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1 INTRODUCTION

The purpose of this paper is to establish the explicit Ichino formula for twisted
triple product L-functions. As an application of our formula, we establish new
cases on the algebraicity of central critical values of certain class of automorphic
L-functions for GL(3) x GL(2) divided by the associated Deligne’s periods. To
begin with, let f and g be elliptic newforms of weights x’ and &, level I'o(N7)
and Ty (Ny), respectively. We let L(s, Sym?(g) ® f) be the motivic L-function
associated with Sym?(g) ® f. Recall we have the functional equation which
relates L(s, Sym?(g) ® f) and L(w +1—s,Sym?(g) ® f), where w = 2k + £’ — 3
(cf. see (7.1)). Put e = (—1)%'/2~1. Denote by Q}E the Shimura’s periods of f
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in [Shi77], and Qs 4 € C* be Deligne’s period of the tensor motive associated
to Sym?(g) ® f with sign e. Then

0 {(%ﬁﬁ-gw-—nl-ﬂf,fm; if 26 < i,
f.9 =

/ 1.1
(2my/—1)27r—" <g,g>29; if 2k > K. (1.1)

Here (f, f) and (g, g) are the Petersson norms of f and g, respectively. For o €
Aut(C), let f? and ¢g° be the Galois conjugates of f and g by o, respectively.
Our main result is as follows.

THEOREM A. (Cor. 7.1) Suppose that N1 and Na are square-free. For o €
Aut(C), we have

(L((w +1)/2,Sym’(g) ® f))a _ L{(w+1)/2,8ym*(g%) ® [7)
(2my/—1)3wtD)/2Q o (2my/—1)3(w+D/2Q 0 o

REMARK 1.1.

(1) The period Qf ¢ coincides with Deligne’s period for the motive attached
to Sym?(g)® f. Indeed, it is a direct consequence of the period calculation
due to Blasius in [Bla87].

(2) If the central value L(%/, f) is non-zero, then Theorem A follows from the
algebraicity of the central value L(“JTH, g®g® f) proved by Harris-Kudla
in [HK91].

(3) If Ny =1 and 2k > &/, then the above algebraicity result was obtained by
Ichino [Ich05, Corollary 2.6] via the explicit pullback formula for Saito-
Kurokawa lifts (N2 = 1 and k = /2 4+ 1) and by Xue (N2 = 1) using
a different but closely related approach [Xuel9]. The first author has
generalized Ichino’s pullback formula of Saito-Kurokawa lifts in [Chel9]
if Ny is furthter assumed to be odd and cubic-free.

Our result covers the remaining cases and thus settles down Deligne’s

conjecture for the central value of the L-functions for Sym? (9) ® f at
least when the levels of f and g are square-free.

(4) If 26 > Kk’ 4 4, then Sym?(g) ® f has a non-zero critical value
L(n,Sym?(g) ® f) such that n has the same parity with (w + 1)/2. In
this case, Theorem A also follows from the results of Garrett-Harris and
Januszewski in [GH93, Theorem 4.6] and [Janl8, Theorem A], respec-
tively, and the factorization of motivic L-functions

L(s,g®g® f) = L(s,Sym*(g) ® f)L (s —k+ 1, f).

We remark that Raghuram has proved the algebraicity of the central critical
values of the Rankin-Selberg L-functions attached to regular algebraic cuspidal
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automorphic representations on GL(n) x GL(n — 1) in a quite general setting
[Rag09]. His method is based on a cohomological interpretation of the Rankin-
Selberg zeta integral, and specializing the result of Raghuram to n = 3, one
also obtains the algebraicity of the central critical value of L(s, Sym? (9)® f)
divided by certain cohomological period for GL(3) x GL(2) in the case 2k > &'.
However, our result in this case is not covered by [Rag09] in the sense that the
periods in both results are quite different. More precisely, the periods in our
main theorem coincide with Deligne’s period described by Blasius in [Bla87]
while Raghuram uses the period p™(II) obtained from the comparison between
the rational structures defined by Whittaker models and relative Lie algebra
cohomology groups for GL(3) x GL(2) [Rag09, §3.2.1]. It seems a difficult prob-
lem to study directly the relation between Deligne’s period and Raghuram’s
cohomological period. Our result combined with the non-vanishing hypothesis
of central L-values would give a comparison between these two periods. In
the case 2k > k' + 4, the comparison of periods follows from the results of
Garrett-Harris and Januszewski (cf. Remark 1.1-(4)).

Our approach also offers the algebraicity of the central critical value of sym-
metric cube L-functions with the assumption on the non-vanishing of L-values
with cubic twist. Put

w=3k —3; €= (71)'“””//271.

Denote €25 g3 € C* be Deligne’s period of the motive associated to Sym?®(f)
with sign €. Then

Qf gyme = 20V =1)' = (V=D (f, £)(Q5)2. (1.2)

THEOREM B (Cor. 7.3). Suppose that N1 > 1 is square-free and there exist a
cubic Dirichlet character x such that L (%,, f® X) # 0. For o € Aut(C), we
have

L((w+1)/2,8ym*(£) " _ L{(w+1)/2, Sym* (7))
(2mV/=1)F1Q ¢ g oo 2rV=1)"+t1Q 0 gyms

The hypothesis on the non-vanishing of cubic twists of L-values is expected
to hold in general but seems unfortunately a far-reaching problem at this
moment. So far this hypothesis is only known to be satisfied for cuspidal
automorphic representations on GLa(A ) when Q(v/—3) C K in [BFHO05].

Combining with the results of Januszewski in [Janl6] and [Janl8], and Jiang-
Sun-Tian in [JST19], we obtain conditional results on Deligne’s conjecture for
arbitrary critical values with abelian twists.

THEOREM C (Cor. 7.2 and 7.4). For a Dirichlet character x, denote by G(x)
the Gauss sum associated to x.
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(1) Suppose that N1 and No are square-free, 2k > k', and L(wT'H, Sym?(g) ®
f) #0. Let n € Z be a critical integer for L(s,Sym*(g9) ® f) and x be a
Dirichlet character such that (—1)"x(—1) = €. For o € Aut(C), we have

(L(n, Sym?(g) ® f ® x))g _ L(n,Sym’(9”) ® f7 ® x7)
G(x)?(2my/ 1)y 4 G(x7)*(2my/=1)3"Qpo 4o

2) Suppose that N1 > 1 is square-free, L(%EL, Sym?®(f 0, and there exist
2
a cubic Dirichlet character x such that L (%, f® X) #£0. Let n € Z be

a critical integer for L(s,Sym>(f)) and p be a Dirichlet character such
that (—1)"u(—1) = €. For o € Aut(C), we have

L Sym*(Hep) \ __ LmSym*(f°) © u)
G(M)2(27T\/__1)2nﬂf,5ym3 G(,U,o')2(27'r\/—_1)2nﬂfgysym3 ’

REMARK 1.2. The algebraicity of the non-central critical wvalues of
L(s,Sym®(f)) was proved by Garrett-Harris in [GT93, Theorem 6.2]. In
particular, if " > 6, then Theorem C-(2) also follows from the results of
Garrett-Harris and Januszewski in [Janl6, Theorem A] and Jiang-Sun-Tian in
[JST19, Theorem 1.1].

Our proof of Theorem A is based on an explicit Ichino’s central value formula
for the twisted triple product L-functions. Let K be a real quadratic field and
let gk be the Hilbert modular newform over K associated to g obtained by the
base change lift. Let L(s,gx ® f) be the triple product L-function associated
to gk ® f. Let 7k be the quadratic Dirichlet character associated with K/Q.
From the following factorization of L-functions

L(s,gx ® f) = L(s,Sym*(g) ® )L (s — K + 1, f ® ),

one can deduce easily the algebraicity of L (“JTH, Sym? (9)® f ) (divided by the
associated Deligne’s period) from that of the central value L (WTH,gK ® f)

of the twisted triple product and that of the central value L (%/, f® TK) of

elliptic modular forms whenever L(’%, f®7K) does not vanish. The algebraicity
of critical L-values of elliptic modular forms with Dirichlet twists is a classical
result due to Shimura, so the main task is to choose a nice real quadratic
field K with L(%/, f ® 1K) # 0 and show the algebraicity of the central value
L(H gk ® f), for which one appeals to Ichinos’s formula in [Ich08]. More
precisely, if the global sign in the functional equation of the automorphic L-
function for the twisted triple product g ® f is +1, then Ichino’s formua alluded
to above asserts that there exists a quaternion algebra D over Q so that the
central critical value L (wT'H, I ® f) is the ratio between the square of the
global trilinear period integral of an automorphic form on D*(Ag) x D*(A)
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and a product of certain local zeta integrals. Taking into account the functional
equation and the Galois invariance of the global sign, we may assume the global
sign of Sym?(g) ® f is +1. Then by using a result of Friedberg and Hofffstein
[FH95], we can choose a real quadratic field K such that (i) L(%, f®71K) #0,
(ii) the sign of gx ® f is +1 and (iii) the quaternion algebra D in Ichino’s
formula is the matrix algebra (resp. a definite quaternion algebra) over Q in
the case 2k < K’ (resp. 2k > ' if we assume further that Ny > 1). To obtain
the explicit Ichino’s central value formula, we calculate the local period integral
at each place (Theorems 6.2 and 6.3) in terms of global period integral, and as
a consequence, we obtain the algebraicity of the central value L (WTH, g ® f )
(cf. Corollary 6.4) by a standard argument. In fact, we prove in Corollary
6.6 that the ratio between the central L-value of the twisted triple product
L-function and the Petersson norms is essentially a square in the Hecke field.

The idea of the proof for Theorem B is similar. Assume Y is a cubic Dirichlet
character such that L (%,, f® x) # 0. Let F be the totally real cubic Galois

extension over Q cut out by x and let fp be the Hilbert modular newform over
E associated to f via the base change lift. Consider the degree eight triple
product L-function L(s, fg) associated to fg. Then we have the factorization
of L-functions :

L(Sva) =L (S,Sym3(f)) L(S - K’I+ 15f®X)L(Si K/ + 15f®x2)

Thus the algebraicity of L (WTH, Sym? (f )) is a consequence of the algebraicity
of L (WTH, fE), which again can be deduced from the explicit Ichino central
value formula in this case.

This paper is organized as follows. We first study the local zeta integrals in
Ichino’s formula. In §2, we introduce the local zeta integrals and fix the test
vectors used in the subsequent local calculation. After recalling basic properties
of local matrix coefficients for GL(2) in §3, we carry out the calculations of
local zeta integrals in the cases of the matrix algebra and the division algebra
in 84 and §5, respectively. In particular, we compute the archimedean zeta
integrals explicitly. In §6, we recall Ichino’s central value formula and establish
its explicit version in Theorem 6.2 and Theorem 6.3. Finally, we prove our
main results in §7 as an application of the explicit central value formulae.
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2 LOCAL ZETA INTEGRALS

In this section, we setup the notation and assumptions for our local compu-
tations in §3 and §4. We also fix the test vectors, raising elements and define
the local zeta integrals which appear in our local calculation. These local zeta
integrals are used to establish explicit Ichino’s formulae in §6.

2.1 NOTATION AND ASSUMPTIONS

Let F' be a local field of characteristic zero. When F' is non-archimedean, denote
by O, wr and g, the valuation ring, a uniformizer and the cardinality of the
residue field of F', respectively. Moreover, let ordrp be the valuation on F
normalized so that ordp(wr) = 1, and let | - | be the absolute value on F
with |@wp|r = ¢z'. When F is archimedean, let | - |[g be the usual absolute
value on R and |z|c = 2Z on C. Let E be an étale cubic algebra over a local
field F. Then E is (i) F X F x F three copies of F, or (ii) K X F, where K is
a quadratic extension of F, or (iii) is a cubic field extension of F. Let D be a
quaternion algebra over F. If L is a F-algebra, let D*(L) := (D ®p L)*. Let
II be a unitary irreducible admissible representation of D*(E) whose central
character we assume to be trivial on F'*. Let II’ be the unitary irreducible
admissible representation of GLy(E) associated to IT via the Jacquet-Langlands
correspondence. Therefore [T’ = IT if D = M3 (F) is the matrix algebra. Notice
that I' =m RmaWa3 f E=FxFxF),or [I' =7 Xnx (if E=K x F),
where 7; (j = 1,2,3) and 7 are unitary irreducible admissible representations
of GLg(F'), and 7’ is a unitary irreducible admissible representation of GL2 (K).
We make the following assumptions on the triplet (F, E, IT) in the rest of this
section and §4, §5.

e When F' is archimedean, we assume FF =R and F =R x R x R.

e When F' = R, we assume II’ is a (limit of) discrete series with the
minimal weight k = (k1, k2, k3) and the central character Sgn* KSgn*? X
Segn® for some positive integers ki, ko, ks.

e When F is non-archimedean and 7 is a unitary irreducible admissible
generic representation of GLa(L), where L € {F,K,E} is a field, we
assume 7" is either spherical or is a unramified special representation.
Moreover, we assume 7' has trivial central character.

o We assume A(II') < 1/2, where A(II') is defined in [Ich08, pp. 284-285].
e We assume Hompx (p (11, C) # {0}.

