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ABSTRACT. Let L/K be a finite Galois extension of number fields
with Galois group G. Let p be an odd prime and r > 1 be an integer.
Assuming a conjecture of Schneider, we formulate a conjecture that
relates special values of equivariant Artin L-series at s = r to the com-
pact support cohomology of the étale p-adic sheaf Z,(r). We show that
our conjecture is essentially equivalent to the p-part of the equivariant
Tamagawa number conjecture for the pair (h°(Spec(L))(r), Z[G]). We
derive from this explicit constraints on the Galois module structure
of Banaszak’s p-adic wild kernels.
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1 INTRODUCTION

Let L/K be a finite Galois extension of number fields with Galois group G.
To each finite set S of places of K containing all archimedean places, one can
associate a so-called ‘Stickelberger element’ fg in the center of the complex
group algebra C[G]. This Stickelberger element is defined via L-values at zero
of S-truncated Artin L-functions attached to the (complex) characters of G.
Let us denote the roots of unity of L by ur and the class group of L by cly.
Assume that S contains all finite primes of K that ramify in L/K. Then it was
independently shown in [Bar78], [CN79] and [DR80] that when G is abelian we
have

AnnZ[G](ML)GS g Z[G], (1.1)
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where we denote by Anna (M) the annihilator ideal of M regarded as a mod-
ule over the ring A. Now a conjecture of Brumer asserts that Anngjg(ur)0s
annihilates cly,.

Using L-values at integers » < 0, one can define higher Stickelberger ele-
ments Og(r). When G is abelian, Coates and Sinnott [CS74] conjectured that
these elements can be used to construct annihilators of the higher K-groups
K_5,.(Op,s), where we denote by Or, ¢ the ring of S(L)-integers in L for any
finite set .S of places of K; here, we write S(L) for the set of places of L which
lie above those in S. Coates and Sinnott essentially proved a p-adic étale co-
homological version of their conjecture in the case K = Q. First results on the
K-theoretic version are due to Banaszak [Ban92, Ban93] and Nguyen Quang
Do [NQD92]. However if, for example, L is totally real and r is even, these
conjectures merely predict that zero annihilates K_o,(Of g) if r < 0 and clg,
ifr=20.

In the case r = 0, Burns [Burll] presented a universal theory of refined Stark
conjectures. In particular, the Galois group G may be non-abelian, and he uses
leading terms rather than values of Artin L-functions to construct conjectural
nontrivial annihilators of the class group. His conjecture thereby extends the
aforementioned conjecture of Brumer (we point out that there are different
generalizations of Brumer’s conjecture due to the author [Nic11b] and Dejou
and Roblot [DR14]). Similarly, in the case r < 0 the author [Nic11a] has formu-
lated a conjecture on the annihilation of higher K-groups which generalises the
Coates—Sinnott conjecture and a conjecture of Snaith [Sna06]. More precisely,
using leading terms at negative integers a certain ‘canonical fractional Galois
ideal’ 7 is defined. It is then conjectured that for every odd prime p and
every x € Anng_ )(K1-2,(OL,5)tor ®7 Zy) one has

Nrdg, (¢)(z) - Hp(G) - 7 € Anng (c)(K 2,(OL.s) @z Zp).

Here, the subscript ‘tor’ refers to the torsion submodule of Ki_2,(Of g), we
denote the reduced norm of any = € Q,[G] by Nrdg,¢)(), and H,(G) denotes
a certain ‘denominator ideal’ (introduced in [Nic10]; see §7.2).

When G is abelian and r = 1, Solomon [Sol08] has defined a certain ideal which
he conjectures to annihilate the p-part of the class group. This has recently
been generalized to arbitrary (finite) Galois groups G by Castillo and Jones
[CJ13]. All these annihilation conjectures are implied by appropriate special
cases of the equivariant Tamagawa number conjecture (ETNC) formulated by
Burns and Flach [BF01].

Now let r > 1 be a positive integer. When L/K is an abelian extension of
totally real fields and r is even, Barrett [Bar09] has defined a ‘Higher Solomon
ideal’ which he conjectures to annihilate the p-adic wild kernel K%._4(Op.s),
of Banaszak [Ban93] (see also [NQD92]). There is an analogue on ‘minus parts’
when L/K is an abelian CM-extension and r is odd. Under the same conditions
Barrett and Burns [BB13] have constructed conjectural annihilators of the p-
adic wild kernel via integer values of p-adic Artin L-functions. This approach
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has been further generalized to the non-abelian situation by Burns and Macias
Castillo [BMC14].

In this paper we consider the most general case, where L/K is an arbitrary (not
necessarily abelian or totally real) Galois extension and r > 1 is an arbitrary
integer. Let G be the absolute Galois group of L. Assuming conjectures of
Gross [Gro05] and of Schneider [Sch79], we define a canonical fractional Galois
ideal 7,° and conjecture that for every # € Anng, ()(Zp(r — 1), ) we have that

Nrdg,(¢)(7) - Hp(G) - J;F € Anng (6 (K3_5(OL.s)p)-

Note that the conjectures of Gross and Schneider are known when L is totally
real and r is even (see Theorem 5.2 and Theorem 3.9 below, respectively).
When in addition L/K is abelian, we show that our conjecture is compatible
with that of Barrett.

In order to show that our conjecture is implied by the appropriate special case
of the ETNC, we reformulate the ETNC for the pair h°(Spec(L)(r),Z[G]) in
the spirit of the ‘lifted root number conjecture’ of Gruenberg, Ritter and Weiss
[GRW99] and the ‘leading term conjectures’ of Breuning and Burns [BB07].
Note that the leading term conjecture at s = 1 is equivalent to the ETNC for
the pair h°(Spec(L)(1),Z[G]) when Leopoldt’s conjecture holds (see [BB10]),
and that Schneider’s conjecture is a natural analogue when r > 1. This refor-
mulation is more explicit than the rather involved and general formulation of
Burns and Flach [BF01]. This will actually occupy a large part of the paper
and is interesting in its own right. Moreover, the relation to the ETNC will
lead to a proof of our annihilation conjecture in several important cases.

In a little more detail, we modify the compact support cohomology of the étale
p-adic sheaf Z,(r) such that we obtain a complex which is acyclic outside de-
grees 2 and 3. We show that this complex is a perfect complex of Z,,[G]-modules
provided that Schneider’s conjecture holds. Assuming Gross’ conjecture we de-
fine a trivialization of this complex that involves Soulé’s p-adic Chern class
maps [Sou79] and the Bloch-Kato exponential map [BK90]. These data define
a refined Euler characteristic which our conjecture relates to the special val-
ues of the equivariant Artin L-series at s = r and determinants of a certain
regulator map. This relation is expressed as an equality in a relative algebraic
K-group.

This article is organized as follows. In §2 we review the higher Quillen K-theory
of rings of integers in number fields. We discuss its relation to étale cohomology
and introduce Banaszak’s wild kernels. In §3 we prove basic properties of the
compact support cohomology of the étale p-adic sheaf Z,(r), where r > 1 is
an integer. We recall Schneider’s conjecture and provide a reformulation in
terms of Tate—Shafarevich groups (which originates with Barrett [Bar09]). We
then construct the aforementioned complex of Z,[G]-modules which is perfect
when Schneider’s conjecture holds. We recall some background on relative
algebraic K-theory and in particular on refined Euler characteristics in §4.
We state Gross’ conjecture on leading terms of Artin L-functions at negative
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integers in §5 and give a reformulation at positive integers by means of the
functional equation. In §6 we construct a trivialization of our conjecturally
perfect complex and formulate a leading term conjecture at s = r for every
integer » > 1. We show that our conjecture is essentially equivalent to the
ETNC for the pair h°(Spec(L)(r), Z[G]). Finally, in §7 we define the canonical
fractional Galois ideal and give a precise formulation of our conjecture on the
annihilation of p-adic wild kernels. We show that this conjecture is implied by
the leading term conjecture of §6. The relation to the ETNC then implies that
our conjectures hold in several important cases. We also discuss the relation
to a recent conjecture of Burns, Kurihara and Sano [BKS].
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NOTATION AND CONVENTIONS

All rings are assumed to have an identity element and all modules are assumed
to be left modules unless otherwise stated. Unadorned tensor products will
always denote tensor products over Z. If K is a field, we denote its absolute
Galois group by Gi. For a module M we write Mo, for its torsion submodule
and set My := M /Mo, which we regard as embedded into Q@ M. If R is a
ring, we write M, x,(R) for the set of all m x n matrices with entries in R.
We denote the group of invertible matrices in My, x,(R) by GL,(R).

2 HIGHER K-THEORY OF RINGS OF INTEGERS

2.1 THE SETUP

Let L/K be a finite Galois extension of number fields with Galois group G.
We write Sy, for the set of archimedean places of K and let S be a finite set
of places of K containing So,. We let Op, g be the ring of S(L)-integers in L,
where S(L) denotes the finite set of places of L that lie above a place in S; we
will abbreviate Or, 5. to Or.

For any place v of K we choose a place w of L above v and write G,, and I,,
for the decomposition group and inertia subgroup of L/K at w, respectively.
We denote the completions of L and K at w and v by L,, and K, respectively,
and identify the Galois group of the extension L., /K, with G,,. We put G, =
G /I, which we identify with the Galois group of the residue field extension
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ANNIHILATING WILD KERNELS 2385

which we denote by L(w)/K(v). Finally, we let ¢, € G, be the Frobenius
automorphism, and we denote the cardinality of K (v) by N(v).

2.2 HIGHER K-THEORY

For an integer n > 0 and a ring R we write K, (R) for the Quillen K-theory
of R. In the case R = O g or R = L the groups K, (O, s) and K, (L) are
equipped with a natural G-action and for every integer r > 1 the inclusion
Or.s € L induces an isomorphism of Z[G]-modules

Kgrfl(OLﬁs) ~ Kgrfl(L» (21)

Moreover, if S’ is a second finite set of places of K containing S, then for every
r > 1 there is a natural exact sequence of Z[G|-modules

0— Ko (Ops) = Kop(Ors) > @ Koroa(L(w)) = 0. (22)
weS’(L)\S(L)

Both results, (2.1) and (2.2), follow from work of Soulé [Sou79], see [Weil3,
Chapter V, Theorem 6.8]. We also note that sequence (2.2) remains left-exact

in the case = 1. The structure of the finite Z|G,,]-modules Ko, _1(L(w)) has
been determined by Quillen [Qui72] (see also [Weil3, Chapter IV, Theorem 1.12
and Corollary 1.13]) to be

Koo 1(L(w)) = Z[Gu) /(6 — N(v)). (2.3)

If S contains all places of K that ramify in L /K, we thus have an isomorphism
of Z[G]-modules

B KoaLw) = @ df ZIGu)/ (6w - N@)),  (24)

weS (L\S(L) vES\S

where we write Ind$ M := Z[G] ®z[) M for any subgroup U of G and any Z[U]-
module M. We also note that the even K-groups Ky, (F) of a finite field F all
vanish.

