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ABSTRACT. The category of finite Milnor—Witt correspondences, in-
troduced by Calmes and Fasel, provides a new type of correspon-
dences closer to the motivic homotopy theoretic framework than
Suslin—Voevodsky’s finite correspondences. A fundamental result in
the theory of ordinary correspondences concerns homotopy invariance
of sheaves with transfers, and in the present paper we address this
question in the setting of Milnor-Witt correspondences. Employing
techniques due to Druzhinin, Fasel-@stveer and Garkusha—Panin, we
show that homotopy invariance of presheaves with Milnor—Witt trans-
fers is preserved under Nisnevich sheafification.
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1 INTRODUCTION

A stepping stone toward Voevodsky’s construction of the derived category
of motives DM(k) [Voe0OOb] is the notion of finite correspondences between
smooth k-schemes. Such correspondences are in a certain sense multivalued
functions taking only finitely many values. By considering finite correspon-
dences instead of ordinary morphisms of schemes, one performs a linearization
which allows for extra elbowroom and flexibility, and which in turn makes it
possible to prove strong theorems. One of the “fundamental theorems” in the
theory of correspondences concerns homotopy invariance, and is crucial for
constructing the theory of motives.
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THEOREM 1.1 ([Voe0Oa, Theorem b5.6]). For any homotopy invariant
presheaf % on the category Cory of finite correspondences, the associated
Nisnevich sheaf Fnis s also homotopy invariant.

In [CF17], Calmes and Fasel introduce a new type of correspondences called
finite Milnor—-Witt correspondences (or finite MW-correspondences for short).
Milnor-Witt correspondences provide a setting that is closer to the motivic
homotopy theoretic framework than Suslin—Voevodsky’s correspondences; for
example, the zero-line of sheaves of motivic homotopy groups of the sphere spec-
trum do not admit ordinary transfers, but they do admit MW-transfers [CF17].
Roughly speaking, a finite MW-correspondence amounts to an ordinary finite
correspondence along with an unramified quadratic form defined on the func-
tion field of each irreducible component of the support of the correspondence.
We briefly recall some results in the theory of MW-correspondences below. Our
present goal is to prove a homotopy invariance result similar to Theorem 1.1
for sheaves with MW-transfers:

THEOREM 1.2. Let k be a field of chaﬂgteristicl 0. Then, for any homotopy
invariant presheaf F on the category Cory of finite MW -correspondences, the
associated Nisnevich sheaf Fnis is also homotopy invariant.

We note that this result is already known by work of Déglise and Fasel [DF17,
Theorem 3.2.9]. Their proof uses the fact that there is a functor Fr,.(k) —
Cfls/rk from the category of framed correspondences to MW-correspondences.
As the analog of Theorem 1.2 is known for framed correspondences by work
of Garkusha and Panin [GP18], it follows that the desired result also holds
for Cfls/rk. The purpose of this paper is to give a more direct proof by using
geometric input provided in [GP18, §13] to produce homotopies in Cory. Along
the way we obtain results on MW-correspondences of independent interest. The
proof strategy is due to Druzhinin [Drul6] and Garkusha—Panin [GP18], and
uses techniques developed in [FO17].

RECOLLECTIONS ON MILNOR—WITT CORRESPONDENCES

The Milnor-Witt K-groups KXW (k) of a field k arose in the context of motivic
stable homotopy groups of spheres. More precisely, in [Mor04, Theorem 6.4.1]
Morel established isomorphisms

Tnnl =2 KMWV(E) (1.1)

for all n € Z, where 1 € SH(k) denotes the sphere spectrum. The groups
KMW (k) admit a description in terms of generators and relations:

IThe assumption on the characteristic is there because Milnor-Witt correspondences are
currently not defined over nonperfect fields. The only place where this assumption is used is
in Section 8 where we need to consider Milnor—Witt correspondences defined over function
fields of smooth k-schemes, which may in general be nonperfect. Otherwise, all excision
results are valid for infinite perfect fields of characteristic different from 2.
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DEFINITION 1.3 (Hopkins—Morel). Let k be a field. The Milnor-Witt K-theory
KMW (k) of the field k is the graded associative Z-algebra with one generator [a]
for each unit a € k™, of degree +1, and one generator n of degree —1, subject
to the following relations:

(1) [a][l —a] =0 for any a € k* \ {1} (Steinberg relation).
(2) nla] = [a]ln  (p-commutativity).

(3) [ab] = [a] + [b] + nla][b] (twisted n-logarithmic relation).
(4) (2+n[-1])n=0 (hyperbolic relation).

We let KMW(k) denote the n-th graded piece of KMW(k). The product
[a1] - - [an] € KMW(E) may also be denoted by [ay, ..., an).

Under the isomorphism (1.1) above, the element [a] € K}V (k) corresponds to
a class [a] € m_1,_11. A representative for [a] is given by the pointed map

[a]: Spec(k)y+ — (G, 1)

sending the non-basepoint to the point a € G,,. On the other hand, the element
n e Kli/[fv (k) corresponds to the motivic Hopf map n € 71 11 represented by
the natural projection [Mor04, §6]

n: A*\ 0 — P!,

As the sphere spectrum is initial in the category of motivic ring spectra, the
homotopy groups m, 4E of a motivic ring spectrum E inherits the relations of
Tp,gl via the unit map 1 — E. Thus Milnor-Witt K-theory is a fundamen-
tal object in motivic homotopy theory. In [CF17], Calmes and Fasel employ
sheaves of Milnor—Witt K-theory to set up the theory of MW-correspondences.
Based on the fact that the group Cor(X,Y") of finite correspondences from X
to Y can be expressed as a colimit of Chow groups with support,

Corg(X,Y)= lim HP (X xY,K})

CHY (X x Y),

Calmes and Fasel replace Milnor K-theory (and Chow groups) with (twisted)
Milnor—-Witt K-theory (and Chow—Witt groups), and define the group of finite
MW-correspondences from X to Y as

Corg(X,Y) := lim  HY (X x VKRV, phwyr)
TeA(X,)Y)

——d
= lim  CHp (X x Y,pjwys),
TEA(X,Y)
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where py: X XY — Y is the projection. Here Y is assumed to be equidi-
mensional of dimension dy, and A(X,Y) is the partially ordered set of closed
subsets T of X x Y such that each irreducible component of T' (with its reduced
structure) is finite and surjective over X. Moreover, KMW is the n-th unram-
ified Milnor—-Witt K-theory sheaf, as defined in [Morl2, §5]. We note that
the Nisnevich cohomology groups HP (X, Klq\/lw,.f ) of the Milnor-Witt sheaf
K}V (Z) twisted by a line bundle % can be computed using the Rost-Schmid
complex [Morl2, Chapter 5], which provides a flabby resolution of Kg/lw(j,” ).
Recall that the p-th term of the Rost—Schmid complex is given by

(XKW, 2) = @ K (k(x), AP (mg/m2)Y @p(a) L),

reX (@)

where X ®) denotes the set of codimension p-points of X. We let 6&% denote
the category of finite MW-correspondences. The category Cory is symmetric
monoidal, and comes equipped with an embedding Smy — Cory from smooth
k-schemes, as well as a forgetful functor Cory — Corg to Suslin—Voevodsky’s
correspondences; see [CF17] for details.

Let lgs/h(k) denote the category of presheaves with MW-transfers, i.e., additive
presheaves of abelian groups % : 6\/0r2p — Ab. As noted in [CF17], there are
more presheaves on Cfls/rk than on Corg. One example is of course provided
by the sheaves KMW | which admit MW-transfers but not ordinary transfers
[CF17]. Among the various presheaves with MW-transfers, the homotopy in-
variant ones will be of most interest to us.

DEFINITION 1.4. A presheaf .# € f’—gfl(k) with MW-transfers is homotopy
invariant if for each X € Smy, the projection p: X x A! — X induces an

isomorphism p*: F(X) =N Z (X x A1). Equivalently, the zero section ig: X —
X x A! induces an isomorphism ij: F (X x Al) = F(X).

Let us also mention that by [DF17, Lemma 1.2.10], the Nisnevich sheaf ;s
associated to a presheaf # ¢ lgﬁl(k) comes equipped with a unique MW-
transfer structure. This result follows essentially from [DF17, Lemma 1.2.6],
which states that if p: U — X is a Nisnevich covering of a smooth k-scheme X,
and if ¢(X) denotes the representable presheaf ¢(X)(Y) := Cor (Y, X), then
the Cech-complex ¢(Uy) — ¢(X) — 0 is exact on the associated Nisnevich
sheaves.

EXTENDING PRESHEAVES TO ESSENTIALLY SMOOTH SCHEMES

In this paper we will consider two closely related ways to extend presheaves
on Corg to essentially smooth schemes over k. This allows us to formulate
statements also about local schemes or henselian local schemes.

1. The first method is the standard way of defining the value of a presheaf
on limits of schemes as a colimit of the presheaf values, and will be used
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in Sections 9-13. We briefly recall some details on this matter, follow-
ing [CF17, §5.1]. Let P be the category consisting of projective systems
((Xx)xer, fap) such that Xy € Smy and such that the transition mor-
phisms fy,: X)x — X, are affine and étale. By [CF17, §5.1], the limit of
such a projective system exists in the category of schemes Sch. Moreover,
the functor P — Sch sending a projective system to its limit defines an
equivalence of categories between P and the full subcategory Smy, of Sch
consisting of schemes over k that are limits of projective systems from P
[CF17, §5.1].

Now let .% be a presheaf on Smy. We can extend .% to a presheaf . on

Smy, by setting . ((X)rer) := lim F(X»). By [CF17, §5.1] this gives

a well defined presheaf on Smy, that coincides with # when restricted to
Smy. In particular, we can extend the presheaf Corg(—, X) to Smy.

The above construction can furthermore be carried out for Chow-Witt
groups with support. Roughly speaking, we can define a category P
consisting of projective systems of triples (Xy, Zx, %)) of a smooth k-
scheme X, a closed subscheme Z) of X and a line bundle .%, on X,. If
the limit (X, Z,.Z) of such a projective system is such that X is regular,
then the pullback induces an isomorphism [CF17, Lemma 5.7

limy CH , (X»,-23) = CH(X,.2).
A

This allows us to pass to Chow—Witt groups of local schemes U in order
to produce MW-correspondences on U, which will be needed in Sections
9-12. However, in order to unburden our notation we may drop the bar
both from .#Z and Smy, when evaluating presheaves on limits of schemes.

. A second method of extending presheaves will be carried out in Section 8
in order to show that certain results that hold for open subsets of A} are
also valid for open subsets of AL, where K is some finitely generated field
extension K of the ground field k. This trick was suggested to the author
by I. Panin, and involves extending a presheaf on Cory, to a certain full
subcategory of Corg. See Section 8 for details.

OUTLINE

In Section 2 we establish some notation and collect a few lemmas needed later

In Section 3 we review how Cartier divisors give rise to finite MW-
correspondences, following [F()17]. This gives a procedure to construct desired
homotopies in the later sections.