There are some remarks.
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REMARK 2.1.

(1) By the results of Prasad [Pra90] and [Pra92], the space Hompx g)(/T, C)
has dimension at most one. When F' = R, it follows from [Pra90, Theo-
rem 9.5] that Hompxg)(/T,C) # {0} precisely when (i) D = Ma(R)
and 2max {ki, k2, ks} > ki1 + ko + ks, or (ii) D is the division alge-
bra and 2max {k1, ke, ks} < ki + k2 + k3. We call the first case the
unbalanced case, while the second case is called the balanced case. No-
tice that k1 + ko 4+ k3 = 0 (mod 2) by our assumption.

(2) Suppose L is a non-archimdean local field. By a unramified special repre-
sentation 7" of GLa(L) we mean 7" = Stz ® x, where Sty, is the Steinberg
representation of GLa(L), and x is a unramified character of L*. Note
that if 7’/ has trivial central character, then x is a quadratic character.

2.2 THE NEW LINE

Denote by Vi the representation space of I1. In what follows, we shall introduce
a special one-dimensional subspace in Vi, which is called the new line V¥ of
Vir . If F is non-archimedean and a is an ideal of Og, let

Uo(a) = {g - (‘CL Z) € GLo(On) | ¢ € a}.

Suppose that D = Ma(F). If F is non-archimedean, then by [Cas73], there is
a unique ideal ¢(IT) of O such that

dimg VD) — 1,

The ideal c(II) is called the conductor of II, and define the new line
vipew .= yHolelD) The conductor ¢(I7) is of the following form (i) C(II) =
(w%, @b, @$)Op when E = F x F x F; (i) C(II) = (w%,w%)Or when
E =K x F; (ili) C(II) = w%Op when E is a field. Note that our assumption
implies 0 < a,b,c < 1. If F = R, then £ = R X R x R according to our as-
sumption. In this case, the new line V;°V is defined to be the one-dimensional
subspace of the minimal weight under the SOy (E)-action.

Suppose that D is division. If F' is non-archimedean, and F # K x F, then
Vi is already one-dimensional according to our assumption. In this case, we
put Vi = V. When E = K X F, we have IT = 7/ X 7, where 7 (resp.
7') is a unitary irreducible admissible (resp. generic) representation of D* (F)
(resp. GL2(K)). Note that 7 is one-dimensional by our assumption. In this
case, we have Vi = V» ® V; and we define the new line Vj*" to be VIV ® V.
Of course V°" stands for the one-dimensional subspace spanned by the new
vector of 7', Finally, if F' = R and 2max {k1, k2, ks } < k1 + ko + k3, we define
the new line V;°V to be the one-dimensional subspace VI? R of Vir [Pra90,
Theorem 9.3].
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2.3 RAISING ELEMENTS

Let g = Lie(GL2(R)) ®&r C and i be the universal enveloping algebra of g. We
put Ug = URUR U Let

- 1 . 1 0 0 1 —

be the weight raising operator [JL70, Lemma 5.6]. Let 7p € GLy(F') be given

by
-1
0 if F =R,
T = 0 1 (2'1)

1 if F' is nonarchimedean.
Define a special element t € Uz x SO(2, E) or D*(E) attached to IT as follows:

o = R, D = MQ(F) and 2max{k1, k2, kg} Z kl + k2 + kg. Suppose that
ks = max {ki, k2, ks}. Then

 kg—ky—ko
t = <1®v+ 2 ®1,(1,1,¢R)) € Up x SO(2, B).

e F non-archimedean, F = F x F x F';, D = Ma(F), Il =7 Ky K7g and
precisely one of 7; is unramified special, say m:
w;l 0
t = 1, 0 1 ,1 EGLQ(F)XGLQ(F)XGLQ(F)

e F'non-archimedean, E = KX F, K/F isramified, D = My (F), I = 7'Kn
with 7’ spherical and 7 unramified special:

t = ((ﬁ? (1)) ,1) € GLy(K) x GLy(F).

e Fnon-archimedean, £ = K x F', K/F isramified, D = Ma(F), Il = «'Xnr
with 7/ unramified special and 7 spherical:

t = ((“UOF (1’) ,1) € GLy(K) x GLy(F).
e F non-archimedean, E ramified cubic extension, D = Ma(F), IT unram-

ified special:
-1
_(wg O
t= ( 0 1) S GLQ(E)

e For all other cases:
t=1€ D*(E).
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2.4  DEFINITION OF LOCAL ZETA INTEGRALS

We now define the local zeta integrals in our local computation except for the
balanced case, which will be defined by equation (5.6).
Let J € D*(FE) be given as follows:

7= (TR, ™R, TR) EGLQ(R)?) if F =R and D = Ma(R),
1 otherwise.

Let (r(s) denote the local zeta function. Therefore,
2(2m)75T(s) if K =C,
(r(s) =< n~%/’T(s/2) if K =R,
(1—gz)! if K is nonarchimedean,
where g is the cardinality of the residue field of ' when F' is non-archimedean.

DEFINITION 2.2. Fix a nonzero D* (FE)-invariant pairing B : Vir x Vi — C.
Let ¢;7 € VY be a non-zero vector in the new line. The normalized local zeta
integral is defined by

B B (I (ht)pm, I (t)dm)
Iar,e) = /FX\DX(F) Br(L(T)pm, o) o
_¢p(2) LI AQ)
T (e(2) L(/2,0,7)

Here the L-factors are defined in [Ich08, pp. 282-283].

I*(11,%) I(I1,t).

REMARK 2.3.

(1) Since the central character of IT is trivial on F'*, the integrals are well-
defined. Moreover, our assumption A(II') < 1/2 implies these integrals
converge absolutely [Ich08, lemma 2.1].

(2) We note that ¢ is unique up to a constant as well as Bz. Thus I(I1,t)
is independence of the choice of ¢;7 and B;. But it does depend on the
choice of the measure dh.

3 MATRIX COEFFICIENTS FOR GL(2)

Let I be either R or a non-archimdean local field. Let 7 be a unitary irreducible
admissible generic representation of GL2(F'). Define a non-zero element ¢, as
follows. When F' = R, let ¢, be a vector with minimal non-negative weight
under the SO(2)-action. When F is non-archimedean, let ¢, be a new vector.
Fix a non-zero GLq(F)-invariant bilinear pairing B,: 7 x # — C, where 7 is
the admissible dual of .
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DEFINITION 3.1. We define the matrix coefficient associate with an element

t €U x O(2) or t € GLy(F) by

By (m(ht)pr, T(t) D7)
B (m(TF)Pr, Pz)

Recall that 7p is given by (2.1). When t = 1, we simply denote ®,(h) for
D, (h;t).

I (h§ t) =

h e GLQ(F)

REMARK 3.2. Note that ®,(h;t) is independent of the choice of elements ¢,
and ¢z in the one dimensional subspaces of m and 7 which consisting of either
minimal non-negative weight elements or new vectors. Moreover, it is also
independent of B, and the models for which we used to realize m and 7.

3.1 A FORMULA OF ®,(h,t): THE ARCHIMEDEAN CASE

Let m be a (limit of) discrete series representation of GLy(R) with minimal
weight & > 1 and the central character sgn®. Note that m = #. Let 1) be
the additive character of R defined by ¥(z) = €2™V=1*. Let W(m,v) be the
Whittaker model of 7 with respect to ¥. Let B, : W(m,¥) x W(m, 1) — C be
the GLz(R)-invariant bilinear pairing given by

= w((§ (@ P o

for W, W' € W(r,1). Here d*t = |t|g"dt, and dt is the usual Lebesgue measure
on R.
Let W, € W(m, ) be the weight k element characterized by

W ((g (1))) = qse2ma. Ir,(a), a€R”. (3.2)
For each m € Zx>(, we put
W =p (V}r") W.
Here p denotes the right translation. In particular, we have W? = W,. We

note that W has weight £ + 2m. The following recursive formula can be
deduced from the proof of [JL70, Lemma 5.6]

Wt ((8 (1))) = 2a-%w,:” ((8 (1)))+(/<:+2m—47m)-W7T ((8 ?()))
3.3

LEMMA 3.3. We have
m a 0 m pm —2ma
wr 0 1 =2"P"(a)e Ir, (a),
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where P is the polynomial given by

moy N j(m\Tk+m) g,
Pr (a)_;(_m (j)m-a +,

Proof. This follows from (3.2), (3.3) and the induction on m. O
LEMMA 3.4. Leta € R* and x € R. Then

> (6 D6 1))

27k+2mﬁ7kr(k + m)? I (a) Z (72)i+j
i,5=0

s equal to

() () e e
Proof. By (3.1) and Lemma 3.3 we have
5 (o((0 1) (6 1)) e
Lo () ()

- 22m/ P (at) PP (—t)e 2 { -0V 0 g (at)Ig, (~t)d"t
R><

P (@) Y (—dm) @) <Zn) r(krikz’;r?(?/?ij) gy,

4,5=0
where
I = (71)§+i /OO tk+i+j€727r[(1fa)+\/jlx]td><t
0
= (05 (2r [(1—a) +vV=T2]) T ki 4 ).
This proves the lemma. O

LEMMA 3.5. Let N be a nonnegative integer. We have the following identity

N /N T(z+1) I(:) T(w—z+N)
Z(l)< >F(w+i) F(w—2) T(w+N)

1
i=0

for every z,w € C.
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Proof. This is [Tke98, Lemma 2.1].

LEMMA 3.6. We have
BWG((J ﬂ)wxwr):r“%me+mmm+n.

Proof. By Lemma 3.4 we have

> (o (o' 3)) )

et 50 (1) () ey

4,5=0

Applying Lemma 3.5, we find that

i( lﬂ( )(m) I'(k+1i+37)

= J) Dk+ )Tk +j)
' zm: ( ) T(k+i+j)
) 4 ) Tk +7)

(=1 (m) AT E e

This proves the lemma.
Combining the above results, we obtain the following corollary.

COROLLARY 3.7. Let m € Z>p, x € R and a € R*. We have

(1)
(5 9))
et o 5o (1) ()
L(k+i+j) (—a)zti
Tk +4)D(k+7) [(1—a)+v=Ta] kit
(2)

b ((g 316) ;TR) -2 (- a()_a)jﬁx}’“ )
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3.2 A FORMULA OF ®.(h,t): THE NON-ARCHIMEDEAN CASE

Let F be a non-archimdean local field. Let B(F) be the subgroup of upper
triangular matrices in GLy(F). Denote by Stp the Steinberg representation
of GLo(F'). Namely, Str is the unique irreducible subrepresentation in the
induced representation

GLo(F 1/2 —1/2
g2 AR,

GL2(F)

B(R) (|- |}»®]-|z") is spherical. Let a =

LEMMA 3.8. Suppose that m = Ind
|w|X. Then for n € Z, we have

n —|n|/2 _9 _
o ((=F O)) 2 a2 (g 1m0t 1-or!
0 1 1+q;1 1—a2 1—a?
Proof. This is Macdonald’s formula. For example, see [Bum98, Theorem
4.6.6]. O

LEMMA 3.9. Suppose m = Str ® x, where x is a unramified quadratic character
of F*. Then for n € Z, we have

o (%)) = x@ha
o (1 o) (F 1)) = xtmmiz .

Proof. See [GJ72, §7]. O

and

4 THE CALCULATION OF LOCAL ZETA INTEGRAL (I)

In this section, let D = My(F). We compute the normalized local zeta integral
I*(I1,t) in Definition 2.2.

4.1 HAAR MEASURES

If FF =R, let dx be the usual Lebesgue measure on R, and the Haar measure
d*x on R* is given by |z|g'd*z. The Haar measure dh on GLy(R) is given
by

dz dxd
_ e dedy
lzlr |y|R

1 z\(y O
0 1/\0 1
dx,dy,dz are the usual Lebesgue measures and dk is the Haar measure on
SO(2) such that Vol(SO(2),dk) = 2.

for h = 2 )kwithxeR,yeRX,zeRi,kGSO(Q), where
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If F' is non-archimedean, let dxr be the Haar measure on F' so that the total
volume of Op is equal to 1 and let d*x on F'* be the Haar measure on F'*
so that OF also has volume 1. On GLy(F'), we let dh be the Haar measure
determined by Vol (GL2(OF),dh) = 1.

The measure on the quotient space F*\GLy(F) is the unique quotient measure
induced from the measure dh on GL2(F') and the measure d*z on F'*.