2.3 THE REGULATORS OF BOREL AND BEILINSON

Let (L) be the set of embeddings of L into the complex numbers C; we then
have |X(L)| = r1 +2rq, where r1 and 79 are the number of real embeddings and
the number of pairs of complex embeddings of L, respectively. For an integer

k € Z we define
Hy(L) := @ (2mi) " Z
(L)
which is endowed with a natural Gal(C/R)-action, diagonally on (L) and on
(2mi)~*. The invariants of Hy(L) under this action will be denoted by H,f (L),
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and it is easily seen that

1+ 1o if 2J[l€

T9 if 2 | k. (25)

dy, := rankz(H;" (L)) = {

Let » > 1 be an integer. Borel [Bor74] has shown that the even K-groups
Kor—2(0p) (and thus Ka,_2(Op,g) for any S as above by (2.2) and (2.3)) are
finite, and that the odd K-groups Ks,_1(0Op) are finitely generated abelian
groups of rank d,.. More precisely, Borel constructed regulator maps

Pr - KQT_l(OL) — HIF_T(L) ® R (26)

with finite kernel. Its image is a full lattice in H;" , (L)®R. The covolume of this
lattice is called the Borel regulator and will be denoted by R,.(L). Moreover,
Borel showed that

Lt —r)

D) Q*, (2.7)

where (; (1 — r) denotes the leading term at s = 1 — r of the Dedeking zeta
function (r,(s) attached to L.

Remark 2.1. In the context of the ETNC it is often more natural to work
with Beilinson’s regulator map [Bei84]. However, by a result of Burgos Gil
[BGO2] Borel’s regulator map is twice the regulator map of Beilinson. As we
will eventually work prime by prime and exclude the prime 2, there will be no
essential difference which regulator map we use.

2.4 DERIVED CATEGORIES AND GALOIS COHOMOLOGY

Let A be a noetherian ring and PMod(A) be the category of all finitely gen-
erated projective A-modules. We write D(A) for the derived category of A-
modules and C*(PMod(A)) for the category of bounded complexes of finitely
generated projective A-modules. Recall that a complex of A-modules is called
perfect if it is isomorphic in D(A) to an element of C®*(PMod(A)). We de-
note the full triangulated subcategory of D(A) comprising perfect complexes
by DPef(A).

If M is a A-module and n is an integer, we write M [n] for the complex

=2 0=20->M-—-0—=-0—---,

where M is placed in degree —n. We will also use the following convenient
notation: When ¢ > 1 and nq,...,n; are integers, we put

M{ny,...,n} = @M[—ni].

Note that M{n} = M[—n] and M{nq,...,n:}[n] = M{ny —n,...,ny —n}.
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Recall the notation of §2.1. In particular, L/K is a Galois extension of number
fields with Galois group G. For a finite set S of places of K containing S
we let G g be the Galois group over L of the maximal extension of L that
is unramified outside S(L). For any topological G s-module M we write
RY'(Op,.5, M) for the complex of continuous cochains of G, s with coefficients
in M. If F is a field and M is a topological Gp-module, we likewise define
RT'(F, M) to be the complex of continuous cochains of Gp with coefficients
in M.

If F is a global or a local field of characteristic zero, and M is a discrete
or a compact Gp-module, then for r € Z we denote the r-th Tate twist of
M by M(r). Now let p be a prime and suppose that S also contains all p-
adic places of K. Then we will particularly be interested in the complexes
RY(Op,.5,Zy(r)) in D(Z,[G]). Note that for an integer ¢ the cohomology group
in degree i of RI'(Of, s,7Z,(r)) naturally identifies with H, (Or s,Z,(r)), the
i-th étale cohomology group of the affine scheme Spec(Op, g) with coefficients
in the étale p-adic sheaf Z(r).

2.5 p-ADIC CHERN CLASS MAPS

Fix an odd prime p and assume that S contains S and the set S, of all p-
adic places of K. Then for any integer » > 1 and ¢ = 1,2 Soulé [Sou79] has
constructed canonical G-equivariant p-adic Chern class maps

chﬁ’f? : Kop—i(Op.5) ® Zy — Hi(Or.5,Zy(1)).
We need the following deep result.

THEOREM 2.2 (Quillen—Lichtenbaum Conjecture). Let p be an odd prime.
Then for any integer v > 1 and i = 1,2 the p-adic Chern class maps chfﬁ)
are isomorphisms.

Proof. Soulé [Sou79] proved surjectivity. Building on work of Rost and Voe-
vodsky, Weibel [Wei09] completed the proof of the Quillen—Lichtenbaum Con-
jecture. O

COROLLARY 2.3. Let r > 1 be an integer and let p be an odd prime. Then we
have isomorphisms of Z,[G]-modules

. _ Ko 1(Ors)®Zy, if i=1
H'RU(OL,s,Zy(r)) = Hg (Or,5,Zp(r)) = § Kor—2(0L,s) ®Zp if i=2
0 if iA1,2

Proof. This follows from Theorem 2.2 and the fact that the Galois group Gy, s
has cohomological p-dimension 2 by [NSWO08, Proposition 8.3.18]. o
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2.6 K-THEORY OF LOCAL FIELDS

Let p be a prime. For an integer n > 0 and a ring R we write K,,(R;Z,) for the
K-theory of R with coefficients in Z,. Now let p be odd and let w be a finite
place of L. We write O,, for the ring of integers in L,,. If w does not belong
to Sp(L), then for r > 1 and i = 1, 2 we have isomorphisms of Z,[G,,]-modules

Kor—i(0w; Zy) =~ Koyp—i(L(w); Zy) == (Qp/Zp(r — i+ 1)) 5w .

Here, the first isomorphism is a special case of Gabber’s Rigidity Theo-
rem [Weil3, Chapter IV, Theorem 2.10]. As the even K-groups of a finite
field vanish, the Universal Coefficient Theorem [Weil3, Chapter IV, Theo-
rem 2.5] identifies Ko,_;(L(w); Z,) with Kop_1(L(w)) ® Z,, if i = 1 and with
Kor_3(L(w))®Z, if i = 2. Now (2.3) gives the second isomorphism. Note that
in particular Ko,_;(Ow;Zy) is a finite group. We likewise have

HY (L, Qp/Zy(r)) = (Qu/Zy(r)) %",
HY\ (L, Qp/Zp(1 — 7))V (Qp/Zp(r — 1)1,

where (—)Y := Hom(—, Q,/Z,) denotes the Pontryagin dual and we have used
local Tate duality (see also [NSWO08, Proposition 7.3.10] and the subsequent
remark). This shows the case w & S,(L) of the following well-known theorem.
The case w € Sp(L) is another instance of the Quillen—Lichtenbaum Conjecture
and has been proven by Hesselholt and Madsen [HMO03].

&2
=
g
N
bS]
=
2

12

&5
=
&
N
bS]
=
R

THEOREM 2.4 (Gabber rigidity and Hesselholt-Madsen). Let p be an odd prime
and let w be a finite place of L. Then for any integer r > 1 and i = 1,2 there
are canonical isomorphisms of Zy[Gy]-modules

Ko —i(Ow; Zy) ~ Héit (Lo, ZP(T))‘

2.7 WILD KERNELS

Let p be an odd prime and let S be a finite set of places of K containing
all archimedean and all p-adic places. The following definition is due to Ba-
naszak [Ban93] (a variant has been defined slightly earlier by Nguyen Quang
Do [NQD92)).

DEFINITION 2.5. Let r > 1 be an integer. The kernel of the natural map
Ko 2(O1,5) @2y = €D H&(Lu, Zy(r))
weS(L)
is called the p-adic wild kernel and will be denoted by K&¥._5(Op.s)p-

Remark 2.6. This can be described in purely K-theoretic terms as follows. As p
is odd, the cohomology groups HZ,(Ly,, Zy(r)) vanish for archimedean w. Thus
Theorem 2.4 implies that K3._,(Or s), identifies with the kernel of the map

Kor—2(0L.5) @ Zy, — @ Ko —9(Ow; Zy).
weS(L)\Seo (L)
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Remark 2.7. Let S’ be a second finite set of places of K such that S C S’. As
we have observed in §2.6, we have isomorphisms

Kor—2(Ow; Zp) = Kar—o(L(w); Zp) ~ Kor—3(L(w)) @ Zy

for every w € S'(L)\ S(L). Taking sequence (2.2) into account, a diagram
chase shows that the p-adic wild kernel K3 (O s), does in fact not depend
on the set S.

3 THE CONJECTURES OF LEOPOLDT AND SCHNEIDER

3.1 LocAaL GALOIS COHOMOLOGY

We keep the notation of §2.1. In particular, L/K is a finite Galois extension
of number fields with Galois group G. Let p be an odd prime. We denote the
(finite) set of places of K that ramify in L by Siam and let S be a finite set
of places of K containing Syay, and all archimedean and p-adic places (i.e. we
have Seo U Sp U Sram C 5).

Let M be a topological G, s-module. Then M becomes a topological Gy, -
module for every w € S(L) by restriction. For any i € Z we put

P(Ops,M):= € Hi(Lw,M).
weS(L)

We write S for the subset of S comprising all finite places in S.

LEMMA 3.1. Let r > 1 be an integer. Then we have isomorphisms of Z,|G|-
modules

Hirr(L)@)Zp ifi=0

69weSf(L) KQT—l(Ow;Zp) ifi=1

69weSf(L) KQT—Q(Ow;Zp) ifi=2
otherwise.

PYOL,s,Zy(r)) ~

Proof. We first observe that HY, (L, Zy(r)) vanishes unless w is a complex
place or w is a real place and 7 is even, whereas in these cases we have
HY (Lu, Zy(r)) = Zp(r). Thus the isomorphism

@ Lp(T) =~ @(QW’i)TZ ® Ly
(L) (L)

that maps a generator of Z,(r) to (2mi)" restricts to an isomorphism

PO(OL,SaZP(T)) = @ Héot(LwaZp(r)) ~ HZ, (L) @ Zp.
WES (L)
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Now let ¢ > 0. As p is odd, it is clear that H} (L,Z,(r)) vanishes for
all archimedean w. Now let w be a finite place of L. Since the cohomo-
logical dimension of G, equals 2 by [NSWO08, Theorem 7.1.8(i)], we have
H} (Ly,Zy(r)) = 0 for i > 2. The remaining cases now follow from Theo-

rem 2.4. O

COROLLARY 3.2. Let r > 1 be an integer. Then

| drp1 ifi=0
rankz,, (PZ((’)LS, Zp(r))) = [L:Q] ifi=1

0 otherwise.

Proof. In degree zero the result follows from Lemma 3.1 and the definition of
dy1+1. We have already observed that the groups Ko, —;(Ow;Z,) are finite for
i = 1,2 and all finite places w of L which are not p-adic. If w belongs to S, (L),
then Ka,_2(Oy;Zp) is finite, whereas Kop—1(Oy; Zp) has Z,-rank [L,, : Qp] by
[Weil3, Chapter VI, Theorem 7.4]. The result for ¢ # 0 now follows again from
Lemma 3.1 and the formula [L: Q] = 3", cs (1) [Lw : Qpl. O

For any integers r and i we define P(Oy, 5, Q,(r)) to be P (O, s, Zy(r))®z, Qp.
The following result is also proven in [Bar09, Lemma 5.2.4].