In Section 4 we prove the first main ingredient of the proof of Theorem 1.2,
which is a Zariski excision result for MW-presheaves. More precisely, in Theo-
rem 4.1 we show that if V C U C A' are two Zariski open neighborhoods of a
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closed point € A!, then the inclusion i: V < U induces an isomorphism?

L FWU\z) = F(V\2)
F(U) Z(V)

luz

for any homotopy invariant .% € 155/}1(/{) The proof of Zariski excision consists
of producing left and right inverses in Cory, of up to homotopy. This is done
in Sections 6 and 7.

In Section 8, we extend the results of Section 4 to open subsets of A}, where K
is a finitely generated field extension of the ground field k.

In Section 9 we prove a “moving lemma” for MW-correspondences (see Theo-
rem 9.1), which can be informally stated as follows. Let X € Smy, and pick
a closed point x € X along with a closed subscheme Z C X containing the
point . Then, up to Al-homotopy, we are able to “move the point = away
from Z” using MW-correspondences. See Section 9 for more details.

In Section 10 we prove the last main ingredient of the proof of Theorem 1.2,
namely a Nisnevich excision result. The situation is as follows. Given an
elementary distinguished Nisnevich square

Vi — X'

.

V— X

with X and X’ affine and k-smooth, let S := (X \ V)ieqa and 5" := (X' \ V') yeq-
Assume in addition that S is k-smooth. Suppose that € S and 2’ € S’ are two
points satisfying II(z') = x, and put U := Spec(Ox ) and U’ := Spec(Ox/ 7).
Then the map II induces an isomorphism?

. ZW\S) = FU'\S)
T2 ) Z (U

lnz

for any homotopy invariant % € lgé/h(k) Again the proof consists of producing
left and right inverses to II up to homotopy, which is done in Sections 11 and 12.
Finally, in Section 13 we will see how homotopy invariance of the associated
Nisnevich sheaf .Zy;s follows from the above results.

CONVENTIONS

Throughout we will assume that %k is an infinite perfect field of characteris-
tic different from 2. In Sections 8 and 13, k is furthermore assumed to be
of characteristic 0. We let Smj denote the category of smooth separated

2We show in Section 5 that the restriction maps #(U) — Z(U\z) and F (V) — Z(V \z)
are injective, justifying the notation used in the formulation of Zariski excision.

31t follows from Theorem 9.1 that the restriction maps #(U) — Z (U \ S) and F(U’) —
F(U'\ S") are injective, justifying the notation used in the formulation of Nisnevich excision.
See Section 10 for details.
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schemes of finite type over k. All undecorated fiber products mean fiber prod-
uct over k. Throughout, the symbols ¢y and i; will denote the rational points
ig,i1: Spec(k) — A given by 0 and 1, respectively.

We will frequently abuse notation and write simply f € é&k(X ,Y) for 7y,
where 7 is the image of a morphism of schemes f: X — Y under the em-
bedding 7: Smy — 65};@ of [CF17, §4.3]. We let ~a1 denote A'-homotopy
equivalence. Following Calmes—Fasel [CF17], if py: X XY — Y is the projec-
tion, we may write wy as shorthand for pj-wy; if no confusion is likely to arise.
Note that wy is then canonically isomorphic to wxxy,x- In general, given a
morphism of schemes f: X — Y we write wy 1= wx/; ® f*w)\ﬁ/k.
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2  PAIRS OF MILNOR—WITT CORRESPONDENCES

We will frequently encounter the situation of a pair U C X of schemes, and we
will be led to study the associated quotient .Z (U)/im(#(X) — #(U)) for a
given presheaf % on (/?B}k. It is therefore notationally convenient to introduce
a category Cfls/rzr of pairs of MW-correspondences.

Following [GP18] we let SmOp,, denote the category whose objects are pairs
(X,U) with X € Smy, and U a Zariski open subscheme of X, and whose mor-
phisms are maps f: (X,U) — (Y,V), where f: X — Y is a morphism of
schemes such that f(U) C V. Below we extend this notion of morphisms of
pairs to MW-correspondences.

DEFINITION 2.1 ([GP18, Definition 2.3]). Let @Zr denote the category whose
objects are those of SmOp, and whose morphisms are defined as follows. For
(X,U),(Y,V) € SmOp,,, with open immersions jx: U — X and jy: V = Y,
let

Cor, ((X,U),(Y,V)) :=

ker<6vork(x, Y) & Cory(U, V) 279 Goru (U, Y)>.

Thus a morphism in 6\/0r£r is a pair («, 3), where a € 6\/0rk(X,Y) and 8 €
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Cfls/rk(U, V'), such that the diagram

X —<25Y

ij ij
v—Lsv

commutes in Cory. Composition in 6\/0r£r is defined by (o, 8) o (v,0) := (a o

v, B800).

The category SmOp,, contains Smy, as a full subcategory, the embedding Sm;, —
SmOp,, being defined by X +— (X,o). Moreover, the embedding Sm; —

SmOp,;, induces a fully faithful embedding Cory, — 6\/0r£r which on morphisms
is given by a — («, 0).

PROPOSITION 2.2 ([GP18, Construction 2.8]). Suppose that .F is a presheaf on
Corg. For any (X,U) € SmOpy, let F(X,U) = ZU)/im(F(X) = F(U)).
Then, for any (o, B) € Corzr((X, U),(Y,V)), Z induces a morphism

(a, B)": Z(Y, V) - F(X,U).

DEFINITION 2.3 ([GP18, Definition 2.3]). Define the homotopy category hCory,

of 65};6 as follows. The objects of thJS/rk are the same as those of Corg, and
the morphisms are given by

hCory(X,Y) := Corg(X,Y)/ ~a
= coker(évork(A1 x X,Y) Hh, Corg(X, Y))

Similarly, let h(ff)}zr denote the category whose objects are those of Cfls/rir, and
whose morphisms are given by

nCory, ((X,U), (Y,V)) :=

coker<66}ir(A1 x (X, U),(Y,V)) 2= Corp ((X,U), (Y, v>)> .
Here A' x (X, U) is shorthand for (A! x X, Al x U). If a € @k(x, Y) is
a finite MW-correspondence, we write @ for the image of a in hCory(X,Y).
Similarly, if («, 8) is a morphism in Corir from (X,U) to (Y, V), write («, 8)
for the image of « in hCorzr((X, U),(Y,V)). Note that a presheaf on Cory

is homotopy invariant if and only if it factors through hCorg. Moreover, the
embedding Cor, — Corz induces a fully faithful embedding hCory — hCorZ .

Next we record a few observations that will come in handy later on:
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LEMMA 2.4. Suppose that a is a finite MW -correspondence from X toY. Let
Ty,...,T, be the connected components of the support T of a. Then, for each
i =1,...,n there are uniquely determined finite MW -correspondences c; sup-
ported on T; such that o =), ;.

Proof. Since o € @, ¢(xxy )y KW (k(x), AT (m, /m2)Y @ (wy)s), we may

write o = Zl «a; where a; is supported on T;. To conclude we must show that
—d

a; € CHT:/ (X x Y,wy), ie., that 9(«;) = 0 for all i. Now 0,(c;) = 0 for all

x € X XY except perhaps for x € T;. But since T; is disjoint from the other

T;’s and 0(a) = 0 by assumption, we must have 9;(c;) = 0 also for z € T;. O

LEMMA 2.5. Let X be a smooth scheme, let q € Z be an integer, and let £ be
a line bundle over X. Let j: U — X be a Zariski open subscheme, and suppose
that T C U 1is a subset which is closed in both U and X. Then the map

7 B (XKW, 2) — B (U K™Y, .2)

is an isomorphism for each p € Z, with inverse j., the finite pushforward of

[CF17, §3].

Proof. The map j* is an isomorphism by étale excision [CF17, Lemma 3.7].
The composition j*j, is the identity map on the Rost—Schmid complex
C; (UKW, j*£) supported on T, which implies the claim. O

COROLLARY 2.6. Let X,Y € Smy, and let j: V — Y be a Zariski open sub-
scheme. Suppose that o € Corg(X,Y) is a finite MW-correspondence such
that suppa € X x V. Then there is a unique finite MW -correspondence
B € Corp(X,V) such that jo 8 = «. In fact, we have 8 = (1 x j)*a.

Proof. Let T := supp «, so that by Lemma 2.5 we have mutually inverse iso-
morphisms

——dy ——dy
(I1x37)": CHp (X xY,wy) 2 CHyp (X x Viwy) : (1 X j)s

—d
with v € CHy (X x Y, wy ). Thus, if 8 := (1 x 5)*() then (1 x j),8 = a. We
conclude the equality (1 X j).8 = j o 8 from [CF17, Example 4.18]. O

LEMMA 2.7. Suppose that jx: U — X and jy:V — Y are open subschemes
of smooth connected k-schemes X, Y. Assume further that o € Corg(X,Y)
is a finite MW -correspondence such that the support T := suppa satisfies
TNUXxY)CUxXV. Let = (jx X jy)*(a). Then we have (a,a') €
Cory. (X, U). (Y, V).

Proof. First we show that o € a);rk(U, V). By contravariant functorial-
ity of Chow—Witt groups we may write o = (1 X jy)*(jx x 1)*(a). Now
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(jx x 1)*(a) = a0 jx € Corg(U,Y) by [CF17, Example 4.17]. By [CF17, Lem-
mas 4.8, 4.10], supp(jx x 1)*(a) =T N (U xY) is finite and surjective over U.
Since TN (U xY) CU x V, we have

—d
o € CHTTW(UXY)(U x V(1 % jy) wy),

where dy := dimY. As jy is an open embedding we have (1 X jy )*wy = wy;
hence o’ is a finite MW-correspondence from U to V.
Next we show that the diagram

X —2>Y
jXT ij
U—5v
commutes in Cory. As TN (U xY) =T N (U x V), the morphism (jx x 1)*
factors as
vy (ix % gy ) ~rdy
CHy (X xY,wy) == CHpnuxv)(U x V,wy)
(m .
——dy
CHrnwxy)(U X Y wy).
Hence

Jyod =(1xjy)(ix x jy) () = (jx x 1)*(a) = o jix
by [CF17, Examples 4.17, 4.18]. O

RELATIVE MILNOR—WITT CORRESPONDENCES

For later reference, let us also briefly mention the notion of finite MW-
correpondences relative to a base scheme S € Smy,.

DEFINITION 2.8. Let S € Smy be a smooth k-scheme. For any X, Y € Smg, let
p: X xgY — X denote the projection, and let d denote the relative dimension
of p. We define the group of finite relative MW -correspondences from X to Y
as

— ——d
Corg(X,Y) := thHT(X xs Y, wp),
T

where the colimit runs over all closed subsets T of X xg Y such that each
irreducible component of Tyeq is finite and surjective over X.

One can show that the groups a)/rs(X ,Y') define the mapping sets of a category
6?)/1"5 of finite relative MW -correspondences. However, below we will only need
the definition of the groups Corg(X,Y’), and so we will not pursue the study
of the category 6?)/1"5 in further detail here.
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LEMMA 2.9. Let S € Smy, be a smooth k-scheme, and let X,Y € Smg. Then
the canonical morphism f: X xgY — X XY induces a homomorphism

fu: Corg(X,Y) — Corg(X,Y)
giwen as the pushforward on Chow-Witt groups.