4.2 'THE ARCHIMEDEAN CASE

Let 7; (j = 1,2, 3) be a (limit of) discrete series representation of GLy(R) with
minimal weight k; > 1 and central character sgn® such that

Qmax{kl, k2, kg} Z kl + k2 + kg.

We may assume k3 = max {k1, ke, ks} and let 2m = ks — k1 — ko for some
integer m > 0.

ProrosITION 4.1. We have
I* (I1,t) = 2k tha=hatl
Proof. Note that the L-factor given by

L(S,H,T) ch(s + (kg + ko + k1 —3)/2))(0(8-1— (/{33 — ko — k1 + 1)/2)

We proceed to compute I(I1,t). By definition

I(1,t) = / o, (h)®n, (h; Vf) &, (h;mr)dh
R*\GL2(R)

1\*" m
- <§> / ®ry (h) Py (15 VY") @y (s 7).
R*\GL2(R)

Put
®(h) = @r, (h)®r, (h; V") ®ry(h;TR), h € GL2(R).

We now focus our attention to compute the following integral:

I:= / & (h)dh.
R*\GL3(R)

Note that ®(h) is right SO(2)-invariant. By the choice of measure, we see that
the total volume of {£1}\SO(2) is 1, and it follows that

/ &(h)dh
R*\GLy(R)

Jodo 120G D) 6 2) (6 ) (0 2] e
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by the Iwasawa decomposition. Since ® (((1) T) (g (1))) vanishes when

a € R4, we find that

o X
I:/ d)(h)dh:// @((1 x)( “ 0)) a
R*\CL2(R) RJR; 0 1 U lalr

By Corollary 3.7, we have ® ((1 f) (a O)) is equal to 223 1‘(1122(7;;)1)2 times

0 0 1
m s (mY (m\ Tk +i+j)
Ir_(a) MZZO(—Q) + (l ) (j) [(ky + )T (ko + )
(—a)ka—mti "
X

(=)~ VTal[(1 —a) + V-T2
By (4.1) we have

[ — g2k (P2 T M)7 k2 +7” Z 9)iti ( > <m) Lkz +i+) L
= . . . 2,7
J) T(ka +0)T(ka+7)

=

where for 0 < 4,7 < m,

aks—m+i—1
d*ad
//R,+ 1+0J 11‘]k3[(1+a)+,/ 1$]k3 2m+1i+4j aazr

gks—m+i-1
N /R+ (1 4 a)2ks—2mitj—1 d*a
« / d:c' ‘
R [1 + =1 x]ks—2m+iti[l — /=T z]ks
_ o2~ (@ha—2mtitg) Dk —m+i— DT'(ks —m +j)
T(ks —2m + i+ 5)T(ks)

The last equality follows from the following lemma.

LEMMA 4.2. For |arg z| <7, 0 < Re(8) < Re(a), we have

[ e NG

w Gt T(a)

For Re(a+ ) > 1, we have

/ dz _yrams Dla+B-1)
r(1+vV=12)2(1 —v/—12)8 L(a)L(B)
Proof. These are [Tke98, Lemmas 2.4 and 2.5] O
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Thus we obtain

_ppiom Dk ) G iy (m (m
I=2% ['(k2)T(k3) i;()( S <’) <J>
D(ka+i+j)  T(ks—m+i—1(ks —m+ )

X
F(kg +’L)F(k/’2 +j) F(k/’3 —2m+i+j)

To simply the above expression of I, we need one more combinatorial identity
from [Orl87, Lemma 3].

LEMMA 4.3. Let N € Z>g and t,o,, 8 € C. Then

N /N\T({t+i) T(t+B8+a+N—1+1i)
F(O‘JFN);(_” (z’)r(aﬂ‘)' T2t + 5 +1)

= (—1)N :(t)F(t+ﬂ+oz+N—1).F(t+ﬂ+N). Dt —a+1)
a L(2t+B+N) T(t+p) T(t—-a-N+1)

Now we write

~otom Dlka +m) <& oy (m\ Plks —m+j)
L R ) 2 OR s

where

I' =T(ky +m) i(—ni

(m) D(ko +j+1i) T(ks —m—1+4)
=0

i [(ke+14) T(ks—2m+j+1)
Applying Lemma 4.3 to I’ with ¢t = ko + j, @ = ks and 8 = k3 — 2m — 2ky — j,
we find that

Dk +j)T(ks—m—1) T(ks—ko—m) T(j+1)
F(kg—?’l’b-i—j) F(kz3—k32—2m) l"(j—m—f—l)'

r=(-1m

It follows that
F(kg —m — 1)F(k2 + m)F(kl + m)
[ (k3)I (k)T (F1)

= i (m\ TA+j)
2 () mrw

Jj=0

I = (-1)m2*?my

Applying Lemma 3.5, we obtain

_ 22+2mﬂ_1"(k3 —m — 1)D(ke + m)T' (k1 + m)T'(m + 1)-

! T (e )T (ko )T ()
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Therefore we find that

I(I,t) = (8%)27”1

— 22—4mﬂ_1—2m

L(k3 —m — DI'(ke + m)T(k1 + m)I'(m + 1)
L(k1)E (ko)L (ks) ’

and the proposition follows. O

We deduce a consequence from Proposition 4.1. Let mj,mo be two non-
negative integers such that m; +mo = m. Put

T (f/f“ @V @1, (1, 1,7’R)) e iy x 02, E).

Then our original element t is tg ,,. Put

L(1,11,Ad)
CR(2)2L(1/2a H? T)

I (H3tm1,mz): I(H’tmlamz)’

where

I(Hvtml,mz) = /

o, (h; f/f‘l) o, (h; f/;"z) &, (h;mr)dh
R*\GL(R)

Then I* (I1,t) in Definition 2.2 is nothing but I* (II, o m).
COROLLARY 4.4. Notation is as above. We have

I" (II, by my) = I (11, 1)
for every non-negative integers my, mo such that mi + ms = m.

Proof. This is in fact an easy consequence form the multiplicity one result of
local trilinear forms, Proposition 4.1 together with the local Rankin-Selberg
integral. More precisely, let pg = | - grl)m and vy = | - g_kz)/ngnkz be two
characters of R*. Then 7y can be realized as the unique irreducible subrepre-
EI&ZL()R) (u2 X v2) which we denote by Indg%é()m(ﬂg X v5)p. For

every non-negative integer n, we let f' € Indg%ﬁ()m (12 W 12)o be the element

characterized by requiring

n cosf  sinf _ ilkat2n)0
2 —sinf  cos6 '

We have the following relation, which can be found in [JL70, Lemma 5.6 (iii)]

sentation of Ind

p (V) S, = 200k 4+ ) f2r.
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Inductively we find that
o (V£) fr, = clma,n, 0 f,
where

L(ka+n+0)

=9¢
e(mz,m. ) (ks + n)

(4.2)

for every ¢ > 0.
Let W : W(m, 1) B Ind5 @& (12 ®vs)o B W(ms, 1) — C be the local Rankin-
Selberg integral defined by

YW @ fa @ Ws) = / Wi(rg)Ws(9) f2(g)dyg,
RXN(R)\GL2(R)

for Wy € W(r1,¥), fo € IndG A" (2 B ua)o and Wi € W(ns, 1). Here

N{<(1) >1k> GGLQ}.

One check easily that this integral converges absolutely and certainly it defines
a GLz(R)-invariant trilinear form. From the multiplicity one result of such
trilinear form and the fact that I*(II,t) # 0, one can deduce that following
equality easily

2
I* (Hvtm17m2) — (c(ﬁ25m17m2)>2 14 (ngh ® 7?;2 ® p(TR)Wﬂ'd)
I+ (I, t) c(m2,0,m) U (Wa, @ fir @ p(TR) Wiy )

(4.3)
Recall that W = p (Vf) Wy, for every n > 0. Our task now is to compute

the ratio of these two Rankin-Selberg integrals. Since we can let my, my vary,
it suffices to compute the numerator. Applying Lemma 3.3 and Lemma 3.5,
we find that the numerator is

v (W @ £ ® p(rr) W)

_ my ((—a O —a 0 Lo
A (T E (T K

miy

— okitkgtm Z(_4”)jr(k1 +mq) (m1) /oo QIR 1 ama g,
= Lki+5) \3/)Jo

_ 2k1+k3+’m1 A7 1—%1—\ ki +m _1)d (ml) 2 .
(4m) (Fy 1);)( "\ C(k1 +4)
gy T (BHRER — 1) D(ky +ma + ma)
(ko + m2)
By letting m; = 0 and mo = m, we obtain the value of denominator. Combin-

ing with equation (4.2), we find that the right hand side of the equation (4.3)
is equal to 1. The corollary follows. o

= (71)m1 ok1+ks+my (47r)1
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4.3 'THE NON-ARCHIMEDEAN CASE

Let F be a non-archimedean local field. Write w = wp and ¢ = ¢ for
simplicity. Recall that we have assumed
Homgy, () (11, C) # {0} (4.4)

According to the results of Prasad [Pra90] and [Pra92] and our assumption on
II, (4.4) holds for the following cases. (i) Suppose F = F x F x F so that
II = m Wy Mg, Then (i-a) one of 1y, e, w3 is spherical; (i-b) m; = Stp @ Xx;
are unramified special representations for j = 1,2,3 with y1x2xs(w) = —1.
(ii) Suppose E = K x F so that IT = 7' K 7. Then (ii-a) 7 is spherical; (ii-b)
7’ is spherical, # = Strp ® x is a unramified special representation, K/F is
ramified and x(w) = —1; (ii-c) 7/ = Stxg ® X/, 7 = Str ® x are unramified
special representations, K/ F is ramified or K/F is unramified and x’'x(w) = 1.
(iii) Suppose E is a field. Then (iii-a) I is spherical; (iii-b) II = Stp ® x is a
unramified special representation with y(w) = —1.

We say that E is unramified over F' if either E = FXFXxF,or E = K xF, where
K is the unramified extension over F, or F is the unramified cubic extension
over F. The evaluation of I*(II,t) has been carried out in the following cases.

PROPOSITION 4.5.
(1) Suppose E/F is unramified and II is spherical. Then we have
I (I,t) = 1.

(2) Suppose E = F x F' x F and m; = Str ® x;, where x; are unramified
quadratic characters of F* for j =1,2,3. Then we have

I*(I1,t) =2¢"'(1+q71).

(8) Suppose E = F x F x F and one of w; (j = 1,2,3) is spherical and the
other two are unramified special. Then we have

I* (I1,t) = ¢ L.

Here I* (I, t) is defined in §2.4.

Proof. Part (1) is [Ich08, Lemma 2.2], (2) is in [II10, Section 7] and (3) is a
result of [Nelll, Lemma 4.4]. O

We proceed to compute [*(II,t) in the remaining cases. For & €
LY(F*\GLz2(F)) such that ®(khk') = ®(h) for every h € GLo(F) and
k, k' € Ko(w), where

Ko(w) = {<f§ Z) € GLa(Op) | c € wOF},
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we have the integration formula

/FX\GLZ(F) S(h)dh = (1+q) " > @ <<w0n ?)) o

nez
0 1 w™” 0 |n—1|
q
1 0 0 1

+(l+g 'Y @
neZ

PROPOSITION 4.6. Let = F'x F'x F'. Suppose one of 7; is unramified special

and the other two are spherical. Then we have

I"(I,t)=q¢ (1 +q YL

(4.5)

7 N

(cf. [IT10, Section 7]).

Proof. 1In this case, the L-factor is given by
L(s,T,7) = (1 — x(@)aBq " Y2) (1 — x(@)af tqg*~1/2)~!
x (1= x(@)a~ g2 T (1= x(@)a g

We continue to compute I(II,t). Assume 7 = Stp ® x for some unramified
quadratic character x of F'*, and
GLa(F Aj -
7y = Indg 257 (1Y - [7)

for j = 2,3. Let a = |w|}? and 8 = |w|}?. Then we have

I(II,t) = / o(h)dh,
F>X\GLy(F)

where

w0

B(h) = B, () Py (1) P, (h; < 0 1>) ., heGLy(F).

By (4.5), Lemma 3.8 and Lemma 3.9, we find that

I(I1,t)

=(1+ q)ln:ioo@ <<w0" ?)) g

e S D)

=(1+q97 " El J_r Zi; (1=a?¢ (1 —a?¢ A -2 H1 - 8%

x (1= x(@)aBg ) 11— x(@)ap~ g )"
x (1 —x(@a B H (1 — x(@w)a g g7

This completes the proof. o
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ProproSITION 4.7. Let E = K X F and 7 be a spherical representation of
GLy(F).

(1) If K/F is ramified and ' is spherical, then we have

I (I1,t) = 1.

(2) If ™’ is unramified special, then we have

¢t 14+q¢H2(1+q¢72) if K/F is unramified,
gt 14+qHt if K/F is ramified.

