, (tf ) ™o 5) n(JJrker) (u)x
Qx(0,+00)xSn—1 mo
X ( Y ) " dxﬂdc,
tlm, mou

having performed a change in polar coordinates (r,&) € (0,4+00) x S*~1 and
another change of variables u = tr™¢,, (z,£). An easy calculation yields:

m—|a|—j+n
molelin ) ma)

It(a?am;nvj; k,p) =t —m0 m—|a|—5Cal,j,kp’

where

m—|al—j—n .

=(m,a) — [ —mo —(i+k+p)

Clatibkr = |, %€am fitiiktpmobm dxds.
XSn—

n+m

As long as % +j+ k+p >0, we also obtain the estimates

|It(a?(a - a’m)a naja kap)l S Ctj+k+p

with

C Sasup{|[? TP 1 [N <27 max £}
Q' xsn—1

Combining the equalities and estimates above, tr (Op(@?a 8°‘b(t),)) is a (uni-

T =]
m=|al=j+n

versal) linear combination of ¢ —mo g Emaover 0 < k<,
m—|a|=j"lal.jk,p
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0 < p < |a| modulo an error term O(#/). Hence,

—mlaloion <n> /(a) m
A?] tﬁ Z Z —|a]— ]Cm |a]— ]+O(t 77)

J=0 |a|<N—j

/(a)

for some constants ¢’ Zlal- . However, the uniqueness of the asymptotic and
the case of compactly supported in (0, +00) in Theorem 2.13 yield c’( @) Clal-j =
~(a)

c . o

m—|a|—j

Proof of Corollary 2.15 Part (2). We consider a dyadic decomposition of
(0, +00), that is, 8y € C°(R) supported in [1/2,2] such that

YA>0 Y 0k(\) =1, where 0()):=0p(27FN).
kEZ

Let n € M™n(R). We have

VA0 () = iw(N)

kEZ

where
e(A) = (277N), (X)) = n(25A)0 (N).
Note that for every N7 € Ny

vkeNo  sup nlle < O 2 Inllagrn vy,
j=0,...,N1
with a constant Cl, independent of k € Ny or n € M™n. Since supp(ng) C
supp(fo) C [1/2,2] for any k € Z, the application of Theorem 2.13 to each
N € CX(R) gives for any ¢ € (0,1)

N-1
n+N

_min—j ; —m—
Jtr (Ank(tL)) = > congn—j(A,m)t” "m0 | <O sup ||t o

where the constant C' and the integer N1 € Ny depend N and the setting.
Furthermore,

(A _pmoitn (5 ~(A
Cm+n— J(A 77k) - C'E:Zi)n 7 fnJ)rnfj =2 o C'E:Zi)nfj 'EnJ)rnfj
m—j+4+n -

=2 mo Cm-i—n—j(AaT/k)a

so for any j € Ny

+

m—j+n
Z 2k mo Cm+n—j (A, T]k) = Cm+n—j (A) n)a
k=0
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min
when supp(n) C [1, +00) and f —o In(w)| umo du < o0. Under these hypothe-
ses, we may apply the estimate above to 27%¢ for every k € Ny. Summing up
over k € Ny, we obtain for all ¢ € (0,1)

mtn—j
|tr An t£ Z Cr+tn— J A 77 mo |

—m—ntN
< C'Cny [l vy Y 28 (270~ 0
keNg

The result follows when m, + (m +n — N)/mo < 0, and therefore for all
NeN. O

This concludes the proof of Corollary 2.15. We observe that its argument can
be pushed further to obtain the property in Corollary 2.16.

Proof of Corollary 2.16. By Theorem 2.13 and Lemma 3.7, we may assume
that supp(n) C [e¢, 1] for the constant ¢ = min(0, cq/). For such a function 7,
we have
In(t )| pgmr oy < € max [P | t™
Jj=0,...,N1

for some constant C' > 0 and integer N7 depending on m’ and N but not on 7.
Following the arguments of Theorem 2.13 and Corollary 2.15 gives the desired
property. O

4.4 PROOF OF THEOREM 2.18

This section is devoted to the proof of Theorem 2.18. Routine arguments of
localisation imply that it suffices to prove the case of an open set 2. Let
A e ¥ (Q2) withm € C, m € Z and m; := Rm > —n, and with a symbol
compactly z-supported in an open set £’ which is relatively compact in . Let
N € N denote the largest integer such that N > fm + n. Let n € CZ(R).
We understand tr(An(L£)) as in Lemma 4.1 and we may assume supp(n) C
[—¢, 1] because of Theorem 2.13 with ¢ = min(0,cq/). It suffices to consider
symbols a of the form a(z, &) = am(x, &)Y (§) where a,, € C(Q x (R™\{0}))
is m-homogeneous in ¢ and compactly z-supported in ', and the function
P € C°(R™) is given by (&) = ¥1(|€]) with ¢1(s) =1 for s > 1 and ¢1(s) =0
for s < 1/2.