Proof. Let dy := dimY and dg := dim S. Then the projection p: X xgY — X
has relative dimension dy —dg, and the pushforward map on Chow—Witt groups
is given as

ds(

—dy — ——d
for CHy (X x5 Y,wp) = CH ) (X x Y, wy),

for any admissible subset T'. Since f is finite, f(7') is also an admissible subset.
Hence, composing with the canonical map to the colimit Corg(X,Y’) on the
right hand side, we obtain the desired homomorphism. o

3  MILNOR—WITT CORRESPONDENCES FROM CARTIER DIVISORS

Let us recall from [FO17, §2] how a Cartier divisor gives rise to a finite MW-
correspondence. Suppose that X € Smy, is a smooth integral k-scheme, and let
D = {(U;, fi)} be a Cartier divisor on X, with support |D|. We can associate
a cohomology class

div(D) € Hlpy (X, KW, 0x (D)) = CH (X, Ox (D))

to D as follows. If z € X is a codimension 1-point on X, choose i such that
x € U;. Consider the element

[fl® f7t e Ki™W(k(X), Ox (D) @ k(X)).
DEFINITION 3.1 ([F(17, Definition 2.1.1]). In the above setting, define

ord, (D) 1= 8, ([fi] @ 1) € KY™W (k(x), (my/m?)Y @0y Ox (D)),
and

ord(D):= Y ord,(D) € CHX, K'Y, 0x(D)).

zeXMN|D|

By [FO17, Lemma 2.1.2], the definition of ac/lm(D) does not depend on the
choice of U;, and by [FO17, Lemma 2.1.3] we have d(ord(D)) = 0. Therefore

— —1
the element ord(D) defines a cohomology class in CH, (X, Ox (D)), which we
denote by c/ﬁ;/(D)

LEMMA 3.2. Let X € Smy be a smooth integral k-scheme and suppose that D
and D' are two Cartier divisors on X such that
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e the supports of D and D' are disjoint, and

e there are trivializations x: Ox —» O(D) and x': Ox =N o).
Then x and X' induce an isomorphism

CHy s p (X, O(D + D)) = CH, (X, O(D)) & CH, (X, O(D')).
Under this isomorphism we have the identification &RI(D + D) = (ﬁzf(D) +
div(D’).
Proof. Since O(D + D") =2 O(D) ® O(D’), x and x’ furnish a trivialization
x®x': 0D+ D)= 0x.

As |D + D'| = |D| 11 |D’'|, we thus obtain isomorphisms

—1 —1 —1
CH,pyp(X,0(D + D)) = CH,p|(X,0(D + D)) @ CH)p, (X, O0(D + D))
—1 —1
= CH,p(X) @ CH,p,(X)
—1 ——1
= CH)p(X,0(D)) & CH)p, (X, 0(D")).

To show the last claim, let D and D’ be given by the data {(U;, f;)} respectively
{(Ui, £1)}, so that D + D' = {(U, f:f)}. Let € X N |D|, and choose an
i such that x € U;. Since the vanishing loci of f; and f! are disjoint we may
assume that f/ € I'(U;, O%), shrinking U; if necessary. Hence 9, ([f/]) = 0, and
we obtain

Ou([fif1® (Fif )71 = 0u (£ + (DD @ (fifD7H)
= (I (e )
= aw([fz] 0 fz'_l)-

Thus 8,([fif]] ® (fif!)~!) = ordy(D). A similar argument shows that
Qu([fifl) @ (fif])™1) = orda(D')
for all z € X N |D’|, and the result follows. O

If we require a condition on the line bundle O(D) and on the support of D, the
class div(D) does indeed give rise to a finite MW-correspondence:

LEMMA 3.3. Let X andY be smooth connected k-schemes with dimY = 1. Let
D be a Cartier divisor on X x Y. Suppose that

e there is an isomorphism x: Oxxy (D) = wy, and

e cach irreducible component of the support |D| of D is finite and surjective
over X.
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Then the image of &RI(D) under the isomorphism
— o ——1

induced by x defines a finite MW -correspondence c/l\i;/(D,x) € (%I"k(X, Y).
Proof. By assumption, |D| is an admissible subset, hence the claim follows. O

LEMMA 3.4. Assume the hypotheses of Lemma 3.3, and let f: X' — X be a
morphism of smooth k-schemes. Then

div(D,x) o f = div((f x 1)"D, (f x 1)"x) € Cory(X",Y).

Proof. As dAi;/(D, x)of = (fx 1)*dAi;/(D, X), the claim follows from the fact that
(f x 1)* commutes with the boundary map 9 in the Rost—Schmid complex. [

For later reference, let us also state the version of Corollary 2.6 for Cartier-
divisors:

LEMMA 3.5. Assume the hypotheses of Lemma 3.3. Suppose moreover that
J: V=Y is a Zariski open subscheme of Y such that support |D| is contained

in X XV. Then there exists a unique finite MW -correspondence 3 € (%I"k(X, V)
such that j o p =div(D,x). In fact, 8 is given by

B =div((1x4)*D, (1 x j)"X)-
Proof. By the same argument as in the proof of Lemma 3.4 we have
(1 x4)"div(D, x) = div((1 x j)"D, (1 x j)"x)-
Hence the claim follows from Corollary 2.6. O

The above lemmas give a procedure to construct a morphism of pairs from a
Cartier divisor:

LEMMA 3.6. Assume the hypotheses of Lemma 3.3, and let jx: U — X and
Jy: V. =Y be open subschemes. Let D' := D|yxy be the restriction of D to
U xY. Suppose that |D'| CU x V. Then

(div(D, x), div((jx x jy)*D, (jx x jv)*x)) € Cory (X, T), (Y, V).

Proof. By Lemma 3.4, (ﬁ;/'((jx X jy)*D) = (jx X jy)*(;l-i\\//(D), hence the claim
follows from Lemma 2.7. O

We will frequently make use of the following well known fact in order to de-
termine if the support of a given principal divisor satisfies the hypotheses of
Lemma 3.3:
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LEMMA 3.7. Let A be a ring, and suppose that P is a monic polynomial in A[t].
Then Spec(AJt]/(P)) — Spec(A) is finite, and every irreducible component of
Spec(A[t]/(P)) surjects onto Spec(A).

Proof. Write P(t) = t"4+a,_1t" "' +---+ag, and let M := A[t]/(P). Then M is
generated as an A-module by 1,¢,...,t"~! hence Spec(A[t]/(P)) — Spec(A) is
finite. As A[t]/(P) is integral over A, it follows that the morphism is surjective
as well. (|

4  ZARISKI EXCISION ON THE AFFINE LINE

The aim of this section is to prove the following excision result:

THEOREM 4.1. Let x € A be a closed point and suppose that V C U C Al are
two Zarisﬁivopen neighborhoods of x. Leti: V — U denote the inclusion, and
let .F € PSh(k) be a homotopy invariant presheaf with MW -transfers. Then
the induced map
FW\w) | F(V\a)

Z(U) F(V)

-k

is an isomorphism.
The proof of Zariski excision proceeds in three steps. First we prove:

THEOREM 4.2 (Injectivity on the affine line). With the notation in Theorem 4.1,
there exists a finite MW -correspondence ® € Cor(U, V') such that

5062 ldU
m hé\/ork.

Theorem 4.2 implies that ®* o i* = id ) for any homotopy invariant .7 €
PSh(k), i.e., that ¢* is injective. Letting V = U \ z, this means that .#(U) is
a subgroup of % (U \ z), justifying the notation of Theorem 4.1.

——pr
The next step is then to extend Theorem 4.2 to the category Corz of pairs.
By abuse of notation, write 7 also for the inclusion i: (V,V\z) — (U,U\ z) in
SmOp,. By Proposition 2.2, i induces a map

FWA\e) | FV\)
Z(U) F(V)

-3

on the quotient, and the following theorem tells us that ¢* is injective:

THEOREM 4.3 (Injectivity of Zariski excision). There exists a finite MW-
correspondence ® € Corz (U, U\ z),(V,V \ z)) such that

i0® =idy,\a)

—pr

in hCory, .
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In the final step we establish surjectivity of i*:

THEOREM 4.4 (Surjectivity of Zariski excision). With the notation in Theo-
rem 4.1, there exist finite MW -correspondences ¥ € Corir((U, U\z),(V,V\x))
and © € Corir((V, VA\x),(V\z,V\a)) such that

Voi—jyo0=idwy
in hé&"zr, where jy: (V\z,V\z) = (V,V\z) denotes the inclusion in SmOp,.
We note that Theorem 4.1 is a consequence of Theorems 4.3 and 4.4:

Proof of Theorem 4.1. As ® is a morphism of pairs by Theorem 4.3, Proposi-
tion 2.2 tells us that ® induces a morphism on the quotient
. ZWA\e)  FU\z)
Z (V) 7 (U)

Moreover, ®* o ¢* = id by Theorem 4.3, hence ¢* is injective.
On the other hand, as © maps to (V \ z, V' \ z) by Theorem 4.4, it follows that
jv o © induces the trivial map on the quotient. Hence

g g ZVN2)  F(V\a)
FoU* =id: Z0) — )

so that ¢* is surjective. O

It is therefore enough to prove Theorems 4.2, 4.3, and 4.4.

5 INJECTIVITY ON THE AFFINE LINE

We continue with the same notation as in Theorem 4.1. Thus V C U C Al
are two Zariski open neighborhoods of a closed point z € Al with in-
clusion i: V. — U. In order to produce the desired MW-correspondence
® € Corg(U,V) of Theorem 4.2, we will need to consider certain “thick di-

agonals” A,, € a);rk(U ,U), constructed as follows.

Let U x U C A2 have coordinates X and Y, respectively, and let A := A(U) C
U x U denote the diagonal. For each m > 1, let f,, denote the polynomial
fm(X,Y) == (Y = X)™ € k[U x U]. As fp, is monic in Y, it follows from
Lemma 3.7 that the support of the divisor

Dy =V(fm) ={fm=0}CUxU

is finite and surjective over U. Moreover, as D,, is a principal Cartier divisor on
U x U, there is a trivialization O(D,,) = Oy« given by f,.1 — 1. We further
obtain an isomorphism X,,: O(D,,) = wy by f,! + dY. By Lemma 3.3, it
follows that the divisor D,, gives rise to a finite MW-correspondence from U
to U.
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DEFINITION 5.1. For each m > 1, let A,, := &E;I(Dm, Xm) € 6\/0rk(U, U) be the
finite MW-correspondence defined by the data D,, and x,, above.

Remark 5.2. By the definition of d,\i;/(Dm, Xm), we see that A,, is given by the
total residue

A = 0([fm] ®dY) € CHA (U x U,wy))

of the element [f,,] ® dY € KW (k(U x U),wy). Thus the support of the
MW-correspondence A,, is the diagonal A = D; CU x U.

LEMMA 5.3. For any m > 0 we have A1 — Ay, = (—1)" - Ay € é&k(U, U),
with Al = idU.