I (H,t):{

Proof. Let

GLo (F —
m=TInd5 A" (|- PR, 8=l

We begin with (1). Let

GLs(K ’ A\ ’
o =Indg O (1R, o= lwrlXs

For a non-negative integer n, let X,, be the image of

wn

GLs(Or) < ’ (1)) GLs(Or)

in F*\GL2(F). Note that

1 ifn=0
vol(X,, dh) = nne=
(1+q1) ifn>1.

By Lemma 3.8, we have

I(11,%)

- niio@w, ((won (1))) >, ((won (1))) vol(X,,, dh)

(1-a¢ (1 —a¢ A+ B A+ ¢/
(1 —a?Bq=1/2)(1 —a=2Bq=1/2)(1 — a?B~1q~1/2)(1 — a =257 q71/2)

Recall that the L-factor is given by

L(s,II,r)=(1—aBp®) "1 —ap™'p™®) (1 - Bp~*)"!
x(1L=B'p ) 'Q—a"Bp ) 1 —a g7 p) "N

This shows (1).
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Now we consider (2). Let 7’ = Stx®yx’ for some unramified quadratic character
x' of K*. Suppose K is unramified over F'. By definition

[(I,t) = / B, (h)Dy (h)dh.
FX\GLa(F)

Applying (4.5), Lemma 3.8 and Lemma 3.9,

Iy =049 Y c@re. (5 1) fm -

_(1-¢HA+¢?) (1-X(@ag )1 - X (@)a"'q"?)
(1+q71) (1 = X(@)agq3/2)(1 - X' (w)a~tq3/2)

Suppose K is ramified over F'. Similar calculations shows

_ (=g (- (A -a?q )
I(U,t) =4q (1 +q71) ’ (1 — a2q—3/2)(1 _ a—2q—3/2)'

Finally, if K/F is unramified, we have

Lo 1) = (1 + X (@)aq )" (1 = (@)ag )"
x (14X (@)a ¢ ) 1 = X (@)a" g,

while if K/F is ramified,
L(s,I,r)=(1-aqg ") '(1—a g7 7h
This shows (2) and our proof is complete. O

PROPOSITION 4.8. Let E = K X F and m = Stp ® x, where x is a unramified
quadratic character of F'*.

(1) If «' is spherical, x(w) = —1 and K/F is ramified, then we have

I* (I, t) =2¢'(1+q¢H L

(2) If 7" = Stk @ X/, where x' is an unramified quadratic character of K*,
then we have

I*(11,%)

_ 2711 +q¢ )1 +¢72) if K/F is unramified and x'x(w) = 1,
gt if K/F is ramified.

Proof. We first consider (1). By definition,

[(I,t) = / (h)dh,
FX\GL2(F)
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where - (h; (wé(l ?)) ®n(h), heGLy(F).

By (4.5), Lemma 3.8 and Lemma 3.9, we have

I(I1,t) = (1+¢) 7' (1 — x(w)) i X ()" @ ((wOn (1)))

n=—oo

P (1-q¢ ") (I+a?¢gH1+a 2!

1+q1)? (1-a?¢ )1 -a2¢ )

Notice that

L(s,II,r)

2263

= (1= x(@)a®q* 737 1 = x(@)a g T 1 = x(w)g )7

This shows (1).
Now we consider (2). By definition,

I(II,t) = / o(h)dh,
F>X\GLy(F)

B(h) = B (h)@r(h), h € GLy(F).

where

Suppose K is umramified over F. Applying (4.5), Lemma 3.9, we find that

I =0tg S (5 0)e"

n=—oo

et E4(0 (5 e

. (14 x'x(w)g™?)
(1 —x'x(w)q=2)

When K is ramified over F, a similar calculation shows that

=1+q) "1+ xXx())

2+ X x(@)g ™)
(1 —=x'x(w)q=2)

Note that the L-factor L(s, II,r) is equal to

(1= X'x(@)qg 32 (1 — g2

I"(II,t) =q

(1= x(@)g )7 (1 = x(w)g /)7

according to E/F is unramified or ramified. This proves the proposition.
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PROPOSITION 4.9. Let E is a field.
(1) If E/F is ramified and II is spherical, then we have

I*(I,t) =1

(2) If II = Sty ®x, where x is the non-trivial unramified quadratic character
of E*, then we have

27 14+ q¢ ) Y1 —q Y +q72) if E/F is unramified,
2¢ (1 +q¢7 1)t if E/F is ramified.

I(H,t):{

Proof. Suppose II is spherical and E/F is ramified. Let

GLo (E A
1 =Td5 " (|85, a=losl.
For a non-negative integer n, let X,, be the image of

wn

GLs(Or) < ’ (1)) GLs(Or)

in F*\GLy(F). Note that

1 if n =0,

Vol(X,,,dh) =
ol( ) {q”(l—l—q_l) ifn>1.

Applying Lemma 3.8,

I(I,t) = ni:o% ((won (1))) Vol(X,,, dh)

(1—¢H(1+ag V)1 +a g 1/?)
(1= 0% 51 —a 3 172)

Notice that
L(s,Ir)=(1—-a’p™*) "1 —ap™®) (1 —a 'p®) (1 —a?p*)~1.
This proves (2).

Suppose II = Sty ®x, where x is the non-trivial unramified quadratic character
of EX. If E/F is unramified,

[(I,t) = / ® 7 (h)dh.
FX\GL2(F)
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) Il

By (4.5) and Lemma 3.9, we obtain

=0 Y en(()

Bl
o Enll )

. ( + x(@)g~
(

=(1+q¢)7'(1—x(w) g

\_/\_/
Q
\_/

When E/F is ramified, similar calculations show

. 2¢7!
I (H,t): (1_’_71).

On the other hand, the L-factor L(s,II, ) is equal to
(1 - X(w)q—s—3/2)—1(1 + X(w)q_s_1/2 + q—25—1)—1
or

(1 — x(w)g*73/%)*

according to E/F is unramified or ramified. This completes the proof. O

5 THE CALCULATION OF LOCAL ZETA INTEGRAL (II)

The purpose of this section is to compute the normalized zeta integral I*(II,t)
in Definition 2.2 when D is a division algebra over F'.

5.1 HAAR MEASURES

Haar measures on F' and F'* are the same as in §4.1. We describe the choice
of Haar measures on D*(F). When F = R, let dh be the Haar measure on
D*(R) such that Vol(D*(R)/R*,dh/d*t) = 1, where d*t = |t|g"dt and dt is
the usual Lebesgue measure on R. When F' is non-archimedean, let Op be its
maximal compact subring. Then dh is chosen so that Vol (Og, dh) = 1.

In any cases, the measure on the quotient space F*\D*(F) is the unique
quotient measure induced from the measure dh on D*(F') and the measure
d*x on F*.

5.2 EMBEDDINGS

We fix various embeddings in this section. Following results depend on these
embeddings. When F = R, we embedded D(R) in M2(C) in the usual way.
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More precisely, we let

DR)=H= {(“B 2) € MQ(C)}.

When F is non-archimedean and E = K x F, we have D(E) = My(K) x D(F)
and we fix an embedding:

L2 D(F) — My(K),

o) ={ (5 ) laser}.

where x — Z is the non-trivial Galois action on x € K, and w is either w or
a unit u such that F(y/u) is the unramified extension over F, according to K
is unramified or ramified over F'. We then identify D(F) with its image under
the embedding ¢. The maximal order Op in D(F') is then

(2 Diwscor

w70101‘W*WKO
P=\w 0 P=\V 0 —wr)’

according to K is unramified or ramified over F. We have

so that

Let

FX\D*(F) = (05\0%) Uwp (05\0F). (5.1)

Note that
Vol(OI?\OlX), dh) =1,

according to our choice of measures.

5.3 THE ARCHIMEDEAN CASE

In this case, we have following realizations

(”jvvﬂj) = (pkj’[’kj(c))
for j =1,2,3, where

£ (0) = o X

nj:O

and
pi, (9)P(X;,Y;) = P((X;,Y;)g)det(g) ™/*71,
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for g € D*(R) and P(X};,Y;) € Ly,;—2(C). The representation space of II is
given by

Vit = L1, (C) ® L, (C) ® L, (C). (5.2)
Recall the new line V¥ in this case is the one-dimensional subspace fixed by

D*(R). This is a consequence of the uniqueness of the trilinear form [Pra92,
Theorem 9.3]. Let Py, be the distinguished vector in V" defined by

k3 K} k3
_ X1 X3\7° Xy X3\ X3 Xi)\°7
P = det (Y1 Yg) ® det (Y2 Y, ® det Y, v (5.3)
Wherek3 (/f1+k2—/€3— /2, kzi‘:(k2+/<:3—k1—2)/2andk§:(k1+k3—
ko —2)/2. Its clear that Py is non-zero and invariant by D*(R). Therefore,
we have

VY = C - Py,
Let (, )&, be the D*(R)-invariant bilinear pairing on L, 2(C) defined by

<XnJY —2—n; Xm]Y —2— mj>k

J

-1
kj —2
) (=)™ ( J ) if nj4+m; =k; — 2, (5.4)
nj

0 ifnj+mj7ékjf2

for 0 < nj,m; < k; —2. Let (, ) be the D*(E)-invariant pairing on V7 given
by
(= (ke @G ke @ s (5:5)

In this case, the normalized local zeta integral I*(I1,t) in Definition 2.2 is equal

o Cr(2) L(LIT Ad)

¢e(2) L(1/2.1'r

where IT’ is the Jacquet-Langlands lift of IT to GLQ (R). We proceed to compute
the value (Py, Pr)i. Let £ be the linear map

I*(1,t) =

“(Pi, P, (5.6)

0oV VDR mew UHM):/ [ (h)vdh.
RX\DX(R)

Since ¢(Py) = Py # 0, we have ¢ # 0 and hence surjective. We have the
following equality

(P, Pr)i - (€(v1), €(v2))k = (v1, Pr)r - (va, P (5.7)
for every vi,ve € V.

PRroprPoOSITION 5.1. We have

(k1 = 1)(ka = 1)(k3 — 1)
472 '

I* (I, t) =
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Proof. Note that the L-factor is given by

L(s, I1,7) = Cc(s + (k1 + k2 + k3 — 3)/2))Cc(s + (k1 + k2 + k3 — 1)/2)
X Ge(s+ (k1 — k2 + k3 —1)/2)Cc(s + (k1 + k2 — k3 — 1)/2)).

In view of (5.6), it suffices to show that

D(ky + k5 + k3 +2)0 (kT + D)I'(k3 + DI(K5 + 1)

P, P
(Pr, Py) U(ki + k3 + D)D(k; + k3 + DD(k3 + k3 + 1)

I~

By direct computation, we have

ki ks k3

_ KX\ (RS (K3 | (ke hs kD) — (n14natns)
Pe=> > > (nl) (n2) (n3)( 1) s

n1=0n9=0n3=0

kgfnngng kg +no—ns3 kg +ni1—ns3 kffnlJrng k:’lkf’n,1+’n2 k; +n1—n2
X X Yy ® Xy Yy ® X Yy :

The coefficient in front of the vector v; := XM =2 @ yf2=2 g X;ff ng; in the
expression of P}, is equal to (—1)¥1+*2. On the other hand, the coefficient in

front of the vector vy := Y 2@ X272 ® X;f; ngI is (—1)%s. Tt follows that

* * -2
<1)1, PE>E' <’02, PE>E _ (71)kf+k§+k§ . <'Ul, v2>z _ (71)k{+k;‘+k§ (lﬁ + k2) )

ki

(5.8)

On the other hand, we have
(o tloa= [ ()0 v
RX\D*(R)
Note that
R*\D*(R) = {£1}\SU(2),

We parametrize u = <aﬂ g) € SU(2) by setting a = cosf - €' and =

sinf - e’X with 0 < 6 < 7/2 and 0 < ¢, x < 2. For ® € L'(SU(2)), we have

1 27 2m z
/ Q(u)du = 5— / / / D(0,0,x) -sin20 df dp dx. (5.9)
SU(2) 27 Jo 0 0

Our choice of the Haar measure on R*\D*(R) implies the total volume of
SU(2) is equal to 2.