LEMMA 3.3. Let r > 1 be an integer. Then we have isomorphisms of Q,[G]-
modules
HY* (L)®Q, ifi=0
P'(OL,5,Qp(r)) 2§ L®gQp ifi=1
0 otherwise.

Proof. This follows from Lemma 3.1 and Corollary 3.2 unless ¢ = 1. To handle
this case we let w € S,(L) and put D (Qpy(r)) := H*(Ly, Bar ®qg, Qu(r)),
where Bgr denotes Fontaine’s de Rham period ring. Then the Bloch—Kato
exponential map

exp X ¢ Ly = Dy (Qp(r)) = Hi(Lu, Qp(r))

is an isomorphism for every w € S,(L) as follows from [BK90, Corollary 3.8.4
and Example 3.9]. Thus we have isomorphisms of Q,[G]-modules

P OLs, Q) = @D HALw Q) > @ Lu=~LogQ,

weSy(L) weSy(L)

O

By abuse of notation we write exp?® also for the isomomrphism L ®q Qp ~

PYOL.s, Qp(r))-
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3.2 SCHNEIDER'S CONJECTURE
We recall the following conjecture of Schneider [Sch79, p. 192].

CONJECTURE 3.4 (Schneider). Let r # 0 be an integer. Then the cohomology
group HZ (Or.s,Q,/Z,(1 — 1)) vanishes.

Remark 3.5. It can be shown that Schneider’s conjecture for r = 1 is equivalent
to Leopoldt’s conjecture (see [NSWO08, Chapter X, §3]).

Remark 3.6. For a given number field L and a fixed prime p, Schneider’s con-
jecture holds for almost all . This follows from [Sch79, §5, Corollar 4] and
[Sch79, §6, Satz 3].

DEFINITION 3.7. Let M be a topological G s-module. For any integer i we
denote the kernel of the natural localization map

H.(Op,s,M) — P' (O, M)

by NIY(OL.s, M). We call IN¥(Of s, M) the Tate-Shafarevich group of M in
degree 1.

The relation of Tate-Shafarevich groups to Schneider’s conjecture is explained
by the following result (see also [Bar09, Lemma 3.2.10]).

PROPOSITION 3.8. Let r # 0 be an integer and let p be an odd prime. Then
the following holds.

(i) The Tate-Shafarevich group NI (Op s,7Z,(r)) is torsion-free.

(i) Schneider’s conjecture holds at r and p if and only if the Tate—Shafarevich
group YOy, 5,Z,(r)) vanishes.

Proof. We first claim that the group HZ (L, Qp/Z,(1 — 1)) vanishes for every
place w of L. This is clear when w is archimedean. If w is a finite place,
then the Pontryagin dual of HZ (L, Qp,/Z,(1 — 7)) naturally identifes with
HY,.(Ly, Zy(r)) = 0 by local Tate duality. Now by Poitou-Tate duality [NSWO8,
Theorem 8.6.9] and the claim we have

HII(OL,Sva(T)) = HI2(OL,Sa Qp/Zp(l - 7’))\/ = HéQt(OL,Sv@p/Zp(l - 7’))\/-

This implies (ii) and also (i) as the groups HZ (O, s,Q,/Z,(1—7)) are divisible
[Sch79, Lemma 2]. O

We record some cases, where Schneider’s conjecture is known.
THEOREM 3.9. Let p be an odd prime.
(i) If r <0 is an integer, then Schneider’s conjecture holds at r and p.

(i) If r > 0 is even and L is a totally real field, then Schneider’s conjecture
holds at r and p.
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Proof. Case (i) is due to Soulé [Sou79] (see also [NSWO08, Theorem 10.3.27]).
Now suppose that r > 0 is even and that L is totally real. Then the K-groups
Ko,—1(0Op,s) are finite by work of Borel (see §2.3). The Quillen—Lichtenbaum
Conjecture (Theorem 2.2) implies that the groups H}, (Or. s, Zy(r)) are finite
as well. It follows that the Tate-Shafarevich group II'(Oy, g,7Z,(r)) is finite
and thus vanishes by Proposition 3.8 (i). Now (ii) follows from Proposition
3.8 (ii). O
3.3 COMPACT SUPPORT COHOMOLOGY

Let M be a topological G, s-module. Following Burns and Flach [BF01] we
define the compact support cohomology complex to be

RT.(Of,5, M) := cone | RT(Or,5,M) = @5 RI(Lw, M) |[-1],
weS(L)

where the arrow is induced by the natural restriction maps. For any i € Z
we abbreviate H'RI'¢(Or,s, M) to H(Or,s,M). If r is an integer, we set
Hi(OL,s,Qp(r)) := H(OL,s,Zp(r)) @z, Qp.

LEMMA 3.10. For every topological G 1, s-module M we have
H(Or,s,M) =11°(Of,s5, M) = 0.

Proof. This is [Bar09, Lemma 3.1.6]. We repeat the short argument for the
reader’s convenience.
By definition, the groups H?(Or g, M) and I1°(Oy, s, M) both identify with
the kernel of the map

HE(Or.5,M) = P°(OL,s, M)
which is just the diagonal embedding M&%-s ®w€S(L) MCrw, o

PROPOSITION 3.11. Let r be an integer. Then the complex RT.(Of.g,Z,(r))
belongs to DP*™(Z,[G]).

Proof. This is a special case of [BF96, Proposition 1.20], for example. O

PROPOSITION 3.12. Let r > 1 be an integer and let p be an odd prime. Then
the following holds.

(i) We have an exact sequence of Z,|G]-modules
0— H* (L) ®Zy — H(OL,5,Zp(r)) — IO g, Zy(r)) — 0.

In particular, we have HY(Oyp 5,Z,(r)) ~ HT (L) ® Z, if and only if
Schneider’s conjecture 3.4 holds.
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(i) We have an isomorphism of Z,[G]-modules
HJ(OL,s5,Zy(r)) = Zy(r — 1),
(11) We have an exact sequence of Z,|G]-modules

0 — W*(O,s,Zy(r)) = H%(OL,s,Zy(r))
- @wes(L) Zp(r =)y, — Zp(r —1)g, — 0.

(iv) We have an isomorphism of Z,|G]-modules
[1*(Or,s, Zy(r)) = K3 _5(OL.8)p-
In particular, I1?(Or, s, Zy(r)) is finite and does not depend on S.

(v) Schneider’s conjecture 3.4 holds if and only if the Zy-rank of
H2(Op.s,Zy(1)) equals dy41.

Proof. We first observe that Artin—Verdier duality implies

HS(OL,Sva(T)) = Hgt(OL,Sv@p/Zp(l - T))v
= (Qp/Zp(l - T)GL)V = ZP(T —Da,

giving (ii). For any w € S(L) local Tate duality likewise implies

HéQt(vaZp(T)) = Hgt(Lwan/Zp(l - 7’))\/
= (QP/ZP(l - T)GLw )V = Zp(r - 1)GLw'

As HY(Op, 5,Z,(r)) vanishes by Lemma 3.10, the long exact sequence in coho-
mology associated to the exact triangle

RLc(OL.s,Zy(r)) = RU(OL 5, Zp(r)) = €D RI(Luw, Zy(r))
weS (L)

now gives the exact sequences in (i) and (iii) by Lemma 3.1 and the very
definition of Tate—Shafarevich groups (in view of (iv) the sequence in (iii) then
actually coincides with the sequence in [Sch79, Satz 8]). It is then also clear that
Schneider’s conjecture implies that we have an isomorphism H}(Op, s, Zy(r)) ~
HT, (L)®Z,. Conversely, if these two Z,[G]-modules are isomorphic, they are
in particular finitely generated Z,-modules of the same rank. The short exact
sequence in (i) then implies that the Tate-Shafarevich group I (O, 5, Z,(r))
is torsion and thus vanishes by Proposition 3.8 (i). Hence Schneider’s conjecture
holds by Proposition 3.8 (ii). This completes the proof of (i). Claim (iv) is
an easy consequence of Theorem 2.2 and Remark 2.7. Alternatively, it can be
derived from [Ban13, Corollary 4.2 and Theorem 5.10(7)]. Finally, it follows
from Theorem 2.2, Corollary 3.2 and the exact sequence

0 — MY (OLs,Zy(r)) — H(OLs,Zy(r)) — PYOLs,Zp(r))
— H2(OLs,Zy(r)) — W*Ors,Zy(r)) — 0
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that the Z,-rank of H*(Op, s,Z,(r)) equals
[L: Q] —d, +ranky, (II'(Or,5,Zy(r))) = drt1 + rankg, (I (Op, 5, Zy(r))).

Thus (v) is a consequence of Proposition 3.8. O

3.4 A CONJECTURALLY PERFECT COMPLEX

We keep the notation of the last subsection and also recall the notation of §2.4.
Let C s(r) € D(Z,[G]) be the cone of the map

H, (0,5, Zy(r)){1,4} = RT(OL,s,Zy(r)) & (H,,.(L) ® Z,){2, 3}

which on cohomology induces the identity map in degree 1 and the zero map
in all other degrees.

ProrosITION 3.13. Let r > 1 be an integer and let p be an odd prime. Then
the following holds.

(i) The complex Cy, s(r) is acyclic outside degrees 2 and 3.

(i1) There is an isomorphism of Z,|G]-modules
H?(Cp,s(r)) =~ H2(OL,s, Zy(r)) @ H{ (L) ® Zy.
In particular, there is a surjection H*(Cp, s(r)) — WI%(Of 5, Zy(r)).

(i1i) Assume that Schneider’s conjecture 3.4 holds. Then the complex Cr, 5(r)
belongs to DP*™(Z,[G]) and we have an isomorphism of Z,|G]-modules

H*(Cp,s(r) = H}(OL,s,Zy(r) & (H',.(L) & H, (L)) ® Zp.

Proof. This follows easily from Propositions 3.12 and 3.11 once we have ob-
served that the Z,[G]-module H; (L) ® Z, is projective for every k € Z. In-
deed, the Z[G x Gal(C/R)]-module Hy(L) is free over Z|G| of rank [K : Q] and
H} (L) ®Z, is a direct summand of H,(L) ® Z,, as p is odd. O

4 RELATIVE ALGEBRAIC K-THEORY

For further details and background on algebraic K-theory used in this section,
we refer the reader to [CR87] and [Swa68].