Proof. Since A, is supported on the diagonal A C U x U, it suffices to com-
pute the residue 9,([fn] ® dY) at the codimension 1-point y € (U x U)M
corresponding to the diagonal.

Recall from [Morl2, Lemma 3.14] that for any integer n > 0 we have [a"] =
nfa) in K™, where n. = 31 ((—1)""1). We thus get

Oy([fm] ® dY) = me @ (Y = X)dY € K™ (k(y), (my /m)" @ (wir)y)-
For m = 1, this reads A; = (1) ® (Y — X)dY = idy. In the general case we
obtain

Api1 —Ap=((m+1)—m) @ (Y — X)dY = ((-1)™) - idy,
using that A, = idy € Cory (U, U). O
Our next objective is to prove the following:

LEMMA 5.4. For m > 0 there exists a finite MW-correspondence ®,,,: U — V
such that i o @, = A, in hCory(U,U).

Having established these properties of A,, and ®,,, we will set & := ®,,, 11 —P,,
and show that we then have i 0 ® ~ 41 idy provided m is an even integer > 0.
To define ®,,,, we will need to ensure the existence of polynomials with certain
specified properties.

LEMMA 5.5 ([GP18, §5]). Let A:= A'\U and B:=U\V. For m > 0, there
exists a polynomial G, € k[U][Y] = k[U x A'], monic and of degree m in'Y,
satisfying the following properties:

(1) Gu(Y)luxp = 1.

(2) Gn(Y)loxa =Y = X)"uxa.

(3) Gm(y)lUXz = (Y - X)m|U><z-
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Remark 5.6. The above polynomials, as well as those in Sections 6 and 7, are
all constructed using variants of the Chinese remainder theorem, allowing us
to find polynomials with specified behavior at given subschemes. The require-
ment that the desired polynomial be monic can be thought of as specifying its
behavior at infinity. For example, the Chinese remainder theorem establishes
a surjection k[U x Al] — k[U x A] & k[U x B], from which we can deduce
Lemma 5.5.

LEMMA 5.7. Let Dg,, be the divisor on U x U defined by Gy, and let
dm: O(Dg,,) = wy be the isomorphism determined by choosing the genera-
tor dY for wy. Then

div((1 x i)*Dg,,, (1 X i)*¢m) € Corg(U, V).

Proof. Since G, is monic in Y, the support V(G,,) of D¢, is finite and sur-
jective over U by Lemma 3.7. Using the trivializations of O(Dg,,) and of wy,
Lemma 3.3 implies that ci\i;/(DGm, Om) € Cfls/rk(U, U). Now, the polynomial G,
satisfies the following:

e Gluxa € k[Ux A]*. This follows from the fact that Ux A = Ux (A'\U)
contains no diagonal points.

e Gnluxp € k[U x B]*. This is obvious, as Gy, |uxs = 1.

The above properties imply that V(G,,) € U x V. Hence the claim follows
from Lemma 3.5. O
DEFINITION 5.8. For m > 0, we define ®,, := div((1 x i)*Da,,, (1 X i)*¢m) €
Cory, (U, V)

We now aim to define a homotopy 54, : i0 ®,, ~a1 A,,. Consider the product

Al xUx A", where 6 is the coordinate of the first copy of A, U has coordinate
X and the last A! has coordinate Y. Let Hy € k[A!xU x Al] be the polynomial

Hy(Y) = 0Gy, + (1 — 0)(Y — X)™.

Since U x A contains no diagonal points, the restriction Gy, (Y)|yxa = (Y —
X)™|uxa does not vanish on U x A. It follows that

Ho(Y)|arxuxa =Y — X)™|a1xuxa € kK[AY x U x A]*.

Hence V(Hy) € A! x U x U. Let Dp, be the principal Cartier divisor on
Al x U x U defined by Hg, and let 1»: O(Dpy,) = wy be the isomorphism given
by choosing the generator dY for wy.

LEMMA 5.9. Let #, := div(Dy,, ). Then 5, € Cory(A! x U,U).

Proof. As G, is monic and of degree m in Y, it follows that the linear combi-
nation Hy of G, and (Y — X)™ is also monic and of degree m in Y. Therefore
the support V(Hy) of Dy, is finite and surjective over A x U by Lemma 3.7.
The result then follows from Lemma 3.3. o
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LEMMA 5.10. Let H,|0 := Hpy 0tg, Hom|1 := Hp 0y € a);“k(U, U) denote the
respective precompositions of H#;, € Corg(Al x U,U) with the rational points
io,i1: U — AL x U. Then H,lo = Ap and |1 =i0 @y,
Proof. By Lemma 3.4 we have
A = div((ig x 1)* Dy, , (ig x 1)*1h) = div(Dyms Xm) = A
On the other hand,
A4 = div((iy x 1)* Dy, , (ig x 1)*1) = div(Dg,, , ¢m) = i 0 ®p,

by Lemma 3.5. O

We are now ready to prove the injectivity of the induced morphism i*: .7 (U) —
Z (V), for any homotopy invariant # € PSh(k).

Proof of Theorem 4.2. Let m > 0 be an integer large enough so that the

polynomial G,, of Lemma 5.5 exists. If & := ®g,,41 — Poyy,, we then have
i0d ~AL (A2m+1 — Agm) = <(_1)2m> ldU = ldU by Lemma 5.3. As % is
homotopy invariant, this yields ®* o i* = id z (), hence i* is injective. o

6 INJECTIVITY OF ZARISKI EXCISION

We wish to extend Theorem 4.2 to the category of pairs Cfls/rzr—in other words
to produce a morphism (®,,, %) € CTEZY(U, U\z), (V,V\z)) and a homotopy
(A, HZ) € Cory (AL x (U, U\ ), (U,U\z)) from Ay, to (i,i]y\a) 0 (P, BT,).
This establishes Theorem 4.3.

Let jy and jy denote the respective open immersions jy: U \ @ — U and
vV \ z—V.

LEMMA 6.1. Let 2, := div((ju x jv)*Da,,, Gu X jv)*ém). Then (®,, %)
constitutes a morphism in Corzr from (U, U\ z) to (V,V \ z).

Proof. By Lemma 3.6, it suffices to show that the support of (jy x 1)*Dg,,
is contained in (U \ ) x (V \ z). As we already know that V(G,,) N (U \
z) x AY) C (U \ x) x V, it is enough to check that G,, does not vanish on
(U \ z) x . By condition (3) of Lemma 5.5, G (Y)|uxe = (Y — X)"|Uxe. As
(U \ ) x x contains no diagonal points, it therefore follows that Gy, |(n\2)xe €
E[(U \ ) x 2]*. Hence V(G) N (U \ z) x AY) C (U \ z) x (V\ z). O

LEMMA 6.2. Let 75" := div(((1 x ju) X ju)*Da,, (1 X ju) x ju)*¥). Then
(A4, #57) € Cor,, (A" x (U,U\ ), (U,U \ z)).
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Proof. In light of Lemma 3.6, it remains to check that

V(Hp) N (A x (U\z) x AY) CA' x (U\ z) x (U \ z).
It is sufficient to show that Hy does not vanish on A! x (U \ z) x z. But
Ho(Y)|arx(\a)xa = 0- (Y =X)"+(1=0)- (Y =X)" = (Y = X)"™ a1 x (0\2) xa»

and (Y — X)™|arx@\o)xz € K[AY x (U \ z) x 2]* as (U \ ) x  contains no
diagonal points. Whence the claim. O

Proof of Theorem 4.3. By a similar argument as in the proof of Lemma 5.10,
(Hp, ;") is a homotopy from A, to (i,ily\z) © (P, P},). Thus the same
proof as that of Theorem 4.2 applies. O

7 SURJECTIVITY OF ZARISKI EXCISION

We proceed to prove Theorem 4.4. To begin with, we interpolate polynomials
in a similar fashion as Lemma 5.5:

LeMMA 7.1 ([GP18, §5]). For m > 0 there exists a polynomial G, (Y) €
K[U)Y] = k[U x Al], monic and of degree m in Y, satisfying the following
properties:

(1) Gn(Y)|uxs = 1.
(2) Gu(Y)|luxa =X —X)|uxa-
(3") Grm(YV)|uxz = (Y = X)|uxa-

LEMMA 7.2 ([GP18, §5]). For m > 0 there exists a polynomial F,,_1(Y) €
E[V][Y] = k[V x A], monic and of degree m — 1 inY, satisfying the following
properties:

(1") Fpa(Y)|lvxe = (Y — X)~' € k[V x B]*.
(2") Fe1(Y)|yxa = 1.
(3") Fm—l(Y)|A(V) =1.

Remark 7.3. As B=U\V, the set V x B does not contain any diagonal points.
Hence the function Y — X is invertible on V' x B, so (1”) makes sense.

DEFINITION 7.4. Set E,, := (Y — X) - Fi_1 € k[V][Y] and Hp := 0G,,, + (1 —
0)E,, € k[A' x V][Y], where 0 is the coordinate of A'.

Observe that the divisor V(E,,) satisfies V(E,,) = V(Y — X) UV(Fy,—1) =
A(V)YUV(Fp—1). In fact, by (3”), this union is a disjoint union. Moreover,
using the definition of F;,_1 we see that F,, enjoys the following properties:

(1g) En(Y)lvxs =1=Gn(Y)|lvxs.
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28) Em(Y)lvxa = (Y = X)lyxa = Gn(Y)lvxa.

BE) Em(Y)lvxe =Y = X)lvxe = Gm(Y)|vxa-

The last property (3g) implies:

(35) En(¥)lrayxe = G (Ve € KV \ ) x 2.

Let us first construct the finite MW-correspondence ¥ € Corg (U, V) using the
polynomial G, of Lemma 7.1 for m > 0. By Lemma 7.1, V(G,,) CU x V|,
and we may consider the principal divisor D¢g,, on U x V defined by G,,. Let
¥: O(Dg,,) = wy be the isomorphism determined by choosing the generator
dY for wy.

LEMMA 7.5. Put ¥ := (ﬁ;’(DGm,l/J) and ¥* = (ﬁ;((jU x jv)*Da,,, (ju %
Jv)* ). Then .
(W, U*) € Cor, (U,U\ z),(V,V \ z)).

Proof. Since G,, is monic in Y, V(G,,) is finite and surjective over U by
Lemma 3.7. Thus Lemma 3.3 ensures that ¥ is a finite MW-correspondence
from U to V. Moreover, as G (Y)|luxe = (Y — X)|uxas, it follows that
Gl (u\a)xw is invertible on (U \ x) x x. Hence there is an inclusion

V(Gp)N((U\z) x V) C (U\z)x (V\z).

By Lemma 3.6 it follows that (¥, ¥®) is a morphism of pairs from (U, U \ z) to
(V. V\ ). O

In order to define the desired homotopy, we proceed in a familiar fashion. By
(1g) and (2g), Hp is invertible on Al x V x B and A! x V x A. Hence
V(Hy) C A x V x V, and we may consider the divisor Dy, on Al x V x V.
We let x: O(Dp,) = wy be the isomorphism given by choosing the generator
dY for wy.