DOCUMENTA MATHEMATICA 24 (2019) 2241-2297



ON DELIGNE’S CONJECTURE FOR GL(3) x GL(2) AND GL(4) 2269

Let u = (aﬂ_ g) € SU(2). By (5.9), we have

/ (T (h)oy, v3) dh
RX\D*(R)

* * -1
= (—1)REERS ki + k3
k3

ki ,
~ (kXN (k3 (—1) Kk S =51 a1
X Z( .1> < .2> —/ la] g 57| Bl du
= \J J 2 Jsue)

. k1Y (F2
Bk i)\
1 . 2 -1 j—
ki > ;O( )(k{+k;+k§>
J

= (—1)FFR R ke k4 1) 7 <

Using (5.7), (5.8) and the equation above, we obtain

s L G0
k;+k;>i(_1)]— J) \J
ki )= <ki‘+k3‘+k§)
J

1

Gy ANy iy

_ * * * 1 1 2 1 2 3
-7 (M8 (SEEER)

= (RN (R kR 4k —
—1)7 [ ™2 1 2 3
N P () ()

 D(Ef + RS+ DAY + k3 + DI (k3 + k3 +1)
T(ky + k3 +k3+2)0(ky + DD(k3 + DI(k3 + 1)

(P Py’ = (K + k5 + k5 + 1) (

The last equality follows from Lemma 5.2 below. This completes the proof of
Proposition 5.1. O

LEMMA 5.2. Let a,b and n be non-negative integers. Suppose a > n. Then we
have .
Cife) (atb+n—3\ _ (b+n
Z( 1) <j> < otb =" ) (5.10)
7=0
Proof. Consider the generating function

a

Z(,l)j <;L> (14 X)*Hb+n—i = xo(1 4 X)o+n,

Jj=0

The lemma follows at once when one compares the coefficients of the term
Xt on both sides. O
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5.4 THE NON-ARCHIMEDEAN CASE

Let F' be a non-archimedean local field and D is the quaternion division algebra
over F'. Recall that we have assumed Hompx (I, C) # {0}. Then by the results
of Prasad [Pra90], [Pra92] and our assumption on II, this happens precisely
for the cases being considered in the following proposition.

PROPOSITION 5.3. Let vp : D* — Gy, be the reduced norm of D.

(1) Let E=F x F x F. If mj = x; ovp, where x; is a unramified quadratic
character of F* with x1x2xs(w) = 1. Then we have

I*(I,t) =2(1 —¢7')?
(2) Let E = K X F and m = x ovp, where x is a unramified quadratic
character of F*. Then we have
I*(11,t)
1 if © is spherical and K/F is unramified,
=<2 if ' is spherical, x(w) =1 and K/F is ramified
2(1+q¢2%) ifn’ =St ® X with X'x(w) = —1.
Here X' is a unramified quadratic character of K*.

(3) Let E be a field. If IT is the trivial character of D*(FE), then we have

I*(I,t) = 20+q ' +q72) if E/F is unramified,
’ if E/F is ramified.

Here I* (I, t) is the local zeta integral in Definition 2.2.
Proof. We first treat (1). Since x1x2xs3(w) = 1, we have

I(II,t) = /FX\DX(F) x1x2X3(vp(h))dh = Vol(F*\D*(F), dh) = 2.

The L-factor is

—s—1/2 —5—3/2)—1

L(s, IT',r) = (1 = xix2x3(@)q )72(1 = x1x2x3(@)q

where [T’ is the Jacquet-Langlands lift of IT to GLy(F'). This shows (1).
We proceed to show (2). Suppose 7’ is spherical. then by Lemma 3.8 and (5.1),
we find that

(11, %)
_ / ® () (h)dh = 1+ ®p (wp) y ()
FX\D*(F)

A+ ) A+ x(@)ag )1+ x(w)atg™t) if K/F is unramified,
2 if K/F is ramified.
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Suppose 1’ = Stx ® x’. In this case,
I(11,t) = / P (R)m(h)dh =1+ @ (wp)x(w) = (1 - x'x(@)) = 2.
FX\DX(F)

Here we use Lemma 3.9 and the observation that OF is contained in the Iwa-
hori subgroup of GLo(K). The L-factors are given in Proposition 4.7 and
Proposition 4.8. This shows (2).

For the case (3), we have

I(I1,t) = Vol (F*\D*(F),dh) = 2.

The L-factors are given in Proposition 4.9. This completes the proof. O

6 EXPLICIT CENTRAL VALUE FORMULAE AND ALGEBRAICITY FOR TRIPLE
PRODUCT

The purpose of this section is to give explicit central value formulae for the
triple product L-functions by combining Ichino’s formula [Ich08, Theorem 1.1
and Remark 1.3] with the local calculations in the previous sections. We use
these formulae to prove the algebraicity of the central values.

Since the work of Garrett [Gar87], special values of triple product L-functions
have been studied extensively by many people such as Orloff [Or]87], Satoh
[Sat87], Harris and Kudla [HK91], Garrett and Harris [GH93], Gross and Kudla
[GK92], Bocherer and Schulze-Pillot [BSP96], Furusawa and Morimoto [FM14],
[FM16].

6.1 NOTATION

We fix some notations here. If F is a number field, let Op be its ring of integers,
Dr be its absolute discriminant, and hgr be its class number. Let A be the
ring of adeles of Q and 7= Hp Z,, be the profinite completion of Z. We will
denote by v a place of Q and by p a finite prime of Q. If R is a Q-algebra, let
Ar=AR®qRand R, = R®q Q,. For an abelian group M, let M = M ®zZ.
We fix an additive character ¢ = [, ¥, : Q\A — C* defined by 1o (z) =
e>™ =17 for z € R, and 1, (x) = e 2™V for z € Zp~').

6.2 MODULAR FORMS AND AUTOMOPRHIC FORMS

We briefly review the definitions of modular forms and automorphic forms on
certain quaternion algebras, and we write down an explicit correspondence
between them. We follow the exposition of [Shi81, section 1], but with some
modifications, so that it will be suitable for our application here.

We first introduce some notations. Let d > 1 be an integer and % be the
d-fold product of the upper half complex plane §). Let GLJ (R) be the identity
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connect component of GLy(R). If d = 1, we let h € GLJ (R) act on z € § and
we define the factor J(h,z) by

az+b
cz+d’

J(h, 2) = det(g) "2 (cz + d) h:(‘cl Z)

In general, we let GL3 (R)? acting on $¢ component-wise. If k = (ki,...,kq) €

Z¢, we put
d

J(h 2 = [ [ 3(hs )"
j=1
for h = (h1,...,hq) € GLF(R)? and 2z = (21,...,24) € HL. Let C®(H) be
the space of C-valued smooth functions on ). Let k£ be an integer. Recall the
Maass-Shimura differential operators d; and £ on C*°(£)) are given by

) ! <(’) + i ) and ¢ ! 29 Im(z)
= [ — - n = — — = Im(z
* 2my/—1 \ 0z  2¢/—1y 27r\/—1y PER

(cf. [Hid93, page 310]). If m > 0 is an integer, we put 6} = 0x12m—2 - - - Sk+20%.
In general, if k = (ki,...,kq), m = (m1,...,mq) € Z¢ with m; > 0 for
1 <j <d, welet §;" and ™ be given by

(Sﬁﬂ:((s;c?laaézsd) a'nd Em:(eml""7€md)7

and acting on f € C*®(H9) coordinate-wise.

Let F be a totally real number field over Q with degree d = [F': Q]. Let Ap
be the ring of adeles of F' and F be its finite part. Let Xp := Homgq(F, C) and
$H>F be the d-fold product of §. Let D be a quaternion algebra over F. Let
G = D* viewed as an algebraic group defined over F. For any F-algebra L,
G(L) = (D®p L)*. We assume D is either totally indefinite or totally definite.
In other words, we assume either G(Fy) = GLa(R)*F or G(Fy) = (H*)®F,
where H is the Hamiltonian quaternion algebra.

6.2.1 THE TOTALLY INDEFINITE CASE

Let k = (ko)oesp,m = (My)oes, € Z*F with k, > 0 and m, > 0 for all
0 € Lp. The zero and the identity element Z*¥# will be denoted by 0 and
1, respectively. Let U C G(ﬁ ) be an open compact subgroup. We assume
vp(U) = @}Xp, where vp is the reduced norm of D and we extend it to a map
on D®p F in an obvious way.

We assume that D is totally indefinite. Denote by N,Lm] (D, F;U) the space of
functions f : H=F x G(F) — C such that f(z,ahu) = f(z, h) for z € $>F and
(a,h,u) € F* x G(F) x U, and we require for each h € G(F), the function
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fn(2) :== f(z,h) € C=(H*F) is slowly increasing and e+ f, = 0, and satisfies
the following automorphy condition:

fn(y-2)J(1,2) ™8 = fulz), v € GIF) N (G (Fx) x hURTY), (6.1)

where G (F.) is the identity connect component of G(Fy). We put
Nu(D, F;U) = UgN{™ (D, F;U). Notice that if f € Ny(D,F;U), then

60 f € Niggom(D, F;U) (cf. [Hid93, page 312]). Assume D = M is the matrix
algebra. Let n C O be an ideal. Put

Ko@) = {<Z Z) € GLy(OF) | c € ﬁ}.

Then N,LQ] (Mg, F'; Ko(n)) = My(Ms, F; Ko(n)) is the space of holomorphic
Hilbert modular forms of F' of weight k and level n. Let Sg(Ma, F; Ko(n)) be
the subspace of holomorphic cusp forms in My(Ma, F'; Ko(n)).

We also define a subspace of automorphic forms on G(Af) as follows. Let
k and U be as above. We identify U and G(F) with subgroups of G(Ar)
in an obvious way. Let Ag(D, F;U) be the space of automorphic forms f :
G(Ar) = C (cf. [BJ79, section 4]) such that

fayhk(O)u) = £(h)eYEL k0= ko0,

oEX R

for a € A;‘a v e G(F)v UAS U, Q = (90)662F7 k(o) = (k’(oa'))UEEF with

k(6,) = < cosf, sin90> .

—sinf, cosf,

Denote by Ag(D, F;U) the subspace of cusp forms in Ay (D, F;U).

Suppose F = Q. Let Vi : Ar(D, F;U) = Agi2(D, F;U) be the normalized
weight raising/lowing elements ([JL.70, page 165]) given by

Vi = f% <[(1) 01] 1+ [(1) (1)] ®\/_1) € Lie(GLy(R)) ®g C.

In general, we have Vi* : Ay(D,F;U) — Apiom(D,F;U), where V{* =
(V{"),ex, acts on the archimedean component of f € Ay (D, F; U) coordinate-
wisely.

We write down an explicit correspondence between the spaces Ny (D, F';U) and

Ai(D,F;U). Fix a set of representatives {z1,--- , x5} for the double cosets
G(F)\G(AF)/G*(Fx)U. Then

G(Ap) =", G(F)z;Gt (Fo)U
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is a disjoint union. We may assume every archimedean component of z; is one
for 1 < j <r, and we regard x; as elements in G(F'). For each f € N(D, F;U),
we define &(f) € Ag(D, F;U) the adelic lift of f by the formulae

¢(f)(’yxjhoou) = fz](hoo - i)J(hooai)_Ea i = (\/__L e ;\/__1) S fJEFa
(v € G(F), heo € GT(Fy), uc U, 1<j<h).

Conversely, we can recover f form &(f) by setting
f(z,h) = B(f)(hooh)J (hoo, 1)E,  hoo € GH(Fs) with heo -1 = 2.

The weight raising/lowering operators are the adelic version of the Maass-
Shimura differential operators §* and e on the space of automorphic forms.
More precisely, one checks that

VED(f) = S(6f) and VEP(f) = d(e™f). (6.2)
In particular, f is holomorphic if and only if f/}@( fy=0.

6.2.2 D IS TOTALLY DEFINITE

Let k = (ky)oexn, and U be as above. We assume that D is totally definite
and k, > 2 for all 0 € Xp. We identify G(Fy) with (H*)®F C GLy(C)**.
Let (pk, , Lk, (C)) be the (k, —1)-dimensional irreducible representation of H*,
and (-, ), be the bilinear pairing on L (C) defined in §5.3, respectively. We
form an irreducible representation (pg, Lx(C)) of G(Fx) by setting

ok = Roesppr, and  L(C) = Qpes, Ly, (C).

Then (-, }x = Qpexp (s )k, defines a bilinear pairing on L (C).
Let My(D, F;U) be the space of Li(C)-valued atomorphic forms of type pg,
which consists of functions f : G(Ar) — L;x(C) such that

Flayhhosu) = pi(hoo) ™ f(R),
(ae A, ye€G(F), hoo € G(Fx), ucU)
Let A(G(AF)) be the space of C-valued automorphic forms on G(Ap) (cf.

[BJ79, section 4]). For v € L;(C) and f € Mg(D, F;U), we define a function
(v f): G(F)\G(Ar) — C by

D(v e f)(h) = (v, f(h)e-

Then the map v — &(v @ f) gives rise to a G(Fx)-equivalent morphism
L(C) — A(G(AFR)) for every f € My(D,F;U). Let Ax(D,F;U) the sub-
space of A(G(AF)), consisting of functions ¢(v ® f) : G(Ap) — C for
v € Li(C) and f € My(D, F;U).