4.4.1 CASE OF =1 NEAR O.

In this case, we modify the arguments given in the proof of Corollary 2.15.
Here, the semi-norms in 7 would not provide any decay in ¢t. However, since
17 = 1 near 0, we have for all m; > 0and N € N:

vte (0,1)  [[(n =) mm N SNmyp t™
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By Theorem 3.11 applied to 1 — 1, the symbol b*) of n(¢tL£) is smoothing and
admits an expansion b(*) ~ 37 ; b(_tz with bgt) = n(tly,) and more generally

J
0 =3 et Ut (20, G=0,1,2,....
k=0

Applying Theorem 3.11 to 7 — 1 implies that, for any m’ > 0 and N, M’ € N,
we have for all ¢ € (0,1):

N-1
t ’
169 = 37 60l gy o St 0= D Mg are S 7
=0

We fix m' > 0 small enough so that N > Rm + mem’ + n. A modification of
the proof of Corollary 2.15 Part (1) gives that

(27;7-()7'&‘ el ap(t mom’
a(AnL) = Y ot (op(a5 a & bﬂg)) +O(tmem),
jtlal<N
m—|al—j+n
and tr (Op(@?a ag‘b(fi)) is a linear combination of ¢~ —™o over 0 < k < 7,
0 < p < |a| modulo an error term O(t7). Let us study more closely the case of
j =0. For a # 0, we have:

||

tr (Op(@?a 85‘1)8”)) = / Oga Ogn(tly,) drdé = thlp(a)

QxR™

p=1
where
L(a) = / (02) fymo 1P (tmy) durd
QxR™
+oo u mo
=[] ) (o () €
axsn—1 Ju=0 g
(») u \™ du dxd
x ' (u) (tﬁmo) mou s(§).
_an\aH»anO+n
We compute easily that I, (a.,) is equal to ¢ ™o up to a finite constant
and that

m1—|a|+pmg+n

Qmotlmo U mo du
e[ [ () i () 2 e ()
Ixsn—1 Ju= mo

is identically 0 for ¢ € (0,¢o) with ¢y small enough. For oo = 0, we see

tr (Op(a b)) = /Q @(tln) dude,
>< n
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_min
and that [ o, @m 0(tln,) dedé is equal to ¢~ 0 up to a finite constant. We
are therefore led to analyse the error term

E, := /Qan (a — am) n(thy,) dxdE.

Recall that a = a,,. For each x € Q and ¢ € (0,1), the Fourier inversion
formula for tempered distribution implies

[ s =) @.6) 1(tt)(0.8) d = [ (= i 2)0) Frnlo) i (46)

having used the notation of Section 2.6.1 and set

Jra() == FH {n(tlmy (z,-))} (—).

The last integral in (4.6) tends to (ka,z — Ka,,,z)(0) = TR;(A) as t — 0 since
the function K4 — Ka,, o 1S continuous and bounded on R™ and (f; ) is a
Schwartz approximation of the identity in the sense that

Fraly) =70 fia(t™70y),  fre € SRY),
and
- fr,2(y)dy = n(lm,y(2,0)) = n(0) = 1.

One checks easily that each S(R")-semi-norm of f; , and the supremum norm
of Kq,z — Ka,, - are uniformly bounded with respect to x € ©'. Therefore, the
convergence of (4.6) to 0 is uniform with respect to = as t — 0 and we have

Bi= [ [ (e = b)) ferlo) dy d —si0 [ TRA(4) do = TR(A),

’

Theorem 2.18 in the case of n = 1 near 0 follows.