LEMMA 7.6. Let 5 = &RI(DHe,x) and

A5 = div(((1 X jv) X jv)* Dy, (1 x jv) X jv)*x).

Then
(A, H7) € Cor, (AL x (V,V\ 2),(V,V \ z)).

Proof. To see that % is a finite MW-correspondence from A' x V to V, note
that both G,, and E,, are monic and of the same degree in Y. Therefore the
linear combination Hy of GG, and E,, is also monic in Y, and it follows that
the support V(Hy) of Dy, is finite and surjective over A! x V by Lemma 3.7.

Hence 5% € Cory(A! x V,V) by Lemma 3.3.
Turning to %, we must show that

V(Hg) N (A x (V\z)x V) C A x (V\z) x (V\ ).
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We already know that Hy is invertible on Al x (V\z)x A and on Al x (V\z)x B.
It remains to check the set Al x (V '\ z) x z. But by (3g) and (3%;) we have

En(Y)|\z)xe = Gm(Y)|\a)xe = (Y = X)[(v\2) xa>

which is invertible as (V \ ) x « does not intersect the diagonal. Therefore
the linear combination Hy of E,, and Gy, is also invertible on (V' \ z) x z, and
the claim follows. Using Lemma 3.6, this shows that (763, ") constitutes a
morphism of pairs from A x (V,V \ z) to (V,V \ ). O

Let us compute the start-, and endpoints %), 4] of the homotopy %—that
is, the precomposition of /% with the rational points ig,i1: V — Al x V.

LEMMA 7.7. We have 5% = idy +jy 0 © where © € é&k(v,v \ ). On the
other hand, 764 = W o i, where i: V < U is the inclusion.

Proof. By Lemma 3.4 we have J4 = div((iy x 1)*Dp,, (i1 x 1)*x) = ¥ oi. As
for s, we have

Ay = div((io x 1)* Dp,, (io x 1)*x) = div(Dp, ., (io x 1)*x),

where D, is the principal Cartier divisor on V' x V defined by the polynomial
E,,. Let Dp be the principal divisor on V x V defined by F,_1. As

m—1

V(Ep) = A(V)IIV(F-1), Lemma 3.2 tells us that
My = A1+ div(Dp,,_,, (io x 1)*X).

Here A;j is the divisor defined in Definition 5.1, satisfying A; = idy. As
V(Fm—1) CV x (V\ z), Lemma 3.5 ensures that there is a unique element

—1
[CXS CHV(mel)(V X (V \ I),WV\I)

such that jy 0© = (ﬁ(f(DEm, (i0 x 1)*x). By Lemma 7.2, V(F),—1) is finite and

surjective over V' \ z, and hence © € Cori(V,V '\ z). O

Proof of Theorem 4.4. The content of Theorem 4.4 is a rephrasing of
Lemma 7.7. O

8 ZARISKI EXCISION ON A},

We now aim to extend the results of Section 4 to open subsets of A}, where
K = k(X) is the function field of some integral k-scheme X € Smy. This can
be achieved by the following _trick, which was suggested to the author by I.
Panin: given a presheaf .# € PSh(k), we can extend .% to a presheaf .Z% on a
certain full subcategory of 65}1(, and then use Zariski excision for presheaves
on Corg.

In this section, the field k is assumed to be of characteristic 0.
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Remark 8.1. Notice that the results of Section 4 show that Zariski excision on
Al holds for any homotopy invariant presheaf on Corgx by simply letting the
ground field be K. The point of this section, however, is to show that we can
obtain Zariski excision on AL also for homotopy invariant presheaves on Cory.
DEFINITION 8.2. Let X € Smy be a smooth integral k-scheme, and let K :=

— X
E(X) be the function field of X. We define the category Cory as follows. Its
objects are are pairs (Y,V C Yk) consisting of a smooth k-scheme Y € Smy

along with an open subscheme V of Yx :=Y Xy, Spec(k(X)). The morphisms
X
of Cory are given as

Hom o x (Y, V), (Y, V")) = Corg (V, V).

X
Abusing notation, we may write simply V for an object (Y, V') of Cor.

X
Remark 8.3. Since any open subscheme V' of Y is K-smooth, Cory is equlv—

alent to the full subcategory of CorK whose objects are those V € CorK for
which there exists Y € Smy along with an open embedding V' — Y.

Let us fix some notation:

— X
DEFINITION 8.4. If (Y, V) € Corg, we define the following subschemes of Y
and Y x; X:

o 7 =Yg \V;
o % := 7, the Zariski closure of Z in Y xj X;
o V=Y xp, X))\ Z.

Let also ¥k := ¥ xx Spec(K) denote the generic fiber of the projection
px|v: ¥ — X. Note that we then have ¥, = V. Furthermore, for each
open subscheme X; of X, set

4//(Xz) =N (Y Xk Xi);

the intersection being taken in Y X, X. Then we have V = ¥ =
l'glx_ cx ¥ (X;), where the limit runs over all nonempty open subsets of X.

In particular, ¥ = 7 (X).
X
DEFINITION 8.5. Let .# € PSh( ) be a presheaf. For any V' € Cory, we set

FXV) = ling 7 (¥(X,)).

In particular, if (Y,V) = (A}, AL), then ZX(V) = F(AL) = lim, F (A} Xy,
X))
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Remark 8.6. Notice that if F# € lggl/a(k) is homotopy invariant, then
FX(AL) 2 ZX(K).

—X —X
Our goal is now to promote .# % to a presheaf on Cory. For U,V € Cory, this
means that we need to define a natural restriction map a*: .ZX (U) — .ZX(V)

— X

for any a € Corg (V,U). To do this we need some preparations. First, recall
that we can write U = lim, v (X;), V= Jim, ¥ (X;), where %, ¥ and X, are
as in Definition 8.5.

LEMMA 8.7. With the notations as above, we have a natural isomorphism
limg Cor, (¥ (X:), % (X3)) = Core(V,U).
Proof. Rewriting U as % X x Spec(K), we obtain the chain of natural isomor-
phisms
Corg (V,U) = Corg (V, % x x Spec(K))
= Corx (V, %)

= lim Corx, (¥(X,), % (X3))-
Here the penultimate isomorphism follows from a similar argument as that of
[CF17, Lemmas 4.6 and 5.10]. O
X
For any a € Corg (V,U), we can now define a natural map
ot FXU) = FEV)

as follows. Using Lemma 8.7, we may choose a representative a; €
Cory, (¥ (X;), % (X;)) mapping to a. Let

fir V(Xa) xx, U(Xi) = V(Xo) ¥ U (X3)
denote the canonical morphism. By Lemma 2.9, f; induces a homomorphism
(f3)+: Corx, (#(X2), % (X3)) = Conx(V(X), % (Xy)).
DEFINITION 8.8. With the notations as above, set
o =l ((f))+(a;))": FEU) = FH(V),

Jj>i
For any pair of indices i < j, the following commutative diagram in é&k,
V(X)) —— V(Xy)
(fj)*(aj)l l(fi)*(ai)
U(Xj) — U(Xi),

shows that the definition of a* does not depend on the lift «;.
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LEMMA 8.9 (Injectivity on Ak). Let (A},U) and (A, V) be two objects of

— X
Cory such that V is nonempty and V- C U. Writei: V < U for the inclusion.
Then the induced map

i FXU) = FX(V)

is injective for any homotopy invariant presheaf F € @(k)

Proof. Injectivity on the affine line gives a homotopy @ € @K(U, V) such
— X
that i 0 ® ~a1 idy. Since @ is a morphism in Cory and .Z¥ is a presheaf on

— X
Cor, the result follows. (]

LEMMA 8.10 (Zariski excision on A},). Let x € Al be a closed point, and let

— X
(A},U) € Corg be such that x € U. Denote by i: U < Al the inclusion.
Then i induces an isomorphism

TN (AR \2) = FXU\z)
FX(AK) FX(U)

-k

L®

for any homotopy invariant presheaf F € f’gil(k)

Proof. This follows similarly as in Lemma 8.9 above. O

9 INJECTIVITY FOR LOCAL SCHEMES
The goal of this section is to prove the following theorem.

THEOREM 9.1. Let X be a smooth k-scheme and x € X a closed point. Let
U := Spec(Ox ;) and write can: U — X for the canonical inclusion. Suppose
thati: Z — X is a closed subscheme of codimension > 1 in X satisfying r € Z.
Let j: X \ Z — X denote the open complement. Then there exists a finite

MW -correspondence ® € a);"k(U, X\ Z) such that the diagram

X\ Z
..
g ey

commutes in hCory.

For homotopy invariant presheaves on C‘Ao/r;c we immediately obtain:

COROLLARY 9.2. Suppose that F € @1(16) is a homotopy invariant presheaf
with MW -transfers. If s € F#(X) is a section such that s|x\z = 0, then
S|U =0.
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Let X° C X be a Zariski open neighborhood of the point z, and let Z° :=
Z N X° As noted in [GP18, §8], it is enough to solve the problem for the
triple U, X° and X°\ Z°. In particular, we may assume that X is irreducible
and that the canonical sheaf wy/;, is trivial. In fact, we will shrink X so that
we are in the situation of a relative curve over a quasi-projective scheme. The
advantage of this approach is that it turns problems regarding subschemes
of high codimension into problems regarding divisors, which is a much more
flexible setting. For the shrinking process we refer to the following theorem,
which is originally due to M. Artin.

THEOREM 9.3 ([PSV09, Proposition 1]). Let X, Z and x € Z be as in The-
orem 9.1. Then there is a Zariski open neighborhood X° C X of the point x,
an open tmmersion X° — YO, a Zariski open subscheme B of PY™X—1 gnd q
commutative diagram

X — 5 X X2
X‘Jﬁ%
B

satisfying the following properties:

(1) p is a smooth projective morphism, whose fibers are irreducible projective
curves.

(2) XS, =X "\ X°, and pso: X2, — B is finite étale.

(3) The morphism plznxe: ZNX° — B is finite (where the intersection is
taken in X°).

The morphism p: X° — B is called an almost elementary fibration.

Following [GP18, §8], we may shrink X such that there exists an almost el-
ementary fibration p: X — B and such that wx/, and wpg/ are trivial, i.e.,
wx/k = Ox and wp/k = Op. Let Z :=X xgpU and & :=Z xg U. Let also
px: Z — X and py: £ — U be the projections onto X and U, respectively,
and let dx denote the dimension of X. Finally, let A denote the morphism
A = (can,id): U — & .

LEMMA 9.4 ([GP18, Lemma 8.1)). There exists a finite surjective morphism
Hy = (hg,pU): X — Al x U

over U, such that if we let Py := Hy (1 x U) and 9y := Hy '(0 x U) denote
the scheme-theoretic preimages, then the following hold:

1) 2C2\Z.
(2) 2o = AU) T D}, with 7, C X\ Z.
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We will use Lemma 9.4 to produce the desired MW-correspondence ®. The aim
—d

is to define ® as the image (Hp x 1).(px) of the projection px € CHF:X (2 x

X,wx) under the pushforward map

——dx —dx 1
(Hp x 1)s: CHp | (2 x X, wh,x1 ®wx) = CH(g, 1y, (A X U x X,wx).
X rPXx
To this end, we need a trivialization of W, x1 = wa x x/k®@(Hp X 1)*wy, KUXX k"
Now, as U is local we have wy/, = Opy. Keeping in mind the discussion
preceding Lemma 9.4, it follows that the relative bundle wg, «1 is also trivial.
Thus we may choose an isomorphism x: Ox = wp, x1.