4.1 ALGEBRAIC K-THEORY

Let R be a noetherian integral domain of characteristic 0 with field of fractions
E. Let A be a finite-dimensional semisimple F-algebra and let A be an R-order
in A. Recall that PMod(A) denotes the category of finitely generated projective
left A-modules. Then Ky(A) naturally identifies with the Grothendieck group of
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PMod(A) (see [CR87, §38]) and K;(A) with the Whitehead group (see [CR87,
§40]). For any field extension F' of E we set Ap := F®pA. Let Ko(A, F') denote
the relative algebraic K-group associated to the ring homomorphism A — Ap.
We recall that Ko(A, F') is an abelian group with generators [X, g, Y] where X
and Y are finitely generated projective A-modules and g: F®r X — F QrY
is an isomorphism of Ap-modules; for a full description in terms of generators
and relations, we refer the reader to [Swa68, p. 215]. Furthermore, there is a
long exact sequence of relative K-theory

Ki(A) — Ky (Ar) 25 Ko(A, F) — Ko(A) —s Ko(Ap) (4.1

(see [Swa68, Chapter 15]). We write ((A) for the center of (any ring) A. The
reduced norm map
Nrds : A — ((A)

is defined componentwise (see [Rei03, §9]) and extends to matrix rings over A
in the obvious way; hence this induces a map K;7(A) — ((A)* which we also
denote by Nrd 4.

Let P be a finitely generated projective A-module and let v be an A-
endomorphism of P. Choose a finitely generated projective A-module @) such
that P @® @ is free. Then the reduced norm of v @ idg with respect to a chosen
basis yields a well-defined element Nrd4(v) € ((A). In particular, if v is in-
vertible, then v defines a class [y] € K1(A) and we have Nrd 4(y) = Nrda([7]).

4.2 REFINED EULER CHARACTERISTICS

For any C* € C*(PMod(A)) we define A-modules
o — @ C«2i7 Codd — @ CQiJrl.
i€Z i€z

Similarly, we define H¢(C*®) and H°%(C*) to be the direct sum over all even
and odd degree cohomology groups of C*, respectively. A pair (C*,t) consisting
of a complex C* € DPf(A) and an isomorphism ¢ : H°(C%) — H(C})
is called a trivialized complex, where we write C}. for F ®Hj3 C*. We refer
to t as a trivialization of C'*. One defines the refined Euler characteristic
xa,r(C®,t) € Ko(A, F) of a trivialized complex as follows: Choose a complex
P* € C*(PMod(A)) which is quasi-isomorphic to C*. Let B(Pp) and Z°(Pp)
denote the i-th cobounderies and i-th cocycles of Pp., respectively. For every
1 € Z we have the obvious exact sequences

0 — BY(Pp) — Z'(Pp) — H'(Pp) — 0,
0— Z'(Pp) — Pp — B"Y(Pp) — 0.

If we choose splittings of the above sequences, we get an isomorphism of Ap-
modules

¢ : PRt~ @D B'(P) @ H*'(PR) ~ @ B'(P) © H*(P}) ~ P§,
€L 1€EZL
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where the second map is induced by ¢. Then the refined Euler characteristic is
defined to be
Xa,p(C*,1) := [P, ¢y, P™] € Ko(A, F)

which indeed is independent of all choices made in the construction. For fur-
ther information concerning refined Euler characteristics we refer the reader to
[Bur04].

4.3 K-THEORY OF GROUP RINGS

Let p be a prime and let G be a finite group. By a well-known theorem of
Swan (see [CR81, Theorem (32.1)]) the map Ko(Z,[G]) — Ko(Qp[G)) induced
by extension of scalars is injective. Thus from (4.1) we obtain an exact sequence

K1(Zy[G]) — Ki(@[G]) — Ko(Z,[G], Q) — 0. (4.2)

The reduced norm map induces an isomorphism K1(Q,[G]) — ((Q,[G))*
(use [CR87, Theorem (45.3)]) and Nrdg, () (K1(Zy[G])) = Nrdg, ¢ ((Zp[G])*)
(this follows from [CR87, Theorem (40.31)]). Hence from (4.2) we obtain an
exact sequence

(Zo[GD* Y (@,[G])* 2 Ko(Z,[G), Q) — 0, (4.3)

where we write 0, for 0z 5,0, The canonical maps Ko(Z[G],Q) —
Ky (Z,]G],Qp) induce an isomorphism

Ko(Z[G), Q) ~ € Ko(Z,[G], Q) (4.4)

where the sum ranges over all primes (see the discussion following [CR87,
(49.12)]). By abuse of notation we let

9p - C(QIG])* = Ko(Zy[G], Qp)

also denote the composite map of the inclusion ((Q[G])* — ((Qp[G])* and
the surjection 0, in sequence (4.3). Finally, the reduced norm Nrdgig :
K1(R[G]) — ¢(R[G])* is injective and there is an extended boundary homo-
morphism

0 : ((R[G)* — Ko(Z[G],R)

such that do Nrdg(g) coincides with the usual boundary homomorphism dz¢) r
in sequence (4.1) (see [BFO01, §4.2]).

5 RATIONALITY CONJECTURES

5.1 ARTIN L-SERIES

Let L/K be a finite Galois extension of number fields with Galois group G and
let S be a finite set of places of K containing all archimedean places. For any
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irreducible complex-valued character y of G we denote the S-truncated Artin
L-series by Lg(s, x), and the leading coefficient of Lg(s,x) at an integer r by
L% (r, x). We will use this notion even if Lg(r, x) = Lg(r, x) (which will happen
frequently in the following).

There is a canonical isomorphism ((C[G]) ~ [[, ¢y (@) C: where Irre(G) de-
notes the set of irreducible complex characters of G. We define the equivariant
S-truncated Artin L-series to be the meromorphic ((C[G])-valued function

LS(S) = (LS(Sv X))XEIrrC(G)-

For any r € Z we also put

Lg(r) == (Ls(r, X)) xere(e) € CRIG]) ™.
Now let v € S be an archimedean place of K. Let x be an irreducible complex

character of G and let V) be a C[G]-module with character x. We set

ny = dime(Vy) = x(1), n;U = dimC(VXG“’), Nyp 2= My — n;v.

We write Sg and Sc for the subsets of S, consisting of real and complex places,
respectively, and define e-factors

(2 (2m) 5T (s))™ if veSe,
Lg(s)™v - Lp(s + 1)™v if v € Sp,

o=

where Lg(s) := 7—*/?T'(s/2) and T'(s) denotes the usual Gamma function. The
completed Artin L-series is then defined to be

As,x) = ( 11 ev<s,x>> Ls.(s.x) = [T el ),

VES v

where the second product runs over all places of K and for a finite place v of
K we have
€v(8, x) := det(1 — ¢ N(v)™% | VXI“’)_l.

We denote the contragradient of x by x. Then the completed Artin L-series
satisfies the functional equation

A(s,x) = e(s,x)A(1 = 5, %), (5.1)

where the e-factor €(s, x) is defined as follows. Let di be the absolute discrim-
inant of K. We write W () and f(x) for the Artin root number and the Artin
conductor of x, respectively. We then have
) = Jdr["™N(FX);
e(s,x) = W)
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We also define equivariant e-factors and the completed equivariant Artin L-
series by

GU(S) = (G’U(S’X))XGII‘rc(G)) G(S) = (G(S,X))Xehrc(c),
A(S) = (A(55X))X€Irr@(G)'

The functional equations (5.1) for all irreducibe characters then combine to
give an equality

A(s)* = e(s)A(1 — s), (5.2)

where z + 2* denotes the C-linear anti-involution of C[G] which sends each
g € G to its inverse.

5.2 A CONJECTURE OF GROSS

Let » > 1 be an integer. Since the Borel regulator map p, induces an isomor-
phism of R[G]-modules, the Noether-Deuring theorem (see [NSWO08, Lemma
8.7.1] for instance) implies the existence of Q[G]-isomorphisms

b1 H (L) ®Q =5 Ko 1(0r) @ Q. (5.3)

Let x be a complex character of G and let V) be a C[G]-module with
character x. Composition with p, o ¢;_, induces an automorphism of
Homg (Vy, Hi (L) ® C). Let Ry, ,(x) € C* be its determinant. If y/ is
a second character, then clearly Ry, . (X +X') = Re,_,.(X) - Ro,_,.(X') so that
we obtain a map

R¢17T:R(G) — C*
x ~— det(p o ¢1_, | Homg(Vy, H_ (L) ® C)),

where R(G) denotes the ring of virtual complex characters of G. We likewise
define

A3 :R(G) — C*
X = Ry (0)/Ls(1=7).

Gross [Gro05, Conjecture 3.11] conjectured the following higher analogue of
Stark’s conjecture.

CONJECTURE 5.1 (Gross). We have A3 (x7) = Aglir(x)” for all o €
Aut(C).

It is straightforward to see that Gross’ conjecture does not depend on S and
the choice of ¢1_, (see also [Niclla, Remark 6]). We briefly collect what is
known about Conjecture 5.1. When L/K is a CM-extension, recall that x is
odd when x(j) = —x(1), where j € G denotes complex conjugation.

THEOREM 5.2. Conjecture 5.1 holds in each of the following cases:
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(i) x is the trivial character;
(i) x is absolutely abelian, i.e. L**X) /Q is abelian;
(ii) L¥*X) s totally real and r is even;
(iv) L¥*X) /K is a CM-extension, x is an odd character and v is odd.

Proof. (i) is Borel’s result (2.7) above. In cases (iii) and (iv) the regulator map
disappears, and Conjecture 5.1 boils down to the rationality of the L-values
at negative integers which is a classical result of Siegel [Sie70]. Finally, Gross’
conjecture for all characters y of G is equivalent to the rationality statement of
the ETNC for the pair (h°(Spec(L))(1 —r),Z[G]) by [Burl0, Lemma 6.1.1 and
Lemma 11.1.2] (see also [Niclla, Proposition 2.15]). In fact, the full ETNC is
known for absolutely abelian extensions by work of Burns and Greither [BGO03]
and of Flach [Flall] (see also Huber and Kings [HK03]) which implies (ii). O

Remark 5.3. Let f: R(G) — C* be a homomorphism. Then we may view f
as an element in ((C[G])* ~ ermc(c) C* by declaring its x-component to

be f(x), x € Irre(G). Conversely, each f = (fy)yerre(e) in ((C[G])* defines
a unique homomorphism f : R(G) — C* such that f(x) = fy for each x €
Irrc (G). Under this identification Conjecture 5.1 asserts that Ailﬂ € ¢(C[G))*

actually belongs to ((Q[G])*.

5.3 A REFORMULATION OF GROSS’ CONJECTURE

In this subsection we give a reformulation of Gross’ conjecture using the func-
tional equation of Artin L-series. For any integer k we write

w:LegC— @ C=(H (L))o H (L) ®C (5.4)
(L)

for the canonical C[G x Gal(C/R)]-equivariant isomorphism which is induced
by mapping [ ® z to (0(l)2)sex(r) for I € L and z € C. Now fix an integer
r > 1. We define an R[G]-isomorphism

AT . (Kgrfl(OL) (&%) Hi_T(L)) ®R

12

(H_,(L)® HI.(L)) ®R
(L ®Q (C)+ =L ®Q R.

12

Here, the first isomorphism is p, @ id g+ (L) and the second isomorphism is

induced by ¢, 1. As above, there exist Q[G]-isomorphisms
¢r: L — (Kop—1(0O) ® HY (L)) ® Q.
We now define maps

R¢ R(G) — C*

x +  det () o¢, | Homg(Vy, L ®g C))

T
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and
A ‘R(G) — C¥
X = Re.(X)/Ls(r,X).
CONJECTURE 5.4. We have A3 (x7) = A3 (x)7 for all o € Aut(C).