4.4.2 CASE OF m + kmg € Z FOR ALL k € N

We fix 79 € C°(R) valued in [0, 1] and such that g = 1 on supp(n). We denote
by N’ the integer of Corollary 2.16 Part (2) for N. We set 1y := n — pro where
p is the Taylor expansion of 1 of order IV, that is,

Nk
p(\) = an—(!m/\k-
k=0

Hence we can write
1N =M1 + pno,

with 7y € C°(R) satisfying the hypotheses of Corollary 2.16 Part (2) for V.
We see

_ o~ 1) 4
tr(An(tL)) = tr(Am (tL)) + o tH (AL o (L)),
k=0 ’
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The hypotheses on m allows us to apply the case already proved above for

every term in the sum over k. Theorem 2.18 in this case follows by linearity of
TR.

A PRroor orF THEOREM 3.11

This section is devoted to the proof of Theorem 3.11. We consider Setting 2.12.
We start with the construction of a parametrix for £ — z, thereby obtaining a
pseudo-differential expansion for the resolvent of £ with a precise behaviour in
z.

A.1 CONSTRUCTION OF A PARAMETRIX P,

We fix a cut-off function ¢ for the low frequencies, that is, ¢y € C*°(R™) with
$(§) =0 for [§] < 1/2 and (§) =1 for €] > 1.

LEMMA A.1. The symbol (£, — 2) " 11b given by (z,€) = (b (7,€) — 2) 7 10(€)
is in S, T (Qx R™). Furthermore, for any N € N, there exists C > 0 such that

loc

<z> N+1
Vz € C\R with [Sz] <2 [[(bmg — 2) M| g-mo y < C (—) .
loc

|32

Proof. Observing that

n -1 1 (2)
Ve CIR, Y@, € KXV [(fmo(0§)=2)'| € s

the statement follows from routine computations. O
We use the notation and result of Proposition 2.5. For each z € C\ R, we set
R, :=(L—-2) Opg ((fmo — z)_lz/z) — L

This defines an operator R, € \Ilgs(Q). Let us show that it is in fact of order
-1 and estimate the z-dependence of its semi-norms. We write

Rz = Rz + Rz I+ OP@(W),
where
RZ = Opg ((lmy — 2)¢) Opg ((gmo - 2)717/’) - Op<1>(1/}2)7
R. = (£ = Opg (mg1)) OPg ((bmy — 2)7100) .

Clearly, T — Opg(¢0?) € Wo0().  Let us analyse R.. The operator
L—~Opg (€my1)) is in U0 () as the difference of two operators in W7o (€2). How-
ever, modulo S;,2°(€ x R"), its symbol is £ — £,,,% which is in S;"07!(Q x R™).

loc
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Hence £ — Opg (€motp) € ¥0~1(Q). By Lemma A.1, Opg ((m, — 2) ') €
T, (Q) so S~1* € U 1(Q) with for any N € N

ps
1R:lly=1 v S £ = OPg (bny ) lhwrmo—1 v, [ Umo = 2) ™ Pllg=m0

Na+1
e
~ASz] ’
for some N, Ny independent of z € C\ R. For R., by Proposition 2.5 and
Lemma A.1,

IR:Nlw-1,5 S 0Pg (b = 2)0) [lwrmo n7 10Pa ((€my = 2)™14) lg=mo v

We have obtained that for any N € N, there exist C' = Cy > 0 and N’ =
N(’N) € N depending on N (as well as Setting 2.12, ¢ and ®) but not on
z € C\ R such that

ZN/+1
(2) )

RER

IRellar v < C (14

For t > 0 we set ¥4(§) = ¥(t§). We modify the argument of Lemma 2.1. For
any j,k, N € Ny, we have with some constants D 1 n

Vi€ (0,1)  Va€S (xR latullgitr y < Diunt*llallgoi v

loc

while the property of the pseudo-differential calculus implies that for any j, N €
N there exist C; v > 0 and N; 5 € N such that

VAW Q) A v < Cin(lAller v, )

If A= Op(a) and j € N then we denote by a*/ the symbol of A7 = Op(a™/)
with the convention that a#® =1 and A° = 1. We denote by r, the symbol of
R, = Op(r;). The previous estimates yield

43 (Mt
1P bellg—sx n < Djk NCiN C(Nj,m(l + Ni) " (A1)
toc REIREIE
Choosing a decreasing sequence (t;);jen C (0,1) such that

’ 7 .
DjanCin (Cony (150t <270 with j=k =N,

the series Z;;OS r#iiy, is absolutely convergent in S (€ x R™) and for all
Jo € N we have

(2) < jo and [92] > 1/jo = D #7050, <27,
i>Jo
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We now define
+oo ]
P, :=Opg ((€me — 2)"'¢) Opg | Y _ 1774y,
=0

By construction, for each z € C\ R,
P.eW;m and (L£—2)P.—1€ U,2(Q).