DOCUMENTA MATHEMATICA 24 (2019) 2241-2297



ON DELIGNE’S CONJECTURE FOR GL(3) x GL(2) AND GL(4) 2275

More generally, suppose F' = Fy X --- X F;., where F} are totally real number
fields. Let D be a quaternion Q-algebra and put Dr, = D®qF}, Dr = DRqF'.

Let U; C Gj (ﬁ]) be open compact subgroups, where G; := DIX;], viewed as an
algebraic group defined over Fj. Let k; € Z7%i be sets of positive integers.
Puw U = (Uy,...,U,) and k = (ky,...,k,). If D is totally definite, we define

ME(DvF; U) = ®;:1Mkj(DFjaFj;U]')a
A&(D,F; U) = ®;:1Aﬁj (DFj,Fj;U_j)-

If D is totally indefinite, similar definitions apply to the spaces N, im] (D, F;U)
and Ax(D, F;U). B

6.3 GLOBAL SETTINGS

Let E be an étale cubic Q-algebra. Then E is (i) Q x Q x Q three copies of
Q, or (ii) F' x Q, where F is a quadratic extension of Q, or (iii) F is a field.
Let O be the maximal order in E and let Dg be the absolute discriminant of
E. Put

3 ifE=QxQxQ,
c=1<¢2 ifE=FxQ, (6.3)

1 if F is a cubic extension of Q.

Here F is a quadratic extension over Q. We assume
Ex=EFE®qR=ZR xR xR. (6.4)

In particular, F' is a real quadratic extension over Q, and FE is a real cubic
extension over Q if it is a field.

Let n C Op be an ideal. We have n = (N1Z, N2Z,N3Z) or n = (np, NZ)
according to E = QxQxQ or E = F'xQ, respectively. Here N;, N (j =1,2,3)
are positive integers and ng is an ideal of Op. Let k = (k1, k2, k3) be a triple
of positive even integers with k; > 2 for j = 1,2,3. We put

w =k + ko + k3 — 3. (65)

Let fg € My(Ms, E; Ko(n)) be a normalized Hilbert newform of weight k and
level Ko(n) (cf. [Shi78, page 652]). More precisely, if £ = Q x Q x Q, then
fB = f1® f2® f3, where f; € Sg; (M, Q;KO(N]Z)) is a normalized newform
of weight k; and level KO(Nji). On the other hand, if £ = F x Q, then
e =g9r® f, where gr € Sg, k,)(Ma, F; Ky(nr)) is a normalized Hilbert new-
form of weight (ki,k;) and level Ko(Rp), and f € Si, (M, Q; Ko(NZ)) is a
normalized newform of weight ks and level Ko(NZ). Let fz = ®(fg) be its
adelic lift to Ag(Ma, F; Ko(n)). Let IT be the unitary irreducible cuspidal au-
tomorphic representation of GL2(A ) generated by fg. By the tensor product
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theorem [Fla79], IT = ®! II,, where II, are irreducible admissible representa-
tions of GLz2(E,). We define the L-function and e-factor associated to II and
r as product of local L-factors and e-factors. That is, we put

L(s,,r) = HL(S,HU,TU) and €(s, II,r) = He(s,ﬂv,rv,wv).

Note that L(s, IT,r) is holomorphic at s = 1/2.

Ichino’s formula relates the period integrals of triple products of certain auto-
morphic forms on quaternion algebras along the diagonal cycles and the central
values of triple L-functions. To describe the choice of the quaternion algebra,
we define the local root number ¢(I1,) € {£1} associated to II, for each place
v by the following condition

e(Il,) = 1 < Hom, (II,,,C) # {0},

where * = GL2(Q)) or (g, K) according to v = p or v = oo, respectively. By
the results of Prasad in [Pra90, Theorem 1.4] and [Pra92, Theorem D], we have

1
G(HU) =€ (53 H’Uarv) XKv/FU(_l)a

where K, is the quadratic discriminant algebra of E,/F, and xk, /F, 18 the
quadratic character associated with K, /F, by the local class field theory. De-
fine the global root number e(IT) associated to II by

() == [ [ e(11).

v

Notice that €(II,) = 1 for almost all v by the results of [Pra90, Theorem 1.2]
and [Pra92, Theorem BJ.

In this paragraph, we assume the global root number €(II) is equal to 1. By
this assumption, there is a unique quaternion Q-algebra D such that D, is the
division Q,-algebra if and only if €(II,) = —1. Applying [Pra90, Theorem 1.2]
and [Pra92, Theorem B], we see that the Jacquet-Langlands lift I1P = ! I1,”
of IT to D*(Ap) exists, where II” is a unitary irreducible admissible repre-
sentation of D*(FE,). Moreover, by the way we chose D, the following local
root number condition is satisfied:

1 if D, is the matrix algebra,
e(l,) = { —1 if D, is the division algebra. (6.6)
Let ¥p be the ramification set of D and 25300) C X p be the subset without the
infinite place. For each v ¢ ¥ p, we fix an isomorphism ¢, : M2(Q,) = D®q Qo
once and for all. Let Op be the maximal order of D such that D ®z Z, =
tp(M2(Zy)) for all p ¢ p. If R is a Q-algebra, we put D(R) := D ®q R. We
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introduce following three sets of places of Q:

Yy={v|E, = Q, x Qyx Qu},
Yo =A{v| E, 2 K, X Qy, for some quadratic extension K, of Q,}, (6.7)

%1 = {v | E, is a cubic extension of Q,}.

Note that by our assumption, we have oo € 33. Also for every p ¢ Xp, the map
tp induces isomorphisms D(E,) = My (E,) and Op ®z O, = M3(Og, ), where
Og, is the maximal order of E,. For v ¢ Yo N Xp, the canonical diagonal
embedding Q, — E, induces a diagonal embedding D, < D(E,). On the
other hand, for each p € ¥3NXp, we choose an isomorphism D(K)) = My (K,)
so that the embedding D, — D(E,) = My(K,) x D, is the identity map in
the second coordinate, and is given by the one in §5.2 for the first coordinate.
In any case, we identify D, as subalgebras of D(E,) via these embeddings.
Suppose F is a field, we note that the finite ramification sets Esjo?l):) and ES??E)
of D(F) and D(E) are given by

ES?;) = {p C Op prime ideal | p divides p for some p € X3NEp},

n(e) {p C Of prime ideal | p divides p for some p € (X, UX35)NEp}.

D(B) —
We put
N= T »» 2= 11 » 9%= ] » (6.8)
pex® PESH PESFTL)

Recall that n is an ideal in O and n = Hp n, is the closure of n in E. In the
following, we further assume that

n is square-free. (6.9)

More precisely, we assume Ny, No and N3 are square-free integers if £ = Q X
QxQandng C Op, N € Z are square-free if £ = F x Q. Let

M= 1] » (6.10)

pINE(n)

If L > 0 is an integer coprime to N~, we denote by R} the standard Eichler
order of level L contained in Op. Similar notation is used to indicate the
standard Eichler orders of D(F') and D(FE). We define the order Ryyp of D(E)
by

R§V1/N* XR?\@/N* XR?V;;,/N* ifE=QxQxQ,
Ryp = R;F/m; xRﬁv/N, ifE=FxQ,
! . .
Rn/mg if F is a field.

We mention that the divisibility of each ideals appeared in the definition of
Rpp follows from the results of [Pra90] and [Pra92]. We also define an order
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Ryryn- of D, which is a twist of the standard Eichler order R, /N More
precisely, for p such that p € ¥g 2 with p | Dg and nOp, = wk,Ok, X Z,, we

require
0 1o
Ryyn- ®z Zy = (g 1) Ko(p) (po 1) :

Notice that these are precisely the places p so that E, = K, x Q, with K,,/Q,,
is unramified, and HpD = II, = m, X, where 7, (resp. m,) is a special
(unramified) representation of GLa(K),) (resp. GL2(Qj)).

To describe our formula, we need a notation. Let v(II) be the number of
prime p such that

e pc s, I, =m,XRm, X3, and 7, are special representations of
GL2(Q,p) for j =1,2,3.

e p€ Xy, I, =m, K m, and 7, (vesp. mp) is a special representation of
GL2(K,) (resp. GL2(Qp)).

e p € Yy, K,/Q, is ramified, I, = 7, X7, and m, (resp. 7,) is a un-
ramified representation (resp. special representation) of GLo(K)) (resp.

GL2(Qp))-

e p € Xy and II, is a special representation of GLa(E,).

6.4 UNBALANCED CASE

Assume €(IT) = 1 and €(Il,) = 1 in this section. We assume without loss of
generality that k3 = max {k1, k2, ks}. Then e¢(Il,) = 1 implies k3 > k1 + k.
In this case, we have

D*(Ey) = GLy(R) x GLy(R) x GLy(R) and 1P =11,

is the discrete series representation of D*(E+) of minimal weight k and trivial
central character. Let A(D*(Ag)) be the space of C-valued automorphic
forms on D*(Ag) and let A(D*(Ag))gp be the underlying space of II” in
A(D*(AEg)). Put

Ai(D, E; RS )ITP) = A(D, E; R ) N AD* (AR)) o
By the multiplicity one theorem and the theory of newform, we have
A(D, E; Ry p)[IT7) = CER,

for some non-zero element fZ € I10.
Let ff € Nw(D,E;R},) so that &(fF) = ff. We define the norm

<fED,f£>ﬁ>< of f£ as follows. Fix a set of representatives {z1,---,z,} for
1D
the double cosets D*(E)\D*(Ag)/D*(Ex)tR};p, where D*(Ey)" is the
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three-fold product of GLJ (R). We may assume every archimedean component
of x; is one for 1 < j <r. Let

Fj:DX(E)ﬂ(DX(E) x 2 R0 —1), 1<j<r

The functions fgzj : $% — C satisfy the automorphy condition (6.1) for
v €T';. We define

R P Z / VB (PG ),

Here z = (21, 20,23) € H°, Im(2)E = lel Im(z)** | and the measure du(z)
on $? is given by

3
=[vi deedye (20 =20 +iye, 1<0<3),

where dx¢ and dy, are the usual Lebesgue measures on R.. Clearly, (7, f£) 5
1D

is independent of the choice of the set {z1,---,x,}. Similarly, we can define

the norm <fE; fE>Ko(ﬁ) of fg.
On the other hand, the Petersson norms of fz and f2 are given by

Ifz(h)|*dh and / I£5 (h)|?dh,
A

/A,EGLQ(E)\GLZ(AE) 5D*(E)\D*(AE)

where dh are the Tamagawa measures on A;\GLa(Ag) and AZ\D*(Ag),
respectively. By [IP18, Lemma 6.1 and Lemma 6.3], we have

<fE; fE>K0('ﬁ) =hg [GLQ(@E) : Ko(a)} D%‘/2§E(2)

" / £ (h)|2dh,
A% GLZ (B)\GL] (Ax)
D D _ A . D 3/2
(B [B)Rx, = Do [O&E) : RED} Dy Ce(2) (6.11)
<x[[e-v J] -1 [ @*+p+1)
p|N— PEXINEp PEX3NEp,p3||M

X / f2 (h)[dh.
A D*(E)\D* (Ag)

Here hg := ﬁ(EX\AE/EOXO@E) is the class number of E. We mention that
dh = D¢ (2)7

< [[e-v" I -2 JI @*+p+17"

p|N— PEX3NEp pEXINZp,p3||M

X Hdhv,
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where dh is the Tamagawa measures on Ax\D*(Ag) and dh, is the Haar
measure on EJ\D*(E,) defined in §4.1 and §5.1 for each place v of Q.

LEMMA 6.1. We have
(fe. fB)Ko(m) = 2~ M1 P2 Rt e 3 gD NE (n) - L(1, 1T, Ad),
where ¢ is given by (6.3).
Proof. By specializing the formula in [Wal85, Proposition 6], we have
/ £z (h)|>dh
A GLa(E)\ CLa(Ar)

— gkt ()DL YA NE (v) [GLa(Op) s Ko(R)| - L(1, 1T, Ad).
The lemma follows form combining this with the equation (6.11). O

For each place v, let t, € D*(E,) be the element defined in §2.3 for II” and
put t = @uty, t = @pty. Recall N~ =[] 5, pand M = Hp‘Ng(n) p. Let

En- = DX(@Q)N (DX(R)* x Ry ) < SLa(R), (6.12)
which is a Fuchsian group of the first kind. Remember that ks > ki + ko. Set
2m:k3—k1—k2.

Recall that v(IT) is the non-negative integer defined in the last paragraph
of §6.3.
Let
(£5)" (h) = £ (h7oe)
for h € D*(Ag), where

(Y6 o

Since ITP is unitary and self-contragredient, we have IT7 =2 TP ~ 1P where
IIP is the conjugate representation of 7. The multiplicity one theorem then
implies (fZ)* € II”. By the theory of newform, there exists a non-zero constant
« such that f2 = o - (f2)* for all h € D*(Ag). Since ((f5)*)* = f£, we see
that aa = 1. It follows that we can always normalize fZ such that f2 = (f2)*.