It is again easily seen that this conjecture does not depend on S and the choice
of ¢,. In fact we have the following result.

)

ProproSITION 5.5. Fiz an integer v > 1 and a character x. Then Gross
Conjecture 5.1 holds if and only if Conjecture 5.4 holds.

Proof. Let k be an integer. If k is even, multiplication by (27i)* induces a
Q[G)-isomorphism Hy (L) ® Q ~ H*, (L) ® Q. Similarly, multiplication by
(2mi)k =1 induces a Q[G]-isomorphism Hy (L) ® Q ~ H;' (L) ® Q. When k
is odd, we likewise have Q[G]-isomorphisms Hy (L) ® Q ~ H;" , (L) ® Q and
Hy (L)®Q~ H', (L) ®Q induced by multiplication by (2mi)*~! and (27i)*,
respectively. So for any k we obtain a Q[G]-isomorphism

pun s Ho(L) @ Q= (H (L) ® HY (L)) ® Q. (5.5)
Moreover, we define an R[G]-isomorphism

(1,-9)

7 LegR~ (HF (L)@ H (L)) @R =) Hy(L) o R,

where the first isomorphism is induced by ¢;. It is clear that 7y agrees with the
map 7z, in [BB03, p. 554]. Bley and Burns define an explicit Q[G]-isomorphism

¢:L = Ho(L)® Q. (5.6)

Building on a result of Frohlich [Fro89] on Galois Gauss sums, the authors
[BB03, equation (12) and (13)] then show that

Nrdgie)((¢ @ 1) o) - €(0) € ¢(Q[G])*. (5.7)

Now choose a Q[G]-isomorphism ¢;_, as in (5.3). We define ¢, to be the
composite map

Or = (1-1 D idHL(L)@Q) o iy 0 .

Let a,b € ¢(C[G])*. In the following we write a ~ b if ab~! € ((Q[G])*. Under
the identification in Remark 5.3 we thus have to show that AiT ~ Aiw- We
observe that

Ar oy = Lr_l © (Pr 3] ideT(L)) o (¢1—7‘ S2) ider(L)) O by © @,

where we view each map as a C[G]-isomorphism by extending scalars. This
implies that
Ry, = Ry, _, - Nrdeigy(1; o pir 0 9)°.
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We now use (5.7), the fact that ¢(x?) = ¢(x)? for all x € Irre(G) and o €
Aut(C), the definition of € and the functional equation (5.2) to compute

Ry, ~ Ry, - (Nrdejg (s opromy)- 6(0)71)'1
~ R¢17T . (Nrdc[g](b;l O,UTOTTL) -6(1—7‘)71)'1
A*(r)t

~ Ry, Nrdgy (i o promr)f - A1)

Now let v be an archimedean place of K. As I'(k) is a non-zero rational number
for every positive integer k and I'(s) has simple poles with rational residues at
s = k for every non-positive integer k, an easy computation shows that for
v € Sc one has
Gv(r)ﬁ ~ (7_‘_(1727")7%()
6;(1 — T) xEIrre(G) '

Moreover, using I'(s+1) = sI'(s) and I'(1/2) = /7 we find that I'((2k+1)/2) €
/7 - Q* for every integer k. Then a computation shows that for v € Sg one
has

(5.8)

(17T)n+vfrnfv) F92
7T X X 1 T
€v (T)’i ( xEIrrc(G) + (59)

e(1—r) (ﬁﬂ—r)n;,v—m;v it 2|
xEIrrc(G)
The automorphism p, omp0e ! on (Hyf . (L)® HT, (L)) ®C is given up to sign
by multiplication by (27)"~! and (27)" on the first and second direct summand,
respectively. It follows that

Nrdegy (e 0 pr 0 wp)* = Nrdeyy (0 mp 0 071 )F

(W(T_l)(|SC|"X+ZvESR ";v)"‘T(‘Sﬁ‘nx‘f‘ZuesR ";,u)) if 21,7,

~

X
(W<r71><|sc|nx+zueswn;,u>+r<\sc\nx+zU€SRn;,n) it o2
X

If we compare this to (5.8) and (5.9) we find that

1
_ €u(r)*
Nrdege (4, ' o pr o mp)F ~ < H 6*(1(7_)76)> :

VES

Finally, by the very definition of A(s) we have A(s) = (Hvesm €v(8)) - Ls(s).
We obtain

_ €y (76)Ii Lgoo (r>ﬁ
Ry, ~ Ry, -Nrdeg (i, ' o pr o)’ ( H el —7“)> L5 (1)
’Uesoo v Soo

R Ly (r)f
o Ty (L)
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which exactly means that

ASQO — R¢r ~ R¢17T — ASOO
br Ly (Mt Ly (1-r) b1-r

As both conjectures do not depend on the choice of S we are done. O

6 EQUIVARIANT LEADING TERM CONJECTURES

We fix a finite Galois extension L/K with Galois group G and an odd prime p.
Let » > 1 be an integer. In this section we assume throughout that Schneider’s
conjecture 3.4 holds. In particular, if S is a sufficiently large finite set of places
of K as in §3, then the complex Cr, s(r) € D(Z,[G]) constructed in §3.4 is
perfect by Proposition 3.13.

6.1 CHOOSING A TRIVIALIZATION

In this subsection we construct a trivialization of Cr, g(r). We first choose a
Q[G]-isomorphism

o L— (H{ (L)@ H,(L)) ® Q. (6.1)

For instance, we may take a,. = p, o ¢, where u, and ¢ are the isomorphisms
(5.5) and (5.6), respectively. Moreover, we choose a Q[G]-isomorphism

d1-r H (L) ®Q — Ko —1(01) ®Q

as in (5.3). We let ¢, := (¢1-r,,) be the corresponding pair of
Q[G]-isomorphisms. As I'(Op g,Z,(r)) vanishes by Proposition 3.8 and
1?(Oy,s, Zy(r)) is finite by Proposition 3.12 (iv), we have an exact sequence
of Q,[G]-modules

0= Hg(OL,s,Qp(r)) = P(OL,s,Qp(r)) = HZ(OL.5,Qp(r)) = 0. (6.2)

Since Qp[G] is semisimple, we may choose a Qp[G]-equivariant splitting o,
of this sequence. We now define a trivialization ¢(¢,,0,,S) of CL g(r) to
be the composite of the following Q,[G]-isomorphisms (note that we have
He(Cp s(r)) = H?(Cp,s(r)) and H(Cy, s(r)) = H?(CL.s(r)) by Propo-
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sition 3.13):

H*(CpL,s(r)) ®z, Qp — (Hi_ (L)y® H* (L)) ® Q,
£> L ®Q Qp
LT P05, Q)
=5 Hélt(OL,S’Qp(T)) S5 HC2(OL157QP(T))
(ch®)~ @id )
— (K2r-1(0O1,5) ® Qp) ® HZ(OL,s5,Qp(r))
— (K2r-1(01) ® Qp) ® H (O 5,Qp(r))
o1, @id n 2
— (H{_,(L)®Qp) ® HZ(OL,s5,Qp(r))
— HQ(CL,S(T)) ®Zp @p.

Here, the unlabelled isomorphisms come from Propositions 3.13 and 3.12 (ii)
and (2.1). We now define

Qy, .5 = Xxz,(01,0,(CL,5(r), t(Yr, 01, 5)) € Ko(Zp[G],Qp)

which is easily seen to be independent of the splitting o, (see §4.1 and §4.2).

6.2 THE LEADING TERM CONJECTURE AT s =71

We are now in a position to formulate the central conjectures of this article.
We keep the notation of the last subsection. In particular, recall the pair
¥y = (¢1-r, ). Define a Q[G]-isomorphism

¢r 1 L — (Kor_1(O1) ® HY (L)) ® Q
by ¢ :== (p1-r @ idH:(L)) o Q.

CONJECTURE 6.1. Let L/K be a finite Galois extension of number fields with
Galois group G and let r > 1 be an integer. Let p be an odd prime.

(i) The Tate-Shafarevich group 1Y (Op s,7Z,(r)) vanishes.
(i) We have that AiT belongs to ((Q[G])*.
(i1i) We have an equality (91,(14%)ti =—Qy,.s.

Remark 6.2. Part (i) and (ii) of Conjecture 6.1 are equivalent to Schneider’s
conjecture 3.4 and Gross’ conjecture 5.1 by Propositions 3.8 and 5.5, respec-
tively.

PROPOSITION 6.3. Suppose that part (i) and part (i) of Conjecture 6.1 both
hold. Then part (iii) does not depend on any of the choices made in the con-
struction.
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Proof. Let S’ be a second sufficiently large finite set of places of K. By em-
bedding S and S’ into the union S U S” we may and do assume that S C 5’
By induction we may additionally assume that S” = S U {v}, where v is not
in S. In particular, v is unramified in L/K and v { p. We compute

AF00/43,00 = Ls(r. )/ L (r, %) = eulr.X). (6.3)
On the other hand, by [BF01, (30)] we have an exact triangle
Ind§, RU¢(Lu, Zy(r))[~1] — RUe(Or.s7, Zy(r)) —> RUc(Or.s,Zy (1)),

where RT (L., Z,(r)) is a perfect complex of Z,[G,,]-modules which is natu-
rally quasi-isomorphic to

1_¢wN(U)7T
- 0 s

Zp|G] Zp|Glu]

with terms in degree 0 and 1. As Schneider’s conjecture holds by assumption,
the cohomology group H}(Op s,Z,(r)) does not depend on S by Proposition
3.12. Thus by the definition of Cy, g(r) we likewise have an exact triangle

Ind§ RUf(Ly, Zp(r)[-1] — Cp,s/(r) — Cps(r).
We therefore may compute

Qy,.s =y, = X2,(G,0, (IndgwRFf(LmZp(T)),O)

= Fplen(r)
= 9p(A5)F - 9,(45 ),

where the last equality follows from (6.3). This shows that Conjecture 6.1
(iii) does not depend on S. Now suppose that o/ is a second choice of Q[G]-
isomorphism as in (6.1). Let ¢;. := (¢p1—r @ idy+ (1) © ;. Then we have

1\ #
s s _
(45 (45)7) = (R m3)) (6.4)
= Nrdge)((¢}) ")
= Nrdgig)((er) " o).
Letting .. := (¢1—r, &) we likewise compute
Qs = Qurs = O (Nrdgigy(agay))
= —0, (Nrdgg((eg) ) -

Finally, a similar computation shows that the conjecture does not depend on
the choice of ¢1_,. O
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It is therefore convenient to put
TQ(L/K, 1), = — (0,(A5 ) + Qy, .5) € Ko(Z,[G], Qp).

Then Conjecture 6.1 (iii) simply asserts that TQ(L/K, ), vanishes. The rea-
son for the minus sign will become apparent in the next subsection (see Theo-
rem 6.5).