Moreover, the mapping z — P, is continuous, even holomorphic, from C\ R to
v,
The following technical lemma summarises the properties of P, we will need:

LEMMA A.2. 1. For each z € C\ R, the symbol p. € S,/ (2 x R™) of P,
admits an expansion
Pz~ sz,fmofj

Jj=20

where each P, _mo—j € Spgn° I(Q x R™) is of the form

loc

27

Pz,—mo—j § 72 1+k’

with each dji € SloéJrkm“ (Q x R™) being a symbol independent of z,

identically 0 for |§| < 1 and homogeneous of degree —j + kmyg in & for
|€] > 2; when j =0, doo is identically equal to 1 for |§| > 2.

2. Let f € M™(R) withm < —1. We construct an almost analytic extension
f as in Lemma 3.4. We can modify the sequence (t;) chosen above in such
a way that for every N € N, the integrals

of(z
1) = /@ LN p 1y oy L(d2),

R

8
19 /' TN P, = 5 Opaie gVl Lld2),

J<N

@ [10f@] .
IN E c |\yz| ”I (ﬁ )P ||\I/ NNL(dZ)

are finite.

Proof. By Proposition 2.5, the symbol r, admits the expansion r, ~ Zj>0 Ta—j
where

2im)~lel N _
T2—j = Z ( ol af ﬂmo—j’az (Emo - Z) 11/15
lel+4"=5
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so the symbol b, of B, = Opg (Z;OS r# ’L/th) admits an expansion of the form
b~ ijo b, —j with b, o =1 and for any j € N

J
bz = Z _zl—i—k’
o

where each d; , € SIOZJF (1+k)mo (2 xR"™) is homogeneous of degree —j+(1+k)mg

in ¢ for large |¢] and identically 0 for small |{|. Hence, the symbol p, admits
the expansion . pz,—m,—; with

(2i)~1el _

Pemoj = D 08 (g — )71 g,
o +5"=j

and it is therefore as described in the statement. Part (1) is proved.

Let us prove Part (2). We start with the following consequence of Lemmata

A.1 and 3.4 and estimates (A.1)

0f ()l ()™

c Sz Sz

||Tfj7/)t||slzyc'+k7M2 L(dz)
< Cj kv My ||f||Mm,2jN(’NjYM2)+j+2Ml+5tk7

for any j, k, M, My and for some constants C’ .My, M, 1E need be, we modify
the sequence (t;) so that it also satisfies

ety 0 Lf Lo, 25N{x, )+g+2Ml+5t <277 with j=k=M = M.

In this way, for every M7, My € Ny, the sum

3 / OFEN ™ i, e are L(d2)

Sz| |\SZ|M1
7>0

is finite.
Let us consider the integrals IJ(\}) for M € N. We have

Pzl g=mo,nr S N Emg = 2) gm0 ar, D Ir#700n, w0 ary
720

for some My, Ms. By Lemma A.1,

!
_ ()™
||(€m0 - Z) 11/1“5*'”0 M, 5 |SZ|]M{’

loc

SO

I(l) < | Z _ #7 d
Z |\SZ| |\YZ|M || ’l/)t ||‘I’0 M ( Z)v
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is finite.
We generalise this when considering I](;), M € N. Indeed, we have

247l _ = .
1.~ 3 B 0y [ 0ty — 27002 (3 r70,) | oo a

o] <M ' j=0

S o = 2) 7 W lw=mo,ar, D 1rF740n; w0 sy
i>0

Proceeding as above, the right hand side is integrable against |0f(2)|/|3z].
Note that

10Dy (98 (bmy — 2) ' OZTE ;) lg—mo-1 ar

S o = 2) " Dl wmo arg 10577 e, w20 sy

for some M/, M}, and this is integrable against |8 (z)|/|Sz|. Classical analysis

shows that the || - [|g—mo- 5, semi-norm of
(2im)~lo] L
S B0y | 8ty — ) 002(S_ 1#701,) | = 3 Oba (b=, o)
o< M j=0 J<M

is then bounded up to a constant by a finite sum of ()M /|Sz|M2 | which is
integrable against |0f(2)|/|Sz|. Hence I](\;) is finite.
Let us consider the integral IJ(\?), N € N. We decompose ||[I-(L—2)P;|g-~ n <
El,z + E21Z with