THEOREM 6.2.
(1) Suppose £F is normalized so that f5 = (f2)*. We have

2
(/ (1®6m @ 1) fE((2 2 —?),ﬁ)yk32dwdy>
b Nﬁ\yj

M/

_ 2—2k3+u(n)—2MD];1/2 L

<f£af5>§><D 1
BB L(2 )

(fe, fE) Ko (®)
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(2) The central value is non-negative, that is

1
L (5,]7,7") > 0.

Proof. We first prove that the central values are non-negative. By our nor-
malization, we have

£2 (W€D (h7oe)dh = 2 (h)|* dh.

/A;Dx@)\m(AE) /A,EDX(E>\DX<AE>

On the other hand, since AdTr (V.. ) = V; —2y/—1I3 and IT” has trivial central
character, we also have

/ T2 (t oo ) f2 (ht)dh = / T2 (tooToo )£5 (ht)dh
AXD*\D*(A) AXDx*\DX(A)

= / ITD (t 0 )R (ht)dh.
AxDX\Dx*(A)

On the other hand, by Ichino’s formula [Ich08, Theorem 1.1 and Remark 1.3])
and the choices of the Haar measures in §4.1 and §5.1, we find that

(fAXDX\Dx(A) HD(t>f£(h)dh)2
£ (MER (hoo)dh

(6.13)
fA XD*X(E)\DX(Ag) E

) 2Cplz_v[(p b Cgcf((;))2 1/?7115 HI* (11,7, ) (6.14)

where ¢ is given by (6.3). Since L(1, IT, Ad) > 0 by Lemma 6.1 and I*(I1,, t,) >
0 for all v by our results in the previous sections, we see immediately that
assertion (2) holds.

To drive our formula, we note that from (6.2) and the definition of t.., the
function ITP(t)fL is the adelic lift of the automorphic function

(21,22, 23), h) = (1@ 0, @ 1) 5 (21, 22, —73), ht)
for (21, 22, 23), h) € H3 x GLy(E). Applying lemmas 6.1 and 6.3 in [[P18], we

obtain
2
/ TP (t)fE (h)dh
AXD*\D*(A)

=@ [ a+» [ -

p|M/N~ p|N~

2
X </ (18 1) fF (2,2, Z),f:)ykSdedy> .
roo\%

M/N

The formula then follows from combining this with Lemma 6.1 and our results
for I*(IIP,t,) in §4 and §5. O
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6.5 BALANCED CASE
Assume €(II) = 1 and €(Il,) = —1 in this section. We have
D*(Ex) =H* xH* x H* and (II2, Vo) = (px, L(C)).
Let A(D*(Ag))p be the underlying space of IT” in A(D*(Ag)) and put
Ap(D, B; Ry ,)[ITP) = Ay(D, E; Ry p) N A(D*(Ag)) o

By the multiplicity one theorem and the theory of newform, there exists a
unique (up to constants) non-zero element f£ € My(D,E;R},) such that
the map v — &(v ® f£) defines a D*(E.,)-isomorphism form L;(C) onto
Ai(D, E; R} ) [ITP]. Let Py, € Lx(C) be the H*-fixed element given by (5.3).
We put f2 = (P, ® f£). Then its immediately form the definition that fZ
is right H*-invariant.

To state our central value formula for the balanced case, we need some nota-
tions. Let Cl(Rpp) and Cl(Rp/n-) be sets of representatives of

EXD*(E\D*(E)/ R and Q*D*(Q\D*(@Q)/R y -
respectively. Let I, be finite sets defined by
(DX(E) NE*aR%, orl) JEX or (DX(Q) NQ*a R}y n orl) /Q%,
according to a € Cl(Rpzp) or a € Cl(Ry/n- ), respectively. We put
1
JE IRz, = D R fE (@)
aECl(RnD)

For each place v, let t, € D*(E,) be the element defined in §2.3 for II” and
put t = ®,t,. Recall that M = HP|N<§(") p and that v(IT) is the non-negative
integer defined in the last paragraph of §6.3.

THEOREM 6.3.

(1) We have

1
F(f}?(at)a Py
a€Cl(Ry ) @

_ <f£a fED>I’%>< 1
_ 2*(k1+k2+k3+1)+V(H)MDE1/2 <f f > _ b r < > .
B, [E) Ko ()

(2) The central value is non-negative, that is

1
L (5,]7,7") > 0.
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Proof. (1) By Lemmas 6.1 and 6.3 in [IP18], we have

> e PO =5 I aen [Je-1)

O‘ECI(RJM/Nf) p|M/N~ pIN~—

X / £2 (ht)dh,
AXD*(Q)\D* (A)

where dh is the Tamagawa measure on A*\D*(A). On the other hand, ap-
plying same lemmas, we obtain

—6_— 3/2 3
<fg,fg>§;D =2""n 3hEDE/ [OE(E) HD:|

< [[e-1 J] ®-17? 11 (P’ +p+1)

p|N— pEXINEp pEX3NTp,p3||M

% e (2) / (R (), FR (1) b,
AZD*(E)\D*(Ag)

where dh is the Tamagawa measure on A% \D*(Ag). Schur’s orthogonal rela-
tion implies

(Pr, Pr)i
(k1 — 1) (k2 — 1)(k3 — 1)

(FE(h), FE(h))rdh.

/ £2(h)ER (h)dh =
AXD*(E)\D*(Ag)

<],
AZDX(E)\D*(Ap)

The measure dh on the RHS of the equation above is also the Tamagawa mea-
sure on A\D*(Ag). By Ichino’s formula [Ich08, Theorem 1.1 and Remark
1.3 ] and the choices of Haar measures in §4.1 and §5.1, we find that

(Jax o @np=ca) (ht)dh)

fAXDx( )\Dx(AE)fD(h)fD(h)dh
3—cq—1 -1, (2) 1/2 I,r * D
=23 [ @ 1HAdHIHt

p|N~—

Here the constant c is given by (6.3). The central value formula follows from
the equations above together with Lemma 6.1 and the results for I*(IIP,t,)
in §4 and §5.

To prove (2), it suffices to show that the ratio

(fAXDX( Q\Dx(a) 1B fD(ht)dh)
ngDX(E)\DX(AE)OCE (h), fg(h»kdh
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is non-negative. To do this we consider (f5)*(h) = f8(h7) for h € D*(AE),

where
(5 D e

The function (fZ)* satisfy the same conditions as fZ. By the uniqueness,

there exists a non-zero constant « such that f2(h) = « - fB(h7s) for all
h € D*(AEg). On one hand, we have

(fE(ht), Py)pdh = a/ (fE(ht1), Py xdh

/AXDX(Q)\DX(A) AXDX(Q)\D* (A)

(fR(nt), Py)ydh.

o- /
AXDX(Q)\D*(A)
On the other hand, recall that
Hae(v,w) = (v, 12 (o)) v,w € L(C),
defines an D*(FEo )-invariant Hermitian pairing on Viip. We have

/ (PR ). £B (1)
AL DX (E)\D*(Ag)

—a | THON TS
AL DX (E)\D*(AR)

—a | Ha(F2(h), £2 (h))dh.
AXD*(E)\D*(Ag)

This finishes the proof. O

6.6 ALGEBRAICITY OF THE CENTRAL CRITICAL VALUE

Now we apply Theorems 6.2 and 6.3 to prove the algebraicity of the central
critical values of the triple product L-functions. We keep the notations in §6.3.
When €(IT) =1 and €(Il,) = 1 (resp. €(llo) = —1), we will follow the setting
in §6.4 (resp. §6.5). We define the motivic triple product L-function and its
associated completed L-function for fg by

L(s, fr,r) = I;IL (sf %,Hp,rp) and A(s, fg,r)=1L (s— %,H,r).

Here w is given by (6.5).

When e(I7) = 1 and e(Il) = 1, we assume that ks > ki + k2 and F =
K x Q with K = Q x Q or K is a real quadratic extension of Q. Then
N = (le,NQZ), N3 = N and JK = fl ®f2, f3 = f when K = Q X Q In

any case, we have

fe=g9gxk®f and n=(ng,NZ).
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Define the Petersson norm of f by
U= [ AP Ry, =)
To(N)\$

Here dx, dy are the usual Lebesgue measures on R.
The first corollary to Theorems 6.2 and 6.3 is the Galois-equivariant property
of the central L-value.

COROLLARY 6.4. Let 0 € Aut(C).
(1) Assume €(II,) = 1 for all places v. We have

g

Llw+1)/2,fp,r) | _  Llw+1)/2.fg)
D}E/27T2k3 {f, f>12“0(N) D}E/27r2k3 <f07f0>12“0(N)

(2) Assume e(IT) =1 and e(Ilx) = —1. We have

< L((w+1)/2, fp.7) ) L((w+1)/2, f§7)
D

}3/27rw+2<fE,fE>Ko(ﬁ) D}n;/27fw+2<fg,f§>l(o(ﬁ)

(3) Assume e(IT) = —1. We have
L (wTH,fE,T) ~ 0.

Proof. By the Galois equivariance property for the local Langlands correspon-
dence [Hen01, §7] and I1Z = I, we have e(II,) = e(II7) for all o € Aut(C).
First we assume €(II,) = 1 for all v. Then D = Ma. Let ¢ : $ — 92 be the
diagonal embedding z — (z,z). The GL2(Q,) component of t, € GLa(K}) X
GL2(Q,) is equal to 1 for all p. Thus we may view t as an element in GLs (IA()
Note that (1 ® 6;’;)/)(‘8)9;( is a nearly holomorphic Hilbert modular form over

K of weight (ky, ks +2m), where p denote the right translation of GLy(K). Let

(1@ 0)p(t)gr)(2) = (1@ 67)p()gr (2, 2),1)

be its pullback along ¢ at the identity cusp. Then it is a nearly holomorphic
modular form of weight k3 and level T'o(M). We consider the period integral
(" (1@ 67 )gK), f) defined by

(10 07)p()g), f) = / (08 T )Ty,

where z = = 4 1y and dzx,dy are the usual Lebesgue measures on R. Let
o € Aut(C). By our normalization of g, we have

(1@ a5)p(k)gr))” = (1@ 07)p(t)gR)-
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Since *((1® 5Z)p(f:)gK) is nearly holomorphic and f is a newform, by [Stu80,
Theorem 4] and [Shi76], we have

(L@ amp®gr) £\ (@ (@@ 5)pb)gR)). £)
(f, F)re(v) (f7, f7)rovy

In particular, we have (¢*((1® 5g)p(f)g;(), f) € R. Note that

(1@ 0, @ Dp(t)fe((z,2,-2),1) = (1 ® 653)p(t)gx) (1) f (2).

By Theorem 6.2, we have

(1 (5,?;)/)(%)91(), f)? _ 2—2k3—1+u(H)MA((w +1)/2, fE,T)_
F o) DL )2

The assertion then follows from applying o to both sides and applying our
central value formula to the left hand side again.
Assume ¢(IT) = 1 and ¢(Il) = —1. Put

2

(18, Pr)k = > %(fg(at)apﬁﬁ

a€Cl(Ry n-)

Since the equation above only evaluate at the finite adeles and we are consid-
ering the ratios, we have

o

g Pk _  ((F2)" . Prs
(B fE ), (FB)P, (FB)P )R,

for all o € Aut(C). The assertion then follows from Theorem 6.3.
Finally, assume €(I) = —1. By the results of [HK04] and [PSP08], we have

w+1
LPSR (TafEar) = 0)

where Lpsg (8, fg, r) is the triple product L-function associated with fz defined
by the integral representation in [PSR87] and [Tke89]. On the other hand, by
Theorem D in [CCI19], we have

L(s, fg,r) = Lpsr(s, fe,7).
This completes the proof. o

REMARK 6.5. We can also prove the algebraicity of the central value when
€(II) = 1 and €(Il) = 1 (see Corollary 6.6). However, to prove the Galois-
equivariant property, one needs to refine the results of Harris in [Har93, Lemma
2.5.5] and [Har94, Theorem 1].
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The following corollary is a refinement of the results of Harris-Kudla in [HK91,
Theorems 11.6 and 12.4]. We prove that the ratio between the central L-value
and the Petersson norms is essentially a square in the Hecke field Q(IT) of II.

COROLLARY 6.6. Assume e(II) = 1 and fE is Q(II)-arithmetic in the sense
described in [HK91] and [Har93]. Let Q(II) be the Hecke field of II and S, €
C* defined by

o B Ko@) f g2 o
<f1?,f5>§XD (f, Doy ifelllc) =1,

([E, fE>Z(0(ﬁ)

2 \r=1D1/?