DEFINITION 9.5. Let px € Cfls/rk(%,X) denote the projection. Using the
trivialization y above, we let X € Cory(A' x U, X) denote the image of
px € Corg(Z', X) under the composition
—~—dx ~ ——dx
CHFPX (3{ X X,wx) — CHFPX (3{ X X;Wngl ®wx>
(Hox1), ——dx
6_} CH(H@XI)(FPX)(Al x U x X, WX)

LEMMA 9.6. The morphism Hg x 1 maps 'y, = Z isomorphically onto its
image. Let H = Ay oig and H)* = Ay oiy. Identifying Z with its
image in A' x U x X, we then have supp 7" = 2, supp HJ* = Py, and
supp X = 9.

Proof. If y = ((z,u),x), y' = ((2/,u'),2") € Ty is such that
(Ho x 1)(y) = (ho(z,u),u, ) = (He x 1)(9/) = (hg(x’,u/),u/,x’),

it follows that x = z’ and v = v/, hence y = 3’. Thus we can consider 2
as a subscheme of A' x U x X by (z,u) + (hg(x,u),u,z). Now, the MW-
correspondence px is supported on 'y, hence supp 5% = (Hyg x 1)(T'py) =
Z . We turn to the restrictions #J* and J* of the homotopy ;. By
[CF17, Example 4.17] we have " o ic = (i x 1)*(), where ¢ = 0,1. It
follows that supp #X = (i x 1)7*((Hp x 1)(T'py)), and this closed subset is
determined by those points (x,u) € £ satisfying hg(z,u) = €. In other words,
supp X = D.. O

LEMMA 9.7. There is an invertible reqular function X on U such that
HF = cano (\) + j o @

and
'%EX = j o (I)la

where ®), ®; € Corg(U, X \ Z) and (\) € KYW(U).
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Proof. By Lemmas 9.4 and 9.6 we have supp #J* = A(U) I &, where 2} C
X\ Z. By Lemma 2.4 we may therefore write #J* = a +  where a €
Cory(U, X) is supported on A(U) and 3 € Corg(U, X) is supported on D.
Since supp 8 = 2, C 2\ Z, Corollary 2.6 ensures that there exists a unique
finite MW-correspondence ®; € Corg(U, X \ Z) such that j o ®, = 8. Hence
X s of the form JX = a + jo @ for O) € Cory(U, X \ Z). The same
reasoning shows that, since supp #7* = 2y C 2"\ Z, there is a unique MW-
correspondence ®; € Cory(U, X \ Z) such that #X = j o ®;.

It therefore only remains to understand the finite MW-correspondence o €

—d
CHA)ZU)(U x X,wx). Recall that, by definition,
A = (io x 1)"(Hp x 1)« (Tpx )« ((1)).

Let ia() and ig, denote the respective inclusions iny: A(U) € 2 and
igy: D0 € Z . The base change formula [CF17, Proposition 3.2] applied to the
pullback square

AT ) x X 20 o« x

HQWOXIJ, ngXl

UxX —2Xt Al wUx X

reveals that a = (Hp|awy X 1)«(ia@) X 1)*(T'py )«((1)). Using that A: U —
Z is an isomorphism onto its image and that Hp|a@y: A(U) — U is an
isomorphism, we may write & = (A x 1)*(T'p,)«((1)). Next, consider the

pullback diagram

v—=2 7

| [res

Ux X —2X 5 97 % X.
Using base change once more, we obtain o = (T'can)«A*((1)). Comparing this
expression with the definition Yean = (Tecan)«({1)) of Yean, we see that two
possibly different trivializations of the line bundle wy are involved. Letting
A € K[U]* be the fraction of these two trivializations, it follows that a =

A'y'can o <)\> O
Proof of Theorem 9.1. In the notation of Lemma 9.7, define 5 := ;X0 (A7)

and @ := (®; — @) o (A\71). By Lemma 9.7, 5 provides a homotopy can ~ a1
jod. O

10 NISNEVICH EXCISION

The setting of this section is as follows. Suppose that X, X’ € Smy are
smooth affine k-schemes such that there is an elementary distinguished Nis-
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nevich square
Vi — X'

l ln (10.1)

V — X.

Define the closed subschemes S := (X \ V);ea € X and S’ := (X' \ V')req C X'.
Let z € S and «’ € S’ be two points satisfying II(z') = z. Moreover, we set
U := Spec(Ox ;) and U’ := Spec(Ox/ 7). Let can: U — X and can’: U’ — X’
be the canonical inclusions and let 7w :=II|y,: U’ — U. We can summarize the
situation with the following diagram:

’
V/ X/ can Ul

l ln l” (10.2)

V— X 7 U

The main result of this section is the following excision theorem for Nisnevich
squares.

THEOREM 10.1 (Nisnevich excision). Let .# be a homotopy invariant presheaf
on (ff)}k. Given any elementary distinguished Nisnevich square as (10.1), sup-
pose in addition that the closed subscheme S is smooth over k. Then the induced
morphism
. FZWUN\S)  ZFU\S)
Tru) I

is an isomorphism.

The proof of Theorem 10.1 relies on the two following results, establishing
respectively injectivity and surjectivity of 7*:

THEOREM 10.2 (Injectivity of Nisnevich excision). With the notations in (10.2),
there exist finite MW -correspondences ® € Corzr((U, U\S), (X', X'"\S) and
© € Cor, (U, U\ S),(X\ S, X\ S)) such that

TMod— EX 0O =tan
in hCor,, (U, U\ S), (X, X\ S)). Here jx: (X\S, X\ S)— (X,X\S) is the
inclusion.

THEOREM 10.3 (Surjectivity of Nisnevich excision). With the notations in
(10.2), assume in addition that S is smooth over k. Then there exist finite MW -

correspondences U € &E‘Zr((U,U \S), (X', X'\ S") and Z € 6\/0rzr((U’,U’\
SN (X'\ S, X"\ S7)) such that

VoT —jy 02 =can’

inhCor,, (U, U'\S"), (X', X'\S")). Here jxr: (X'\ S, X'\S) < (X', X'\ S
18 the inclusion.
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Assuming Theorems 10.2 and 10.3, Theorem 10.1 now follows:

Proof of Theorem 10.1. Let % be a homotopy invariant presheaf with MW-
transfers. First, note that Theorem 9.1 implies that the restriction maps
FU) = ZU\S) and F(U') —» F(U'\ S’) are injective. Indeed, suppose
that s, € % (U) maps to 0 in % (U \ S). We may assume that s, is represented
by a section s € .Z (W) for some Zariski open neighborhood W of z, such that
slys = 0. But then s, = 0 by Corollary 9.2. Hence .#(U) — F(U \ 9) is
injective. It follows similarly that . (U’) — .# (U’ \ S’) is injective.

Now, as the MW-correspondence © of Theorem 10.2 maps to (X \ S, X \ 9),
jx o © induces the trivial map

F(X\S) FU\S)

(jx0©)* =0: Z(X) — 70

Hence ®* o IT* = can*. Similarly, =* = 0 and hence 7* o U* = (can’)*. We use
this to show that 7* is an isomorphism.

To show that 7* is injective, let us assume that s, € F(U\ S)/Z(U) is a germ
such that 7*(s;) = 0. As

FWU\S) .. FW\S)
ZU) FW)

Wax

we may assume that s, is represented by a section s € F(W \ S)/F (W)
for some affine k-smooth Zariski open neighborhood W of x. Thus s is a
section satisfying can*(s) = s, and 7*(s;) = 0. Now, since 7*(sz) = 0 in
FU'\ 8"/ Z(U'), there is some affine k-smooth Zariski open neighborhood
W' of 2/ in X' x x W such that IT*(s)|» = 0. Replacing X by W and X’ by W/,
we may then apply Theorem 10.2 to obtain a finite MW-correspondence ® €
Corg (U, X') such that ®*oIl* = can*. But then s, = can*(s) = ®*(II*(s)) = 0.
Hence 7* is injective.

To show surjectivity, let s, € F(U’'\ S")/Z(U’). Similarly as above, we
may assume that s/, is represented by a section s’ € F(X'\ 5")/F(X'), ie.,
(can’)*(s") = s,. By Theorem 10.3, there is a finite MW-correspondence ¥ €
Corg(U, X') such that 7* o ¥* = (can’)*. We then have s, = (can’)*(¢') =
7 (U*(s')), and thus 7* is surjective. O

We proceed to prove Theorems 10.2 and 10.3.

11 INJECTIVITY OF NISNEVICH EXCISION

In this section we aim to prove Theorem 10.2. As preparation, we need to
perform a shrinking process similar to that in Section 9. By [GP18, Lemma 9.4],
there is a Zariski open subscheme X° C X along with an almost elementary
fibration ¢: X° — B such that wp/;, = Op and wxo, = Oxo. By [GP18, §9]
we may replace X by X° and X’ by II7!(X°). We regard X’ as a B-scheme
via the map g o II.
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Let A denote the morphism A := (id,can): U — U xp X, and let px and
pa1xy denote the projections from A! x U x g X onto X respectively Al x U.

PROPOSITION 11.1 ([GP18, Proposition 9.9]). Let 0 be the coordinate of Al.
There exists a function hg € k[A' x U x g X| such that the following properties
hold for the functions hg, ho := hgloxuxpx and hy := hglixuxpx:

(a) The morphism Hy = (parxv,he): At xUxpX — Al xU x Al is finite
and surjective. Letting Zy 1= h;l(O) C A' x U xp X, it follows that Zg
is finite, surjective and flat over A x U.

(b) Let Zg := hy'(0) C U xp X. Then there is the equality of schemes
Zy=AU) I G, where G CU xp (X \9).

(¢) The closed subscheme V((idy xII)*(h1)) C U xp X' is a disjoint union of
two closed subschemes Z111Z5. Moreover, the map (idy x11)|z; identifies
Z} with Zy := hy*(0).

UxpX 20 pxpx 4 Al

J ]

7l — = 7y =V(h)

(d) We have Zg N (A x (U\z) xp X) CA' x (U\ z) xp (X \ z).
COROLLARY 11.2 ([GP18, Remark 9.10]). We have the following inclusions:
(1) ZgN(A' x (U\S) xp X) CA'x (U\S) xp X\S.
(2) ZoN((U\S) xpX) C(U\S)xp(X\S9).
(3) Z1N((U\S) xpX) S (U\S)xp (X\S9).
4) Z1n((U\S) xp X') C(U\S) xp (X'\5).
DEFINITION 11.3. Choose a trivialization x of wp,x1. We define X €

__ —d
Cori(A! x U, X) as the image of the projection px € CHF:X (A' x U xp
X x X,wx) under the composition

——dx

CHr (A'xUxp X x X,wx)

Px

~

= CHp, (A" x U xp X x X, w1 ®wx)

(Hox1). —yrdx
% CH(H@Xl)(FpX)(Al x U x Al X X,WX)

i -
(Wox V7, CHY (AL % U x X, wy),
where dy = dim X, T := (1 x ig x 1)7'((Hp x 1)(T'p,)), and where the first
isomorphism is induced by .
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LEMMA 11.4. The finite MW -correspondence €;* is supported on Zg. More-
over, for e = 0,1 we have supp JX = Z, (where FX := Ay oic).