Now choose an isomorphism j : C ~ C,,. By functoriality, this induces a map

J KO(Z[GLR) - KO(ZP[GL(CP)'

We define a trivialization ¢(r, S, j) of the complex Cp, g(r) as in §6.1, but we
tensor with C, and replace the isomorphisms «;, and ¢1_, by ¢, ®; C, and
prl ®; C, (see (2.6) and (5.4)). Thus we obtain an object

Qg = xz,(a1.c,(CL.s(r),t(r, S, j)) € Ko(Zy[G],Cp).
Then the argument in the proof of Proposition 6.3 shows the following result.

PROPOSITION 6.4. Let j : C ~ C, be an isomorphism. Suppose that part (i)
and (i) of Conjecture 6.1 both hold. Then we have an equality

TQ(L/K, 1)y = ju (D(L5()) = X

in Ko(Zp[G],Cp).

6.3 THE RELATION TO THE EQUIVARIANT TAMAGAWA NUMBER CONJEC-
TURE

We now compare our invariant TQ(L /K, r), to the equivariant Tamagawa num-
ber conjecture (ETNC) as formulated by Burns and Flach [BF01].

For an arbitrary integer r we set Q(r)r, := h°(Spec(L))(r) which we regard as
a motive defined over K and with coefficients in the semisimple algebra Q[G].
The ETNC [BF01, Conjecture 4(iv)] for the pair (Q(r)r,Z[G]) asserts that a
certain canonical element TQ(Q(r)r, Z[G]) in K¢(Z[G],R) vanishes. Note that
in this case the element TQ(Q(r)r,Z[G]) is indeed well-defined as observed
in [BF03, §1]. If TQ(Q(r)r,Z[G]) is rational, i.e. belongs to Ko(Z[G],Q),
then by means of (4.4) we obtain elements TQ(Q(r) 1, Z[G]), in Ko(Z,[G], Q).
We say that the ‘p-part’ of the ETNC for the pair (Q(r)r,Z[G]) holds if
TQ(Q(r)r, Z]G])p vanishes.

THEOREM 6.5. Let L/K be a finite Galois extension of number fields with
Galois group G and let r > 1 be an integer. Then the following holds.

(i) Conjecture 6.1 (i) holds if and only if TQQ(r)r,Z[G]) belongs to
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(ii) Suppose that part (i) and (ii) of Conjecture 6.1 both hold. Then
TUQ(r)r, Z[G))p = TQUL/K, 7).

In particular, Conjecture 6.1 (iii) and the p-part of the ETNC for the
pair (Q(r)r,Z[G]) are equivalent.

Proof. Conjecture 6.1(ii) is equivalent to Gross’ conjecture 5.1 by Proposition
5.5. The latter conjecture is equivalent to the rationality of TQ(Q(1—r) 1, Z[G])
by [Burl0, Lemma 6.1.1 and Lemma 11.1.2]. Finally, TQ(Q(1 — 7)1, Z[G]) is
rational if and only if TQ(Q(r)r,Z[G]) is rational by [BF01, Theorem 5.2].
This proves (i).

For (ii) we briefly recall some basic facts on virtual objects. If A is a noetherian
ring, we write V(A) for the Picard category of virtual objects associated to the
category PMod(A). We fix a unit object 1, and write X for the bifunctor
in V(A). For each object M there is an object M1, unique up to unique
isomorphism, with an isomorphism s : M X M~! 5 1. If N is an object in
PMod(A), we write [IV] for the associated object in V' (A). More generally, if C*®
belongs to DP°™(A), we write [C*] € V(A) for the associated object (see [BF01,
Proposition 2.1]). We let V(Z,[G],C,) be the Picard category associated to
the ring homomorphism Z,[G] < C,[G] as defined in [BB05, §5]. We recall
that objects in V(Z,[G], C,) are pairs (M, t), where M is an object in V(Z,[G])
and t is an isomorphism C, ®z, M ~ l¢ 5] in V(C,[G]). By [BB05, Lemma
5.1] one has an isomorphism

mo(V(Zp[G], Cp)) = Ko(Zy[G], Cy), (6.5)

where 7o(P) denotes the group of isomorphism classes of objects of a Picard
category P.

For any motive M which is defined over K and admits an action of a finite
dimensional Q-algebra A, Burns and Flach [BF01, (29)] define an element =(M)
of V(A). In the case M = Q(r)r and A = Q[G] one has

E(Q(r)r) = [K2r—1(01) ® Q' W[HT, (L) ® Q] 7' W [L] € V(Q[G]).
The regulator map (2.6) and (5.4) then induce an isomorphism in V(R[G]):
Voo : R®o E(Q(r)r) =~ Lg(g)-
Moreover, Burns and Flach construct for each prime p an isomorphism
Up : Qp ®g E(Q(r)) = [RTe(OL,s, Qp(r))]

in V(Qu[G]) (see [BFO01, p. 526]). These data determine an element

RQQ(r)r,Z|G)) in Ko(Z[G],R) and one has TQ(Q(r)r, Z[G]) = é(L’gw (r)+
RQ(Q(r)r, Z[G]) by definition.

DOCUMENTA MATHEMATICA 24 (2019) 23812422



ANNIHILATING WILD KERNELS 2407

Now suppose that part (i) and (ii) of Conjecture 6.1 both hold. Recall the
definition of Cr s(r). The isomorphisms 7y}, where N = H!(Op s, Z,(r)) and
N = H}" (L) ® Z,, yield an isomorphism

[CL.s(r)] =~ [RTc(OL.s, Zy(r))] (6.6)

in V(Z,[G]). Now let j : C ~ C, be an isomorphism. Then the trivialization
t(r, S, j) induces an isomorphism

Op.j : [Cp @7, Crs(r)] ~ ¢, (g

in V(C,[G]). After extending scalars to C,, the isomorphisms (6.6), 9, and
Yoo likewise induce an isomorphism

19;7]- : [(Cp ®%p CL,S(T)] ~ ]]-(CP[G]

in V(C,[G]). Taking [BF01, Remark 4] into account, we see that the class
of the pair ([C.5(r)],9p.;) in m(V (Z,]G],C,)) maps to — 1.5 under the iso-
morphism (6.5), Whereas ([CL s(r)], 9, ;) corresponds to j*(RQ(@( ), Z|G))).
Unwinding the definitions of ¥, ; and O/ p; one sees that both isomorphisms
almost coincide. The only dlﬁerence rests on the following.

Let A be a noetherian ring and let ¢ : P — P be an automorphism of a finitely

generated projective A-module P. Consider the complex C : P LA P, where P
is placed in degree 0 and 1. Then there a two isomorphisms [C] ~ 1, induced
by 7p) and the acyclicity of C, respectively. Now for every finite place v € S,
there appears such an acyclic complex of Q,[G.y]-modules in the construction
of RQ(Q(r)r,Z[G]). Namely, if v { p this is the complex RI'¢(Ly,, Qp(r)) which
is canonically quasi-isomorphic to

— 1—¢,N(v)™"
_—

Qy[G] Q,[G]

with terms in degree 0 and 1 (see [BFO1, (19)]). If v divides p, this complex
appears as the rightmost complex in [BF01, (22)] and is given by

1_¢c7‘is

crzs (@P( )) c’rzs (@P( ))

where D% (Q,(r)) := H°(Ly, Beris ®g, Qp(r)) naturally identifies with the
maximal unramified subextension of L,, and ¢.;s denotes the Frobenius on the
crystalline period ring B,,;s. Burns and Flach choose the isomorphisms induced
by the corresponding 7’s, whereas we have implicitly used the acyclicity of these
complexes. For each such v this gives rise to an Euler factor €,(r) (for more
details we refer the reader to [BF98, §2]; though the authors consider a slightly
different situation, the arguments naturally carry over to the case at hand).
This discussion gives an equality

Jx (RUAQ(r)1, ZIG)) = = 5 + ju (5 (H Ev(r)>> :

veSs
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Thus TQ(Q(r) 1, Z[G])p and TQ(L/K, 1), have the same image under the in-
jective map Ko(Z,[G],Qp) — Ko(Z,[G], C,p). O

7 ANNIHILATING WILD KERNELS

7.1 GENERALISED ADJOINT MATRICES

Let G be a finite group and let p be a prime. Let 9M,(G) be a maximal
Zy-order such that Z,[G] C M,(G) C Qu[G]. Let eq,...,e; be the central
primitive idempotents of Q,[G]. Then each Wedderburn component Q,[Gle;
is isomorphic to an algebra of m; x m; matrices over a skewfield D; and F; :=
¢(D;) is a finite field extension of Q,. We denote the Schur index of D; by s;
so that [D; : F;] = s? and put n; := m; - s;. We let O; be the ring of intgers
in Fz

Choose n € N and let H € M,,»,,(9M,[G]). Then we may decompose H into

t
H = ZHz S Man(mp(G)) = @Man(Qﬁp(G)ei)7
i=1 i=1
where H; := He;. The reduced characteristic polynomial f;(X) = Z;‘w:’é i X7
of H; has coefficients in O;. Moreover, the constant term ;g is equal to
Nrdg, (¢ (H;) - (=1)™". We put

n;n t
Hf = (-1)""* N "y H 7Y, H =Y H.
j=1 i=1

Note that this definition of H* differs slightly from the definition in [Nicl0,
84], but follows the conventions in [JN13]. Let 1,,x, denote the n x n identity
matrix.

LEMMA T7.1. We have that H* € Myxn(My(G)) and H*H = HH* =
Nrdg, (¢)(H) - Lxn-

Proof. The first assertion is clear by the above considerations. Since f;(H;) = 0,
we find that

Hz* . Hi = Hi . Hz* = (—1)”i"+1(—ai0) = NI’de[G] (Hi);

as desired (see also [JN13, Lemma 3.4]). O

7.2 DENOMINATOR IDEALS

We define
Hp(G) = {ze((Z[G]) ]
cH* € Myxn(Zy|G))VH € My xn(Zp|G])Vn € N},
IP(G) = <NI‘de[G](H) | H e Man(ZP[G]), n e N>C(ZP[G])-
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Since z - Nrdg,(¢)(H) = H*H € ((Zy[G]) by Lemma 7.1, in particular we
have

Hp(G) - Tp(G) = Hp(G) C C(Zy[G). (7.1)

Hence H,(G) is an ideal in the commutative Z,-order Z,(G). We will refer
to Hp(G) as the denominator ideal of the group ring Z,[G]. The following
result determines the primes p for which the denominator ideal H,(G) is best
possible.

PROPOSITION 7.2. We have H,(G) = ((Z,[G]) if and only if p does not divide
the order of the commutator subgroup G’ of G. Furthermore, when this is the
case we have that T,(G) = ((Z,[G)).