QfE =

ol +v() pr=1p1/2 if e(Il) = —1.

We have
L((w+1)/2, fg,7)
Qs

Proof. First we assume €(II) = 1 and €(Ilw) = 1. Since f2 is Q(II)-
arithmetic, one can show that (fZ2)* is also Q(II)-arithmetic by the arith-
meticity criterion [HK91, Theorem 14.7]. As Q(II) is totally real, we deduce
that f2 = £(f2)*. If f2 = —(f2)*, then it follows from Theorem 6.2-(2) and
(6.13) that L((w + 1)/2, fg,r) = 0. Therefore, we assume fZ2 = (f£)*. Let 7
be the irreducible unitary cuspidal automorphic representation of GLa(A) gen-
erated by the adelic lift of f and 7P its Jacquet-Langlands lift to D*(A).
Let f? € 7P be non-zero holomorphic Q(II)-arithmetic cusp form. Recall
Fﬁ/N, C SL2(R) is the Fuchsian group of the first kind defined in (6.12). By
[HK91, Theorem 12.3], we have

(fs Firov)
(fP, fP)rp

M/N—

€ Q)%

€ Q).

Since f£ is assumed to be Q(II)-arithmetic, by [Har90, Corollary 7.7.1] and
[Har94, Theorem 1] (see also [HK91, Lemma 15.1]), we have

(1@ 6 @ 1) fR((2,2,-7), t)y* *dxdy
Fﬁ[ N*\j5
/ TP Py < QD).

M/N—

The assertion then follows from Theorem 6.2-(1).
Assume e(Il) = 1 and ¢(Il,) = —1. Since f£ is assumed to be Q(II)-
arithmetic, we have

) ﬁ%’(at),Pm € Q).

a€Cl(Ry,n-)

The assertion then follows from Theorem 6.3. This completes the proof. O
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7 APPLICATIONS

In this section, we prove our main results of this paper. Let N7, Ny be positive
square-free integers, and x’, k be positive even integers. Put w = 2x + k' — 3.
Let N = gcd(Ny, N2) and M = lem(Ny, N2). Let f € Sq/(T'o(N1)) and g €
S (To(N2)) be normalized elliptic newforms and f and g be the adelic lifts
of f and g, respectively. Let 7 = ®)7, and 7 = ®] 1, be the irreducible
unitary cuspidal automorphic representations of GLa(A) generated by f and g,
respectively.

If F' is a cyclic extension of Q with prime degree, we let 7/ be the base change
lift of 7 to GLa(Ap/). We note that mp is a unitary irreducible cuspidal
automorphic representation of GLa(Aps) whose central character is trivial.
Indeed, if n = ®] 7, is a character of A* associated to F’/Q by the global class
field theory, then ™ 2 m ® 1. Otherwise, since Ny is square-free, the condition
T, = mp @ 1 for all p implies 7, is unramified for all p, which is impossible
since the ground field is Q. Now we can apply [AC89, Theorem 4.2 (a) and
Theorem 5.1].

We define the motivic L-function and its associated completed L-function for

Sym*(g) ® f by

Lis,Sym*(9) @ ) = [[ L (s — 5. Sym’(m) @7

As,Sy(g) @ ) = [T L (s - 5. 8ym’(m) 07 ).

Note that L(s,Sym?(g) ® f) is holomorphic at s = (w 4 1)/2. We have the
functional equation

A(s,Sym*(g) @ f) = e(Sym*(g) ® f) (M*NN; ')
x Alw 41 — s,Sym?(g9) @ f),

—s+(w+1)/2
(7.1)
where ¢(Sym?(g) ® f) € {£1} is given by

e(Sym?(g) ® f) = (—1)°=H2 T wy(p),
p|N1/N

1 if 2k < K/
! — b
6(“”):{1 if 26 >

with

and wy(p) € {£1} is the eigenvalue of the Atkin-Lehner involution of f at p.
Recall the Deligne’s period €1¢, € C* of the tensor motive associated to
Sym?(g) @ f with sign € = (—1)*/2=1 defined in (1.1).

COROLLARY 7.1. For o € Aut(C), we have

<L((w +1)/2,Sym*(g) ® f))o _ L((w+1)/2,Sym*(9%) ® f°)
(2my/—T)3(w+D/2Q; S @rVE1R@EDRQ 0 o
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Proof. First we assume k' > 2k. Define Z to be the set of real quadratic
extensions K /Q such that

e N | Dg.
e ged(Dg, M/N) =1.
. (DTK) =1 for p | M/Na.

Here Dy is the discriminant of K/Q. Certainly Z contains infinitely many
elements. Let K € 2 and xx = ®uXK,v : KX\AIX( — C be the idele class
character associated to K by class field theory. Put

I =7 X7,

One checks that €(/I,) = 1 for all v. For example, if p | N, then K, is
a ramified quadratic extension over Q,, and 7, (resp. 7,) is a unramified
special representation of GLa(K ) (resp. GL2(Q,)). Then Proposition 4.8 (2)
implies €¢(II,) = 1. On the other hand, by the results of [Pra90] and [Pra92],
we have

€(Hv) =€ <%7 vaTvv"/)v> XK,U(fl)v

for all place v. In particular, e(1/2,11,7) = 1 and the matrix algebra M,
is the unique quaternion algebra over Q satisfying (6.6). We see from the
factorization e(s, IT,7) = €(s, Sym?(7) @ 7)e(s, T @ xx) that

€ (%,Sme(ﬁ) ®7’) =€ <%,T®XK) .

If € (1/2,7 ® xx) = —1, then € (1/2,Sym?®(7) ® ) = —1. On the other hand,
by the Galois equivariance property for the local Langlands correspondence
described in [Hen01, §7], we also have € (1/2, Sym*(7°) ® 77) = —1. Therefore

+1 +1
L <“’T Sym’(g”) @ f”) =L <wT Sym’(g) @ f> =0
for all o € Aut(C) by the functional equation. Otherwise, by the nonvanishing
theorem of [FH95], there exists K’ € E such that L (k'/2, f ® xk') # 0. Let
o € Aut(C). By [Shi77], we have

L(x'/2, f ® xk') __ L(/2, 17 @ xx)
D}(//27T“//2( /,1);«/29;6 D}(/IQTI-K,//Q( /71)&’/29;{5’

(. f) U
V)Y 10707 | T )P 0LagL
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Let gxs be the normalized Hilbert modular newform associated to mg, the
base change lift of 7 to GL2(A k). By Corollary 6.4-(1), we have

o

L((w+1)/2,9k @ f,r)\  L((w+1)/2,9% @ f7,7)
1732 ; - 1/2 / ’
D (f, B2 o D (17, 1) )

Note that g%, = (9°)k’. Now the corollary then follows from combining these
equations with the following factorization

+1 +1 !

This completes the proof in case k' > 2k.

Assume 2k > k’. The case when N; = 1 is proved in [Chel9]. We assume
N; > 1. By the non-vanishing results of [FH95], the assumption N; > 1 enable
us to choose a real quadratic field K with fundamental discriminant D > 0

such that L (’%, f® xp) # 0, where xp is the Dirichlet character associated to

K/Q by class field theory. Let gk be the normalized Hilbert modular newform
associated to mx and g € wx be its adelic lift. By equation (6.11), the
Petersson norm of gx is given by

<gK,gK> = hK [GLQ(@K) : Ko(NQOK) D%QCK(Q)

< (b,
A% GLY (K)\ GLY (Ax)

where hg is the class number of K and dh is the Tamagawa measure on
A\GL2(Ak). Define the Petersson norm of g by

(9,9) = / lg(7)|Py"2dr.
To(N2)\H

We have

((gK,9K>)U _ (U)K, (97)K)
(9.9)° (97,97)
This equality follows from combining the factorization
L(17 TrK? Ad) = L(l’ 7r7 Ad)L(17 Tr’ Ad7 X)’
and a result of Sturm [Stu89]. Put
I =mg X,

Since L (%/, f® XD) # 0, we deduce that if e(1]) = —1, then L(“+L, Sym?(g)®
f) = 0. Therefore, we may assume ¢(II) = 1. The rest of the proof is similar

to the above case except we use Corollary 6.4-(2) here instead. This completes
the proof. O
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Combining with the result of Januszewski in [Janl8], we obtain a conditional
result on Deligne’s conjecture for arbitrary critical values with abelian twists.

COROLLARY 7.2. Assume 2k > k' and L(wT'H,Sym2(g) ® f)#0. Letn € Z
be a critical integer for L(s,Sym?(g) @ f) and x be a Dirichlet character such
that (—1)"x(—1) = €. For o € Aut(C), we have

(L(n, Sym?(g) ® f ® x))g _ L(n,Sym’(g”) ® f7 © x7)
G(x)?(2my/ 1)y 4 G(x7)*(2my/=1)3"Qpo 4o

Proof. Since Nj is square-free, the functorial lift of Sym?(7) to GL3(A) is a
cuspidal automorphic representation by Theorem 9.3 in [GJ78]. By Theorem A
in [Jan18], there exists cohomological periods Q4 (f,g) € C* such that

G(X)3 (2W\/T1)BHQ(—1)"X(—1) (fa g)
_ L(n,Sym®(¢”) ® /7 ® x7)
G(x7)2mV=1)*"Q—1ynx(-1) (7, 97)

< L(n,Sym*(9) ® f ® x) )U
(7.2)

for o € Aut(C). Note that the condition 2k > &’ is equivalent to the balanced

condition in [Jan18]. For n = £ and x = 1, by Corollary 7.1, (7.2), and the

assumption L (%4, Sym?(g) ® f) # 0, we have

( 1.9 ) — fo.9 (73)
Qc(f.9) Qe(f7,97)

for o € Aut(C). The assertion follows from (7.2) and (7.3). This completes
the proof. O

We consider the case when E is a cubic Galois extension over Q. Put w =
3k’ — 3. We define the motivic L-function for Sym®(f) by

w
L(s,Sym*(f)) = HL (s — E,SymB(Tp)) .
P
Note that L(s, Sym®(f)) is holomorphic at s = L. Denote Q gyms € C* be
the period defined as in (1.2).

COROLLARY 7.3. Assume N1 > 1 and there exist a cubic Dirichlet character x
such that L (’%,f ® X) # 0. For o € Aut(C), we have

L((w+1)/2,8ym (/)" _ L((w+1)/2,Sym*(7))
2y —1) " Qg Q2ry—1)" Q0 g
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Proof. The argument is similar to that of Corollary 7.1. Let E be the cubic
Galois extension of Q associated to x by global class filed theory, and xg be
a idele class character associated to E/Q. Let fr be the normalized Hilbert
modular newform associated to 7 and <fEafE>K0(N1(9E) be the Petersson
norm of fg defined in §6.4. The factorization

L(lv TE, Ad) = L(la , Ad)L(lv , Adv XE)L(L T, Adv )_(E)a
toghther with Lemma 6.1 and Sturm’s result [Stu80] yield
( g1 ) gy
(B [B) Ko (N, 0p) ((f)E, (f7)E) Ko (N108)
Using again [Shi77], we have
Lw/2fox)  \ __ LW/2f 9
GO BV R0 | T Gl e AT A

w2 fex) ' _ LW ex
G PV PO ) T GROm R()Y POE

(. ) )
(V=)= =1QrQ; (V-D)*=195.9Q75,
Here G(x) (resp. G(X)) is the Gauss sum associated to x (resp. X) defined in
[Shi77]. Notice that since the Hecke field of f is totally real, we have

K K

2 2
Also, as F/Q is Galois, Dg is a square. The corollary then follows from these
equations together with Corollary 6.4-(2) and the factorization

w+1 w+1 K K B
L (TafEar) =1L (T,Symg(f)) L <§,f®x> L (5,f®x> -
This finishes the proof. O

Combining with the result of Januszewski in [Janl6] and Jiang-Sun-Tian in
[JST19], we obtain a conditional result on Deligne’s conjecture for arbitrary
critical values with abelian twists.

COROLLARY 7.4. Suppose that N1 > 1, L(“’T'H,Symg(f)) # 0, and there exist
a cubic Dirichlet character x such that L (%,f@x) # 0. Letn € Z be

a critical integer for L(s,Sym®(f)) and p be a Dirichlet character such that
(=1)"u(—1) =e. For o € Aut(C), we have

< L(n, Sym*(f) @ p) )": Lin, Sym*(f) 9 %)
G(M)2(2W\/T1)2nﬂf,8ym3 G(HG)2(2W\/T1)2an°,Sym3
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Proof. Since Nj is square-free, the functorial lift of Sym®(7) to GL4(A) is a
cuspidal automorphic representation by Theorem B in [KS02]. The rest of the
proof is similar to that of Corollary 7.2 except in this case we use Theorem A

in [Jan16] and Theorem 1.1 in [JST19]. O
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