Bz = 1= (£ = 2)Opg ((lmo — 2) ") lly-» n

Es.. = Opg ((fmo - Z)_lw) OP@(ZTfjwtj) H\IJ*N,N-

7>0

Proceeding as above, we obtain

(¥
B, < (1 7)
e U g

for integers N1, No € N, and this is integrable against |8f(z)|/|3z|. For the
second expression, we see

Bae S ma =) Wllgoro g SN0 goxamo vy
§>0
and by Lemma A.1,

()™

"
|V

-1
s =2 o v, S o
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for some integer Ny, N5, N{' depending on N. Therefore, supposing N > |my],

10/(2)] |5f ()™
|SZ| E27Z Z |(\ |N” || #]thHS
]>0

loc’N, L(dz)

C

and our new assumption on the sequence (t;) implies that this is finite. There-
fore Iz(v) is finite and this concludes the proof. O

A.2 PROOF OF THEOREM 3.11

Let f € M™(R) with m < —1. We construct the operator P, as in Section
A1, and in particular as in Lemma A.2 Part (2). This allows us to consider
the expansion of its symbol p, ~ Zpopzﬁ,moﬂ- described in Lemma A.2 and
to define the operator

_ l/éf(z) P. L(dz) € W;m0(Q),
T Jc

For every j, N € Ny, the form of the symbols p, _,,,—; allows for the estimate

[P2,~mo— JHS moI N S Z lld;, k”s Jtkmo N”( mo =) 11/)||1+mo N
N+1 N+1)(25+1
_ (2) ( )+ (z) ( )(25+1)
~ Sz R¥1 ’

1 .
= [ 107 el s L)
C loc ’

so the integral

is finite. Hence, we can define the symbols apm,—; € S, I(Q x R") for
7=0,1,...via

1 _
Ammo—j = — | Of(2) Pa,—mo—j L(dz).
T Jc
Using Lemma 3.5, we can compute further

25

_\k
Ao —j —Zng —/af ﬁ =S dju %fw)(gm).

k=0

This shows that anm,—; is in fact in ;77" 77(Q x R") and also of the form

described in Part (1) of Theorem 3.11. The finiteness of the integral IJ(\?) for
each N € N in Lemma A.2 Part (2) implies that A — > . x Opg(amm,—j) is
in "0~ N(Q) for every N € N. Hence A € U7 (Q), and its symbol a admits
the expansions a ~ ijo Ammo—j -
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For each z € C\ R, let K, € C*°(Q2 x ) denote the integral kernel of (£ —
2)P, =1 € ¥ 2. For each y € Q, x — K.(z,y) is smooth and compactly
supported in 2. Lemma 3.7 gives

1

|2

1K=z, y)ll o~

loc

_ )1 <
H(‘C Z)x Kz(x’y)HHl]Z}:(Qm),N1 ~ (Q )N

A similar property holds also for = — 93(L — 2);'K.(z,y) = (£ —
2)y 18”‘K (z,y) for any o« € Nj and for y in a given compact of Q. This
implies the estimate
1
—1 -
||(£’7Z)z Kz(x7y>HHN2(Q XQy), N2 |3 |HK (SC y)H (Q xQy), N”

loc

for every No € N and for some N} depending on Na. Since (£—2); 1K, (x,y) is
the integral kernel of the operator P, — (£ — 2)~!, by Lemma 2.3, the operator
P, — (L — z)7! is smoothing and properly supported. Furthermore, it satisfies
for every N € N

[P. = (£L—2)""o-vn S ||(£ —2); Ka(zy HH (22 %Qy), N1
|C\ |HK (zy HH;Z?(QIXQy),Nz

M= (£ = 2)Q:llg-~" N+ »

I\YZI

for some N7, No, N’. All the implicit constants above are independent of z, so
by Lemma A.2, the integral

/C 0F () (£ =2)7" = P gw y L(dz)
0f(2)]

RE

1= (£ = 2)Pell g~ o L(d2),

~

is finite. This implies that the operator

1 == -1
_ ;/Cc’)f(z) (€ — 2" = P.) L(d2),

is smoothing. This concludes the proof of Theorem 3.11 Part (1). The rest of
the statement follows.
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