Proof. The first assertion is a special case of [JN13, Proposition 4.8]. The
second assertion follows from (7.1). O

7.3 A CANONICAL FRACTIONAL GALOIS IDEAL

Let L/K be a finite Galois extension of number fields with Galois group G and
let » > 1 be an integer. Let p # 2 be a prime and let S be a finite set of places
of K containing Syam U Soc U Sp. Recall the notation of §6.1. As p is odd, the
Z,[G]-module

Y, = (Hf_(L)® H',(L)) © Z,

is projective. We also observe that P'(Op, s, Z,(r))s does not depend on S by
Lemma 3.1 and the fact that Kor_1(Oy;Zp) is finite for each w ¢ S,(L). We
let

E(ar) = {y€Endg,[q)(Y: ®z, Q) |
expPX oty (Y,) € PHOL.5, Zy(r)is}s
E(ar) = (Nrdg,i¢1(7) |7 € E(ar))cz, 1) € C(QplG])-

Now suppose that Schneider’s conjecture 3.4 holds. Then we have the short
exact sequence (6.2) and we may choose a Q,[G]-equivariant splitting o, of this
sequence:

Or : Pl(OL,Sv@p(T)) = Hélt(OLSv@p(r)) D HZ(OLSa Qp(r))-
We let
o1 PY(Or5,Qy(r)) — Hg(Or.s,Qpu(r))

be the composite map of o, and the projection onto the first component. We
put

F(¢1-p,00) = {6€Endg,g(H{_.(L)®Qy) |
812, (ch") ot (PH(OLs, Zp(r))es) C HY (L) ® Z,},
F(p1-r) = (Nrdg,(q)(0) |6 € F(¢p1-r,0.) for some 0.)¢(z,a))-

Recall that ¢, = (¢1-r @ idp+ (1)) 0 .
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PROPOSITION 7.3. Let L/K be a finite Galois extension of number fields with
Galois group G and let v > 1 be an integer. Let p # 2 be a prime and let S be
a finite set of places of K containing Sram U Sec USy,. Suppose that Schneider’s
Congecture 3.4 and Gross’ Conjecture (Congecture 5.4) both hold. Then with
the notation above

TS = TS(L/K,p) = E(a) Fldi-r) - (A5 )™ € ¢(@,[@)

only depends upon L/K, p, r and S. We call jTS the CANONICAL FRACTIONAL
GALOIS IDEAL.

Proof. Suppose that «/. is a second choice of Q[G]-isomorphism as in (6.1). Let
¢ := (¢1—r D idg+ (1)) 0 .. Then we have a bijection

E(oy) — E(a))
voe gty

which implies &£(a) = Nrdg, ¢)(ar(o.)"1)E(a). Now (6.4) implies that J,°

T
does not depend on the choice of a,.. The argument for ¢;_, is similar. O

Ezample 7.4. Suppose that L/K is an extension of totally real fields and that
r is even. Then the conjectures of Schneider and Gross both hold by Theorem
3.9 and Theorem 5.2, respectively. We have that H," (L) vanishes by (2.5) and
thus F(¢1-,) = ((Z,|G]). Moreover, we have Y, = HY (L) ® Z,, and o, = ¢,.
We conclude that we have

T =€, ((45)7) S C@l6))
unconditionally. We also have
((45)™) = L5 () - Nedegen (1 7)-

Put d := [K : Q] and fix an isomorphism j : C >~ C,. We observe that
r = (2m1) "y 0 1o and that p,(Ho(L) ® Zp) = Y,.. We let

~

E'" = {y €Endg,c)(Ho(L) ®Qp) |
expP ™ 15y (Ho(L) ® Zyy) C€ P (O, Zp(r))ss }

and obtain (substitute v/ by uti.¢; tyu,)
J? = Nrdg,g)(j(2mi) ") - (Nrdg,i)(v) | V' € E')¢zyia) - (L5 (r))-

Now suppose in addition that L/K is abelian. The inverse of the Bloch-Kato
exponential map and ¢y ®; C, induce a map

PY(OL.s,Qp(r)) — Ho(L) ® C,
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which in turn induces a regulator map

d d
s9 0 N\ PUOLs. Zy(r) — N\ (Ho(L)® Cp) = C,[G].
Zy|G] Cy[G]
It is then not hard to show that
J5 = jeri) Im(sY)) - j(L5(r)
. rd
1 P
= i(2) i) s

where the second equality holds, since p is odd and 7 is even. This shows
that in this case the canonical fractional Galois ideal jrs coincides with the
‘Higher Solomon ideal’ of Barrett [Bar09, Definition 5.3.1]. When L/K is a
CM-extension and r is odd, similar observations hold on minus parts.

Ezample 7.5. Let L/K be a Galois extension of totally real fields, but now we
assume that 7 is odd. Then (2.5) implies that H' (L) vanishes and that we
have Y, = H{" (L) ® Z,. We assume that Schneider’s conjecture holds so that
the natural localization maps induce an isomorphism of Q,[G]-modules

H(Or,s,Qp(r)) = PY(OL,s,Qy(r))
by Propositions 3.8 and 3.12(v). We let 0, = o! be the inverse of this
isomorphism. We set 7, := (chffl) )~ tot expBK, which is an isomorphism
L ®qgQp~ Kz—1(0L,5) ® Qp, and define
G(1-r,r) = {7 € Endg,g(Y; @z, Q) | 912,70,y (Yr) C YV},
G(p1-r,ar) = (Nrdg, () | v € G(d1-r, ) ¢(z,101)
= ( r) : ((blfr)a

where the last equality follows easily from the definitions. Clearly, the set

G(¢1-r, ) contains v, := a7, ¢1_, and hence Nrdg, [g)(7) € g(¢1 s Q).
Conversely, for every v € G(gbl r» ) we have that Nrdg (¢1(7, ') € Z,(G).
In other words, we have an equality

G(p1-r,r) 'Ip(G) = Nrde[G] () 'Ip(G)-

Define a C,[GJ-automorphism of H;" (L) ® C, by 99 = prTrst, where we
extend scalars via the isomorphism j : C ~ C, on the right hand side. Noting
that H,(G) is an ideal in Z,(G), we compute

Hp(G)-T5 = Hy(G)-Nrdg, () - (A5)™)°

= H,(G) Nrdc, ) (99) - §(L5(r)).

If L/K is a CM-extension and r is even, similar observations again hold on
minus parts.

DOCUMENTA MATHEMATICA 24 (2019) 23812422



2412 ANDREAS NICKEL

7.4 'THE ANNIHILATION CONJECTURE

Let L/K be a finite Galois extension of number fields with Galois group G and
let 7 > 1 be an integer. Let p # 2 be a prime and let S be a finite set of places
of K containing Syam U Soc U Sp. Suppose that Schneider’s Conjecture 3.4 and
Gross’ Conjecture (Conjecture 5.4) both hold.

CONJECTURE 7.6. For every x € Anng_ q(Zy(r — 1)g,) we have that
NI‘de[G] (:L') . HP(G) . jTS g AHHZP[G] (K;_Q(OLﬁ)p).

Remark 7.7. The Z,[G]-annihilator of Z,(r — 1)g, ~ (Qp/Zy(1 — 7))V is
generated by the elements 1 — ¢, N(v)!=", where v runs through the finite
places of K with v € Sram U Sy (cf. [CoaT77]). Moreover, if L/K is totally real
and r is even, then Z,(r — 1)¢, vanishes.

Remark 7.8. If p does not divide the order of the commutator subgroup of G,
then we have H,(G) = ((Z,[G]) by Proposition 7.2. In particular, if G is
abelian, then Conjecture 7.6 simplifies to the assertion

Anng, () (Zp(r — 1)a,) - T° C Anng 16 (K%._o(OL.5)p)-

Taking Example 7.4 and Remark 7.7 into account, we see that our conjecture
is compatible with [Bar09, Conjecture 5.3.4].

Remark 7.9. The author also expects that for every x € Anng_ ¢(Zy(r—1)c,)
we have that
Nrdg,()(z) - T,° C Z,(G). (7.2)

Then (7.1) implies that the left hand side in Conjecture 7.6 belongs to ((Z,[G]).
LEMMA 7.10. Let S’ be a second finite set of places of K such that S C S’.
(i) If Conjecture 7.6 holds for S, then it holds for S as well.
(i) If (7.2) holds for S, then it holds for S as well.

Proof. Recall from Remark 2.7 that the p-adic wild kernel does not depend
on S. Thus (i) follows once we have shown that

Hy(G) - T CH,y(G) - TP (7.3)
By definition we have

#
jTSI = jrs : H ev(r)il

veS\S

However, each €,(r) ™' = Nrdg, (¢](1—¢wN(v) ") belongs to Z,,(G) as for v & S
we have v { p and thus N (v) € Z,'. This implies (ii) and also (7.3) by (7.1). O
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7.5 NONCOMMUTATIVE FITTING INVARIANTS

We briefly recall the definition and some basic properties of noncommutative
Fitting invariants introduced in [Nic10] and further developed in [JN13].

Let G be a finite group and let p be a prime. Let N and M be two ((Z,[G])-
submodules of a Z,-torsion-free ((Z,[G])-module. Then N and M are called
Nrd-equivalent if there exists an integer n and a matrix U € GL,(Z,[G]) such
that N = Nrdg, (¢)(U) - M. We denote the corresponding equivalence class by
[N]. We say that N is Nrd-contained in M (and write [N] C [M]) if for all
N’ € [N] there exists M’ € [M] such that N C M’. Note that it suffices to
check this property for one Ny € [N]. We will say that x is contained in [NV]
(and write x € [N]) if there is Ny € [N] such that x € No.

Now let M be a finitely presented Z,[G]-module and let

7,[G)* 2 Z,[G]" — M — 0 (7.4)

be a finite presentation of M. We identify the homomorphism A with the
corresponding matrix in Myx,(Zy[G]) and define S(h) = Sy(h) to be the set of
all b x b submatrices of h if @ > b. In the case a = b we call (7.4) a quadratic
presentation. The Fitting invariant of h over Z,[G] is defined to be

- [0] if a<b
Fittz,ci () { [(Nrdo, (g ()| H € S(h))¢,icp] i a>b.
We call Fittz, q(h) a (noncommutative) Fitting invariant of M over Z,[G].
One defines Fitt7[5(M) to be the unique Fitting invariant of M over Z,[G]
which is maximal among all Fitting invariants of M with respect to the
partial order “C”. If M admits a quadratic presentation h, one also puts
Fittz, [¢)(M) := Fittz [¢)(h) which is independent of the chosen quadratic pre-
sentation. The following result is [Nic10, Theorem 4.2].

THEOREM 7.11. If M is a finitely presented Z,|G]-module, then
Hy(G) - Fitty 76 (M) C Anng, (g (M).

LEMMA 7.12. Let C* € DP**{(Z,[G]) be a perfect complex such that H'(C*®) is
finite for all i € Z and vanishes if i # 2,3. Choose L € ((Qp[G])* such that
0p(L) = xz,161,0,(C*®,0). Then we have an equality

Fitt5s, (H2(C*))Y ) = Fittns, (H3(C*)) - £.
Proof. This is an obvious reformulation of [Niclla, Lemma 4.4] (with a shift
by 2). O
7.6 THE RELATION TO THE LEADING TERM CONJECTURE

The aim of this subsection is to prove the following theorem which describes
the relation of Conjecture 7.6 to the leading term conjecture at s = r and thus
also to the ETNC for the pair (Q(r)r, Z[G]) by Theorem 6.5.
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THEOREM 7.13. Let L/K be a finite Galois extension of number fields with
Galois group G. Let v > 1 be an integer and let p be an odd prime. Suppose
that the leading term conjecture at s = r (Conjecture 6.1) holds for L/K at p.
Then Conjecture 7.6 is also true.