Proof. Let T' denote the support of *. As indicated in Definition 11.3 we
have T' = (1xigx1)71((Hgx1)(T'py)). By the same argument as in Lemma 9.6,
Hyp x 1 injects ', onto its image, hence (Hg x 1)(Tp, ) = A x U x g X. Thus
T consists of those points (t,u,z) € Al x U x g X such that hy(t,u,x) = 0, i.e.,
T = Zy.

Turning to the support of J#X, note that J#X is the image of px under the
map

CHr, (A'xUxp X x X,wx) = CHyypp, o (€ X U x X, wx)

given as the composition (i X 1)* o (1 X ig x 1)* o (Hg X 1),. By the same
reasoning as above, pulling back along i, X 1 amounts to substituting 8 = € in
hg, which yields the desired result. O

LEMMA 11.5. There are finite MW -correspondences © € Corg(U, X \ S) and
® € Cor,(U, X') along with an invertible regular function X on U such that
HY =cano (\) +jx 0O and X =110 ®.

Proof. By Proposition 11.1 (b), we can write 4 = a + ©', where ©' €

Cory (U, X) is supported on G and o € (/?B}k(U,X) is supported on A(U).
Using Proposition 11.1 (b), Lemma 2.5 ensures that there is a unique finite

MW-correspondence © € Cfls/rk(U,X \ S) such that ® = jx o ©. We proceed
similarly for J#*: by Proposition 11.1 (¢), the pullback
—d
(1 X H>*(%x) S CH(lxxn)fl(Zl)(U X X/,QJX/)

is supported on Zj 1T Z3, and (1 x II)|z is an isomorphism from Z] onto Z.
It follows that we have an isomorphism

——dx

——d I~
(1 xM),: CHy, (U x X', wx/) = CHy, (U x X, wx).

Hence @ := (1 x )71 (X)) = (1 x T)*(4X) € Cory(U, X') satisfies ITo ® =
It remains to show that o = can o (\), the proof of which being similar as in
the proof of Lemma 9.7. As

(1 xigx1)o(igx1)=(igx1xigx1):UxX — A xU x A' x X,

we can write X = (ig X 1 X ig x 1)*(Hg x 1).(Tpy)«((1)). Using the base
change formula twice as in Lemma 9.7, we find that

a = (Hp|law) ¥ D(iaw) X 1)"(Fpx )« (1)) = (Tean)«((1)) © (A) = Fean © (),

where A € k[U]* is the fraction of two trivializations of wyy, and ia @y : A(U) <
U x g X is the inclusion.
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LEMMA 11.6. Let juy: U\ S <> U, jx: X\ S < X and jx: X'\ 5" — X'
denote the inclusions, and set:
A5 = (1 x ju x jx) () € Corp(A' x (U\ S), X \ S).
5 := (ju x jx/)*(®) € Corp(U\ S, X"\ ).
0% := (ju x 1)*(©) € Corg(U\ S, X\ 5).

Then we have:
(A, 7°°) € Cory (A" x (U.U\ 9), (X, X\ ).
(®,8%) € Cor, (U, U\ S), (X', X"\ 9)).
(©,6%) € Cory (U,U\ 8), (X \ 5.X\9)).
Proof. In light of Corollary 11.2, this follows from Lemma 2.7. O

Proof of Theorem 10.2. Replacing 7, © and ® by the respective precompo-
sitions with (A~1), it follows from Lemmas 11.5 and 11.6 that we have the
identity

Mo® -5y 0O =rcan

. —— br
in hCory, . O
12 SURJECTIVITY OF NISNEVICH EXCISION

We proceed to prove Theorem 10.3. In this section, the closed subscheme
S C X is assumed to be smooth over k. Performing a similar shrinking process
as in Section 11, we may assume that there is an almost elementary fibration
q: X — B such that wp/x = Op and wx/, = Ox. Since Il is étale, it follows
that Wy = Oxo.

Let A" := (id,can’): U" — U’ xp X', and let px/ and paixy denote the
projections from A! x U’ xp X’ to X’ respectively A x U’. First we recall
the following fact from [GP18]:

PROPOSITION 12.1 ([GP18, Proposition 11.6]). Let A' have coordinate 0.
There exist functions F € k[U x X'] and hj, € k[A' x U’ xp X'] such that
the following properties hold for the functions F, hy, hy := hploxv'xzx7, and
h/1 = h/9|1><U/><BX’ ;
(a) The morphism H) := (paixur,hp): Al x U xp X' — A x U’ x Al is
finite and surjective. Letting Z} = (hy)~1(0) C A x U’ xg X', it follows
that Z} is finite, surjective and flat over A' x U’.

(b) Let Z}y := (hy)~1(0). Then there is the equality of schemes Z{ = A'(U’)11
G’, where G' CU xg (X'\ 9.

(¢) b} = (7 x idx:)*(F). We write Z; := (h})~1(0).
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(d) Zin (A x (U'\S") xp X') CA' x (U'\S") xp (X"\ ).
(€) The morphism (pry;, F): Ux X' — Ux Al is finite and surjective. Letting
Zy = F~Y(0), it follows that Z; is finite and surjective over U.
(f) Z2n((U\S) x X') S (U\S) x (X"\5).
COROLLARY 12.2 ([GP18, Remark 11.7]). We have the following inclusions:
(1) ZjNn (A x (U'\S) xp X') CTA x (U'\S) xp (X'\9).
(2) ZoN((U'\ &) xp X') C(U"\S) xp (X'\5).
3) 21N (U\ &) xp X) C(U"\S) xp (X"\5).
4) Z1N((U\S)x X)) C(U\S) x(X"\9).
DEFINITION 12.3. Choose a trivialization x of wpyyx1. We define J* €
Corg (Al x U’, X') as the image of the projection px: € CNH?}:X/ (Al x U xp
X' x X' wx+) under the composition
a\ﬁ?;, (A' xU' xp X' x X', wx/)
= é‘ﬁ{‘f”fxl (A" x U xp X' x X' wpyx1 @ wx)

(Hjx1).
—

a\ﬁ?;éxl)(rpxl)(Al x U x A' x X' wx/)
)" CHY (A x U x X' wy),

where T" := (1 x g x 1)"*((Hj x 1)(T',,.,)), and where the first isomorphism is
induced by x’.

The same argument as in Lemma 11.4 readily yields:

LEMMA 12.4. The finite MW -correspondence €;* is supported on Zj. More-
over, for e = 0,1 we have supp HX = Z! (where, as usual, X = Ay  oi.).

LEMMA 12.5. There are finite MW -correspondences W' € a);“k(U, X') and E €
Cori(U’, X"\ §) along with an invertible reqular function X' on U’ such that
H = can’ o (N) + jx 02 and A =V or.

Proof. The claim about J#* follows from an identical argument as in the proof
of Lemma 11.5 by using Proposition 12.1 (b), so let us turn our attention to
J6%. By Proposition 12.1 (c), the morphism 7 x 1 identifies Z] with Z;. By
étale excision [CF17, Lemma 3.7], 7 X 1 induces an isomorphism

—d & ——d
(m x 1)*: CH, (U x X', wx:) = CHy, (U x X, wx").
Arguing similarly to the proof of Lemma 11.5, it follows that there exists a

——d ——
unique element ¥’ € CHZ?(U’ x X' wx/) C Corg(U’, X’) such that s =
U o, O
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Let us check also that the finite MW-correspondences constructed above are in
fact morphisms of pairs:

LEMMA 12.6. Let jy : U'\ S" — U’ denote the inclusion, and define:

A5 = (1 % jur % jxr ) () € Cor(AY x (U'\ §'), X'\ ).
U = (ju x jx)* (V) € Corg(U\ S, X'\ S).
=% = (jur x 1)*(E) € Corg (U’ \ &', X"\ §).

Then

Proof. By Corollary 12.2; the supports of the given MW-correspondences sat-
isfy the hypothesis of Lemma 2.7. O

We are almost in position to prove Theorem 10.3. However, as opposed to the
situation in Section 11 we cannot immediately precompose the homotopy .5,
of Definition 12.3 with ((\)~!) and obtain a homotopy of the desired form. In
order to remedy this, we need the following lemma (see also [Drul8, Proof of
Proposition 6.7]):

LEMMA 12.7. Let X, S, U and can be as in Theorem 10.1, and suppose that
X € k[U]* is an invertible reqular function satisfying Nluns = 1. Then

cano (\) ~a1 can € Cory (U, U\ S), (X, X\ S)).

Proof. The germ A is represented by an invertible section p on some smooth
affine Zariski open neighborhood W of x in X. Moreover, by assumption there
is some affine Zariski open neighborhood W’ C W of = such that u|saw = 1.
Replacing X by W’, we may assume that p is an invertible regular function on
the smooth affine k-scheme X satisfying u|s = 1.

Define an étale covering II: X’ — X by letting X’ := Spec(k[X][t]/(t* — w)).
Consider the closed subscheme S’ := Spec(k[S][t]/(t — 1)) of X’. As II induces
an isomorphism S’ =5 , it follows that we have an elementary distinguished
Nisnevich square

X/ \ Sl X/

.

X\§ — X.
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Thus Theorem 10.2 provides us with a finite MW-correspondence ® €
Corg (U, X') such that IT o ® ~ 41 can as correspondences of pairs. But then

cano () = (u) o can
~at (p)oTlod®
— Tlo (I (1)) 0 @
:Ho<t2>o<l>
=1Ilo® ~4:1 can,

where we have used the left and right actions of K}V on finite MW-

correspondences [CF17, Example 4.14], along with the fact that (a?) = 1 in
KW, O

Proof of Theorem 10.3. Using that k(x) = k(z’), we can find an invertible
regular function v on U such that 7*(v)(2’) = X' (2/)~!. Then put

Hy = Ao (7 ()
and
V=0 o (v).
By Lemmas 12.5 and 12.6, 5% provides a homotopy of correspondences of pairs
can’ o (N - 77 (v)) ~a1 Womo (n*(v)) =¥ o (v)omr=Tor.

We conclude by noting that can’ o (X - 7*(v)) ~a1 can’ by Lemma 12.7. O

13 HOMOTOPY INVARIANCE

In this section we show, following [GP18, Proof of Theorem 2.1] and [Drul4],
how homotopy invariance of the sheaves %z,, and %yis follows from the ex-
cision theorems along with injectivity for local schemes. Throughout this
section .# will denote a homotopy invariant presheaf with MW-transfers,
and X € Smy will denote a smooth irreducible k-scheme with generic point
7: Spec(k(X)) — X. Write K := k(X) for the function field of X.

In this section, the field k is assumed to be of characteristic 0.