COROLLARY 7.14. Fiz an odd prime p and suppose that L is abelian over Q.
Then the leading term conjecture at s = r and Conjecture 7.6 both hold for
almost all > 1 (and all even r if L is totally real).

Proof. As L/Q is abelian, the ETNC for the pair (Q(r)r,Z[G]) holds for all
r € Z by work of Burns and Flach [BF06]. Now fix an odd prime p. Then
Schneider’s conjecture holds for almost all » by Remark 3.6 and for all even
r > 1if L is totally real by Theorem 3.9. Thus the result follows from Theorem
6.5 and Theorem 7.13. O

Proof of Theorem 7.13. Recall the notation from §7.3. Let v € E(a,.), § €
F(¢1-r,0.) and & € Anng, g)(Zy(r — 1)g, ). We have to show that
1\ w
H,(G)-Nrd(x)-Nrd(y)-Nrd(8)- ((45,)1)* € Anng, (K& 5(Or.9)y), (7.5)

where we denote Nrdg (g by Nrd in this proof for simplicity. As the reduced
norm is continuous for the p-adic topology, we may and do assume that v and
0 are Qp[GJ-automorphisms (and not just endomorphisms). By the definition
of E(a,) we therefore get an injection

expBEaly: Y, — P1(0L7s, Zip(7))ee (7.6)
which we may lift to an injection
Ny Y — Pl(OL,SaZP(T))a

since Y, is a projective Z,[G]-module. Likewise, by the definition of F(¢1_,, 0, )
we obtain a map

601%, (eh!) " ot s PHOLs, Zp(n)u — Hi (D) ©Zp (1)
We may therefore define a Z,[G]-homomorphism
&Y — (H (L) ®Zy) ® H?(OL,SaZP(T))

such that the projection onto H2(Op, s, Z,(r)) is the composition of 7, and the
natural map PY(Op, s,Zy,(r)) — H2(OL,s,Z,(r)), whereas the projection onto
H{" . (L)®Z, is given by the composite map of (7.6) and (7.7). We then have
an equality

& ®z, Qp = (0 ®idm2(0, 5,0,(m))t(Wr, 0, S)y (7.8)

which implies that &, is injective.
The perfect complex Cp, s(r) is isomorphic in D(Z,[G]) to a complex A — B
of Z,[G]-modules of finite projective dimension, where A is placed in degree 2.
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Choose n € N such that p™y(Y,) C Y,. As Y, is projective, we may con-
struct the following commutative diagram of Z,[G]-modules with exact rows
and columns.

Yy

i

Hi_ (L) ®Zy) ® H2(OL s, Zp(r))C

|

cok(£,)C

—> Yy ——Y,.

.k

H3(OL,s,Zp(r)) ® Y,

I

¢ H2(OL,s,Zp(r)) & cok(p™)

-

NP

B <

The arrow A’ — B’ defines a complex C’ in DP*(Z,[G]) (where we place A’
in degree 2; note that C’ depends on a lot of choices which we suppress in the
notation). The cohomology groups of this complex are finite and vanish outside
degrees 2 and 3. Thus the zero map is the unique trivialization of this complex.

Likewise the arrow Y, = Y, defines the complex Y,{2,3} in DP*(Z,[G]) and
we choose t5, = p"(67! @ idpy+ (L)®Qp) as a trivialization. Using equation

(7.8) we compute

—0,(A3 )" = xz,610,(CLs(r), t(¥r, 0., 5))
Xz,(¢1,0,(C",0) + xz, (61,0, Yr{2,3}, t5n)
= XZp[G]vQP (Cl, 0) + 8p(Nrd(t57n)),

where the first equality is Conjecture 6.1. Now Lemma 7.12 implies the first
equality in the following computation.

Fitt3 %% (cok(6,)V)F = Fitth5, (H3(OL.5, Zy(r)) @ cok(p™)) -
((A3)*Nrd(ts.0)) ™"

Fitt;'7% (H2(OL,s,Zy(r))) - Fittz, ;¢ (cok(p™)) -
((A3,)"Nrd(ts0))

= Fitt5 (H3(O1,5.Z,(r))) - Ned(p") -

(A5 )'Nrd(tsn))

= Fitth5 (H2(O,5.Z,(r))
Nrd(y) - Ned(8) - ((A5)F)

Nrd(x) - Nrd() - Nrd(6) - (A5, )F)

1Y)

-1

w

The inclusion follows from [Nic10, Proposition 3.5]. The second equality holds,
since p™y : Y, — Y, is a quadratic presentation of cok(p™+y). The definition of
ts.n gives the third equality. Finally, the Z,[G]-module H3(Oy, s, Z,(r)) is cyclic
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by Proposition 3.12 (ii) and thus Nrd(z) belongs to its maximal Fitting invari-
ant by [JN13, Theorem 3.1(i) and Theorem 5.1(i)]. As Anng g(cok(&)Y)?
equals Anng_()(cok(§,)), Theorem 7.11 implies that

Hp(G) - Nrd(z) - Nrd(y) - Nrd(9) - ((AiT)*l)ﬁ C Anng (g)(cok(&r)).  (7.9)

However, the composition of & and the projection onto H2(Oy, s, Z,(r)) factors
through P1(Oyp s, Z,(r)) via n, and thus there is a surjection of cok(¢,) onto

cok (PY(Op,s,Zy(r)) = HZ(OL,5,Zy(r))) =~ II*(Ops,Zy(r))
K;—Q(OLMS)IM

where the last isomorphism is Proposition 3.12 (iv). This and (7.9) now imply
(7.5). O

Remark 7.15. The proof also shows that Conjecture 6.1 implies the containment
(7.2).

7.7 THE RELATION TO A CONJECTURE OF BURNS, KURIHARA AND SANO

Let L/K be an abelian extension of number fields with Galois group G and
let » be an integer. In [BKS] the authors define a certain ideal in terms of
‘generalized Stark elements of weight —2r’ (in particular, this involves the
equivariant L-value LE(r)) and conjecture that this ideal coincides with the
initial Fitting ideal of HZ (Op.s,Z,(1 —7)). In this final subsection, we will
explain the relation of their conjecture to our Conjecture 7.6 if r > 1.

So let us henceforth assume that r > 1. Fix a second finite set T of places of K,
which is disjoint from S. Following [BKS, §3.2] we define RT'r(Op. g, Zy(1—1))
to be a complex that lies in an exact triangle in the derived category D(Z,[G])
of the form

RI'r(Or,5,Zp(1 — 1)) = RT'(Or,5,Zp(1 — 1)) — @ RT(L(w), Zp(1 — 1)),
weT(L)

(7.10)
where the second arrow is induced by the natural morphism. For each i € Z
we abbreviate H'RU'r(Op,s,Z,(1 — 1)) by HA(Or.5,Zy(1 —1)).
The conjecture of Burns, Kurihara and Sano [BKS, Conjecture 3.5] concerns the
initial Fitting ideal and thus also the annihilator ideal of the finite cohomology
group H2(Ops,Z,(1—7)). In order to relate their conjecture to ours, we have
to determine the relation between this cohomolgy group and the wild kernel
K3 _5(Or,s)p. Artin-Verdier duality and the triangle (7.10) give an exact
triangle in D(Z,[G)) of the form

P Rr(L(w),Z,(1-r)) = Csp(r) — Dg(r) (7.11)
weT (L)
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(see [BF03, (6)] or [BKS, §4.1]), where we have set

Csr(r) = RUr(OLs, Zp(1—7))[1] & (H (L) ® Zy)[-1};
D%(r) := RHomgz,(RI'.(OL,s,Zy(r)), Zp)[—2].
For any Zp,-module M we write M* for its Zy-linear dual. We henceforth
assume that Schneider’s conjecture holds. Then Proposition 3.12 implies that
HYOp.5,Zy(r)) ~ HF, (L) ® Z,, is Z,|G]-projective. Thus the complex Dg(r)
is acyclic outside degrees 0 and 1 and we have canonical isomorphisms of Z,[G]-
modules

HY(DS(n)eor =~ HZ(OL.s,Zy(r))",
H(D%(r))u HZ(OL.s,Zy(r))",
H'(D%(r)) (HE(OL,s,Zy(r)ior)” @ (H (L) ® Zy).

12

12

In particular, the triangle (7.11) yields a right exact sequence of Z,[G]-modules

@ Zy(r =g, = H(OL,s,Zy(1 = 1)) = (H}(OL,5, Zp(7) 10r)" — 0.
weT (L)

Moreover, we have a surjection
HZ(OL,s,Zy(r)) = K3 _5(OL,s)p

by Proposition 3.12(iv). Thus [BKS, Conjecture 3.5] and our conjecture predict
annihilators of the torsion subgroup and a finite quotient of H2(Op, g, Z,(r)),
respectively. In order to compare the two conjectures we will hence assume
that H2(Op, s, Z,(r)) is finite so that we have an inclusion

Anan[G] (HIQ“(OL,SaZp(l - T)))n < AHHZP[G] (Kéurfz(OL,S)p)- (7.12)

By Proposition 3.12(v) and (2.5) this implies that L is totally real and that r
is odd. Since HT, (L) vanishes in this case, the wedge product which occurs in
[BKS, Conjecture 3.5] is empty (see [BKS, Hypothesis 2.2]) so that this conjec-
ture predicts that the initial Fitting ideal of H2(Or. s, Zy(1 — 1)) is generated
by an element 7y, /i, g 7(r) as defined in [BKS, §2.2]. By its very definition (and
taking [BKS, Remark 2.5] into account) this element is given by

nLyw,sr(r)t = <H (1- qsz(v)lT)) -Nrdg, jg) (99) - § (L5 (r)).

veT

Now the inclusion (7.12), Remark 7.7 and Example 7.5 imply the following
result.

PROPOSITION 7.16. Let L/K be an abelian extension of totally real fields and
let ¥ > 1 be an odd integer. Assume that Schneider’s Conjecture 3.4 and
Gross’ Conjecture 5.1 both hold. Then [BKS, Conjecture 3.5] for all T implies
Conjecture 7.6.
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Remark 7.17. The conjecture of Burns, Kurihara and Sano indeed involves the
choice of a certain idempotent € of Z,[G]. Under the hypotheses of Proposition
7.16 it suffices to consider their conjecture for ¢ = 1 (which implies their con-
jecture for all admissible idempotents). However, we point out that in general
1 is not an admissible idempotent. For instance, this happens if L/K is a CM-
extension. If we further assume that r is even, then e~ := (1—c)/2 is admissible,
where ¢ € G denotes complex conjugation. In this case e H2(Op s, Z,(r)) is
finite and one can formulate an analogue of Proposition 7.16 on minus parts.
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