HoOMOTOPY INVARIANCE OF Zyq,

Below we will use Zariski excision along with injectivity for local schemes to
show homotopy invariance of the Zariski sheaf .%#;,. associated to #. Let
x € X be a closed point of X. We may write .Z (Spec(Ox )) or #(Ox ) for
the stalk %, of # at x in the Zariski topology.

LEMMA 13.1. The natural map n*: F(Ox ) = F(K) is injective.
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Proof. For U := Spec(Ox ;) we have F(U) = lim, F(V), and F(K) =
hﬂw;ﬁz F(W). Let s, € F(Ox,) be a germ mapping to 0 in .#(K). This
means that there is some nonempty open W C X such that s|yy =0. If x € W
then s, = 0 in #(Ox,) and we are done. So suppose that x ¢ W, and
let Z denote the closed complement of W in X. Then s|x\z = 0, and thus
Corollary 9.2 applies, yielding s, = 0 in F(Ox ). O

COROLLARY 13.2. The map n*: Fzar(X) = Frar(K) is injective.

Proof. Suppose that s € Fyz,,(X) maps to 0 in Fy,.(K). By Lemma 13.1, the
germs s, € .%, of s vanish at all closed points of X, which yields s = 0. O

COROLLARY 13.3. For any nonempty open subscheme i: V. — X, the map
i*: Fzar(X) = Frar(V) is injective.

Proof. We know that K = k(V'), hence Corollary 13.2 ensures that there are
injections Fzar (X) — F(K) and Fz,, (V) — F(K) induced by the generic
point. Since Fzar(X) — F(K) factors through Fz,.(V'), the result follows.

O

X
For the next lemma we will need to pass to the presheaf .ZX on Corj, defined
in Section 8.

LEMMA 13.4. Let x be a closed point in Ak, and write U, := Spec(Oa1_,) for
its local scheme. Then the restriction map

FXANT) = FX(UN\)
FX(Ak) FX(Us)
is an isomorphism.
Proof. We have
agX agX
PN T )
FX(Uy) W FX(W)

and so Zariski excision on A (Lemma 8.10) applied to the pair x € W C AL
yields an isomorphism

FX(Ag\2) = FXW\2)
FX(Ak) FEXW) -

L

The isomorphism is given by the pullback along the inclusion, so it is compatible

with the transition maps in the directed system. It follows that the natural
map from ZFX (AL \ z)/ZX(AL) to the colimit FX (U, \ z)/FX(U,) is an
O

isomorphism.

LEMMA 13.5. The sheafification map ¢: FX(AL) — FX (AL) is an isomor-
phism.
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Proof. Let & be the generic point of AL.. Since stalks remain the same after
sheafification, the commutative diagram

cng( ﬂX(Al)

\lw

ZE(AL)

Zar

.
J"LO

JZar(K)

(in which p* is an isomorphism by Remark 8.6) shows that v is injective. It
remains to show surjectivity.

Let s € 5 (AL) be a section, mapping to the germ s¢ € ng at the
generic point £ of Al under the morphism &*: ZX (AL) — ng As

35X 1—H)1VCA1 X(V), we can find a nonempty Zariski open V C Al and

a section s’ € ﬁx( ) such that ¥(s") = s|y € Z5 (V). Thus s, = s, for any
v € V. The idea from here is to extend the section s’ € .#X(V) to a global
section s” € ZX(AL).

We may assume that V = AL \ z, where z is a closed point. Indeed, the
general case follows by induction since V' is then the complement of finitely
many closed points. For U, := Spec(OA}wz), the commutative diagram

Us\z —— AL \z

l I

Uy, — AL

induces a commutative diagram

N
=
=
1o

9
e
&
—
B

Here the upper horizontal arrow is an isomorphism by Lemma 13.4. Moreover,
note that 7~ (U, \ #) and .Z*(U,) are both stalks, as F~ (U, \ ©) = .Z¢".
Thus we have the isomorphism

FXUa\2) o, Fir(Us \
FXUe) — Fp(Ua)
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We want to lift s’ € FX(V) to FX(AL), which is possible if and only if
s’ maps to 0 in the cokernel of the map FX(AL) — ZX (V). But s’ maps
to s¢ under the map ZX (V) — ZFX (U, \ x) by the choice of s’. Moreover,
s¢ € F¢ is the image of the germ s, € FX(U,) of s at x. Hence s¢ vanishes
in FX(U, \ z)/ZX(U,). By the excision isomorphism we conclude that s’
vanishes in ZX(V)/ZX(AL), and hence there is a section s” € F¥X(AL)
such that s”|y = ¢'.
Finally, we need to check that s” € #X(AL) maps to s under the morphism
v FX(AL) — F5(Ak). Tt suffices to show that the germs of s” and s
coincide at every point of AL.. For the points v € V we know that s|y = ¢ (s') =
¥(s"|v), so it remains to check that s” = s, in #X(U,). By Lemma 13.1 we
have an injection

& FX(U,) — FE.
Since &*(sz) = £*(sY) = s¢, we conclude that s, = s,. O
THEOREM 13.6. If % € I;Si(k:) is a homotopy invariant presheaf with MW -
transfers, then Fz., is homotopy invariant.

Proof. Let iy be the zero section ig: X — X x A, and write K for the function
field k£(X) of X. We then have p oig = idx, where p: X x Al — X is the
projection. Hence the induced map if: Fzar (X x Al) — Fz.(X) is split
surjective, and it remains to show that ¢§ is injective. Consider the commutative
diagram

(nx1)7

Frgar(X X Al) E— yZar(A}() —_— J\Z);r(A}()
igl li; l(ié‘)*
Far(X) — Fgar(K) = yz);r(K)v

where the right hand vertical map is the map on ﬂz)gr induced by the zero
section. The homomorphisms n* and (nx 1)* are injective by Corollary 13.2 and
Corollary 13.3, respectively. Now, notice that (i )* = 4% by the definition of the
presheaf .Z#X. Hence the right hand square is commutative, and thus it suffices
to show that the map if: Z2% (Ak) — Z55 (K) is injective. Using Lemma 13.5
along with homotopy invariance of the presheaf .Z* (see Remark 8.6) we find

Fpu(Ak) = T (AL) = FXK) = F,(K).
Hence the right hand vertical map is an isomorphism. We conclude that

it Fzar(X x AY) — Fza:(X) is injective. O

HoOMOTOPY INVARIANCE OF i

We proceed to prove homotopy invariance of the associated Nisnevich sheaf
Fis, the proof being similar to the one for Zariski sheafification using Nisnevich
excision. If A is a local ring, let A" denote the henselization of A. We may write
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Q(Spec(ng)) or ﬂ(@%z) for the stalk of # at z in the Nisnevich topology.
Thus Z (0% ) = lim, . Z(V), where the colimit runs over the filtered system
of étale neighborhoods of z in X, i.e., étale morphisms p: V' — X such that

pi(z) 2.

LEMMA 13.7. For U} := Spec(O% ), the natural map F(UY) — .7 (k(U})) is
injective.

Proof. Suppose that s € Z(U") maps to 0 in #(k(U")). This means that
there is some étale neighborhood p: W — X such that s|yw = 0. Replacing
W by its open image, we may assume that W C X. Let Z be the closed
complement of W in X. If x € W then s = 0 in .#(U"); if not then x € Z,

and thus Corollary 9.2 shows that s|yy = 0 for some Zariski neighborhood V' of
x. Since V is also an étale neighboorhood, it follows that s = 0 in .Z(U?). O

The next two corollaries follow from Lemma 13.7 similarly to the Zariski case.
COROLLARY 13.8. The map n*: Inis(X) = Fnis(K) is injective.

COROLLARY 13.9. For any nonempty open subscheme i: V. — X, the map
i*: Fris(X) = Fnis(V) is injective.

LEMMA 13.10. Let x be a closed point in Al,. Write U, = Spec(Oa1_,) and
Ul := Spec(Oh , ) Then there is a natural isomorphism
K>

FXUNw) = FXUI\)
FX(Us) FX(UE)
Proof. We have
FXURN) L FXW\a)
FXUE) oA TEW)
X !
WAL WCW 7 (W>
P (Spec(Owa) \ 7)
= li
w7 X(Spec(Ow)
- UMY FEUN\ )
— 1 =
won, 7N FN)

Here W runs over all étale neighborhoods of  in Al.; W’ runs over all Zariski
open neighborhoods of x in W; and the fourth isomorphism is given by Nis-
nevich excision. O

LEMMA 13.11. The sheafification map ¢: FX(AL) — FE(AL) is an iso-
morphism.
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Proof. Let & be the generic point of A},. By the same reasoning as in the proof
of Lemma 13.5, the map Z X (A}) — F3.(AL) is injective, and it remains to
show surjectivity. Let s € Zg (AL ) be a section. Since the stalks ﬁgx and
(F3.)e coincide, there exists a Zariski open subscheme V C AL and a section
s’ € FX(V) such that 1 (s') = s|v in Fg, (V). We wish to extend s’ € FX(V)
to a global section s” € F%(AL). Considering one point at a time, we may
assume that V' = A% \ z for some closed point x. Let U, := Spec(Op1_,) and
Ul = Spec(Og}(@). A lift of s’ to a section of FX(AlL) exists if and only if
s’ maps to 0 in the quotient #X(V)/FX(AL). Consider the sequence

FXV) o FXU\2) o FXUP\2) o FX(UP\2)
ZX(AL) T FZNU,) | FXUn) FX UM

Here the left hand map is an isomorphism by Lemma 13.4; the middle map is
an isomorphism by Lemma 13.10; and the right hand map is an isomorphism
since both #X (U"\ x) and .FX (U") are stalks in the Nisnevich topology. Thus
it is enough to show that s’ € FX (V) maps to 0 in FE (UL \ x)/FX(UM).
But this follows from the commutativity of the diagram

1
luz

FXV) —— FX(U} \ x)

| ]

FX(Ak) —— FXUD).

Hence we can lift s’ to s” € ZX(AL). It remains to check that s” maps to
s € I (AL). Knowing that (s"|y) = s|y € F3(V), it remains to show
that s” = s, € FZE (UM = FX(UF). As FX(U") injects into FX (UM \ x) =
FX(k(UM) by Lemma 13.7, it is sufficient to prove the equality in the latter
stalk. This follows from the commutativity of the above diagram, using that
both s and s” map to s|y in Fg (V). O

THEOREM 13.12. If F is a homotopy invariant presheaf on 6;)/1";6, then Fnis
is also homotopy invariant.

Proof. We must show that the map ij: Fnis(X x Al) — Fnis(X) induced by
the zero section is injective. As in the proof of Theorem 13.6 we consider the
commutative diagram

Fnis(X x A1) ULDN Fis(Ak)

al i
Fris(X) — L FX(K).
The homomorphisms n* and (7 x 1)* are injective by Corollary 13.8 and Corol-
lary 13.9, respectively. Using Lemma 13.11 along with homotopy invariance of

the presheaf # % we find that the right hand vertical map i} is an isomorphism.
Hence ij: Fnis(X x Al) — Fnis(X) is injective. O
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